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Abstract

In this work we investigated a novel resonator for the Israeli 100 GHz electrostatic
accelerator Free Electron Laser (FEL). Generally, the laser resonator has to be of high
quality (have low total internal losses) to ensure attainment of lasing threshold and thus
laser operation. In order to allow e-beam entrance, exit and propagation on the axis of the
resonator and still maintain a high Q factor in the W-band operation range (around 100
GHz), the resonator contains several unique wave-guiding sections. Characterization
of such a resonator and estimation of its parameters (its round-trip reflectivity, losses) are
important for achievement of laser operation.

Our FEL resonator is investigated in this work analytically, numerically and
experimentally. Field distribution inside the Curved Parallel Plates (CPP) waveguide and
the Talbot effect reflectors (components that enable transmission of electron beam through
entrance and exit holes without degrading the Q factor) are described analytically. Mode
matching between waveguides with different cross sections, ohmic, and diffraction losses
in the resonators waveguides are studied numerically using Matlab simulation. An optical
model of the FEL resonator as a non-symmetrical Fabri-Perot interferometer with possibly
high losses is presented. An experimental method for determination of the internal round-
trip reflectivity of the FEL resonator by direct measurement of the reflected wave resonant
spectral peaks was developed and utilized. A special 3-grid variable out-coupling element
was developed, fabricated, investigated and reported [6].

Among the results of the present investigation: the round-trip loss in the present
version of the resonator (including all coupling elements) was approximately 50 %.
Modification of the resonator structure was made in order to decrease this high loss. Based
on our model calculations and measurements, this modification decreased the total internal
losses to 35 %. This allowed achievement of first lasing operation of the FEL in the new

configuration (with radiation out-coupling resonator) in September 2003 [11].
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Chapter 1  Introduction

Chapter 1

Introduction

In this work we investigate a novel resonator intended for use in a Free
Electron Laser. Free Electron Lasers (FELs) differ from most other types of
laser as they do not utilize a lasing medium in the traditional meaning of this
term. In fact, the lasing medium for FELs is a high vacuum. A charged particle
beam from an accelerator passes through a structure called an “undulator” or

“wiggler” array - a series of powerful magnets of alternating polarity (Figl.1).

B output
wiggler radiation
A ”“"I magnets

e-beam

interaction

}4’/’ length

Fig. 1.1 Motion of charging particles through a FEL wiggler.

As the charged particles oscillate back and forth in response to the
magnetic field, photons are emitted in all directions - some along the axis of the

beam. Electromagnetic radiation can be emitted whenever a charged particle is
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accelerated in a magnetic field (this is called synchrotron radiation). Mirrors
placed before and after the magnets structure completes the laser resonator. As
photons along the beam axis bounce back and forth, they stimulate new photons
to be emitted in the same direction — “stimulated emission”.

The wavelength of FEL 'light' depends on two main parameters: the energy of
the electron beam and the period of the wiggler structure. This is why the coherent
output of an FEL can span the electromagnetic spectrum ranging from
microwave to X-Rays and may be continuously tuned over a wide wavelength
band.

The block diagram of a FEL is similar to other kinds of lasers and
consists of a pump (wiggler), a lasing medium (interaction region), a high-

quality resonator and a power output system (Fig. 1.2).

Rrt

GRS i— TN

/—P

A

t

Pump Lasing medium Power output
(e-beam) enclosed in a system
resonator (wiggler)

(a)
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beam focussing

wave guide
| undulator
clectron gun high voltage terminal RF transport tube (quasi optical)
acceleration tube
pressure vessel RF outcoupling

\

RF out
A .
ﬁ ﬁ [ AR LAY B
T 11 1 Il T
H M ALY | H H
A
" deceleration tube
1=’ earth potential depressed collector
('_"_\ Y
high voltage
e-pun P.S. power supplies
electronics - £as pump

Fig. 10: A conceptual scaled design of a compact FEM for mm-wave
radiation. The longitudinal dimension is about 2.5m.

(b)
Fig.1.2 Block-diagram of an electrostatic accelerator free electron laser (a);

conceptual design of a FEL for mm-wave radiation (b).

The electrostatic accelerator FEL that we employ is designed to operate
at the mm-wave (W-region) near a frequency of 100 GHz. Electrons of about 60
keV energy from a electron gun are accelerated up to energy of 1.5 MeV
provided by an electrostatic Van-der-Graaf generator before entering into the
resonator region.

The resonator of our FEL consists of several waveguide sections of
differing profiles and is integrated into the wiggler system so that interaction
between the electron beam and the magnetic field of the wiggler occurs inside
the waveguide cavity. This cavity uses curved parallel plate (CPP) waveguide

(two elliptically shaped copper plates) open at the narrow ends. This
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waveguide was designed in such a way that the electron beam at the design
energy can interact only with the fundamental mode TE(; according to the
dispersion relation. The waveguide geometry, fundamental mode description

and dispersion diagram are shown in the following figure:

Ex(y)

2
X

E. = E, cos (% y)eWe e

(@)



Chapter 1  Introduction

BD I I I | | | | | I
resonator mode | ' ' ' ' i

70 H electron beam |._L_____. RN R R bemoee-

e, arbitrary units

kz, arbitrary units

(b)

Fig.1.3 CPP waveguide and its fundamental mode structure (a); dispersion

diagram (b).

In order to have positive feedback from resonator mirrors, two wave
splitters (reflectors, based on overmoded rectangular waveguides shorted with a
perforated mirror at one end) were placed at both terminations of the CPP
waveguide as shown in Fig.1.4. In previous experiments ([26], [27]), the same
reflectors (shown in Fig.1.4(a)) were placed in both ends of the CPP waveguide.
The length of each of these splitters equals to one half of the Talbot effect
optical imaging distance (described subsequently in Chapter 2). At half the
Talbot imaging distance, the rectangular waveguide provides splitting of the
original field distribution at the termination plane of the rectangular

waveguides, where reflecting mirrors are placed. This effect allows perforation
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of the center of each metallic mirror as there is no field at this position and this
makes it possible to pass the electron beam through the resonator without
disturbing the cavity field high round trip reflectivity. This is described in
Fig.1.4.

Operation of the FEL with this type of resonator configuration and
measurements of the power generated was reported earlier ([26], [27]). Only a
small part of the generated energy was coupled out in these previous
measurements from the cavity through the perforated mirror and a vacuum
window at the end of the accelerator beam line. This is because the electron
beam and the out coupled RF power were not physically separable after exciting
the resonator mirror, and thus the RF power could not be transported efficiently
out of the accelerator tank. In the more recent experiments at the new site of the
EA-FEL in Ariel a new splitter/reflector configuration was used. To separate
the laser RF radiation from the electron beam and to out-couple the desired part
of the RF energy, the beam output splitter was substituted by a bent reflector,
that consists of two identical splitters at right angles one to another mitered by
the slanted perforated plane metallic mirror as it shown in Fig. 1.5.

As a result of such modification at the plane of the out-coupling element
at the top of the vertical section (see Fig.1.5), the field distribution of CPP
waveguide is reconstructed, because it is situated exactly one Talbot imaging
distance from the CPP waveguide end. The out-coupled power from the
resonator is then controlled, by the coupling element, away from the electron
beam.

Lasing in a FEL is achieved only if a high quality (low loss) resonator cavity is
employed. High total round-trip reflectivity of the resonator provides possibility of
oscillation built-up in the resonator and start of the lasing process. The round trip
oscillation parameter defines quantitatively the value of the threshold gain and,
consequently, the threshold current of start of oscillation. In a regular laser the

oscillation condition for the threshold gain constant yy, is [1]:
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rlrze[7th_2a]l — 1 (1.1)

where 11, 1, are the amplitude reflection coefficients of the back and front mirrors, and o
is the distributed loss constant of the amplitude alone the interaction length 1. After
taking the absolute value square of (1.1) and using a more general notation, it can be

written as:

GR. =1 (1.2)

rt

where Ry is the round-trip power reflectivity of the resonator and G is the round trip
gain (which in the case of the FEL is simply the single-path gain, since it exhibits gain

only in one direction). The total round-trip losses of the resonator areL,,, , =1—R . In

rt
the limit (1-Ry) << 1 one can approximate 1/Ry~ 1+Liy « and thus the oscillation

condition can be written then in terms of the incremental gain and the resonator losses:
G-1= Ltot_rt (1.3)

Clearly, characterization of the resonator and an estimate of its round-trip

reflectivity are most important for proper laser operation.
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Talbot Effect Reflector
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el SO 3
le
< <

Electric field of TEg1 mode:
Ex = Eocos(my/d)e*?/Wo?

Effective electromagnetic wave area:

(©
Fig.1.4 Talbot effect splitter (a); perforated splitters at the CPP waveguide ends

(b); manufactured Talbot splitter (c).
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DENISOV (TALBOT EFFECT) REFLECTOR

'--____L________,_.--"‘
PAT
1 LT
Pk
D
*\ AN ‘ SPLITTER

SPLITTER Al = 3mm, A = 12, lambda = 3mm
120

100

0
12 9 6 3 0 3 6 9 12
X, mm

Fig.1.5 Modified resonator with the bent reflector of Talbot length.
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This work, for the most part, is experimental. All measurements of the FEL
resonator were made without the presence of an electron beam — “cold” measurement.
Therefore, interpretation of the measured data required a theoretical formulation of the
resonator parameters; comparison was made to results derived from different resonator
models.

Matlab code simulation of the electromagnetic field distribution is described in
Chapter 2. An optical approach for interpretation of data measured on the resonator that
we used is discussed in Chapter 3. A non-symmetric Fabri-Perot interferometer model
for the FEL resonator is also discussed in chapter 3. Measurements were made and used
in calculation of the FEL resonator parameters (Chapter 4). Chapter 5 presents

conclusions of this thesis that led to the modification of the resonator.

-11-
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Chapter 2

Calculation of resonator losses using Matlab simulation

2.1 Introduction

In this chapter, we evaluate the field distribution and wave propagation
in our FEL resonator. Since the resonator is comprised of several waveguides
with differing profiles, dimensions and electrical properties, wave excitation
and propagation is also different in different parts and planes of such a
resonator. Furthermore, the dimensions of the waveguides used are much
greater than the radiation wavelength, thus enabling a number of transverse
modes to be excited and to propagate through the resonator (makes it
“overmoded”). This is a quasi-optical situation in general design of microwave
devices there are usually a single mode waveguides. This multimode nature of
mm-wave cavity leads to some quasi-optical effects, which may be utilized to
achieve the desired performance. It may also lead to some undesirable effects
such as diffraction, additional losses in the waveguide walls and decrease of
efficiency. In this chapter, we estimate the ohmic and the diffraction losses in
an overmoded mm-wave resonator by computer simulation of excitation and
propagation of electro-magnetic waves inside the combined waveguide
resonator. The simulations are repeated based on two different mathematical
models; each is a different representation of modes supported by Curve Parallel
Plate (CPP) waveguide. The coupling element of the resonator with the reflection
tuning mechanism is not considered at all in this chapter and will be discussed later in

this work.

-12-
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2.2 Problem definition

A schematic of the FEL resonator is presented in Fig.2.1. This resonator
is comprised of long curved parallel plates (CPP) waveguide placed inside a
magnetic wiggler, within which the interaction between an accelerated e-beam
and a waveguide radiation mode takes place, and the rectangular waveguide
Talbot-effect reflector structures, which incorporate open holes to let the

electron beam enter it and exit out.

5-grids
2
h
) y) p f}j ' Ifl:l 3-
1 e B
a4 1-CPl 3 rec SPL rec WIN
4-hend

O-junc.

Fig.2.1 FEL resonator comprised of different waveguide sections.

An accelerated electron beam enters the resonator through the rectangular hole
3, traverses through the rectangular waveguide 2, the Curved Parallel Plates (CPP)
waveguide 1 and the rectangular waveguide 2. It exits from the resonator through a
circular hole in the bend section 4. Because of modes dispersion in the waveguide, only
one mode out of all the transverse modes of the overmoded CPP waveguide has phase
velocity, which can be synchronized with the wiggling electron current. The FEL is

PP mode).

designed to interact with the fundamental mode of the waveguide (the TEy;
Although the dimensions of CPP waveguide allow other high-order modes to be
excited, they do not interact with the beam and therefore, if excited, they do not
experience gain, and decay relatively fast as the modes traverse back and forth along the

resonator. Thus, such high-order modes may be considered as ‘parasitic’ (considered as

-13-
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diffraction losses), and when excited, they eventually dissipate their energy to the
resonator walls.

