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Theory of the anomalous Doppler cyclotron-resonance-maser amplifier with tapered parameters

G. S. Nusinovich,1 M. Korol,2 and E. Jerby2
1Institute for Plasma Research, University of Maryland, College Park, Maryland 20742

2Faculty of Engineering, Tel Aviv University, Ramat Aviv 69978, Israel
~Received 5 June 1998!

The theory of a slow-wave cyclotron-resonance-maser~CRM! amplifier employing an initially linear elec-
tron beam is developed. In such a device, the electrons radiate electromagnetic waves under the anomalous
Doppler effect. In order to maintain the cyclotron resonance between the radiating electrons and the amplifying
electromagnetic wave, we consider a system with tapered waveguide parameters. The self-consistent set of
equations results in one equation describing the efficiency of the anomalous Doppler CRM interaction as a
function of the waveguide length. The efficiency limit approaches 100% in the ideal case. A practical scheme
of the anomalous Doppler CRM amplifier is proposed as a stripline waveguide with a slight tapering of the
strip width. This scheme is analyzed numerically, and it is shown that the efficiency of this device may exceed
30%. @S1063-651X~99!00302-5#

PACS number~s!: 84.40.Ik, 52.75.Ms, 52.75.Va
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I. INTRODUCTION

Cyclotron resonance masers~CRM’s! are sources of co
herent electromagnetic~EM! radiation based on the cyclo
tron resonance interaction between electrons gyrating in
external constant magnetic field and an EM wave~see, e.g.,
Refs. @1, 2#!. A large number of various CRM’s~including
gyrodevices! are based on the operation when the norm
Doppler effect takes place. In the cyclotron resonance c
dition,

v2kzvz>sV, ~1!

this corresponds to the operating frequencyv larger than the
Doppler termkzvz , so the resonance occurs at positive c
clotron harmonics (s.0). In Eq. ~1! kz is the axial wave
number of the wave, andvz and V, respectively, are the
electron axial velocity and gyrofrequency. In CRM’s bas
on the normal Doppler effect, the radiating electrons lo
both orbital and axial components of their momentum~when
kz→0 the axial momentum remains unchanged!. These de-
vices have been studied in numerous papers~see, e.g., Refs
@1–5# and references therein!. Much less attention has bee
paid to CRM’s based on the anomalous Doppler effect.

In CRM’s based on the anomalous Doppler effect~AD-
CRM’s! the Doppler term in Eq.~1! exceeds the frequency
This means that the phase velocity of the wave,vph
5v/kz , is smaller than the electron axial velocity. Corr
spondingly, the resonant cyclotron harmonic numbers
should be negative. As is known@6#, when oscillating elec-
trons radiate EM waves under the anomalous Doppler eff
they lose their axial momentum and gain the orbital mom
tum.

The first approach to the theory of AD-CRM’s was do
in Ref. @7#, where the interaction between ultrarelativis
gyrating electrons and a plane, transversely homogene
circularly polarized EM wave propagating in a medium w
the refractive indexn5c/vph was considered. In Ref.@7#, as
well as in Ref.@8#, it was mentioned that the cyclotron ra
diation under the condition of the anomalous Doppler eff
PRE 591063-651X/99/59~2!/2311~11!/$15.00
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can be produced even by initially linear electron beams.~The
same effect was also considered by Pierce when he stu
the transverse motion of electrons inO-type traveling-wave
tubes@9#.! This is an important conclusion because the qu
ity of linear electron beams formed by Pierce electron gu
can be much better than that of the beams of gyrating e
trons produced by magnetron injection guns. Also in R
@7#, the range of parameters corresponding to the effic
operation of AD-CRM’s was briefly discussed.

A systematic analysis of the same model of the AD-CR
was done in Ref.@10#, where two configurations, a traveling
wave amplifier and a backward wave oscillator, were st
ied. It was found@10# that the maximum efficiency of the
AD-CRM can be realized in the extreme case, when the
ternal magnetic field is vanishingly small. Also, in the am
plifier configuration, at large amplitudes of the input sign
the electrons make only about one orbit in the interact
region before their departure from the cyclotron resona
due to the changes in electron energy. Such a regime
operation, certainly, cannot be realized at moderate volta
Later, some experiments with AD-CRM’s driven by relati
istic electron beams were carried out@11–13#, and some the-
oretical issues were also analyzed@14#. AD-CRM effects in
periodic waveguides were discussed in Refs.@15, 16#.

