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Abstract— The futur e Inter net is expectedto support ap-
plications with quality of sewice (QoS) requirements. For
this end several mechanismsare suggestedn the IETF to
support signaling, the most promising among them is Diff-
Sew. An important problem in this framework is how to
partition the QoSrequirementsof an application along a se-
lected path. The problem which is in general NP complete,
was solved for continuous corvex cost functions by Lorenz
and Orda. This work concentrateson discrete cost func-
tions, and presentsefficient exact and approximated solu-
tions for various conditions of the problem. We also show
that the more complexproblemof QoSsensitive routing with
discretecostfunctionsis hard, but hasafully polynomial ap-
proximation scheme.

I. INTRODUCTION

The future networks are expectedto supportapplica-
tionswith quality of service(QoS)requirementsFor this
end,mechanismarerequiredio supportsignalingfor con-
nection establishmenthat include QoS routing and re-
sourceallocation. The QoS routing problemis to find
a minimal cost path (or a multicasttree) in the network
that can supportthe connectionQoS requirementgsuch
asdelay). Along the selectedhath,resourcegbandwidth,
buffer spacexhouldbe optimally allocatedto supportthe
requiredQoS at a minimal cost. The latter can be for-
mulizedasanoptimizationproblemfor thepartitionof the
end-to-endQoSrequirementso local requirementslong
apath(or amulticasttree).

In generalthe partitionproblemis intractable. Thespe-
cial casewherethe link costfunctions,i.e., the function
thatdescribeghe costof allocatinga QoSparameteon a
link, arecontinuouscornvex costfunctionswasaddressed
recentlyby several works. Kodialamand Low [1] dealt
with multicasttreesfor the strongly corvex case.Lorenz
and Orda [2] presentedpolynomial algorithmsboth for
treesand pathsfor weakly corvex costfunctionsand ad-
dressedhe QoSroutingproblem|3].

This work concentratesn discretecostfunctions,and
presentefficientexactandapproximatedolutionsfor var

ious cases. We first shav that even the simplestpossi-
ble discretecase,i.e., two level costfunctions,is still in-

tractable We give anefficientdynamicprogrammingsolu-
tion for the specialcasewherethe QoSparametedomain
is integer, but not necessarilycorvex. We presenta sub-
linear algorithmfor the homogeneousorvex case.Both

solutionsare demonstratedo be easily distributed with

low communicationand storagecompleity. The same
techniquesrealsousedto establisksimilar algorithmsfor

themulticastproblem.

For the generaldiscretecostfunction case,we shav a
simplereductionof the QoSpartitionandthe QoSrouting
problemdo therestrictedshortespathproblem[4]. Using
this reduction,one can easily derive an e-approximation
algorithmbothfor the QoSpartitionandrouting problems
in theunicastcase However, this reductiondoesnotapply
to the multicastcase. Thus, we presenta differentfully
polynomialapproximatioralgorithmfor the QoSpartition
problemthatworksbothfor theunicastandmulticastcase.
Namely we prove thatfor ary approximatiorparametee
our approximatioralgorithmfindsa solutionwith costnot
greaterthan1 + e timesthe optimal cost, both for paths
andtrees.Moreover, we shav thatour approximationcan
solve alsoa moregeneralclassof non-discretecostfunc-
tions.

The discretemodelusedin this work lendsitself more
easilyfor practicalpurposeghanits continuouscounter
part. For example,in the Internet, DiffServis suggested
as a frameavork for QoS provisioning [5], [6]. In Diff-
Sery eachpaclet canbe classifiedto oneof finitely mary
serviceclasses.Sucha class,for example,canguarantee
a certainboundon the delay for passingthroughan AS
(autonomousystem),andis associatedavith a cost. Con-
sideranapplicationlike IP telephom, thatrequiresadelay
boundof say 120mSec.To admit this call, we first have
to selecta routethat cansupportthe delaybound,but we
would alsolike to pay aslittle aspossible.Oncea pathis
chosenwe still needto partitionthe delayboundrequire-
mentamongthe differentASsthat comprisethis pathin a



way that resultsin a minimal cost. Eachof the AS pub-
lishesthe guaranteedlelay andthe costfor eachservice
level, which, mapsdirectly to our model.

The supportof QoS hasbeenthe subjectof excessie
researchThespecificaspecbf resourcellocationin this
context has also beenexcessiely studied,in particular
similar framevork was studiedby [7], [8], [2], [1]. The
readetis referedto [9] for a surey on QoSmulticastrout-
ing algorithms,thoughfrom a slightly differentperspec-
tive.

Therestof the paperis organizedasfollows. In the next
sectionwe detailour modelanddefinefamiliesof discrete
costfunctions. In Sectionlll we prove thatthe QoS par
tition problemis NP-hard. The paperthenfocuson the
unicastcase:in SectionlV, we solwe the problemfor the
specialcaseof integer functions;andin the next section
we give an approximationalgorithm for generaldiscrete
costfunctions.In SectionVIl we extendtheseresultsto the
multicastcase.In SectionVIl we describeanapproxima-
tion algorithmfor the QoS routing problem,andin Sec-
tion VIII we shawv thatourapproximatiorresultsalsohold
for non-discreteostfunctions.