Radiation that is generated in the CPP waveguide in the TE01CPP mode and
propagates to the right, arrives to junction 6 (between CPP and the rectangular
waveguide), and excites in the overmoded rectangular waveguide many transverse

cpp
o1 mode has

modes having different amplitudes and propagation constants. The TE
field distribution with a maximum in the center of the waveguide, which decay to zero
near the walls. A field distribution of the TE*Yy; mode is transmitted into the entrance
of waveguide 2 (under a quasi-optical assumption of the absence of reflected wave at
the junction 6). The rectangular waveguide modes, excited by this distribution,
propagate toward window 3 and after traversing the half Talbot length L1/2 = 210 mm
are reflected from the conducting wall back to the CPP waveguide.

The Talbot effect, described in the next section, is an imaging effect that takes
place in any overmoded waveguide at a certain distance Lt. At this particular distance,
all the transverse modes interfere in phase and reconstruct coherently a replicated image
of the input radiation field. It is further shown in the next session, that at half the
distance L1/2 the modes interfere in such a way that a single spot at the entrance to the
waveguide splits into two spots with a space in between.

The Talbot image splitting effect is taken advantage of in the straight splitter
reflector section (part 2 in Fig.2.1). The interference of the propagating modes creates a
split image of two spots at the position of the reflecting mirror at the end of the section
(part 3 in Fig.2.1). This mirror is made out of two parts, which are spaced 10mm apart,
leaving an opening (‘window’) through which the electron beam can be transported.
Because the image at this point is split at this position, the window opening does not
affect the radiation pattern and it is reflected almost at is entirely back towards the CPP
— rectangular waveguide junction 6. Arriving back to this position, the radiation beam
goes in its round trip through an entire Talbot length Lt, and thus regenerates at the
entrance to the CPP the original distribution of the mode TECPPm, that was coupled into
the rectangular waveguide.

Except for slight distortion due to imperfect imaging by the Talbot effect and
due to imperfect reflection at the end mirror because of its window opening, the pattern

of the back-coming beam reconstructs well the TES""; mode pattern. It, consequently,
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excites it back inside the CPP waveguide with high efficiency. The mode now
propagates up to the junction with the bent Talbot reflector at the left side (Fig.2.1)

The situation on the other side of the resonator is similar, but the splitter
consists of two identical half-Talbot-length rectangular waveguides coupled by
a mitre bend with 45° mirror. Except for the bend section (that will be discussed
separately), the one-way propagation in the bent splitter/coupler is equivalent to
one round-trip of propagation in the straight splitter on the other side. The mitre
bend transmits the split (two spot) radiation field to the vertical rectangular
waveguide section where the two spots merge into a single spot by the inverse
Talbot imaging effect. The radiation is then partly coupled out through the grids
reflector and partly reflected back into the resonator.

The ohmic losses in the waveguide walls should be taken into account.

The following losses in the resonator (in one round-trip) should be taken into

account:
_ X times occurs in round-
Location Nature of losses _
trip
CPP-splitter transition diffraction 2
CPP waveguide diffraction 2
CPP waveguide walls ohmic 2
Splitter walls ohmic 6
Splitter-CPP transition diffraction 2
Input and output electron ‘ '
‘ diffraction 3
beam windows
Mitre bend section diffraction 2

Tab.2.1 List of resonator losses.

The main goal of this work is to estimate these losses and measure them in the

experimental waveguide structure.
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2.3 The Talbot imaging and splitting effects

Self-imaging (Talbot effect) requires the excitation of multiple modes in the
waveguide by the input field. The input field at the CPP-rectangular waveguides

junction (E“"" = E;,™° at z = 0) may be written as a sum of the full set of rectangular

waveguide modes é"¢ as follows:

B (x,,07) = B (x,,0°) = fﬁ( P (0)+ A58 (50)) @.1)

m=0 n=0

where A"¢ represents the amplitude of the mn-th TE (h) or TM (e) waveguide mode,

which is defined in terms of overlap integral [15]:

e BT (v 0) &5 () didy .2)

T TR e)] wa

N

,e
This is an eigenmodes decomposition where the €,,, 's are the TE or TM

eigenmodes of the rectangular waveguide accordingly. The field propagation along z in

the rectangular waveguide is then described as follows:

E*(x,y,2 Zii( s (X 0)+ 45,8, (x,))e /" 3)

n=0 n=0

3

where the Pmn's are the propagation constants of each mode of the rectangular

waveguide.
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Self-imaging effect (Talbot Effect)

The transverse propagation constant for the mn-th mode of a rectangular waveguide is

given by

)

where a and b are the transverse dimensions of the rectangular waveguide aperture. The

longitudinal propagation constant is

ﬂmn = ka _kjo,mn (25)

In an “overmoded waveguide”, where ko = 2n/A for modes far from cut-off

(k

co,mn

< k, ) (which corresponds to paraxial rays approximation) a second order Taylor

~k,—k_ . /2k,. This can be written as follows:

co,mn

2 2
Al m n (2.6)
Rky——|— | +| —
ﬂmn 0 4 |:( a j (b) :|
Note, that for a fixed » index and for the two first indexes m = 0 and m = 1:

[ n? A n’ Al 1 A )

expansion of (2.5) results in: S

mn

_p _TA(mY 2.7)
-
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Using this notation, we can write the electric (or magnetic) field for fixed n:

x y’ Z Amn mn x ) P (28)
V7
Z mn€mn "~ X y) e € ;m Z Z mn mnx X y) Jﬂonzej;ﬁm
where
¢ ( _ 73 P (2 9)
" Z) 44 " .

is a phase. The distance, where the phase difference between the m-th mode and the

fundamental mode is a multiple of 2z for any m is found from the condition:

LI (2.10)

z, =—N, N=1,23..

At this distance ¢, (ZN) =27Nm*, and e =1. Consequently, there will always be

2
imaging (up to a constant phase) at positionz, = NL , where L = 8%:

E (x,y,L)=e"E (x,,0) @.11)

Equation (2.11) describes the well known self-imaging (Talbot) effect,
published by Henry Fox Talbot in 1836 [28]. The original effect related to a periodic
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object in the transverse dimension (which is an equivalent diffraction problem).
Suggestions on using this effect in overmoded waveguides was first mentioned in [31],
[32]. One can find more information about recent applications of Talbot effect in [12],

[29], [30]. We will consider now some special cases of this effect.

Flip (mirrored) imaging effect

2
AtL = % = 4% , the phase of a m-th mode is (see Eq.(2.9)):
2N, m—even (2.12)
L =m’r= :
¢’"( '") " {(2N+1)7r, m—odd }

N=1,2,3...

Since the profile function of the modes of the rectangular waveguide are either

symmetric or anti-symmetric:

émn,x (_x’y):(_l)m émn,x (x,y) (2.13)

we get from Eq. (2.8) :

B, (67 2,)= X A (53) 0 (1) @.14)

= Z A,e. (—xy) e /vl = g~ fuulu g, (x,»,0)

m
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Any original distribution at z = 0 will be imaged and mirrored reversed with

respect to plane x = 0 (center of aperture). Therefore, because of the symmetry of the

o : L
modes, first imaging plane is at lengthz =L = ?’ .

Svymmetric initial field

If the field pattern at z = 0 is symmetric relative to the plane x = 0, it will excite

only even (m =2y ) modes in the x dimension. In this particular case, we will get

imaging even at shorter distance:

L, _L_2a

2 4 2 (2.15)

This can  be  directly verified by  substituting in  (2.9):

2
P, (L;) = 5 =27u°, €% =1 Thus for a symmetric input pattern first imaging occurs

at z = L. We will call further to this distance “Talbot length”. For the parameters of the

FEL reflector A = 3 mm and a =25 mm, the L= 417 mm.

Splitting of a symmetric mode distribution

Assuming symmetric (relative to plane x = 0) initial (at z = 0) field distribution
polarized in the x dimension, one could insert into the rectangular waveguide along its
entire length a thin conducting plate at its center (x = 0; -b/2<y<b/2) without disturbing
the field (see Fig. 2.2).
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Conducting
plate
AY A Yy
I'g
g WA a2 ) ap3 N a2
g ¢

Symmetric
mode profile

Fig. 2.2 Illustration of a symmetric mode splitting at z = a*/A.

Thus, we can consider each side of the split waveguide independently with its
corresponding half-initial field distribution. Now we can consider for each part the flip

imaging effect as described above (Eq. (2.14)) with a'= %. A reversed (mirror) image

will be created on each side (see Fig. 2.2) at distance

I - 4a" B 4a’ B a’ (2.16)

If the initial field distribution at the entrance to the rectangular
waveguide is narrower than its width (see Fig. 2.2), then the mirrored imaging of

each half-waveguide independently will seem like splitting of the initial picture.
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2.4 Curved Parallel Plates waveguide. Ohmic and

diffraction losses

The main waveguide section of the resonator is made of two curved
parallel plates with a curvature R, at a distance b from each other. The

geometric relation that holds for the CPP waveguide section may be written as

x2+[yi(R—§ﬂ <R? (2.17)

which is depicted in Fig.2.3:

Fig.2.3 Curved plates geometry: R=15.875mm; b=10.7mm; a;=22mm;

The model used in the analysis of this CPP waveguide is following I.Yakover

[12]. It assumed that the fundamental mode TE01CPP could be described by a relatively

simple expressions:
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Ef" (x,) =Ug"e ™ cos(} )3

2.18)
Uerr _W T o,

Hffp(x,y)=zo—e " cos(o-»)¥
CPP

CPP

where U, is an amplitude, wy is the Gaussian beam waist parameter and Zcpp

is an impedance. If we define:

R=\2Rb-b* &1

the cut-off wave number KCCUPP and the Gaussian beam waist parameter wy

are [12]:

b
T+ arctgf
K = 5 R — 0.35mm™

(2.20)

The corresponding field profile E(x,y) at the CPP aperture is shown in
the following figure:
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M f(x)

\
. L L T T
oo’ | | I | | E ﬂl(x-y)' | | I ! ctey t
R - k 2] 4 6 8 10 12 14
]
(]

L 4ol

o1

(a)

Maormalized Electric field in CPP Empp

!
S
S

At
LA
m&t@%%%w%\

il

y-coordinate ¥-coordinate

(b)

Fig.2.4 Electric field profile in CPP: (a) cross-section view; (b) 3D view.
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The following table gives additional information about the CPP geometry and

the CPP propagation mode TEq,“"" :

CPP waveguide length Lcpp, (mm) 890
Curvature radius R, (mm) 15.875
Cross section area Acpp, (mmz) 174.56
Volume of waveguide V., (cm’) ~ 155
Internal walls surface area S¢pp, (cm”) 432.61
Wide dimension of CPP waveguide a; (mm) 22
Distance between parallel plates b, mm 10.7
Parameter wy  (mm) 6,53
Cut-off wave number, (mm™) 0.35

Tab.2.2 Geometry of the CPP waveguide and its fundamental mode propagation

parameters.

A different approach based on paper [13] was described by Y.Lurie [14].
In this more precise model, the modal structure of CPP waveguide is
represented by a set of Gauss-Hermit modes. Mr. A.Anaton and Mr.
O.Markish, (two undergraduate students of Tel-Aviv University), utilized
Lurie’s model as part of their graduation project. A description and a full list of
the Gauss-Hermit modes for our CPP waveguide are given in [18]. Assuming

that only the fundamental mode TEy, " propagates we get:
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O X

( 2 zj

eXp

I:Ih _ Dcpp 1801 1+a2y2

=) K2 PN s
c0,01 (1+a y ) ( +ta ay )

3K oy
( 01)+ 2;12 COS(¢01)

Eh — _a)ﬂ I:Ih
Y 01 !
—5021x2 (2.21)
Xp 1 2.2
Hh_ chpp 1801 tay *
y K2 2 2 1/4
c0,01 (1+a y )
a’y 46, —a’y' -1 . a’x’ 2a°y a
sin +| K 1+ 1- - cos
[ 2 (+a’y?) @) F| Keon 1+a2y2( 1+a2y2) 2(0+a*y?) ()
Eh a)ﬂ Hh
B
where
2
a:

2Rb—b>
Bo = (w/c)z _Kc2,01 >

Oy :\/(Q'Kc,m)/z > (2.22)

K, =%*[7z+arctg(a b/2)],

¢,
2.2

— * ay _ %
(DO] - Kc,Oly |:1+ 2*(1+a2y2)i| 1/2 a}’Ctg((Zy).

