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ABSTRACT

In this paper we give an efficient distributed algorithm computing
approximate solutions to a very general, and classical, scheduling
problem. The approximation guarantee is within a constant factor
of the optimum. By “efficient”, we mean that the number of com-
munication rounds is poly-logarithmic in the size of the input. In
the problem, we have a bipartite graph with computing agents on
one side and resources on the other. Agents that share a resource
can communicate in one time step. Each agent has a list of jobs,
each with its own length and profit, to be executed on a neighbour-
ing resource within a given time-window. Resources can execute
non preemptively only one job at a time. The goal is to maximize
the profit of the jobs that are scheduled. It is well known that this
problem is NP-hard. A very interesting feature of our algorithm is
that it is derived in a systematic manner from a primal-dual algo-
rithm.
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Mauro Soziof

1. INTRODUCTION

In this paper we give efficient distributed algorithms for a very
general, and classical, scheduling problem. To our knowledge this
is the first distributed solution given for it. An interesting feature
of our algorithms is that they are based on the primal-dual schema,
a very powerful technique for algorithmic design. Our work pro-
vides additional evidence that this method might become a source
of many sophisticated distributed algorithms for hard combinatorial
problems [9].

The problem we study can be informally defined as follows (the
technical definition is deferred to § 2). We have a bipartite graph
with processors and resources on the two sides of the bipartition,
respectively. Each processor has a list of jobs to be executed. Each
job comes with length (processing time) and profit, as well as with
one or more time windows within which it is to be executed. In
fact, both profit and length may vary according to the time and in
which resource the job is scheduled. A processor can schedule its
jobs only on the resources that are adjacent to it in the graph. All
resources are identical in the sense that a job can be scheduled on
any of the neighbouring resources. The basic constraint is that a
resource can process at most one job at any given time.

Processors that share a resource can communicate in one time
step. The network is synchronous and message-passing: a pro-
cess can communicate in one time step with all other processors
with which it shares a resource. The running time of a protocol
is given by the number of communication rounds. This model is
universally used in the context of distributed graph algorithms. In
realistic applications more refined time-accounting schemes would
be required. Nevertheless, it provides a quite useful, albeit rough,
approximation of the real costs incurred by a distributed algorithm.

The goal is to schedule a set of jobs in order to maximize the
aggregate profit.

This is an adaptation in a distributed setting of the (maximiza-
tion version of the) identical parallel machines problem, known in
the literature as P|r;| Y w;U;. The variant where the length of a
job may depend on the machine where it is scheduled (known as
R|r;| > w;Uj), may also be solved using our approach, provided
that the length of any message (sent by processors) is polynomial
in the size of the input.

The scheduling problem we study in this paper is very general
and can model a large variety of situations in a distributed setting.
For instance the resources could be internet hot spots for whose ac-
cess several wireless devices are competing, they could be shared
resources in a peer-to-peer network, or they could be servers pro-
viding web services (such as video on demand). Competing for
the same resource may naturally induce a proximity relationship.
For example, in a scenario of wireless devices competing for, say,
hot spots, it is natural to assume that processors physically close to



some resource may compete for that resource; moreover, since they
are physically close, it is also natural to assume that they are able
to communicate in relatively short time. Or, in a large peer-to-peer
network, peers might be able to discover that they are competing
for the same resource. Peers competing for the same resource can
contact each other directly to run a distributed conflict resolution
protocol, such as the one we present. In this paper however we are
mostly interested in the theoretical implications, related to the po-
tential of the primal-dual schema as a technique to derive efficient
distributed algorithms.