[I. MODEL

A network is representetly agraphG(V, E), eachlink
e € F is associateavith adiscretecostfunctione, : Q —
R, thatassignsarealpositve valueto eachQoSparameter
value.To simplify thediscussiorwe sometimeeferto the
QoSparameternsdelay

In the unicastcase a path, p, of lengthn betweentwo
end nodesis given, and that the QoS requirements ad-
ditive. Given a bound, @, on the end to end QoS re-
guirement,the QoS partition problemis to find a vector
X = (z1,..-,2p), SN0 2 < Q, and Y, ci(x;) is
minimal. Note that, the caseof bottleneckQoS require-
mentis trivial [2], andthemultiplicative casecanbeeasily
reducedo the additive caseby usingthelogarithmof the
requiremen{l0], [2].

In the multicastcase,a multicasttree, T, with n nodes
is given,andthe QoS partition problemis to find a vector
X = (21,...,2n), S.t, Xicpzi < Q, for all paths,p, in
thetreeand_,;_; ¢;(z;) is minimal.

TheQoSpartitionproblemis calledhomogeneous all
thelinks have the samecostfunction.

A. Discretecostfunctions

A generaldiscretecostfunction associates costwith
eachdiscretelevel of QoS. In the most generalcase,
there may be infinitely mary discreteQoS levels. We
concentrateon the casewherelink 7 hasi; QoS levels,

q’ilﬂ""Qiik' In sucha casec; = (Ci(Qil)a---aCi(CIiik))-

cost

c(@) | ¢

og) | e

o) | e

og) [ e
4% & % a

cost

c(q) e

c(qp) N

() L o—

c(q,) e
4% G % a

Fig. 1. A discretecostfunction,andits representatioasa step
function.

Note thatthe representationf the discretecostfunctions
causegheinput sizeto dependon the possiblenumberof
QoSlevels, Q.

A corvenientway to visualizea costfunctionis to con-
sidera stepfunctionwherethe costof a QoSparametey
is the costof the biggestdiscretelydefinedQoSparameter
gi; < q (seeFig. 1). However, technicallythe functionis
definedonly for thediscretepointsg;, andit is easyto see
thatan optimumpartition is always at thesepoints, since
sliding rightwardson a stepincreaseshe QoS parameter
without decreasinghe cost.

Next we definesomespecialcasesf costfunctions

Definition1: A costfunctionis calledinteger if it is de-
finedonly in asubsebf thek pointsl,..., k.

Definition2: A costfunctionis calledfully integer if it

is definedexactly atthe k pointsi, ... k.
Note thatby scaling,ary discretefinite costfunction (de-
fined on the rationals)can be translatedinto an integer
function. However, this may increasethe cost of repre-
sentinga setof functionsexponentially andthustranslate
a polynomialsolutionfor anintegerfunctionto a pseudo-
polynomialsolution.

Definition3: A costfunction, ¢, is called corvex if for
everythreepointsg; < g; < g, we have

(9 — gi)elqi) + (a1 — gj)c(a)
q — 4

c(gy) <
Definition4: A costfunction,c, is calledstrongly con-
vex if for everythreepointsg; < ¢; < ¢; we have

(9 — qi)c(qi) + (@ — gj)c(a)
q —qi

c(gy) <



Theabove definitionrequiresthatanintermediateoint g;
is below the straightline connectingary two pointsoneto
its left (¢;) andonetoits right (g;).

In this sectionwe prove thatin generalthe QoS parti-
tion problemis NP-completeevenif thediscretefunctions
are corvex. In particular we shav that even if the cost
functionsarethe simplestnon-trivial possible,containing
only one-stepfunctions, but differentfor every link, the
problemis intractable.

Lemmal: Letthecostfunctionfor link [ be

ai)t = { 81

thendeterminingwhetherthe optimal solusionto the QoS
partitionwith limit ( for apathof lengthn is Q is equiva-
lentto solvingthesubsesumproblem[11, problemSP13]
with asetof itemsas, ... , a, andaboundB = S a; — Q.
Proof: It is easyto shav by comparinghe problemdefini-
tionsthatthe optimal costof the abore QoSpartitionwith
limit ) for apathof lengthn is Q if andonly if thereexist
asubsetS C {1,2,...n}, with ¥;cga; = Q. O

We will shaw in sectionV thatalthoughthe problemis
NP-completegoodapproximatioralgorithmscanbeused
to soleit.

HARDNESS RESULTS

1 < a
iZCI,l

IV. EXACT SOLUTIONS

In this section,we solve the QoS partition problemfor
integer costfunctions. We first presenta polynomial dy-
namic programmingalgorithm for the generalcase,and
thengive a sub-linearsolutionfor thehomogeneousase.

A. Thegenesl case

In this sectionwe usedynamicprogrammingto solve
the QoS patrtition problemfor a collectionof integer cost
functions.Theonly requirements thatall thesefunctions
can be definedon the sameinteger scalewith no signif-
icantincreasen their representationWe do not impose
ary otherrequirementsnthefunctions,in particular they
neednotbe convex.

Let cost(k,d) be the optimal costof partitioning the
QoS requirementd along the path l4,...,l;. Clearly
cost(k, d) canbecalculatedy thefollowing recursve for-
mula

cost(k,d) = ogliigd cost(k —1,d — 1) + ¢ ()

(1)

YIn our notation, ¢; is definedin the pointsq; = 0, ¢2 = a;, and
81(0) = al,cl(al) =0.

Theminimal costfor the partition of requirement) along
apathis thusgivenby calculatingcost(n, Q).