The coefficient D is the amplitude of the fields normalized to carry 1 Watt of

the total power:
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CPP _ 0% AR L & L _ 2.23
P = ERe{ [[EAy -EiR )dxdy} -1 (2.23)
We have considered both X and y components of the electric field Eg}® as well

as corresponding of magnetic field components. The electric field profile E{f* (x,y)

of the fundamental Gauss-Hermit mode is shown in Fig.2.5 (compare with Fig.2.4 ):

3000 | et .
EDDDx | ;E}::}f\‘}ﬁ%%‘%
. i
T Jﬂ,;rﬁhﬁﬂﬁﬁ%?ﬁiﬂﬁwwﬂﬁmﬁh
Aot
0~
5

-10

Fig.2.5 Electric field distribution in CPP waveguide.

Propagating electromagnetic waves in a CPP waveguide decay with distance due

to finite conductivity o of the copper waveguide walls. Furthermore, because at points

(a1/2;0) and (-a;/2;0) (see Fig.2.4) the cavity is open, a small part of energy leaks out
through the gap between the resonator plates.
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Ohmic losses

The ohmic losses per unit length in the CPP waveguide walls may be found from

the follow general expression [2]:
Rs 2
P= 7<'MH‘ dl (2.24)
!

Here Hj; is the tangential magnetic field near the walls and R is the real part of the

wall’s surface impedance given by

Z =ﬂ:(l+j)RS (2.25)
00

N

where J; is a skin depth.

A detailed description and calculation of the tangential magnetic field at the
curved walls for the Gauss-Hermit model may be found in [18]. Assuming the case of
the small losses, the total ohmic losses can be given by multiplication of waveguide

length L, by the dP/dz since the last is a constant at any z in the CPP walls.

The result of calculation is:
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GH_dP

P —los 7 *100% =0.014*0.89*100 =1.25%
dz 7

wall ~—

after one pass for the Gauss-Hermit model, and

P
Py =%L@p *100% = 0.001*0.89*100 ~ 0.09%
Z

wa

for the Gaussian approximation model.

Diffraction losses

éﬁﬁf’f’f’/ fff?—ﬂ%
-a1/2 a;/2 radiation
(a)
T
D B
b |
9 !
(b)

Fig.2.6 Explanation for the diffraction losses calculation: a) cross-section view; b)

zigzag propagation.
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To estimate the diffraction losses between the curved plates we use a
zigzag ray propagation of the waveguide mode. We assume that on each

incidence of the ray on a plate a power fraction (2.26) is lost.

—21:/2‘Ex‘2 x
B ? dx (2.26)

.

OBy

EX

Equation (2.26) follows from the geometry of the curved plates and (see
Fig.2.6(a)) equals to the ratio of the “out-of-plates tails” power and the total power of

the CPP energy distribution. Thus, the total diffraction losses are F,, =JF,, N,

diff
where N is the number of “zigzag” reflections of the ray along the waveguide

(see Fig. 2.6(b)):

K
cpp K

The relation between the different wave numbers is explained in the

following diagram:
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K=w/c Kc,01=KJ.

Fig.2.7 Longitudinal and transversal wave numbers

Calculation of Eq.(2.26) gives 0.064% of diffraction loss in one-way trip
along the waveguide for the Gauss-Hermit distribution. The Gaussian

approximation gives a 0.05% diffraction loss.

The total round-trip losses in the CPP waveguide are therefore the sum
of the diffraction (radiation) losses and the ohmic losses in the walls. The
results are ~1.25% for the Gauss-Hermit representations and ~0.1% for the
Gaussian approximation model. These losses could be neglected in further

considerations.
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2.5 Transition from CPP to rectangular waveguides

The fields in the rectangular waveguide (see Fig. 2.8) can be described by the

complete set of TE and TM eigenmodes [2] (apart from the factor e /"= ):

TE modes

ﬁﬁmn:Dincos PZl x4 2 cos| 22 y+2
’ a 2 b 2
h" = ;D" ’B;"” "% sin| 22 x+ 2| |cos M(y+2
’ K a a 2 b 2 (2.28)

c,mn

l~1hmn:jD,’f“1 ﬂ;"” I cos| 220 v+ £ |sin| 22 y+2
n K.,.. b a 2 b 2

n_ kyZy =y
x,mn ﬂ y,mn
~h kOZO h
y.mn IB x,mn
Z,=1207 [Q]
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TM modes

e e . [ mm a . [ nm b

e, =D,  sin|—| x+—||sin| —| y+—
2 O ey

e =—-jD; ﬂ;"” P ocos| 22| v+ 2 |sin| 22 y+é
’ K., a a 2 b 2

e e B nr . [mnx a niw b

e =—jD e sin X+ —||cos| —]| y+—
y,mn ] mn Kcz’mn b a 2 b y 2

~ k
e _ 0 ~e
hx7mn - 7 ey7mn

Ian 0

The D, coefficients are determined from the normalization of the modes

to IW of power:

Pnﬁ=lRe{ H(éimnﬁfm—ép h” )dxdy}:l 230)

2 y,mn- X,mn

where index p refers to h ( for TE-mode) or e (for TM-mode).
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Fig. 2.8 Profiles mismatch at the CPP-rectangular waveguide junction.

The integrals in (2.30) can be solved analytically and the normalization
coefficients for the TE and TM modes are

De = 2“:"Om‘c"On Kco,mn ’ ﬂmn (231)
" ab B, ) we
B 1,ifm=0
wh = 2. el
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In general, the problem of excitation of a waveguide through an aperture
can be solved by “full mode-matching” technique. The solution is found from
equations of continuity of the transverse electric and magnetic fields, taking
into account both forward and backward waves at the excitation plane. In our
problem — for our operation frequency, both waveguides are overmoded, and we
can use the qiasi-optical approximation. In the CPP waveguide we assume a
single incident (TEy) propagation mode and neglect backward reflection of the
mode or any excitation of reflected higher order modes from the interface of the
two apertures (geometry of the interface apertures mismatch is shown in the Fig.
2.8). It means that the entire energy of the incident wave TE("® mode is
redistributed among all the rectangular waveguide modes, which are excited in
the splitter. We will calculate the amplitude of each of the excited mode, which
is proportional to its field overlap with the exciting input wave and will confirm
that the energy conservation law holds for this transition.

The continuity equations for both the x and y components of the electric

fields at the interface plane are:

ECPP(x’y’O—):EgiCPP Erec(x,y,(y—):Eh (x,y,0+)+Ee (x,y,0+)

tot

for TE modes:

E'(xy.0')= ZZ( L S CRCA ) (2.32)

for TM modes:

B (x3:0") = 34,8005+ 4,2.0)

We can cross multiply the electric field at the both sides of the junction

plane z=0 by the vector h), and calculate the power at both sides by taking the
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integral of the result over the intersection aperture. We will also define the

normalization power of the mode as:
2.33
P = ff e” ><h” zdxdyle (233)

Thus, we will get, using the orthogonality condition

[ [ (er, xb2s, )advdy = gieflfsf:ﬁm'»n' .34

for the TE or TM modes respectively:

v,mn X,mn

%{J‘J‘ (Ecz?ph *p ECPPh p )dxdy} = Pn;lsrm’pAn]zn

(2.35)

The amplitude of the mn mode excitation is given, therefore, in terms of the

overlap integral:

y,mn X,mn

H( P th )dedy (2:30)

o j j (E@h? —E™h?” )dxdy

From the energy conservation law using the normalization procedure, we should also

accept:
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2

|l = (2.37)

P,=P, =Y |4

m n

In the Gaussian approximation model, we get simpler expressions. Since there is
only x-component in the exciting electric field (Eq.2.18), and the curvature of the plates
(Fig. 2.8) is neglected, it is found [12], [16] that only x-component of the electric field

E x and y-component of the magnetic field /)y will present in the excited fields of the

Talbot rectangular waveguide. Furthermore, due to continuity in the y—2z plane, the

CPP fundamental mode (Eq.2.18) will excite on by modes with index n=1. Finally, due
to symmetry of the problem, the amplitudes of the rectangular waveguide modes will
vanish for all odd m. Thus, the modes that will be excited and propagate in the

rectangular splitter are:

j— h ~h e ~e _jﬁm zZg
E (X’y) - Z (Amlex,ml + Amlex,ml ) e X

ml

1. B T (2.38)
H(X’Y) = Z(Z_h Alﬁlh;l,ml +Z_eAmlhy,ml]e Vb y
ml ml ml

m=0,2,4...even

here Z! and Z¢, are wave impedances of the modes.

Note that this is correct only in the Gaussian approximation. In the Gauss-
Hermit model, y-component of the electric field, x-component of the magnetic field and
higher order modes are excited too.

The power distribution to each rectangular mode as part of the total excited field

power (1W) is shown in the following diagrams:
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modal power distribution for n=1 [TE+Th)
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Fig. 2.9 Weight distribution of excited modes in rectangular waveguide: (a) Gauss-

Hermit model; (b) Gaussian approximation.
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Comparison of the main cross-section profiles of power flow density at both

sides of the junction provides proves of the adequacy of the approximation for the two

models:
cross-section view at x=0
. s N s
B L e e el S Rt Sl S cTTTTTY — 7=0-
£ L N e
= | ll ] | ll ll ' | ll ll
£ 10000 f-2------ pooeeee i A S e e poeeees AL rRRRb rRREh b-
= ! ! E : : : : : : : :
R B S e e N i
0 | | i i i | i i | |
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=
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o
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crogs-section view at x=0

power density

power density

-0.01 -0.005 0 0.005 0.01

(b)
Fig. 2.10 Comparison of the main cross-section profiles (a) Gauss-Hermit model; (b)

Gaussian approximation

2.6 Propagation in an overmoded rectangular waveguide

(splitter). Ohmic and diffraction losses

There is a particular field distribution in the splitter input, which can be
described as a sum of a number of rectangular waveguide modes. The wave propagates
through the splitter up to the perforated short at the half Talbot length plane z = 210
mm. Initially the maximum of field (and power flow density) distribution is located at
the center of the splitter. All fields, are negligible near the sidewalls. As the wave
propagates toward the splitter, the electromagnetic field splits along the x-coordinate

plane while in the y direction the distribution does not change (assuming that only the
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n=1 modes are excited). As a result, electromagnetic energy of the propagating waves
increases near the sidewalls (narrow b-dimension) of the rectangular waveguide and
becomes maximal near the b-walls at the plane of the perforated mirror. Hence, we can
expect extremely small ohmic losses right after the CPP-rectangular junction (z=0 mm)
and maximal loss near the end of the splitter (at z=210 mm) where a maximal tangential
component of the magnetic field is generated

. The following 3-D plots illustrate the effect of fields splitting:

Splitting of Power flow density in waveguide: ¥-Z plane

00s
0016 4
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(2)
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Splitting of Power flow density in waveguide: ¥-Z plane
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Sspl at z=0 mm Sspl at z=105 mm

(©)

Fig. 2.11 Power density flow propagation: (a) X-Z dependence in y = 0 plane; (b) Y-Z
dependence in x = 0 plane; (c) power flow density distribution (X,y
dependence) at different distances along the Talbot rectangular waveguide:
7z=0 — input, z=105mm - starting to split, z=210mm — full splitting, z=420 -

imaging.

The power density plots shown in the Fig.2.11 a) and b) were calculated from

the calculated field distributions according to:

Széiﬁe(ZEmlean j (2.39)
ml

ml
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All plots shown were calculated with the Gaussian approximation model in
order to illustrate the fields splitting effect. For the more accurate Gauss-Hermit model,

the corresponding plots look very similar.

