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Abstract. Delamination in periodically layered materials occurs as an intra-layer crack

propagating parallel to the layering, or as an interface debonding. In this research both

types of delamination are examined.

A general scheme for analysis of delamination cracks in periodically layered composites

consisting of an arbitrary finite or infinite number of layers is presented. The crack

is viewed as a superposition of distributed dislocations. The problem of a composite

consisting of a finite number of layers is replaced by an equivalent one for a periodically

layered plane. The Green’s function for a single dislocation is obtained in a closed form.

By means of the representative cell method based on the discrete Fourier transform, the

Green’s function problem is reduced to the analysis of a single bi-layered cell, the elastic

solution of which is found in the form of Laplace integrals. Using this result, the problem

is formulated as a system of two singular integral equations, which are solved numerically.

A number of basic delamination problems for a periodically layered bi-material plane

and a periodically layered strip are examined. An extensive parametric investigation

reveals, in particular, that for the interface debonding, as opposed to the case of non-

interface delamination, increasing the stiffness of the thin layers can raise the stress

intensity, producing some maximum. For the case of a large material mismatch between

thin stiff layers and thick compliant ones, this maximum can significantly exceed the

corresponding value for the crack in a homogeneous material. The results obtained in

the considered delamination problems meet the asymptotes for a semi-infinite crack in the

anisotropic plane, possessing effective elastic properties and known solutions for sandwich

composites.

The effect of the loading direction for a crack in the periodically layered plane is

examined analytically. The energy release rate and the phase shift angle appear to be

functions of the loading angle, except for some specific parameter combinations. The

energy release is found to have an extremum corresponding to pure normal loading. This

extremum is maximum for most material combinations when the crack is sufficiently long.

In addition to the delamination problems, a closed form solution is obtained for a

perfectly bonded periodically layered strip. Such a solution can be employed for the

prediction of crack nucleation. Comparisons with approximate laminated plate theory

are carried out, limitations of which are emphasized.
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0.1 Preface

Man was ever intrigued by mysteries. One of them is symmetry striking the eye by the

identity of recurring patterns. One pillar is grasped as nonsense while a row of columns

is regarded to be aesthetic, may be, since the symmetry is a most vivid example of the

order in the world. The symmetry is visible in most artificial and natural objects and

constitutes internal structural arrangement of many materials. The spatial recurrence in

a structure generally reduces the designing time and production costs. Moreover, when

the element distribution is near-periodic or even random, the periodic model may serve

as an approximation to the original one. Significant simplification, arising here from the

symmetry, impels the researcher to examine periodic models.

Another mystery is an inherent ability of any solid thing to undergo fracture. Children

break things to see how the fracture is happening. An engineer investigates the same

question mostly for preventing failure. One could say that the fracture behavior is one

of the most important characteristics of any material or structure.

Occasionally, symmetry and fracture are closely related. Failure usually originates

from initial defect, which is commonly considered as a discontinuity or a dislocation, but

in the framework of symmetry is viewed as perturbation. On the other hand, the certain

kind of symmetry stipulates the corresponding possible type of failure. For example, one

of the most frequently encountered forms of damage in layered materials is delamination.

The present work is dedicated to this very phenomenon.

1



Chapter 1

Introduction

1.1 Periodic Composites

1.1.1 Repetitive structures

A structure is said to be repetitive if it consists of a number of identical structural units

which are connected together in a regular pattern. Repetitive structures may be cate-

gorized as consisting of a finite or infinite number of repetitive units. Repetitive trusses

and periodically stiffened shells, widely used in construction, aeronautic engineering and

shipbuilding, have repetitive geometric form. The material recurrence is commonly en-

countered in the field of composite materials.

The symmetry properties of the repetitive structures are systematically treated in

the symmetry group theory. The symmetric structure, accordingly, is defined as one

invariant to a symmetry operation. The basic spatial symmetry operations are reflections,

rotations, translations and dilatations. An infinite beam, for example, consisting of

periodically alternating fragments of different material is said to possess the translational

symmetry. The rotation symmetry appears also in finite structures such as gear wheels.

While the more thorough classification of the spatial symmetry groups can be found, for

example in the manual of Lax (1974), only translations are relevant in the framework

of the present study. The elastic characteristics of the structures, possessing the above

kinds of symmetry can be described mathematically with the help of periodic functions

of spatial arguments. Such structures therefore will be referred to as periodic.

Strictly speaking, structures finite in the translation direction do not possess the
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translational symmetry, since any translation will shift the structure beyond its boundary

and thereby will not leave it invariant. The mathematical term ”periodic”, accordingly,

may not be applied to finite domains. In the present research, however, a multilayered

finite composite is referred to as a ”periodic multilayer”, if it consists of a finite number

of identical sub-layers 1.

1.1.2 Periodic multilayers

Periodically layered materials are widely used in the modern engineering practice due

to their structural properties and relatively low manufacturing cost. They can be found

in electronics, optics, microelectromechanical systems (MEMS), machining tool indus-

try and other fields. Protective coatings, multilayer capacitors and stacked actuators,

printed circuit boards, thin-film coated optics, mechanical filters for high-frequency dy-

namic isolation and reaction product layers contains periodically alternating layers. On

the other hand, periodic multilayers belong to a wider class of multilayered composite

laminates, used in many fields of engineering, especially in construction, aircraft industry

and shipbuilding.

A high impact and corrosion resistance of multilayered materials was pointed out

by Vaamonde (1993), who proposed to use multilayered steel-zinc sheets in the trans-

port vehicle construction. The effect of structural layering and thermal residual stresses

on dynamic impact resistance of alumina/aluminum laminated structures was studied

experimentally by Roeder and Sun (2001).

The tribological performance of cutting tools covered with multilayered protective

coatings substantially improves as a result of the residual stress reduction, the crack arrest

or deflection by multiple interfaces, and the shear in the compliant layers, which prevents

yielding of more brittle layers during bending. Holleck and Schier (1995) reported the

doubled wear reduction of TiC and TiN multilayer coated tools, compared to a single

layer coating. Improvements in hardness, indentation toughness, adhesion, and wear

performance of TiC/TiB2 coating under optimized layers thicknesses conditions were

observed by Holleck et al. (1990).

Attenuation of the stress wave propagation in periodically layered composites is em-

1with, may be, one additional non-complete external sub-layer
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ployed in mechanical filters for vibration isolation. Such filters consist of a periodically

layered stack of alternating materials with strong elastic and density mismatch. Due to

the shock wave dissipation and dispersion induced by the interface scattering, periodi-

cally layered composites have an increased shock viscosity and, consequently, an improved

vibration resistance (Sackman et al. 1989, Zhuang et al. 2003).

In MEMS and integrated circuit applications, multilayers are usually exploited for

their structural functioning, while their mechanical properties may be a critical problem.

For example, coating of optical components is often composed of thin films deposited at

high temperatures. Significant interfacial residual shear stresses, which develop during

the cooling-down, may cause delamination (Klein ,2001, Schreiber, et al. 2002). The

appropriate selection of design parameters can considerably improve the mechanical re-

liability of multilayers. Yang et al. (2000) points out that with a proper parametric set,

a polysilicon film composed of alternating tensile and compressive polysilicon layers can

be deposited with a near-zero residual stress. Rather low electrical resistance is observed

in magnetic periodic multilayers, subjected to a magnetic field. At the same time, Lu et

al. (2001) report that a Fe-N/Ti-N periodic multilayer has better mechanical properties

than a single-layered Fe-N film while retaining excellent magnetic characteristics.

Stacked multilayer actuators generally consist of piezoelectric thin layers alternating

with metal electrodes. The abrupt end of an internal electrode concentrates the electric

field, inducing stresses in the ceramic and, consequently, nucleation and growth of cracks.

Fracture analysis of multilayer actuators (Hao et al. 1996) revealed that a critical layering

parameter exists, below which the actuator does not crack around the electrode edges.

Discussion of durability, fatigue and material composition of multilayer actuators can be

found in Pritchard et al. (2001).

Multilayered laminates have higher damage tolerance and reliability combined with

reduced weight with respect to monolithic systems. It must be noted here that laminates

generally are not composed of alternating homogeneous layers. Some laminates are peri-

odically layered, others are not, but in most cases they contain composite laminae, such

as fiber reinforced plies.

Yet, the periodic multilayer can be employed as a model for analysis of laminates for

two main reasons. First, the basic trends in the fracture behavior of both laminates and

periodic multilayers are expected to be similar. Consequently, the parametric study can
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be easily carried out, revealing qualitative effects which hold true for multilayered com-

posites with a more complex and even non-periodic structure. Second, it is worthwhile,

because when laminate consists of a large number of layers, its analysis is extremely dif-

ficult. In approximate models, laminae are usually replaced by homogenized orthotropic

layers with effective elastic properties. But, even with this assumption, the problem

remains very complicated. Approximate theories and numeric simulations, available for

analysis, require to be tested with exact solutions. Study of periodic multilayers is moti-

vated, therefore, by their plain structure which is convenient for analysis. The simplest

periodic multilayer has alternating layers of two dissimilar materials.

As can be seen, multilayers demonstrate a wide range of mechanical properties from

the high reliability and damage tolerance to the absence of those. The latter happens

usually when the layered structure is chosen by reasons irrelevant to mechanical relia-

bility. In most cases, examining of the multilayer stress bearing capability is of primary

importance.

1.2 Failure

1.2.1 Delamination as a type of failure

Reliability and damage tolerance have become the main requirements for modern mate-

rials. Damage resistance of multilayers is determined by the competition between several

failure mechanisms, such as yielding and cracking, multiplex microcracking and a single

macrocrack, intra-layer cracking and interface debonding. The macrocrack can propa-

gate across the layers or parallel to the planes of bonding. If in the last case the crack

surface does not cross the interfaces, then this type of failure is referred to as delami-

nation. Delamination is the most intrinsic damage of layered materials, because their

through-thickness strength is generally several times less than the in-plane one.

In composite materials delamination cracks arise typically from the impact damage

(Lin and Lee, 1990, Melin and Schon, 2001) or from initial imperfections such as gap,

inclusion, initial crack, etc. Delamination is induced by tensile and tangent stresses acting

on the area element, parallel to the layering. These stresses can be caused by external

loading, thermal stresses, moisture absorption and residual stresses created by moisture
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or temperature gradient. Extensive discussion on origin and effects of delamination can

be found in the paper by Garg (1988).

Delamination of multilayers occurs as intra-layer cracks propagation in the direction

of the layering, or as debonding of interfaces. The propagation path of delamination

cracks sometimes appears to be wavy and lies partly within the layer and partly along

the interface (Fleck et al. 1991, Chai 1987, Hutchinson and Suo 1991).

The concurrence between interface and sub-interface cracking has been treated by

Hutchinson et al. (1987). Vast experiments reported in the literature indicate that inter-

face debonding prevails over intra-layer delamination (Williams et al. 1986, Garg 1988,

Cao and Evans 1989, etc.), especially under mixed mode loading. Yet, in certain cases,

the opposite happens. Thus, a strong tendency of the cracks in the films subjected to

residual tension to kink into brittle substrates and to propagate parallel to the interfaces

was observed by Thouless et al. (1987), Hu et al. (1988), Drory et al. (1988), and by

McNaney et al. (1994). Under a certain loading, the crack propagation has been ob-

served (Cao and Evans 1989, Wang and Suo 1990) within the layer with fracture energy

several times higher than the corresponding interfacial one. This contradiction has been

explained by Fleck et al. (1991). A rather complete review of the subject and additional

references can be found in the paper by Hutchinson and Suo (1991) .

1.2.2 The effect of delamination

Depending on structural loading, delamination can be the critical failure mode, but more

frequently it results in stiffness loss, contributing thereby to overall failure. Under com-

pressive in-plane loading, delamination allows out-of-plane displacement of plies to occur

more easily, contributing thereby to local instability. Consequently, it causes reduction

of compressive strength and leads to out-of-plane buckling (Bolotin 1996, Gaudenzi 1997,

Melin and Schon 2001, Nilsson et al. 1993, Short et al. 2002).

On the other hand, fracture resistance of multilayers can be much higher than that

of corresponding bulk homogeneous bodies. Dispersion of the damage in laminates by

multiple cracking increases energy dissipation and hence the effective fracture energy

(Arata et al. 2001). But the main contribution is made by arresting, trapping and

deflecting the cracks at the interfaces (Holleck et al. 1990, Holleck and Schier 1995,
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Sbaizero and Evans 1986, Li 2000, Kriven and Lee 2001). Tests of iron-aluminum (Loader

et al. 1996), and ultra-high carbon steel–brass (Ohashi et al. 1992) multilayers indicate

that the crack tip blunting in a more ductile layer and the crack deflection accompanied

by delamination are factors preventing the total failure.

It was also revealed (Markaki and Clyne, 2002, Howard et al. 1998), that effective

toughness of the metal/ceramic laminates can be significantly enhanced by the certain

degree of interfacial weakening due to the energy dissipation in multiple debonding.

Four-point bending tests (O’Brien et al. 2000) confirm the crucial role of the interface

toughness in maximizing the fracture work by crack deflection. Kovar et al. (1998)

pointed out that delamination cracks absorb high energy when propagating a sufficiently

long distance, which, in turn, depends on bonding conditions.

Summarizing, delamination should be pointed out as an important damage mode

which is capable of reducing strength, stiffness and reliability of layered composites. On

the other hand, when the transverse cracking is predominant failure mode, delamination

improves overall fracture resistance. The analysis of delamination problems carried out

in the present study should be used in combination with experimental data for choosing

the optimal composite design parameters.

1.3 Quasi-periodic problems

Consider a structure possessing translational symmetry2, subjected to general loading.

Three types of problems for the periodic structure can be indicated here. The problem

is said to be periodic when both the structure and the loading are periodic with iden-

tical periods. Consequently, the stress-strain state is also periodic. This problem can

be reduced to analysis of a representative volume element hereafter referred to as the

repetitive cell.

The loading can be spatially periodic but may have a period different from that of the

structure. We refer to the periodic loading as cyclic in order to distinguish the symmetry

of the stress state from that of the structure. If periods of both the loading and the

structure have common multiple then the stress field of the structure is periodic. Such a

problem is said to be cyclic.

2concepts introduced in this section can be defined also for other types of symmetry e.g. rotation
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Finally, the stress state of an infinite periodic structure can possess no translational

symmetry whatever, in which case the problem is said to be quasi-periodic. Note, that

the cyclic problem can be considered as a special case of the quasi-periodic one.

The subject of present research is delamination of periodically layered structures

caused by interface debonding or intra-layer splitting. Accordingly, analysis of the infi-

nite structures with a single crack requires the solution of corresponding quasi-periodic

problems. Another objective is a closed form stress field of the strip composed of a large

number of layers. Finally, the problem on a delamination crack in such strip is of the

interest. In all the cases the initial problem will be reduced to a quasi-periodic one.

1.4 Literature survey

1.4.1 Methods of analysis of symmetric elastic systems

Methods that take advantage of the repetitive nature of a system deal with the repetitive

properties rather than with the type of the system. Therefore, approaches to analysis of

quasi-periodic problems arising in different fields of mechanics are reviewed here.

A method that does not take advantage of the spatial recurrence is commonly referred

to as direct. When such method is used, an extension of the considered domain by adding

repetitive cells inevitably results in multiple increase of the analysis complexity. On the

other hand, there are a number of approaches that allow the simplification of the analysis

by utilizing the benefits of the system symmetry.

Among such approaches, the continuum substitution may be named the most radical.

The repetitive system or its part is replaced by the periodic continuum with effective

properties obtained by some smearing procedure. Noor (1988) classified methods appli-

cable to the discrete periodic structures, such as lattices and trusses, and expounded the

advantages of continuum modelling. However, the pertinence of such substitution often

becomes a weak point, as has been pointed out by Renton (1996) who applied the gener-

alized beam theory to the finite-difference analysis of regular trusses. In the mechanics of

composites, an inhomogeneous continuum is often replaced by a homogenized one. This

procedure smears interfaces eliminating thereby the very possibility of analyzing the in-

terface debonding. Nevertheless, when local effects do not govern the global behavior,
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the equivalence to the original model can be reached on macro level. In these cases, the

above method produces accurate results, and it is worthwhile to employ it because of a

simple form of the solutions being obtained.

Initially, exploiting symmetry properties of periodic structures was carried out for

dynamic problems. In the solid state physics the dispersion relation for harmonic wave

propagation through a periodic medium can be derived by employing Bloch’s theorem

(Brillouin, 1946), which states that the change in the wave amplitude across a period

does not depend upon the location of the period within the system. Consequently, the

dynamic analysis of a non-periodic state of stress in periodic structures may be performed

by solving problems defined over a single cell. The wave propagation in multi-connection

repetitive chains was examined by Zhong and Williams (1995) via the stiffness matrix

formulation. Response of beam grillages to a harmonic load was examined by Langley et

al. (1997).

Different formulations of the transfer matrix technique are most efficient for the char-

acteristic spectrum analysis. Calculating the propagation constants by the use of the

transfer matrix and the eigenvector expansion, Vorovich et al. (1992, 1994) have ob-

tained the pass-bands of periodic waveguides. A special representation related to the

transfer matrix in combination with asymptotic homogenization has been exploited by

Langley (1999) for analysis of inhomogeneous wave guides. Longitudinal waves perpen-

dicular to the layers of a disordered near-periodically laminated media were examined by

Li and Benaroya (1996). The methods of analysis of the wave propagation in continuous

periodic structures have been reviewed by Mead (1996).