Theoeml: Thecompl«ity of calculatingthe QoSpar
tition in the case of generalinteger cost functions is
0(nQ?), andthememoryrequirements O(n@Q).

Proof: For the calculationwe needto keep a table of
cost(k,d) wherel < k < nandl < d < Q. This
requiresa storageof O(nQ) numbers.The calculationof
eachentryis doneusingEquationl whichrequireso min-
imize upto Q sumshencethe calculationcompleity. O

B. Corvex costfunctions

For the casewhere the cost functions are fully inte-
ger and strongly corvex one can apply the algorithm by
Lorenz and Orda[2] to find a solutionin O(nlognQ).
Notethat(strongly)convex functionshave, atmost, Q) dif-
ferentvaluesfor ¢;,1 < i < Q.

In thissectionwe considethecasenherethecostfunc-
tionsarefully integerandcorvex, but requirethemall to
beidentical. We give anoptimalalgorithmwith time com-
plexity whichis only O(log Q). To thisend,we first prove
thefollowing lemmas

Lemma2: The optimal QoS partition in the homoge-
neousfully integer strongly corvex caseresultsin all the
QoSparametertakenfrom atmosttwo successke values.
Proof: Supposedo the contrarythat the lemmadoesnot
hold. Then the optimal partition contains,at least, two
QoSvalues,g; < gj, s.t. i + 1 < j. Assumefirst that
j —iisevenandletg, = (g; — ¢;)/2 (thefunctionc() is
definedat g,,, sinceit is fully integer). By Definition 4 we
know that

(gm — gi)e(ai) + (g5 — gm)c(gs)
4 — i
c(qi) + c(g;)
2

clgm) <

)

Thus a solution wherethe QoS parametery; andg; are
bothreplacedwith ¢, hasabettercostwhile 2¢,,, = ¢; +
g;, which contradictshe optimality of the solution.

Assumenow thatj —i isodd,andletm = (j—i—1)/2.
By applying definition 3 on the triplets g;, ¢, ¢gm+1 and
dm; 9m+1, 95 We get

c(gm) + c(gm+1) < 3
(1 —a)e(gi) + ac(gm+1) + aclgm) + (1 — a)c(g;)

wherea = 1/(¢m—¢;) = 1/(¢j—gm+1). Simplealgebraic
manipulationsield

c(gm) + c(gm+1) < c(gi) + c(gj) (4)



Sinceg,, + gm+1 = ¢; + g; the optimality assumptiornis
contradictedor this casetoo. O

Corollary 1: In the optimal QoSpartitionin the homo-
geneoudully integerstronglyconvex caseatleastonelink
is allocated| Q/n].

In thesameway we canprove thelemmafor theweakly
corvex case:

Lemma3: Thereexistsanoptimal QoSpartitionin the
homogeneoutully integercorvex casewhereall the QoS
parametersretakenfrom at mosttwo successke values.

Corollary 2: Thereexists an optimal QoS partition in
the homogeneoulully integer corvex casewhereat least
onelink is allocated|Q/n .

An optimal QoSaprtitionis calculatedasfollows. ¢; =
|Q/n]. The numberof links that allocatedg; is given
by finding the maximalz thatsolvesthe inequation) >
zq; + (n — x)giy1. Sincec() is afully integer function
(assumenormalizedo theintegers)we have g; 11 = ¢; + 1
andthusz = |n(g; + 1) — Q|. n — z links areallocated

atgii1.

C. Distributedimplementation

Thedynamicprogramfor the generainteger costfunc-
tion (sectionlV-A) canbeeasilydistributed. Nodes along
the pathcancalculatecost(i, d) for 1 < d < ), basedon
the Q valuespassedo it from node; — 1. Whenthecalcu-
lationreachesheendnode,it selectsts optimalvalue,and
passedackthe optimal portion left for the path’s prefix.
This procesontinuesuntil it reacheghe originator The
total numberof messagess only 2n, while the bit com-
plexity is O(nQ). The storagerequirementat eachnode
is O(Q). Notethatthe reseration is donein the reverse
direction, thusthe origin can starttransmissiorafter two
way handsha&. A formal descriptionof the more com-
plex multicastcases givenin SectionVI-B.

The homogeneousaseof sectionIV-B can be cal-
culatedat the sourcenode since the cost functions are
knowvn andequal.Oncethetwo QoSparametevaluesthat
shouldbe usedaredetermineda reseration messagevith
a counterstatinghow mary reserationsshouldbe made
for eachvalue can propagatealong the path towardsthe
destination.

D. Discretecost

All theresultsin this sectioncanbe appliedto the dual
casewherethe costis discreteandonewishesto find the
bestdelaya certaincostcanbuy. This simpleextensionis
omitted.

c1,d1, c2, d2,

Fig. 2. Thereductionof the QoSpartitionproblemfor general
discretecostfunctionsto therestrictedshortespathproblem

V. APPROXIMATIONS

In this sectionwe give a fully polynomialapproxima-
tion schemefor the QoS partition problemwith general
discretecostfunction. We assuménerethatthecostvalues
areall integers. In this casewe canrephrasdhe problem
asfollows.

Definition5: [The QoS partition problem with gen-
eral discrete cost function] Given n sets S; =
{ai,,ai,,--.a; } of objects, with specific delays and
costsdelay(a;;) = d;; € Z* andcost(a;) = ¢;; € Z7,
andadelayboundD € Z*, find a subsetontainingn ob-
jects,eachfrom a differentset, suchthattheir total delay
is boundedby D, andthetotal costis minimized.