Wall losses

In a single mode waveguide or, when a single mode propagates in an overmoded

waveguide, the power loss into the walls per unit length is found from (2.24):

*dl (2.40)

Assuming small losses, the mode would propagate as in a lossless waveguide,

but with slowly varying amplitude

{E,I_{}m = Amn(z){émn (x,»)h,, (x,y)} e/ Pm (2.41)

n

The fast varying coefficient (e /”»*) cancels out in the absolute value operation
in (2.40). By conservation of energy, the power loss rate to the walls is equal to the
power attenuation rate of the mode:

2

dP

mn_ __ S

nxh

mn

P, dl (2.42)
’ dz 2

4, (=) gs
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Since |Am|* is proportional to the mode power, we can write:

—= amann (Z) = })l,mn (243)

where omn 1s the power attenuation constant of the mode mn which apparently attenuates
exponentially.
In the case when a number of modes propagate in the waveguide, the simple

mode constant attenuation rate derivation does not apply. When, substituting (2.41) in

(2.40):

2

PI(Z):—det(Z):RS§ dl:

2
=5 a =5
dz 2 2

”XZHW
mn

i,

cs cs

R 2 (2.44)
= ¢ W I m]

cs

Z Amnﬁmn <x7 y)eijﬂmz
mn

where the integral is taken along the perimeter of the waveguide cross section (cs). In
this case, the ohmic losses per unit waveguide length become a function of the
coordinate z and not constant even in a small loses approximation. The e/’ factors
do not cancel out and the interference between the modes causes z dependent

attenuation rate of the total power.

The power losses per unit length as a function of the coordinate z and the total

ohmic losses as a function of z shown in the following plots:
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power loss per unit length: forward propagating wave
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Fig.2.12 Power losses per unit length. Input power - 1 W; (a) Gauss-Hermit model;

(b) Gaussian approximation.
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The total ohmic losses as a function of z were calculated using (2.44) and are
shown in the following plots for the case of wave propagation in the rectangular splitter

excited by the TEy; CPP mode:

poweer [oss as a function of coordinate z; farward wave
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w10 forward propagating wave
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Fig. 2.13 Total ohmic losses in the splitter as a function of z. Total input power — 1W;

(a) Gauss-Hermit model; (b) Gaussian approximation.

Thus, after one round-trip of propagation the total ohmic losses found for the

splitter are:
2.03 % found from the Gauss-Hermit model

1.4 % for a Gaussian model
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Diffraction losses at the Talbot splitter hole

At the plane z = 210 mm, that is at the Talbot length, the splitter is terminated by
a conducting plate with a rectangular window in the y-direction as shown in the Fig.

2.14:

b=10.7mm

a=25mm

v

Fig. 2.14 Rectangular window plate terminating the splitter at z=210 mm.

Due to the splitting effect, the main part of the wave power density is distributed
on the sides (in the x direction) toward the b-walls of the rectangular waveguide, and
thus one obtains high power reflection from the terminating plate. Nevertheless, a small
part of energy is contained in the tails of split Gaussian -like distribution. It leaks out
through the window. A simple way to find the power loss due to this effect is to
multiply the power density distribution at the plane of the window by a window
function that equals to zero at the mirrors and equals to 1 at the opening. Note that this
approximation is possible only for the optical approximation. Such a window in a single
mode waveguide represents reactive load not fully matched using free space outside of
resonator. The power flow density distribution before and after reflection from the

perforated termination is shown in the following figures:
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Fower Destribution at z=210+ [mm] (befare re-exciting by the slot)
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Exciting power density

}{1III4
3
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o o -

(b)

Fig. 2.15 Power flow density distribution at the end of splitter before (a) and after (b)

reflection. Gauss-Hermit model.
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Power flow density in splitter - 5, at z=210
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Fower flow density in splitter - 5, at 2=210
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Fig. 2.16 Power flow density distribution at the end of the splitter before (a) and after

(b) reflection. Gaussian approximation model.
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Power losses calculated due to power leakage through the window opening are 5.3 %.

Within the bounds of this approach, calculated power losses are 2 %.

The lost part of energy contains a weighted contribution of each mode. Hence,
each mode becomes distorted after reflection from the end mirror, which contains a
window. The way to consider this diffraction effect is to calculate the overlap integral
again and to find the new modal energy distribution of the reflected wave. This
operation does not result in any additional loss, but changes the distribution of the
multi-mode backward wave and will affect the further recovery of the original CPP
mode distribution by the Talbot imaging effect. Therefore, we shall use the overlap
integral technique repeatedly to solve each discontinuity problem in our resonator. For
each exciting field distribution there will be a particular set of excited modes. In the
case above the wave reflected from the terminating plate excites the full set of

rectangular waveguide modes.

2.7 Re-excitation of the fundamental TE;** mode in the

Rectangular / CPP waveguides junction

After one round trip of propagation in the splitter, the electromagnetic wave
returns to the junction of the different waveguides. The rectangular aperture becomes
the exciting field distribution aperture and the curved parallel plate waveguide forms the
waveguide of the excited cavity. A similar consideration (see section 2.5) was used to
find the amplitude distribution of the excited modes in the rectangular waveguide. Due
to the Talbot imaging effect, the transverse power distribution after a round trip in the
splitter is expected to regenerate the original distribution of the TE(; mode of the CPP
waveguide at the z= 0" plane (see Fig. 2.17). Due to this field distribution
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reconstruction, the main part of the energy is concentrated in the center of aperture.
Losses at the corners of rectangular waveguide are not significant, and the original TE;

mode can be re-excited in the CPP waveguide quite efficiently.

Power Destribution at z=210+ [rmm] after re-exciting by the slot

%10

(2)
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Fower flow density in splitter - 5, at z=0
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Fig. 2.17 Reconstruction of the original distribution due to Talbot effect; Gauss-Hermit

model (a); Gaussian model (b);

According to the Gauss-Hermit model, only the following modes meet the
synchronism condition with the electron beam [14]:

TE, ,TM,,,TE,,,TM ,, TE,,,TM ,,, TE,,, TM

305 1M 5,
in addition, may be relevant for FEL interaction in the CPP.

However, only modes TEy; and TMy; have significant magnitude at the center of
the waveguide (x=y=0). Hence, for a small radius of electron beam only these modes
can be amplified. We are interested in excitation of the TEq; mode only, so that the part
of energy contained in the excited TMy; mode may be said to be lossless (from the FEL

operation point of view).
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It should be enough to calculate the energy enclosed only in the excited TEy;
mode. The remainder of energy does not contribute to the FEL amplification process in
the laser resonator.

Re-excited modes power distributions at z = 0" and the power flow density plot

are shown in Fig. 2.18:

Modal power destribution after excitation in the CPP
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Fower destribution in CPP (z=0-)

(b)

Fig. 2.18 Gauss-Hermit model: re-excited modes power distribution (a); reconstructed

power flow density distribution at the CPP aperture at z=0" (b).

Calculated power loss due to re-excitation of the CPP waveguide by the
rectangular aperture distribution of backward wave are:

5.4 % for the Gauss-Hermit model;

1.9 % for the Gaussian model.
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2.8 Estimation of the mitre bend losses

The reflector on the decelerator side of the resonator consists of two identical
rectangular splitters connected through a waveguide bend that contains of a perforated

conductive mirror according to the Fig. 2.19:

51_és1+
£210 [mm]—

-]

CFIFI .......... o T o

e [ww] gLz

Fig. 2.19 Description for the mitre bend reflector.

As mentioned in the Introduction chapter, such a construction allows one to separate the
electron beam and the propagated electro-magnetic energy and allows one to guide the
radiation to a user outside of the laser. Using an optical approximation, the split wave is
reflects from the waveguide bend metallic mirror at 90°, and continues its propagation
without distortion through an addition Talbot splitting section. As a result, one-way
passage of the electromagnetic wave through the splitter is equivalent to a round-trip

propagation in half of the Talbot length splitter.
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—h——

/7

Sl Calionl £

Fig. 2.20 Approximation of the bend region.

The problem of the multi-mode wave propagation in the bend region has no
simple analytical solution because of the huge number of modes excited and the
interaction of modes in the bend region. Furthermore, the numerical solution is
complicated for the same reason, because of limitation of modern computers. However,
some approaches to this problem are outside of the scope of this work, but are described
in the project of A.Anaton and O.Markish [18]. According to simulation they carried
out based on two symmetric aperture transitions (see Fig. 2.20) and calculations of the
Fresnel integral of diffraction [18], the power losses for a one-way pass through the
bend are 6.2%. The diffraction losses at the round hole in the center of the mirror are
4%. They predict power losses after one round-trip through the bend region of (6.2 * 2
+ 4 * 2) = 20.4%. This estimation is a rough approximation and needs more detail
consideration. However, one should note that experimental measurement of bend losses
gave about /8 + 3% round-trip power losses. The Gaussian model calculation gives

about /3 % of total power losses in the bend region.
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2.9 Conclusions

The different kinds of losses in the resonator can by schematically

represented as follows:

Fig.2.21 Block-diagram of the resonator losses.

Different parts of this diagram are complying with those from Fig. 2.1 and are

described it Table 2.1. In the following table, the results of simulations carried out so far

are summarized (based on the diagram in Fig. 2.21).

Block on | Power losses in Power losses in

Kind of losses diagram | one round-trip, %; | one round-trip,%;

Gauss-Hermit Gaussian

model approximation
CPP waveguide losses (ohmic + A ~1 ~0
diffraction)
CPP-rectangular waveguide (wg) Optic 0 0
transition loss approx.

-60-




Chapter 2 Calculation of resonator losses using Matlab simulation

Rectangular wg ohmic losses C 2.03 1.4

Rectangular window (beam F 53 2

input) loss

Round window (beam output) E 8 2
loss

CPP wg re-excitation loss B 54 1.9
Mitre bend losses D 12.4 9

Tab.2.1 Distribution of losses in the FEL resonator.
Finally, the total round-trip losses L;; of the resonator can be estimated from the

following expression:

Li=A+2*B+3*C+D+E+F=42.5 % Gauss-Hermit model

2.45
Li=A+2*B+3*C+D+2*E + F=22.6 % Gaussian model ( )
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Chapter 3

Methods for characterization of the mm-wave resonator

3.1 Introduction

Microwave cavities are important microwave devices, which are an
integral part of oscillators also in the mm-wave region. Microwave cavities are
considered in the literature either from a lumped equivalent circuit viewpoint or
from the standpoint of a transmission line bounded by known discontinuities.
At high (mm-wave) frequencies, when the resonator dimensions are much larger
than a wavelength, a distributed circuit approach must be used. However, a
lumped circuit approach would yield the same results if the Q-factor is high
(i.e. the losses in the cavity are small). For low Q-factors, the lumped
equivalent circuit approximation is not valid. The difficulty stems from the fact
that in this case the resonant frequencies are sufficiently close to each other and
interfere with the desired frequency, so that the one-pole representation is no
longer adequate [19]. The multi-frequency mm-wave cavity is similar to the
situation in quasi-optical resonator and may, therefore, be analyzed using
optical resonator formulation.

In this chapter we will define the fundamental parameters of distributed
resonators and will introduce the different models used for hollow resonators.

Further, we will describe the experimental measurements that were made on the
FEL resonator. First, I will present the measurement of the reflection resonant peaks of
the FEL resonator and the scheme of measurement will are described. Subsequently, a
novel coupling element into and out of the FEL resonator and its calibration procedure
will be described. An optical approach for measurements of mm-wave resonator will be
formulated based on an optical model for a non-symmetric lossy Fabri-Perot (FP)

interferometer. An algorithm which allows estimating the total round-trip reflectivity of
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the resonator from the directly measured FWHM (resonance linewidth) will be
presented. This parameter is most important because it determines the oscillation
threshold of the FEL. We will also introduce a new model of multiple coupled FP
interferometers, useful for better matching of the data and interpretation of the measured
reflection coefficient patterns. Finally, results of the experimental investigation of the
FEL operation with resonator and ways to improve of the resonator for future

development of the FEL will be discussed.

3.2 Experimental methods used for Q-factor measurement

in the lumped - element circuit (single pole) model

The three fundamental characteristics of an RF resonator that can be determined
by measurement are: (1) resonant frequency, (2) coupling coefficient, and (3) unloaded
Q factor (Qp). The last can be defined by using the exact fields inside the resonator.
Practical calculation of the values of Qg is usually very difficult and it is hard
to take into account practical causes of internal resonator losses. As a result, the
real value of Qo may be mach lower than that obtained from exact field
equations.