The functional characteristic spectrum of the static response to the point force allows

examination of stress decay in the structure. This research was conducted by Karpov et

al. (2002a) for a beam truss under end loading. Static problems for periodic structures

were considered by Dean (1976), Renton (1964,1996) and Wah and Calcote (1970) via

finite difference analysis of the stiffness matrix of a representative substructure. Appli-

cation of the finite difference approaches to regular lattices was reviewed by Gutkowski

(1974).

The boundary-value problems for repetitive structures are more difficult for analysis

by means of the transfer matrices since the size of incorporated global matrix is propor-

tional to the total number of cells. The advantage of symmetry can be utilized, however,
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through some block-diagonalization procedure (Bossavit, 1986, Healey and Treacy, 1991,

Dinkevich, 1991), which is actually equivalent to decomposing of the quasi-periodic prob-

lem into a series of periodic ones.

For a structure with the mirror symmetry, any loading can be split into symmetric

and skew symmetric components, and then the corresponding problems can be analyzed

separately. A similar technique was exploited by Kucherov and Chebakov (1991). The

elastic response of the ring subjected to the system of four dies has been found as a super-

position of corresponding solutions of symmetric and skew-symmetric cyclic problems.

A more systematic approach to the analysis of symmetric systems based on the group

theory has been suggested by Buryshkin (1978). The method is based on expansion of

the load by the irreducible symmetry group representations.

The Discrete Fourier Transform (DFT) is proved to be the most effective tool for

analysis of periodic structures, although few applications can be found in the literature.

In dynamics, DFT have been introduced explicitly by Eatwell and Willis (1982) in a

study of fluid-solid interaction and by Slepyan (1974, 1988) for the fracture analysis.

Bolotin and Novitchkov (1980) applied the DFT to the static problem on a periodically

layered half-space with the layers orthogonal to the surface and one layer subjected to the

edge tractions. An infinite periodically riveted sheet–stringer system was examined by

Budiansky and Wu (1961). Cyclic problems with circulant stiffness matrices for structures

possessing rotation and translational symmetry were treated by Samartin (1988) with the

help of the finite DFT (FDFT). Kangwai et al. (1999) have employed DFT for block-

diagonalization of the stiffness matrix, and emphasized that this method is a special case

of the group representation approach to analysis of periodic structures. A mathematical

similarity between formal DFT and the Bloch’s waves was pointed out by Fuchs and

Ryvkin (2002), who examined infinite periodic grids of orthogonal beams.

In the present work, the representative cell method suggested by Nuller and Ryvkin

(1980) for analysis of infinite periodic elastic domains is employed. It provides a very

convenient framework for applying DFT to the analysis of the quasi-periodic problems.

This method hinges on reducing the initial boundary value problem to that for a single

repetitive module (representative cell) subjected to the Born-Von Karman type boundary

conditions. The method does not impose any certain analysis technique for the cell

problem, and the solution can be obtained by the analytical methods (Nakhmein et al.
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1981, Kamysheva et al. 1982, Nuller and Ryvkin, 1983, Ryvkin et al. 1999), as well as

by the numerical ones (Moses et al. 2001, Ryvkin and Nuller, 1997).

As was mentioned earlier, finite structures do not possess the translation symmetry.

It turns out, however, that the problem for a finite object consisting of repetitive units

can be addressed by using a modified representative cell method. The initial domain

is completed to an infinite periodically layered space directly, or is included into some

larger one and then the periodic space is composed cyclically of these larger domains.

Here the quasi-periodic problem arises. This technique has been employed by Nuller

(1981) for analysis of periodically layered plates, the general approach was outlined by

Ryvkin and Nuller (1987). Using similar ideas, Karpov et al. (2002b) have developed

the FDFT based method for analysis of finite lattice structures. Ryvkin (1996) has

implemented this approach for analysis of a semi-infinite mode III crack in a periodically

layered medium not possessing the translational symmetry.

1.4.2 Fracture analysis of multilayers

In order to examine failure resistance of a periodically layered composite of finite thick-

ness, the analysis of the stress field of the non-cracked composite is to be performed first.

As was previously noticed, periodic multilayers may be considered as a rather wide, yet

special case of multilayered laminates. Accordingly, methods and models designed for

analysis of laminates are commonly used for the periodic multilayers also. In the fol-

lowing subsection, a brief review of approaches to analysis of the stress-strain field of

multilayered composites will be presented.

Analysis of perfectly bonded multilayers without cracks

The transverse discontinuity of mechanical properties of layered composites with strong

elastic mismatch entails a zigzag form of the displacement field exhibiting rapid changes

and different slopes with respect to interfaces (Pagano, 1978). High gradients of shear and

transverse stresses and discontinuity of in-plane tensile stresses are also involved. These

complicating effects make it difficult to use numeric methods for accurate analysis of a

large multilayered domain. In order to achieve solutions within reasonable computational

time, special techniques are required. Consequently, numerous simplified approaches have
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been developed, such as continuum substitute models and axiomatic plate theories based

on classical, advanced and mixed formulations (Whitney, 1987), etc.

A homogenization procedure for periodic multilayer laminates was developed by Bu-

fler (1998, 2000). One period, consisting of two or more different transversely isotropic

homogeneous layers, was analyzed exactly by means of integral transforms and transfer

matrices.

A refined higher-order shear deformation theory and displacement-based finite ele-

ments (FE) developed by Kant and Kommineni (1994) predicts warping of the cross-

section, unlike the first-order shear deformation theory. FE models based on advanced

smeared laminate plate theory was developed by Soldatos and Shu (2002). Results were

compared with the elasticity solutions of Vel and Batra (2000) for laminated plate sub-

jected to the bending edge conditions. A complete and detailed overview of the numerous

plate theories dedicated to the layered systems and of the corresponding numeric tech-

niques can be found in the papers by Carrera and Demasi (2002).

In order to obtain more precise results without additional computing, the global–local

techniques (Voleti et al., 1996) are often exploited, when the more accurate description is

used in certain zones of the structure, whereas in the remaining parts, simpler modelling is

employed. Babuska et al. (1992) performed so-called hierarchy FE analysis of laminated

strips. A method based on the boundary integral formulation was employed by Davi and

Milazzo (1999), who have computed the elastic response of a composite laminate under

bending loads with the help of the boundary elements.

Wang et al. (2000) applied a combination of the elasticity and the plate theory for

the analysis of the free edge stress decay in a laminate under uniform extension. The

stress field exponentially decaying with the distance from the edge is derived as the elastic

eigensolution by satisfying the interfacial and the traction-free top and bottom boundary

conditions with the help of the transfer matrix. The interior stress field matching the

top and bottom boundary conditions is obtained via the classical laminate theory. The

complete stress field in the laminate is obtained as a superposition of these two solutions

by satisfying numerically the edge boundary conditions.

An elasticity solution for a bending plate consisting of three homogeneous orthotropic

laminae of different thicknesses was performed by Vel and Batra (2000), by the use of

the Eshelby-Stroh formalism. The boundary and interface continuity conditions were
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satisfied approximately in the sense of the truncated Fourier series. Clearly, it is difficult

to perform within the referred model an effective parametric investigation including vari-

ation in the number of the layers. In fact, adding one more lamina evokes extension and

partial rebuilding of the corresponding algebraic system. Such investigation, however,

can be carried out for a simpler model of the periodic laminate. In this connection, one

of the goals of the present study is to obtain an exact solution for a periodically layered

composite, consisting of an arbitrarily large number of isotropic layers.

Delamination models. Fracture mechanics of multilayers.

When the initial flaw is small enough, the fracture analysis predicts the crack initiation

load higher than that indicated by some strength criterion, which, consequently, should be

used (Davies et al. 1997, Chai, 2003). In the strength criteria context, the delamination

initiation is normally related to the material strength or to some interfacial fracture

law, defined by the corresponding constitutive equations. However, when the initial

cracks are long, the strength-based criteria cannot be applied to the stress state directly.

Consequently, use of some delamination model should be made. Basically, any such

model must be consistent with the concept of Griffith surface fracture energy (Griffith,

1924).

A number of cohesive or damage zone delamination models since works of Dugdale

(1960), and Barenblatt (1962) exists, which incorporate a concept of fracture resistance

based on some relation between the tractions and the relative displacements of the crack

faces. The area beneath the traction–displacement curve is actually equal to the Griffith

energy. In order to take into account the contribution of multiple delaminations to

the global response of a layered composite, various continuum damage models (Allix et

al. 1995, Mi et al. 1998, Corigliano and Ricci, 2001) have been developed. One or

several damage parameters are usually used in such models, e.g. area of micro-cracks

in a representative volume (Zou et al. 2003). Delamination also can be considered in

the framework of the refined layer-wise plate theories (Barbero and Reddy, 1991, Liu et

al. 1994, Williams and Addessio, 1997), where an approximate transverse distribution of

displacements or stresses is adopted on the layer level.

Theoretical studies of the crack initiation are based mainly on the fracture mechanics
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analysis of the singular stress field in the vicinity of the crack tip. The power expansion of

the stress field near the tip of the crack in a homogeneous continuum has been obtained

by Williams (1957) and by Irwin (1957). The singular stresses ahead of the crack tip in

the plane problem of elasticity can be expressed via the stress intensity factors (SIFs)

KI , KII .

σyy(x, 0) =
KI√
2πx

; σxy(x, 0) =
KII√
2πx

; (1.1)

where the Cartesian coordinates x, y are associated with the crack tip. For brittle elastic

homogeneous materials, the delamination initiation is governed by the critical value GC

of the energy release rate (ERR) or, alternatively, by some combination of critical values

KIC , KIIC of the SIFs. At the same time, the crack propagation may be characterized

only by KIC , in view of condition KII = 0 (Fleck et al. 1991).

When dealing with interfacial cracks, the material mismatch across the interface al-

most always results in coupled fracture modes. The stresses at the interface directly ahead

of the crack tip (Williams, 1959) can be expressed via the complex SIF K = K1 + iK2

σyy(x, 0) + iτxy(x, 0) =
K√
2πx

xiε . (1.2)

where

ε =
1

2π
ln

1− β

1 + β
. (1.3)

with β denoting the corresponding Dundurs’ elastic mismatch parameter. Consequently,

the near crack tip stresses, as well as the relative displacements of the crack surfaces, are

characterized (England, 1965) by the oscillating singularity. This leads to the physically

inadmissible interpenetration of crack surfaces near the crack tip. The problem was

discussed by Rice (1988). In this case, the condition for crack initiation is usually defined

by the use of the critical interface energy GC , which has been found to be a function of

the phase angle of the local mode mix (Evans et al. 1990).

Thus the SIFs or, alternatively, the ERR and the phase angle are the parameters,

assessment of which together with corresponding critical values is crucial in fracture

analysis. The energy release can be calculated by using the virtual crack closure technique

(Irwin, 1957). Classical beam theory has been used by Suo and Hutchinson (1990) in

the case of a semi-infinite interface crack in a bi-material strip under edge loadings. The

phase angle of the mode mix ratio has been calculated numerically.
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A plate theory based methods for calculating ERR and its mode I and mode II

components from the local values of bending moments and loads in a cracked laminate

was suggested by Williams (1988) and by Sheinman and Kardomateas (1997). In the

last work, the ERR was calculated through the J–integral and subsequent separation of

the individual modes was carried out by means of an auxiliary asymptotic problem for

homogeneous orthotropic plate with smeared characteristics.

The ERR for delamination in a pre-notched periodically layered (cross-ply) symmetric

laminated beam has been approximated with the help of the laminate theory by Char-

alambides (1991). An approach, based on Reissner’s variational principle, was suggested

by Schoeppner and Pagano (1998), where elastic stress fields and ERRs for free-edge de-

lamination and transverse cracking in four-layered laminates were presented. The model

of a large radius axisymmetric hollow layered cylinder was exploited to represent a flat

composite.

Computational expenses of using the standard FE technique for analysis of multilay-

ers have given rise to a vast number of publications dedicated to development of various

enhanced finite elements. SIFs for delaminations in composite laminates were evaluated

by Zou et al. (2001) via the virtual crack closure by applying a laminate theory based

FE analysis. A model of the laminate comprised of two sub-laminates in the delaminated

region and a single intact laminate in the rest of the domain has been adopted. Classical

beam theory based FE analysis was carried out by Toya et al. (1997) for a three-point

bending layered beam with an interface crack. In order to achieve better accuracy with

fewer elements, an eigenfunction expansion have been employed by Her (2000) in for-

mulation of a global-local FE method for analysis of an interface crack between two

anisotropic materials.

An exact analysis of the stress field in multilayers being far from easy in the absence

of cracks (see p.1.4.2), becomes even more complicated in application to the fracture.

Nevertheless, a number of solutions for particular cases can be found in the literature.

Chatterjee (1987) obtained ERR and SIF for a circular and 2D intra-layer cracks in

((04/±452)s)4 and ((304/(75/−15)2)s)4 laminated plates. Normal or shear tractions were

prescribed on the crack faces. Global stiffness matrix formulation was employed to derive

integral equations on the crack line in terms of unknown displacement discontinuities.

An interface crack in the symmetric [0/45/90]s laminate was examined by Shen et al.
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(1999). With the help of the dislocation approach and the stiffness matrix formulation,

the problem was reduced to a system of singular integral equations.

The list of the cited works is neither complete nor extensive. It emphasizes, that an

exact analysis of multilayered structures is a challenging task, consequently, there is a

lack of parametric investigation in the field. Approximate models provide an opportu-

nity of a more complete investigation, but verification of the results, in turn, becomes a

problem. Therefore, in order to examine fundamental mechanisms of splitting in multi-

layered composites, some basic problems on delamination cracks should be considered.

A periodically layered bi-material strip, consisting of an arbitrary number of layers and

containing a delamination crack at an interface or within a layer is a promising model,

analysis of which is one of the goals of present study.

1.4.3 Cracks in a periodically layered bi-material composite

A rigorous mathematical model of a crack in a periodically layered bi-material strip

is developed in this thesis. The analysis of this model is difficult, and for particular

parameter combinations, there is an opportunity to use some short-cuts by considering

simplified layered configurations. If the crack size and the characteristic layer thickness

is small with respect to the distance from the outer boundaries, then the crack tip stress

field can be obtained by using the model of a crack in a periodically layered infinite plane.

When the interface crack is also sufficiently small, being compared to the layer thick-

nesses, the layered structure of a composite is irrelevant, and the solution of Rice and Sih

(1965) for the crack at the interface between two dissimilar half-spaces can be employed.

If, in addition, the intra-layer crack is small relative to the distance from the nearest

interface, the solution approaches that for the crack in a homogeneous plane. This ap-

proach corresponds to the dilute model in the theory of composites. Approximate models

of higher orders, when the influence of several interfaces is taken into consideration, also

can be used. Thus, for example, Chen and Sih (1971) considered antiplane deformation

of a four layered structure containing a crack between two layers of equal thickness, un-

der assumption that two outer layers of infinite thickness simulate the properties of a

multilayered continuum. The ERR for an interface crack was found to be always less

than the corresponding value for a crack between two dissimilar half-spaces.
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When the thickness of the layers of one type significantly exceeds that of the second

type, the sandwich model with a layer bonded to two similar half–spaces can be employed.

The results for a crack in such a three-material sandwich have been obtained by Erdogan

and Gupta (1971a,b) for the intra-layer as well as the interface crack. The dislocation

approach has been introduced, by use of which the problem is reduced to the singular

integral Fredholm equations. The limiting cases of a sandwich containing a semi-infinite

crack lying along or at the interface have been treated by Suo and Hutchinson (1989a,

1989b).

All the above models are based on a concept of a medium composed of different ho-

mogeneous layers. According to another approach, the periodically layered medium is

considered as a continuum with a smooth periodic variation of elastic parameters. A

penny-shaped crack in a half-space, elastic parameters of which are harmonic functions

of the axial variable, was examined by Selvadurai and Lan (1998). The equilibrium equa-

tions in terms of displacements were reduced to ordinary differential equations, numerical

solutions of which were used to evaluate the kernel of the integral equation.

A non-standard homogenization procedure with microlocal parameters has been de-

veloped by Kaczyński and Matysiak (1988, 1989, 1995) for analysis of interface cracks

in the periodically layered space and by Kaczyński et al. (1994) for the crack in the

periodically layered strip. The layered material in this model is replaced by the one with

a smooth variation of elastic parameters, and some assumptions are made concerning the

displacement field.

Homogenized continuum replacement provides another opportunity to estimate the

delamination parameters in a periodically layered composite, when the crack is long with

respect to the thickness of the layers. In this case the remote field approaches that of

the homogenized anisotropic material. Under this condition, the ERR, which can be

calculated through the local as well as remote field (Ryvkin et al. 1995), can be assessed

via a solution for the anisotropic strip with effective elastic properties. The corresponding

problem for a finite centerline crack in the transversely isotropic strip has been examined

by Konishi and Atsumi (1973) and the edge crack in the orthotropic layer has been

analyzed by Suo (1990). When, in addition, the crack is short compared to the distance

from the boundaries, the solution by Sih et al. (1965) for the crack in an anisotropic

plane can be employed.
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The SIFs for a long crack located in the middle of a layer in a bi-material compos-

ite have been obtained in terms of applied3 remote K-field by Jha and Charalambides

(1998) through an asymptotic homogenization and the complex elastic potentials. In the

exploited asymptotic expansion of the displacements, the first term has been retained,

which corresponds to the solution for the crack in an anisotropic continuum. However, in

order to designate the mode mix for the non-midline crack and, consequently, to assess

the effect of the crack location, a refined FE formulation for a boundary value problem

on a cut-out layered region around the crack tip has been used.

