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Band gap Green’s functions and
localized oscillations

BY ALEXANDER B. MOVCHAN
1,* AND LEONID I. SLEPYAN

2
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Liverpool L69 7ZX, UK

2Department of Solid Mechanics, Materials and Systems,
Tel Aviv University, Tel Aviv 69978, Israel

We consider some typical continuous and discrete models of structures possessing band
gaps, and analyse the localized oscillation modes. General considerations show that such
modes can exist at any frequency within the band gap provided an admissible local mass
variation is made. In particular, we show that the upper bound of the sinusoidal wave
frequency exists in a non-local interaction homogeneous waveguide, and we construct a
localized mode existing there at high frequencies. The localized modes are introduced via
the Green’s functions for the corresponding uniform systems. We construct such functions
and, in particular, present asymptotic expressions of the band gap anisotropic Green’s
function for the two-dimensional square lattice. The emphasis is made on the notion of the
depth of band gap and evaluation of the rate of localization of the vibrationmodes. Detailed
analysis of the extremal localization is conducted. In particular, this concerns an algorithm
of a ‘neutral’ perturbation where the total mass of a complex central cell is not changed

Keywords: waves in lattice structures; localized defect modes; Green’s functions
*A
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Acc
1. Introduction

The localized defect modes occur naturally in photonic crystal structures, as
described by Poulton et al. (2003). Although the ‘localized Green’s functions’ can
be represented in the series form for a continuum system involving a doubly
periodic array of circular inclusions, the analytical analysis of the solution is not
feasible in this case and the numerical treatment is required for evaluation of the
defect states. The aim of the present work is to develop a fully analytical
framework for analysis of localized vibrations within certain classes of periodic
structures. The periodic structures considered in this paper are simpler than
those of Poulton et al. (2003); the band gap Green’s functions are obtained in the
simple analytical form. This leads to evaluation of the depth of a band gap and to
solution of problems of optimal design for defect modes of extremal localization.

The classical topic of research on Waves in Lattices is well described in the
monographs (Brillouin 1953; Maradudin et al. 1963). The substantial analysis of
lattices with defects and applications in the solid-state physics are discussed in the
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papers (Maradudin 1965;Mead 1973, 1996;Mead&Parthan 1979;Mead&Yaman
1991). Defect vibration modes in two-component chains were described in Bacon
et al. (1962). The defect modes in the context of the theory of scattering of waves in
solids were considered by Callaway (1964). Surface tension and surface modes in
lattice structures are studied in Gazis & Wallis (1964). Certain types of lattice
Green’s functions in diatomic lattices were constructed by Morita & Horiguchi
(1972). The recent developments in theoretical and experimental physics on the
design of photonic crystal fibres have generated a substantial interest to the
photonic (or phononic) band gap materials (John 1987; Yablonovitch 1987, 1993).
Although most of the technological applications involve models of acoustics,
electromagnetism or elasticity in continuous periodic structures, some of photonic
crystal models based on ‘mass-spring’ lattices were also presented in Jensen (2003),
Martinsson&Movchan (2003), Cai et al. (2005). Steady-state problems for free and
forced non-resonant waves in lattices and continuous periodic structures were also
considered in Langley (1996, 1997), Langley et al. (1997). Dynamic lattice Green’s
functions for frequencies within the pass bands were studied by Martin (2006).
The star-shaped localized solutions in lattices are discussed in Slepyan &
Ayzenberg-Stepanenko (submitted).

In the present paper, we address the issue of analytical representation and
analysis for localized vibration modes within some continuous (including non-
local elastic) and lattice structures. We also introduce the notion of the depth of
the band gap characterizing the rate of decay of exponentially localized vibration
modes. The structure of the paper is as follows.