The issue of a practical realization of efficient AD-CRM
operating at reasonably low voltages, where electrons sh
make many orbits and efficiently interact with an EM wa
of a moderate amplitude, has not yet been addressed. S
such a regime cannot be realized in AD-CRM’s with co
stant parameters of the interaction region~which were stud-
ied earlier!, we suggest to taper these parameters. In
present paper we consider an AD-CRM with a variable ax
wave number of the wave, and show that such a device
efficiently operate at moderate voltages. The idea to ta
kz(z) to ensure the cyclotron resonance between the w
and decelerating electrons, certainly, is similar to the idea
tapering the parameters of a slow-wave structure~SWS! used
in isochronous traveling wave tubes@17,18# ~see also Ref.
@9#, p. 167!, tapering the wiggler parameters in free electr
2311 ©1999 The American Physical Society
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lasers~FEL’s! @19,20#, and profiling the external magneti
field in relativistic gyrotrons@21# and traveling-wave CRM’s
@22#.

In periodic slow-wave structures~the helix-type SWS, the
coupled-cavity SWS, and waveguides with periodically c
rugated walls! the tapering can be realized by a slow var
tion of the period. Another class of attractive slow-wa
structures which can be tapered for our goals are strip
waveguides which were successfully used in FEL@23# and
CRM @24# experiments. The stripline waveguides used
these experiments had a uniform cross section. The strip
waveguide has various advantages compared to convent
dielectrically loaded and periodic waveguides. Operation
the quasi-TEM mode provides a linear dispersion and, th
the interaction may occur in a wide bandwidth of freque
cies. Also, this mode eliminates parasitic Cherenkov inter
tions. From the technical point of view, the metallic stri
protect the dielectric material from electron bombardm
and charging. In this paper we suggest to taper the width
the strip in order to maintain the cyclotron resonance~1!
along the interaction region. Analytical and numerical ana
sis may form a basis for further experimental design of
AD-CRM amplifier in the tapered stripline waveguide.

Our paper is organized as follows. In Sec. II we presen
general formalism describing the AD-CRM with an arbitra
slow-wave structure and a tapered axial wave numberkz .
Section III is devoted to the analysis of a practical scheme
the AD-CRM device employing the tapered stripline wav
guide. Section IV demonstrates a numerical example,
Sec. V concludes our work.

II. GENERAL FORMALISM

Our consideration is based on the assumption that the
pering of the slow-wave circuit provides the exact cyclotr
resonance between decelerating electrons and an EM w
~A practical realization of this tapering is discussed in S
III. ! The corresponding dependence of the optimal norm
ized axial wave numberh5kzc/v on the electron energy
and velocity, as follows from Eq.~1! for s521, can be
determined as

hopt5
1

bz
S 11m

g0

g D . ~2!

Herebz is the axial electron velocity normalized to the spe
of light, m is the ratio of the electron cyclotron frequency
injection to the operating frequency, andg is the electron
energy normalized to the rest energy. At the entrance to
interaction region,

hopt5h05
1

bz0
~11m!. ~3!

Introducing normalized electron momentump85p/m0cg0
and the energy change functionw5(g02g)/g0 , and com-
bining Eqs.~2! and ~3!, one can obtain the following equa
tion for hopt:

hopt5~h0bz02w!/pz8 . ~4!
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Below we will restrict our consideration by the analysis
interaction with TEM and TE waves. For these waves,
known ~see, e.g., Refs.@7, 10, 5, 25, 26#!, the changes in the
electron energy and axial momentum are related as

h
dw

dz
1

dpz8

dz
50. ~5!

When the axial wave number is constant, from Eq.~5! one
obtains the autoresonance integral@27–29#

hw1pz85bz0 . ~6!

When the optimally taperedh obeys Eq.~4!, from Eq. ~5!
one can obtain the following relation between electron
ergy and axial momentum:

pz8
25bz0

2 22h0bz0w1w2. ~7!

Correspondingly, from the general equationg2511g0
2(p'8

2

1pz8
2) one can derive for the orbital momentum of an ele

tron with initial zero orbital velocity the following equation

p'8
252~h0bz021!w52mw. ~8!

Equations~7! and ~8! establish the relations between th
changes in the electron energy and components of elec
momentum. For initially gyrating electrons the correspon
ing equations are given elsewhere@22#.

Since the electrons radiating EM waves under the con
tion of the anomalous Doppler effect lose their axial mome
tum and gain the orbital momentum@6#, the maximum en-
ergy which can be withdrawn from a radiating electr
corresponds topz50 in the final stage. As follows from Eq
~7!, the corresponding maximum value of the electron e
ciency,

h5
1

12g0
21

w, ~9!

is equal to

hmax5S g011

g021D 1/2

~h02Ah0
221!. ~10!

Note that, in accordance with Eq.~4!, to realizepz→0 one
should operate at infinitely largeh’s. Since in experimentsh
is always limited by a certain finite valuehmax, the corre-
sponding maximum efficiency is determined by

hmax5S g011

g021
D 1/2

@h02A~h0
221!/~12hmax

22 !#. ~11!

Also note that using the cyclotron resonance condition giv
by Eq. ~3!, Eq. ~10! can be rewritten as

hmax5
1

12g0
21 @11m2A~11m!22~12g0

22!#. ~12!