A closed form solution for a specific case of the anti-plane deformation of a laminated

medium with a semi-infinite crack parallel to the interfaces has been obtained by Ryvkin

(1996), who employed the representative cell and the Wiener-Hopf methods.

A recently developed technique (Ryvkin, 1998) for exact analysis of the delamination

crack in a periodically layered medium is based on combined use of the representative

cell method (Nuller and Ryvkin, 1980, Ryvkin and Nuller, 1997) and the dislocation

approach (Erdogan and Gupta, 1971a,b). This technique provides an attractive oppor-

tunity of examining the crack near-tip stress field without any simplifying assumptions.

Parametric investigation for the mode III finite crack in a periodically layered plane has

been presented by Ryvkin (1998). The problem was reduced to a singular Fredholm in-

tegral equation of the first kind. The same technique has been used by Ryvkin (1999) for

the case of a Mode I crack located in the midplane of a layer in a periodic composite. A

simple analytic expression for SIF has been derived in the limiting case of a semi-infinite

crack via the homogenization procedure. The case of a delamination crack arbitrarily

located in the periodically layered space has been considered in the papers by Ryvkin

and Kucherov (2000, 2001) and by Kucherov and Ryvkin (2002), the contents of which

are a part of the present thesis.

1.5 Scope of the research

Composite consisting of a large number of layers is a difficult object for the fracture

analysis. The use of numerical methods for accurate analysis of a large multilayered

3Applied or apparent mode I and mode II SIFs associated with the corresponding problem for the

crack in the homogeneous material have been introduced as loading by Suo and Hutchinson (1989b)
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domain with a strong elastic mismatch is computationally expensive and, consequently,

inefficient for parametric investigation. The validity of approximate plate theories and

corresponding computational techniques must be ascertained by comparing the results

with exact solutions. Closed form solutions produced by equivalent continuum methods

are acceptable only in a certain range of problem parameters, and do not allow assessment

of the local stress state. The phase angle of the mode mix for example, cannot be

estimated in the framework of homogenized continuum. The asymptotic solutions based

on various sandwich models can be adopted for a multilayered composite only under

certain limiting conditions. On the other hand, when the number of layers increases, the

use of any direct method becomes extremely cumbersome.

A new effective method for analysis of delamination in periodically layered composites

will be developed. The linear elasticity model of periodically layered bi-material compos-

ite is adopted, although a developed solution scheme allows investigation for an arbitrary

number of different layers in a period. The layers are supposed to be homogeneous and

isotropic.

By using this method, a number of specific practically important problems for a

periodically layered composite of finite and infinite thickness will be examined. The

singular stress field at the tip of a delamination crack arbitrarily located in a periodically

layered plane will be analyzed. To this end, two problems must be solved: the one for

an interface crack and the other for an intra-layer crack parallel to the interfaces and

located arbitrarily within a layer.

With reference to the above two problems, a functional dependence of the fracture

parameters upon the loading direction will be derived analytically, which will allow es-

tablishment of the criterion defining the shape of these functions. For the special case of

a long crack in a periodically layered plane, an asymptotic formula for the ERR will be

derived and regions of elastic parameters defining the form of the ERR as a function of

the loading direction will be specified.

Delamination in a finite thickness composite will be examined. The problem of a

periodically layered strip with a single interface debonding will be solved for a set of

different boundary conditions on the strip edges and on the crack faces. In addition,

closed form solutions will be obtained for the stress field of a perfectly bonded periodically

layered strip.
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Obtained solutions will be used for examining the influence of the design parameters

on the fracture characteristics and on the stress distribution in the periodically layered

composites. The stress intensity factors, the ERR and the phase angle shift will be

presented as functions of the problem parameters.

In Chapter 2 the general solution scheme for the problems on a periodically layered

bi-material finite thickness composite containing a delamination crack is presented. The

case of an interface crack with the stress boundary conditions at the strip edges are

considered in detail.

In Chapter 3 an infinite perfectly bonded periodically layered strip with arbitrary

boundary conditions is examined by using the scheme presented in Chapter 2. The

solution is obtained in a closed form in quadratures and is illustrated by two problems

for a strip with boundary conditions of different types. Comparison with the plate theory

and the parametric investigation are carried out.

In Chapter 4, analytical investigation of the stress field near the tip of a delamination

crack located in a periodically layered plane is carried out. The dependence of the

fracture characteristics upon the loading angle is examined and an expression for the

ERR in front of a semi-infinite crack in the periodically layered space is obtained by the

use of the homogenization procedure.

In Chapter 5 the problem on a periodically layered plane with an interface crack is

solved. The Green’s function for a single dislocation is obtained in a closed form by

means of the representative cell method. Then a singular integral equation is derived

and solved by using the Jacobi polynomials expansion. Parametric investigation of the

fracture characteristics as functions of applied loading, material mismatch and problem

geometry is performed.

In Chapter 6 the intra-layer delamination crack is considered. The system of two

singular integral equations of the first kind is derived with the help of the closed form

Green’s function for a single dislocation, obtained by means of the representative cell

method. The system is solved by the use of the Gauss-Chebyshev integration formula.

The influence of the crack location within the layer and of the other problem parameters

on the SIFs is studied.

In Chapter 7 the suggested technique is employed for analysis of an interface debond-

ing in a layered finite thickness strip. Two different sets of boundary conditions are
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considered: In the first set, one edge of the strip is clamped and the other one is free.

The crack is loaded by uniform normal tractions. In the second set, both sides of the strip

are subjected to collinear equilibrated point forces while the crack faces are tractions-free.

Comparisons with known results for limiting cases are made.
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Chapter 2

Methodology

In this chapter the general scheme of analysis of a delamination crack in a periodically

layered infinite strip with arbitrary boundary conditions is presented. For the sake of

lucidity and in order to avoid redundant nomenclature the scheme is expounded as applied

to a particular case of an interface crack in a bi-material strip composed of alternating

layers and subjected to arbitrary edge tractions. On the crack faces arbitrary opening

tractions are specified. A solution for a perfectly bonded strip can be obtained in the

framework of the presented scheme as a special case.

2.1 An interface crack in a periodically layered bi-

material strip.

Consider an infinite composite bi-material strip Ω of thickness H. The strip consists

of isotropic elastic layers of two different types (r = 1, 2) arranged periodically (Fig.

2.1a). The thickness, shear modulus and Poisson ratio of the layers of r−th type are

denoted as hr, µr and νr respectively. The perfect bonding of the layers is violated

by a delamination crack of length 2a located at the inner interface in the cell number

n. The strip is subjected to arbitrary edge tractions while on both crack faces some

equal opposite opening tractions are prescribed. The stress-strain state in the strip and

specifically the singular crack tip stress field is sought.

Note, that under the simultaneous action of the strip edge loading and the crack face

tractions, the crack should be open excluding perhaps some negligibly small region near
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the crack tips, where the linear elasticity theory predicts (England, 1965) interpenetration

of the crack faces. The size of this region is assumed to be small enough (Rice, 1988) so

that the use of the present interface crack model could be made in the framework of the

linear elasticity theory.

H

hk=N-1

k=0

:
a)

P� Q�

P��Q�

h1

h
h2

x

b)

y :k

k=n
2a

x

y

Figure 2.1: Finite thickness periodically layered strip.

If the total number of layers is even, then the strip without the crack may be viewed

as an assemblage of N bonded identical cells Ωk, k = 0, ..N − 1 of thickness h = h1 +

h2. The typical cell Ωk consisting of two dissimilar layers is depicted in Fig. 2.1b. In

accordance with the representative cell approach, systems of local Cartesian coordinates

are introduced in all cells in an identical manner. Axis x of coordinate systems x, y with

origins corresponding to the crack center coincides with the interface in each cell, as it is

shown in the figure. It is convenient to introduce a vector of elastic field defined by the

stress and by the displacement fields in the r−th layer of the k−th cell

Uk
r(x, y) = {uk

r , vk
r , σk

r , τ k
r } , (2.1)

where uk
r ≡ uk

r(x, y) and vk
r ≡ vk

r (x, y) are the displacements in the x− and y−directions

respectively, and σk
r ≡ σkr

yy(x, y) and τ k
r ≡ σkr

yx(x, y) are the normal and shear stresses at
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the planes parallel to the interfaces. The boundary value problem for the strip in the

case of the prescribed tractions at the upper and the lower edges and on the crack faces

is defined by the Lamé field equations

µr∇2uk
r + (λr + µr)

∂

∂x

(
∂uk

r

∂x
+

∂vk
r

∂y

)
= 0 ,

µr∇2vk
r + (λr + µr)

∂

∂y

(
∂uk

r

∂x
+

∂vk
r

∂y

)
= 0 , k = 0, . . . N − 1; r = 1, 2 ;

(2.2)

where λr is the Lamé elastic constant, and the following system of boundary equations

(the adopted cells numbering is upwards from the bottom)

Uk
1(x,−h1)−Uk−1

2 (x, h2) = 0, k = 1, ...N − 1 (2.3)

Uk
2(x, 0)−Uk

1(x, 0) = 0, k = 0, ...N − 1 , k 6= n (2.4)

Un
2 (x, 0)−Un

1 (x, 0) = 0, |x| ≥ a (2.5)

σn
r (x, 0) + iτn

r (x, 0) = −σ(x)− iτ(x) , |x| < a r = 1, 2. (2.6)

σN−1
2 (x, h2) + iτN−1

2 (x, h2) = σu(x) + iτu(x), (2.7)

σ0
1(x,−h1) + iτ 0

1 (x,−h1) = σb(x) + iτ b(x) . (2.8)

Here relations (2.3)–(2.5) provide the perfect bonding conditions at the interfaces be-

tween the layers; loading conditions at the crack faces are stipulated by equations (2.6);

functions σu(x), τu(x) and σb(x), τ b(x) in the right hand sides of equations (2.7) and (2.8)

are the known stresses at the upper (u) and bottom (b) edges of the strip respectively.

Conditions (2.6)-(2.8) are presented in the complex form with i denoting the imaginary

unit.

The solution scheme follows. First, the crack is presented by superposition of dis-

tributed dislocations with unknown amplitudes. Consequently, the solution is obtained

as a superposition of the solution corresponding to the perfectly bonded strip subjected

to the given external tractions, and the integral sum of the Green’s functions. The

Green’s function is the elastic field vector generated by a single dislocation in the strip

with homogeneous external boundary conditions.

In order to derive the Green’s function and the solution for the perfectly bonded

strip, an auxiliary problem is formulated for the strip with a single dislocation and

boundary conditions (2.7)–(2.8). The auxiliary problem is replaced by an equivalent
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quasi-periodic problem for a periodically layered plane. The response equivalence between

these problems is maintained by introducing additional loads in the form of stress jumps

at the interfaces, corresponding to the edges of the strip. By applying DFT to the

formulated quasi-periodic problem the solution of the auxiliary problem is derived in

terms of the unknown stress jumps and dislocation amplitudes. The stress jumps are

determined from the edge boundary conditions (2.7) and (2.8) of the initial problem.

2.2 Application of the dislocation approach.

Following Erdogan and Gupta (1971b) the crack in the n-th cell is considered as an

assemblage of distributed dislocations with unknown amplitudes1 f1(t), f2(t)

un
2 (x, 0)− un

1 (x, 0) = f1(t)H(x− t) , (2.9)

vn
2 (x, 0)− vn

1 (x, 0) = f2(t)H(x− t) , |t| ≤ a (2.10)

where H(x) is the Heaviside step function. An additional restriction

∫ a

−a
fj(t) dt = 0 , j = 1, 2. (2.11)

must be imposed on the dislocation amplitudes in order to ensure the crack faces closure

at the crack tips.

The solution for the non-cracked strip with a single dislocation, defined by the elastic

field vector Ũk
r(x, y), is sought as a superposition of two fields:

Ũk
r(x, y, t) = Ŭk

r(x, y, t) + Ûk
r(x, y) (2.12)

The first one Ŭk
r(x, y, t), referred to as the Green’s function, is the stress state of the

strip with the homogeneous boundary conditions

σN−1
2 (x, h2) = τN−1

2 (x, h2) = σ0
1(x,−h1) = τ 0

1 (x,−h1) = 0 , (2.13)

perturbed by the interface dislocation at the point x = t, y = 0 in the cell number n.

The second one Ûk
r(x, y, t) is the field of the perfectly bonded strip subjected to the given

boundary conditions (2.7)-(2.8).

1Erdogan and Gupta (1971a) have defined dislocation in terms of the partial derivative ∂/∂x of the

displacement jumps across the crack line with the help of the delta function. Here the dislocation is

defined equivalently by means of the step-function.
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The elastic field for the initial problem is then

Uk
r(x, y) =

∫ a

−a
Ŭk

r(x, y, t) d t + Ûk
r(x, y) . (2.14)

Consequently, the stress condition (2.6) on the crack faces is expressed via the correspond-

ing components of the Green’s function σ̆n
r (x, 0, t), τ̆n

r (x, 0, t) and by the stresses σ̂n
r (x, 0),

τ̂n
r (x, 0) at the crack line in the perfectly bonded strip under the external loading.

σ̂n
r (x, 0) + iτ̂n

r (x, 0) +
∫ a

−a
[σ̆n

r (x, 0, t) + iτ̆n
r (x, 0, t)] dt = −σ(x)− iτ(x), r = 1, 2.

(2.15)

After solving the auxiliary problem and defining vector Ũk
r(x, y, t), the correspond-

ing superposition terms Ŭk
r(x, 0, t) and Ûk

r(x, 0), proportional to dislocation amplitudes

f1(t), f2(t) and to edge tractions σu(x), τu(x), σb(x), τ b(x) respectively, must be sepa-

rated. Then, by satisfying (2.15), a system of two singular integral equations for deriving

the unknown dislocation densities fj(t), j = 1, 2 is obtained.

Vector F(t) = {f1(t) , f2(t) , 0 , 0} is introduced, which defines the displacement

jumps and the continuity of the stresses across the interface y = 0 in the cell number n

with the dislocation at the point x = t. The auxiliary boundary value problem for the

strip containing a single dislocation is specified by the following set of equations

Lr[ũ
k
r(x, y, t), ṽk

r (x, y, t)] = 0, k = 0, ...N − 1; r = 1, 2 (2.16)

Ũk
1(x,−h1, t)− Ũk−1

2 (x, h2, t) = 0, k = 1, ...N − 1 (2.17)

Ũk
2(x, 0, t)− Ũk

1(x, 0, t) = F(t)H(x− t) δkn, k = 0, ...N − 1 (2.18)

σ̃N−1
2 (x, h2, t) + iτ̃N−1

2 (x, h2, t) = σu(x) + iτu(x), (2.19)

σ̃0
1(x,−h1, t) + iτ̃ 0

1 (x,−h1, t) = σb(x) + iτ b(x) , (2.20)

where operator Lr corresponds to the field equations (2.2) and δkn is the Kronecker delta.

Symbol ”∼” is added to all the components of the elastic field in order to distinguish

this problem from the initial one, in which conditions (2.4)–(2.6) are replaced by (2.18).

2.2.1 An equivalent quasi-periodic problem.

The considered strip, in spite of its repetitive structure, does not possess translational

symmetry with reference to the repetition direction. The elastic field in such a strip can
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be derived by using the method suggested by Nuller (1981). According to this method,

the problem for a finite thickness periodic composite is replaced by an equivalent quasi-

periodic problem for a periodically layered plane. A similar technique was employed

recently by Karpov et al. (2002b) in the analysis of finite periodic structures.
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Figure 2.2: The equivalent cyclic problem for a periodically layered space containing
dislocations and loaded by the virtual tractions defined via the stress jumps ∆j(x).

The strip is extended with additional cells Ωk, k = −∞..− 1, N..∞ to a periodically

layered plane (Fig.2.2) loaded by the dislocation (2.18) in a cyclic manner, so that the

elastic field in the plane is cyclic with a period containing P > N cells. Namely,

Ũk+jP
r (x, y) = Ũk

r(x, y) , r = 1, 2; k = 0, . . . P− 1; j = 0,±1,±2 . . . (2.21)

In order that the stress state in the N-strip be equivalent to that in the initial problem,

some unknown virtual forces are introduced in each P− strip somewhere in the region

occupied by the P − N additional cells. These forces appear as the stress jumps, com-

pensating the effect of the continuum adjacent to the N-layered domains. It is convenient

to apply them2 at the interfaces corresponding to the bottom and the top edges of the

original N-strip:

σ̃jP
1 (x,−h1)− σ̃jP−1

2 (x, h2) = ∆1(x), (2.22)

τ̃ jP
1 (x,−h1)− τ̃ jP−1

2 (x, h2) = ∆3(x), (2.23)

σ̃N+jP
1 (x,−h1)− σ̃N−1+jP

2 (x, h2) = ∆2(x), (2.24)

2The stress jumps being applied at the same lines, where the edge conditions should be satisfied, have
the minimal amplitudes.
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τ̃N+jP
1 (x,−h1)− τ̃N−1+jP

2 (x, h2) = ∆4(x) , j = 0,±1,±2... (2.25)

The unknown functions ∆i(x) are to be adjusted in order to provide the fulfillment of

the conditions (2.7)–(2.8) at the boundaries of the N− strip.