Section 2 outlines general settings for the localized vibration modes within
continuous or discrete structures. Section 3 addresses the issue of band gaps and
hence localized vibration modes within continuous systems, including beams and
rods on elastic foundations as well as non-local interaction elastic string.
Localized vibration modes within uniform lattice structures are studied in §4,
which includes explicit asymptotic representations for lattice Green’s functions
and estimates of the rate of decay of a general localized vibration mode. Section 5
deals with a complex lattice structure possessing band gaps for a certain range of
frequencies. By introducing a mass perturbation within the central cell of the
structure, we create a localized vibration mode, whose frequency and the rate of
decay are related via a closed-form analytical representation. We determine the
optimal frequency corresponding to the fastest decay of the localized vibration
mode, and show the situations when such a localized mode can be created via a
mass perturbation which does not change the overall mass of the central cell.
Finally, in §6, some concluding remarks are given.
2. Some general considerations

Consider an infinite, uniform (continuous or discrete), scalar, linear, single
dispersion branch system whose homogeneous Fourier-transformed equation is

½LðkÞKU�uFðkÞZ 0; ð2:1Þ
where UZu2 is the frequency squared and the oscillating multiplier exp(iut) is
omitted. Note that for real k, L(k)R0 for any stable system (possibly L(0)Z0
that reflects a free rigid displacement).
Proc. R. Soc. A (2007)
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Assume there exists a stop band in U: U!UK or U>UC, where no sinusoidal
wave exist, that is, equation (2.1) has no non-trivial solution for real k. This
implies

LðkÞOUK or LðkÞ!UC; ð2:2Þ
respectively.

Consider the Green’s function for frequencies within these stop bands, for
xZ0, that is, the corresponding inverse transform, uð0ÞZU , of

uFðkÞZ 1

LðkÞKU
: ð2:3Þ

It follows that

UO0 ðU!UKÞ; U!0; UuF!K1 ðUOUCÞ: ð2:4Þ
Now consider the same system without the external force but with a changed
mass at the origin. Denoting the additional mass by M and using (2.1) we obtain

uFðkÞZ MUU

LðkÞKU
: ð2:5Þ

The above equation and (2.3) imply that for a given U!UK there exists a
localized waveform coincident with the Green’s function, provided the additional
mass is equal to

M Z
1

UU
ð2:6Þ

and the relations (2.4) yield

MO0 ðU!UKÞ; M!0 ðUOUCÞ: ð2:7Þ
Thus, in the latter case, the mass increment appears to be negative. However, if
this case concerns a discrete lattice (where the particle mass is taken as the mass
unit) the total central mass, 1CM, appears to be positive. Indeed, referring to
(2.4) we find that (n is the dimension of the system)

UU Z
1

ð2pÞn
ðp
Kp

UuFðkÞdk!K1; ð2:8Þ

and hence M>K1.
These simple considerations are applicable to multiple vibration branch

systems, at least for frequency regions adjacent to the band gap boundaries.
Indeed, the frequency corresponding to any of the edges of the band gap is the
resonant frequency and the displacement of a particle, where the Green’s
function force is applied, is infinitely large. Hence, in the corresponding
neighbourhood, the displacement is large enough to support a localized mode
due to the admissible variation of the mass, as stated in (2.6).

The examples considered in the sequel also show that the localized modes can
be obtained within the entire band gap frequency interval via an admissible local
perturbation of the waveguide.
3. Continuous systems

In this section, we discuss several examples of waveguides supporting localized
vibration modes.
Proc. R. Soc. A (2007)
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(a ) A beam on an elastic foundation

From the equation

DuIV ðxÞCð8K9UÞuðxÞZ 0 ðD; 9 are constantsÞ; ð3:1Þ
it follows that there is the lower bound for the sinusoidal wave frequency

UKZ 8=9: ð3:2Þ
The Green’s function for 0!U!UK is

uðxÞZ 1

8Dl3
eKljxjðcos lxCsin ljxjÞ; lZ

8K9U

4D

� �1=4

: ð3:3Þ

Thus, the localized mode exists for U!8=9 if a concentrated mass is attached to
the beam. The mass–frequency relation is

M Z
1

9u2

ffiffiffi
8

p
ð8K9u2Þ3=4D 1=4: ð3:4Þ

(b ) A bending plate on an elastic foundation

From the equation

DD2uðx; yÞCð8K9UÞuðx; yÞZ 0; ð3:5Þ
it follows that there is the same lower bound as above for the sinusoidal wave
frequency (3.2). The corresponding Green’s function for the origin, xZyZ0, is

