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Abstract

A widely usedapproachin describingradiationfields
generatedby shortpulserf linac FEL oscillatorsis based
on modal expansionof the intracavity fields and solving
the wave equationfor the amplitudesof the excited trans-
versecavity eigenmodes,in time andaxial dimension.In
thistimedomainapproach,modeamplitudesarecalculated
by adoptingthe slowly varying envelope approximation
(SVEA). The longitudinal propagationnumber

���
of the

carrierwave is usuallyassumedto representagroupveloc-
ity anda wave impedanceof thefrequenciesencompassed
within thespectralbandwidthof theopticalpulseenvelope
as it evolves within the interactionregion. However, in
caseswheredispersive effectsarisingfrom a waveguided
cavity becomeinfluential,thespace-frequency approachis
a straightforwardmethodto tackletheproblemwithout in-
troducingfurther approximations.Onesuchcaseis being
studiedbasedon a highly slippagedominatedshortpulse
rf-linac FEL operatingat longwavelengths.

INTRODUCTION

The aim of this paper is to presentnumericaldesign
tools for investigatingthetemporalandspectralcharacter-
isticsof THz pulsesgeneratedby shortpulserf-linac based
waveguidedFEL oscillators. We demonstrateapplication
of thesenumericaltoolson thedesignstudyandparameter
optimizationof aTHz FEL systemthatis expectedto oper-
ateovera frequency rangebetween100-1100microns[1].
Combinationof effectsresultingfrom the useof picosec-
ondsshortelectronpulsesandlong radiationwavelengths
spreadoversuchawidespectralrangeontheonehandand
propagationof shortradiationpulsesin lengthywaveguide
resonators(asrequiredin mostof therf-linac drivenFELs)
on the otherhand,necessitatea carefulanalysisof the in-
terplaybetweenenhancedcoherentspontaneousemission
(CSE),waveguidedispersion(groupvelocity dispersion),
slippageandcavity desynchronisationeffects. In devising
the numericaldesigntool, we adoptspace-frequency ap-
proach[2, 3] which enablesa correctdescriptionof these
effectsbut it is time consumingwhensimulatinganoscil-
lator FEL configuration.On theotherhand,employing an
additionalformalismto model the relevant aspectsof the
problemin an approximatedway while creatingpractical
meansin termsof cpuusage.Theformerrigorousformal-
ism is usedto validatethe applicationrangeof the latter
in tacklingthedesignproblemwith a reasonableaccuracy�
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andreplaceit in casesof shortcomingsin modellingprop-
erly thephysicsof theabovementionedTHz FEL system.
The two methodspresentedin thepaperarecontemplated
for thedesignstudyof theplanedwidespectralrange,long
wavelength,shortpulsewaveguideTHz-FEL oscillator.

Sampleresultsare given applying the developedfor-
malismsonahighly slippagedominatedFEL regimewhere
submillimeterto millimeter wavelengthradiationis gener-
atedby a few picosecondslong high peakcurrentelectron
bunches.

DESCRIPTION OF THE MODELS

Time domain model

The time domainapproachpresentedhereand the im-
plementednumericalalgorithm is describedin details in
[4, 5]. Several assumptionsareadoptedin the modelthat
reducegreatlythe computationaleffort in order to enable
an optimizationof the systemparameters.The longitudi-
nal motion of eachmacroparticleis tracked whereasthe
transversemotion is accountedfor by the beamenvelope
equations[4]. Thelatterincludestheinfluenceof 3D beam
effects in an averagedmanner. The profile of the optical
field is definedby the transversemodesthat are excited
in a parallel plate (PP) waveguide resonator[5, 6]. The
evolution of the modeamplitudesis governedby Eq. (1)
where,by adoptingSVEA andintroducingthetransforma-
tions ���	�
����
���� and ���
����
 � � , the inhomogeneous
wave equationsimplifiesinto:�� � ����� ����� ��� ���  "!$#&%('*)+ � � � , -	./0 .1�2 �3� �4� � �65 � �4� � �7 � � �4� � � 8 9;: �=< �?>@4A B�CED�FHGJI : �=< ��>

(1)

