Return of the Primal-Dual: Distributed Metric Facility
Location

Saurav Pandit

ABSTRACT

In this paper we present fast, distributed approximation
algorithms for the metric facility location problem in the
CONGEST model, where message sizes are bounded by
O(log N) bits, N being the network size. We first show
how to obtain a 7-approximation in O(log m +logn) rounds
via the primal-dual method; here m is the number of fa-
cilities and n is the number of clients. Subsequently, we
generalize this to a k-round algorithm, that for every con-
stant k, yields an approximation factor of O(m?/ vk p3/ ‘/E)
These results answer a question posed by Moscibroda and
Wattenhofer (PODC 2005). Our techniques are based on
the primal-dual algorithm due to Jain and Vazirani (JACM
2001) and a rapid randomized sparsification of graphs due
to Gfeller and Vicari (PODC 2007). These results com-
plement the results of Moscibroda and Wattenhofer (PODC
2005) for non-metric facility location and extend the results
of Gehweiler et al. (SPAA 2006) for uniform metric facility
location.

Categories and Subject Descriptors: C.2.4 [Computer-
Communication Networks|: Distributed Systems

General Terms: Algorithms, Performance, Theory.
Keywords: Facility Location, Approximation Algorithms,
Bounded Message Size, Wireless Ad-hoc Networks, Unit Ball
Graphs.

1. INTRODUCTION

Recent research in the area of distributed approximation
algorithms [4, 6, 10, 11, 12, 13, 14, 17] has led to interesting
and sometimes optimal trade-offs between the amount of re-
sources used (e.g., number of communication rounds, size of
messages, etc.) and the quality of solution (i.e., approxima-
tion factor) obtained. In recent years, such trade-offs have
been especially well-studied for the minimum spanning tree
problem [10] and the dominating set problem [12, 13, 14].
One theme in this research is motivated by the question: can
one design distributed approximation algorithms that pro-
vide non-trivial approximation guarantees even when run
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for very few (e.g., constant) number of rounds? The earliest
example of such an algorithm, as far as we know, is the dom-
inating set algorithm due to Kuhn and Wattenhofer [13] that
runs in k2 rounds, for any k, and outputs a dominating set
whose expected size is within O(k*A2/% log A) of OPT. Here
A is the maximum degree of the network. In this paper, we
investigate this question for the metric facility location prob-
lem. For instances with m facilities and n clients, we first
present a 7-approximation algorithm running in O(logm +
log n) rounds and then generalize this algorithm to a k-round
algorithm that yields an O(m?/ VL 3/ ‘/E)—approximation,
for any constant k. In fact, the k-round algorithm yields
this approximation factor for all k = O((log’lgoyg”m)Q). A key
constraint of our model of distributed computation is that
message sizes are bounded above by O(log(m + n)) bits.

The facility location problem takes as input a complete
bipartite graph G = (F,C, E), where F is the set of facili-
ties and C is the set of clients (or cities), facility opening
costs f : F — R', and connection costs ¢ : F — RT. The
goal is to find a set of facilities I C F' to open and a function
¢ : C — I that assigns every client to an open facility so
as to minimize 3, ; f(2) + >, ¢(d, ¢(4)). In other words,
the goal is to minimize the total cost of opening facilities
and connecting clients to open facilities. This is an old and
well studied problem in operations research [3], that arises in
contexts such as locating hospitals in a city or locating distri-
bution centers in a region. More recently, this problem has
also been used as an abstraction for the problem of locating
resources in wireless networks [5, 18]. The facility location
problem comes in two main versions: the non-metric version
and the metric version. The connection costs in a facility lo-
cation instance are said to satisfy the triangle inequality if for
any 4,7’ € F and j,j' € C, c(i, j) < (i, j') +c(i, ') +<(i', ).
In the metric facility location problem the connection costs
satisfy the triangle inequality; when they don’t, we have the
more general non-metric facility location problem. See Fig-
ure 1 for an illustration. This distinction is important from
an approximation point of view because there are a num-
ber of sequential constant-factor approximation algorithms
for the metric facility location problem ([2, 9, 20] are some
examples), whereas for the non-metric facility location prob-
lem, the best known approximation factor is O(logn) and
this is optimal [8, 15].

Our work in this paper is partly motivated by the re-
sults of Moscibroda and Wattenhofer [17] who consider the
non-metric facility location problem and design an approx-
imation algorithm that in O(k) rounds, for any constant k,
yields a non-trivial approximation factor that depends on k




1 2 3
a 4 1 6

fl1)=10
b 7 1 9

fi2)=5
c 5 1 7

fi3)=2
d 4 6 1

c(i,x) values

Figure 1: An instance of the facility location prob-
lem. The table shows the pairwise connection costs
between clients and facilities. OPT consists of open
facilities 2 and 3 with clients a, b and ¢ connected to
facility 2 and client d to facility 3. The total cost of
OPT is 11. Note that any solution with a single open
facility or with all the facilities open, will have cost
more than 11. So is the case for any solution that
opens facility 1.

and the input size. The underlying network on which this al-
gorithm runs is the complete bipartite graph G = (F,C, E),
induced by the facilities and the clients. Given that the
network has diameter 2, the problem is trivial (i.e., sim-
ply reduces to the sequential setting) if arbitrary amounts
of information are allowed to be exchanged between neigh-
bors in each round. Placing a reasonable bound, such as
O(log(m + n)), on the message sizes makes the problem
challenging and allows Moscibroda and Wattenhofer [17]
to highlight an interesting trade-off between the number of
communication rounds of the algorithm and the approxima-
tion factor achieved. Specifically, they present an algorithm
that runs in O(k) rounds and yields an approximation of

O(VEk(mp)'/V* log(m +n)), where m is the number of facil-
ities, m is the number of clients, and p is a coefficient that
depends on the numbers in the given instance (i.e., the open-
ing costs and the connection costs). To focus more clearly
on the growth of this approximation factor as a function
of k, let us assume that p = m = n. Assuming that p is
equal to m or n is reasonable since Moscibroda and Watten-
hofer [17] assume that p can be stored in a message of size
O(log n) bits, implying that the value of p is bounded above
by a polynomial in n. With this simplification we see that
the Moscibroda-Wattenhofer algorithm runs in O(k) rounds

yielding an approximation factor of O(vkn?/ v log n). Since
the metric facility location problem is a special case of the
non-metric problem, this leads to question of whether it is
possible to design k-round algorithms for metric problem
that give a better approximation factor.

