
OptimalPartition of QoSRequirementswith
DiscreteCostFunctions

Danny Raz Yuval Shavitt�
raz,shavitt � @research.bell-labs.com

Bell Laboratories,LucentTechnologies
101CrawfordsCornerRoad

Holmdel,NJ 07733-3030

Abstract—The futur e Inter net is expectedto support ap-
plications with quality of service (QoS) requirements. For
this end several mechanismsare suggestedin the IETF to
support signaling, the most promising among them is Diff-
Serv. An important problem in this framework is how to
partition the QoSrequirementsof an application alonga se-
lectedpath. The problem which is in generalNP complete,
was solved for continuous convex cost functions by Lor enz
and Orda. This work concentrateson discrete cost func-
tions, and presentsefficient exact and approximated solu-
tions for various conditions of the problem. We also show
that the morecomplexproblemof QoSsensitiverouting with
discretecostfunctions is hard, but hasa fully polynomial ap-
proximation scheme.

I . INTRODUCTION

The future networks are expectedto supportapplica-
tionswith quality of service(QoS)requirements.For this
end,mechanismsarerequiredto supportsignalingfor con-
nection establishmentthat include QoS routing and re-
sourceallocation. The QoS routing problem is to find
a minimal cost path (or a multicasttree) in the network
that can supportthe connectionQoS requirements(such
asdelay). Along theselectedpath,resources(bandwidth,
buffer space)shouldbeoptimally allocatedto supportthe
requiredQoS at a minimal cost. The latter can be for-
mulizedasanoptimizationproblemfor thepartitionof the
end-to-endQoSrequirementsto local requirementsalong
apath(or amulticasttree).

In general,thepartitionproblemis intractable.Thespe-
cial casewherethe link cost functions,i.e., the function
thatdescribesthecostof allocatinga QoSparameteron a
link, arecontinuousconvex costfunctionswasaddressed
recentlyby several works. Kodialamand Low [1] dealt
with multicasttreesfor thestronglyconvex case.Lorenz
and Orda [2] presentedpolynomial algorithmsboth for
treesandpathsfor weakly convex costfunctionsandad-
dressedtheQoSroutingproblem[3].

This work concentrateson discretecost functions,and
presentsefficientexactandapproximatedsolutionsfor var-

ious cases. We first show that even the simplestpossi-
ble discretecase,i.e., two level costfunctions,is still in-
tractable.Wegiveanefficientdynamicprogrammingsolu-
tion for thespecialcasewheretheQoSparameterdomain
is integer, but not necessarilyconvex. We presenta sub-
linear algorithmfor thehomogeneousconvex case.Both
solutionsare demonstratedto be easily distributed with
low communicationand storagecomplexity. The same
techniquesarealsousedto establishsimilaralgorithmsfor
themulticastproblem.

For the generaldiscretecost function case,we show a
simplereductionof theQoSpartitionandtheQoSrouting
problemsto therestrictedshortestpathproblem[4]. Using
this reduction,one can easily derive an � -approximation
algorithmbothfor theQoSpartitionandroutingproblems
in theunicastcase.However, this reductiondoesnotapply
to the multicastcase. Thus, we presenta different fully
polynomialapproximationalgorithmfor theQoSpartition
problemthatworksbothfor theunicastandmulticastcase.
Namely, we prove that for any approximationparameter�
ourapproximationalgorithmfindsasolutionwith costnot
greaterthan ����� timesthe optimal cost,both for paths
andtrees.Moreover, we show thatour approximationcan
solve alsoa moregeneralclassof non-discretecostfunc-
tions.

The discretemodelusedin this work lendsitself more
easily for practicalpurposesthanits continuouscounter-
part. For example,in the Internet,DiffServ is suggested
as a framework for QoS provisioning [5], [6]. In Diff-
Serv, eachpacket canbeclassifiedto oneof finitely many
serviceclasses.Sucha class,for example,canguarantee
a certainboundon the delay for passingthroughan AS
(autonomoussystem),andis associatedwith a cost. Con-
sideranapplicationlike IP telephony, thatrequiresadelay
boundof say120mSec.To admit this call, we first have
to selecta routethatcansupportthedelaybound,but we
would alsolike to payaslittle aspossible.Oncea pathis
chosen,we still needto partitionthedelayboundrequire-
mentamongthedifferentASsthatcomprisethis pathin a



way that resultsin a minimal cost. Eachof the AS pub-
lishesthe guaranteeddelayandthe cost for eachservice
level, which,mapsdirectly to ourmodel.

The supportof QoShasbeenthe subjectof excessive
research.Thespecificaspectof resourceallocationin this
context has also beenexcessively studied, in particular,
similar framework wasstudiedby [7], [8], [2], [1]. The
readeris referedto [9] for asurvey onQoSmulticastrout-
ing algorithms,thoughfrom a slightly differentperspec-
tive.

Therestof thepaperis organizedasfollows. In thenext
sectionwedetailourmodelanddefinefamiliesof discrete
costfunctions. In SectionIII we prove that theQoSpar-
tition problemis NP-hard. The paperthen focus on the
unicastcase:in SectionIV, we solve theproblemfor the
specialcaseof integer functions;and in the next section
we give an approximationalgorithmfor generaldiscrete
costfunctions.In SectionVI weextendtheseresultsto the
multicastcase.In SectionVII we describeanapproxima-
tion algorithmfor the QoSrouting problem,and in Sec-
tion VIII weshow thatourapproximationresultsalsohold
for non-discretecostfunctions.

I I . MODEL

A network is representedby agraph �	��
����� , eachlink��� � is associatedwith adiscretecostfunction ���������
R, thatassignsarealpositivevalueto eachQoSparameter
value.To simplify thediscussionwesometimereferto the
QoSparameterasdelay.

In theunicastcase,a path,p, of length � betweentwo
endnodesis given, and that the QoSrequirementis ad-
ditive. Given a bound, � , on the end to end QoS re-
quirement,the QoS partition problemis to find a vector!#" �%$�&'�)()()('�*$,+-� , s.t., . +/10 & $ /32 � , and . +/10 & � / �%$ / � is
minimal. Note that, the caseof bottleneckQoSrequire-
mentis trivial [2], andthemultiplicative casecanbeeasily
reducedto theadditive caseby usingthelogarithmof the
requirement[10], [2].