In a similar way one can also rewrite Eq.~11!.
Recall that in the case of the tapered slow-wave struc

the electrons stay in the region of the anomalous Dopp
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effect during all the process of their deceleration~in contrast
to the case of a constanth @10#!. Correspondingly, when
electrons lose all the axial momentum their orbital mom
tum is equal top'8 5A2mwmax. This agrees with Eq.~12!,
from which it follows thathmax→1 whenm→0, i.e., in op-
timal regimes the magnetic field should be small.

After these preliminary remarks we can consider
equations describing the evolution of the normalized elect
energy changew, the normalized orbital momentump'8 , the
slowly variable phaseu5kzz2vt2q ~q is the electron gy-
rophase!, and the normalized wave amplitude along the n
malized axial coordinatez85vz/c ~below, the primes in
p',z8 andz8 will be omitted!. Corresponding expressions fo
the components of the Lorentz force with which the wa
acts on gyrating electrons were derived elsewhere@25,26,30#.
We will represent the electric field of the wave asEW

5Re$A(z)EW c(rW)exp@i(vt2kzz)#%. Here the vector function
EW c(rW) describes the transverse structure of the wave ele
field, and can be represented asEW c5 ik¹C3 ẑ where the
membrane functionC(rW) is the solution of the Helmholtz
equation

D'C1k'
2 C50, ~13!

with the corresponding boundary condition. In Eq.~13!, k'

5vc /c is the transverse wave number andvc is the cutoff
frequency. The components of the Lorentz force, as can
found elsewhere@25,26,30#, are proportional to the wave am
plitude A, to the coefficient

Ls5F 1

k'
S ]

]X
1 i

s

usu
]

]YD G usu

C~X,Y!, ~14!

which describes the transverse structure of the Lorentz fo
acting on an electron with transverse coordinates of the g
ing centerX and Y, and to the Bessel functionsJs(j) and
their derivativesJs8(j) ~herej5k'r L , andr L5v' /V is the
Larmor radius of electron!. This representation of the Lor
entz force components stems from the multipole nature
the EM field rotating synchronously with gyrating electron
In our cases521, so

L215
1

k'
S ]

]X
2 i

]

]YDC~X,Y!. ~15!

We will also assume that the normalized gyroradiusj is
small enough (j2!1), and hence,J21(j)52J1(j)>
2j/2.

Under these assumptions a self-consistent set of g
averaged equations describing a properly tapered trave
wave AD-CRM with an initially linear electron beam can b
written as

dp'

dz
5

hbz21

bz
ReH A8L21

2k
e2 iuJ , ~16a!

p'

du

dz
52

hbz21

bz
ReH i

A8L21

2k
e2 iuJ , ~16b!
-
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-
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f
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dw

dz
5

p'

pz
ReH A8L21

2k
e2 iuJ , ~16c!

dA8

dz
5

eIb
m0c3g0

c3

v2N K L21*

2k

p'

pz
eiuL , ~16d!

whereA85eA/m0cvg0 and k5k'c/v are the normalized
wave amplitude and the normalized transverse wave num
respectively.~The derivation of similar equations for variou
versions of CRM amplifiers is given elsewhere@5,22,30,31#.!
In Eq. ~16d!, I b is the beam current, angular brackets me
averaging over the beam cross section, and

N5
c

2p

~v/c!2h

k'
4 E

S'

u¹'Cu2 dS' ~17!

is the norm of the wave. Now, let us denoteA8L21/2k by
Feia, whereF and a are, respectively, the absolute valu
and phase of this combination, and introduce

I 05
eIb

m0c3g0

uL21u2

4k2

c3

v2N
. ~18!

Here and below we will consider a beam of electrons
which the transverse inhomogeneity of the wave Lore
force is not important. Correspondingly, the transverse d
of electron guiding centers can be ignored~see, e.g., Ref.
@30#!, andL21 can be considered as a constant value. T
allows us to rewrite Eqs.~16a!–~16d! in the following forms:

dp'

dz
5

hbz21

bz
F cos ū, ~19a!

dw

dz
5

p'

pz
F cos ū, ~19b!

dF

dz
5I 0

p'

pz
cos ū, ~19c!

dū

dz
52S I 0

F
1

F

2wD p'

pz
sin ū. ~19d!

Here ū5u2a, so Eq.~19d! is obtained by superposition o
Eq. ~16b! and the imaginary part of Eq.~16d!.

Equations~19b! and ~19c!, properly combined, yield the
energy conservation law for the system ‘‘electron beam p
EM wave’’

F22F0
252E

0

z

I 0

dw

dz8
dz8, ~20!

which in the case of a constantI 0 reduces to the standar
~see, e.g., Refs.@10, 25#! form F22F0

252I 0w. In Eq. ~20!
and below,F0 is the wave amplitude at the entrance. No
that the gain of the device,G520 log10(F/F0), can be large
only when the normalized currentI 0 is large enough.