We require our algorithms to be simple, in the sense that they can
be simulated sequentially in polynomial-time. This implies that lo-
cal computations are constrained to be polynomial time. We also
require them to be efficient, in the sense that the number of com-
munication rounds should be sub-linear, possibly poly-logarithmic
in the input size. It is well-known that our scheduling problem is
NP-hard. Therefore the best we can realistically hope for is to give
approximated solutions. To put things in perspective recall that
the best sequential approximation for this problem is within a fac-
tor of 1/2 [10]. In this paper we give a distributed algorithm such

that, for any ¢ > 0, it computes a TL) -approximation within

O(% log ﬁ log %) many rounds, where Ppax and Ppin are,
respectively, the maximum and minimum profits, Lmax and Lmin
are respectively, the maximum and the minimum length of any job
and 7' is the time needed to compute a MIS in a special conflict
graph induced by the input. If we denote the number of proces-
sors in the underlying bipartite network with n, the running time
becomes:

e O (M log % log %) many communication rounds
€ min min

for general graphs, using the randomized MIS algorithm of
log? n Lmax Prax

Luby [6] or O <% log 7= log pnax

ing a randomized subroutine to compute a network decom-

position of the underlying bipartite communication [5]. In
both cases the algorithm becomes randomized.

) many rounds us-

ne(n)

Prax
€ .

e O ( o
for general graphs, where ¢(n) = O(1/+/logn), using the
network decomposition of [8]. In this case the algorithm is
deterministic.

log % log ) many communication rounds
min

Prmax

e O (@ log ﬁ log P
for bounded-growth graphs, using the network decomposi-
tion of [4]. In this case the algorithm becomes deterministic.
Bounded-growth graphs include graphs commonly arising in
wireless and internet applications.

) many communication rounds

In general, these time bounds and the size of messages are pseudo-
polylogarithmic. They become fully polylogarithmic if Pmax, Lmax
and emax are bounded by a polynomial in n.

Besides the interest related to such a general scheduling prob-
lem, we believe that our work is interesting from the point of view
of the theory of distributed computing. Our algorithms are derived
from the sequential primal-dual algorithm of [10]. Primal-dual for-
mulations in general exhibit a certain degree of parallelism and of
locality that one can hope to exploit for a distributed implementa-
tion. This approach was originally introduced in [2] for the much
simpler vertex cover problem. Other applications of this technique
may be found in [1] where the facility location problem and vertex
cover with soft capacities (a variant of vertex cover) are considered.
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Recently it was also applied with success to vertex cover with ca-
pacities, a much more complex scenario combinatorially [9]. Our
work further illustrates the potential of this approach. The prob-
lem we study has a combinatorial structure that is very different
from vertex covering problems and it is moreover a maximization
(as opposed to minimization) problem, a fact that carries with it
several complications even in the sequential case. As it is well-
known the primal-dual schema is a very powerful methodology for
deriving algorithmic solutions, whose scope in the context of dis-
tributed algorithms remains to be explored. In this paper we extend
it non-trivially to a hard and important combinatorial problem, very
different from previous applications, and this is precious evidence
that this line of research is quite fruitful.

As mentioned, we build primarily on the primal-dual algorithm
in [10] to design an efficient distributed algorithm for this problem.
In order to do this we need to solve several problems along the way.
The main ingredient is to replace their stack with a distributed stack
and manage it efficiently, i.e. ensure that it has polylogarithmic
depth.

Related work: Our problem may be formulated as a positive lin-
ear programming (see Section 3) and in particular it is a packing
problem. The work in [11], is one of the first concerned in solv-
ing positive linear programs in a parallel setting. Later Kuhn et
al. considered the same problem in a distributed setting [12], giv-
ing a distributed O(log A)-approximation algorithm for covering
problems as well as a O(A) approximation algorithm for packing
problems, both with polylogarithmic running time. In view of these
results, our main contribution is to give a much better approxima-
tion guarantee than the one given for the general packing problem.
Apart from already cited work, other interesting recent contribu-
tions making use of LP-methods in a distributed setting are [3, 4].

2. PRELIMINARIES

We will be dealing with the following scheduling problem. We
are given a bipartite graph G = (P, R, E) where P is a set of
processors and R is a set of resources. There is an edge between a
processor p and a resource 7 if r is available to processor p. Each
processor has a set of jobs that can be scheduled (only) in the re-
sources available to it.