This question is motivated by the expectation that in a
distributed setting such as this, in which network diameter
is not a concern (since it is just a constant), one should be
able to obtain, in polylogarithmic number of rounds, ap-
proximation factors that are as good as the best approxi-
mation factors possible in a sequential setting. Since the
metric facility location problem has a sequential constant-
factor approximation, ideally we should be able to obtain an
approximation factor f(m,n, k) that tends to a constant as k
tends to some polylogarithmic quantity in m and n. But the
Moscibroda-Wattenhofer algorithm [17] falls short in the re-
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gard of achieving a constant factor approximation, because
no matter how large we make k, the smallest value achieved
by their approximation factor of O(\/EnQ/‘/E logn) is just
O(log®n). At a high level, the reason for this is that their
algorithm [17] uses a 2-step approach that involves solving
an LP-relaxation in the first step and doing an independent
randomized rounding of the fractional solution, in the sec-
ond step; unfortunately, in both of these steps there is a
logarithmic “overhead” in the approximation factor. These
overheads seem fairly fundamental to their approach and to
do better, it seems that different techniques are needed.
Our results. Our algorithms use a model of distributed
computing that is similar to the Moscibroda-Wattenhofer
model [17]. Specifically, we assume that the underlying net-
work is the complete bipartite graph G = (F, C, E) induced
by facilities and clients. Also, the network executes algo-
rithms synchronously and in each round nodes receive mes-
sages from neighbors, perform polynomial-time local com-
putations, and send O(log(m + n))-sized messages to neigh-
bors. This message passing model with a logarithmic bound
(in the network size) on the message size has been called the
CONGEST model by Peleg [19]. The CONGEST model is
a “point-to-point” communication model and allows a node
to send different messages to each of its neighbors, but in our
algorithm it suffices for each node to send the same message
to all of its neighbors. This is the local broadcast model that
is commonly used in distributed algorithms on wireless net-
works. To focus more clearly of the challenges of using the
CONGEST model, we assume that each piece of information
that a node possesses (IDs, fi’s, ci;’s, etc.) can fit into an
O(log(m + n))-bit message. We consider the metric facility
location problem in this model and present two results: (i)
a T-approximation running in O(logm + logn) rounds and
(ii) a k-round algorithm that yields an O(mg/‘/E - n?’/‘/E)—
approximation. These results answer a question on fast dis-
tributed approximation algorithms for the metric facility lo-
cation problem, posed by Moscibroda and Wattenhofer [17].
Our techniques are based on the Jain-Vazirani primal-dual
algorithm [9] and a rapid, distributed, randomized algorithm
for sparsification of graphs due to Gfeller and Vicari [7]. In
fact the success of the primal-dual approach in this setting,
in a sense, contradicts the claim by Moscibroda and Wat-
tenhofer [17] that the Jain-Vazirani primal-dual approach
works in the distributed setting only if “either message-size
is unbounded, or the algorithm’s time-complexity depends
on the size of the problem instance.” This claim is true only
if maximal independent set (MIS) computation is viewed as
an indispensable part of the Jain-Vazirani algorithm. We
obtain our results by replacing the MIS computation step
with a much faster sparsification step which makes sufficient
progress in constant number of rounds, even with bounded
message size.

Another motivation for our work comes from the elegant
constant-round, constant-factor approximation algorithm for
the uniform metric facility location problem by Gehweiler et
al. [6]. The adjective “uniform” in the title of the problem
refers to the assumption that all facility opening costs are
identical. The Gehweiler et al. [6] algorithm also assumes
the CON'GEST model and further assumes that the underly-
ing network is a clique, with each node being a client as well
as a possible location for a facility. The results in this paper
are partly motivated by the desire to extend the Gehweiler
et al. algorithm [6] to instances that allow arbitrary facility



opening costs. While we describe our algorithm for a bipar-
tite network, the algorithm works more or less unchanged,
in the clique setting of Gehweiler et al. [6].

2. LOGARITHMIC-ROUND ALGORITHM

For the rest of the paper, let m = |F|, n = |C|, and
N = m+mn. This section is devoted to our O(log n +log m)-
round, 7-approximation algorithm. This algorithm will set
the stage for the more complicated k-round approximation
algorithm described in the next section. We assume that
each message can be O(log N) bits long and that all node IDs
can be represented in log N bits. Note that in a complete
bipartite graph, every node can learn the total number of
facilities and clients in two rounds of communication. So for
all algorithms described in this paper, we assume that all
nodes know m and n.

2.1 Background

Our algorithm is based on the primal-dual algorithm for fa-
cility location due to Jain and Vazirani [9] which we briefly
review here. The starting point of this algorithm is the fol-
lowing Integer Program (IP) representation of facility loca-
tion. Here y; indicates whether facility ¢ is open and z;;
indicates if client j is connected to facility i. The first set of
constraints ensure that every client is connected to a facility
and the second set of constraints guarantee that each client
is connected to an open facility.

minimize Z Cij * Tij + Z fiyi
iEF,jEC ieF
subject to inj > 1, jecC
i€F
Yi — xq5 > 0, 1eF,jel
xij6{071}7 iGF,jEC

As is standard, we work with the LP-relaxation (LP)
of the above IP obtained by replacing the integrality con-
straints by z;; > 0 for all ¢ € F, j € C and y; > 0 for all
i € F. The dual (DP) of this LP-relaxation is the following;:

maximize Zaj
jec
subject to  a; — Bij < cij, ielF,jeC
Z Bij < fi, el
jeC
aj; >0, jecC
Bij 2 0, ieF, jeC

The dual variable a; can be interpreted as the amount
that client j is willing to pay in order to connect to a facility.
Of this amount, ¢;; goes towards paying for connecting to
facility ¢, whereas the “extra”, namely (;;, is seen as the
payment of client j towards opening facility i. The goal is
to obtain an integral feasible solution {z;;, y;} to the LP and
a feasible solution {a;, 8;;} to the DP such that

Y cwiity firgi<c <Zaj>,

i€F,jEC i€F jecC

for some constant ¢ and by the weak duality theorem, this
guarantees that {x;;,y;} is a c-approximation to the facility
location problem.