Also note that whenh andp' obey, respectively, Eqs.~2!
and~8!, one can rewrite Eq.~19d! using Eqs.~19a! and~19c!
as
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dū

dz
52

sin ū

cos ū

1

p'F

d~p'F !

dz
.

From here one can readily derive the equation

d

dz
~p'F sin ū !50,

which gives the integral of motion

p'F sin ū5const. ~21!

Since at the entrancep'50 to fulfill Eq. ~21! for nonzero
p'’s in the process of interaction, it is necessary to havū
50. This conclusion makes the device under study quite
ferent from previously analyzed CRM’s with tapered para
eters operating in the region of the normal Doppler eff
where the tapering should provide the condition of synch
nism for a so-called ‘‘synchronous’’ electron around whi
an electron bunch is formed. In those devices with initia
gyrating electrons the stationary phase of the synchron
electron need not be equal to zero. Therefore, for any in
amplitude of the waveF0 the initial phaseū0 can be chosen
so thatF0sin ū0 will be the same, as pointed out in Ref.@31#.
Correspondingly, the changes in the electron energy and
the tapering given by Eq.~2! can be the same for anyF0 . On
the contrary, the operation of the AD-CRM with an initial
linear electron beam, as follows from our conclusion ab
ū50, seems to be sensitive to the input power.

Now we can come back to the set of Eqs.~19a!–~19d!,
and note that assumingū50, and using Eqs.~7! and ~8! for
pz andp' , respectively, and the balance equation~20! for F,
we can reduce this set of equations to one equation for
normalized electron energy change. To do this we should
particular, specify the tapering of the normalized current
rameterI 0 in Eq. ~20!. Below we will assume that the devic
operates at frequencies not so far from the cutoff freque
vc whereh2!1, and hencek2'1. This means that the ta
pering of a slow-wave structure may cause signific
changes in the normalized current parameterI 0 only due to
the tapering ofh @see Eqs.~17! and~18!#, while the changes
in k'

2 are negligibly small. Then, as follows from Eqs.~17!,
~18!, ~4!, and ~7!, the normalized current parameter can
represented as

I 05I 00

h0

h0bz02w
Abz0

2 22h0bz0w1w2, ~22!

where I 00 is the value ofI 0 at the entrance. Since Eq.~22!
determines the dependence ofI 0 on w it is reasonable to
rewrite the right-hand side of Eq.~20! as

2E
0

w

I 0~w8!dw852I 00h0E
0

w Abz0
2 22h0bz0w81w82

h0bz02w8
dw8.

~23!

This integral, as follows from Ref.@32#, is equal to
f-
-
t
-

us
al

us

t

e
in
-

y

t

f ~w!1~h0
221!1/2bz0 arcsinF ~h0

221!1/2f ~w!

h0~h0bz02w!
G , ~24!

where the functionf (w)5bz02Abz0
2 22h0bz0w1w2, as

follows from Eq. ~7!, describes the changes in the norm
ized axial momentum. In accordance with Eqs.~23! and~24!,
the wave amplitude can be determined from Eq.~20! as

F5F0F11I H f 1~h0
221!1/2bz0arcsinF ~h0

221!1/2f

h0~h0bz02w!
G J G1/2

,

~25!

whereI 52h0I 00/F0
2. Now we can come back to Eq.~19b!,

introduce the normalized axial coordinatez5F0z and, using
Eqs.~25!, ~7! and ~8!, rewrite it as

dw

dz
5H 2~h0bz021!w

bz0
2 22h0bz0w1w2 F11I H f 1~h0

221!1/2

3bz0arcsinF ~h0
221!1/2f

h0~h0bz02w!
G J GJ1/2

. ~26!

By solving only this equation with three parametersh0 , bz0 ,
and I, one can study the axial evolution of the electron e
ergy and, correspondingly, calculate the efficiency given
Eq. ~9!. @Recall thatg0 in Eq. ~9! and bz0 in Eq. ~26! are
related asg051/A12bz0

2 ]. By inverting Eq. ~26! one can
also find the lengthzc required for complete deceleration o

electronszc5*
0
12g0

21

@1/F(w)#dw. Here F(w) denotes the
right-hand side of Eq.~26!.