In themulticastcase,a multicasttree,T, with � nodes
is given,andtheQoSpartitionproblemis to find a vector!4" �%$ & �)()()('�*$ + � , s.t., . /%5 p $ / 2 � , for all paths,p, in
thetreeand . /10 & � / �%$ / � is minimal.

TheQoSpartitionproblemis calledhomogeneousif all
thelinks have thesamecostfunction.

A. Discretecostfunctions

A generaldiscretecost function associatesa costwith
each discrete level of QoS. In the most generalcase,
there may be infinitely many discreteQoS levels. We
concentrateon the casewherelink 6 has 687 QoS levels,9 /%: �)()()('� 9 /<;>= . In sucha case� / " �?� / � 9 /%: �@�)()()(A��� / � 9 /<;B= �*� .
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Fig. 1. A discretecostfunction,andits representationasa step
function.

Note that the representationof thediscretecostfunctions
causestheinput sizeto dependon thepossiblenumberof
QoSlevels,Q.

A convenientway to visualizeacostfunctionis to con-
sidera stepfunctionwherethecostof a QoSparameter9
is thecostof thebiggestdiscretelydefinedQoSparameter9 /DCE2 9 (seeFig. 1). However, technicallythefunction is
definedonly for thediscretepoints 9 / , andit is easyto see
that an optimumpartition is alwaysat thesepoints,since
sliding rightwardson a stepincreasesthe QoSparameter
without decreasingthecost.

Next we definesomespecialcasesof costfunctions
Definition1: A costfunctionis calledinteger if it is de-

finedonly in asubsetof the F points �G�)()()(A�HF .
Definition2: A costfunctionis calledfully integer if it

is definedexactlyat the F points �G�)()()(I�HF .
Note thatby scaling,any discretefinite costfunction(de-
fined on the rationals)can be translatedinto an integer
function. However, this may increasethe cost of repre-
sentinga setof functionsexponentially, andthustranslate
a polynomialsolutionfor aninteger functionto a pseudo-
polynomialsolution.

Definition3: A costfunction, � , is calledconvex if for
every threepoints 9 /KJ 9HL J 9'M we have�N� 9 L � 2 � 9 LPO 9 / �Q�G� 9 / �R�S� 9'M O 9 L �Q�N� 9'M �9IM O 9 /
.

Definition4: A costfunction, � , is calledstronglycon-
vex if for every threepoints 9 / J 9 L J 9'M we have�N� 9 L � JT� 9 LPO 9 / �Q�G� 9 / �R�S� 9'M O 9 L �Q�N� 9'M �9IM O 9 /



.
Theabove definitionrequiresthatanintermediatepoint 9 L
is below thestraightline connectingany two pointsoneto
its left ( 9 / ) andoneto its right ( 9'M ).

I I I . HARDNESS RESULTS

In this sectionwe prove that in generalthe QoSparti-
tion problemis NP-completeevenif thediscretefunctions
are convex. In particular, we show that even if the cost
functionsarethesimplestnon-trivial possible,containing
only one-stepfunctions,but different for every link, the
problemis intractable.

Lemma1: Let thecostfunctionfor link U be� M �%6V� 1 "XWZY M 6 J Y M[ 6]\ Y M
thendeterminingwhethertheoptimalsolusionto theQoS
partitionwith limit � for apathof length � is � is equiva-
lent to solvingthesubsetsumproblem[11, problemSP13]
with asetof items Y &'�)()()('� Y + andabound̂

" . Y / O � .
Proof: It is easyto show by comparingtheproblemdefini-
tionsthattheoptimalcostof theabove QoSpartitionwith
limit � for apathof length � is � if andonly if thereexist
asubset_a`cbd�G�Hef�)()()(��hg , with . /%5Gi Y / " � . j

We will show in sectionV thatalthoughtheproblemis
NP-complete,goodapproximationalgorithmscanbeused
to solve it.

IV. EXACT SOLUTIONS

In this section,we solve theQoSpartitionproblemfor
integer cost functions. We first presenta polynomialdy-
namic programmingalgorithm for the generalcase,and
thengive asub-linearsolutionfor thehomogeneouscase.

A. Thegeneral case

In this sectionwe usedynamicprogrammingto solve
theQoSpartitionproblemfor a collectionof integer cost
functions.Theonly requirementis thatall thesefunctions
canbe definedon the sameinteger scalewith no signif-
icant increasein their representation.We do not impose
any otherrequirementsonthefunctions,in particular, they
neednotbeconvex.

Let ��kNl'm)�nFo��pf� be the optimal cost of partitioning the
QoS requirement p along the path Un&)�)()()(I��Uq7 . Clearly,��kNl'm)�nFo��pf� canbecalculatedby thefollowing recursivefor-
mula ��kNl'm)�nFo��pf� "srEt1uvxw / wzy ��kNl'm)�nF O �G��p O 6Q���{�x7|�%6Q� (1):

In our notation, }V~ is definedin the points � :P���I� �*� ��� ; , and}V~?� �x����� ~ � }V~%� � ~ ����� .

Theminimal costfor thepartitionof requirement � along
apathis thusgivenby calculating��kNl'm)�%��� � � .

Theorem1: Thecomplexity of calculatingtheQoSpar-
tition in the case of general integer cost functions is� �%� � �� � , andthememoryrequirementis

� �%� � � .
Proof: For the calculationwe needto keep a table of��kNl'm)�nFo��pf� where � 2 F 2 � and � 2 p 2 � . This
requiresa storageof

� �%� � � numbers.Thecalculationof
eachentryis doneusingEquation1 whichrequiresto min-
imize up to � sums,hencethecalculationcomplexity. j
B. Convex costfunctions

For the casewhere the cost functions are fully inte-
ger andstrongly convex one canapply the algorithmby
Lorenz and Orda [2] to find a solution in

� �%���<�N�]��� � .
Notethat(strongly)convex functionshave,atmost, � dif-
ferentvaluesfor 9 / �'� 2 6 2 � .