uð0; 0ÞZ 1

8
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Dð8K9UÞ

p : ð3:6Þ

Thus, the corresponding concentrated mass is

M Z
8
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Dð8K9UÞ

p
9U

: ð3:7Þ

(c ) A string made of a non-local interaction material

In the dispersion relation for a classical homogeneous material, U/N as
k/GN; that is, there is no upper bound of the sinusoidal wave frequency.
However, such a bound and hence a semi-infinite band gap can exist in the case of
a non-local interaction material. We show this by a simplest example of a string.
To this end, in the relation for the internal stress

sZEu 0ðxÞZEd0ðxÞ � uðxÞZEdðxÞ � u 0ðxÞ; ð3:8Þ
we replace the derivative of the delta function by a regular ‘pre-delta’ function;
for this, we use the function

daðxÞZ
a

2
eKajxj ðdaðxÞ/dðxÞ as a/NÞ;

d0aðxÞZK
a2

2
eKajxjsign x ðd0aðxÞ/d0ðxÞ as a/NÞ:

ð3:9Þ
Proc. R. Soc. A (2007)
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In terms of the Fourier transform,

½daðxÞ�F Z
a2

a2 Ck2
; ½d0aðxÞ�F ZK

a2ik

a2 Ck2
; ð3:10Þ

and instead of the Fourier transform of the oscillating string classical equation

½Eu 0ðxÞ�0 C9UuðxÞZ 0; ð3:11Þ
for the constant modulus E and density 9, we obtain a new equation of the form

Ea2k2

a2 Ck2
K9U

� �
uFðkÞZ 0: ð3:12Þ

The dispersion relation for this non-local interaction string has the upper bound
UZUCZc2a2, where cZ

ffiffiffiffiffiffiffiffiffi
E=9

p
.

We now introduce the Green’s function for this string as the displacement
caused by the force term d(x). For UOUC, it is

uFðkÞZK
k2 Ca2

ð9UKEa2Þk2 C9a2U

uðxÞZK
1

9Uð1Kc2a2=UÞ dðxÞK a2Ka2

a
eKajxj

� �
a Z

affiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1Kc2a2=U

p ; UOc2a2

 !

ð3:13Þ
From this generalized solution, it follows that the additional mass density
corresponding to the localized oscillations (3.13) is

M ZK9 1K
c2a2

U

� �
OK9 ðx Z 0Þ; M CrO0; ð3:14Þ

while the localization exponent is given by lZa. The condition 9CMO0 is
satisfied if the external force term corresponding to the Green’s function, d(x)
and hence the corresponding displacement (3.13) are replaced by

dðxÞ/dðxÞ �HðbKjxjÞZHðbKjxjÞ; uðxÞ/uðxÞ �HðbKjxjÞ; if b%
1

2a
:

ð3:15Þ
After such a regularization, with the admissible mass density change within the
region jxj!b, the displacement function becomes regular.

Note that the upper bound of the frequency and the corresponding localized
oscillation solution can also be introduced, in a similar way, for a beam made of a
non-local interaction material. In this case, we can choose the corresponding pre-
delta function whose Fourier transform is a4=ða4Ck4Þ.
4. Uniform discrete systems

Next, we address localization effects within lattices of simple structure.
Proc. R. Soc. A (2007)
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(a ) A discrete chain on a discrete elastic foundation

We now use the following normalized variables: the particle mass, the bond
stiffness and the cell size are taken as the natural units; the stiffness of the elastic
foundation is denoted by 8. The equation in terms of the discrete Fourier
transform is

½8C2ð1Kcos kÞKU�uFðkÞZ 1: ð4:1Þ
There exist the upper and lower bounds for the sinusoidal wave frequency

UCZ 4C8 and UKZ 8: ð4:2Þ

For UO4C8,

uðmÞZK
2Kjmjffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðUK8Þ2K4ðUK8Þ
q ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðUK8Þ2K4ðUK8Þ

q
KðUK8K2ÞÞjmj; ð4:3Þ

and

M Z
1

Uuð0Þ ZK

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðUK8Þ2K4ðUK8Þ

q
U

ðUO4C8Þ: ð4:4Þ

Thus, the localized oscillations exist for UO4C8 if one mass of the chain is
lighter than the others, 0!1CM!1.