Since the dislocation, in fact, represents an additional loading and enters only the

right hand side of the bonding conditions, the constructed layered plane possesses the

translational symmetry. Therefore, the problem is reduced to the cyclic quasi-periodic

one. The period of the structure consists of two layers and that of the stress state contains

P cells3. The boundary conditions for the first cycle j = 0 have the form

Ũk
1(x,−h1)− Ũk−1

2 (x, h2) = D0(x) δk0 + DN(x) δkN (2.26)

Ũk
2(x, 0)− Ũk

1(x, 0) = F(t) H(x− t) ) δkn, k = 0, 1...P − 1 (2.27)

ŨP
2 (x,−h1) = Ũ0

1(x,−h1) . (2.28)

Here vectors D0(x) = {0, 0, ∆1(x), ∆3(x)} and DN(x) = {0, 0, ∆2(x), ∆4(x)} , are defined

by the four unknown stress jumps.

It should be pointed out that number P of the cells in the cycle is arbitrary, as far as

it is greater than N . The last reservation is essential in order that boundary conditions

(2.19) and (2.20) be consistent. Note also that there is some freedom in the choice of

the jump location and origin. For example, the jumps in the displacements may be

considered. The interested reader can find more information on this subject in the paper

by Nuller (1981).

2.2.2 The representative cell.

The cyclic quasi-periodic problem specified with (2.26)–(2.28) for a single cycle is reduced

to analysis of the repetitive module i.e., the cell consisting of two layers by means of the

representative cell technique (Nuller and Ryvkin, 1980), based on the Finite Discrete

Fourier Transform (FDFT):

g∗(x, y, φm) =
P−1∑

k=0

gk(x, y) e−ikφm , φm = 2πm/P , m = 0, 1, . . . P − 1 , (2.29)

3In fact, the stated problem is periodic with period P, but it is hardly simpler than the initial one
for the N-strip if it is not considered as a quasi-periodic one with the single cell period.
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application of which to equations (2.27)-(2.28) yields the boundary value problem for the

representative cell Ω∗ (−h1 < y < h2, −∞ < x < ∞) depicted in Fig. 2.3.

Lr[ũ
∗
r(x, y), ṽ∗r(x, y)] = 0 , (x, y) ∈ Ω∗ (2.30)

Ũ∗
1(x,−h1)− γm Ũ∗

2(x, h2) = D0(x) + DN(x)γN
m (2.31)

Ũ∗
2(x, 0)− Ũ∗

1(x, 0) = F(t)H(x− t)γn
m . (2.32)

where Ũ∗
r(x, y) ≡ Ũ∗

r(x, y, t, φm) are composed of the corresponding FDFT transforms

of the displacements and the stresses and γm = e−i φm . All the stress and displacement

components here depend upon the transform parameter m due to equation (2.31) relating

the opposite sides of the representative cell and sometimes referred to as Born - Von

Karman type boundary conditions. It should be emphasized that the representative cell
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Figure 2.3: Problem for the representative cell with the Born-Von Karman type boundary
conditions.

Ω∗ is not one of the bi-layered physical cells but a domain in Fourier transformed space.

After deriving Ũ∗
r(x, y), functions Ũk

r(x, y) are obtained by means of the inverse FDFT

gk
r (x, y) =

1

P

P−1∑

m=0

g∗r(x, y, φm) eikφm , k = 0, . . . P − 1 . (2.33)

Periodicity condition (2.21) is thereby satisfied automatically.

Note. In those cases when the infinite number P of the layers in the cycle is chosen,

or the periodically layered space (N = ∞) is considered from the very beginning, the

quasi-periodic problem corresponding to (2.26)–(2.28) has no cyclic symmetry. Then

FDFT (2.29), (2.33) should be replaced with the (infinite) DFT:

g∗(φ) =
∞∑

k=−∞
gkeikφ, −π < φ < π. (2.34)

g(k) =
1

2π

∫ π

−π
g∗(φ)e−ikφdφ , k = 0,±1,±2, ... (2.35)
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Here relation (2.35) represents the inverse DFT.

The solution of problem (2.30)–(2.32) for the representative cell is obtained by ap-

plying the two-sided Laplace transform

¯̃U
∗
r(z, y, t, φm) =

1

2π

∫ ∞

−∞
Ũ∗

r(x, y, t, φm) e−zx dx . (2.36)

The real part of the transform parameter z = i s + ε must be chosen for each specific set

of boundary conditions (2.7)-(2.8) from the physical considerations, in order to ensure

convergence of the integral in (2.36). Use of ε > 0 enables to consider the stress and

displacement fields which do not vanish at x → ∞ but decay exponentially for x →
−∞. Hence, tractions that equal zero outside some finite interval on the x-axis can be

considered by the use of such transform, even if they are balanced by a force moment at

x →∞. In the case of three point bending to be considered in Chapter 3, choosing ε > 0

corresponds to zero displacements for x → −∞ and linear growing ones for x → +∞
(Fig. 2.4).

The field equations (2.30) are satisfied by the Papkovich-Neuber elastic solution rep-

resentation (e.g. Uflyand, 1968), taken in the form of the inverse Laplace integrals

Ũ∗
r(x, y, t, φm) =

1

2π

∫

Γ

¯̃U
∗
r(z, y, t, φm) ezx dz , (2.37)

where vector ¯̃U
∗
r(z, y, t, φm) is composed of the corresponding displacement and stress

transforms

¯̃u
∗
r(z, y, t, φm) = µ−1

r [(A4r−3 + yzA4r−1) cos zy + (A4r−2 + yzA4r) sin zy] , (2.38)

¯̃v
∗
r(z, y, t, φm) = µ−1

r [A4r−2 − κrA4r−1 + yzA4r) cos zy (2.39)

− (yzA4r−1 + κrA4r + A4r−3) sin zy] ,

¯̃σ
∗
r(z, y, t, φm) = 2 z [(2(1− νr)A4r−1 − yzA4r − A4r−2) sin zy (2.40)

− (yzA4r−1 + 2(1− νr)A4r + A4r−3) cos zy] ,

¯̃τ
∗
r(z, y, t, φm) = 2 z [(yzA4r−1 + (1− 2νr) A4r + A4r−3) sin zy (2.41)

+ ((1− 2 νr) A4r−1 − yzA4r − A4r−2) cos zy] .

κr = 3− 4νr , r = 1, 2.

Contour Γ in (2.37) is a line Re(z) = ε located in accordance with the above considera-

tions in the plane of complex variable z.
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Note, that each dislocation (2.9)-(2.10) cyclically introduced into the periodic plane

as shown in Fig. 2.2 induces the stress jumps and, consequently, the stresses in the

representative cell, which do not vanish at x → +∞. Therefore, Γ should be taken

to the right from the imaginary axis. However, stresses produced by the dislocation

superposition modelling the crack in the initial problem vanish at x → ∞. Hence, if

the edge tractions in the initial problem are self-balanced, the Laplace transforms of the

stresses do not possess singularities on the line Re(z) = 0 and, therefore, after changing

y
x

z

H

Figure 2.4: Choice of inverse Laplace integration contour Γ and associated coordinate
system (x, y).

the integration order, the contour can be shifted to the imaginary axis. In this particular

case, the Laplace integrals become the Fourier ones, and this simplifies the calculations.

The displacements, however, can increase at infinity even under the action of the localized

self-balanced load, as it is shown on Fig. 2.4.

Thus, the solution of the representative cell problem (2.30)-(2.32) is expressed through

the eight unknown coefficients Aj ≡ Aj(z, t, φm) , j = 1, . . . 8. Substitution of expres-

sions (2.37)-(2.41) to the Laplace transformed boundary conditions (2.31), (2.32) yields

after some manipulation4 the system of eight linear algebraic equations with respect to

Aj

MA = R , (2.42)

R = {0, 0, ∆̄1(z) + γN
m ∆̄2(z), ∆̄3(z) + γN

m∆̄4(z), µ2f1(t)γ
n
me−zt, µ2f2(t)γ

n
me−zt, 0, 0, 0}T .

Here A is a column-vector with elements Aj, and M is a 8 × 8 matrix presented in the

Appendix A.1. Consequently, functions Aj are expressed by the linear combinations of

the Laplace transformed stress jumps ∆̄j(z) and dislocation amplitudes f1(t), f2(t).

Aj = { M (3j) [ ∆̄1(z) + γN
m ∆̄2(z) ] + M (4j) [ ∆̄3(z) + γN

m ∆̄4(z) ]

4The only way to carry out lengthy manipulations required by the present analysis technique is to

use symbolic computation. In the present research program MAPLE was exploited.
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+ γn
me−zt[ M (5j) f1(t) + M (6j) f2(t) ] } [det(M)]−1, j = 1, 2, ..8, (2.43)

where det(M) is the determinant of matrix M and M (ij) is the algebraic cofactor of the

corresponding element.

Four unknown functions ∆̄j(z) are to be determined from boundary conditions (2.7),

(2.8). The Laplace transformed stresses in any cell Ωk, (k = 0, 1 . . . P−1) of the P -strip

can be found from the solution for the representative cell by applying the inverse FDFT

(2.33) to expressions (2.40)–(2.41) with Aj substituted from (2.43). By calculating, in

this manner, the stress transforms at the lines corresponding to the initial strip edges

and employing the Laplace transformed boundary conditions (2.7)-(2.8), the 4-th order

linear algebraic system for determining the stress jumps transforms is obtained

S ∆̄ = b0 + e−zt
[
f1(t)b

1 + f2(t)b
2
]
, (2.44)

where b0 =
{
σ̄b(z), τ̄ b(z), σ̄u(z), τ̄u(z)

}T
and ∆̄ = {∆̄1(z), ∆̄3(z), ∆̄2(z), ∆̄4(z), }T are

vector-columns of the Laplace transforms of the edge tractions and the stress jumps,

respectively. Vectors b1 and b2 are known functions. The structure of matrix S is

clarified in the next chapter and in Appendix A.2. Note, that the elements of matrix S

and of vectors b0, b1, b2 involve the inverse FDFT sums.

As consistent with the right hand side of the above equation the stress jump vector

can be presented as follows

∆̄ = ∆̄0 + e−zt
(
f1(t)∆̄

1 + f2(t)∆̄
2
)
, (2.45)

∆̄k = S−1bk , k = 0, 1, 2. (2.46)

Then expression (2.43) for functions Aj(z, t, φm), j = 1, . . . 8 takes on the following form

Aj =
{
a0

j + e−zt
[
f1(t)(a

1
j + γn

m M (5j)) + f2(t)(a
2
j + γn

m M (6j))
] }

det(M)−1, (2.47)

ak
j = dk

1M
(3j) + dk

3M
(4j), dk

i = [∆̄k
i + γN

m ∆̄k
i+1] , i = 1, 3; k = 0, 1, 2.

where ∆̄k
i are the elements of the corresponding vectors ∆̄k.

Substitution of Aj to (2.38)–(2.41) yields the solution ¯̃U
∗
r(z, y, t, φm) of the represen-

tative cell problem. By using inverse transforms (2.37) and (2.33) the elastic field of the

P-strip (quasi-periodic problem) and, consequently, the field of the N-strip with a single

dislocation (auxiliary problem) is provided by

Ũk
r(x, y, t) =

1

2πP

∫

Γ

P−1∑

m=0

¯̃U
∗
r(z, y, t, φm) eikφm ezx dz , (2.48)
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where ¯̃U
∗
r(z, y, t, φm) is given by (2.38)–(2.41) and (2.47).

By retaining term a0
j in the numerator of the right hand side of (2.47), the elastic

field Ûk
r(x, y, t) in the perfectly bonded strip is provided by (2.48). On the other hand,

putting a0
j to zero yields the Green’s function Ŭk

r(x, y, t) for a single dislocation in the

strip with homogeneous boundary conditions (2.19)–(2.20). These closed form solutions

are of importance, since they allow formulating different interface crack problems for a

bi-material periodically layered strip in terms of the integral equations.

Note 1. The case of the strip with an odd number of layers (symmetric laminate)

also can be addressed by the use of the employed technique without difficulty. Suppose

both the top and the bottom layers are of the same type (say, type two), then boundary

condition (2.8) must be replaced by relation

σ0
2(x, 0) + iτ 0

2 (x, 0) = σb(x) + iτ b(x) (2.49)

and value k = 0 must be excluded in (2.4). Construction of the corresponding quasi-

periodic problem slightly differs in this case. First, an incomplete cell is supplemented

with the missing layer, and then the strip is extended with additional cells Ωk, k =

−∞ . . . ,−1, N, . . .∞ to a periodically layered plane as depicted in Fig.2.2. Accordingly,

the stress jumps defined by (2.22)–(2.23) are translated to the corresponding interface

and the following relations

σ̃jP
2 (x, 0)− σ̃jP

1 (x, 0) = ∆1(x), (2.50)

τ̃ jP
2 (x, 0)− τ̃ jP

1 (x, 0) = ∆3(x) , j = 0,±1,±2... (2.51)

are used instead of (2.22)–(2.23).

Note 2. The solution scheme can be easily adjusted to the case of boundary conditions

of other types. In fact, the quasi-periodic problem for the layered space is formulated in

terms of the dislocation amplitudes and of the stress jumps. Hence, the Green’s function

and the solution for the perfectly bonded strip with corresponding homogeneous bound-

ary edge conditions will have the same form in terms of the stress jumps. Consequently,

the same way as in the previous symmetric laminate case, in the present scheme only

composition of the vector equation of the type (2.44) undergoes modification.
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2.3 The integral equation.

Solution of the initial problem for the crack in the periodically layered strip is derived

in terms of dislocation amplitudes f1(t) and f2(t) by the use of (2.14) after detaching

constituents Ûk
r(x, y, t) and Ŭk

r(x, y, t) in solution (2.48) of the auxiliary problem. Dis-

location distribution f1(t), f2(t) along the crack line will be determined from conditions

(2.15) on the crack faces, in accordance with the general procedure developed by Erdogan

and Gupta (1971a,b).

The stresses on the opposite crack faces are equal, therefore, for satisfying condi-

tions (2.15) presented via the corresponding stress components σ̂n
r (x, 0), τ̂n

r (x, 0) and

σ̆n
r (x, 0, t), τ̆n

r (x, 0, t) of the elastic field, knowledge of only four functions Aj, j = 1, 2, 3, 4

is sufficient. By setting y = 0 and r = 1 in expressions (2.40)–(2.41) with Aj defined by

(2.47), the stress transforms at the crack line take the form

¯̃σ
∗
1(z, 0, t, φm) = S1

0 + e−zt[f1(t)(S
1
1 + γn

m K1
5) + f2(t)(S

1
2 + γn

m K1
6)],

¯̃τ
∗
1(z, 0, t, φm) = S2

0 + e−zt[f1(t)(S
2
1 + γn

m K2
5) + f2(t)(S

2
2 + γn

m K2
6)],

(2.52)

K1
i = [2(1− ν1)M

(i4)+ M (i1)] det(M)−1, K2
i = [(1− 2ν1)M

(i3)−M (i2)] det(M)−1,

S r
k = d k

1 K r
3 + d k

3 K r
4 , k = 0, 1, 2; r = 1, 2; i = 3, 4, 5, 6.

Terms Sr
0 are actually the transformed stresses at the crack line in the perfectly bonded

strip under the external loading. Terms with Sr
k, k = 1, 2 define the influence of the

external boundaries on the dislocation induced stresses. Finally, singular terms Ki
5 and

Ki
6 define the direct influence of the dislocation on the stresses at the crack line. After

extracting the singular, non decaying for z → ±i∞ parts from K i
5 and Ki

6, applying

the inverse Laplace transform to (2.52) and finally changing the order of integration and

summation, the stresses at the crack line in the cell number n of the auxiliary problem

are obtained as follows

σ̃n
1 (x, 0, t) = C1

0 +
1

2π

∫ ∞

−∞
eis(x−t) [f1(t)a11 + f2(t)a12 − f1(t)K11 − f2K12] ds

τ̃n
1 (x, 0, t) = C2

0 +
1

2π

∫ ∞

−∞
eis(x−t) [f1(t)a12 − f2(t)a11 − f1(t)K21 − f2K22] ds,

(2.53)

where

Krk =
−i

P

P−1∑

m=0

[γ−n
m Sr

k + Kr
4+k + ark], r, k = 1, 2; (2.54)
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C r
0 =

i

2πP

∫ ∞

−∞

P−1∑

m=0

Sr
0 eisx ds, r = 1, 2 .

a11 = −a22 = µ2
λ2 − λ1

λ1λ2

, a12 = a21 = ia0 sign(s) ,

a0 = µ2
λ1 + λ2

λ1λ2

, λ1 = µ + κ2, λ2 = 1 + µκ1, µ =
µ2

µ1

.