2.2 Overview of Algorithm

The algorithm consists of three phases, each of which is
overviewed in Algorithm 2.2. At a high level this algorithm

Algorithm 1 Algorithm overview

1: Initialization phase (runs in constant rounds). We
identify low-paying clients and cheap facilities. Cheap
facilities are opened and low-paying clients are con-
nected to cheap facilities. Initial aj-values for the re-
maining (i.e., non-low-paying) clients are computed.

2: Primal-Dual phase (runs in O(logn) rounds). Each
client j, that is not low-paying, increments its dual vari-
able (i.e., «j) geometrically in each round until a facil-
ity ¢ is found such that the connection cost ¢;; is “paid
for” by a; and the facility opening cost f; is paid for
by the payments of some clients. Facility 4 is declared
temporarily open and j is connected to i.

3: Sparsification phase (runs in O(logm) rounds). We
use Luby’s MIS algorithm [16] to shut down some of
the temporarily open facilities and declare the rest per-
manently opened. Some clients are reconnected as the
result of the partial shut down.

is quite similar to the Jain-Vazirani algorithm, but several
challenges have to be dealt with in order for the algorithm
to run in logarithmic number of rounds in the CONGEST
model. For example, we have to quickly find an initial fea-
sible solution to the DP that is not too far away from the
“final” feasible solution so that the Primal-Dual Phase can
terminate in O(logn) rounds.

2.3 Initialization Phase

Set aj := £ min(fi+ci;) for all j € C. For each j € C, let
+* be such that fz* +cCixj = mini(fi—l—cij), and set ¢(]) =",
For each i € F', j € C, set Bi; := max{a; — ¢i;,0}.

LEMMA 1. The set of aj-values and [ij-values defined
above constitute a feasible solution to the DP.

PROOF. It is easy to verify the constraints a; — Bi; < ¢
Vie F,Vje(C,a; >0Vj € Fand 3;; >0Vie F,VjeC.
Hence, we will focus on the constraints Z Bij < fi, Vi € F.

jec
Let us fix an ¢ € F' and examine f;; for each j € C. If
Bi; = 0, it is clear that £;; — fi < 0 and more to the point,

Bij < é (1)

n
On the other hand, if 8;; > 0, then it must be the case that

Bij = aj — ¢;5. For this j, suppose that ¢(j) =", i.e.,
1 . 1
aj =~ (mim(fi + Cij)) = (fir + cixjz) -

Hence, B;j = (fix + cij — nciz). By choice of ¥,

n
Bis— L = fi*"'ci*j_ncij_fi)

(fir +cixg) = (fi +ci5) — (n— 1)%‘)

3= 3=

IN
=)

Simply put, for the arbitrary ¢ we fixed and Vj € C

Bij — fi <, (2)

n =



Summing over all j, using inequalities (1) and (2), we get

Zﬁij*fiﬁ(). O

jeC

Now, let us define o* = max; a; and let 7* = arg max «;.
Any j € C with a; < o /n® will be called a low-paying client
and the facility ¢(j) (for low-paying j) will be called a cheap
facility. The reason for identifying these low-paying clients
and cheap facilities is that their overall opening and con-
nection cost is so low that they can be dealt without much
further ado (so shown in the next lemma). Furthermore,
eliminating these clients is critical in guaranteeing that the
next phase (i.e., the primal-dual phase) runs in O(logn)
rounds. In preparation for the next lemma, let L be the set
of low-paying clients and OPT be the cost of an optimal
solution to the facility location problem.

LEMMA 2. The total cost of opening all cheap facilities
and connecting each low-paying client j to facility ¢(j) is at
most OPT.

PrOOF. The total cost of opening the cheap facilities and
connecting each low-paying client j to cheap facility ¢(j) is
bounded above by

Y (coms +Fon) =D m-a; <Y %
jeL jeL jeL
Since the total number of clients is n, the right hand side
above is bounded above by a*. Note that there is a client 5*
is such that aj= = a* and furthermore the «;’s are all part
of a feasible solution to the DP. Therefore, by weak duality
" <3 licca; SOPT. [

The aforementioned process of identifying the low-paying
clients and cheap facilities can be accomplished quite easily
in just O(1) rounds of communication with messages of size
O(log N).

2.4 The Primal-Dual Phase

Here we describe the primal-dual phase of the algorithm in
which «;’s are geometrically raised in a synchronous manner
and a set of facilities are “temporarily” opened. To prevent
low-paying clients and cheap facilities from getting in the
way of the primal-dual phase, for each low-paying client 7,
we set color(j) := grey and status(¢(j)) := open. The color
of a client j will indicate to the primal-dual phase whether
7 is still active or not; the color grey will denote inactivity
(i.e., a; is not raised any more). The status of a facility can
be one of {closed,temporarily-open,open} and the cheap
facilities are all declared open and do not participate in the
primal-dual phase.

Recalling that L denotes the set of low-paying facilities,
let amin := min;¢r, oj. Thus amin is the smallest a; value,
excluding the “very small” o; values belonging to the low-
paying clients. Also, note that a*/n? < amin < a”.