For 0!U!8,

uðmÞZ 2Kjmjffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð8KUÞ2C4ð8KUÞ

q 8KUC2K

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð8KUÞ2 C4ð8KUÞ

q� �jmj

and

ð4:5Þ

M Z
1

Uuð0Þ Z

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð8KUÞ2 C4ð8KUÞ

q
U

O0 ðU!8Þ: ð4:6Þ

Clearly, the latter gap does not exist for a free chain where 8Z0.
(b ) Localized Green’s function for the square lattice

Analysis of dynamic Green’s functions for square lattices for frequencies
within the pass band is given by Martin (2006). In this section, we address the
case when the frequency of vibrations is outside the admissible pass band and
hence when Green’s function is exponentially localized.

Using the discrete Fourier transform from the equation for the square lattice,
we find

uFFðk; qÞZ 1

2ð1Kcos kÞC2ð1Kcos qÞKU
; ð4:7Þ
Proc. R. Soc. A (2007)

http://rspa.royalsocietypublishing.org/


2715Band gap Green’s functions

 on March 14, 2010rspa.royalsocietypublishing.orgDownloaded from 
and

uðm;nÞZ 1

4p2

ðp
Kp

ðp
Kp

exp½KiðkmCqnÞ�
2ð1Kcos kÞC2ð1Kcos qÞKU

dk dq: ð4:8Þ

Successive integration leads to

uFðk;nÞZ 1

p

ðp
0

cos qn dq

2ð1Kcos kÞC2ð1Kcos qÞKU

Z
ðK1ÞnC1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
a2K1

p ðaK
ffiffiffiffiffiffiffiffiffiffiffiffiffi
a2K1

p
Þjnj

a Z
U

2
K2Ccos k; aO1 ðUO8Þ and

ð4:9Þ

uðm;nÞZ ðK1ÞnC1

p

ðp
0

1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
a2K1

p ðaK
ffiffiffiffiffiffiffiffiffiffiffiffiffi
a2K1

p
Þjnjcos km dk: ð4:10Þ

Consider some particular cases.
(i) Displacement at the origin mZnZ0

From (4.10), we have

uð0; 0ÞwK
1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðU=2K2Þ2K1

q ; ðU/NÞ: ð4:11Þ

An exact and the asymptotic dependencies on U are presented in figure 1. When
UO8, the direct numerical computation shows that the asymptotic approxi-
mation (4.11) accurately represents the exact result (4.10). The graph of u(0, 0)
versus u is shown in figure 1.
(ii) An asymptote for the bond-line rays

For mZ0, n/N, we take into account the fact that asymptotically the main
contribution corresponds to the integration in a small vicinity of kZp. So we
represent

cos kwK1Cð1=2ÞðpKkÞ2; ð4:12Þ

aK
ffiffiffiffiffiffiffiffiffiffiffiffiffi
a2K1

p
wðcK

ffiffiffiffiffiffiffiffiffiffiffiffiffi
c2K1

p
Þ 1K

ðpKkÞ2

2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
c2K1

p
� �

; cZ
U

2
K3; ð4:13Þ

1K
ðpKkÞ2

2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
c2K1

p
� �jnj

wexp K
ðpKkÞ2jnj
2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
c2K1

p
� �

and ð4:14Þ

uð0; nÞw ðK1ÞnC1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
c2K1

p ðcK
ffiffiffiffiffiffiffiffiffiffiffiffiffi
c2K1

p
Þjnj 1

p

ðp
pK3

exp K
ðpKkÞ2jnj
2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
c2K1

p
� �

dk; ð4:15Þ
Proc. R. Soc. A (2007)
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for a small positive 3. Then

1

p

ðp
pK3

exp K
ðpKkÞ2jnj
2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
c2K1

p
� �

dkw

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
c2K1

p

jnj

s
1

p

ðN
0
eKx2 dx Z

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2K1

p

2pjnj

s
ð4:16Þ

and,

uð0;nÞw ðK1ÞnC1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8p

ffiffiffiffiffiffiffiffiffiffiffiffiffi
c2K1

pp �
cK

ffiffiffiffiffiffiffiffiffiffiffiffiffi
c2K1

p �jnj 1ffiffiffiffiffiffi
jnj

p ðn/NÞ: ð4:17Þ

The result is illustrated in figure 2. Owing to the symmetry, the same asymptote
(with the change n to m) is valid for u(m, 0).
(iii) The asymptote for the diagonal rays mZGn