Note, that the first terms in the right hand side of (2.53) are the stresses at the crack line

in the perfectly bonded strip C1
0 = σ̂n

1 (x, 0) ; C2
0 = τ̂n

1 (x, 0). Substitution of (2.53) into

the stress conditions on the crack faces (2.15) leads to a system of two singular integral

equations in terms of unknown dislocation densities f1(t), f2(t). Making use of identities

1

2πi

∫ ∞

−∞
eis(x−t)ds = δ(x− t) ,

∫ ∞

−∞
sign(s)eis(x−t)ds = −2

∫ ∞

0
sin s(x− t) ds ,

∫ 1

1
fr(t)dt

∫ ∞

0
sin s(x− t) ds =

∫ 1

1

fr(t)

x− t
dt ,

after some manipulations, the two integral equations are presented (Erdogan and Gupta,

1971b) as one complex integral equation with respect to complex dislocation amplitude

f(t) = f1(t) + if2(t)

1

πi

∫ 1

−1

f(t)dt

t− x
− βf(x) +

∫ 1

−1
[f(t)K1(t, x)dt + f(t)K2(t, x)]dt = p + C , (2.55)

p =
iσ(x)− τ(x)

a0
, C =

iC1
0 − C2

0

a0
.

Here all the length quantities are normalized by the half of the crack length a, and f(t)

is a complex conjugate of f(t). As can be seen, the tractions on the crack faces enters

explicitly the right-hand side of the integral equation, while the strip edge loading results

in term C. The kernels in (2.55) are given by

K1(t, x) =
1

2πa0

∫ ∞

−∞
eis(x−t)[K11 −K22 + i(K12 + K21)]ds , (2.56)

K2(t, x) =
1

2πa0

∫ ∞

−∞
eis(x−t)[−K11 −K22 + i(K12 −K21)]ds .

The explicit expression for the functions Kr(t, x), being rather cumbersome, have been

obtained with the help of program of symbolic computations MAPLE, and are not pre-

sented here.

The solution method for integral equations of the considered type is a well developed

procedure (Erdogan and Gupta, 1971b, Erdogan, 1969, and Karpenko, 1966). It will be

outlined in Chapter 5 when considering the similar integral equation in the problem of

an interface crack in a periodically layered plane.

35



Chapter 3

Perfectly bonded periodically

layered bi-material strip

The analysis of the perfectly bonded periodically layered strip without cracks, being a

particular case of the problem considered in the previous chapter, is of practical impor-

tance in itself. For example, prediction of the crack nucleation can be made only on the

basis of such analysis, usually performed in the framework of axiomatic or asymptotic

theories and with the help of corresponding computational techniques. In the present

chapter an exact closed form elastic solution will be derived, which can serve as a bench-

mark problem for approximate solutions.

After the principal solution steps will have been summarized for this problem, two

particular sets of boundary conditions will be considered. The problem for a strip with

the fixed base subjected to the point force at the top edge and the three point bending

problem will be examined. The stress field will be obtained in quadratures, and the

parametric investigation will be carried out. Comparisons of the obtained results will be

made with the data obtained by using the classic theory of laminated plates.

3.1 Closed form solution

Consider an infinite periodically layered bi-material strip Ω of thickness H. The strip

consists of perfectly bonded isotropic elastic layers of two different types (r = 1, 2)

arranged periodically (Fig. 3.1). The thickness, shear modulus and Poisson ratio of the
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layers of r−th type are denoted as hr, µr and νr respectively.

The stress state for arbitrary boundary conditions at the strip edges is sought. This

problem is a particular case of the auxiliary one considered in Section 2.2. Consequently,

the closed form solution is derived by using the equivalent quasi-periodic problem (Nuller,

1981).

H

hk=N-1

k=0

:P� Q�
P��Q�

h1

h2

y x

Figure 3.1: Periodically layered perfectly bonded strip.

Suppose for definiteness, that the total number of layers is even, then the strip may

be viewed as an assemblage of bonded identical bi-layered cells Ωk, k = 0, ..N − 1 of

thickness h = h1 + h2. The elastic field vector Uk
r(x, y) is introduced with the help of

(2.1). The boundary value problem for the strip in the case of prescribed tractions at its

edges is defined by the following system of equations

Lr[u
k
r(x, y), vk

r (x, y)] = 0, k = 0, 1, ...N − 1; r = 1, 2 ; (3.1)

Uk
1(x,−h1)−Uk−1

2 (x, h2) = 0 , k = 1, ...N − 1 (3.2)

Uk
2(x, 0)−Uk

1(x, 0) = 0 , k = 0, ...N − 1 (3.3)

σN−1
2 (x, h2) + iτN−1

2 (x, h2) = σu(x) + iτu(x), (3.4)

σ0
1(x,−h1) + iτ 0

1 (x,−h1) = σb(x) + iτ b(x) (3.5)

Here operator Lr corresponds to the Lamé field equations (2.2). Recall that relations

(3.2) and (3.3) provide the bonding conditions at the interfaces between the layers and

the functions in the right hand sides of equations (3.4)-(3.5) denote the known stresses

at the upper (u) and bottom (b) edges of the strip. It can be seen that the formulated

problem is equivalent to that defined by (2.16),(2.20) with F(t) ≡ 0.

Consequently, functions Aj are expressed by the linear combinations of the unknown

stress jumps and are obtained from (2.43) with f1(t) = f2(t) ≡ 0. The solution for the
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representative cell is obtained in terms of unknown jump transforms ∆̄j(z) , j = 1..4 by

substituting the obtained Aj into expressions (2.38–(2.41).

The Laplace transformed stresses σ̄N−1
2 , τ̄N−1

2 , σ̄0
1, τ̄ 0

1 are derived by applying the

inverse FDFT (2.33) to the solution for the representative cell. Then, by employing

boundary conditions (3.4)-(3.5), the 4-th order linear system for determining transformed

stress jumps ∆̄i is formed




1

P

P−1∑

m=0




s11 γN
m s11 s13 γN

m s13

s21 γN
m s21 s23 γN

m s23

γ−N
m s11 s11 − 1 γ−N

m s13 s13

γ−N
m s21 s21 γ−N

m s23 s23 − 1










∆̄1(z)

∆̄2(z)

∆̄3(z)

∆̄4(z)




=




σ̄b(z)

τ̄ b(z)

σ̄u(z)

τ̄u(z)




(3.6)

where the expressions for the elements sij being rather cumbersome are given in Ap-

pendix A.2. Note that these expressions depend upon the FDFT parameter m and

the summation symbol is understood as being applied to all the elements of the matrix.

Having derived the jump transforms from the latter system one obtains, in view of (2.38–

2.41), (2.43) and (2.33), the closed form solution of the initial problem on a bi-material

periodically layered strip of finite thickness.

Exchanging the order of summation and integration gives the solution in the form

of the Laplace integrals of rather cumbersome expressions which, nevertheless, can be

successfully handled by the use of symbolic computation. For example, stress σr
xx(x, y)

in the k-th cell can be presented in terms of obtained stress jump transforms as follows

σr
xx =

1

2Pπ

∫

Γ
ezx

P−1∑

m=0

[−(A4r−2 + 2ν2 A4r−1 + yzA4r) sin zy (3.7)

−(yzA4r−1 − 2ν2 A4r + A4r−3) cos zy] z eikφm dz ,

Aj = {M (3j) [ ∆̄1(z) + γN
m ∆̄2(z) ] + M (4j) [ ∆̄3(z) + γN

m ∆̄4(z) ] } [det(M)]−1,

r = 1, 2; j = 1, ..., 8.

When using this solution representation for boundary conditions of other types it is

sufficient to recalculate only the stress jumps from the system of equations, similar to

(3.6).

As it was noted in Subsection 2.2.2, in the case of localized self-equilibrated load-

ing, the integrands for the stresses do not possess poles at the imaginary axis and the
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inverse Laplace transform integration can be carried out along the line Re(z) = 0. The

numerical evaluation of the integrals presents no special problems since the behavior of

the integrands for large |z| is defined by the relation

σ̄k
r (z, y) ∼ O

[
exp

(
−|z| l

H

)]
, z →∞ (3.8)

where l is the distance from the point of interest to the nearest outer boundary of the

strip.

It is important to point out that when number N of the cells and, consequently,

the number of terms in inverse FDFT (2.33) increases, the numerical efficiency of the

obtained solution decreases. This inconvenience can be obviated by setting P → ∞
and, consequently, by replacing FDFT (2.29), (2.33) with the infinite one (2.34). The

interested reader can find the detailed description of such procedure in the paper by

Kamysheva et al. (1982).

In order to illustrate the obtained solution for the stress field of a bi-material period-

ically layered strip of finite thickness, two particular sets of boundary conditions will be

considered.

VV X
X
H

/Q

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1-3
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-1
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Y/H

Q
X

h HY

X00

exact solution
plate theory

2
1

Figure 3.2: Three point bending strip. Bending stress σXX in the cross section X0/H = 3
distant from the load application points.
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3.2 Three point bending

Let us first consider a well known three point bending configuration represented by the

insert in Fig. 3.3. An infinite strip consisting of twenty bi-layers ( N = H/h = 20)

is subjected to a normal point force Q applied between the simple supports in a non-

symmetric manner l1/H = 1, l2/H = 4. Consequently, the distance L = l1 + l2 between

supports is five times as long as the strip thickness H. The thinner layers are assumed

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

-12

-8

-4

0

4

8

Q
X

h HY

X0

l2l1

0

P�
P�

exact solution
plate theory

VV X
X
H

/Q

Y/H

Figure 3.3: Bending stress σXX in the cross section X0/H = 1 including the force line.

to be the more compliant ones h1/h = 0.2, µ = µ2/µ1 = 20 and the Poisson ratios of

the materials are taken as ν1 = 0.3 and ν2 = 0.35.

The stresses at the strip edges, defining conditions (3.4)-(3.5), take on the following

values

σu(x) = −Q δ(x− l1) , (3.9)

σb(x) = −Q

[
l2
L

δ(x) +
l1
L

δ(x− L)

]
, (3.10)

τu(x) = τ b(x) = 0 . (3.11)

where δ(x) is the delta function.

It was found that it is most efficient to carry out the calculations when the total

thickness of the P− strip is about 5% larger than that of the N−one. Consequently, in

the considered example, two additional bi-layers were added to the given domain.
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The numerical results for the stress distribution are presented in the global Cartesian

coordinate system (X,Y ) shown in the inserts. In Fig. 3.2 and Fig. 3.3 the normalized

bending stresses σxx(X0, Y ) composed from the corresponding values of σkr
xx(x, y) in each

layer are shown in global coordinates. Two cross sections X0/H = 3 and X0/H =

1 are considered. Both graphs are discontinuous at the interfaces between the layers

because of the jumps in the elastic properties. For the cross-section away from the

point forces (Fig. 3.2), the stresses within each layer exhibit linear behavior and parts

of the graph corresponding to the stiff and the compliant layers are located along two

corresponding straight lines. Such behavior points out a linear bending strain distribution

0.5 1 1.5 2 2.5 3 3.5 4 4.50

10

20

30

40

50

P=100

P=10

P=5

P=1

VV

X
X

H
/Q

X/H

exact solution

plate theory

Figure 3.4: Longitudinal distribution of the bending stress σXX (X, H−h1− 0) along the
interface closest to the bottom within the stiffer layer.

in the N−strip which is in agreement with the plane cross sections hypothesis, adopted

in the plate theory of composites. In fact, the stresses calculated by the use of this theory

(dashed line) are found to be very close to the exact values.

On the other hand, in the applied force cross-section plane the plate theory, as ex-

pected, does not produce satisfactory results (Fig. 3.3). The stress distribution within

each layer is found to be linear as in the previous case. This may be explained by a rel-

atively large difference in the elastic moduli of the materials, when the thick stiff layers
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behave like beams and the thin compliant ones like linear springs. At the same time, the

angles defining the linear distribution within the layers of the specific type are different

and the bending strain is a non-linear function of through-thickness coordinate Y . An-

other comparison of the obtained solution with the plate theory is presented in Fig. 3.4

where the longitudinal distribution of the bending stress σxx(X,H − h1 − 0) ≡ σ02
xx(x, 0)

in the stiff layer closest to the bottom is depicted. The results are presented for different

materials mismatch. It is seen that for the considered geometry the difference between

the plate theory solution and the exact one becomes significant only for the large elastic

moduli ratio and decreases rapidly with the distance from the cross-section where the

point force is applied.

3.3 Strip on a rigid foundation

In the next example a multilayered strip with boundary conditions of different types at

the upper and bottom edges is considered. The strip is subjected to a tangential shear

force T applied at the upper edge while the bottom is clamped (insert in Fig. 3.5).

Therefore, the stress boundary conditions (3.4)-(3.5) should be replaced by the following

ones

σN−1
2 (x, h2) + i τN−1

2 (x, h2) = i T δ(x), (3.12)

u0
1(x,−h1) = v0

1(x,−h1) = 0 . (3.13)

The change in the type of boundary conditions does not preclude from employing, as

previously, the stress jumps ∆j as the adjusting factor. The matrix equation (2.42) re-

mains unaltered. After adjusting the vector equation (3.6) in accordance with conditions

(3.13), the closed form solution is derived, in which only the expressions for the stress

jumps are altered compared to those in the problem with stress boundary conditions.

With the help of the obtained solution the stresses at the interface between the

strip and the rigid substrate are examined. Calculations were carried out for the strip

consisting of eight bi-layered cells with elastic moduli ratio µ = 9 and identical Poisson

ratios ν1 = ν2 = 1/3 for all the layers. Numerical results for normal stresses σYY (X,H) ≡
σ01

yy(x,−h1) at the strip bottom are presented in Fig. 3.5a for different volume fractions of

the constituents. The stress distribution is skew symmetric and, consequently, is shown
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for X > 0.

The solution for the homogeneous strip, obtained by the standard Laplace transfor-

mation technique (e.g. Uflyand, 1968) is shown for comparison in the same figure by

the dotted line. Note that in this solution the stress distribution is independent of shear

modulus. Consequently, since the Poisson ratios in the considered composite are taken as

equal, the limiting cases h1/h → 0 and h1/h → 1 produce the same result corresponding

to the homogeneous strip.
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Figure 3.5: Normal stress σYY (X, H) along the fixed bottom of the strip a) and its
maximal value b) for different volume fractions of the composite constituents.

The stress distribution is characterized by a single maximum, depending upon the
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volume fraction h1/h. The obtained results reveal an interesting phenomenon: for suf-

ficiently thin layers this maximum always decrease with increasing their thickness inde-

pendently of the fact whether these layers are the stiffer or the more compliant ones.

Consequently, the considered contact stresses at the bottom of the layered strip will be,

as a rule, less than those for the strip made of the bulk material. Clearly, there is some

optimum value of thickness ratio h1/h minimizing the contact stresses. For the consid-

ered materials this value is found to be about 0.6 as it is seen from Fig. 3.5b where the

dependence of the maximum normal stress upon the thickness ratio is presented.

Results for homogeneous strips made of materials with different Poisson ratios deviate

from the presented ones. But the only qualitative difference is that the limiting cases

h1/h → 0 and h1/h → 1 (Fig. 3.5b) result in different values of the corresponding stress

σYY (X,H). Consequently, the main conclusion of the above paragraph remains valid.

Calculations show that the similar phenomenon takes place in the conjugate problem,

when the shear stresses at the clamped bottom of the strip are generated by a normal

force applied at the upper edge. Namely, there is some optimal thickness ratio minimizing

the shear stresses.

3.4 Conclusions

Employing the obtained closed form solution for analysis of the specific periodically

layered composites revealed some interesting phenomena. Analysis of the periodically

layered strip subjected to the three point bending has shown, as expected, that in the

vicinity of the point forces the cross section of the strip does not remain plane after the

deformation and, consequently, the approximate plate theory is not valid. On the other

hand, it appeared that in the case of a large elastic mismatch between the materials,

the strain distribution is linear in each individual layer, except the one nearest to the

force application point. The investigation of the protective properties of the periodically

layered strip bonded to the rigid substrate has shown that there is an optimal ratio

between the layers thicknesses, providing the minimal normal (shear) contact stresses

induced by the shear (normal) tractions at the top edge.
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Chapter 4

Preliminary analysis of a

delamination crack in a periodically

layered space

Consider the problem of a delamination crack in a periodically layered strip. Assume the

crack to be sufficiently short with respect to the overall strip thickness and to be located

far from its boundaries. Then, the stress field perturbation caused by the crack is localized

and, consequently, an approximate solution can be found by decomposing the problem

into two separate ones. The first is the problem for the non-cracked strip examined in

the previous chapter. The second is an asymptotic problem on the periodically layered

plane containing the crack loaded by the tractions opposite to the stresses existing at

the crack line in the first problem. The next consistent simplification is approximation

of these tractions by uniformly distributed ones.

In this chapter some general mechanisms predetermining the behavior of the fracture

characteristics for a delamination crack in a periodically layered space will be examined

analytically. Namely, the effect of the loading direction is investigated and an expression

for the energy release rate in front of the semi-infinite crack in the periodically layered

space is obtained by the use of homogenization procedure. We recall that delamination

crack can lie within the layer (intra-layer crack) or at the interface.

45



x
y

2 a

P1 Q1
P2 Q2

c
x

y

J2 a

-M��M
h2

h1
qi�

Figure 4.1: Periodically layered plane containing a delamination crack subjected to the
uniform traction at angle ϕ with axis y.

4.1 Main definitions

Consider a composite bi-material plane consisting of isotropic elastic layers arranged peri-

odically (Fig.4.1). The translational symmetry of the body is violated by a delamination

crack of length 2a, which can be located at an interface as well as within a layer. The

layers have thickness hr, where the index r = 1, 2 denotes the layer type. Hence the size

of the repetitive cell is h = h1 + h2, and the ratio between the volumes of composite

constituents is given by the non-dimensional parameter ĥ = h2/h1.