Results of numerical calculation of Eq.~26! are shown in
Figs. 1, 2, and 3. Figures 1~a! and 1~b!, respectively, show
the dependence of the efficiencyh @defined by Eq.~9!# and
the corresponding tapering of the normalized axial wa
numberh @derived from Eqs.~4! and~7!# on the normalized
axial coordinatez for different initial values ofbz0h0 . In
these calculations, the accelerating voltageVb and initial cur-
rent parameterI are equal to 40 kV and 100, respectivel
Figures 2~a! and 2~b! show, respectively, the dependence
the efficiency and the axial wavenumber on the axial d
tance for different values of the current parameterI, whereas
the accelerating voltage and the parameterbz0h0 are con-
stant and equal to 40 kV and 1.1, respectively. It should
noted that the cases of different values of the current par
eter differ only by the interaction lengthz, whereas the effi-
ciency and wavenumber remain unchanged. Figures 3~a! and
3~b! show the efficiency and axial wave number, resp
tively, as functions of the coordinatez for different voltages
Vb and constantI (100) andbz0h0(1.1).

Before closing this section let us note that Eq.~26! does
not contain the initial amplitude of the wave,F0 ; however,
the coordinatez is normalized toF0 . So the solution ob-
tained for a fixedz will correspond, in the case of differen
F0’s, to different axial positions.

III. ANOMALOUS DOPPLER CRM INTERACTION
IN A TAPERED STRIPLINE WAVEGUIDE

A practical scheme for the anomalous Doppler CRM a
plifier is proposed in this section. This scheme employ



th
th
ig

n

M
a

e
-
EM

in

ex-

lous

-

PRE 59 2315THEORY OF ANOMALOUS DOPPLER CYCLOTRON- . . .
stripline waveguide with a slight tapering of the strip wid
along the interaction region. The proposed device and
waveguide cross-section are shown schematically in F
4~a! and 4~b!, respectively.

Striplines and microstrips are commonly used as tra
mission lines in modern microwave integrated circuits@33#.
The fundamental mode of the stripline is the hybrid E
mode, and various analytical and numerical methods h
been developed in order to find the exact wave solution~in-
cluding axial components! in such structures@34–36#. Nev-
ertheless, at low frequencies~when the transverse sizes of th
stripline are smaller than the wavelength! the wave propagat
ing along the stripline can be approximated by a quasi-T
mode with a linear dispersion@33,37#. Its transverse wave
number k' is negligible. Consequently, Eqs.~16a!–~16d!,
~17!, and~18! must be rewritten for the quasi-TEM mode

FIG. 1. The dependence of the maximal efficiencyh ~a! and
optimal wave numberh ~b! on the normalized axial coordinatez for
different initial values ofh0bz0 . The accelerating voltageVb and
normalized initial current parameterI are 40 kV and 100, respec
tively.
e
s.

s-

ve

order to exclude the transverse wave number from the
pressions. Also the normalized amplitudeF must be rede-
fined. The general expressions describing the anoma
Doppler CRM interaction (s521) could be written in the
forms

dp'

dz
52

1

bz
Re$A8@E21u1bzH21r #e

2 iu%, ~27a!

p'

du

dz
52

1

bz
Re$A8@E21r1buH21z2bzH21u#e2 iu%,

~27b!

dw

dz
5

p'

pz
Re$A8E21ue2 iu%, ~27c!

FIG. 2. The dependence of the maximal efficiencyh ~a! and
optimal wave numberh ~b! on the normalized axial coordinatez for
different initial values of the normalized initial current parameterI.
The accelerating voltageVb and parameterh0bz0 are 40 kV and
1.1, respectively.
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dA8

dz
5

eIb
m0c3g0

c3

v2N K E21u*
p'

pz
eiuL . ~27d!

In Eqs. ~27a!–~27d!, E21r , E21u , H21r , H21u , and H21z

are polar projections of coefficientsEW 21 and HW 21 in the
coordinate frame associated with the guiding centerX, Y of
electron gyromotion. These vectorsEW 21 andHW 21 are related
to the functions describing the transverse distribution of e
tric, EW c , and magnetic,HW c , fields @see the representation o
electric field given above, before Eq.~13!#, as

EW 215
1

2p E
0

2p

EW ce
2 iqdq ~28a!

and

FIG. 3. The dependence of the maximal efficiencyh ~a! and
optimal wave numberh ~b! on the normalized axial coordinatez for
different initial values of the accelerating voltageVb . The initial
values of the normalized current parameterI and parameterh0bz0

are 100 and 1.1, respectively.
-

HW 215
1

2p E
0

2p

HW ce
2 iqdq. ~28b!

Hereq is the electron gyrophase introduced in Sec. II, wh
can also be treated as the azimuthal coordinate in the re
ence frame associated with the electron guiding center.
corresponding expression for the norm of the wave,N, is
given by

N5
c

4p E
S'

$@EW c3HW c* #2@HW c3EW c* #%• ẑ dS' . ~29!