In the past, RF resonators were tested by specialized instruments, such as
Q-meters [25]. Those devices have largely been replaced by more universal ones e.g.
network analyzers. At microwave frequencies, the Q factor which used to be measured
by precision slotted lines, have also been replaced by network analyzers. As will be
described in more detail later, a 3-point measurement can determine all the three needed
numbers. A novel Q-factor measurement is the use of an over-determined measurement
procedure in which some 20 or more points are taken by an automatic network analyzer
and subsequently processed by use of a personal computer. The results of the data
processing provide not only the three fundamental parameters, but also the estimates on

their standard deviations and an estimate of the coupling losses.
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Fig.3.1 Lumped-elements and distributed-elements resonators.

In contrast to a lumped element resonator, a distributed element resonator may
be a simple half-wavelength microstrip transmission line, capacitively coupled to a
input microstrip line, such as shown in Fig.3.1(b). To achieve a high Q factor, a
dielectric resonator can be inductively coupled to the microstrip line, such as in
Fig.3.1(c). For high power handling, it may be necessary to employ a hollow cylindrical
or rectangular cavity, such as in Fig. 3.1 (d), in which the input is connected to a coaxial
transmission line.

Figure 3.2 show the lumped RLC equivalent circuit, which is, according to [25],
appropriate for all the distributed element resonators shown in Fig. 3.1. An external RF
source of voltage Vs and internal impedance Rc, which is matched to the input
transmission line is shown. This source would represent the network analyzer, which is
connected to the input port 3 of the resonator through a transmission line and coupling
L-R elements. The transmission line of length I, located between input (port 1) and the
location of the coupling (port 2) could be physically very short. This length is usually

not known very accurately.
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Fig.3.2 A resonator and an external circuit

Port 3 is the location of the resonator itself. The impedance Rs+jXs represent
the transformation properties of the coupling mechanism. For a loop coupling, Xs is a
positive reactance, and for a probe coupling, Xs is a negative reactance. The value of Xs
can be considered as constant [25] in a frequency range of interest (say 1 % on each
side of the resonant frequency). The reactance of the resonator, represented by a parallel

LC circuit, varies with frequency hundreds or even thousands time faster than Xs.

On the right hand side of port 3 is the unloaded resonator. As discussed above,

for the case of a low-loss cavity the unloaded Q factor is denoted Qp:

24A,C

Q
"G, G3.1)

where fj is a resonance frequency. The conductance Gy represents the dissipation inside
the resonator proper. Typically, this dissipation is caused by conductor losses and by

dielectric losses Gy. The corresponding resistance R, is the inverse value, Ro =1/ Gg
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Fig.3.3 (a) Thevenin and (b) Norton equivalent circuits for port 3.

To the left of port 3 (towards port 1), is the series resistance RS and the reactance
Xs, and behind them a transmission line terminated in a Thevenin source. As the source
impedance is equal to the characteristic impedance of the transmission line, the length
of the transmission line does not change the impedance seen by the observer (any length
of a transmission line, which is terminated in a matched load, has input impedance,
equal to Rc).

Using circuit theory, the external circuit, can be replaced by a Norton equivalent,
consisting of a current source in parallel with the impedance, as shown in Fig.3.3(b). As
a further simplification, the impedance RC+Rs+jXs can be transformed into an
admittance Gex+jBex as shown in Fig.3.3(b), thus is the external admittance of the
resonator.

At port 3 one may note that the external circuit influences the resonator in two

ways. First, the susceptance Bex detunes the resonant frequency. However, this
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frequency shift is usually small, and is of little consequence. The loaded resonator has a
slightly different resonant frequency. Secondly the, conductance Gex is in parallel with
Go. Thus the coupling elements increase the resonator conductance to Go+ Gex,

lowering the overall Q to a value Q, expressed by

L1t (3.2)
QL QO Qex
where the external Q factor Qg is:

_2A4,C (3.3)

Qex_ G

ex

The ratio of the power dissipated in the external circuit to the power dissipated
in the resonator is called the coupling coefficient k. As both Gy and Gex are at a voltage

V, the ratio of powers is equal to the ratio of conductances:

k _ V2Gex _ Gex _ QO (3-4)

- VZGO - G0 Qex

If the power dissipated in the external circuit is equal to the power dissipated in
the resonator, the coupling is said to be critical, and the coupling coefficient in this case
is k=1. Undercoupling regime means that more power is dissipated in the resonator than
in the external circuit, while overcoupling regime means that more power is lost in the
external circuit than in the resonator. Use of (3.2) in Eq.(3.4) gives the relationship

between unloaded and loaded Q :
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Q, =Q.(1+k) (3.5)

In the process of measurement, the resonator is loaded by the external circuit
(here the network analyzer), and the measurement will yield the loaded Q, Q.. For
strong coupling between the network analyzer and the resonator, the measured loaded Q
is lowered. To find the unloaded Q, the measurement should be designed in such a way,
that it also provides the value of the coupling coefficient k. Then, using Q_ and k, one
computes Qo from Eq.(3.5). This is how most Q factor measurements are made [19],
[24].

For this resonator measurement one needs one port only. When the network
analyzer is attached to this port, the equivalent circuit looks as shown in Fig.3.2. The
measurement procedure is well documented in microwave measurement handbooks
such as Ginzton [19], Sucher and Fox [23], or Matthaei, Young and Jones [24].
Although these books were written before the first network analyzer was made, the
principles involved remain unchanged from the slotted-line and admittance-bridge era.
With few modifications, the reflection-type measurement can be performed with a
network analyzer [25]. The beauty of this measurement is that a perfect circle that gives
the reflection coefficient is plotted on a Smith chart, measured as a function of
frequency. (If one does not get perfect circle, there is usually something wrong with the

calibration or the reference position!)

3.3 The Measurement Scheme Used in the Present Study

The quasi-optical mm-wave resonator was assembled and installed into
the accelerator tank in January 2002. The configuration of the resonator

installed in the FEL is shown in Fig. 3.4:
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Polarizing grids

Electron beam

PlTbend

Fig. 3.4 Resonator configuration.

Attainment of low round-trip resonator losses (smaller than the FEL
single-path gain) is a necessary condition for obtaining the desired laser
operation. Therefore, accurate experimental measurements of resonator losses
are most important.

The resonator location in the wiggler allows a signal for probing the
resonator to be fed only from the coupling element end. Thus, excitation of the
resonator for the measurement of its quality is accomplished by energy feed
through the coupler. The coupling coefficient was determined separately and
the signal reflected from the resonator system was measured. The theory
described in Chapter 2 and the theory of optical resonators predicts that the
reflection coefficient of a resonant cavity is minimal at the resonance frequency
and it is maximal at antiresonance [2]; there is a periodicity in the absorption
peaks. Information on internal resonator losses can be extracted from the
measured pattern of reflection coefficient vs. frequency. The experimental

scheme for reflection coefficient measurements is shown in the figure 3.5:
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(a)
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apinB-aaem pelebnuod pue puag sy

(b)

Fig.3.5 (a) Schematic of the experimental setup for reflection coefficient
measurements; (b) transmission line components: mitre bend and cylindrical

corrugated waveguide.

The measurement equipment comprises a microwave source in the W-
band range (75-115 GHz), a wide frequency band sweeper and a Scalar Network
Analyzer (SNA). The input wave was transformed using a specially designed
mode exciter in order to obtain a good matching between the signal source and
the circular waveguide. The probing wave and the wave reflected from the
resonator are transmitted through the corrugated circular waveguide mm-wave
transmission line that was developed to transmit the FEL radiation from the
resonator outcoupler out of the accelerator (see Fig.3.5). The transmission line
is about 5m long. To obtain good matching between the circular aperture of the

feed transmission line and the rectangular aperture of the resonator splitter, a
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special curved off-axis matching mirror was used. The transmission coefficient
of the variable outcoupler was about 10% and provided week coupling between
the resonator and an external load (source, network analyzer, corrugated
transmission line and matching curved mirror).

The measured power reflection coefficient is shown in Fig. 3.6:

Reflected signal, mV
w
—

1 I T U T T T T U T T U N T A N T T I A A I A A I A B A A I A T A I 1

99.9 100.0 100.1 100.2 100.3 100.4 100.5

Frequency, GHz

Fig.3.6 Measured resonator response (narrow peaks) masked by a large

amplitude “low frequency” parasitic reflection pattern.

The weak power absorption dips correspond to resonance absorption of
the resonator for weak coupling. The “low-frequency” envelope curve is due to
parasitic reflections between mismatched sections in the transmission system.
An attempt was made to eliminate parasitic reflections and to extract the
intrinsic resonator behavior.

Using the FFT computer filtering procedure from the “MicroCal Origin”

program libraries we strongly reduce the “low frequency” spectral pattern
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associated with parasitic reflections. The resulting spectral pattern is shown in

Fig.3.7:
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Frequency, GHz

Fig. 3.7 Resonance peaks pattern of the excited FEL resonator obtained from

Fig.3.6 by strongly reducing parasitic reflection.

A crude estimate of resonator losses was made by calculation of the

loaded Q-factor of the resonator according to:

o fo, oA (3.6)
éﬁUZ ﬂ@

where fy is the resonant frequency of a particular peak and of;,; is the -3dB
bandwidth of that peak. The results for two typical peaks (#1 and #6 in the
Fig.3.7) are shown in Fig. 3.8:
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Fig. 3.8 Calculated loaded Q-factor of the resonator: (a) peak #6, f,=100.41
GHz; (b) £p=99.93 GHz.
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3.4 The Adjustable Grid Reflector/Outcoupler

3.4.1 3-grid coupler

The adjustable coupling element consists of a set of three polarizing grids which

are parallel to each other and assembled into one unit as depicted in Fig. 3.9:

&

- e - ———— __..

1

Fig. 3.9 Adjustable 3-grids coupler.

Each grid is a diffraction lattice using parallel Tungstem wires supported by a
copper frame. The diameter of the two outer grids is smaller than the central grid as

shown in Fig. 3.10:
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Fig.3.10 Structure and dimensions of the polarizing grids (a); the grid in its

supporting ring (b).
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The two outer grids are fixed and allow maximum transmission of power.
This occurs if the parallel grid wires are perpendicular to the E-field
polarization of the incident wave [2]. The inner grid can be rotated so that the
angle ® between the parallel grid wires and the electrical field direction can be
adjusted (Fig. 3.9). The wave incident on the central grid can be considered as
the composition of two waves — one polarized parallel to the wires and the other

perpendicular to them (Fig.3.11):

<V

Fig.3.11 Central grid: decomposition of the incident wave E into E, and E;/.

The decomposed incident wave component polarized perpendicular to the
wires (Ey’ in Fig.3.11) is transmitted because the grid is transparent for this
polarization. The part of the decomposed incident wave polarized parallel to the
wires (Ex’ in Fig.3.11) is reflected (except for ohmic losses of the filaments)
towards one of the outer grids. Because of this 3-grid system, the wave,

incident on the 3-grid reflector and the wave reflected from it are of the same
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polarization. Similarly, the transmitted wave (after passing three grids) is also
in the original polarization direction. The 3-grid reflector is used as a coupling
element between the resonator cavity and the feeding transmission line. It
allows adjustment of the reflection (transmission) coefficient without changing
the polarization of the waves reflected into (transmitted out) the resonator.

A theoretical description of the operation of the 3-grids system may be
found in [3] and [6]. According to [3], a system consisting of three grids can be
subdivided into two basic sections separated by electrical lengths ¢;and ¢,. Each section
consists of two successive grids and the space between them. The scattering matrix of

each section can be written using network representation [4], [5] as:

cos® isinCI)p

A |= i(cos? @ —cos> d

[p] cosf ( : ) cos® | (3.7)
smCI)p

where ®, = kd, = od,/c is the phase change between 2 adjacent grids given in radians,

d — is the physical distance between grids and p = 1 or 2 according to the selected pair
of grids.