Each job comes with length (processing time) and profit, as well
as with one or more time windows within which it must be sched-
uled. In fact, both profit and length may vary according to the time
and resource where the job is scheduled. Jobs must be scheduled
non-preemptively that is, once a job is scheduled it cannot be inter-
rupted and resumed later. Figure 1a shows three jobs together with
their corresponding time windows, as well as a feasible schedule of
such jobs (Figure 1b) (there is only one resource).

For convenience of notation, we represent a job j with the set .A;
of all possible ways to schedule j within its time windows in the
available resources. Each element I in .A4;, will be referred as an
instance of job j, formally defined by a resource r where the job
is scheduled, an interval of time with start-time s(/) and end-time
e(I), as well as a profit p(I). We also denote with A;(r) the set
of all possible instances of job j in resource r; sets A;(r) form
a partition of A;. The Aj;’s contain all the information we need
about the jobs and from now on we shall use this representation.

In this terminology, the basic constraints become the following.
For every job we can schedule at most one instance (we cannot
schedule the same job twice), and any two instances belonging to
different jobs cannot be on the same resource if their time intervals
overlap (every resource can process at most one job at any given
time). We wish to maximize the total profit of scheduled instances.
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Figure 1: (a) Jobs I,J and K together with their corresponding time windows; (b) a feasible schedule of /,J and K; (c) two instances

sharing one single point.

In a distributed setting, only processors which share at least one
resource can communicate directly (perhaps in two hops in the
physical network via the common resource which might be itself
a unit with computing and communication capabilities). More for-
mally, p1 can communicate in one step with p» if there exists a
resource 7 such that p;r and p2r are both edges in the bipartite
graph. Note that the communication graph, so defined, may have
linear diameter.

In what follows we make several simplifying assumptions for
sake of clarity. We will assume that time is discrete, which implies
that the number of possible ways a job can be handled is finite.
Furthermore we will assume that, two instances I and J such that
e(I) = s(J) overlap, i.e. they overlap even if they share a single
point (see Figure 1c). This clearly can be assumed without loss of
generality.

3. IP AND LP FORMULATIONS

We start by adapting the linear program formulation in [10] to
our settings. Recall that each job A; is naturally partitioned into
sets A;(r), where r is a neighbouring resource. Each set A;(r)
contains all the possible ways to schedule job .A; in resource r. For
each instance I there is associated a start-time s(/) and an end-
time e(). We also define a “middle-time” m(I) to be equal to
(e(I) + s(I))/2. We introduce a 0 — 1 variable for each instance
I, indicating whether I is scheduled or not (x; = 1 means that [ is
scheduled).

Let 7 be the set of all start-times, end-times and middle-times of
all instances belonging to all jobs, and let

Tr={teT|s(I)<t<e()}
for all instances I. Furthermore, let A be the set of all job indices

and let p(I) denote the profit of instance I. For this scheduling
problem, we obtain the following integer program formulation:

p(Iz1
reERIEA;(r
JEN it

IP)

st Y Y wm <1 vVieT,reR, (1)
jENI€Aj(7'):
teTT
S oar<i VieN, @
IGAj
zy € {0,1} VjeN,reR,I€A;(r). OB

where constraint (1) says that in each resource only one job can be
scheduled at any given time. Constraint (2) says that for each job,
at most one instance of that job can be scheduled.

Let (LP) be the linear program obtained by replacing (3) with
non-negativity constraints for these variables. Let u; be the dual
variables corresponding to the constraints (2), and let v; denote
the dual variables corresponding to the constraints (1), then we can
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write the dual of (LP) as:
min Z uj + Z 71: (DP)

JEN TER

teT

st.ouj + Z vy > p(I)
teTy

T
uj,v, >0

VjeEN,reR, 1€ Aj(r), @&

VieN,teT,reR. (5

Notice that in the dual we have a constraint for every instance. In-
stances of the same job A; share the variable u;, while instances in
different sub-jobs A;(r) and Ax(r) insisting on the same resource
r share the “time variables” v’s if they overlap. Thus we can use
these variables for global coordination.