In thissection,weconsiderthecasewherethecostfunc-
tionsarefully integer andconvex, but requirethemall to
beidentical.Wegiveanoptimalalgorithmwith timecom-
plexity which is only

� �?�1�N� � � . To thisend,wefirst prove
thefollowing lemmas

Lemma2: The optimal QoS partition in the homoge-
neousfully integer stronglyconvex caseresultsin all the
QoSparameterstakenfrom atmosttwo successive values.
Proof: Supposeto the contrarythat the lemmadoesnot
hold. Then the optimal partition contains,at least, two
QoSvalues, 9 / J 9 L , s.t. 6]��� JX�

. Assumefirst that� O 6 is evenandlet 9'� " � 9 L3O 9 / �*�Ge (thefunction �N�Q�>� is
definedat 9)� sinceit is fully integer). By Definition 4 we
know that�N� 9)� � J � 9)� O 9 / �Q�N� 9 / ���c� 9 LPO 9)� �Q�N� 9 L �9 L�O 9 /" �G� 9 / ���{�G� 9 L �e (2)

Thus a solution wherethe QoS parameter9 / and 9 L are
bothreplacedwith 9)� hasa bettercostwhile e 9)� " 9 / �9 L , whichcontradictstheoptimalityof thesolution.

Assumenow that
� O 6 is odd,andlet � " � � O 6 O �I�*�Ge .

By applyingdefinition 3 on the triplets 9 / � 9)� � 9'�3� & and9)� � 9'�3� &'� 9 L we get�N� 9)� �����N� 9)��� &x� J (3)�V� O�� �Q�G� 9 / �R� � �N� 9 ��� & �R� � �N� 9 � ���S�V� O�� �Q�G� 9@L �
where� " �I�|� 9)� O 9 / � " �I�|� 9 LNO 9)�3� &@� . Simplealgebraic
manipulationsyield�N� 9)� ���{�G� 9'�3� &x� J �N� 9 / �R���N� 9 L � (4)



Since 9)� � 9'�3� & " 9 / � 9 L theoptimality assumptionis
contradictedfor this case,too. j

Corollary 1: In theoptimalQoSpartitionin thehomo-
geneousfully integerstronglyconvex caseat leastonelink
is allocated � � �A�R� .

In thesamewaywecanprove thelemmafor theweakly
convex case:

Lemma3: ThereexistsanoptimalQoSpartition in the
homogeneousfully integerconvex casewhereall theQoS
parametersaretakenfrom atmosttwo successive values.

Corollary 2: Thereexists an optimal QoS partition in
thehomogeneousfully integerconvex casewhereat least
onelink is allocated � � �A�R� .

An optimalQoSaprtitionis calculatedasfollows. 9 / "��� �A�R� . The numberof links that allocated 9 / is given
by finding themaximal $ that solvesthe inequation � \$ 9 / ���%� O $�� 9 / � & . Since �G��� is a fully integer function
(assumenormalizedto theintegers)wehave 9 / � & " 9 / ���
andthus $ " �q�]� 9 / �S�I� O � � . � O $ links areallocated
at 9 / � & .
C. Distributedimplementation

Thedynamicprogramfor thegeneralintegercostfunc-
tion (sectionIV-A) canbeeasilydistributed.Node 6 along
thepathcancalculate��kNl'm)�%6���p|� for � 2 p 2 � , basedon
the � valuespassedto it from node6 O � . Whenthecalcu-
lationreachestheendnode,it selectsits optimalvalue,and
passesbackthe optimal portion left for the path’s prefix.
This processcontinuesuntil it reachestheoriginator. The
total numberof messagesis only e � , while the bit com-
plexity is

� �%��� � . The storagerequirementat eachnode
is
� � � � . Note that the reservation is donein the reverse

direction, thusthe origin canstart transmissionafter two
way handshake. A formal descriptionof the morecom-
plex multicastcaseis givenin SectionVI-B.

The homogeneouscaseof section IV-B can be cal-
culatedat the sourcenode since the cost functions are
known andequal.Oncethetwo QoSparametervaluesthat
shouldbeusedaredetermineda reservationmessagewith
a counterstatinghow many reservationsshouldbe made
for eachvaluecanpropagatealong the path towardsthe
destination.

D. Discretecost

All theresultsin this sectioncanbeappliedto thedual
case,wherethecostis discreteandonewishesto find the
bestdelaya certaincostcanbuy. This simpleextensionis
omitted.
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Fig. 2. Thereductionof theQoSpartitionproblemfor general
discretecostfunctionsto therestrictedshortestpathproblem

V. APPROXIMATIONS

In this sectionwe give a fully polynomialapproxima-
tion schemefor the QoS partition problemwith general
discretecostfunction.Weassumeherethatthecostvalues
areall integers. In this casewe canrephrasetheproblem
asfollows.

Definition5: [The QoS partition problem with gen-
eral discrete cost function] Given � sets _ / "b Y / : � Y / � �)()()( Y / ~ ; g of objects, with specific delays and
costs,p � U Yd¦ � Y /§C � " p /DC � Z

�
and ��kGlIm)� Y /DC � " � /§C � Z

�
,

andadelaybound̈ � Z
�

, find asubsetcontaining� ob-
jects,eachfrom a differentset,suchthat their total delay
is boundedby ¨ , andthetotal costis minimized.

Weassumethatthecostfunctionis non-increasing,i.e.,
for all 6 , p /DC�© p / C�ª � � /DC�2 � / C�ª . Denoteby � /<«o¬* , the
maximumcostof any elementin theset _ / , andby � �¯®H°
the overall maximumcost. Clearly . / p / «,¬* 2 ¨ , oth-
erwisethereis no feasiblesolution. We denoteby � the
over all numberof elements,thatis: � " . & 0 +/10 & U / .

Our first observation is that thereis a straightforward
reductionfrom theQoSpartitionproblemwith generaldis-
cretecostfunction to the restrictedshortestpathproblem
[4]. Thus one can useHassin’s resultsto derive a fully
polynomialapproximationscheme.

Claim 1: Givenan instanceof theQoSpartition (rout-
ing) problemwith generaldiscretecost function onecan
constructa bi criteria2 graph ��± suchthat the costof the
restrictedshortestpathproblemin � ± equalsto thecostof
theQoSpartition(routing)problem.
Proof: Wereplacethe 6 th link by asetof U / parallellinks,
eachcorrespondsto aspecificworkingpointin thediscrete
costfunction.More formaly, givenaninstanceof theQoS� A graphwhereeachedgeis associatedwith bothacostandadelay.
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Fig. 3. The transition from the QoS partition problemwith
generaldiscretecost functionsto the benefitdiscreteQoS
partitionproblem

partitionproblemwe build thegraph � ± with �º�»� nodes
wherenodes6 O � and 6 areconnectedby U / parallellinks,
with costs� /DC anddelaysp /§C (seeFig.2). Sinceany simple
path from node

[
to node � must chooseexactly oneof

theedgesbetweennodes6 O � and 6 , a pathwith a delay
boundedby ¨ andcost ¼ in � ± definesa setwith delay
boundedby ¨ andcost ¼ in the QoSpartition problem.j

Notethat thesamereductionholdsfor theQoSrouting
problemwith generaldiscretecostfunction,wheretheso-
lution for the restrictedshortestpathproblemdetermines
both the links and the appropriatepartition (seesection
VII).