The total scattering matrix of the 3-grid system is calculated by multiplying the A
matrices of the two basic sections [A] =[A] - [Az]. Using (3.7) the elements of [A]:

sin®, (cos’ & —cos’ @,)

1
A =——F—[cos® cosD, - ]

cos” @ sin®d,
(3.8)
isin(®, +D,)
A12: 2
cos” 0
A, = [ COSCD2(COSZI9—COSZQDI)+COS®1(00829—0082®2)]
' cos? o sin®, sin®,
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in®, (cos’* & —cos’ @
A, - 12 [cos®, cos D, — sin z(cos. 6 —cos” D))
cos” @ sin®,

]
The power transmission coefficient T can be calculated [2]:

o 4
A +A,+A +A, (3.9)

The power transmission coefficient of the 3-grids tunable reflector as a function
of the central grid rotation angle for the different distances between the grids is shown

in Fig. 3.12:

¢l = ¢ S[20,nf2] step w20 from |eft to right

power transmission coefficient

a 10 20 a0 40 a0 alll Pl B
central grid angle &, deg

(a)
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) I ¢ e [6/20, x12] with step x/20
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(b)

Fig.3.12 Power transmission coefficient of the adjustable 3-grids coupler: (a) —
for equidistant phase shift and spacing ®;= ®,; (b) — for non equal
spacing ®,=n/4, ®# ®,. Frequency — 100GHz.

According to [6], for optimal spacing between the grids a symmetrical
curve around the half-power transmission points is obtained; minimal internal

re-reflections between two neighboring grids are obtained for:
A
¢Opt =k§=z[l’ad] (310)

In this case Eq.(3.9) may be rewritten as:

-80-



Chapter 3 Methods for characterization of the mm-wave resonator

T sin* @ _ 1 (3.11)
cos*@+sin*@ 1+ctg’o

Finally, it should be noted that the transmission coefficient of a isolated
single grid depends on the angle between the direction of the grid wires and the

incident wave polarization (goes as sin0).

3.4.2 Measurement of the 3-grid coupler reflection coefficient

The experimental arrangement for the measurement of the 3-grid

coupling element is shown in the Fig. 3.13:

Polarizing grids

M ﬁ —
Source

:> <> C) Spectrum Analyser
v v

L]

Fig.3.13 Scheme of setup for the reflection coefficient measurement.

The 3-grid coupling element, which enabled control of the resonator end
reflector from short to full transmission by adjusting the inner grid angle, was
assembled and placed at the output of the resonator bend section. At the other
end, the resonator was excited by a HP 100 GHz source through a mode exciter
that converts the TEy; mode of the source output waveguide to the hybrid mode

of the CPP waveguide. The power reflected from the grids was measured. The
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results of the reflection coefficient measurement as a function of the rotation

grid angle are shown in Fig. 3.14 for several frequencies:
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Fig.3.14 Reflection measurement: (a) single grid; (b) set of three parallel grids.

-82-



Chapter 3 Methods for characterization of the mm-wave resonator

The measured data (shown in Fig.3.14) is in good agreement with theory.
One can conclude from the plot of Fig. 3.14 (b) that grid spacing is nearly
optimal at a frequency f = 105 GHz. An additional conclusion is that the 3-grid
reflector can be used as a suitable coupling element in FEL resonators,
providing coupling which can varied continuously from zero reflection to total

reflection.

3.5 Fabri-Perot Resonator Model. Optical Approach

3.5.1 Fabri-Perot Interferometer with Losses

The multi-mode mm-wave resonator can also be described in terms of
optical interferometry. In optics a multi-ray Fabri-Perot (FP) type
interferometer is a resonator in which build up of electromagnetic energy can
occur. This electromagnetic waves energy recirculates inside the interferometer
of due to reflections from parallel interferometer mirrors at the end of the

resonator (see Fig. 3.15) like in the FEL mm-wave resonator.
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Fig. 3.15  Schematic view of Fabri-Perot resonator; n — is a refractive index, L - 1is

the length of the resonator.

A detailed analysis of a lossless FP interferometer can be found in [8]-
[10] and in [1] (only for symmetric interferometer with identical mirrors).
According to Haus [7], the scattering matrix [S] of an ideal interferometer FP,

composed of two flat mirrors, can be written as:

S = 1 _ -(n- rze_jd) _tltze_jg/.z (3.12)
1-rre | —tte? —(r,-re)

where r;, 1, and t;,t; are the reflection and transmission coefficients (real
positive numbers) of the wave amplitude and o is the phase shift of a plane

wave in passing from one mirror to the other at an angle 0 to the x-axis:
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5 =2(wn/c)cos (H)L (3.13)

From (3.12) we can write explicitly the expressions for the power transmission

and reflection coefficients T = [So]*, T =[S :

1.0 1
0.8 1

0.6 -

2
S ,,l

0.4 -

0.0

Fase, a.u.

(a)
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Fig. 3.16 Transmitted (a) and reflected (b) power pattern for a Fabri-Perot resonator.

T=[s,f = tit;
. (1-rr,)’ +4rr, sin® (52)
(3.14)
(r —r,)* +4rr,sin’ (52
r :|S11|2 _ N1 12 ( )

(1-rr,)’ +4rr,sin® (52)

The dependence of these parameters on the phase & for is shown in

Fig.3.16. The transmission coefficient exhibits a periodic “comb” pattern of
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peaks, spaced apart by Aod=2m. The reflection coefficient exhibits a
complementary “comb” pattern of dips.
With the notation of the Fig. 3.16 we can define the maximal and minimal

values of the reflected power:

2
Lo =[S1 rznax =(r1+—r2)2, for 6=2zp+x
(I+rr,)
(3.15)
2
Lo =| nim =(r1_—r2)2, for 6=27zp, p=0,L2..
(l—rlrz)
and for the transmitted power:
2 tt
Tmin:| 12 max:%’ for 5:27[p+7[
(I+rr,)
(3.16)
242
Tmax :| 12 rznin :Lza for 5:27[p, p= 0,1,2..
(l_rlr2)

Maximum transmission and minimum reflection power are observed
simultaneously when the distance between the interferometer mirrors is an
integral number p of half-wavelengths. This is a resonance condition. If the
distance between mirrors is an odd integer of quarter-wavelengths (electrical
length k*| is an integer number of half-wavelengths plus a quarter-wavelength),
the antiresonance condition is exist and a minimum of transmission power
occurs with a maximum of reflection power.

In the context of this work, we shall extend the FP analytical model to
include non symmetrical interferometers (with a lossy medium inside the
resonator). The mathematical derivation of this case is given in AppendixX.

According to Eq.(A1.24 ), Eq.(3.14) can be rewritten as:
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[r =, ] +4mr, sinz(gj

r=[s, 55
(1-ar,) +4ar, sinz(zj

‘2

(3.17)

I T,

(1—ar,) + 4, sinz(gj

T=[S,[ =

where T;=(t;)?, T>=(t,)* are the power transmission coefficients. T is the one
way power transmission coefficient in the medium between mirrors (it is
assumed that there are no internal reflections). If one assumes uniform losses,
along the z-direction, then © = e2*“, where a is the field amplitude decay
coefficient of the medium. In the extended derivation (Appendix) the
propagating wave is not necessarily a plane wave, but can be a single transverse
mode propagating with wave number k,. In this case 8=2k,L instead of
Eq.(3.13). In an overmoded waveguide (as is the case in the FEL CPP resonator),
the fundamental mode is satisfiesk, z%:%{ The expressions for maximum

transmitted and minimum reflected power for the resonance condition & = 2np

are then:
rr—zor, |
Cow =[S0l = (E - Trﬁ])z ; (3.18)
112 '
T T
T, =[S0 |2 —

s a-rzrr,)
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The antiresonance phase condition 6 = 2n(p+1/2) is obtained for minimum

transmission and maximum reflection power:

roo=ls, [ - [r,+or, |
max 1T |max (1 N Trl rz )2 s
TT
Tow =[S0 ANLE (3.19)

min Q+zrr,)

The frequency range between transmission maxima (or reflection
minima) Af is called free spectral range (FSR) of an interferometer and is

defined in the plane wave model as follows:

C
Mgy = T = fy =5 (3.20)

For a waveguide mode, the definition is derived from:

[kz(fp+l)—kz(fp)]2L:ZZ(a)pH—a)p)ZL:zﬂ

v (3.21)

For the fundamental mode of an overmoded waveguide v ; ~ ¢ and Eq.(3.20) applies

with 6 = 0.
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Fig. 3.17 Reflection of an ideal Fabri-Perot interferometer; 1, = .

The width 6f;, of the maxima of transmission power (or minima of

reflection power) FWHM is defined at the half maximum power level (Fig.3.17)
27p i@ :

Sin(é‘l/zj_l_”‘lrz _1=JRy
4 2 zrr, 23R

rt

(3.22)

where R, = (r I r2) is the power round-trip reflectivity factor of the resonator.
By differentiation of 6 (Eq.3.13), one obtains

v, o
5f1/2: 2

(3.23)
2L 2x°

and consequently the FWHM frequency linewidth for transmission or reflection
resonance is a function only of Afgsg and Ry¢:
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v 1-R 1-R 3.24
5f1/2:—g£arcsin — :AfFSRzarcsin —r 529
2L 7 24R, 7 24R

This expression is valid even if there are large round-trip losses. In most cases

(I>Rrt>0.5) it is a good approximation: one can for these cases expand the

arcsin function to first order in terms of its argument:

1- th

R,

(3.25)
5f1/2 = AfFSR

This can be expressed in terms of the "Finess" parameter, which is the

optical term for describing the sharpness of the interferometer:

5 M _ YR (3.26)
5, 1-yR,

In a lossless symmetric resonator (r;)* = (r;)> = R and Rrt = R*. For this
case only:

~_ AR (3.27)

which is the expression given in [1].
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3.5.2 The Q-factor of a Fabri-Perot cavity resonator

We now make the connection between the optical characterization and
microwave parameters of resonators. As discussed in section 3.6, for isolated
modes, the resonator can be characterized by the quality parameter Q. We
choose here to define the Q-factor as the ratio between the frequency fo

(resonant wavelength A¢) and bandwidth of the resonator mode df;/; (or 6A1,2):

Q= f0 — 5/11/2 (3.28)
éﬁUZ ﬂ@

Consequently,

Qo—to 5Kl i (3.29)

Af qq Vy arcsin [(1 - \/R7n) / zdR—n}

and, for small round-trip losses (Rrt~1):

=t g 27hL YRe (3.30)
Al Vg 1=4/Rq
If v, =c then a simple relation appears:
Q= 27k 3 Re _ L < (3.31)

It should be noted that in Eq.(3.31) above Q is the loaded Q-factor since

both internal and external (coupling mirror) losses are included.
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3.5.3 Determination of the round-trip reflectivity parameter

from measured resonance linewidth

The round-trip resonator reflectivity is the significant resonator parameter
affecting the laser performance, as it defines the needed threshold gain Gy, (and
in the case of FEL-threshold current) for the lasing condition:G, R, =1. A
round-trip reflectivity parameter can be defined based on the spectral linewidth

of the resonant curve of power obtained from the resonator.

Let us defined a new parameter

C sin(ﬁ5f‘/2L]z”5fl/2L (3.32)

Vy Vo

or, in terms of the parameter Q (defined as Q = 51;0 ):
1/2

_ [ﬁfoL]zﬁfoL (3.33)

The parameter C (Eq.3.32) can always be evaluated from the measurable

parameter Of,,. Substituting Eq.(3.31) results in an exact expression from

which R;; can be evaluated:

C_::Sin - Rn zl_\/R—rt (3-34)
R ) 2R,

For a given value of C, this is a fourth order algebraic equation in terms of

x=3/R, . It can be readily solved; the only physically meaningful solution is

X, = —C_I+1I(6)2 +1. Thus, we have an explicit equation:
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R, = :[_a (6)2+1} (3.35)

which together with (3.32) - (3.33) makes it possible to calculate Rrt in terms of Q or
directly in terms of &fj. In the approximation (3.33) (Rrt>0.5; vy=c), this can be

rewritten:

4 4

2 2
S [AJ || 2Lt [2;:L5f1/2J B
ﬂ‘g Qloaded ﬂ“g Qloaded Vg Vg (3 3 6)

The total round-trip reflectivity Ry, of the FEL resonator was calculated in the
present work based on Eq.(3.36) and direct measurement of the FWHM linewidth &f; .,
of the resonant peaks. This linewidth was obtained from measurement of the power

spectral reflection pattern.