We next describe a typical iteration (say, iteration s) of
Client j’s Primal-Dual Algorithm (see Algorithm 2). Ini-
tially, every client j (that is not low-paying) sets its «;-
value to amin and sets its color to white indicating that it
is ready to be active. The clients increase their aj-values
synchronously, in every iteration, by a constant multiplica-
tive factor (2 in this case). These a;-values should be viewed
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Algorithm 2 Primal-Dual Client j Algorithm
1: Init: If j is not a low-paying client:
color(j) <« white.

a5 < Omin,

2: {Activity in each iteration:}
3: if (color(j) = white) then

4:  Send|oy]

5. Vi vij — aj — cij

6:  Vi: Receive[status(t)]

7:  if (3i such that
(status(i) € {temporarily-open,open} A vi; > 0))
then

8: color(j) < grey

90 glj) i

10:  end if

11:  Send[color(j)]

120 a;j «—2-q;

13: end if

as “payments” and the payment «; of client j first goes to-
wards paying off the connection costs ¢;; for all i € F. The
sign of v;; (Line 5) indicates whether j has paid for a con-
nection cost ¢;; or not. If, during an iteration, j discovers
that it has paid enough towards a connection cost c;;, then
there are two possibilities: (i) ¢ is already open, in which
case the client j is connected to i, by setting ¢(j) to ¢ (Line
9) and (ii) 4 is not open and in this case j’s payments will go
towards opening the facility ¢, i.e., towards 3;;. The color
of a client denotes whether it has been connected or not.
Initially all active clients are white. Each client changes its
own color to grey as soon as they get connected.

All facilities that are not cheap, are initialized to have a
closed status. During the course of a typical iteration of
facility 4’s algorithm (shown in Algorithm 3), the facility re-
ceives payments a; from clients, determines their residual
payments (3;; (after accounting for payment towards con-
nection costs), and checks if the residual payments 3;;, for
all j € C are sufficient to pay for the cost of opening f; (in
Line 6). When the opening cost of a facility is completely
paid for, it sets its status to temporarily-open.

Algorithm 3 Primal-Dual Facility ¢ Algorithm

1: Init: status(i) < closed if i is not a cheap facility

2: {Activity in each iteration:}
3: if (status(j) = closed) then
4:  Vj: Receive[a]

5:  Vj such that color(j) = white: (;; «— max{a; —c;;,0}
6: if (Z ﬁij Z fz) then
jec
T status(i) < temporarily-open
8 end if

9:  Send[status(i))
10:  Vj: Receive|color(j)]
11: end if

Note that, corresponding to the three message transac-
tions (Send - Receive - Send) in a typical iteration of a

client’s algorithm, there are three message transactions (Receive

- Send - Receive) in a facility’s algorithm. We assume that
these transactions take place in a synchronous manner. All
activities in the primal-dual algorithm cease when all clients



become grey. This is because when clients become grey they
no longer increase their oj-values and without any change in
the aj-values no new facilities will be paid for. We now prove
two important properties of the Primal-Dual Algorithm.

LEMMA 3. The Primal-Dual Algorithm runs for at most
9logn communication rounds.

PROOF. For client 7, let a;*) denote the value of a; after
iteration s. We know «; ©) = in and also Qmin > a*/nQ.
Since «;’s double in each iteration, oz;t) >mn-a” for ¢t =
3logn. Now recall from the initialization phase that a* =
max; min;(f; + ¢;;)/n. Therefore, a;t) will exceed min;(f; +
cij), which means that client j, all by itself, is paying for
more than the amount needed to open facility 7%, where
¢ is argmin,(f; + ¢i;). Therefore client j, for all j € C,
turns grey in round ¢t = 3logn or earlier. Each iteration of
the primal-dual algorithms corresponds to 3 communication

rounds, yielding the result. []

LEMMA 4. After the Primal-Dual Algorithm has termi-
nated, Z a; <2-0OPT.
J¢L
PROOF. Set @; = 0 for all j € L and @; = «;/2 for all
j & L. Set Bij :=max{c;; —@;,0} foralli e F,j € C. Itis
easy to check that this is a feasible solution to the DP and
therefore by weak duality Z]’ec a; < OPT. This yields the
claim. [

2.5 The Sparsification Phase

At the end of the Primal-Dual Phase we have a solution
(albeit, a costly one, possibly) to the facility location prob-
lem, given by the open and temporarily open facilities and
each client connecting to an open or temporarily open fa-
cility. The goal of the sparsification phase is to obtain a
cheaper solution that can be “charged” to the dual variables
and since the sum of the dual variables is within a constant
times OPT (Lemma 4), we will get a constant-factor approx-
imation. This is similar to the last phase in the Jain-Vazirani
algorithm [9]; our contribution here is to show that it can be
implemented in O(logm) rounds in the CONGEST model.

Let Fi be the set of temporarily open facilities at the end
of the Primal-Dual Phase. Define a graph H = (Fi, Ey),
where E; consists of edges connecting pairs of temporarily
open facilities 7 and i’ for which there is a client j such
that 3;; > 0 and 8;7; > 0; in other words, j makes a positive
payment towards the opening of both 7 and i’. The high level
algorithm for the sparsification phase is shown in Algorithm
4.

Note that since M is an MIS of H, for every client j that
finds out that the facility ¢(j) is now closed, there is another
facility i’ € M, that is a neighbor of ¢(j) in H, to which j
can be “reconnected.” If a client j retains its connection from
the Primal-Dual Phase, we say that j is directly connected
to ¢(j); otherwise, if j is reconnected in the Sparsification
Phase, we say that j is indirectly connected to ¢(j).

In the Sparsification Phase, Steps 2 and beyond are all
easy to implement in constant number of communication
rounds in the CONGEST model. So we focus on Step 1.
The difficulty with using Luby’s algorithm [1, 16] “as is” is
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Algorithm 4 Sparsification Phase

1: Compute a maximal independent set (MIS) M of H

2: Permanently open each facility in M, ie., Vi € M :
status(i) < open

3: Close each facility in Fy \ M, ie., Vi € F;\ M
status(i) < closed

4: for all clients j € C' do

5. if (status(¢(j)) = closed) then

6: ¢(j) < i', where i’ € M and is a neighbor in H of
¢(5)

7:  end if

8: end for

to compute the MIS of H is that nodes in H do not have
edges to each other in the underlying network and will have
to communicate via clients. Given the restriction on the
message sizes, this may be hard to do in constant rounds.
For example, it is impossible for anode i € F; to quickly (i.e.,
in constant or even polylogarithmic number of rounds) find
out the IDs of all its neighbors in H since all this information
may have to arrive at ¢ via a single client. Consider a typical
stage of Luby’s algorithm:

1. Each, as yet undecided node i € F; marks itself with
probability 1/degree(i). Here degree(i) refers to the
degree of ¢ in the subgraph of H induced by the unde-
cided vertices.