Thereare two problemswhenapplyingHassin’s algo-
rithm in this way. Thefirst oneis thatthesolutionis com-
plex andit isdifficult to implementit. Themoresignificant
problemis that this resultdoesnot translateto multicast
trees.Thus,thereductiondoesnot hold for theQoSparti-
tion problemsontrees.For thisendwedevelopadifferent
algorithmthatcanbegeneralizedto multicasttrees.

Webegin by definingavariantof theproblem,calledthe
benefitdiscreteQoSpartitionproblem,andproving thatit
hasa fully polynomialapproximationalgorithm.We then
show how to usethis algorithmto achieve a fully polyno-
mial approximationschemefor theQoSpartitionproblem
with generaldiscretecostfunction.

Definition6: [The benefit discrete QoS partition
problem] Given � sets_ / " b Y / : � Y / � �)()()( Y / ~ ; g of objects,
with specificsizesandprofits, l'6¾½ � � Y /DC � " p /DC � Z

�
and¿zÀ kNÁo6�m)� Y /DC � " · /DC � Z

�
, and a delay bound ¨ � Z

�
,

find a subsetof at most � objects,eachfrom a different
set,suchthattheir totalsizeis boundedby ¨ , andthetotal
profit is maximized.

The main idea hereis that the total profit for a given
delay ¨ representsthe amountof cost one can save by

PseodoPolynomial [PP] ( b _ / g +/10 & ��p /DC � · /§C ��¨ )
1. Â*Ã�Ä*ÅÇÆÉÈËÊ)Ì¹Í>Î�Â*ÍÏÎ .
2. for ÐÑÆ{Ò to Â*Ã�Ä*Å :
3. ÓÕÔ�ÒIÖqÐf×�ÆaØ ; if ÐÑÆÙÂ*Í>Î then ÓÇÔ8ÒIÖ¤Ð|×�ÆÛÚ ÍÏÎ .
4. for ÜRÆÞÝ to ß :
5. for ÐÑÆ�Ò to Â Ã�Ä*Å
6. ÓÇÔ¤ÜQÖqÐf×�ÆTÈ�à>ázâ@È�àBáfãVädå�äçæÏè*âxÚ Í Î�é{ÓÕÔ1Ü]ê�ÒIÖqÐºêÂ Í Î@×*ëAÖ¾ÓÕÔ1Ü,êìÒAÖ¤Ðf×*ëAí
7. returnthelargestÐ suchthat ÓÕÔ1ßRÖ¤Ð|×Kî�ï .

Fig. 4. Algorithm PseodoPlynomial

Benefit Discrete[BD] ( b _ / g +/10 & ��p /DC � · /DC �H�)��¨ )
1. ðñÆSò%óqô,õ8ö÷
2. for eachø Í Î : Â*ùÍ Î Æûú ó è Îüþý .
3. ÿÇùfÆ����ËÔnâ��-Ínë ÷Í�� ã Ö¾Ú Í>Î)ÖQÂ*ù>Ü å Ö¾ï�× .
4. if Ô¤ð ÿÇù��ÛÂ*Ã�Ä*ÅI× output Â*Ã�Ä*Å , otherwiseoutputðEÿÕù .

Fig. 5. Algorithm BenefitDiscrete

allowing ¨ more units of delay along the path, starting
with any feasible(but maybecosty) initial solution (see
Fig. 3). The objective is thusto gain asmuchsavings as
possiblefor every unit of delay.

First we show that the benefit discreteQoS partition
problemhasapseudopolynomialalgorithm,thatusesdy-
namicprogramming.Thenwe usethis algorithmin order
to achieve the polynomialapproximationschemefor the
QoSpartitionproblem.

Claim 2: Algorithm PP is a pseudopolynomial algo-
rithm for the benefitdiscreteQoSpartition problem,that
worksin

� �*�%� �Û� � · �3®�° � time,where· �¯®H° "»r
	�� /DC · /DC .Proof: Define ��%6H� ¿ � , for � 2 6 2 � , and � 2 ¿ 2��� · �3®�° , to bethedelayof thesetwith minimaldelaythat
hasat most 6 objects,eachfrom a differentset _ &)�)()()(I�@_ / ,
with benefitof exactly ¿ .  �%6�� ¿ � is � if nosuchsetexists.
Clearly

 �%6�� ¿ � "cr	t1u b r	t¤u& w L w M ; bIp /DC ����%6 O �G� ¿ O · /DC �Hg¹����%6 O �G� ¿ �Hg¹(
Now, the largest¿ suchthat ��%��� ¿ � is smallerthan ¨ , is
theoptimalsolutionfor theQoSpartitionproblem.Since
weneedto compute�º� · �3®�° differentvalues,andto com-
pute  �%6�� ¿ � we needU / ��� steps,theover all complexity
of thealgorithmis

� �*�%� �a� �¾� · �¯®H° � . j
Next we show how to use this algorithm in order to

achieve an � -approximationin polynomial time. We as-
sumethatthesizeof all elementsis smallerthanthebound¨ , sinceelementswith bigger size cannotbe used,and
mayaswell beomitted.

Claim 3: Let ^���� betheprofit outputtedby Algorithm



BenefitDiscrete(seeFig. 5). Then^���� \Z�V� O �@�Q^������*(
Proof: For everyelementY /DC , theprofit consideredby the
algorithmmaybesmallerthantheactualprofit dividedby�

(asdefinedin line 1 of Fig. 5), but by no morethan � ,
i.e., · ±/DC \ � ; C� O � .