3.5.4 Determination of the coupling transmission coefficient from

measured spectral reflection pattern

As we have shown, a measurement of the resonator linewidth of;, (or
Q=f0/5f12) determines completely the round-trip parameter R, = z’RR,. However, it
does not enable the determination of the three reflectivity factors separately, and in
particular of R;. This parameter is of interest, because it can be used to calculate the
coupling mirror transmission coefficient, which is given (assuming zero losses in the

mirror) by:
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T,=1-R, (3.37)

A possible way to determine the parameter R; in addition to Ry is to match the
entire theoretical reflection pattern given by Eq.( 3.14) and particularly the extreme
points Eqgs.(3.18)-(3.19) to the measured reflection comb pattern. The expressions for
the reflection pattern and its extreme points are rewritten here in a revealing way in

terms of only two parameters R; and Ry

(Rl_th)(l_Rl)/Rl (3.38)

r=1- 4
(1-JR. ) +4yR, sin’ (512)

I

(3.39)
=———>— fors=(1+2m)z

This technique was difficult to employ (in our case) because of the difficulty in
measuring the reflection pattern (due to attenuation and parasitic reflections in the

probing transmission line (Figs.3.5, 3.6), and because the dip of the function I'pin/I max
is quite shallow if one is far from the “critical coupling” conditionR, = /R, ).

If one could measure the coupling mirror reflection coefficient R; independently
and vary it in a wide range, then one could determine the internal round-trip reflectivity

(namely, the reflectivity when R;=1):
R, =Rz’ (3.40)

and, consequently, the internal loss factor:
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int int (3.41)

This can be done by measuring Ry for a large range of R; which would effect

significantly f},, and then determine R;y by extrapolation of the datato R, > 1.

If R; could be varied in a wide range, then one could independently determinate
R; and Ry (and consequently Riy). This can be done by successive measurements of
['min (3.15) for different R,. In particular, determination of Rjy is attained at the critical

coupling condition:

R =yRi =Ry (3.42)

for which the reflection coefficient is null: I’y = 0.

It is now proper to refer back to the lumped circuit model, and to check to what

extent is the expression (3.2) valid in view of the more accurate optical model results:

t .t (3.2)

=—+
Qloaded QO Qext

In the limit of high Q (low losses), Eq.(3.36) can be expanded to first order in ;r_L’

resulting in a linear relation between 1/Q and (1-Ry). In particular:

1 _ 1-R, (3.43)
Qloaded 8zL/A°
This expression is valid only if:
szﬂL//izl( “R,)<<1. (3.44)

Qloaded
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In this limit the multiplicative relation between Rj,; = Rzr2 and Rex = R; can be

written as an additive relation:

1_th :l_RintRext :1_[1_(1_Rim):H:l_(l_REXt)]

(3.45)
~ (1_ Rint)+(1_ Rext)
and consequently
1 _ 1 N 1 | (3.406)
Qloaded Qint Qext
where
1 _ 1- Rint . 1 _ 1- Rext (3.47)

Q, 8zL/A° Q,, 8zL/A"

For critical coupling condition the exact expression Rjy = Rey reduces (see
Eq.(3.47).) to the expression Qint = Qext, which is correct only for low losses.

We therefore conclude that use of the lumped circuit model (Eq.(3.43)) for
determination of the parameters Rj,; and Rex (Eqgs.(3.47)) is valid only if special care is

taken to satisfy condition (3.44).
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3.5.5 Adaptation of the Fabri-Perot model to the experimental

setup

A definition of round-trip resonator reflectivity for a model of several
Fabri-Perot resonators in series including attenuation due to internal surfaces

imperfections and due to local losses at different points, is given by:

R,=R,‘R, T, T, Tj.... (3.48)

Note that T; is the one-way transmission attenuation factor of an electromagnetic
(EM) field pattern corresponding to the TE(; mode only. Local reflections and
excitation of EM fields in higher order waveguide modes are considered as losses. For
the FEL resonator investigated, the local losses in the bend region, for instance, can be

included in the total reflectivity as follows:

R.=RRe™ Tz, (3.49)

Here Tpeng also corresponds only to attenuation of the field pattern that is used
eventually to reconstruct the TE(; mode. Other field components generated by
diffraction at the bend, as higher order modes, are considered as losses.

Due to impedance mismatches between the RF source and the feed line before
the resonator, reflections in the section between R, and R, (Fig. 3.18) may be treated

as occurring in a low-Q FP interferometer with almost transparent mirrors.
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A 4

Resonator

detectors line » cavity

A

1 1
1 1
1 1
1 1
1 1
Source & » Measurement ;
I I
1 1
1 1
1 1

R R, R, R,

Fig. 3.18 Measurement transmission line terminated by a RF source and by resonator

cavity at each end respectively.

We consider two Fabri-Perot interferometers in series assembled into a unified
system with one common mirror between them (Fig. 3.19). This scheme describes the

typical setup for reflection coefficient measurement.

Transmission line
before resonator

FEL resonator

Fig. 3.19 Two Fabri-Perot interferometers in serial.

The first two mirrors r; and r; of Fig.3.19 are part of a complex transmission
line from the RF generator to the reflecting grids before entrance to the resonator. This
system includes two calibrated detectors, a mode exciter which transforms the TE

mode of the rectangular waveguide to the desired mode of the corrugated cylindrical
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waveguide; it also includes a parabolic mirror that provides matching between the
output of the resonator and the transmission line separated from it by free space.

The second pair of mirrors are part of the FEL resonator. According to the
definition above, the letters with apostrophe refers to the FP #2 ( FEL resonator ) and
letters without apostrophe are related to FP #1 (entire transmission line ). To combine
these two FP resonators in an appropriate model, we assume that:

O The rear mirror of the FP#2 has a reflection coefficient r’,=1 therefore the whole
incident energy is reflected back.

0 Two resonators can be joined by eliminating the gap between them: Ly,,=0.

0 We define r,=0 opening the first resonator and we terminate it by the second
resonator. Therefore we use actually three mirrors only: 1y, 1’1, and r’,. The
mirror r’y 1S common to both FP resonators.

0 For consistency of boundary conditions we also put b,=a’; and a,=b’;.

We can measure directly the reflection coefficient I' = by/a;, experimentally and
compare it with the theoretical curve. Taking into account the symmetry properties

(duality) of the scattering matrix s;,=s,;, we get:

1-5,,8, (3.50)

An additional verification of the approximation used for obtaining round-trip
reflectivity was made by applying the model of several FP interferometers in series as
described early above. The reflection pattern for two FP interferometers in series
obtained from Eq.(3.50) was compared with the measured reflectivity pattern. For each
waveguide section of the resonator and for its feed line differing appropriate
propagation constants and actual values of mirrors reflectivity were used. The result is
R=52 % of round-trip reflectivity calculated by Eq.(3.49). There is good agreement

between the simulation and the Lorenzian approximation used above. Comparison of
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theoretical curves for our parameters and the measured reflectivity data is shown in

Fig.3.20:

D35 [ I [ [ [ [ I I I
ﬁ ; — theory; eq.(4.39)
i i i it i 4 rmeasurement
: : : -_ W } : : : :
0.3 - ------- i S ....... ....... _____ _
i i ’ I i i i i i
! i . 7 ! AN ! :
= : Y : LW Y : :
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o . F : : : A :
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Fig.3.20 Reflectivity of two FP interferometers in series.

3.5.6 Operation of the Fabri-Perot resonator in the oscillation
regime of the FEL

Inspection of Eq. (3.38) reveals that it is easy to generalize this expression so as
to make it applicable for the case where we measure the reflection from the resonator in
the presence of FEL gain G. This can be of interest in FEL development as a way for
determine both the resonator losses (or round-trip reflectivity Ry ) and the FEL gain

from the measured reflectivity pattern below lasing condition, namely RG < 1.
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The reflectivity expression in the presence of gain can be derived

straightforwardly by substituting RG instead of Ry in Eq. (3.38):

r= (3.51)

(3.52)

For RG = 1 power accumulates in the resonator without an input signal (the
resonator becomes self-excited). This regime of operation is also called the oscillation
regime. As the FEL gain parameter G is increased, internal losses of the resonator are
“compensated” until the oscillation condition G > 1/Ry is satisfied. Several curves of
reflected power at the resonant frequency for the various values of gain G are shown in

Fig. 3.21 :
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Fig. 3.21 Resonant peak of reflected power for several gain values for parameters

R;=0.5, R1=0.98.

It can be seen in this figure that a critical coupling condition near 100GHz is
reached for G = 1. Up to the point of critical coupling the measured dip of the reflected
power increases (!) as the gain is increased. When the gain increases beyond the critical
coupling point the dip becomes smaller. It then turns into a peak (G = 1.965), and
explodes when G = 1/Ry = 2. Measurement of the power spectral reflection pattern
while passing current through the FEL, can be a way for measuring the FEL gain before

oscillation threshold. However, this requires being able to measure Ry;.
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Chapter 4

Measurement of round-trip reflectivity

4.1 Introduction

Two procedures which I used in the laboratory for measurement of the round-trip
reflectivity of the resonator are described in this chapter. After installation of one resonator
into the FEL system, a duplicate resonator was assembled in a separate laboratory in order
to enable a concurrent experimental investigation of the resonator system outside the FEL
tank. Firstly the round-trip reflectivity of this duplicate resonator was measured using the
specially designed remote-controlled motorized 3-grid reflector described in the previous
chapter. In a second experiment the round-trip reflectivity of the resonator installed in the
laser tank was measured using excitation through a parabolic off-axis mirror. In both
experiments, the reflected signal from the excited resonator cavity was measured directly
and the round trip reflectivity was calculated according to the theory presented in the

previous subchapter.
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4.1.1 First experiment: measurements on the duplicate resonator

system

The measurement setup is shown in Fig.4.1. It consists of two main parts. In

the shorted resonator system, the bent reflector was equipped with two remote-

controlled stepped motors, which can cause the reflector grids system to be moved

in two planes. Motion of the grid system along the z-axis of the resonator changes

the length of the resonator cavity and allows fine-tuning the resonator to a desired

frequency. Rotation of the grid system in the x-y plane allows continuous fine

variation of the coupling between the cavity and the excitation system so that the

desired operation regime of the resonator is achieved (critical coupling for

example). The RF excitation section was assembled from a feed horn mode exciter

with an aperture that provides excitation of a mode, which is the operating mode.

Mode exciter
(Feed horn)

-------1 Coupling
1 Grids

A

oV gg) Source
\N4 A
GPIB
Interface
O [ ] <
O SNA

2l Controller [*

Motor’s

A 4

PC

Resonator

(a)
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G, \ - @
G . -
23 N i ) ."xﬂ
N
s 4 E"- N
(b)

Fig4.1 (a) Experimental setup for measurement of the resonator, excited by an

appropriate aperture: setup diagram; (b) photograph of the experimental setup.

The measured reflected signal patterns for various coupling coefficients (different
polarization angle 0 of the central grid) are shown in Fig. 4.2 (a).

Stronger coupling deepens the absorption resonant peaks. The deepest peaks are
obtained for the critical coupling condition; the condition for which the impedance of the
cavity is fully matched to the external circuit impedance.

The effect of the longitudinal shift of the coupler mirror (change of the length of the
cavity) is shown of Fig. 4.2 (c). It demonstrates the possibility of a frequency shift in a
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longitudinal mode (resonant peaks at different coupler positions along the z-axis of the

resonator).
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Fig.4.2 (a) Dependence of the reflection pattern of the resonator on the central grid

angle in the coupler; (b) zoom on a single resonant peak; (c) frequency shift

of the resonant peak for the different longitudinal coupler positions.

4.1.2 Second experiment: reflection measurements the resonator
installed in the FEL system

In these experiments the resonator was excited through a 50 cm long section
of a corrugated cylindrical waveguide (see Fig.3.5 (b)). A specially made mode
exciter connects this waveguide to the standard W-band waveguide of the Scalar

Network Analyzer (SNA). The mode exciter is designed so as to excite in the
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corrugated waveguide only the fundamental linearly polarized EH;; "improper"
mode. This mode has a profile which is very close to that of the free space TEMyg
linearly polarized Gaussian mode. The Gaussian mode is excited at the waveguide
end with an optical coupling efficiency of 97%. This Gaussian mode is then
focused and injected into the resonator cavity through an off-axis parabolic mirror

which was designed and positioned to generate a Gaussian beam waist onto the

resonator 3-grid coupler as shown in Fig. 4.3:

Matching mirror corrugated waveguide Mode exciter Directional couplers

and detectors

18

Polarizing grids

Sl s

HP SNA

S

Resonator

Spectrum
Ananlyser

Hz

)

Fig. 4.3 Setup for resonator reflectivity measurement inside the FEL tank.