2. Each node 7 that is marked in Step 1 unmarks itself if
it finds a neighbor j with lower degree that has marked
itself. Ties can be resolved via the use of IDs.

The nodes that mark themselves in a stage of Luby’s al-
gorithm have “decided” to join the MIS and neighbors of
such nodes have “decided” not to join the MIS; the unde-
cided nodes continue to the next phase. For Step 1, node
i € F} needs to know its degree in the subgraph of H induced
by currently undecided nodes and for Step 2 node ¢ needs to
know the lexicographically smallest tuple (I D (i), degree(i’))
over all marked nodes i’ in its neighborhood. Both pieces of
information can be computed in constant number of rounds
in the CONGEST model and to do this we take advantage
of the fact that H is essentially composed of a number of
interacting cliques, with each clique being “controlled” by a
client (see Figure 2). In the interest of space conservation,
we skip the details.

2.6 Analysis

We now analyze the quality of the computed solution as
well as the number of rounds it takes to compute the solution
in the CONGEST model. We start off with a lemma show-
ing that the cost of reconnecting j to an open facility in the
Sparsification Phase can be charged to a;. A lemma such
as this appears in Jain and Vazirani’s analysis [9] as well;
our proof (skipped to save space) is slightly different since
events in our algorithm happen in discrete rounds whereas
the Jain-Vazirani algorithm grows dual variables continu-
ously.

LEMMA 5. Ifj is indirectly connected to i, then c;; < 3a;.

The following lemma can be proved by routine accounting
and we skip its proof as well.



Clique 2 Clique 1

Clique 3

Figure 2: Suppose that a temporarily open facility
i is positively paid for by Clients 1, 2 and 3 (i.e.,
Bi1, Bi2, Bis > 0). Further suppose that client 1 pos-
itively pays for 6 temporarily open facilities, client
2 pays for 4, and client 3 for 5 temporarily open fa-
cilities. This leads to 3 cliques in H of sizes 6, 4,
and 5 respectively. If each facility ¢ thinks of itself
as belonging to the clique of the client with lowest
ID, then Clique 1 will have size 6, Clique 2 will have
size 2, and Clique 3 will have size 2. If the clients
keep track of the clique sizes in this manner, i can
correctly figure out its degree, which is 6+2+2 = 10.

LEMMA 6. The algorithm presented above terminates in
O(logm +logn) rounds and uses messages of size O(log N)
bits.

Our final lemma shows that our solution is a 7-approximation.

LEMMA 7. Let I be the set of facilities opened by our al-
gorithm. Then,

Zfz + Z Co(); < 7-OPT.
icl jec
PRrROOF. Let I’ C I denote the facilities that are not cheap

and were therefore opened in the Primal-Dual Phase. Let
COST denote the total cost of opening facilities in I’ and the
connection cost of clients that are not low-paying. Clients
that are not low-paying can be partitioned into sets, A, con-
sisting of clients that directly connect to a facility and B,
consisting of clients that indirectly connect to a facility. Note
that for each i € I', f; <37, , Bij. Therefore,

DoFi+ D comni+ Y ot
iel’ JjEA jEB

DD B+ Y (a5 = Baii) +3Ya;(3)

icl’ jEA jeA jEB
D Boti + 2 (05 = Boins) +3>_a; (4)
JEA JEA jEB
Sa 45 o)

JEA jEB

3% a; <6-0OPT

JEL

COST

IN

IN

<

<

(%)

Inequality (3) is obtained by using the above mentioned
upper bound on f; where i € I', Lemma 5 and the fact
that if client j is directly connected to ¢(j) (i.e. Vj € A),
0 > Cy(s); and 80 ce(jy; = a5 — Be(jy;- Inequality (4) is ob-
tained by rewriting >=, ;>0 ic 4 Bij 88 D0 c 4 Diep Bis and
then noting that for each j € A, §;; > 0 for exactly one
i, namely 7 = ¢(j). This is the result of the Sparsification
Phase. The first part of Inequality (5) follows from the fact
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that AU B is the set of clients that are not low-paying. Ear-
lier we had used L to denote the set of low-paying clients.
The second part of this inequality follows from Lemma 4.
Using the above result and Lemma 2, the total cost of
the solution, including opening cost of cheap facilities and
connection cost of low-paying clients, is 7- OPT. [

3. THE x-ROUND ALGORITHM

Motivated by the goal of achieving a non-trivial approx-
imation ratio even while using a very small (e.g., a con-
stant) number of rounds, we present in this section a gener-
alization of the Logarithmic-round algorithm. For two tun-
able, positive, integer parameters ki1 and k2, we run the
algorithm for k := k1 - k2 rounds to obtain an O(n?’/’cl .
m?2/k2 )-approximation algorithm. Recall that m is the num-
ber of facilities and n is the number of clients. Here k1 can
take any value, whereas k2 can take any value bounded by
O(lolgofgo = ). The bound on k2 comes from our randomized
Sparsification Algorithm, which does not exhibit the desired
behavior for larger values of k2. This is because for larger
k2 the degree of the graph being sparsified falls below log m
and at that point it is no longer possible to prove properties
of the Sparsification Algorithm with high probability.

The Initialization Phase is identical to the one used in
the Logarithmic-round algorithm. However, the other two
phases (especially the Sparsification Phase) are quite differ-
ent and furthermore, how the Primal-Dual Phase and the
Sparsification Phase interact is also quite different. Rather
than running the Sparsification Phase after the Primal-Dual
Phase is completed, we now interleave the iterations of the
two phases, running ko iterations of a Sparsification Algo-
rithm after each iteration of the Primal-Dual Algorithm.