The elastic properties of the layers are defined by the shear modulus µr and Poisson

ratio νr. The materials mismatch is characterized by Dundurs’ parameters

α =
µ(κ1 + 1)− (κ2 + 1)

µ(κ1 + 1) + (κ2 + 1)
, β =

µ(κ1 − 1)− (κ2 − 1)

µ(κ1 + 1) + (κ2 + 1)
(4.1)

with

µ = µ2/µ1 and κr = 3− 4νr , r = 1, 2 . (4.2)

The Cartesian coordinate system is introduced with the origin at the crack center

and x axis parallel to the layering. The stress state is generated by the uniform opening

tractions applied to the crack faces.

σyy(x, 0) + iτxy(x, 0) = −σ − iτ , −a < x < a (4.3)

Alternatively, it is convenient to characterize the loading by the traction amplitude q and

the loading angle ϕ

q =
√

σ2 + τ 2 , ϕ = tan−1(τ/σ) . (4.4)

Note that the singular stress field in the crack tip vicinity will be the same as in the case
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when the external stresses are applied at infinity and the crack faces are free of tractions.

This can be shown by the superposition procedure.

In order to make some preliminary remarks the fracture characteristics adopted in

this study must be defined. The right hand crack tip will be considered hereafter for

definiteness. We do not address the kinking phenomenon and consider only the straight-

line cracks. Consequently, the subject of interest is the singular stresses directly ahead

of the crack tip which in the case of the interface crack can be expressed by the complex

stress intensity factor K = K1 + iK2:

σyy(x, 0) + iτxy(x, 0) =
K√

2π(x− a)
(x− a)iε , (4.5)

ε =
1

2π
ln

1− β

1 + β
, (4.6)

and in the case of the non-interface crack, when the normal and tangential stresses are

characterized by separate SIFs KI and KII , a complex SIF is introduced in the uniform

manner.

K = KI + iKII , σyy(x, 0) + iτxy(x, 0) =
K√

2π(x− a)
, (4.7)

Considering the above definitions, the non-interface crack SIF can be referred to as a

special case, when constant ε equals zero.

The phase angle of the complex SIF K does not have clear physical meaning when

ε is not zero, and it is convenient to define the real phase angle ψ (Rice, 1988, Suo and

Hutchinson, 1989b)

ψ = tan−1

[
Im(KL̂iε)

Re(KL̂iε)

]
, (4.8)

where L̂ is some length parameter of the problem. Consequently, the SIF can be written

in the following form

K = |K|L̂−iε eiψ , (4.9)

where angle ψ defines the proportion between normal and tangential stresses at the

distance L̂ from the crack tip. We choose L̂ as follows

L̂ = min[h1, h2, 2a] . (4.10)

In view of this definition, the magnitude of ψ may provide information about the relation

between the fracture modes at a point apart from the region where the actual fracture
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process takes place. In order to determine the stress state in the vicinity of some other

point at a distance LR from the crack tip one has to employ, as usual (e.g. Rice, 1988),

the shifting relation

ψR = ψ + ε ln(LR/L̂) . (4.11)

Note that for the non-interface cracks, ψ defined by (4.8) with ε = 0 is the conventional

phase angle of the mode mix.

In the present study, the complex SIF and its components for both types of delam-

ination cracks are normalized with the help of the absolute value of the corresponding

complex SIF Khom for the crack in a homogeneous space:

K̂ =
KL̂iε

|Khom| , |Khom| = q
√

πa . (4.12)

This value is independent of the loading mode and anisotropy in the material properties

(Sih and Chen, 1981). The expression for the energy release rate through the complex

SIF for the interface crack has been obtained by Malishev and Salganik (1965)

G =
KK̄

16
(1− β2)

(
κ1 + 1

µ1

+
κ2 + 1

µ2

)
(4.13)

where K̄ denotes the complex conjugate of K. It is convenient to normalize G by the

known result for a crack at the interface between two dissimilar elastic half planes (Rice

and Sih, 1965)

Kb = (1 + 2iε)(2a)−iεq
√

πaeiϕ . (4.14)

Denoting the corresponding ERR by Gb, we obtain the normalized one, in accordance

with (4.13), as follows

Ĝ =
G

Gb

=
KK̄

πaq2(1 + 4ε2)
. (4.15)

For the case of a non-interface crack, the energy release rate

G =
1− ν1

2µ1

(K2
I + K2

II), (4.16)

is normalized with the help of the corresponding ERR for the homogeneous plane with

the same elastic properties as those of the cracked layer.

Ĝ = G/Ghom , Ghom =
1− ν1

2µ1

q2πa (4.17)

The physical meaning of two above normalization types for the ERR is different. In fact,

by assessing the normalized ERR (4.15) of the interface crack, the ERR for the crack in
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the layered composite is compared with that for the limiting case of the crack between

two very thick layers. At the same time, normalization (4.17) allows the discovery of

how the ERR of the crack in the homogeneous material is influenced by the presence of

the layers of another type. Actually, normalization (4.17) also could be applied to the

interface ERR (4.13). Then the energy release for the interface crack could be related to

that for the crack in the homogeneous continuum of first or second material type, which

is not of much practical importance, because the interface fracture toughness usually

differs from that of the bulk material.

Finally, it should be noted that for a special case of the material mismatch when β

and, consequently, ε equal zero, both the normalized energy release rates for interface and

intra-layer cracks are, actually, squared absolute values of the corresponding normalized

stress intensity factors.

When examining the effect of the direction of the applied loading, it is convenient

to introduce a phase shift angle representing the difference between the real phase angle

and the applied loading angle

ω = ψ − ϕ . (4.18)

The question as to how the problem parameters influence the phase shift has re-

ceived much consideration in fracture problems on layered composites (Fleck et al. 1991,

Hutchinson et al 1987, Jha and Charalambides, 1998, Suo and Hutchinson, 1989a,b).

Some general trends characterizing dependence of the phase shift and the ERR upon

the loading angle for a delamination crack in an arbitrary multilayered composite are in

order.

4.2 Effect of the loading direction

In the cases of a semi-infinite crack in a composite consisting of two or three layers

(Hutchinson et al. 1987, Suo and Hutchinson, 1989a,b, Fleck et al. 1991) or a finite

length crack between two dissimilar half-spaces (Rice and Sih, 1965) the phase shift does

not depend upon the applied loading direction, and

∂ω

∂ϕ
= 0 . (4.19)
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On the other hand, for a semi-infinite non-interface crack in a periodically layered com-

posite this dependence does not vanish, i.e. the above derivative is not zero as was found

by Jha and Charalambides (1998) for the case of a long intra-layer crack in a periodi-

cally layered media. In order to address this issue in the case of a delamination crack of

arbitrary length and location we will establish the general conditions for the validity of

(4.19).

Let us compare the fracture characteristics for two marginal cases of pure normal and

pure tangential loading ϕ = 0 and ϕ = π/2. The fact that the value ϕ = π/2 associated

with pure shear loading on the crack faces may correspond to a not negligibly small

physically senseless interpenetration zone, is not relevant in the present context since we

are looking for mathematical conditions for the validity of (4.19). When employing the

results of the numerical analysis presented in the subsequent chapters, only such values

of ϕ which provide the desired bounds for this zone may be used (see Rice, 1988).

It will be shown now that alteration of the normal (ϕ = 0) and the tangent (ϕ = π/2)

loading rotates the real phase angle by 90 degrees. With the subscript denoting the

corresponding loading angle, it can be written in the following form

ψπ/2 = ψ0 + π/2 . (4.20)

Therefore, in accordance with (4.18), the phase shifts for the normal and the tangent

loading are equal:

ω(π/2) = ω(0) . (4.21)

This follows directly from the symmetry of the problem. In fact, due to the problem

linearity, the stress intensity factor corresponding to an arbitrary loading angle ϕ may

be presented in the form

Kϕ = K0 cos ϕ + Kπ/2 sin ϕ . (4.22)

where K0 and Kπ/2 are the complex SIFs corresponding to the pure normal and the pure

shear loading respectively. Consequently, as consistent with (4.8), (4.9) and (4.15), the

expression for the normalized energy release rate is given by

Ĝ =
|K0|2 cos2 ϕ + |Kπ/2|2 sin2 ϕ + |K0Kπ/2| sin 2ϕ cos(ψ0 − ψπ/2)

πaq2(1 + 4ε2)
. (4.23)

Consider now the J - integral taken round the contour containing the line x = 0 and

closed by some contour located sufficiently far from the crack. Taking into account the
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mirror symmetry of the elastic domain it may be concluded that

Ĝ(ϕ) = Ĝ(−ϕ) , (4.24)

Therefore the odd part of expression (4.23) must vanish, which can occur only if

cos(ψ0 − ψπ/2) = 0 , (4.25)

i.e., if relation (4.20) is fulfilled. At the same time, by analyzing relation (4.23) in view of

(4.25) a conclusion can be drawn concerning the shape of function Ĝ(ϕ), which appears

to reach an extremum at ϕ = 0, ±π/2. When −π/2 < ϕ < 0 or 0 < ϕ < π/2, the ERR

is a monotonic function of ϕ. The sign of the second derivative at ϕ = 0 is defined by

that of expression |K0|−|Kπ/2|. Consequently, the normal traction produces a maximum

or a minimum of the ERR depending on whether the above expression has positive or

negative value.

Suppose now that the energy release rates corresponding to the considered marginal

cases are equal, i.e.

Ĝ(π/2) = Ĝ(0) . (4.26)

In accordance with (4.20) and (4.9) it follows that

Kπ/2 = K0 exp(i
π

2
) . (4.27)

Then, employing the linearity of the problem it can be shown (by using (4.22)) that a

similar relation is valid for an arbitrary angle ϕ

Kϕ = K0 exp(iϕ) , 0 ≤ ϕ ≤ π/2 , (4.28)

and, consequently, the derivative ∂ω/∂ϕ vanishes. Hence the sought condition for the

independence of the phase shift ω of the loading angle ϕ is the equality of the energy

release rates for the normal and the tangential loading (4.26).

The above considerations can be reversed, and it may be shown that condition (4.26)

is not only sufficient but also necessary for condition ∂ω/∂ϕ = 0 to be fulfilled. Indeed,

as consistent with (4.9), (4.12) and (4.18) the normalized SIF can be presented in the

form

K̂ = P (ϕ) ei[ω(ϕ)+ϕ] (4.29)

51



where P (ϕ) is a dimensionless real valued function of the loading and the composite

parameters. By using the problem linearity (4.22) and condition ω(0) = ω(π
2
) = ω∗

stipulated by (4.19), the above expression can be rewritten as

K̂ =
[
P (0) cos ϕ + i P

(
π

2

)
sin ϕ

]
eiω∗ . (4.30)

Comparing the two above expressions for K̂ (with ω(ϕ) = ω∗), the following equivalence

is obtained

ϕ = tan−1

(
P (π

2
)

P (0)
tan ϕ

)
, (4.31)

which can hold true for any loading direction ϕ only if

P (
π

2
) = P (0), (4.32)

and, consequently, (4.26) takes place.

Thus, conditions ∂ω/∂ϕ = 0 and Ĝ(π/2) = Ĝ(0) are equivalent as applied to the

considered case of a crack in a periodically layered plane. Moreover, if these conditions

hold true, then from (4.27) it follows that the energy rate is likewise independent of the

loading angle
∂Ĝ

∂ϕ
= 0 . (4.33)

Hence, the normalized ERR and the phase shift angle can be independent of the loading

angle only simultaneously. The established condition (4.26) is fulfilled, for example, in

the case of a crack in a homogeneous plane or an interface crack between two dissimilar

half-planes, but not in the general case of a layered composite.

It must be pointed out here that in the considered case of the delamination crack

in the periodically layered plane, the ERR G and the normalized ERR Ĝ have identical

behavior as functions of the loading angle ϕ.

4.3 Energy release rate for a semi-infinite crack

Consider the case of a very fine layering, when the ratio of the cell thickness to the crack

length is small. The asymptotic problem relevant here is that for a semi-infinite crack in

the periodically layered space loaded by the remote apparent SIF Khom = Khom
I + iKhom

II
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with the corresponding phase angle ϕ = tan−1(Khom
II /Khom

I ). For such a self-similar

configuration the ERR at the crack tip can be derived through the remote field

G = Grem . (4.34)

The value Grem can be determined by substituting the periodically layered composite

for a transversely isotropic one with effective elastic properties obtained with the help

of homogenization. This procedure is schematically depicted on Fig. 4.2. The idea was

c11 c12 c22 c44 c55
P��P����Q� Q���h1 h2

transversely isotropic plane

Figure 4.2: Replacement of the periodically layered plane by the homogenized continuum.

systematically employed by Ryvkin (1996, 1998, 1999), similar considerations can be

found in Jha and Charalambides (1998).

The effective elastic moduli c∗ij(h1, h2, µ1, µ2, ν1, ν2), being the elements of the stiffness

matrix for a transversely isotropic material can be obtained through the homogenization

formulas of Postma (1955).

The fundamental results for a crack in an orthotropic homogeneous media have been

obtained by Sih et al. (1965):

G =





(Khom
I )2

√
b11b22

2




√
b11

b22

+
2b12 + b66

2b11




1/2

mode I ,

(Khom
II )2 b11√

2




√
b11

b22

+
2b12 + b66

2b11




1/2

mode II ,

(4.35)

where {bij} are the elements of the compliance matrix, which in the plane strain case are

related to the elements cij of the stiffness matrix as follows

b11 =
c11

δ
, b22 =

c22

δ
, b12 = −c12

δ
,

b66 =
1

c44

, δ = c11c22 − (c12)
2 .

(4.36)
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By substituting constants cij, for the effective elastic moduli c∗ij(h1, h2, µ1, µ2, ν1, ν2)

and taking into consideration (4.15)–(4.17) and (4.34)–(4.36), the following explicit ex-

pression for the normalized energy release rate is obtained in terms of the layers param-

eters:

Ĝ = ρ [Q1 cos2 ϕ + Q2 sin2 ϕ] , (4.37)

where

ρ =





1 + α

(1− β2)(1 + 4ε2)
for interface cracks

1 for intra-layer cracks
(4.38)

Q1 =
(

a1

a2

)1/2
[(

a1

a3

)1/2

+
a4

a3

]1/2

, Q2 =
a0√
2

[(
a1

a3

)1/2

+
a4

a3

]1/2

,

a0 = (1 + ĥ)(1− α)[1− α + ĥ(1 + α)]−1 , a1 = 16ĥβ(α− β) + a3 ,

a2 = 2(1 + α)(1− α + ĥ(1 + α))2(1− α)−1 , a3 = (1− α2)(1 + ĥ)2 ,

a4 = 4ĥα2 − α2(1− ĥ)2 + (1 + ĥ)2 − 8ĥα .

Recall that ĥ is the layers thickness ratio.

Let us now apply the general relations obtained in the previous section to the con-

sidered case of semi-infinite crack. As it was noted, in the general case the ERR and the

phase shift angle ω depend upon loading angle ϕ. Nevertheless, in order to point out

those parameter combinations when ω and ERR are independent of ϕ, we will examine

condition (4.26) as applied to (4.37). Obviously, it can be maintained only when

Q1 = Q2 . (4.39)

Then the energy release rate becomes independent of the applied loading angle

Ĝ = ρQ1 . (4.40)

Inspection of formulas (4.38) indicates several cases when (4.39) and, consequently, (4.19)

and (4.33) hold true. These are ĥ = 0; ĥ = ∞; α = β and β = 0. In the first two cases,

the periodically layered composite degenerates to a sandwich. For ĥ = 0 one obtains

Ĝ = ρ . (4.41)

This result meets the asymptotic formula derived by Suo and Hutchinson (1989b) which

relates the local and the remote stress intensity factors for a semi-infinite interface crack

in a sandwich composite.
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Figure 4.3: Regions in (α, β)-plane, corresponding to the different types of the ERR
dependence upon the loading angle for semi-infinite cracks.

The ERR G and the normalized ERR Ĝ have identical behavior as functions of

the loading angle ϕ for cracks in a periodically layered plane but not in a transversely

isotropic one. In the latter case, the mode I and the mode II stress intensity factors are

equal, but the corresponding ERR is generally a function of ϕ because the ERR/SIF

relation here (that can be derived from (4.35)), unlike (4.13) and (4.16), is ϕ-dependent.

We examine here the case of periodically layered plane, consequently, all conclusions

made in the previous and the present sections may be reformulated in terms of G.

By using formula (4.37) the G(ϕ)-behavior for other parameter combinations can be

predicted. Clearly, ϕ = 0 produces maximal Ĝ if and only if Q1 > Q2 or

Q1

Q2

=

√√√√1 +
16hβ(α− β)

(1− α2)(1 + h)2
> 1 . (4.42)

The latter inequality is equivalent to the simple condition α/β > 1. Since it is obeyed

for most known material combinations (Suga et al. 1988), the normal loading of long

cracks in periodic composites usually corresponds to the maximum value of the ERR.

Otherwise, when α/β < 1, the normal loading, accordingly, produces the minimum of G.

The corresponding domains in the (α , β)–plane are shown in Fig.4.3.