We assumehatthe costfunctionis non-increasing.e.,
for all 4, d;; > dz-j, — ¢y < Cijy- Denoteby ¢;,, ., the
maximumecostof ary elementin the set.S;, andby cp,40
the overall maximumcost. Clearly ", d;,... < D, oth-
erwisethereis no feasiblesolution. We denoteby m the
over all numberof elementsthatis: m = Y1=" 1.

Our first obsenration is that thereis a straightforward
reductionfrom theQoSpartitionproblemwith generabis-
cretecostfunctionto the restrictedshortestpath problem
[4]. Thusone canuseHassins resultsto derive a fully
polynomialapproximatiorscheme.

Claim1: Givenaninstanceof the QoSpartition (rout-
ing) problemwith generaldiscretecostfunction one can
constructa bi criterig? graphG’ suchthatthe costof the
restrictedshortespathproblemin G’ equalsto the costof
the QoSpartition (routing) problem.

Proof: Wereplacetheith link by asetof [; parallellinks,
eachcorrespondgo aspecificworking pointin thediscrete
costfunction. More formaly, givenaninstanceof the QoS

2A graphwhereeachedgeis associatedvith botha costanda delay
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Fig. 3. The transitionfrom the QoS partition problemwith
generaldiscretecost functionsto the benefitdiscreteQoS
partitionproblem

partition problemwe build thegraphG’ with n + 1 nodes
wherenodes: — 1 and: areconnectedy /; parallellinks,
with costsc;; anddelaysd;; (seeFig. 2). Sinceary simple
pathfrom node( to noden mustchooseexactly one of
the edgeshetweemodes:i — 1 ands, a pathwith a delay
boundedby D andcostC in G’ definesa setwith delay
boundedby D andcostC in the QoS partition problem.
O

Note thatthe samereductionholdsfor the QoSrouting
problemwith generaldiscretecostfunction,wherethe so-
lution for the restrictedshortestipath problemdetermines
both the links and the appropriatepartition (seesection
VII).

Therearetwo problemswhen applying Hassins algo-
rithm in thisway. Thefirst oneis thatthe solutionis com-
plex andit is difficult toimplementit. Themoresignificant
problemis that this resultdoesnot translateto multicast
trees.Thus,thereductiondoesnot hold for the QoSparti-
tion problemsontrees.For this endwe develop a different
algorithmthatcanbegeneralizedo multicasttrees.

We begin by definingavariantof the problem calledthe
benefitdiscreteQoSpartition problem,andproving thatit
hasafully polynomialapproximatioralgorithm. We then
shav how to usethis algorithmto achieve afully polyno-
mial approximatiorschemdor the QoSpartition problem
with generaliscretecostfunction.

Definition6: [The benefit discrete QoS partition
problem] Givenn setsS; = {ai, , ai,, - - - aili} of objects,
with specificsizesandprofits, size(a;;) = d;; € Z* and
profit(a;;) = bj; € Z*, andadelayboundD € Z*,
find a subsetof at mostn objects,eachfrom a different
set,suchthattheirtotal sizeis boundedoy D, andthetotal
profitis maximized.

The main idea hereis that the total profit for a given
delay D representghe amountof costone cansave by

PseodoPolynomial [PP] ({S;}-1,d;;, bi;, D)

1. bmaw = maxij bij-

2. forp=11t0bmnas:

3 A(1,p) = oo; if p=b;; thenA(1,p) = d;.

4. fori=2ton:

5 forp =110 byas

6. A(i,p) = min{mini<;<;,{d;; + A —1,p —
bi,)}, Al — 1,p)}.

7. returnthelargestp suchthat A(n,p) < D.

Fig. 4. Algorithm Pseodd”lynomial

Benefit Discrete [BD] ({S;}7;,d;;, bi;, €, D)

1. K = @ma

2. foreacha;;: b}, = L’%J.

3. B =PP({Si},,d;,b'i;, D).

4. if (KB' < byag) OUtpUth,y, 4., Otherwiseoutput K B'.

Fig. 5. Algorithm BenefitDiscrete

allowing D more units of delay alongthe path, starting
with ary feasible(but maybecosty)initial solution (see
Fig. 3). The objectie is thusto gainasmuchsavings as
possiblefor every unit of delay

First we shav that the benefitdiscrete QoS partition
problemhasa pseudgolynomialalgorithm,thatusesdy-
namicprogramming.Thenwe usethis algorithmin order
to achiare the polynomial approximationschemefor the
QoSpartitionproblem.

Claim2: Algorithm PP is a pseudopolynomial algo-
rithm for the benefitdiscreteQoS partition problem,that
worksin O((m + n)byma) time, whereby,,, = max;; b;; .
Proof: Define A(i,p), for1 < i < n,andl < p <
n X bmae, 10 bethedelayof thesetwith minimal delaythat
hasat most: objects,eachfrom adifferentsetSs, ..., S;,
with benefitof exactlyp. A(i, p) is oo if nosuchsetexists.
Clearly

Now, the largestp suchthat A(n, p) is smallerthan D, is
the optimal solutionfor the QoS partition problem. Since
we needto computen - by, differentvalues,andto com-
pute A(i, p) we needl; + 1 stepstheover all compleity
of thealgorithmis O((m + n)nbmaz). O

Next we shav how to usethis algorithm in order to
achieze an e-approximationin polynomialtime. We as-
sumethatthesizeof all elementss smallerthanthebound
D, sinceelementswith bigger size cannotbe used,and
may aswell be omitted.