In (1) �K�"� �4�$��� � is the complex envelopeof a modulated
wave trainwith carrierfrequency - andaxialwavenumber� � � of theexcited L ’ th mode,which satisfythewaveguide
dispersionrelation. M A �"� ��� � � is the ponderomotive phase.
Thelongitudinaldistributionof theparticlesis represented
by the term 5 � �4� � � � 7 � � ��� � ��N�O );P�Q .!�R , where

7 � � ��� � �
denotesthenumberof particleswithin a fractionof thera-
diationperiodallowing for a moreaccuratedescriptionof
CSEeffectswhenthecurrentprofile of theelectronbunch
variessignificantlyat thescaleof the radiationperiod[5].
Thesourceterm is averagedover theassociatedsubwave-
lengthlongbeamsegment

R
.
#

is thefilling factor. 2 � � ��� � �
resultsfrom averagingthesourcetermover the transverse



gaussiandensityprofile of theelectronbeam.For thecase
of a parallelplates(PP)waveguideit canbeexpressedby
theanalyticalterm:2 �3� �4� � � � BKST U�V&W4X � � � Y B�F�ZH[$\?]_^`B�Fba$Z$[$\�]dc (2)

with the parameterse , V , f and M definedin [5].
W X

andW4g
are the rms transversedimensionsof the beam,deter-

minedby solvingthebeamenvelopeequationsin termsof
thelongitudinalposition � [4].

Due to the waveguide dispersion,slippageeffects in
shortpulsewaveguideFELsexhibit differencesin compar-
ison to openresonatorFELs. Theslippagelength hji / for
theresonantradiationwavelengthk4l is definedas:hmi / � 7on k�loprq&� � ��s � N�t �vuw� � n � .;x�y [ . (3)

where
7on

and
��s � arethenumberof thewiggler periods

and the cutoff wavenumberof the L ’ th transversemode,
respectively.

The boundaryconditionsfor the transversemodesare
imposedby theresonatorandcanbeformulatedasfollows:� :Jz"{ y >�}| | � �o��~E�$� � ��� : y > � : . >1 @ �}| < ��� : y >�H| |��}| � : . >�H|�� B D$� I | | :�� > � :Jz >� � �6��h n �H�����}l � (4)

where � :Jz >� � h n �H�}� � denotesthe complex amplitudeof theL ’ th modeat the exit of the interactionregion at the pass
number O and � l ��hj� N 
�� l is the cavity round-triptime.� : A > signifiesreflectivity of the mirrors. � :

A >� | | � | describes
modesconversion,cavity lossesandoutcoupling.

The group velocity dispersioneffects might influence
the dynamicsof the FEL amplificationprocessin multi-
ple round-trips.Theinclusionof groupvelocitydispersion
into the time domainmodel requiresthe solution of the
secondorderwave equation[7]. In the presentedmodel,
the quadraticterm associatedwith the groupvelocity dis-
persion is omitted in the waveguide dispersionrelation
asa consequenceof SVEA. Instead,the dispersionis al-
lowed for in an approximatemannerin the model. Using
a Fourier seriesexpansion(FSE), the complex field am-
plitude � � � ����� � � is expressed,at eachpass,at the endof
the FEL interactionin termsof longitudinal eigenmodes
of the cold cavity with the respective -�� ��� , + P N �}l and� � �"��-�� � . Each � ’ th longitudinalmodepropagateswith the
own

� � �3��-�� � over the dispersive feedbacksection. Prior
enteringthe interactionregion,thefield amplitudesof the
longitudinalmodesaresummed(FSE

C y ) to yield the up-
dated���"� ����~E�$� � which encompassestheeffect of group
velocitydispersionoverthe“drift” sectionin thepreceding
round-trip. Subsequently, startingthe new round-trip,the
procedureis repeatedwithin the interactionregion, after
carryingoutmany integrationstepsin solvingthefirstorder
wave equationasdescribedin Eq. (1). Although the out-
linedalgorithmmakesuseof thelongitudinalcavity modes

in representingthe complex field amplitude � � � �4�$��� � , it
circumventsto reformulatethe wave equation(1) for the
amplitudesof thelongitudinalmodesandsparessolvinga
largenumberof coupledaxial modeequations.