For pure TE or TEM modes,

E21u1bzH21r5~12hbz!E21u ~30a!

and

E21u1bzH21r5 i ~E21r1b'H21z2bzH21u!, ~30b!

and from the equation set~27a!–~27d! we arrive at Eqs.
~16a!–~16d!. ~Note that for the TEM mode,H21z50). The
quasi-TEM mode is not a rigorous mode, but a practi
approximation of it. Hence Eq.~30a! is not satisfied exactly
for the quasi-TEM mode, although Eq.~30b! still holds. This
is a consequence of the transverse inhomogeneity of
waveguide partially filled by the dielectric material. Neve
theless, at low frequencies the quasi-TEM mode approxim
tion is close to the real EM field of the stripline, and we c
assume that Eq.~30a! is valid. Hence takingE21u as the
source function, we define the current parameter as

FIG. 4. ~a! Schematic of an anomalous Doppler CRM amplifi
with a tapered stripline waveguide~the side and upper waveguid
walls are omitted in this drawing!. ~b! Schematic of the stripline
waveguide cross section.
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I 05
eIb

m0c3g0
uE21uu2

c3

v2N
, ~31!

and the amplitudeF and phasea by Feia5A8E21u . Then
we arrive at the same set of equations~19a!–~19d! as for the
exact mode.

To specify parameters in Eq.~26! for numerical calcula-
tions, one needs to derive analytical expressions forEW c , HW c ,
andE21u ~they are included in the expression for the curre
parameterI!. This can be done by using the wave analysis
a cold stripline waveguide. In this analysis we assume
the tapered width of the stripW is slowly varying along the
axis. Hence the local solution for the axially uniform str
provides a reasonable approximation for the tapered strip
waveguide.

A general method for the stripline analysis is presented
Ref. @33#. The axial wavenumberkz of the fundamental
quasi-TEM wave is given by

kz5A«eff

v

c
, ~32!

where the effective permittivity«eff depends on the trans
verse geometry of the stripline waveguide and on the rela
permittivity « r of the dielectric substrate. It is defined by

«eff5
Q

Q0
, ~33!

whereQ and Q0 are the total linear charges on the strip
the stripline waveguide and corresponding air-filled stripl
waveguide~without dielectric material inside!, respectively.
The values ofQ andQ0 are obtained using a Fourier seri
expansion method as follows. The charge density on
strip, r~x!, can be expressed as an infinite sum of transve
harmonics,

r~x!5 (
n51,3,...

rncos~vnx!, ~34a!

where its harmonics coefficientsrn are given by

rn5
1

a E
2W/2

W/2

r~x!cos~vnx!dx. ~34b!

In Eqs. ~34!, a is the half of the waveguide width andvn
5pn/2a. Assuming that the voltage on the strip and wav
guide walls isVÞ0 and zero, respectively, the charge de
sity r(x) is obtained from the integral equation

4p

aV (
n51,3,...

sinh~vnH !sinh„vn~b2H !…

vnTn
cos~vnx!

3E
2W/2

W/2

r~x8!cos~vnx8!dx851, ~35a!

where the harmonic coefficientsTn are defined as

Tn5sinh~vnH !cosh„vn~b2H !…

1« rcosh~vnH !sinh„vn~b2H !…, ~35b!
t
f
at

e

n

e

e
se

-
-

and b and H are heights of the waveguide and dielect
medium, respectively, as shown in Fig. 4~b!. The integral
equation ~35a! holds for each x in the interval
@2W/2;W/2# and can be solved by various numerical me
ods. Finally, the total linear chargeQ is obtained by integrat-
ing the charge densityr(x) given by Eq.~34a! over the strip
width as follows:

Q52 (
n51,3,...

rn

vn
sinS vn

W

2 D . ~36!

The total charge on the strip in the air-filled waveguide,Q0 ,
is obtained by a similar procedure as forQ with « r51 ev-
erywhere inside the waveguide. Note that in addition to
straightforward calculation of the effective permittivity de
scribed above, several approximate formulas have been
rived @33,37#.

The electric and magnetic components of the quasi-T
mode are determined by the electrostatic potentialF, and the
axial component of the vector potential,Az , respectively.
These potentials obey Laplace equations

¹'
2 F50 ~37a!

and

¹'
2 Az50. ~37b!

The potential functions are zero on the waveguide walls
constant on the metal strip surface. The normal derivative
the electromagnetic potentialAz is continuous on the inter
face between the vacuum and dielectric regions, and h
step change on the strip surface, whereas the normal de
tive of the electrostatic potentialF is not continuous on both
the strip and dielectric surface. Note that boundary con
tions for the electrostatic potentialF have been used in th
derivation of Eq.~35a!. Using Eqs.~34! and~35!, the poten-
tial functionsF andAz can be expressed as

F~x,y!54p (
n51,3,...

rnfn~x,y!

vnTn
~38a!

and

Az~x,y!5
4p

A«eff
(

n51,3,...

rnfn~x,y!

vnsinh~vnb!
, ~38b!

respectively, where the harmonic profile functionsfn are
defined as follows:

fn~x,y!5cos~vnx!