4. THE DISTRIBUTED ALGORITHM

In this section we describe our distributed algorithm. The basic
idea is to parallelize the sequential primal-dual algorithm presented
in [10]. To motivate the definitions to follow a brief review of that
algorithm is in order. The algorithm is based on the interplay be-
tween the classical primal-dual mechanism to manipulate the dual
variables, and a stack. In the beginning all dual variables are set to
zero. Instances are sorted by increasing end times and are pushed in
this order on the stack. For every instance there is a dual constraint,
and a set of dual variables associated with the instance. When an
instance I is pushed on the stack these dual variables are raised in
order to saturate the dual constraint associated with the instance.
This affects all constraints corresponding to instances in conflict
with I. Instances whose dual constraint is satisfied are eliminated.
The process continues with the remaining instances (correspond-
ing to unsatisfied constraints), until every constraint is satisfied. At
that point every instance is either in the stack or was eliminated.
Since all constraints are satisfied the solution is dual feasible. The
algorithm then starts a reverse process by popping instances out of
the stack. When an instance is popped it is added to the primal so-
lution (i.e. the scheduling) unless it has a conflict with previously
scheduled instance, in which case it is eliminated. This ensures that
the solution is feasible. The analysis shows that the scheduling so
constructed is also 1/2-approximated.

We will try to mimic this by introducing one local stack for each
processor, each one dedicated to the instances of that processor.
The union of all such stacks may be seen as a unique distributed
stack, where many instances may be pushed on (or popped out)
simultaneously. Instances pushed on the stack at the same time
are said to belong to the same layer. According to this terminol-
ogy, pushing a layer on the distributed stack corresponds actually
to push each instance (in the layer) on the local stacks of the corre-
sponding processors.

Throughout our algorithm, each processor communicates only
with its immediate neighbors, which implies that each processor
will have a limited knowledge of the distributed stack (namely the
portion corresponding to the local stack of his neighbors). In what



follows, for presentation clarity we will only deal with the dis-
tributed stack but meaning each time a set of pop and push op-
erations in the local stacks.

One of the main problems to solve with this approach is to ensure
that the depth of the stack, which in general can be linear in the
input size, be bounded by a polylogarithmic function in the size of
the input, for the number of steps is at least the number of push and
pop operations we perform. We will see how to do this.

A second, rather technical problem is illustrated by the follow-
ing example. Our input consists of two overlapping instances I and
Jwithp(I) = 1,p(J) =€ > 0,s(I) = s(J) =0, e(l) =2
and e(J) = 1. Suppose [ is pushed on the stack first and suppose
that the algorithm increases only the dual variable v, (). Note that,
such a variable does not appear in the constraint for J. After that,
J is pushed on the stack (since his constraint is not satisfied yet)
and eventually “eliminates” I in the pop phase. It is clear that it
is crucial to avoid this to ensure the approximation guarantee. One
way to overcome such problem is to ensure that the increasing vari-
able v, (1) appears in the constraint for .JJ. The sequential algorithm
guarantees this by ordering instances by non-decreasing end time.
Since we cannot order in sub-linear time we should solve this prob-
lem in a different way.

For this reason there are 4 dual variables associated to each in-
stance [ (in contrast with the 2 dual variables in the sequential al-
gorithm) which handles some of the problematic cases. Unfortu-
nately, this is not sufficient as a situation like the one depicted in
Figure 2 may still happen. This motivates the next design choice
of our algorithm. The algorithm will execute a sequence of phases.
During phase 4, ¢ = 1,2, ..., k, where k = O(log ﬁ) only in-
stances whose length is in the range (2°7*%, 2i] are processed. At
the end of phase i there will be no more instances of length < 2°
to be processed. This solves the problem mentioned above, as we
clarify in Observation 1.

Notation 1 Ler I € A;(r). In the rest of the paper, we shall refer
to the four dual variables wj, v 1y, Vp, (1) €5(r) @S the increasing
variables of instance I.