Claim 3: Let Bgp betheprofit outputtedoy Algorithm



BenefitDiscrete(seeFig. 5). Then

Bgp > (1 — €)Bop-

Proof: Foreveryelements;,, theprofit consideredy the
algorithmmay be smallerthanthe actualprofit divided by
K (asdefinedin line 1 of Fig. 5), but by no morethani1,
Le., by, > bT(L -1

Let profitx(U) be the optimal soloutionfor the in-
stancewith &'. Thereforefor ary set of elementsU,
profit(U) — Kprofitx(U) < nK. ThesetS’ computed
by the PP algorithm musthave at leastthe sameprofit as
ary otherset, including the setcomputedby the optimal
algorithm. Therefore

profitgp(S') > Kprofityx(U) > profit(U) —nK

p'rofitBD(Sl) > Bopt — €bmaz-

Sincethe algorithm also considers(in the last step) the
most profitable elements,Bgp > bpee. Therefore
profiten(S') > Bopt — eprofitgp(S’), and,

BBD 2 (]. — G)Bopt-

O

Sincethe running time of Algorithm Benefit Discrete
is O((n +m)n[2=ez ) = O((n + m)n|2]), Theorem2
follows.

Theoem?2: Algorithm BenefitDiscreteis afully poly-
nomial approximationalgorithm for the benefitdiscrete
QoSpartitionproblem.

Now we candescribethe algorithmfor the QoS parti-
tion problemwith generaldiscretecostfunction. It works
asfollows (seeFig. 6). Givenan approximationparame-
ter ¢, we constructa benefitdiscreteQoS partition prob-
lem that basicly captureghe amountof “saving” onecan
getstartingfrom anobviousfeasiblesolution. We find an
e/n-approximationto this value, and computethe result-
ing cost. We theniteratively remaove the mostexpensve
costfrom oneof thelinks andrecomputehe bestcost. At
the endwe choosethe bestcostout of the (polynomially
mary) coststhatwe may have. The following claim fol-
lows immediatelyfrom the definitions.

Claim 4: For ary feasiblesolutionU to the benefitdis-
creteQoSpartition problemwith b;, , andd;j, thereexists
asetU’, whichis afeasiblesolutionfor the original QoS
partition problemwith generaldiscretecostproblemsuch
thatprofit(U) + cost(U') = 3 Cippan -

Thislastclaim provesthatthealgorithmfindsafeasible
set. We have to shav boththatthe costfound by the algo-
rithm is an e-approximationof the optimal cost, andthat
thealgorithmis polynomial.

General Discrete[GD] ({S;}i-1, di;, i, €, D)
Cap = Ez Cimae
repeataslong asnoneof thesetsS; is empty:
for eacha;;: bi; = ¢i,,.. —¢i;s di, = di; — di,. .
C&C = BD({Si}?:l’dgj’bij’e/n’D - Zz Qipnas)-
if (Zz Cirne — ClGC < CGD) then Cgp
1 cimaz - CIGC' A
removetheelement,,,, fromits set.

oMU A WD

Fig. 6. Algorithm GeneraDiscrete

We alreadyproved that the saving createdby the al-
gorithm, is almostas good as the saving createdby ary
otheralgorithm. The problemis thatthis doesnot give a
full proof for the approximatiorratio, asthe optimal cost
may be much smallerthanthe total saving. However, if
the optimal costis at least)", ¢;,,.../n we do have ane-
approximationsincewe usedBD with € = ¢/n. If the
optimal costis smaller we will shawv thatthe biggeststep
in oneof thelinksis notusedn theoptimalsolution,hence
we may deleteit from the problemandstartwith a better
upperbound. Thus,oneof the iterationsof the algorithm
will find a solutionwhichis ane-approximatiorof the op-
timal cost. Sinceall setsarefeasible,andwe choosethe
onewith minimal cost, the outputof Algorithm General
Discrete s within ane factorof the optimal cost.

Fortheformal proofwe needthefollowing two lemmas.

Lemmad: If <t > 1 and $' is a set with

- Cimaz k’
profit(S") > (1 - €/k)bopt for the benefitdiscreteQoS
partition problemwith b; = ci,,, — ci; and d;,
di; —d thencost(S") < (1 + €)cqpt, fOr ary constant
kE>1.

Proof: By Claim4, cost(S') = ¥, ¢i .. — pProfit(S’),
therefore,

tmaz !

cost(S') < Zcimam — (1 —€/k)bopt.
i
Replacingagainb,,: by Copt — >°; Cipma. WE g€t
cost(S') < Zcima:c — (1= €/k)(Copt — Zcimaw)'
i i
using>~; Cipnan < kcopt We get

cost(S") < ecopt + Copt(1 — %) < (14 €)copt-

O
Lemmab: If < 1, thenthe elementwith the

maximal cost cannotbe in the setthat achieves optimal
cost.

Copt



Proof: Clearly

2 i Ci
Copt < = nmam < Crmaz-

O
Now, Let O bethesetthatachieresanoptimalcost.Let
ao betheelemenwith themaximalcostin O. SinceAlgo-
rithm GD deleteslementsn orderaccordingto their cost
values thereis aniterationin which a is thebiggestele-
ment.By Lemmab in thisiteration C"f* > % because

theelemenwith themaximalcostis in theoptimalset. By
Lemma4, with k¥ = n, the costfoundin this iterationis
boundedby (1 + €)C,p;. Sincethe algorithmchooseshe
bestcostover all iterationits outputis atleastasgood.