3 H sinh„vn~b2H !…sinh~vny!,
sinh~vnH !sinh„vn~b2y!…,

y<H
H<y<b.

~39!

The transverse electric and magnetic fields are obtained f
Eqs.~38a! and ~38b! as follows:

Exc~x,y!5
4p

uEW u
(

n51,3,...

rnwn~x,y!

Tn

, ~40a!
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Eyc~x,y!5
4p

uEW u
(

n51,3,...

rncn~x,y!

Tn

, ~40b!

Hxc~x,y!52
4p

uHW uA«eff

(
n51,3,...

rncn~x,y!

sinh~vnb!
, ~41a!

Hyc~x,y!5
4p

uHW uA«eff

(
n51,3,...

rnwn~x,y!

sinh~vnb!
, ~41b!

where the harmonic transverse profileswn andcn are defined
as

wn~x,y!5sin~vnx!

3 H sinh„vn~b2H !…sinh~vny!,
sinh~vnH !sinh„vn~b2y!…,

y<H,
H<y<b

~42a!

and

cn~x,y!5cos~vnx!

3 H 2sinh„vn~b2H !…cosh~vny!,
sinh~vnH !cosh„vn~b2y!…,

y<H,
H<y<b,

~42b!

respectively, and the amplitudesuEW u and uHW u correspond to
the maximal values of these fields inside the waveguide c
section. The termE21u can be derived from Eqs.~40a! and
~40b! as follows:

E21u5
2p

uEW u
(

n51,3,...

rn

Tn

sinh~vnH !cos@vn„X2 i ~b2Y!…#.

~43!

Numerical evaluation of Eqs.~40!–~42! shows that the EM
field of the quasi-TEM mode is largely concentrated in t
vicinity of the strip. It should be noted that since the qua
TEM mode is not the pure EM mode, the electric and m
netic field amplitudes are not equal. Moreover, the transve
profiles of the electric and magnetic fields are different, a
consequently, in the general caseuEW u and uHW u could not cor-
respond to the same pointx,yof the waveguide cross section
Nevertheless, using the previous assumption of the l
frequency limit, we can useuHW u>uEW u>A, where the ampli-
tudeA of the EM wave was introduced in Sec. II.

The power flowing through the waveguide is defined b

P5
c

4p E
S'

@EW 3HW #• ẑ dS' . ~44!

For the quasi-TEM mode of the stripline waveguide, th
power, as follows from Eqs.~40!–~42!, is equal to

P5
2pa

A«eff
(

n51,3,...

rn
2

vnTn
sinh„vn~b2H !…sinh~vnH !,

~45!
ss

-
-

se
d

-

and the norm of the wave at the input of the wavegu
results in

N05
4Pin

uEW 0uuHW 0u
, ~46!

wherePin is the input power of the EM wave, and the su
script 0 denotes initial values.

The tapering of the waveguide parameters, as a met
for efficiency enhancement, is, in particular, limited by r
flections. The axial nonuniformity of the tapered striplin
results in backward EM wave reflections along the wa
guide which may lead to spurious oscillations due to abso
instability caused by this internal feedback. The express
for reflection coefficientG of the stripline waveguide, back
to the input, is derived in Ref.@33#. Using normalized vari-
ables introduced in Sec. II, it can be rewritten as

G52
1

2 E
0

zmax
e22i ~h/F !z

1

h

dh

dz
dz, ~47!

wherezmax is the normalized length of the waveguide. Hen
the assumption of a slowly varying axial wave numberkz in
the tapered stripline requires thatuGu!1. This limits the gen-
eral solution for the efficiencyh given by Eqs.~26! and~9!.

Another limitation of the analytical solution of Eq.~26!
stems from the following considerations. The EM field of t
stripline is largely concentrated in the vicinity of the stri
Hence, in order to design a high-efficiency device of a r
sonable lengthL, the electron beam must be injected
closely as possible to the strip surface. On the other hand
high efficiency of the anomalous Doppler interaction is o
tained when the external magnetic field, and conseque
the cyclotron frequencyV, are small. Hence, the Larmo
radius of electron rotationr L , which is inversely propor-
tional to V, may result in a large value even if the induce
transverse velocityv' is small. In order to prevent the elec
tron bombardment of the strip and the dielectric mater
one needs to limit the device length and, correspondin
the efficiency. These two effects contradict one another,
the contradiction results in decreasing of the AD-CRM e
ciency.

IV. NUMERICAL EXAMPLE

The above analytical expressions enable one to de
practical schemes of the anomalous Doppler CRM ampli
in tapered stripline structures. Figures 5–8 show results
numerical simulations of the device with the initial param
eters summarized in Table I. Figure 5 shows the effect
permittivity «eff of the tapered stripline waveguide as a fun
tion of the strip widthW. The effective permittivity varies
from ;30 to ;43. This corresponds to change of the no
malized wavenumberh from ;5.5 to ;6.6. It should be
noted that the assumption of the quasi-TEM mode limits
width of the stripW, hence it could not exceed;5 mm for a
10-GHz frequency ~the corresponding wavelengthl
530 mm).