To have the Primal-Dual Algorithm make sufficient progress
in each iteration, client j raises the a;-value by a multiplica-
tive factor of n*/*1. Recall from Section 2.4 that each a; for
j & L is initialized t0 Gmin, where cmin -n® > min; (f; 4+ ci;)
for every client j. Therefore, if client j were to run k; it-
erations of the Primal-Dual Algorithm, then its «; value
would grow from amin t0 Qmin - (ns/kl)k1 = Qmin - 1> >
min;(f; + ¢i;). At this point the aj-value is more than suf-
ficient to pay for the opening cost of a facility all by itself
and therefore client j would have turned grey and been con-
nected to some facility ¢ = ¢(j) that is temporarily open.

The high-level structure of the k-round algorithm is shown
in Algorithm 5 and the above discussion is encapsulated in
the following lemma.

LEMMA 8. Every client that enters the outer for-loop of
the k-round algorithm, colored white, turns grey during one
of the k1 iterations of the loop and gets connected to some
temporarily open facility.

Also, similar to Lemma 4, we can show that the aj-values,
when scaled down by a factor of n®/*1 and the corresponding
[ij values form a feasible solution to the DP, yielding the
following lemma; the proof is similar to the proof of Lemma
4 and is skipped.

LEMMA 9. After the k-round Algorithm has terminated,
Zaj <n**F . OPT.
J¢L



Algorithm 5 k-round Algorithm

1: Initialization Phase.

2: for p— 1to k1 do

3:  Run an iteration of the Primal-Dual Algorithm (for
each client and each facility); the output is the set
(denoted Tp) of temporarily open facilities

4: if (3 facility 2 € Tp) A
(3 facility i e (T1 JUThU---U Tpfl)) A
(3 client j: Bi; > 0A By; > 0) then

5: status(i) < closed (delete i from Tp)

6 o) — 7

7:  end if

8: for ¢ — 1 to k2 do

9: Run an iteration of the Sparsification Algorithm
10: {for each facility that remains in 7,}

11:  end for

12: end for

3.1 The Sparsification Phase

3.1.1 Motivation

The Sparsification Phase is the fundamental challenge for
designing a k-round algorithm. Recall from the analysis
of the Logarithmic-round algorithm that the Sparsification
Phase had two goals: the first goal is to bound, for each
client j, the size of K; = {i € F; | 8;;7 > 0 and i is open}.
If we permanently open all the nodes in F; (the set of tem-
porarily open facilities), K; can become arbitrarily large.
This motivated the definition of the graph H = (Fi, Ey),
where FE; contains all edges connecting pairs of facilities
i,i € F such that there is a client j with 3;; > 0 and
Bij > 0. Then an MIS M on H is computed and only
nodes in M are permanently opened. As a result, |K;| <1
for all j. The second goal of the Sparsification Phase is to
guarantee that if for a client j, facility i = ¢(5) is shut down
(due to not being in M) then some neighbor i’ of 7 in H is
open and j can be reconnected to " without the cost of the
reconnection being too high relative to ;. In the next two
subsections we explain in detail why it is critical to fulfill
these two goals and how they are achieved.

Given that we now have a very small number of rounds
in which to do sparsification, we can no longer use a Luby-
like algorithm because it does not sparsify the graph rapidly
enough to ensure adequate progress in a small number of
rounds. Since the objective of the k-round algorithm is not
to achieve a constant-factor approximation, we can relax the
requirement that we need to shut down enough temporarily
open facilities to ensure that |K;| = O(1) for all clients j.
Instead, we would like to use k2 rounds to sparsify H and
select a set of nodes M that induces a sparse subgraph with
maximum degree O(m?*2), implying an upper bound of
O(m**2) on | K;|.

Following a similar line of argument, unlike the Logarith-
mic round algorithm, we no longer need the reconnection
cost of a client j to be bounded by a constant factor of ;.
For this algorithm, it is enough to guarantee that if for a
client 7, facility ¢ = ¢(j) is shut down (due to not being
in M) then some neighbor i’ of i in H is open and j can
be reconnected to i without the cost of the reconnection
exceeding O(m?/*2 . a;).

In Subsection 3.1.2 we present an algorithm that runs for
k2 rounds and selects a node subset M of H and guarantees,
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with high probability, the following two properties:
1. A(H[M]) < 6-m?/*2,

2. distance(i, M) < 2 - k» for all nodes i in H. Note that
for all ko = O( log m ), ko = O(mz/@).

log log m

Here A(+) refers to the maximum degree of a given graph and
distance(i, M) is the shortest number of hops in H between
a facility ¢ and the set of selected vertices M. Note that
due to Property 2, a node in H may not find a node in
M in its neighborhood, but will find, with high probability,
some node i’ in M within 2 - k2 hops. Now, if all the a;-
values are identical, then we can guarantee that the cost of
reconnecting j to i’ is O(a; - k2), as ; is an upper bound on
every connection cost. This bound on the reconnection cost
suffices for our analysis and in order to ensure that all of the
aj-values are identical, we run the Sparsification Algorithm
repeatedly and separately, on just the facilities that were
temporarily opened in each Primal-Dual Algorithm iteration
(Lines 7-10). This modification by itself would still allow
K, to be quite large because a client j could be making
positive payments to facilities that were temporarily opened
in different iterations. To ensure that |K| is bounded as
desired, we also additionally shut down (in Lines 4-6) each
facility 7 that was temporarily opened in an iteration p but
which has a facility i “nearby” that was temporarily opened
in a previous iteration.

Our Sparsification Phase is inspired by a recent random-
ized MIS algorithm due to Gfeller and Vicari [7]. These au-
thors are interested in quickly computing an MIS on growth-
bounded graphs. While our graphs are not growth-bounded,
the first phase of the Gfeller-Vicari algorithm runs on arbi-
trary graphs and here we essentially show that even a few
iterations of a variant of this algorithm guarantees enough
progress for our purposes.

3.1.2  The Sparsification Algorithm

We will describe the Sparsification Phase with respect to
an arbitrary input graph G = (V, E). It is worth noting
that in the context of Algorithm 5, the Sparsification Phase
is run on a graph H = (F;, E¢) where F; is the set of facili-
ties temporarily opened in an iteration p of the Primal-Dual
Phase (Line 3) and not immediately shut down in Line 5; as
usual E; is the set of edges connecting pairs of facilities i, 4’
in F; for which there is a client j with £;; > 0 and 3,/; > 0.