Note that for each instance I, the set of increasing variables may
be a proper subset of the set of variables corresponding to 77.
Unfortunately, having four increasing variables for each instance
worsens the approximation guarantee but it seems to be unavoid-
able.

Before we can describe what happens within a phase we need to
define two more auxiliary notions. The conflict graph of phase i is
the graph whose vertices are the instances of phase 7. Two instances
are connected by an edge if they are incompatible, in the following
sense:

e Two instances that belong to the same job are incompatible
(because they are two different ways to schedule the same
job).

e Two instances I € A;(r) and J € A;(r), ¢ # j are in-
compatible if 77 N7y # 0, i.e. if they overlap (because a
resource r can process at most one job at any given time).

The following definition is crucial to our analysis.
Definition 2 (Uncovered and weakly covered instances)

Given € > 0, at any step of our algorithm we say that an instance
I € Aj(r) is uncovered if constraint (4) for I is such that

_ . 1
uj + Z vy < 5+4EP(I)
teT;

(©)
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where u and v denote the current value of u and v, respectively. We
refer to an instance which is not uncovered as weakly covered.

In the algorithm we maintain the following invariant: at the end of
phase 4, no instance with length smaller than 2° is left uncovered.
Said differently, at the end of phase ¢ all instances with length less
than or equal to 2° are weakly covered.

We can now finally discuss the main operations within each phase
i. An instance with length within (2°~', 2] and such that it is yet
uncovered is called an active instance. The following three steps
are iterated until there are no active instances:

1. Compute the conflict graph induced by active instances;
2. Compute a maximal independent set in the conflict graph;

3. Allinstances belonging to such an independent set are pushed
simultaneously on the distributed stack.

4. For each such instance I, we raise its four increasing vari-
ables by the same amount §(7), in such a way the constraint
(4) corresponding to instance I becomes tight.

Except from the MIS computation, these steps can be imple-
mented in constantly many rounds in our model. The details are
omitted from this extended abstract.

Note that initially all instances are uncovered but as the algo-
rithm proceeds they may become weakly covered. This happens
even if they are not pushed on the stack since they might have dual
variables in common with other jobs that are pushed on the stack.

The above procedure inserts in the stack a set of layers, each
layer consisting of a MIS of instances. A lemma to follow will
show that the number of layers is always polylogarithmic in the
input instance, a consequence of the careful choice of parameters
in Definition 2. In turn, this will ensure that the running time be
polylogarithmic.

When all instances, of all lengths, are weakly covered, we com-
pute a feasible schedule in the following way. The last layer of
instances is popped from the distributed stack. For every instance
we check if it can be scheduled without conflicts with previously
scheduled instances (when doing this we check all scheduled in-
stances, including those scheduled in previous phases). If there are
no conflicts we schedule it, otherwise we eliminate it from further
consideration. We then continue with the next layer in the same
fashion, and so on. We iterate until the stack becomes empty. This
ends the description of the algorithm. See Algorithm 1 for the pseu-
docode.

To summarize, the algorithm consists of two main consecutive
stages, the pushing stage followed by the popping stage. The push-
ing stage in turn consists of two nested loops. The outer loop is iter-
ated for O(log ) phases. The inner loop consists of a sequence
of MIS computaﬁ](‘)rhs followed by local operations to raise the in-
creasing variables associated with the instances that are pushed on
the stack. We will see in a lemma to follow that the number of MIS
layers is always O(% log %). Therefore, the inner loop can be

Lmax

implemented in our message passing model within O( % log %)
communication rounds, where 7’ is the time complexity of the MIS
procedure.

The popping stage processes the MIS layers in the distributed
stack in reverse order, scheduling all instances in the layer that do
not have conflicts with previously scheduled instances.

The total running time is O(L log % log }13;::;: ) many com-
munication rounds.
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Figure 2: Instance .J eliminates [ in the pop phase even if its profit is arbitrarily small.