For this case, it is useful to transform the integration domain A1 in (4.8) by
adding four triangles to form a larger square, domain A2 with vertices on the k, q
lines. Owing to 2p periodicity of the integrand, the integration over the latter
domain, whose area is twice as much as the A1 area, results in 2u(m, n).
Substituting

k Z xCy; q Z xKy; ð4:18Þ

and taking into account that the A2 area on the (x, y) plane is equal to the A1

area, we get for mZn

uðm;mÞZK
1

p2

ðp
0

ðp
0

cos 2mx

UK4C4 cos x cos y
dx dy: ð4:19Þ

In the integral with respect to x, only small neighbourhoods of yZ0 and yZp are
important for large m, and these neighbourhoods give equal leading
contributions. So we can use one of the representations cos yw1K1

2 y
2ðy/0Þ
Proc. R. Soc. A (2007)
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or cos ywK1C 1
2 ðpKy2Þðy/pÞ. Thus, we find that

uðm;mÞwK
2

p

ðN
0

1

p

ðp
0

cos 2mx

UK4C4ð1Ky2=2Þcos x dx

� �
dy

wK
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

U2K8U
p 2

p

ðN
0

ffiffiffiffiffiffiffiffiffiffiffiffi
1Kb2

p
K1

b

 !2jmj

dy; bZ
4ð1Ky2=2Þ

UK4
:

ð4:20Þ

Further,

ffiffiffiffiffiffiffiffiffiffiffiffi
1Kb2

p
K1

b

 !2jmj

w

ffiffiffiffiffiffiffiffiffiffiffiffi
1Kb20

q
K1

b0

0
@

1
A

2jmj

1K
y2

2
ffiffiffiffiffiffiffiffiffiffiffiffi
1Kb20

q
0
B@

1
CA

2jmj

w

ffiffiffiffiffiffiffiffiffiffiffiffi
1Kb20

q
K1

b0

0
@

1
A

2jmj

exp K
jmjy2ffiffiffiffiffiffiffiffiffiffiffiffi
1Kb20

q
0
B@

1
CA; b0 Z

4

UK4
:

ð4:21Þ
As a result,

uðm;mÞwK
1ffiffiffi

p
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

U2K8U
p

ffiffiffiffiffiffiffiffiffiffiffiffi
1Kb20

q
K1

b0

0
@

1
A

2jmj
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1Kb20

q
jmj

vuut
: ð4:22Þ

In terms of the distance r from the origin, this relation looks as

uðm;mÞwK
1ffiffiffi

p
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

U2K8U
p

ffiffiffiffiffiffiffiffiffiffiffiffi
1Kb20

q
K1

b0

0
@

1
A

r
ffiffi
2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1Kb20Þ

q
r

vuut
: ð4:23Þ
Proc. R. Soc. A (2007)
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Note that this result is valid for the lattice diagonal nods only, that is for integer
mZnZr=

ffiffiffi
2

p
/N.
(iv) Localization exponent

The functions

l0n Z cK
ffiffiffiffiffiffiffiffiffiffiffiffiffi
c2K1

p
ZU=2K3K

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðU=2K3Þ2K1

q
;

lmm Z

ffiffiffiffiffiffiffiffiffiffiffiffi
1Kb20

q
K1

b0

0
@

1
A
ffiffi
2

p

Z U=4K1K

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðU=4K1Þ2K1

q� � ffiffi
2

p

;

ð4:24Þ

can be considered as the localization measures. The logarithmic derivative of the
displacement with respect to the distance from the origin is asymptotically equal
to l, and hence l is said to be the localization exponent. The quantities l0n and
lmm are plotted as functions of the frequency in figure 3. Their ratio is also
presented. The results show that the localization increases as the frequency
grows, and the oscillations are characterized by a more strong localization in the
diagonal rays rather than in the bond-line rays. Numerical computations lead to
the conclusion that these rays correspond to maximal and minimal localizations,
respectively.
(c ) Exponential waves. Complex dispersion relation

The dispersion equation for plane waves in the lattice has the form

UZ 4K2 cos kxK2 cos ky: ð4:25Þ

When uO
ffiffiffi
8

p
this equation does not have real solutions, and we use the following

substitution: kxZpC iqx , kyZpC iqy Hence,

UZ 4C2 cosh qx C2 cosh qy: ð4:26Þ

We seek the exponential wave, oriented in the n-direction (qxZ0), in the form

u0ðnÞZ expðipnK qynÞ: ð4:27Þ

Hence, equation (4.26) implies

expðKqyÞZ l0n Z cK
ffiffiffiffiffiffiffiffiffiffiffiffiffi
c2K1

p
: ð4:28Þ

Hence, according to (4.13) and (4.17), the logarithmic derivative of the
asymptote (4.17) of the lattice Green’s function differs from that of the
exponential wave only by a slow term Kð1=2Þln n.