Let My :=V and Gy := G. For s > 1, let M be the set
of nodes selected in iteration s of the Sparsification Phase
when run on graph G,_1 and let Gs := G[M]. We now
describe a typical iteration s of the Sparsification Phase.
For ease of presentation, set 7 = s+ 2. The goal of iteration
s is to select a set M of nodes so that the maximum degree
in G[M,] is at most m*/". Let 7 := m*". Any node in
Gs—1 with degree no greater than 7 is called a small degree
node. Any small degree node, all of whose neighbors are also
small degree nodes, is called an interior node; all other small
degree nodes are called boundary nodes. Nodes that are not
small degree nodes are called ezterior nodes. See Figure 3
for an illustration of these definitions. The Sparsification
Algorithm is shown in Algorithm 6.

3.1.3 Analysis

Since our goal is to ensure that all node degrees are bounded
by m?/", the interior vertices are not of concern because of



Algorithm 6 Sparsification Algorithm

1: Input: G = (V, E), |V| = m, positive integer ¢
2: MO — V

3: for s=1totdo

4: r<s 1 2

5 T — mv

6: 11

7. for aﬁRu € M,_1, dy < degree of u in G[M,_1]
8 forallu € My_1, Ay «— max{dy | v € N[u]}

(here Nfu] is the closed neighborhood of u in G|
9: if (du <7)A(Ay < 7) then

M;-1])

10: type(u) < interior

11: u joins M

12:  end if

13:  if (du < 7)A(Ay > 7) then

14: type(u) < boundary

15:  end if

16:  if (du > 7) then

17: type(u) < exterior

18:  end if

19:  if type(u) == interior then

20: u joins M (deterministically)

21:  end if

22:  if type(u) € {boundary, exterior} then
23: u independently joins M, with probability p
24:  end if

25: end for

26: Output: M,

their small degrees and their neighbors’ small degrees and
they can simply be included in the output. The boundary
vertices and the exterior vertices probabilistically include
themselves in the output. Since boundary vertices also have
small degrees, we do not have to worry about their degrees.
We can inductively upper bound the degree of exterior ver-
tices entering iteration s and if we choose the probability
p of inclusion in M carefully, then we can bound the de-
grees of exterior vertices by m?/™ also. This is proved in the
next two lemmas. Of course, if the goal was solely to bound
the degrees, then we could achieve this trivially by includ-
ing no vertices in M. An additional and equally important
goal in the context of Algorithm 5 is to show that after ko
iterations of the executed, the output M := M}, satisfies
distance(i, M) < 2 - ko for all ¢ € V. Here distance(:,-)
refers to hop distance in G. Lemma 13 shows that in each
iteration the selected vertices can get at most 2 hops farther

Small-degree components

@ [Interior node
@ Boundary node
(O Exterior node

Figure 3: Shows the partition of the nodes of a graph
into interior, boundary, and exterior nodes with de-
gree threshold 7 set to 2.
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away from all vertices of G.

LEMMA 10. For some constant ¢ > 0, for all s < ¢1 -

3
log m . . -
E)
Toglog if the maximum degree in Gs—1 is at most m (+2) |

then with hzgh probability, the mazimum degree of Gs is at

most 6 -m (b+2>

PRroOOF. Recall that we use r to denote s+ 2. For a node
u in GG, if w is either an interior or a boundary node during
iteration s, then the degree of u in Gs_1 is at most m2/". As
vertices are only dropped during the iteration, the degree of
w in Gy is also at most m?/". Hence we can simply consider
the case when u is an exterior node in iteration s. Let X, be
the random variable denoting the number of nelghborb of u

in Gs—1 who joined Ms;. Slnce u has at most mr nelghbors
in Gs_

3 1 2
E[X,] gm?' S mr
mr

Since X, is the sum of independent binary random variables,
using a simple version of Chernoff bounds, we get that

5 2

Prob[X, > 6mr] <27°""

logm
log logm )

Since r < ¢; -

loglogm
ProblX > Gm%] < g omrET
It is easy to verify that for some constant ¢; > 0, the right
hand side above is bounded by 1/m2. This proves that with
probability at least 1 — 1/m?, the maximum degree of node
u in G is at most 6m*. Using the union bound, we see that
the probability that all vertices (at most m) have degree at

most 6m?* in Gy is at least (l-m-23)=01-=). O

The hypothesis of the above lemma required that the max-
We now

3
imum degree of Gs_1 be upperbounded by ms+2.
inductively show that this is true.

LEMMA 11. For some constant ca > 0, for all s < c2 -
3
logm, the mazimum degree in Gs—1 is at most m>+2 , with

high probability.

PROOF. We show this by induction. The base case of s =
1 is trivial since every node has degree at most m at all times.
For the inductive step, consider iteration s > 1. Assuming,
using the 1nduct1ve hypothesis, that the maximum degree

we get by Lemma 10, that with high

2
probability the maximum degree in G5 is at most 6m (+2) .
It is easy to verify that for large enough m, there exists a

in Gs_1 is m(<+2>

2
constant c2 > 0 such that for all s < ¢z - logm, 6mG+2) <

3
mG+3) ., O

Lemma 11 proves the pre-condition assumed in Lemma 10.
The following corollary follows directly from these two lem-
mas.

COROLLARY 12. For any k2 < ¢ - log logm for some con-
stant ¢1 > 0, after ko — 2 rounds, the Sparsification Algo-
rithm selects a node subset M of H and guarantees, with
high probability, that A(H[M]) < 6 - m?/*2.




The next lemma shows that with each iteration of the Spar-
sification algorithm, the selected set of nodes “move” at most
2 hops further away from the rest of the graph.

LEMMA 13. For some constant c3 and for s < cs-lol&%,
with probability at least 1 — 1/m2, for every node u in Ms_1,
there is a node v in M, such that v is in the 2-neighborhood

of u in Ms.