Let ¿zÀ kNÁo6�m � � ��� be the optimal soloution for the in-
stancewith · ± . Thereforefor any set of elements � ,¿zÀ kNÁo6�m)� �Ë� O � ¿zÀ kGÁo68m � � �Ë� 2 � � . Theset _K± computed
by thePPalgorithmmusthave at leastthe sameprofit as
any otherset, including the setcomputedby the optimal
algorithm.Therefore¿,À kNÁo6�m!��� ��_ ± �¯\ � ¿zÀ kNÁo6�m � � �Ë�3\ ¿zÀ kGÁo68m�� ��� O � �¿zÀ kNÁo6�m!������_ ± ��\�^��"�#� O � · �¯®H° (Since the algorithm also considers(in the last step) the
most profitable elements, ^ �$� \ · �¯®�° . Therefore¿zÀ kNÁo6�m!���Õ��_ ± ��\�^��"�#� O � ¿zÀ kNÁo6�m!���Õ��_ ± � , and,^ ��� \Z�V� O �@�Q^ ����� ( j

Sincethe running time of Algorithm Benefit Discrete
is
� �*�%�þ�{�ì�¾�Õ� � «o¬*� �A� " � �*�%� ���ì�¾�Õ� + % �A� , Theorem2

follows.
Theorem2: Algorithm BenefitDiscreteis a fully poly-

nomial approximationalgorithm for the benefitdiscrete
QoSpartitionproblem.

Now we candescribethe algorithmfor the QoSparti-
tion problemwith generaldiscretecostfunction. It works
asfollows (seeFig. 6). Given an approximationparame-
ter � , we constructa benefitdiscreteQoSpartition prob-
lem thatbasiclycapturestheamountof “saving” onecan
getstartingfrom anobviousfeasiblesolution.We find an�@�A� -approximationto this value,andcomputethe result-
ing cost. We theniteratively remove the mostexpensive
costfrom oneof thelinks andrecomputethebestcost.At
the endwe choosethe bestcostout of the (polynomially
many) coststhat we may have. The following claim fol-
lows immediatelyfrom thedefinitions.

Claim 4: For any feasiblesolution � to thebenefitdis-
creteQoSpartitionproblemwith · /DC , and p ±/DC , thereexists
a set �Õ± , which is a feasiblesolutionfor theoriginal QoS
partitionproblemwith generaldiscretecostproblemsuch
that ¿zÀ kNÁo6�m�� ���R����kNl'm)� �Õ±1� " . / � /<«o¬* .

This lastclaimprovesthatthealgorithmfindsafeasible
set.Wehave to show boththatthecostfoundby thealgo-
rithm is an � -approximationof the optimal cost,andthat
thealgorithmis polynomial.

GeneralDiscrete[GD] ( b _ / g +/10 & ��p /DC ��� /DC �H�)��¨ )
1. &('*)ÞÆ . Í#+ Í ôzõ8ö
2. repeataslongasnoneof thesets�-Í is empty:
3. for eachøGÍ>Î : Â*ÍÏÎÆ + Í ô,õ8ö ê + ÍÏÎ ; Ú ùÍ Î ÆÞÚAÍ>Î�ê ÚAÍ ôzõ8ö .
4. &�ù'-, Æ�ÿÇï	Ô�â.� Í ë ÷Í/� ã Ö¾Ú ùÍ Î ÖVÂ Í ÎIÖ 0�1�ßRÖQï�ê . Í Ú Í ôzõ8ö × .
5. if Ô . Í + Í ô,õ8ö ê2&�ù'-, � & '-) × then & '-) Æ. Í + Í ôzõ¾ö ê3&�ù'-, .
6. removetheelement+ Ã�Ä*Å from its set.

Fig. 6. Algorithm GeneralDiscrete

We alreadyproved that the saving createdby the al-
gorithm, is almostas good as the saving createdby any
otheralgorithm. The problemis that this doesnot give a
full proof for theapproximationratio, astheoptimalcost
may be muchsmallerthan the total saving. However, if
the optimal cost is at least . / � /<«,¬* �A� we do have an � -
approximationsincewe usedBD with �*± " �x�A� . If the
optimalcostis smaller, we will show that thebiggeststep
in oneof thelinks is notusedin theoptimalsolution,hence
we maydeleteit from theproblemandstartwith a better
upperbound.Thus,oneof the iterationsof thealgorithm
will find asolutionwhich is an � -approximationof theop-
timal cost. Sinceall setsarefeasible,andwe choosethe
onewith minimal cost, the outputof Algorithm General
Discrete,is within an � factorof theoptimalcost.

For theformalproofweneedthefollowing two lemmas.
Lemma4: If 46587:9. ; ¡ ; «o¬* \ &7 , and _ ± is a set with¿zÀ kNÁo6�m)��_K± �	\ �V� O �@�GF�� · ����� for the benefitdiscreteQoS

partition problem with · /DC " � / «o¬* O � /DC and p¹±/DC "p /DC O p /<«o¬* , then ��kNl'm)��_K±1� 2 �V�¯���x�Q�.�"�#� , for any constantF © � .
Proof: By Claim 4, �xkNlIm���_h±1� " . / � /<«o¬* O ¿zÀ kGÁo68m���_K±1� ,
therefore,��kNlIm���_ ± � 2<; / � / «o¬* O �V� O �@�GF�� · �����*(
Replacingagain · ����� by ¼=����� O . / � /<«o¬V weget�xkNlIm���_ ± � 2 ; / � /<«o¬* O �V� O �x�GF�����¼=�"�#� O ; / � /<«,¬* �@(
Using . / � / «o¬V 2 F|�.����� we get�xkNlIm���_ ± � 2 ��� ����� ��� ����� �V� O �F � 2 �V�3�{�@�Q� ����� ( j

Lemma5: If 4 587:9. ; ¡ ; «o¬* J &+ , thentheelementwith the

maximal cost cannotbe in the set that achieves optimal
cost.



Proof: Clearly,¼=����� J . / � / «o¬*� 2 � �¯®�° ( j
Now, Let

�
bethesetthatachievesanoptimalcost.LetY?> betheelementwith themaximalcostin

�
. SinceAlgo-

rithm GD deleteselementsin orderaccordingto their cost
values,thereis aniterationin which Y > is thebiggestele-
ment.By Lemma5 in this iteration 465�7!9. ; ¡ ; «o¬* \ &+ because

theelementwith themaximalcostis in theoptimalset.By
Lemma4, with F " � , the cost found in this iterationis
boundedby �V�P���x�*¼=�"�#� . Sincethealgorithmchoosesthe
bestcostoverall iterationits outputis at leastasgood.