Space-frequency model for FEL oscillators

Assuminga uniform cross-sectionresonator(usuallya
waveguide), the total electromagneticfield at every plane� canbeexpressedin the frequency domainasa sumof a
setof transverse(orthogonal)eigenfunctionswith profiles�� �"��� �H� � [2, 3]. At thebeginningof a round-tripnumberO ,
eachof themodesis assumedto have an initial amplitude� :Jz >� � ~E�  � andthetotal field at �6��~ is givenby:�� :Jz > ��� �$�d���6��~��  � � @ � � :�z >� � ~��  � �� � ��� �$� � (5)

At theendof theinteractionregion �o��h n , thefield is:�� :Jz > ��� �H�K�$h n �  � � @ � � :Jz >� � h n �  � �� ����� �H� � B { D�� 9 I :�� >��E 
(6)

The amplitudeof the L th mode excited by the electron
beamwith currentdensity

�¡ :Jz > ��� �H�K�����  � is givenby:� :Jz >� � h n �  � � � :Jz >� � ~E�  � � q+;¢ � 1£ �  ) £¤£ �¡ :Jz > ��� �H�K�����  � , ���¥� ��� �H� � B CED�� 9 I :�� >��§¦ � ¦ � ¦ �
(7)

where the normalizationof the modeamplitudeis made
via thecomplex Poynting vectorpower

¢ � [3]. Thespec-
tral densityof theenergy flow aftertheinteractionwith the
electronbeamat the O th round-tripis:¦�¨ :Jz > � h n �¦  � @ ��©©© � :Jz >� � h n �  � ©©© . q+�ª¬« ¢ ��­ (8)

After a round-tripin theresonatorof length h � , thefield
at theentranceof theinteractionregion is [8]:�� :Jz"{ y > ��� �H�K�$�o��~E�  � � @ � | � :Jz"{ y >� | � ~��  � �� �H| ��� �H� � �
� @ � |¯®° @ � | | � � | � | | � :Jz >� | | � h n �  �²±³ �� � | ��� �H� � B { D�� 9 I | :�� >��4´

(9)

where � � | � | | is a complex coefficient, expressingthe inter-
modefield reflectivity of transversemode L�� � to mode L�� ,
dueto scatteringof theresonatormirrorsor any otherpas-
sive elementsin theentirefeedbackloop. Scalarmultipli-
cationof both sidesof Eq. (9) by

�� ¥� ��� �H� � , resultsin the
initial modeamplitude:� :Jz"{ y >� � ~��  � � @ � | | � �H� | | � :Jz >� | | � h n �  � B { D�� 9 I :�� >�� ´ (10)



Table1: Operationalparametersof THz-FEL.

PARAMETER THz FEL
Wavelength: k¶µ·q�q=~3~_¸ m
Beamenergy: ¹ � ��q=~_º�q=» MeV
Energy spread:

Wd¼ � Q�½¿¾ � µ�~�À » %
Bunchcharge: Á ! �Âq*»�Ã pC
Pulselength:

W � � Q�½Ä¾ � �·q3À ~(º`»�À Ã ps
Repetitionrate: 23.6MHz
Wiggler period: k n � U ~ mm (hybrid.)
Wiggler: Å � Q�½¿¾ � ��~EÀ U º�»EÀ Æ
Numberof periods:

7 n ��Ç�~
Waveguide: Rectangular1 ( » U 1 q=~ mm. )

or PP2 waveguide(
¦ ��q=~ mm)

Resonatorround-
trip length: È_É�Ê�À »�Ã m

which is requiredin equation(7) to solve thefield excited
in theconsecutiveround-trip.In thefrequency domain,the
total out-coupledradiationobtainedat the oscillator out-
put after

7
round-tripsis composedof a summationof the

circulatedfields(6) insidetheresonator:��ÌË '=Í �  � �� @ ��Î � 8@z3Ï ) � :Jz >� � h n �  � �� �"��� �H� � B { D�� 9 I :�� >��E  (11)

whereÎ � is L th modefield transmissionof theout-coupler.
The energy spectrumof the electromagneticradiationob-
tainedat theoutputafter

7
round-tripsis givenby:¦�¨ Ë '*Í � 7 �¦  � @ �ÂÐ � ©©©©©

8@z"Ï ) � :�z >� � h n �  � ©©©©©
. q+ ª�« ¢ � ­ (12)

where Ð � �ÒÑ Î � Ñ . is thepower transmissioncoefficient of
mode L .