The running time of Algorithm General Discrete is
bounded by O(an";) since we run the BD Algo-
rithm at most m times, and the compleity of BD is
O(mn|bmez |) = O(mn|%]). However, we canreplace
theexhaustve searctfor thebestc;, .. by abinarysearch.
This complicateshe descriptionof the algorithm but re-
ducesthe runningtime to O(Msi"gﬂ). All togetherwe
have proventhefollowing theorem.

Theoem3: Algorithm GD is a fully polynomial ap-
proximationalgorithmfor the QoSpartition problemwith
generaliscretecostfunction.

VI. MULTICAST
A. Exactsolutions

In this sectionwe solve the QoS partitioning problem
for acollectionof integercostfunctionsin amulticasttree.
Asin theunicastcasetheonly requiremenis thatall these
functionscanbe definedon the sameinteger scalewith no
significantincreasen their representationWe do notim-
poseary otherrequirementsnthefunctions,in particular
they neednot be corvex. We begin by presentinga poly-
nomialdynamicprogrammingsolution.

Let! = (u,v) bealink in the multicasttree suchthat
u is the parentof v, andlet N, be the groupof treelinks
connectedo v exceptl, namelythe groupof links leading
to v's children.Remembethatheren denotegshenumber
of treelinks. Let cost(l,d) be the optimal costof parti-
tioning the QoS requirementd in the subtreeof nodew
andthelink . Clearly cost(l,d) canbe calculatedby the
following recursve formula

cost(l,d) = IZIISI(Iil e%;[l cost(e,d — 1) +¢(i)  (5)

and the minimal costfor the partitioning of requirement
@ in thetree, T is givenby calculating}_,c s cost(e, Q),
whereN arethelinks emanatingrom thetreeroot.

Theoem4: The costof calculatingthe QoS partition-
ing in the caseof generainteger costfunctionsin a multi-
casttreeis O(nQ?), andmemoryrequirements O(nQ).

Proof: For the calculationwe needto keep a table of
cost(l,d) wherel < ! < nandl < d < Q. Thisre-
quiresa storageof O(nQ) numbers. The calculationof
eachentry is doneusing Equation5. For eachentry the
calculationcostis at mostQN;, thusthe overall calcula-
tion compleity is ¥, 7 QQN; = nQ?. O

For the homogeneousasewherethe costfunctionsare
fully integerandcorvex, we canapplythecalculatiorfrom
sectionlV-B onthelongestpathsin thetree,remove them
from the tree, andthenrepeatthe processrecursiely on
the remainingsubtrees. This calculationis linearin the
numberof leaves.

B. Distributedimplementation

Thedynamicprogramfor the generainteger costfunc-
tion (sectionVI-A) can be easily distributed. The root
floodsthe treewith START messagesThe START mes-
sagecarriesin eachlink it traversesthe costfunction of
the immediateupstreamparent. A leaf that recevesthe
START messagéom link [ calculatests cost(l, -) entries
andsendghemonlink [ to its parent.A nodethatreceves
the cost valuesfrom all its children, calculatests Q en-
triesandsendshemto its parent. Whentheroot receves
the cost calculationsfrom all its childrenit initiates the
resenation phaseby sendinga BUDGET message.This
messagearriesthe QoSremainingbudgetdowvnstream A
nodethatrecevesthe BUDGET messageisesthe appro-
priate entry in the costtableit calculatedbeforelocating
the QoS parameteanllocationin its upstreandink. It asks
its upstreammeighborto allocatethisamountusingthe RE-
SERVE messageandsendsa BUDGET messagevith the
remaindeiof the budgetdownstream.

Thetotal numberof messagess only 4n, while the bit
compleity is O(nQ). The storagerequirementor each
link is O(Q), thus,for anodewith A childrenthe storage
requirements NQ. Thetime compleity is O(3h) where
h is thetreehight.

Figures7 and 8 give a formal descriptionof the algo-
rithm. Eachnodehasthefollowing variables:p theindex
of the parentlink; cost(l,-) avectorwith the optimal cost
calculatedby the nodedownstreamlink [; cost(-) a vec-
tor with the resultsof the local optimal cost calculation;
value(-) a vectorwith the QoS parametethat gives the
bestcost; and gotit(-) a binary vectorto monitor the re-
ceiptof cost calculationdrom the child links. In addition,
anodeholdsa discretecostfunction, ¢;(), for eachof its
downstreandinks [, andallist of its downstreamlinks .