Proor. Consider a node v in Ms_1. If v is an interior
node in iteration s, it is included in M. If u is an exte-
rior node in iteration s, we know that the degree of u in
G,_, is greater than m?/”. The probability that none of w’s
neighbors are selected for M, is at most

2
(=)

mr

Ske

<em

It is easy to verify that there exists a constant ¢z > 0, such
that for all r < c3 - lolgo{% — 2, this probability is at most
1/m2. If u is a boundary node, then it has at least one
exterior node as a neighbor and therefore, using what we
have shown for exterior nodes, we conclude that with prob-
ability at least 1 — 1/m?, there is node from My in u’s 2-
neighborhood. []

3.2 Wrapping Things Up

Recall that the Sparsification Phase is applied to a graph
H = (Fi, Et), where F; is the set of facilities temporarily
opened in an iteration p of the Primal-Dual Phase (Line 3)
and not immediately shut down in Line 5 and E is the set of
edges connecting pairs of facilities i,i in F; for which there
is a client j with 3;; > 0 and By; > 0. The following lemma
is obtained in a straightforward way by repeatedly applying
Lemma 13.

LEMMA 14. There is a constant ¢ > 0 such that for any
ke < c- lc};{%, after ko iterations of the Sparsification
Algorithm on wnput H, the output M := My, satisfies, with
high probability, the property that distance(i, M) < 2ko for
all nodes i in H. Here, distance(i, M) is the shortest path

distance in hops in H from node i to some node in M.

PrOOF. Let T; be the nodes selected in the ith iteration
and let us set 7o = V. Due to Lemma 13, with high prob-
ability, there exists a vertex in T; which is at most 2 hops
away from every vertex in T;_1 for ¢ > 0. Hence the claim
follows by induction over i. [l

The next lemma shows that our efforts at careful sparsifica-
tion have paid off in terms of guaranteeing that when a client
j is reconnected, its reconnection cost can still be charged
to a;.

LEMMA 15. At the end of the k-round algorithm, each
client j, with high probability, will connect to open facility

ProOF. If a client j is directly connected to a facility
i’, then we simply have ¢;;; < «j. If client j is indirectly
connected to facility ', there could be two possible reasons
for it:
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2k, hops

o i1 i i =iy

i, i
Figure 4: Client j was initially connected to facil-
ity i’ that was closed during sparsification. In that
case, j will find a facility ¢ to connect to so that
distance(i,i') < 2ks.

(i) j was directly connected to a facility ¢ that was shut
down in Line 5 of the k-round algorithm (Algorithm
5). Say this happened in the p-th iteration of the outer
loop. Hence ¢ just became temporarily open in this it-
eration (i.e., the p-th iteration). From the conditions
stated in Line 4 of Algorithm 5, there must also be
another facility i that became temporarily open at
an earlier iteration (say p’, p’ < p) and a client j’
such that 3;;,, > 0 and (;;; > 0. Hence, c; ;s < oy
and ¢;;7 < ajs. Notice that aj/ cannot increase af-
ter the end iteration p’ as a facility that client 5’ has
positively contributed to would be temporarily open.
Hence, ajr < ;. Also, j was directly connected to 1,
hence ¢;; < ;. Using the triangle inequality,

Cit < Cij + Cijr + Citjr < a; +aj + o < 3aj

j was directly connected to a facility ¢ that was shut
down during an iteration of the Sparsification Algo-
rithm (Line 8) of the k-round algorithm (Algorithm 5).
From Lemma 14, it follows that there is a temporarily
open facility i’, such that distance(i’, ) < 2k2 (see Fig-
ure 4). For each pair iq and iq+1, to be neighbors in H,
they must have had a client jq41 such that c¢;;,,, <
oy and ¢y, < oy, Also ig and dg41 have
been temporarily opened, which means «;,,, cannot
grow beyond this iteration, i.e. aj,,, < a;. Given,
j was directly connected to i, hence ¢;; < ;. Again,
using the triangle inequality we get ¢;/; < (dk2+1)- ;.

(ii)

O

Our final theorem shows the approximation guarantee for
the solution produced by the k-round algorithm. The proof
is similar to the proof of Lemma 7 and is skipped.

Theorem 16. For any k = ki-ka, with k2 = O(

log m )
loglogm /?

3 2
the k-round algorithm outputs an O(n*1 m*2 )-approximation
to the metric facility location problem.

4. CONCLUSIONS

The main contribution of this paper is the demonstra-
tion of a trade-off between the approximation factor and
the number of rounds of communication for the metric facil-
ity location problem in the CON'GEST model. Specifically,



we present an algorithm that runs in k& rounds and yields an
2 3

O(m~VF - nVE )-approximation. Setting k = c - log?(m + n)

for some constant ¢, would make this approximation factor

reduce to a constant. However, our randomized, rapid Spar-

sification Algorithm does not exhibit the desired behavior

Whenk>c/4(

a small gap at the upper end in the desired range of values
that k can take and plugging this gap is a problem that we
intend to tackle. Without closing this gap, we cannot claim
that the approximation factor we get for metric facility lo-
cation is any better than the approximation factor obtained
by Moscibroda and Wattenhofer [17] for non-metric facility
location. Assguming that m = n, we see that as k exceeds
@((lolgoi);nm) ), the quantity O(m% n%) = O(m%) be-
comes sublogarithmic, reaching a constant when k reaches
O(log®m). For smaller values of k, our approximation fac-
tor is incomparable with the approximation factor obtained
by Moscibroda and Wattenhofer [17] and which is better de-
pends on the value of p that appears in their approximation
factor.

Gehweiler et al. [6] obtain a O(1) approximation for the
metric facility location problem with uniform facility open-
ing costs. The Logarithmic-round Algorithm in this paper
solves the non-uniform version of Gehweiler’s problem in
O(log n) rounds. Are O(log n) rounds necessary? Is it possi-
ble to obtain non-trivial lower bounds in this setting? Mosci-
broda and Wattenhofer [17] call the problem of finding lower
bounds in this model an “outstanding” open problem.

Another question that interests us is whether it is possible
to obtain a better approximation factor versus communica-
tion rounds trade-off for the non-metric facility location,
improving on the approximation factor achieved by Mosci-
broda and Wattenhofer [17] for k-round algorithms.

logm
log log m

2
) , for some constant ¢’. So there is
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