A similar statement holds for the exponential waves for qxZqy and the
corresponding asymptote of the lattice Green’s function (4.23) for mZn.

It is of interest to note that the dispersion contour for uZ2 is a square
(figure 4a) whose vertices belong to the coordinate axes. In other words, when u
is close to 2, the directions of the group velocity coincide with one of the diagonal
lines kxZGky. In contrast, for sufficiently large u (uO

ffiffiffi
8

p
) the corresponding
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dispersion contour, in the ðqx ; qyÞ plane, becomes close to a square whose sides are
aligned with the coordinate axes (figure 4b).
5. Discrete system of a complex structure

Consider a two-mass chain shown in figure 5. The homogeneous dynamic
equations are

m1€u1;m Z u2;m Cu2;mK1K2u1;m and m 2€u2;m Z u1;m Cu1;mC1K2u2;m: ð5:1Þ
For the wave

u1;m Z u1;0e
ikm; u2;m Z u2;0e

ikm; ð5:2Þ
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the dispersion relation is as follows:

UZ
m1 Cm 2

m1m 2

G

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m1Cm 2

m1m 2

� �2

K
4 sin2 k=2

m1m 2

s
: ð5:3Þ

Let m1 be greater than m2. The dispersion relation defines the finite band gap as

UKZ
2

m1

!U!
2

m 2

ZUC; ð5:4Þ

and the infinite one as

UO
2

m1

C
2

m 2

: ð5:5Þ

Now consider the Green’s matrix function for these band gaps based on the
equations

Km1Uu1;m Z u2;m Cu2;mK1K2u1;m CP1d0;m and

Km2Uu2;m Z u1;m Cu1;mC1K2u2;m CP2d0;m:
ð5:6Þ

The discrete Fourier transform leads to the solution

uF
1 Z

1

Q
½KP1ðm 2UK2ÞCP2ð1CeikÞ�;

uF
2 Z

1

Q
½KP2ðm1UK2ÞCP1ð1CeKikÞ� and

QZ ðm1UK2Þðm2UK2ÞK2ð1Ccos kÞ;

ð5:7Þ

where Q!0 for the finite band gap and QO0 for the infinite one.
(a ) Localized vibration modes within the finite band gap

The inverse Fourier transform gives

u1;m ZK
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Q2
0K4Q0

q f½KP1ðm2UK2ÞCP2�ljmjCP2l
jmK1jg;

u2;m ZK
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Q2
0K4Q0

q f½KP2ðm1UK2ÞCP1�ljmj CP1l
jmC1jg and

lZ
1

2
ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2

0K4Q0

q
CQ0K2Þ 2

m1

!U!
2

m2

 !
;

ð5:8Þ
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where the localization exponent l!0 (jlj!1). In particular,

u1;0 Z
P1ðm2UK2ÞKð1=2ÞP2 Q0C

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2

0K4Q0

q� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2

0K4Q0

q ;

u2;0 Z
P2ðm1UK2ÞKð1=2ÞP1 Q0 C

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2

0K4Q0

q� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2

0K4Q0

q and

Q0 Z ðm1UK2Þðm2UK2Þ!0
2

m1

!U!
2

m2

 !
:

ð5:9Þ

The same but homogeneous solution representing the localized oscillations can be
obtained from this system of equations if we put P1ZM1Uu1, P2ZM2Uu2,
where M1,2 are the additional masses attached to the corresponding masses in the
cell mZ0. We arrive at the condition of the existence of a non-trivial solution asffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Q2
0K4Q0

q
KM1Uðm2UK2Þ

� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2

0K4Q0

q
KM2Uðm1UK2Þ

� �

K
M1M2u

4

4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2

0K4Q0

q
CQ0

� �2

Z 0
2

m1

!U!
2

m2

� �
:

ð5:10Þ

In particular, the above equation implies that when M2Z0

M1 ZK
1

U

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m1UK2

2Km2U

s ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4KQ0

p
ZK

2

Uð1CrÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rUK1Kr

1CrKU

r

!