Algorithm 1 The distributed algorithm

1: /* Pushing Stage */
2: for (i = |log Liin] to [log Lmax] ) do

3: Let A be the set of all active instance, i.e.
A := {I: Iuncovered A |I| < 2¢+1}
4:  while A is non empty do
5: Let G[A] be the conflict graph induced by A.
6: Compute a MIS S in G[A]
7 Push all instances of S on the distributed stack
8: for all I € S in parallel do
9: Let j and r be such that I € A;(r);
10: Let 61 = (p(I) — uy _Zte’l} vy)/4;
11: increase v:(l),vfn(l),vz(l) and u; by §(1);
12: end for
13: Update A by eliminating all instances that have become weakly
covered
14:  end while
15: end for
16: /* Popping Stage */

17:
18:
19:

while the distributed stack is nonempty do
Pop a layer out of the distributed stack. Let this layer be £
In parallel, for each instance I € L, schedule I if it has no conflicts
with previously scheduled instances

end while

20:

S. ANALYSIS

We now analyze the proposed algorithm. The following obser-
vations will be useful in the proof.

Observation 1 Let I and J be two instances such that I is pushed
on the stack before J. If they are incompatible then they share at
least one of I’s increasing variables.

Observation 1 is straightforward in the case I and J belong to the
same job. If I and J belong to the same phase then we have two
cases to consider. If one does not contain the other then they share
either v ) or vy ;. Otherwise they will share v,, ;. Otherwise,
if they belong to different phases they will share vy or vr). See
Figure 3.

Observation 2 The solution computed by the algorithm may not
be dual feasible. However if we multiply the final value of every
dual variable by (5 + 4¢) the new solution is dual feasible.

The observation follows from the fact that the algorithm ensures
that every instance is weakly covered at the end of the algorithm.
The next lemma establishes the approximation guarantee of the al-
gorithm.
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Lemma 1 For any given € > 0, the total profit of instances sched-
uled by Algorithm 1 is at least a fraction (ﬁ) of the optimum
profit.

PROOF. For a primal variable x, we denote with Z its value in
the feasible primal solution obtained by setting xr 1if I is
scheduled by our algorithm and O otherwise. For each instance
I scheduled by the algorithm, we define the set C(I) to be the
set of all instances, including I, that are incompatible with I and
that were pushed on the stack before I (during any phase). Let
I e Aj (T)

Recall that when I is pushed on the stack its four increasing vari-
ables are raised by the same quantum §(I). The intuition of the
proof is as follows. When an instance I is scheduled it “eliminates”
all instances incompatible with it. These eliminated instances were
pushed on the stack before I. We would like to argue that the total
profit of the instances eliminated by I is at most a constant fraction
of the profit gained by including /. This is done by charging the
deltas of the eliminated instances on the eliminator. This is possi-
ble because any eliminated instance shares an increasing variable
with the eliminator.

For a dual variable x let & denote its value when [ is pushed on
the stack. Let I € A;(r). The following holds,

o)<+ Yy

Jee(I)

oy < p(I). @)

The first inequality follows from Observation 1, while the last in-
equality follows from the fact that I is still uncovered at the time it
is pushed on the stack and after that it increases its dual variables
in order for constraint (4) to become tight.

For every instance I there exists J such that I € C(J) (possi-
bly I = J). This is because, either I is scheduled at the end of
the algorithm or there is an incompatible instance J that has been
scheduled instead. It follows that,

YooY an<y > >

jGNIEAj(r) jGNJEAj(r):IEC(J)
TER T z =1

<> > e

JEN JEA;(r):
reER zy=1

®

The initial value of all dual variables is zero and every instance
increases the total value of the dual variables by at most 40. From
this, if follows that we can bound the final aggregate value of the
dual variables with the sum over all delta’s:
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As remarked, the solution computed by the distributed algorithm
may not be feasible. Consequently the above bound does not give
an approximation guarantee. However, from Observation 2 and
from the fact that any feasible dual solution is an upper bound on
the optimum it follows that,

OPT < (5+4€) | > a;+ > o
JEN reR
teT
(20 + 16¢) Z Z (10)
jEN TreR
JEA;(r)

where last inequality follows from Equation (9). The claim fol-
lows, since the quantity within parenthesis in last term is the value
of the solution computed by the algorithm. |

The next two lemmas show that the inner loop of the push stage
requires polylogarithmically many communication rounds. The
main idea is to show that the number of MIS layers computed by
the inner loop is polylogarithmic.