SIMULA TIONS

To simplify the analysis,single transversemode Ó(¹ ) y
is assumedin the simulations. Operationalparametersof
the systemis given in Table1. Drive electronbunchcon-
sistsfrom short Ó ! �ÕÔwÀ + ps buncheswith Gaussianlon-
gitudinaldistributionandwith anenergy-phasecorrelation
similar to theonesconsideredin [9, 10]. Figure1 demon-
stratesspectrumof spontaneousemissionobtainedin the
frequency domainby the WB3D code[3, 8]. The simu-
lationswerecarriedout with

7 / �Öq*~3~3~ macroparticles;
the resultedspectrumwasthennormalizedto the number
of electrons

7 ¼ ��Á ! N � 7 / B � in the simulation(see[11]
for details).Thepower of spontaneousemissionis ×�i / �

1Simulationscarriedout in thetimedomainmodel.
2Simulationscarriedout in thespace-frequency approach.

Ø : i / >Í Ë Í N�Ù i / µ¤ÃwÀÚÃo¸ W, where
Ø : i / >Í Ë Í µÛ~�À Ã fJ is the total

energy flux of spontaneousemissionfound by integration
of thespectrum,and Ù i / �¯h n N 
 � ) ��h n N 
 � l�µÜ~�ÀJq�q ns
is theslippagetime.

The following resultsrelateto FEL oscillator configu-
ration, basedon a train of buncheswith repetitionrateof
about23.6MHz. Fig. 2 shows evolution of the bunching
factor Ý � � � � B D ndÞ Í G : �?>

along the wiggler as function of
oscillatorround-tripnumber. At thefirst round-trip,spon-
taneousemissiontakesplace. At this stage,the intensity
of theradiationis ratherlow andvariationsin thebunching
factoraremainly dueto the initial energy-timecorrelation
in the electronbunch. At further round-trips,the emitted
field causesadditionalbunchingin theelectronbeam.

Evolution of the stored intracavity energy during the
first round-tripsis presentedin Fig. 3. Fabry-Perotres-
onator lineshapeis also drawn for the comparison. The
free-spectral range is ßáàãâäµ yÍ�å µ + »EÀ Ê MHz, where�}lÄ�æh � N 
 � l¬µ¤Ç + À Ç ns is the round-triptime. The full-
width half-maximum of thetransmissionpeaksis givenbyß ØÂç�è �êéìë�íî µï~�À Ê�Ã MHz, where ðñ� òmóô õy C ô õ �»3Ê�À ~ is theFinesseof theresonator( öÛ�¯Ñ �KÑ . ��~�À U Ç is the
total round-trippower reflectivity). The oscillatorenergy
buildup is shown in Fig. 4.

Evolution of the radiation build-up processwhen the
buncheswith uncorrelatedenergy spreadareinjectedwas
consideredin the time domainmodel. Comparisonof re-
sultsof Fig. 4 and5 revealssignificantreductionof optical
pulseenergy at the last case.The differencemight beex-
plainedby the enhancementof coherentemissiondue to
energy-phasecorrelation,asdescribedin [10].

CONCLUSIONS

In the paperwe presentedtwo approachesfor simulat-
ing excitation andbuildup of FEL radiationin an oscilla-
tor configuration.Using themodels,a studyof a FEL op-
eratedat the sub-millimeterwavelengthswascarriedout.
Thespace-frequency modelaccountsfor dispersioneffects
in the waveguide without approximationswhen radiation
pulsesareexcitedby a train of shortelectronbunchespro-
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Figure1: Spontaneousemissionspectrum.
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Figure2: Evolution of the bunchingfactoralongthewig-
gler for differentoscillatorround-trips.
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Figure3: Oscillationsbuild-up at thefirst round-trips.
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Figure5: Evolution of the intracavity opticalpulseenergy
for an uncorrelatedGaussianenergy spreadin the beam.
The radiationpower profile is shown at small signalgain
(a)andatthebeginningof theexponentialgain(b) regimes,
respectively.