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1CrÞ2 CðrUK1KrÞð1CrKUÞ

q
;

ð5:11Þ
and when M1Z0 we have

M2 Z
1

Uð1CrÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Km2U

m1UK2

s ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4KQ0

p

Z
2

Uð1CrÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1CrKU

rUK1Kr

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1CrÞ2CðrUK1KrÞð1CrKUÞ

q
: ð5:12Þ

Here and below, the mass ratio is denoted by rZm1=m2O1, and the
normalization is introduced in such a way that m1Cm2Z2, so that the
corresponding homogeneous lattice is the same as in §4. In these terms

Q0 Z 4
U

1Cr
K1

� �
rU

1Cr
K1

� �
: ð5:13Þ

The analytical formulae (5.11) and (5.12) suggest that a localized defect mode
can be initiated by a small variation of one of the masses in the central cell.
Namely, a localized mode will appear near the lower edge of the band gap, i.e.
U/2mK1

1 C0, when M2Z0 and M1wKC
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m1UK2

p
, with C being a positive

constant. We note that the localized mode near the lower edge of the band gap
cannot be created by a small variation of m2 with M1Z0. In figure 6, we present
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the frequencies of the localized modes as functions of the mass ratio in the
unperturbed biatomic lattice for the case when M2Z0 and M1 is negative. This
includes the curves corresponding to M1ZK0.5, K0.7, K1, and the limit curve
M1ZK2r=ð1CrÞ. In the latter limit case m1CM1Z0. Thus, the region between
the limit curve and the lower edge of the band gap ðUZ2=m1Z1C1=rÞ can be
covered via alteration of the mass m1 while M1Cm1>0 and M2Z0. The band gap
boundaries are also shown in figure 6.

In contrast, to obtain a localized vibration at the frequency close to the upper
edge of the band gap, i.e. U/2mK1

2 K0, it is sufficient to increase the smaller
mass m2, so that M2wC

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Km2U

p
, CO0 while M1Z0. The localized mode near

the upper edge of the band gap cannot be created by a small variation of m1 while
M2Z0. In figure 7, we show the frequencies of the localized modes as functions of
the mass ratio rZm1/m2 for the case when M1Z0 and M2 is positive. The
diagram incorporates the curves corresponding to M2Z0.5, 1, 2, 3. The band gap
region can be covered via increase of the mass m2 while M1Z0. However, in order
to reach the lower bound of the band gap, one has to take the limit as m2/CN.
Simultaneous finite variations of both masses m1 and m2 thus allow to create a
localized mode over all the frequency range within the finite band gap.
(b ) The band gap depth and the extremal localization

Within the bang gap, 2mK1
1 !U!2mK1

2 , the functions uj,m, jZ1, 2 decay
exponentially as jmj increases, and the localization exponent is equal to l (see
equation (5.8)). When jlj reaches its minimum within the gap as UZU

*
, the

oscillation region becomes most localized. These values are

jljmin Z
1

r
lZK

1

r

� �
; U� Z

1

m1

C
1

m2

Z 1C
1

2
r C

1

r

� �
: ð5:14Þ
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Assuming the normalization m1Cm2Z2, we choose the perturbation masses M1

and M2 in such a way that the corresponding localized vibration has the extremal
localization, with the localization exponent lZK1=r. Figure 8 shows M2 versus
M1 for the case of extremal localization, for the lattices of different contrasts.
Three cases of the lattice contrast are presented (rZ1.2, 2, 2.8). It is shown that
for a fixed perturbation mass M1, the second perturbation mass M2 decreases for
a chain of a higher contrast. Figure 9 includes the graphs of the total
perturbation mass M1CM2 versus M1 for the cases of the extremal localization
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for lattices of different contrasts. The graphs are given for the cases when
(rZ1.2, 2, 3, 5). It appears that for a sufficiently high contrast ðrR3Þ,
the extremal localization can be achieved via a perturbation whose total mass
M1CM2 is equal to zero. The special case of the zero total mass perturbation
(M1CM2Z0) is illustrated in figure 10. For the case of the extremal localization,
we show the lattice contrast parameter rZm1/m 2 as a function of the
perturbation mass M1. The curve on the left shows the lower boundary for the
admissible values of the perturbation mass M1.
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(c ) The frequency exceeds the upper bound