Figures 6–8 show the output characteristics of the dev
in their dependence of the axial coordinatez. In these figures,
the solid lines correspond to possible change of characte
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tics taking into account the above limitations. The dash
lines show the asymptotic behavior of characteristics wh
cannot be realized practically in the device under consid
ation. Figure 6 shows the calculated values of the efficie
h and the tapered optimal normalized wave numberhopt.
The corresponding dependencies of the normalized elec
velocitiesbz andb' , and the EM wave phase velocitybph,
are shown in Fig. 7. According to the nature of the anom
lous Doppler effect, the axial electron velocitybz is larger
than the EM wave phase velocitybph. These two velocities
are decreased along thez coordinate and approach zero
zmax>1.8 m. This corresponds to the complete axial dec
eration of the electron. The axial evolution of the Larm

FIG. 5. The dependence of the stripline waveguide effec
permittivity «eff on the strip widthW. The waveguide parameter
are listed in Table I.

FIG. 6. The maximal efficiencyh and the optimal wave numbe
hopt dependence on the anomalous Doppler CRM amplifier len
L, for initial parameters listed in Table I.
d
h
r-
y

on

-

l-
r

radiusr L and the number of electron gyro-orbits are sho
in Fig. 8. As follows from this figure, the electron motion
characterized by a large number of gyro-orbits. Hence
highly efficient anomalous Doppler interaction in the taper
waveguide differs from those in axially uniform structure
for which a small number of electron orbits is typical.

The distance between the electron beam and the stri
the waveguide entrance is 2 mm. Hence, as follows from F
8, the maximal length of the deviceL is limited by ;1.5 m.
The corresponding normalized wave number and efficie
are equal to;6.5 and;30%, respectively. The calculate
reflection coefficient is small (uGu<0.02). Consequently, the

e

th

FIG. 7. The dependence of the normalized electron axial
transverse velocitiesbz and b' , respectively, and the EM wave
phase velocitybph, on the axial coordinatez ~for initial parameters
as in Fig. 6!.

FIG. 8. The dependence of the electron Larmor radiusr L and
the number of electron gyro-orbits on the axial coordinatez ~for
initial parameters as in Fig. 6!.
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TABLE I. Example of anomalous Doppler CRM amplifier parameters.

Stripline waveguide
Dielectric substrate width H 1 mm
Initial strip width Wi 0.5 mm
Final strip width W0 5 mm
Relative dielectric permittivity « r 50

Outer tube
Width 2a 70 mm
Height b 10 mm
Length L 1.5 m

EM wave
Frequency f 10 GHz
Input power Pin 5 W

Electron beam
Accelerating voltage Vb 10 kV
Initial current I b 0.5 A
Position inside the waveguide X 0 mm

Y 3 mm
Axial magnetic field B0 252 G

Normalized parameters
Initial norm of the wave~normalized! N0(v2/c3) 6.531024

Initial amplitude F0 6.931026

Initial current parameter I 6.83105

h0bz0 1.07
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proposed design of the anomalous Doppler CRM ampli
with a tapered stripline seems to be a promising scheme
further experimental realization.

V. CONCLUSION

The analytical model of an anomalous Doppler CRM a
plifier with tapered waveguide parameters is derived for
EM wave of a moderate amplitude and an axially injec
nonrelativistic electron beam. The linear electron beam h
better quality, and its usage simplifies the design of
anomalous Doppler CRM amplifier as compared to conv
tional CRM devices employing the normal Doppler effe
The tapering of the EM wave numberkz provides the con-
servation of the anomalous Doppler synchronism condit
along the interaction region. It is shown that operation
such a device results in the high efficiency, which may
ymptotically reach 100%. The electron motion is charact
ized by a large number of gyro-orbits.

A practical model of an anomalous Doppler amplifier u
.

ve

ys
r
or

-
n
d
a

e
-

.

n
f
-

r-

-

ing a stripline with a tapered width is proposed for a furth
experimental verification. The stripline waveguide has
advantage of a wide tunability. Numerical calculations sh
that taking into account the limitation of the amplifier
length~as explained in Sec. IV!, the efficiency of this device
can be about 30% for a 10-kV, 0.5-A electron beam, an
5-W input EM power. This corresponds to a;25-dB power
gain. Hence the presented analysis forms theoretical basi
a design of the compact, low-cost, high-efficiency CRM d
vice.

The model of an anomalous Doppler CRM with taper
parameters can be implemented to other schemes as we
particular, other waveguides with variable dielectric loadin
and tapered periodic waveguides could be considered.
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