The running time of Algorithm GeneralDiscrete is
bounded by

� �%� � � + �% � since we run the BD Algo-
rithm at most � times, and the complexity of BD is� �%���Õ� � «o¬*� �A� " � �%���Õ� +% ª �A� . However, we canreplace
theexhaustive searchfor thebest� /<«o¬V by abinarysearch.
This complicatesthe descriptionof the algorithmbut re-
ducesthe runningtime to

� � � + ¸A@CB!D �% � . All togetherwe
have proventhefollowing theorem.

Theorem3: Algorithm GD is a fully polynomial ap-
proximationalgorithmfor theQoSpartitionproblemwith
generaldiscretecostfunction.

VI. MULTICAST

A. Exactsolutions

In this sectionwe solve the QoSpartitioningproblem
for acollectionof integercostfunctionsin amulticasttree.
As in theunicastcase,theonly requirementis thatall these
functionscanbedefinedon thesameintegerscalewith no
significantincreasein their representation.We do not im-
poseany otherrequirementsonthefunctions,in particular,
they neednot beconvex. We begin by presentinga poly-
nomialdynamicprogrammingsolution.

Let U " �"E �!F|� be a link in the multicasttreesuchthatE is theparentof F , andlet G M be the groupof treelinks
connectedto F except U , namelythegroupof links leading
to F ’schildren.Rememberthathere� denotesthenumber
of tree links. Let �xkNlIm��?UQ��p|� be the optimal costof parti-
tioning the QoS requirementp in the subtreeof node F
andthelink U . Clearly, �xkNlIm��?UQ��p|� canbecalculatedby the
following recursive formula��kNl'm)�?UQ��pf� "cr	t1u/ wzy ;� 5IH ~ ��kNlIm�� � ��p O 6V����� M �%6Q� (5)

and the minimal cost for the partitioningof requirement� in thetree,T is givenby calculating. � 5IH ��kNl'm)� � � � � ,
whereG arethelinks emanatingfrom thetreeroot.

Theorem4: The costof calculatingthe QoSpartition-
ing in thecaseof generalintegercostfunctionsin amulti-
casttreeis

� �%� � Ë� � , andmemoryrequirementis
� �%� � � .

Proof: For the calculationwe needto keep a table of��kNl'm)�?UQ��pf� where � 2 U 2 � and � 2 p 2 � . This re-
quiresa storageof

� �%� � � numbers. The calculationof
eachentry is doneusingEquation5. For eachentry the
calculationcost is at most � G M , thusthe overall calcula-
tion complexity is . M 5 T � � G M " � � Ë� . j

For thehomogeneouscasewherethecostfunctionsare
fully integerandconvex, wecanapplythecalculationfrom
sectionIV-B on thelongestpathsin thetree,remove them
from the tree,andthenrepeatthe processrecursively on
the remainingsubtrees.This calculationis linear in the
numberof leaves.

B. Distributedimplementation

Thedynamicprogramfor thegeneralintegercostfunc-
tion (sectionVI-A) can be easily distributed. The root
floodsthe treewith START messages.The START mes-
sagecarriesin eachlink it traversesthe cost function of
the immediateupstreamparent. A leaf that receives the
START messagefrom link U calculatesits ��kNl'm)�?UQ�)�>� entries
andsendsthemonlink U to its parent.A nodethatreceives
the ��kNlIm valuesfrom all its children,calculatesits � en-
triesandsendsthemto its parent.Whentheroot receives
the ��kNl'm calculationsfrom all its children it initiates the
reservation phaseby sendinga BUDGET message.This
messagecarriestheQoSremainingbudgetdownstream.A
nodethat receivestheBUDGET messageusestheappro-
priateentry in the cost table it calculatedbeforelocating
theQoSparameterallocationin its upstreamlink. It asks
its upstreamneighborto allocatethisamountusingtheRE-
SERVE message,andsendsaBUDGETmessagewith the
remainderof thebudgetdownstream.

The total numberof messagesis only JN� , while thebit
complexity is

� �%�É� � . The storagerequirementfor each
link is

� � � � , thus,for a nodewith G childrenthestorage
requirementis G � . Thetime complexity is

� �8KML,� whereL is thetreehight.
Figures7 and8 give a formal descriptionof the algo-

rithm. Eachnodehasthefollowing variables:¿ theindex
of theparentlink; ��kGlIm)�?U¾�)�>� a vectorwith theoptimalcost
calculatedby the nodedownstreamlink U ; ��kNlIm��Q�>� a vec-
tor with the resultsof the local optimal cost calculation;F Y U"E � �Q�>� a vector with the QoS parameterthat gives the
bestcost; and Nçk mQ6�m��Q�>� a binary vector to monitor the re-
ceiptof ��kNl'm calculationsfrom thechild links. In addition,
a nodeholdsa discretecostfunction, � M ��� , for eachof its
downstreamlinks U , anda list of its downstreamlinks G .



Distributed Multicast Partitioning
1. For START �?� M �Q�>�*� from link U
2. ¿3O U
3. �P���Q�>� O � M �Q�>�
4. foreach6 � G M
5. sentSTART �?� / �Q�>�*� on link 6
6. Nçk m¾68m��%6Q� O Á Y U?l �
7. if Q GR�-Q " [
8. foreach

�	J � 
9. ��kNl'm)� � � "cr	t1u /"S L � M � � �
10. F Y U"E � � � � " arg

r	t1u /"S L � M � � �
11. send��kGlIm)�?U¾�)�>� on link U
12. For �xkNlIm��Q�>� from link U
13. �xkNlIm��?UQ�)�>� O ��kGlIm)�Q�>�
14. Nçk m¾6�m)�?U�� O m À E �
15. if To6 � GR���MNçk mQ6�m��%6V� " m À E �
16. foreach

� J � 
17. ��kNl'm)� � � " rEt1u /"S L . � 5IH 7 ��kNl'm)� � ��p O 6Q�Ë��P���%6V�
18. F Y U"E � � � � "

arg
r	t1u /"S L . � 5IH 7 �xkNlIm�� � ��p O6Q����� � �%6Q�

19. send��kGlIm)�Q�>� on link ¿
20. For BUDGET �?pf�
21. sendRESERVE �"F Y UUE � �?p|�*� on link ¿
22. foreach6 � G M
23. sendBUDGET �?p O � � �"F Y U"E � �?p|�*�*� on link 6
24. For RESERVE �?pf� from link U
25. reserve p delayguaranteeon link U