Lemma 2 Let I and J be two incompatible instances such that I
was pushed on the stack before J. Then,

p(J) = (1 +€e)p(I).
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PROOF. At the time it is pushed on the stack, instance [ is un-
covered and hence its increasing variables are raised by at least

5(1)2(1_ )p(I)_ 14e

4 544
Since I and J are incompatible, it follows from Observation 1 that
they share at least one of I’s increasing variables. Hence, after I’s
increasing variables are raised, the sum of all dual variables related
to J is at least ,H: p(I). Since J is still uncovered when I is
pushed on the stack it must be

1
5+ 4e

p(I).

1 1+e
J) > I
sl 2 5
which implies
p(J) = (1 +¢)p(I)
|
Lemma 3 Algorithm 1 takes
Lmax Pmax
— log 1
© ( me & Pmin )

many communication rounds, where T is the time required to com-
pute a MIS in the conflict graph.

PROOF. We first prove that each main phase of our algorithm,
takes O(L log £22x) many rounds. To do this we bound the num-
ber of 1ndependent sets computed in any phase of our algorithm.
Let [ be an arbitrary such phase and let Sy, ,...,S;, be the col-
lection of maximal independent sets computed in phase l, indexed
according to the the order they are computed. From the fact that all
such independent sets are maximal it follows that there is a set of
instances I, ..., I, , Ilp S Slp such that Ilp is incompatible with
I

Pryax

p+1°
From the previous claim, it follows that p(I;, ) >
which implies that in each phase O( log & Prnax
are computed.

We conclude the proof by noting that the number of phases is
O(log fmax),

> (1+6)"p(11,)
) independent sets

Lmax

Lmin



We now give a bound on the length of each message, sent during
the execution of the algorithm. At each step of our algorithm, pro-
cessors need to compute a conflict graph over instances which are
still uncovered at that step.

At the beginning, all instances are uncovered. Hence, in order to
compute such conflict graph each processor sends to all his neigh-
bors, the start-time and the end-time of the time window corre-
sponding to his job, together with the length of his job. Let emax
be the maximum end-time over all instances. It follows that, at the
beginning, the length of each message is O(log emax )-

The value of the dual variables may change throughout the ex-
ecution of the algorithm. As a consequence, the set of uncovered
instances may change as well. To keep all processors updated, we
proceed in this way.

Whenever a processor changes the value of some dual variables,
he communicates the new value to all his neighbors. At each step,
each processor changes the value of at most four variables and each
of these values are bound by the maximum profit of an job. Thus,
messages with length O(log Pmax) suffice.

In order to find a maximal independent set in the conflict graph
we can use the randomized algorithm proposed by Luby [6]. Since
time is discrete, the degree of each node in any conflict graph is
finite. The number of communication rounds required to compute
such an independent set is O(log V), where N denotes the size
of the input. Alternatively, we can compute the independent sets
by means of a network decomposition of the underlying commu-
nication graph of the processors. This can be done for instance
in O(log® n) many rounds, where 7 is the number of processors,
using [5]. The details are omitted from this extended abstract.

This observation together with Lemma 1 and Lemma 3 imply the

following theorem.
Theorem 1 For any given € > 0, there is a randomized (20;%)'
approximation algorithm for the distributed scheduling problem
which takes O (% log ir:“: log 1;2“‘:) many rounds, where T' is
the time needed to compute a MIS in the conflict graph. The length
of each message is O(10g eémax + 10g Pmax )

By plugging in a different subroutine to compute a MIS in the
conflict graph or, alternatively, a network decomposition of the
communication graph we obtain the running times listed in the in-
troduction.
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