For the two-mass chain, in addition to the above-considered band gap, no
sinusoidal wave exists if UOUmaxZ2=m1C2=m2Z2CrC1=r . For this case we
find from equation (5.7) that

u1;m Z
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Q2
0K4Q0

q f½KP1ðm2UK2ÞCP2�ljmj CP2l
jmK1jg;

u2;m Z
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Q2
0K4Q0

q f½KP2ðm1UK2ÞCP1�ljmj CP1l
jmC1jg and

0!lZ
1

2
Q0K2K

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2

0K4Q0

q
Þ

� �
!1

2

m1

C
2

m2

!U

 !
:

ð5:15Þ

In particular,

u1;0 Z
KP1ðm2UK2ÞCð1=2ÞP2 Q0K

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2

0K4Q0

q� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2

0K4Q0

q ;

u2;0 Z
KP2ðm1UK2ÞCð1=2ÞP1 Q0K

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2

0K4Q0

q� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2

0K4Q0

q ;

Q0 Z ðm1UK2Þðm2UK2ÞO0
2

m1

C
2

m2

!U

 !
:

ð5:16Þ

Replacing P1ZM1Uu1, P2ZM2Uu2 we derive a system of two linear
equations with respect to u1 and u2, which has a non-trivial solution if and
only ifffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Q2
0K4Q0

q
CM1Uðm2UK2Þ

� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2

0K4Q0

q
CM2Uðm1UK2Þ

� �

K
M1M2u

4

4
Q0K

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2

0K4Q0

q� �2

Z 0 UO
2

m1

C
2

m2

Z
ð1CrÞ2

r

� �
: ð5:17Þ

From this it follows that, for any frequency in the infinite band gap, the localized
oscillation state can be achieved by an allowable variation of each mass, e.g.
m1/m1CM1O0 ðM2Z0Þ or m2/m2CM2O0 ðM1Z0Þ

M1 ZK
1

U

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m1UK2

m2UK2

s ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q0K4

p
OKm1 ðM1!0; M2 Z 0Þ and

M2 ZK
1

U

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2UK2

m1UK2

s ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q0K4

p
OKm2 ðM2!0; M1 Z 0Þ:

ð5:18Þ
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6. Concluding remarks

The localized vibration modes considered in this paper are described within the
general analytical framework. The motivation of the paper is twofold: first, we
discuss constructive ways to design band gap materials, both in the continuous
case and in the case of discrete lattice structures and; second, we develop
analytical descriptions of localized vibration modes within unbounded solids
or lattices.

Although some of the formulations may look fairly classical, the analysis has
generated new results not published elsewhere. For example, we have considered
a uniform continuous configuration (including a ‘non-local’ material), which
possesses a band gap for high frequencies; for this case, a high-frequency localized
vibration mode is constructed and analysed. Analytical description and closed-
form asymptotes have been derived for lattice Green’s functions characterizing
high-frequency vibrations within the lattice and hence possessing an exponential
decay at infinity.

The notions of the depth of band gaps and the localization exponents are
used for the band gap structures, which possess localized vibration modes. We
have presented the analysis of complex dispersion relations and ‘exponential
waves’.

Finally, we have addressed a class of problems of optimal design for
inhomogeneous lattice structures. By placing a frequency of the vibration
mode within the band gap, we show the way to choose the physical parameters of
the system to achieve the extremal localization. In particular, this can be
achieved by a perturbation of a central cell within an inhomogeneous periodic
lattice. It is also shown that a ‘neutral’ perturbation (which does not alter the
total mass of the central cell) may be introduced for a certain class of lattices in
such a way that the corresponding vibration mode is characterized by the
extremal localization.

This paper has been written during the academic visit of Prof. Slepyan to Liverpool University

supported by the research grant EP/D079489/1 from the UK Engineering and Physical Sciences

Research Council. The authors acknowledge stimulating discussions with Prof. R. C. McPhedran

following his lecture on defect modes in photonic crystal structures.
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