Fig. 7. DistributedMulticast Partitioning — a non-rootnode
algorithm

Distributed Multicast Partitioning
1. For a requestwith demand � 
2. foreach6 � G
3. sentSTART �?� / �Q�>�*� on link 6
4. Nçk m¾6�m)�%6Q� O Á Y Unl �
5. For ��kNlIm��Q�>� from link U
6. ��kNlIm��?UQ�3� � O ��kGlIm)� � �
7. NfkAmQ6�m)�?U�� O m À E �
8. if T,6 � G �ANçk m¾6�m)�%6Q� " m À E �
9. �xkNlIm " . � 5IH ��kNlIm�� � � � �
10. foreach6 � G
11. sendBUDGET �R� � on link 6
12. For RESERVE �?p|� from link U
13. reserve p delayguaranteeon link U

Fig. 8. DistributedMulticastPartitioning— therootalgorithm

C. Approximations

As mentionedbefore,in themulticasttreescasewecan-
notusethereductionof Claim 1, sinceit will requirefind-
ing arestrictedshortesttreeratherthanarestrictedshortest
path.3

Thus,in orderto derive a fully polynomialapproxima-
tion scheme,we follow thestepswe took in thepathcase:
startingfromafeasible(but possiblycosty)partitiononthe
tree,we try to usetheextradelaywe have in orderto save
asmuchcostaspossible. We usemany of the notations
from SectionV, andwe assumethat the multicasttreeis
a binary tree. It is easyto verify that for any multicast
tree,T, with � nodes,thereexists a binary multicasttree
T ± , with at most e � nodes,with exactly thesameoptimal
cost.4 Theamountof saving is expressedin thefollowing
definition.

Definition7: [The benefit discrete QoS partition
problem on trees] Given a tree T, with � nodes,sets_ / " b Y / : � Y / � �)()()( Y / ~ ; g of objects,with specificsizesand
profits, lI68½ � � Y /DC � " p /DC � Z

�
and ¿zÀ kGÁo68m�� Y /DC � " · /DC �Z

�
, and a delay bound ¨ � Z

�
, find a subsetof at

most � objects, Y /DC ; , eachfrom a differentset, suchthat. /q5 p p /DC ; 2 ¨ , for all paths,p � T, and . /10 & · /DC ; is
maximized.

Next we prove that the benefitdiscreteQoS partition
problemon treeshasa pseudopolynomialalgorithm,that
usesdynamicprogramming.An algorithmsimilar to the
dynamicprogrammingalgorithmfrom SectionVI-A is not
goodenoughbecauseit is polynomialin thedelaybound¨ andnot the maximal cost � �¯®H° . In the multicasttree
casetherulesof thedelayandthecost(benefit)is notsym-
metricsincethecost(benefit)is computedover theentire
treewhile thedelayboundis truefor any pathin thetree.
Recallthatwe assumethatthemulticasttreeT is a binary
tree.Wealsoassumethatnode� is therootof thetree,and
that 6WV and 6PX aretheindicesof theleft andright children
of node6 .

Claim 5: Algorithm PPMis a pseudopolynomialalgo-
rithm for the benefitdiscreteQoS partition problemon
multicast trees, that works in

� �*�%�4�ñ� �¾� · ��¯®H° � time,
where · �¯®H° "»r
	�� /§C · /§C .Proof: Define ��%6H� ¿ � , for � 2 6 2 � , and � 2 ¿ 2��� · �¯®�° , to be p if f thereexists a QoS partition of the
subtreerootedat node 6 with minimal delaybound p and
profit ¿ , andnootherpartitionof thissubtreewith benefit¿¸

To thebestof ourknowledgeapproximatingarestrictedshortesttree
for graphswith costsanddelays,is anopenproblem.Y

This is doneby replacingthe outgoingedgesat any nodethat has
morethantwo children,by abinarytreein which thesechildrenarethe
leaves,andall the links to internalnodeshave bothzerocostandzero
delay.



Pseodo Polynomial Multicast [PPM]
(T ��b _ / g +/10 & ��p /§C � · /DC ��¨ )
1. Â Ã�Ä*Å ÆÛÈËÊ'Ì Í ÎzÂ Í Î .
2. for ÐÑÆ{Ò to Â Ã�Ä*Å :
3. for all leaves Z :
4. ÓÇÔUZ�Ö¤Ð|×�Æ�[ .
5. for ÜRÆÞÝ to ß :
6. for ÐÑÆ�Ò to Â*Ã�Ä*Å
7. ÓÇÔ¤ÜQÖqÐf× Æ È àBáA\ äçæ<ä^] â@ÈËÊ)Ìfâ@È�àBá-âxÓÕÔ1Ü8_oÖ Zq×�ÖÈ�àBáçÄI`ba)è/cPÓÇÔ¤Ü8_�Ö ZÕê Ð^d�e#ffÜ�g�Ô¤øN×8×�é�ÚçÔqøN×VëAÖ¾È�à>á-â�ÓÇÔ¤Ü�hKÖqÐaêZ%×*Ö¾È àBáçÄ!ij`ba)è�k ÓÕÔ1Ü8hKÖ¤Ð�ê3ZfêÑÐld.e#ffÜ�g�Ôqø ù<×¾×zé ÚfÔ¤øGù<×VëAëIë
8. returnthelargestÐ suchthat ÓÕÔ1ßRÖ¤Ð|×Kî�ï .

Fig. 9. Algorithm PseodoPlynomialMulticast

General Discrete for Multicast tr ees [GDM]
( b _ / g +/10 & ��p /DC ��� /§C �H�)��¨ )
1. & '*) Æ . Í + Í ôzõ8ö
2. repeataslongasnoneof thesets� Í is empty:
3. for eachø Í Î : Â Í Î]Æ + Í ô,õ8ö ê + Í Î ; Ú ùÍ Î ÆÞÚ Í Î�ê Ú Í ôzõ8ö .
4. &�ù'-, Æ ÿÕï�m»Ônâ��-Ínë ÷Í�� ã Ö¾Ú ùÍÏÎ ÖQÂ*Í>Î)Ö 0�1�ßRÖQï ê. Í Ú Í ô,õ8ö × .
5. if Ô . Í + Í ô,õ8ö ên&�ù'-, � & '-) × then & '-) Æ. Í + Í ôzõ¾ö ê3&�ù'-, .
6. removetheelement+ Ã�Ä*Å from its set.