It is worthwhile to point out also an essential qualitative difference between the cases

β = 0 and β 6= 0. In the first case the energy release for a semi-infinite crack is indepen-

dent of the loading angle. On the other hand, for β 6= 0 when Q1 6= Q2 this dependence,

as can be easily verified by (4.37), is significant. Therefore, in the considered case of a

semi-infinite crack in a periodic composite, the results for the relatively simple specific

case β = 0 cannot be used in order to predict the fracture behavior in a general situation.
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In conclusion, it should be noted, that in the case of finite length cracks, the energy

release rate and the phase shift angle generally depend upon the applied loading angle.

The parametric study of this dependence for interface cracks is presented in Chapter 5.
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Chapter 5

Interface crack in a periodically

layered plane

In this chapter a plane strain problem for an interface finite length crack in a periodi-

cally layered bi-material space is considered. The crack faces are subjected to the uniform

opening tractions. The problem is quasi-periodic, consequently the solution scheme pre-

sented in Chapter 2 can be employed in an abridged form. By applying the DFT, the

Green’s function for a single interface dislocation in a periodically layered space with-

out cracks is derived analytically. Using this result, the problem is then reduced to the

system of two singular integral Fredholm equations of the second kind, which are solved

numerically.

An extensive parametric investigation is carried out, in which the characteristics of

the crack tip stress field are examined upon geometric, material and loading parameters.

Obtained results confirm those of the preliminary analysis. Comparisons with known

solutions for some limiting cases are made.

5.1 Derivation of the integral equation

The problem of the interface delamination in a periodically layered bi-material space is

formulated in terms of Chapter 2. The space (Fig. 5.1) is viewed as an assemblage of

infinite number k = 0,±1,±2, ... of identical bi-layered cells. The cell number 0 contains a

delamination crack of length 2a along the inner interface. The systems of local Cartesian
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coordinates are introduced in each cell in an identical manner with the x axis directed

along the interface, the origin of the coordinate system in the cell number zero coincides

x

y2a h1

h2

P1

P2

k=0

Figure 5.1: Interface crack in periodically layered space.

with the center of the crack. The displacements in the x and y directions are denoted as

uk
r and vk

r respectively (recall that the subscript r = 1, 2 defines the type of the layer).

The stress state is generated by the uniform opening tractions

σyy(x, 0) + iτxy(x, 0) = −σ − iτ , −a < x < a (5.1)

applied to the crack faces. The stress components are assumed to vanish at infinity.

Besides the elasticity field equations (2.2) within the layers, the formulation of the con-

sidered problem includes the bonding conditions between the cells and between the layers

composing a cell.

Uk+1
1 (x,−h1)−Uk

2(x, h2) = 0 , k = 0,±1,±2, .., (5.2)

Uk
2(x, 0)−Uk

1(x, 0) = 0, k = ±1,±2... (5.3)

U0
2(x, 0)−U0

1(x, 0) = 0, |x| ≥ a (5.4)

σ0
r(x, 0) + iτ 0

r (x, 0) = −σ − iτ , |x| < a r = 1, 2. (5.5)

The solution of the formulated problem is obtained by following the scheme expanded in

Chapter 2 with some simplifications. In order to reduce the problem to a singular integral

equation, the Green’s function presenting the solution of a problem for the layered non-

cracked plane ”loaded” by the point dislocation is sought. The boundary conditions for

the corresponding problem have the following form

Ŭk+1
1 (x,−h1, t)− Ŭk

2(x, h2, t) = 0 , (5.6)

Ŭk
2(x, 0, t)− Ŭk

1(x, 0, t) = F(t)H(x− t) δk0 , k = 0,±1,±2, .... (5.7)
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Recall that H(x) is the Heaviside step function and vector F(t) = {f1(t) , f2(t) , 0 , 0}
defines the displacement jumps across the interface with the dislocation at the point

x = t, symbol ” ^ ” denotes the Green’s function solution, and f1, f2 are the dislocation

amplitudes. The stress state of this problem is not cyclic. It can be considered as a

limiting case of the cyclic state with the number of cells in the cycle tending to infinity.

Consequently, instead of the FDFT, the DFT (2.34) should be applied to the Green’s

function boundary value problem, converting it thereby into the problem for the bi-

layered representative cell Ω∗ (Fig. 2.3)

Ŭ∗
1(x,−h1, t)− eiφŬ∗

2(x, h2, t) = 0 , (x, y) ∈ Ω∗ (5.8)

Ŭ∗
2(x, 0, t)− Ŭ∗

1(x, 0, t) = F(t)H(x− t) . (5.9)

All the components of the elastic field depend here upon the transform parameter φ

because of non–standard boundary condition (5.8). The mirror symmetry of the elastic

domain in the initial problem with respect to the x = 0 axis can be taken into account,

u(k)
r (0, y) = 0,

∂v(k)
r (0, y)

∂x
= 0, r = 1, 2, 3; k = 0,±1,±2, ... , (5.10)

hence, the cases of the symmetric and the skew symmetric loading can be treated sepa-

rately. In both cases the same integral equation is obtained due to the linearity of the

problem, although the corresponding Green’s functions differ. We introduce dislocation

(2.9)-(2.10) with even normal and odd shear components

f1(t) = −f1(−t) , and f2(t) = f2(−t) , (5.11)

so that the stress field corresponding to the symmetric normal and the skew-symmetric

shear loading can be obtained. Consequently, the components of the stress strain state in

each layer may be expressed by either sin or cos Fourier integrals satisfying the elasticity

equations and including four unknown constants. In the case of the normal loading the

displacements in the r−th layer, in view of the symmetry, are taken in the form

ŭ∗r(x, y, t, φ) =
2

π

∫ ∞

0
{[A4r−3 + yzA4r−2]e

−yz + [A4r−1 + yzA4r]e
yz} sin xz dz , (5.12)

v̆∗r(x, y, t, φ) =
2

π

∫ ∞

0
{[A4r−3 +(κr+yz)A4r−2]e

−yz+ [(κr−yz)A4r−A4r−1]e
yz} cos xz dz,

where κr = 3− 4νr and r = 1, 2.
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By satisfying boundary conditions (5.8)-(5.9) the linear system (2.42) with right hand

side vector R = {0, 0, 0, 0, 0, 0, 0, 0, f1(t) cos zt, f2(t) sin zt, 0, 0} is obtained, from which

constants Aj = Aj(z, t, φ), j = 1, 2...8 are derived. Applying then the inverse discrete

Fourier transform

g(k) =
1

2π

∫ π

−π
g∗(φ)e−ikφdφ , k = 0,±1,±2, ...; (5.13)

the expression for the Green’s function is obtained in closed form as

Ŭk
r(x, y, t) =

1

2π

∫ ∞

0

1

2π

∫ π

−π

¯̆
U
∗
r(z, y, t, m) eikφm ezx dφ dz . (5.14)

Note that the components of function
¯̆
U
∗
r(z, y, t, m) are expressed by the linear combina-

tion of terms proportional to the dislocation amplitudes f1(t) and f2(t). In the present

context, the normal and the tangential stresses σ0
1(x, 0) and τ 0

1 (x, 0) at the interface in

the cell number zero at the line corresponding to the crack are of interest. Using these

stresses we will seek the dislocation distribution in the region −a < t < a providing the

stress boundary conditions (5.4), at the crack faces

∫ a

−a
[σ̆0

1(x, 0, t) + iτ̆ 0
1 (x, 0, t) ] dt = −σ − iτ . (5.15)

where σ̆0
1(x, 0, t) ≡ σ̆0

1(x, 0) and τ̆ 0
1 (x, 0, t) ≡ τ̆ 0

1 (x, 0) are the obtained stress components

of the Green’s function. After extracting singular parts of these equations and some iden-

tical transformations expounded by Erdogan and Gupta (1971b), two singular integral

equations of the second kind are obtained. These equations are to be used simultaneously

with restriction (2.11) for determining the dislocation amplitudes fi(t). In the same way

as in Chapter 2, they are combined into one complex integral equation in terms of the

unknown dislocation density f(t) = f1(t) + if2(t)

1

πi

∫ 1

−1

f(t)dt

t− x
− βf(x) +

∫ 1

−1
[f(t)K1(t, x) + f(t)K2(t, x)]dt = p , (5.16)

where

Kl(t, x) =
∫ ∞

0
[kl1 cos z(t− x) + ikl2 sin z(t− x)]dz , (5.17)

klm =
1

π

∫ π

0

e0
lm + e1

lm cos φ + e2
lm cos 2φ

d0 + d1 cos φ + d2 cos 2φ ,
dφ , k21 ≡ 0 , (5.18)

p =
(µ2 − µ1)(1− β2)

2µ1µ2(α− β)
(iσ − τ) , l = 1, 2; m = 1, 2 (5.19)
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Expressions for the coefficients ej
lm, dj are presented in Appendix A.3. The integration

in (5.18) has been carried out analytically, but the final expressions are not exhibited for

the sake of brevity. In the limiting case h2 →∞ when the periodically layered composite

turns into the three layered sandwich, the obtained integral equation coincides with the

equation derived for the latter problem by Erdogan and Gupta (1971b).

5.2 Solution of the singular integral equation

The solution method for the integral equations of the considered type is a well devel-

oped procedure (Erdogan and Gupta, 1971b; Erdogan, 1969; and Karpenko, 1966). The

fundamental solution of the dominant homogeneous part of integral equation1 (5.16) is

given to within a constant multiplier by function w(x)

w(x) = (1− x)η(1 + x)ζ , η = −0.5 + iε , ζ = −0.5− iε , (5.20)

which is the weight function of the Jacobi polynomials P η,ζ
n (x). Consequently, the com-

plex dislocation density is sought in the form of the Jacobi polynomial series expansion

f(t) =
∞∑

n=0

cnw(t)P η,ζ
n (t) , (5.21)

with the first coefficient put to zero (c0 ≡ 0), in order to satisfy stipulation (2.11).

After substituting series expansion (5.21) of f(t) into the integral equation (5.16), the

integration of the singular term is carried out by the use of relation (Karpenko, 1966)

1

2π

∫ 1

−1
w(t) P η,ζ

n (t)
dt

t− x
− β w(x)P η,ζ

n (x) =

√
1− β2

2i
P−η,−ζ

n−1 (x) , |x| < 1 , (5.22)

The integral equation, therefore, takes the form

∞∑

n=1

[
cn

√
1− β2

2i
P−η,−ζ

n−1 (x) +
∫ 1

−1
[cnw(t)P η,ζ

n (t)K1(t, x) + cnw(t)P η,ζ
n (t)K2(t, x)]dt

]

= p, |x| ≤ 1 , (5.23)

where the upper bar denotes the complex conjugation. Expansion of the kernels into the

series of Jacobi polynomials

Kl(t, x) =
∞∑

k=0

XlkP
−η,−ζ
k (x) , l = 1, 2 (5.24)

Xlk =
1

θk(−η,−ζ)

∫ 1

−1
Kl(t, x)w(x)−1P−η,−ζ

k (x)dx (5.25)

1the dominant homogeneous part of (5.16) is obtained by setting K1 , K2 and p equal zero.
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with θk(η, ζ) defined by

θk(η, ζ) =
∫ 1

−1
w(x)

(
P η,ζ

k (x)
)2

dx =
2η+ζ+1

2k + η + ζ + 1

Γ(k + η + 1)Γ(k + ζ + 1)

k!Γ(k + η + ζ + 1)
; (5.26)

where Γ(x) is the Gamma function, yields an infinite system of linear algebraic equations

in terms of the unknown expansion coefficients cn. By truncating the series, the following

system of N∗ algebraic equations is obtained

√
1− β2

2i
θk(−η,−ζ) ck+1 +

N∗∑

n=1

d 1
kn cn +

N∗∑

n=1

d 2
kn cn = p θ0(−η,−ζ) δk0 , (5.27)

k = 0 . . . N∗− 1 .

Function θk(−η,−ζ) can be calculated by the following recurrent formula

θk(−η,−ζ) =
2Γ(k + 1.5− iε)Γ(k + 1.5 + iε)

((k + 1)!)2
=

2π(1
4

+ ε2)...(k(k + 1) + 1
4

+ ε2)

((k + 1)!)2 cosh επ
.

(5.28)

and coefficients dj
kn, j = 1, 2 are given by

d1
kn =

∫ 1

−1
w(x)−1P−η,−ζ

k (x)
∫ 1

−1
w(t)P η,ζ

n (t)K1(t, x) dt dx

d2
kn =

∫ 1

−1
w(x)−1P−η,−ζ

k (x)
∫ 1

−1
w(t)P η,ζ

n (t)K2(t, x) dt dx (5.29)

Having determined the dislocation distribution one can find all the components of

the stress-strain state using the Green’s functions. The complex stress intensity factor

defined by (4.5) is expressed in terms of coefficients cn of the dislocation density expansion

as follows (Erdogan and Gupta, 1971b):

K = 2−iεip−1
√

π(1− β2)
N∑

n=1

cnP
η,ζ
n (1) . (5.30)

5.3 Numerical results

The analytical expressions for the kernels are rather cumbersome but since they are

decreasing exponentially in z the obtained solution is convenient for numerical evaluation

and parametric study. Convergence problems appear only when ratio hm/a, where hm =

min{h1, h2}, defining the speed of decrease of the integrands becomes very small.
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5.3.1 Influence of the material mismatch

The issue to be considered first is the dependence of the considered fracture characteristics

upon the material properties of the composite constituents. For the considered case of bi-

material composite with the stress boundary conditions, as is well known, this dependency

is completely defined by the two Dundurs’ elastic mismatch parameters. In the paper

of Suo and Hutchinson (1989b), it was noted that parameter α is a more important

characteristic of the material dissimilarity than β. Therefore, the normalized ERR Ĝ as

a function of α is investigated.

The Ĝ(α) graphs for different ratios h2/h1 = 1, 0.5, 0.1, 0.02 are presented in Fig.5.2a.

Values α < 0 correspond to the case when the thinner layers are the soft ones, except

for the symmetric case of equal thicknesses. Pure normal loading ϕ = 0 with β = 0

and a/h2 = 100 is considered. In the limiting case h2/h1 → 0, the periodic composite

becomes a three layered one with two similar layers of infinite thickness. If, in addition,

the crack length far exceeds the thickness of the middle layer i.e. h1/a ¿ 1, the case

of the sandwich with a semi-infinite interface crack emerges. For this case, in view of

β = 0, it follows from (4.41) and (4.38) that Ĝ(α) = 1 + α. The corresponding graph

(dashed line) is presented in Fig. 5.2a for comparison. Recall, that in accordance with

the accepted normalization (4.15) the normalized ERR, in the considered case β = 0,

equals the squared absolute value of the normalized SIF: Ĝ = |K̂|2.
Before discussing these results let us recall the influence of the materials mismatch on

the fracture characteristics in Mode III. Chen and Sih (1971) considered the antiplane

deformation of a four layered composite consisting of two half-spaces and two layers.

In the case of an interface crack located at the midplane of the symmetric bi-material

composite they found that for any shear modulus ratio, the SIF for the interface crack is

always less than the corresponding value for the crack in a bulk material (note that the

stress intensity factors for Mode III cracks in a bulk material and at the interface between

two dissimilar half spaces are equal). This led the authors to the general conclusion that

layered composites help to reduce singular stresses near the crack tip. However, for the

case of the Mode III interface crack in a periodically layered composite (Ryvkin, 1998),

it appeared that this is true only for that specific case, when the layers of both types

have the same thickness.
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Figure 5.2: Energy release rate (a) and phase shift angle (b) vs. elastic mismatch pa-
rameter α for a/h2 = 100 and β = 0.
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The results presented in Fig. 5.2a are in complete agreement with the latter finding.

Namely, only when h2/h1 = 1, the energy release for the interface crack in periodic

composites is always less than Gb in the corresponding problem of the same crack between

two dissimilar half planes. For all other thickness ratios the energy release is below Gb

when the thin layers are the more compliant ones (α < 0). In the opposite situation, when

the thin layers are stiffer, the energy release can be higher or lower than Gb and behaves

non-monotonically, approaching some maximum. This phenomenon will be analyzed here

in details.

Increase of α corresponds to the stiffening of the thinner layers compared to the

thicker ones. In the considered case the thinner layers are the more compliant ones when

−1 < α < 0 and the stiffer ones when 0 < α < 1. When α = 0 the elastic properties of

the composite constituents coincide and, consequently, Ĝ = 1.

For negative α the general trend observed for periodic composites is the same as for

the sandwich. Namely, the SIF monotonically increases with the rise of the thin layer

stiffness while its value is less than unity as a result of the so-called elastic shielding effect

(Fleck et al., 1991). Clearly, for very thin compliant layers (h2/h1 = 0.02 and α < 0)

only the single layer near the interface is relevant, therefore the results are, in fact, the

same as for the semi-infinite crack in the sandwich (dashed line).

When the thin layers are very stiff, as can be seen from the right part α > 0 of

Fig.5.2a, the deviation from the sandwich limit may be significant. The curve for the

case of equal thicknesses h2/h1 = 1 is symmetric with respect to the axis α = 0 owing to

the symmetry of the problem. Therefore, the normalized ERR for an interface crack will

always be less than that for the crack in a homogeneous material. On the other hand,

for the sandwich composite, a monotonic enlargement of Ĝ with increasing α, i.e. with

increasing stiffness of the sandwiched layer is observed, which may be referred to as the

inverse shielding effect. For layered composites this effect is interfered with an opposite

trend induced by the restriction of the displacements due to the presence of stiff layers.