Distrib uted Multicast Partitioning
1. For START(¢(+)) from link ¢

2. p<+1

3. o)+ al)

4. foreachi e NV}

5. sentSTART(¢;(-)) onlink 3
6 gotit(i) < false

7. if N =0

8 foreachj < Q

9 cost(j) = min;<; c;(7)

10. value(j) = agmin;«; ¢;(j)

11. sendcost(l,-) onlink {

12. For cost(-) fromlink [

13.  cost(l,-) < cost(-)

14.  gotit(l) < true

15. if Vi € N, : gotit(i) = true

16.  foreachj < Q

17. cost(j) = mini<j Yeen, cost(e,d — i) +
cp(t)

18. value(j) = amgmini; Y ey, cost(e,d —
i) + ¢p(7)

19. sendcost(-) onlink p

20. For BUDGET(d)

21. sendRESER/E(value(d)) onlink p

22. foreachi € NV

23. sendBUDGET(d — c¢p(value(d))) onlink i

24. For RESER/E(d) fromlink {

25. resered delayguarante®nlink [

Fig. 7. Distributed Multicast Partitioning— a non-rootnode
algorithm

Distrib uted Multicast Partitioning
1. Forarequestvith demand))

2. foreachi e N

3 sentSTART (¢;(+)) onlink %

4 gotit(i) < false

5. For cost(-) fromlink {

6. cost(l,Q) « cost(Q)

7. gotit(l) « true

8. if Vi e N: gotit(i) = true

9 cost = 3\ cost(e, Q)

10. foreachi € N

11. sendBUDGET(Q) onlink i
12. For RESER/E(d) from link [

13. resered delayguarante@nlink /

Fig. 8. DistributedMulticastPartitioning— therootalgorithm

C. Approximations

As mentionedefore,in themulticasttreescasewe can-
notusethereductionof Claim 1, sinceit will requirefind-
ing arestrictedshortestreeratherthanarestrictedshortest
path3

Thus,in orderto derive a fully polynomialapproxima-
tion schemeyve follow the stepswe took in the pathcase:
startingfrom afeasible(but possiblycosty)partitiononthe
tree,wetry to usethe extra delaywe have in orderto save
asmuchcostaspossible. We usemary of the notations
from SectionV, andwe assumehatthe multicasttreeis
a binary tree. It is easyto verify that for ary multicast
tree, T, with n nodes thereexists a binary multicasttree
T’, with at most2n nodeswith exactly the sameoptimal
cost® Theamountof saving is expressedn the following
definition.

Definition7: [The benefit discrete QoS partition
problem on trees]Given a tree T, with n nodes, sets
Si = {ai,, iy, - .- a;,, } of objects with specificsizesand
profits, size(a;;) = d;; € Al andprofit(a;;) = b;; €
Z", and a delay bound D € Z*, find a subsetof at
mostn objects,a,-ji, eachfrom a differentset, suchthat
Ziep di;, < D, for all paths,p € T, and Zizlbih is
maximized.

Next we prove that the benefitdiscreteQoS partition
problemon treeshasa pseudgpolynomialalgorithm,that
usesdynamicprogramming.An algorithmsimilar to the
dynamicprogrammingalgorithmfrom SectionVI-A is not
goodenoughbecauset is polynomialin the delaybound
D andnot the maximal costc,,.;. In the multicasttree
caseherulesof thedelayandthecost(benefit)is notsym-
metric sincethe cost(benefit)is computedover the entire
treewhile thedelayboundis truefor ary pathin thetree.
Recallthatwe assumehatthe multicasttreeT is abinary
tree.Wealsoassumehatnoden is therootof thetree,and
thatiy, andip aretheindicesof theleft andright children
of nodes.

Claim5: Algorithm PPMis a pseudgolynomialalgo-
rithm for the benefitdiscrete QoS partition problemon
multicast trees, that works in O((m + n)nb2,,,) time,
whereb,,or = max;, bij .

Proof: Define A(i,p), for1 < i < n,andl < p <
n - bnaz, 10 be d iff thereexists a QoS partition of the
subtreerootedat node: with minimal delayboundd and
profitp, andno otherpartitionof this subtreewith benefitp

3To thebestof ourknowledgeapproximatingarestrictedshortestree
for graphswith costsanddelays,is anopenproblem.

4This is doneby replacingthe outgoingedgesat ary nodethat has
morethantwo children,by abinarytreein which thesechildrenarethe
leaves,andall thelinks to internalnodeshave bothzerocostandzero
delay



Pseodo Polynomial Multicast [PPM]
(Ta {Si}?:h dij ’ bij ’ D)

1. bmaw = maxi]. sz

2. forp=110b,qs:

3 for all leavesl:

4, A(l,p) = 0.

5. fori=2ton:

6. forp =110 bas

7. A(i, p) =  minggi<p{max{min{A(ir,1),
minges,, A(ir,l — profit(a) + d(a)},min{A(ig,p
l)7mina’€SiR A(lRap —-1- profit(a')) + d(al)}}}

8. returnthelargestp suchthatA(n,p) < D.

Fig. 9. Algorithm PseoddPlynomialMulticast

General Discrete for Multicast trees [GDM]
({Si}?:la dij ) Cij » € D)

1. CGD = i Cimaz

2. repeataslongasnoneof thesetssS; is empty:

3. for eacha;;: by, = Cipan — ;1 &, = di; — dipns-
4. Coe = BDM({Si}?:l,d;j,bij,e/n,D
Zz’ dimam)'

5. if (3 Cimee — Ce < Cgp) then Cgp =
D i Cimae — Céc-

6. remove theelemente,, ., fromits set.