The coupling coefficient of the polarizing grids mirror was controlled by the angle

of the middle polarizing grid (see sub-chapter 3.5) and could be varied within a wide range
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by manually changing the angle in the range 0...to 50 degree in steps of 5 degrees. The
measured reflection coefficient from the real resonator for several coupler grid angle values

is shown in Fig. 4.4:
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Fig. 4.4 Reflection from the resonator cavity measured for different coupling
coefficients: (a) In a wide frequency range; (b) blow-up of a single

resonant longitudinal mode dip of the resonator in Fig. 4.4(a).

As shown in Fig. 4.4, the resonant peaks ride on a “parasitic”, “low-frequency”
envelope due to the high-loss transmission line section preceding the resonator.

The subsequent analysis of the measured data, obtained in both of the experiments
described above, includes extraction of the deconvolved resonance dips from the reflection
pattern and evaluation of the Q-factor and round-trip reflectivity parameter of the resonator

in a wide frequency range around 100 GHz.
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4.2 Analysis of measured data

According to the theory detailed in the subchapter 3.6, the algorithm of the
round trip reflectivity is based on measurement of the reflection coefficient resonance curve
and uses “optical” formulation. The reflection coefficient of the asymmetric Fabri-Perot

resonator is (Eq.(3.60)):

(Rl B th )(1 B Rl)/ Rl

r=1- -
2
(=R, ] +4yR, sinz(zj @.1)

According to Egs.(3.36) - (3.37), Ry can be calculated from

4 4.2)

or directly in terms of the parameter 61 ,:
3 4
R —|_ A, (mj 1
rt
¢ ¢ (4.3)
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Because of the presence of a “parasitic pattern” in the measured reflectivity
data and because of its frequency dependence, the procedure for determination of
FWHM (of)2) described in section 3.6.1 is used. To reduce errors using that

procedure, we match the measured resonant dip pattern to a Lorenzian curve:

y=y,+ o
"o A(x—x, ) +w?

(4.4)

The notation used in Eq. (4.4) is described in Fig. 4.5:

Y=Y,
\(yc-yO)IZ /
y ) )
W AfFWH
(XaYe)

Fig. 4.5 The Lorenz curve approximation: y, — off-set of Lorenzian curve;
XcYe — coordinates of the resonant maxima; Afpwpm = 6f12 = w — width of the

resonance peak at -3dB level (yc.-yo)/2;
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In order to match the dip patterns of the exact Fabry-Perot comb (Eq.(3.17)) to a

Lorenzian curve (at least in the frequency range | f— f0| <of,,) it is necessary to satisfy:
C:sin(z—ﬁlﬁmjzz—ﬂlﬁm <l (4.5)
c C

or, in terms of Q,

o sin( 27l }z 27l <1 (4.6)
AQ. ) AQ,

In terms of the optical parameter of the Finess, this inequality states F > 7z which usually
is easily satisfied for good quality resonators.
For the parameters of our resonator system and for a typical value 6f;» = 10 MHz

we get:

ézz—ﬂlé'fm =0314<1 (4.7)
C

which justifies the Lorenzian curve approximation.

In Fig.4.6 we plot the parameter C vs. the exact dependence of the FWHM
frequency with 6f}/; of a FP interferometer resonant pattern (first equality in Eq.(4.6)). For
comparison we plot also the approximate dependence (second equality in Eq.(4.6)).

Evidently, the approximation is very good for 6f;, = 10MHz.
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2 L L L L L L PR IS E——
approximation
exact value

C parameter

10 20 30 40 50 60 70 80 90 100
6f1/2, MHz

Fig.4.6 Exact dependence of the C parameter (red) on the FWHM frequency width 5f;,
of the FP resonator and the approximation of Eq.4.6 (green).

In both experiments we used the curve fitting procedure to evaluate the measured

data. The typical outputs using this procedure are shown in the following figures:
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Lorentz fit to Peak_1nrm:

— Lorenz. approx
—u— peaklnrm

Center Width Offset Height  Qload

99.598 0.0123 0.0205 -0.12937 8100
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Fig. 4.7 An example of the Lorenz approximation curve-fitting procedure for

particular resonance peak.

In Fig.4.8 the experimental results are indicated by the points for various
angles of coupler grid as given in the legend in the lower left-hand corner. The
solid curves were obtained by use of the curve-fitting computer procedure. An
example of the results of the Lorenzian curve-fitting procedure for a 15 degrees

grid angle is given in table 4.1.
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Fig. 4.8 Quality of Lorenzian fit approximation. The single measured resonance

peak for the different coupling conditions (different coupler grid angles).

Lorentzian fit to 15 degree:

Center, GHz Width, GHz Offset, a.u. Height, a.u. Qloaded

99.602 0.0094 0.0038 -0.053 10600

Tab. 4.1 An example of the Origin curve-fitting procedure output.

The loaded Q-factor was calculated for several resonant peaks near 100

GHz. The round trip reflectivity was calculated according to Eq.(4.8). Fig. 4.9
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demonstrates that when the polarization grid angle is smaller, the transmission of the grids
coupling mirror is decreased and, consequently, the loaded Q-factor (total round-trip
reflectivity) tends to its limiting value — the unloaded Q factor Qo and the measured round-
trip reflectivity Ry, ends to the internal reflectivity factor Rjy (the round-trip reflectivity for

a perfectly reflecting grids) :
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Fig. 4.9 Total round-trip reflectivity of the resonator calculated for a typical

resonant peak: (a) inside the FEL tank; (b) in the laboratory experiment.
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Chapter 5

Conclusions

Estimation of FEL resonator losses using Matlab simulation predict about
50 % of internal resonator loss as described in Chapter 2. Since a parallel RLC
resonant circuit model is applicable only for a single mode cavity, for the
multimode FEL resonator it is essential to use a quasi-optical model of a FP
interferometer. The results of the measured and calculated round trip reflectivity
parameters of 3 longitudinal resonator modes near 100 GHz for the known coupling

coefficient (grids mirror reflectivity R;) are:

freq.,f0  (Af)pwnm  Qioaded Rt L tot R1 Linternal
GHz MHz % % % %
99.906 10.1 10194 54 46 98 45
100 10.0 10000 53 47 98 46
100.1 10.0 10010 53 47 98 46

Tab.5.1  Measured and calculated round trip reflectivity parameters.

The error in round-trip reflectivity calculations is about 5 % and consists
mainly of errors in measurement of the FWHM, of the recorded Fabri-Perot
resonator peaks and an error in the Lorenzian function curve-fitting procedure.

The obtained round-trip losses of the resonator are relatively high and

correspond to operating the FEL near oscillator threshold. The losses are not
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distributed uniformly over the resonator length. Their main contribution to the
round-trip losses is in the bend region of the splitter.

As a consequence of this work, and the consistent results of measurement
and calculation of the resonator parameters, the FEL group has concluded to
modify the structure of the resonator in order to decrease the round-trip losses and
assure attainment of the oscillation threshold condition. The modification consisted of
insertion of a low-transmission grid mirror before the bend of the Talbot reflector, and so
removes this lossy section from the resonator. This grid is shown in Fig.5.1 as a yellow
block. A more detailed description of the resonator modification and of the grid

characterization may be found in [11].

- _ Y
1 O
1
s O \qﬁ
|
oooool
e

Polarizing grids

IRZ

I — Y -

P.T

1" bend

Fig. 5.1 Modified FEL resonator.
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Using the above described procedure of Lorenzian multi-peak analysis, the
following results were obtained for the modified resonator:

freq.,f0  (Af)rwnm  Qioaded Rt Ltot R1 Linternal
GHz MHz % % % %
99.938 7.9 12650 65 35 92 29
100.051 6.7 14933 69 31 92 25

Tab.5.2 Measured and calculated round trip reflectivity parameters after modification.

Curve-fitting using the multi-peak analysis procedure of the mentioned

resonant peaks before and after resonator modification are shown in Fig.5.2:

| = 3-grid reflector |

;

1.0

0.8

, power

2
|

0.6

|11

0.4

0.2 T T T T T T
99.85 99.90 99.95 100.00 100.05 100.10 100.15

Frequency, GHz

(@)
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—— Lorentz fit peak 2 for Databaseline_C
—— Lorentz fit peak 3 for Databaseline_C
1.0 pems
- d
a) \
2
o
o
—
%) 0.9
0.8

99.90 99.95 100.00 100.05 100.10
Frequency, GHz

(b)

Fig. 5.2 Multi-peak analysis of resonant peaks before (a) and after (b) resonator

modification.

The oscillation threshold gain Gth relates to the round trip reflectivity Rrt

by [11] :

_1 (5.1)

In the low-gain regime, according to FEL theory, the oscillation threshold current is related

to Rrt by:
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Ly o (Gy —1)=[Ri— J (5.2)

rt

Thus the ratio of threshold currents before and after modification is:

-1
Ithl _ }/thl ~16 (53)

Ith2 }/R -1
r2

for Rrtl = 53% (before) and Rrt2 = 65% (after) values of the round-trip reflectivity.

The following table gives an estimate of the improvement in threshold gain and the

corresponding reduction in the (unknown) threshold current in three possible examples of

Ith:
Before After
modification | modification
Rrt 0.53 0.65
Gth 1.89 1.54
Gth-1 |89 % 54 %
Ith, [A] | 1.5 0.91
2 1.21
2.5 1.52

Tab.5.3 Threshold gain and the corresponding threshold current values.
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Since the current available to the experimenters was below 2A, it seems likely that the
modification of the resonator based on our measurements and calculation enabled the

attainment of lasing in the Israel FEL [11].
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8PN

100GHz Sv ©71n ©NNY YTINY TINN DY DIMINNDN NN PN NN 1’ NHN NTIAya

S9N (Free Electron Laser - FEL) 0»wann 070P5RD 9199 1pnna wnvwhd Tyrnn
T2 ,(09910) D»HMN OXTOIN DY) NMIAY MIONI M NP1IN TINN JPNNY WIT MDD P Na
NN MNTPNN IWARD >TO2 AHN JPNN DY DD NDWAY vINTN NION 90 WrY
121212 MVLANY TN DY (TINNKA DXNN TIT NN NDND HHID) TINHNN PN TIND DINTIVPHN
DOYOPN 19PN Y915 TN ( 100GHz 2>20) W-band -n »17na2 max (Q) Mmoo x o9 nhap
MYN TNXD 0MXIVN (DOY T2YNY DXTOINN IN) TINNN DV AN D) 1IN SV O»PTIN»

.FEL -n n5ws

oMY MITTHN MXXIN NN IPNYM |, NINNN IIIND DX T IPNNT NTIAY NHONI
MM YN ONAY [ TINNN DY DIPOYN 5900 TIN2 MTYUN DD 0991 IWOND YVIDIN

(Talbot reflector) va5v 9 vnn Tinay (Curved Parallel Plates - CPP) o9 apn o»nmpy
JPVIDIN NN IO NP DINTOVPONN NN P TN TWINNDD

PNPIDT YTOIM OPNMN DXTON ,MIY TN NVY OOYA D) MIDIN P DNNN DINN

TINK HY OLMN HTIN ININND N NTIAYA 121D . "Matlab® -2 785170 Mo MyNnNa PN
NP2V (D)) DXTOAND MIVAN DY) DITDAN DY MVNION 1I19-729 TVMINIVIND FEL
,FEL-n mnn 7na 0dv Hayna nNnn OTPNn RTTN TNSD Dnuy Dnmay [ nTInn

TION JPNN .TINNN DY NIINNN DIIVPID DY NTINNN YD 2N DY NP DTN DY NODINN
.[6] NNTY APNI AN ,NMIS TINNDA YNV POINY dNYI-NON

NPNN D212) TINHNN TIN2 DDY 5150102 12NN YTON 19ND IXINY IPNRN MWD MIPOY
TNNS ,TINHDN MAN NPV NUYI INT MNIAN MIAPYA .50% -D INNNDN 1WIN NTTH) (TSN
VYN IWONY 35% >TID DMHION DYTOINN NTNND NXAN MNPYN .0 DXTOINN MOPN
9200902 (NN NPIP TIVN NIVARNDN TINN NNXNI) ORI N FEL -n Sv nnwxa nd
[11] 2003
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