Fig. 10. Algorithm GeneralDiscretefor multicasttrees

hassmallerdelaybound.  �%6�� ¿ � is � if no suchpartition
exists. At node 6 , onecanchoosetheamountof profit and
delay from eachof the setsassociatedwith the left and
theright childrenof 6 . Onecanalsochoosenot to choose
eachof theseelements.In any case,the relationdefined
by line 7 of Fig. 9 holds. Thereforethevalueof  �%��� ¿ � ,
is thebestpossibledelayboundfor thegiven treeT with
profit ¿ , andthealgorithmoutputstheoptimalvalue.

Sinceweneedtocompute�]�Ï� · �3®�° differentvalues,and
to compute �%6�� ¿ � weneedatmost · �¯®H° �?U / �Ù�I� steps,the
overall complexity of thealgorithmis

� �*�%�S�ì� �¾� · ��3®�° � .j
We apply now the roundingtechniquefrom SectionV

to achieve anapproxiamtionschemefor this case.We use
Algorith BD with acall toPPMratherthanPP(thisversion
is calledBDM5). This resultsin an � -approximationalgo-
rithm thatrunsin time

� �*�%� ��� �¾�]�'� � «o¬V� �A� � " � � � + ¸% � � .
Fig. 10 presentsa slightly modifiedversionof the GD

Algorithmsfor themulticasttreescase.Applying Claim 4
andLemmas4, 5 for GMD wegetthefollowing theorem.

Theorem5: Algorithm GeneralDiscreteMulticast is a
fully polynomialapproximationalgorithmfor QoSparti-o

Theformal descriptionof BDM is omitted.

tion problemon multicasttreeswith generaldiscretecost
function. It hastimecomplexity of

� � � + Y @CB!D �% � � .
VII . THE QOS REQUIREMENTS ROUTING PROBLEM

In thissectionweformally definetheQoSrequirements
routing problem with discretecost functions. We then
show thatit is anNPhardproblemandshow how to obtain
a fully polynomial approximationschemefor this prob-
lem.

Definition8: [The QoS requirements routing prob-
lem with discrete cost functions] Given a graph � "��
����� , eachedgeis associatedwith a discretecostfunc-
tion, anda delaybound ¨ , find a pathp, anda partition
suchthat the delayalong the chosenpath is boundedby¨ , andthecostalongthispathis theminimalpossible.

Clearlythisproblemis NP-completesincetheQoSpar-
tition problemwith generaldiscretecostfunctionis a spe-
cial caseof it (when the graph � is a line). Even the
simplerproblemof finding thebestpathwithout specify-
ing theQoSpartitionalongit is NP-complete,this follows
from a straightforwardreductionto therestrictedshortest
pathproblem[4].

Claim 1 providesa constructive way to constructanin-
stanceof therestrictedshortestpathproblemfrom agiven
instanceof theQoSroutingproblemwith generaldiscrete
costfunction.Usingit, andtheapproximationresultsfrom
[4], we getthefollowing Theorem.

Theorem6: The QoS requirementsrouting problem
with discretecostfunctionshasafully polynomialapprox-
imationscheme.

VII I . GENERAL COST FUNCTIONS

In this sectionwe discussgeneralcostfunctions. That
is, we do not assumeany propertiessuchasmonotonicity
or convexity. Sucha function,which is definedfor all cost
values,is representedby a constantnumberof bytes. It
computesthe delayguaranteefor a given costin polyno-
mial time in therepresentationof the input number. Note
that althoughthe discretefunctionsdefinedin SectionII
look similar to thegeneralcostfunctions,the representa-
tion of sucha function is linear in the numberof points
andnot constant.For example,the function ��kGlIm)�?pf� " &y
is definedfor every p © [

, but if we want to representit
by adiscretefunctionwewouldhave to explicitly give the
costvalueof eachpossibledelay. To emphasizethis point
we usehere Á / � ¼�kGlImÕ� ¨ � U Yd¦ for the reversefunction��kNl'mqp & , thusfor theabove example Á p &/ �?p|� " &y . For such
functionswe canprove thefollowing theorem.

Theorem7: For a set of � functions Á / �Þ¼ËkNl'mû�¨ � U Yd¦ , suchthat for eachsucha function either Á p &/ , or
apair �?� / ��p / " Á��?� / �*� , with p / J ¨��A� is given,agraph� ,



a delaybound ¨ , andanapproximationparameter� , one
can:
1. Givenapath 6�� � , find an � -approximationalgorithmfor
theQoSpartitionproblem.
2. Given a multicasttree,T, find an � -approximationfor
theQoSpartitionproblemon multicasttrees.
Proof: First observe that given the reverse functionÁ p &/ onecancomputeÁ p &/ �?¨��A� � " � / , andusethe pair�?� / ��¨ �A� � . Thesepairsdefinea feasiblesolution,bothfor
thepathandmulticasttreeproblemswith costboundedby� �¯®H° " . +/<0 & � / . Thereforno optimal solutionwill use
any costbiggerthan � �3®�° . Observe now that the pseudo
polynomialalgorithmsPPandPPMwork alsoif eachstep
functionhas� �3®�° steps.For each��%6H� ¿ � wehaveto check
up to � �3®�° �û� differentvalues,andthereforetheoverall
complexity of the pseudopolynomialalgorithmswill in-
creaseby a factorof � �¯®H° �A� . We canusethealgorithms
from SectionV andSectionVI-C to derive fully polyno-
mialapproximationschemesfor theQoSpartitionproblem
andtheQoSpartitionproblemon multicasttrees,respec-
tively. j

A similarproofcanbeusedto provean � -approximation
schemefor the routing problemwith generalcost func-
tions. However it requireseitherto generalizeour results
from SectionV to the QoSrouting problem,or to show
that Hassin’s algorithmcanbe used. This is beyond the
scopeof thispaper.

IX. DISCUSSION

In thispaperwestudiedQoSpartitionandroutingprob-
lems.We concentratedon discretecostfunctions,thatare
boththeoreticlyinterestingandhavepracticalapplications
in IP networks. An interestingdirection, with possible
practicalsignificant,is studyinga distributed implemen-
tationof theapproximationalgorithmspresentedhere(in
thesamespiritsof theresultsof SectionsIV-C andVI-B).
The main openproblem,however, remainsthe multicast
treesroutingproblem.
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