Fig. 10. Algorithm GeneraDiscretefor multicasttrees

hassmallerdelaybound. A(, p) is oo if no suchpartition
exists. At nodes, onecanchoosetheamountof profit and
delay from eachof the setsassociatedvith the left and
theright childrenof ;. Onecanalsochoosenotto choose
eachof theseelements.In ary case,the relationdefined
by line 7 of Fig. 9 holds. Thereforethe value of A(n,p),
is the bestpossibledelayboundfor the giventree T with
profit p, andthe algorithmoutputsthe optimalvalue.
Sincewe needio computen-nby,,; differentvaluesand
to computeA(s, p) we needatmostb,, . (I; + 1) stepsthe
overall compleity of thealgorithmis O((m + n)nb2,,,)-
O
We apply now the roundingtechniquefrom SectionV
to achiere anapproxiamtiorschemdor this case.We use
Algorith BD with acallto PPMratherthanPP(thisversion
is calledBDMP). This resultsin an e-approximatioralgo-
rithm thatrunsin time O((m +n)n(| ba2= |)? = O(™2°),

Fig. 10 presentsa slightly modified versionof the GD
Algorithmsfor the multicasttreescase Applying Claim 4
andLemmas4, 5 for GMD we getthefollowing theorem.

Theoem5: Algorithm GeneralDiscreteMulticastis a
fully polynomialapproximationalgorithmfor QoS parti-

5Theformal descriptionof BDM is omitted.

tion problemon multicasttreeswith generaldiscretecost
. . . 4
function. It hastime complexity of O (2~ 128™),

VII. THE QOS REQUIREMENTS ROUTING PROBLEM

In this sectionwe formally definethe QoSrequirements
routing problemwith discretecost functions. We then
shaw thatit isanNP hardproblemandshov how to obtain
a fully polynomial approximationschemefor this prob-
lem.

Definition8: [The QoS requirementsrouting prob-
lem with discrete cost functions] Given a graphG =
(V, E), eachedgeis associateavith a discretecostfunc-
tion, anda delaybound D, find a pathp, anda partition
suchthat the delay along the chosenpathis boundedby
D, andthe costalongthis pathis the minimal possible.

Clearlythis problemis NP-completesincethe QoSpar
tition problemwith generaldiscretecostfunctionis a spe-
cial caseof it (whenthe graphG is a line). Even the
simplerproblemof finding the bestpathwithout specify-
ing the QoSpartitionalongit is NP-completethis follows
from a straightforward reductionto therestrictedshortest
pathproblem[4].

Claim 1 providesa constructre way to constructanin-
stanceof therestrictedshortespathproblemfrom a given
instanceof the QoSrouting problemwith generaldiscrete
costfunction. Usingit, andtheapproximatiorresultsfrom
[4], we getthefollowing Theorem.

Theoem6: The QoS requirementsrouting problem
with discretecostfunctionshasafully polynomialapprox-
imationscheme.

VI1Il. GENERAL COST FUNCTIONS

In this sectionwe discussgeneralcostfunctions. That
is, we do notassumeary propertiessuchasmonotonicity
or corvexity. Suchafunction,whichis definedfor all cost
values,is representedby a constantnumberof bytes. It
computeghe delay guarantedor a given costin polyno-
mial time in the representatiof theinput number Note
that althoughthe discretefunctionsdefinedin Sectionll
look similar to the generalcostfunctions,the representa-
tion of sucha functionis linear in the numberof points
andnot constant.For example,the function cost(d) = %
is definedfor every d > 0, but if we wantto representit
by adiscretefunctionwe would have to explicitly give the
costvalueof eachpossibledelay To emphasizéhis point
we useheref; : Cost — Delay for the reversefunction
cost™!, thusfor theabose examplef;*(d) = . Forsuch
functionswe canprove thefollowing theorem.

Theoem7: For a setof n functions f; : Cost —
Delay, suchthatfor eachsucha function either f;*, or
apair(c;,d; = f(¢;)), with d; < D /nis given,agraphG,



adelayboundD, andan approximationparameteg, one
can:
1. Givenapathi, j, find ane-approximatioralgorithmfor
the QoSpartition problem.
2. Givena multicasttree, T, find an e-approximationfor
the QoSpartition problemon multicasttrees.
Proof:  First obsere that given the reverse function
£t onecancomputef; ! (D/n) = ¢;, andusethe pair
(ci, D/n). Thesepairsdefinea feasiblesolution,bothfor
thepathandmulticasttreeproblemswith costboundedy
Cmaz = 211 ¢i- Thereforno optimal solutionwill use
ary costbiggerthanc,,,,;. Obsere now thatthe pseudo
polynomialalgorithmsPPandPPMwork alsoif eachstep
functionhasc,,q, stepsForeachA(i, p) wehaveto check
up to ¢z + 1 differentvalues,andthereforethe overall
compl«ity of the pseudopolynomialalgorithmswill in-
creaseby afactorof cpq,/m. We canusethe algorithms
from SectionV andSectionVI-C to derive fully polyno-
mial approximatiorschemesor theQoSpartitionproblem
andthe QoS partition problemon multicasttrees,respec-
tively.
O

A similar proofcanbeusedto prove ane-approximation
schemefor the routing problemwith generalcost func-
tions. However it requireseitherto generalizeour results
from SectionV to the QoSrouting problem,or to shav
that Hassins algorithm canbe used. This is beyond the
scopeof this paper

IX. DIscussiON

In this paperwe studiedQoSpartitionandroutingprob-
lems. We concentrate@n discretecostfunctions,thatare
boththeoreticlyinterestingandhave practicalapplications
in IP networks. An interestingdirection, with possible
practicalsignificant,is studyinga distributed implemen-
tation of the approximatioralgorithmspresentedere(in
the samespirits of theresultsof SectiondV-C andVI-B).
The main openproblem, however, remainsthe multicast
treesroutingproblem.
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