For α = 1 when the stiffness of these layers becomes infinite we obtain, as in case α = −1,

the problem for a strip with clamped edges. As a result, the behavior of Ĝ (and, hence,

|K̂|) is found to be non-monotonic.

Thus, if we increase stiffness of the thinner layers in a periodic composite it may lead

not only to increasing but also to decreasing of the singular stresses in front of the crack
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tip. Consequently, for some parameter combination, the SIF reaches its maximum. For

given materials, the magnitude of this maximum increases with the rise of the difference

in layers thicknesses and can appreciably exceed the corresponding value for the crack in

homogeneous material.
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Figure 5.3: Normalized absolute value of the SIF vs. elastic mismatch parameter α for
a/h2 = 50 and β = α/4

The dependence of the phase shift angle ω upon α is depicted in Fig. 5.2b. Note,

that for the considered case of normal loading ϕ = 0 and elastic mismatch with β = 0,

there is no oscillating singularity and ω = ψ = tan−1(K2/K1). The curve for the case of

equal thicknesses h2/h1 = 1 is skew-symmetric in accordance with the symmetry of the

problem. For other cases, it is seen that the influence of the thickness ratio on the absolute

value of the shift angle for α < 0 and α > 0 is opposite. Namely, when the thinner layers

are more compliant, then the decrease of their thickness leads to increasing |ω| and for

the case of thin stiff layers |ω| diminishes. Consequently, the case of thin compliant layers

is characterized usually by larger values of the phase shift angles in comparison to the

case when the thinner layers are stiffer. A similar conclusion was reached by Suo and

Hutchinson (1989b) for a semi-infinite crack in a sandwich composite. Their results are
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presented in Fig. 5.2b for comparison. As will be demonstrated further in the case of

non-zero loading angles ϕ, the mentioned features of the phase shift behavior are not

present when the crack is not sufficiently long.

In order to clarify the influence of the elastic mismatch on the singular stress field

in the case β = α/4, which is a good approximation for many engineering materials

(Fleck et al., 1991), we examine the absolute value |K̂|2 of the normalized SIF (4.7). The

dependence of |K̂| upon α is illustrated in Fig.5.3.

Three thickness ratios h1/h2 = 1, 5, 25 are considered, i.e. the layers of the first type

are thicker than the layers of the second type. The curve corresponding to the sandwich

composite (h1/h2 = ∞) is depicted for reference. The ratio of the crack length to the

thinner layers thickness is now fixed and relatively large a/h2 = 50. Therefore the results

for the sandwich composite are very close to those obtained from the asymptotic formula

for a semi-infinite crack derived by Suo and Hutchinson (1989b). In the limiting case

α → −1 when the stiffness of the thick type 1 layers tends to infinity, their thickness

becomes irrelevant, and we obtain the problem for the elastic strip of thickness h2 with

delamination crack along one of its clamped edges. Consequently, Ĝ as well as |K̂|
approaches the same minimum value for all thickness ratios. Comparing Fig.5.3 and Fig.

5.2a, one can see that all trends pertaining the case β = 0 are also actual in the present

more common situation.

5.3.2 Fineness of the layering

In the problem on a crack in the periodically layered space, the relative crack length a/h

may be considered as the fineness of the layering. In order to examine the dependence

of the fracture characteristics upon parameter hm/a , hm = min[h1, h2], the layered

space with significant elastic mismatch of the constituents, specified by α = 0.8 and

β = 0.2 is considered. The graphs for the normalized ERR Ĝ and the phase shift ω (in

view of normal loading ω = ψ) upon the normalized crack length parameter hm/a are

presented in Fig. 5.4a and Fig. 5.4b, respectively. The results for periodically layered

composites are exhibited in a broad range of the thickness ratio h2/h1 from thin stiff

to thin compliant layers, including the limiting cases of corresponding sandwiches (the

dashed lines). The results for a semi–infinite interface crack in the sandwich, obtained
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by Suo and Hutchinson (1989b) and denoted by asterisks on the ordinates, match the
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(hm = min[h1, h2]) for normal loading ϕ = 0. Elastic mismatch is specified by α = 0.8 and
β = 0.2. The curve numbers are the values of the thickness ratio h2/h1.

obtained numerical data. Asymptotic values for hm/a → 0 calculated by the use of the

analytic formula for the semi-infinite crack (4.37) are denoted by circles.

It is seen from Fig. 5.4a that when different layers have thicknesses of the same order,

the ERR is weakly affected by the crack length. When the thickness ratio varies in range

0.2 < h2/h1 < 5, for long cracks (hm/a < 0.4) accuracy of approximation by the semi-
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infinite crack asymptote is better than 4%. On the other hand, for the thickness ratio

h2/h1 < 0.1, the sandwich approximation can be employed with less than 1% error for

the cases when hm/a > 0.4. The same accuracy is achieved for combination h2/h1 = 0.2

and hm/a > 0.9. An inverse sandwich (with compliant film) asymptotic produces some

larger error for corresponding thickness ratios. Finally, it can be noted that for considered

elastic mismatch there is an interval of the thickness ratio variation somewhere within

1 < h2/h1 < 0.5, such that ERR can be approximated in the whole range of the crack

length rather accurately by solution (4.14) (Rice and Sih, 1965) for the crack between

two dissimilar half-planes. Corresponding asymptotic for normalized ERR is line Ĝ = 1.

Study of the phase angle behavior (Fig. 5.4b) allows to draw similar conclusions re-

garding the sandwich approximations. The obtained results meet the short crack asymp-

totic ω = tan−1(2ε) derived from the solution (4.14) of Rice and Sih (1965), which for

β = 0.2 is found to be ω = −7.35◦.

5.3.3 Influence of the geometry and the loading direction

The analysis performed in Section 4.2 helps to examine the effect of the loading angle

ϕ and the geometry of the problem on the fracture characteristics. The results are

visualized as 3D graphs Ĝ(ϕ, hm/a) and ω(ϕ, hm/a) (recall that hm = min{h1, h2}). The

case of materials with a significant elastic mismatch, α = 0.8 and β = 0.2 is considered.

It is worthwhile to present first the results for two sandwich composites with a com-

pliant (Fig. 5.5a) and a stiff (Fig. 5.5b) middle layer. As it has been shown in Section

4.2, the ERR is an even function of the loading angle, hence the surfaces are symmetric

with respect to the plane ϕ = 0. It is seen that for a given ratio hm/a, this value always

corresponds to the minimum energy release for the case of the compliant layer and to

the maximum when the layer is stiff. For a sufficiently short crack hm/a À 1 the case

of two bonded half planes (Rice and Sih (1965)) is approached asymptotically, the de-

pendence upon ϕ disappears and Ĝ → 1. In the opposite limiting case of a semi-infinite

crack hm/a → 0 (Suo and Hutchinson, 1989b), the 3D surfaces for both sandwiches also

approach a straight lines, as was predicted in Section 4. The limiting values of Ĝ are

derived from (4.41), (4.38) and found to be 0.205 and 1.844 for the cases of the compliant

and the stiff layer, respectively.
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Figure 5.5: ERR vs. relative crack length min{h1, h2}/a and loading angle ϕ for the sandwich
with a compliant layer a), sandwich with a stiff layer b) and the periodic composite c).
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For periodically layered composites with h2/h1 = 1, ERR behavior significantly dif-

ferent from that in the sandwich cases is observed in Fig. 5.5c. For the short cracks

(h1/a < 0.67), the normal loading ϕ = 0 produces the minimum of the ERR, while for

h1/a < 0.67 it yields the maximum. The limit for the semi-infinite crack is not a straight

line but a curve defined by (4.37). The relation α/β > 1 takes place, accordingly, the

curve is concave, and the observed behavior of the ERR is in complete agreement with

the preliminary findings obtained analytically in Sections 4.2 and 4.3. It is seen also

c)

short crack (Rice & Sih)

se
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Figure 5.5: continued

that when hm/a → 0, the derivative ∂Ĝ/∂(hm/a) for the periodic composite is signifi-

cantly less than for the corresponding sandwiches. Consequently, the semi-infinite crack

asymptote (4.37) can be employed in a relatively broad range of the crack lengths.

The influence of parameter β, as was pointed out in Chapter 4, cannot be disregarded

when the crack is long. In order to illustrate this fact, the Ĝ graphs for the periodic

composite with thickness ratio h2/h1 = 0.2 and material mismatch α = 0.8 for the cases

β = 0 and β = 0.2 are presented in Fig. 5.6. Large gradients in the h2/a direction are

observed when crossing over from the moderate crack length region (where the influence

of β is weak), to the one of long cracks. The limiting straight line defined for β = 0

by (4.37) replaces the concave curve in Fig. 5.5c for β = 0.2. The observed behavior of
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Figure 5.7: Real phase angle vs. relative crack length hm/a and applied loading angle ϕ for
the sandwich composite with elastic mismatch α = 0.8, β = 0.

the ERR indicates that for long cracks the case β = 0 cannot be used for the fracture

behavior prediction for the periodic multilayers with β distinctly different.

Fig. 5

short crack (Rice & Sih)

Figure 5.8: Real phase angle vs. relative crack length hm/a and loading angle ϕ for the peri-
odically layered composite with thickness ratio h2/h1 = 1 and elastic mismatch α = 0.8, β = 0.

The behavior of the phase shift angle ω(ϕ, hm/a) is illustrated in Figures 5.7 and 5.8.

Using (4.20), it is possible to show that the skew symmetry condition

ω(0, hm/a) =
1

2
[ω(ϕ, hm/a) + ω(−ϕ, hm/a)] (5.31)

is obeyed. The numerical results meet this stipulation. The jump in the derivative
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∂Ĝ/∂(hm/a) for hm/a = 2 is a result of a change in the length parameter L̂ chosen in

accordance with (4.10). This enables presentation of the two limiting cases hm/a → ∞
and hm/a → 0 compatible with the numerical data on the same graph.

For the sandwich composite (Fig. 5.7), both limits are the straight lines. In the first

case, this is line ω = −7.35◦ defined by the short crack asymptotic ω = tan−1(2ε) derived

from (4.14) for β = 0.2. The second limit for the long cracks is in agreement with the

result of Suo and Hutchinson (1989b). It can be noted that the behavior of the phase

shift for hm/a ¿ 1 is characterized by the relatively large gradients. This indicates that

employing the asymptotic results obtained in the mentioned paper, for the considered

case of large materials mismatch, must be done very carefully.

For the semi-infinite crack in a periodic composite (curve h1/a = 0 in Fig. 5.8), the

phase shift, in contrast to the sandwich case, depends upon the loading angle as predicted

in Section 4.2. Similar behavior of the phase shift for the case of the non-interface semi-

infinite crack in a periodically layered composite was reported by Jha and Charalambides

(1998).

Inspecting behavior of the ERR presented earlier in Fig. 5.5c, one can note that

except the marginal case h1/a → ∞, there is an additional value h1/a, for which the

ERR does not depend upon the loading angle ϕ. This phenomenon, i.e. existence of

some combination of geometric and elastic parameters of the periodic composite, for

which the energy release rate and, consequently, the phase shift angle are independent of

the loading direction, is illustrated in Fig. 5.9. The fracture characteristics are considered

as functions of the parameter h2/h for the fixed ratio of the cell thickness to the crack

length of h/a = 2. Families of graphs for different loading angles with α = 0.8 and β = 0

are presented. They have three intersection points. Two limiting cases h2/h → 0, 1

correspond to the sandwich composites, consequently, all the curves approach the same

values obtained in the asymptotic analysis by Suo and Hutchinson (1988b). The third

intersection point is observed only when the crack is not too long in comparison with

the cell thickness. For example, in the case h/a = 0.5 for the same material mismatch

α = 0.8 and β = 0, there is no intermediate intersection point (Fig. 5.10).

A comparison of the graphs for the phase shift angles presented in Fig.5.2b and Fig.

5.9b provides an additional example of the crack length influence on the qualitative

effects. As was mentioned earlier, for long cracks (Fig.5.2b), diminishing the thickness of
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Figure 5.9: Energy release rate (a) and real phase angle (b) vs. volume fraction h2/h for short
cracks with h/a = 2.
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the more compliant (stiffer) layers increases (decreases) absolute value |ω| of the phase

shift. On the other hand, for relatively short cracks (curve ϕ = 0 in Fig. 5.9b), this does

not occur. The results for other loading angles for the short cracks (Fig. 5.9b) confirm

the general trend that thin compliant layers correspond to the larger shift angles than the

thin stiff ones. However, in contrast to the case of long cracks, there are some parameter

combinations when this is not true (see, for example, cases h2/h = 0.1 and h2/h = 0.9

for ϕ = 45◦ ).

5.4 Conclusions

The singular stress field for an interface delamination crack in a periodically layered

composite has been examined. Phenomena different from the known results for the

simpler models of three layered sandwich composites have been observed. In particular,

it appeared that the ERR and the real phase angle depend upon the direction of the

applied loading. The ERR is an even function of ϕ and, consequently, it has an extremum

at ϕ = 0 corresponding to the pure normal loading. For most material combinations in

periodic multilayers this extremum is found to be maximum for the semi-infinite and,

consequently, for sufficiently long cracks and minimum for the short ones. There is a
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borderline case of specific parameter combination when the ERR together with the real

phase angle is independent of the direction of the applied loading. The above phenomena

is not observed in sandwiches, where the above extremum is always maximum (minimum)

for the case of a stiffer (more compliant) middle layer.

It was found that in a periodic bi-material composite, only when the layers of both

types have the same thickness, the ERR is always smaller than that in the corresponding

reference problem of a crack between two dissimilar half planes. The divergence from the

reference problem in this case grows monotonically with the increasing of the material

mismatch. For the case of different thicknesses, if the thinner layers are more compliant,

the increase of their stiffness always increases the SIF and the normalized ERR. When

the layers become sufficiently stiff, further increase of their stiffness results in the non-

monotonic behavior. Consequently, the ERR approaches some maximum, which may

significantly exceed the corresponding value in the reference problem.

The phase angle for the specific case of the pure normal loading (ϕ = 0) and the elastic

mismatch with β = 0 has the same general trend as for the known case of the semi-infinite

crack in a sandwich. Namely, when the thinner layers are the more compliant ones, the

magnitude of this angle is usually larger than in the opposite situation.

On the other hand, for long cracks, the phase shift angle as well as the ERR is

found to be very sensitive to the value of β and to the direction of the applied loading.

Consequently, one should be careful when using the results obtained for β = 0 and for

ϕ = 0 in order to predict the fracture behavior in more general cases.
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Chapter 6

Non-interface delamination crack in

the periodically layered plane

The problem of the cracked bi-material periodically layered composite is considered. A

single crack parallel to the interfaces is loaded by normal opening tractions. The non–

symmetric position of the crack results in a mixed mode singular stress field in the crack

tip vicinity, characterized by the two stress intensity factors KI and KII . By following

the solution scheme presented in Chapter 2, with certain reduction as in the previous

chapter, and some modification for the present case, the problem is reduced to a system

of singular integral equations of the first kind, coefficients of which are derived in the

closed form by the use of the Green’s function for a single intra-layer dislocation. For the

specific case of midplane intra-layer Mode I crack, this approach has been implemented

by Ryvkin (1999).

In the following section, the boundary value problem on an arbitrary located non–

interface crack in a periodically layered composite is formulated and solved. In Section

6.2 the parametric study of the obtained results is presented. The dependence of the

SIFs upon the problem parameters is analyzed and the probable crack propagation path

is discussed.
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6.1 Statement of the problem

Consider a multilayered bi-material space consisting of perfectly bonded periodically

alternating dissimilar isotropic elastic layers (Fig. 6.1). A crack of length 2a parallel to

the interfaces is located arbitrarily within the layer number 1 of the cell number 0 at

distance c above the layer midline. The systems of the local Cartesian coordinates are

h2

2a
c

h1

P���Q�
P���Q�

y

x

Figure 6.1: Periodically layered space with non-interface delamination crack.

introduced in all cells in an identical manner with the origins in the points corresponding

to the center of the crack and x axes parallel to the layering. It is convenient to consider

domains −h1/2 − c < y < 0 and 0 < y < h1/2 − c as different layers with the same

elastic properties. Consequently, each cell consists of the three layers r = 1, 2, 3 defined

by thicknesses h1/2 + c , h1/2− c , h2, shear moduli µ1 , µ1 , µ2 and the Poisson ratio’s

ν1 , ν1 , ν2 respectively.

The loading is uniform normal tractions σ applied to the crack faces. When employing

the solution of the considered problem for the analysis of an elastic response to the

uniform remote tension in the y−direction with the traction free crack, the existence of

a non–singular T–stress acting parallel to the crack is to be taken into account. This

stress, of course, does not influence magnitudes of the stress intensity factors but plays

an important role in the prediction of the crack propagation path (Fleck et al., 1991).

After introducing the vector Uk
r(x, y) r = 1, 2, 3 ; k = 0,±1,±2, .. of the elastic field

in the r−th layer of the k−th cell, defined by (2.1), the boundary value problem for the

layered space is given by the following infinite system of equations

Lr[u
(k)
r , v(k)

r ] = 0, k = 0,±1,±2, ...; r = 1, 2, 3 , (6.1)

Uk+1
1 (x,−h1

2
− c)−Uk

3(x,
h1

2
− c + h2) = 0 , k = 0,±1,±2, .., (6.2)
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Uk
3(x,

h1

2
− c)−Uk

2(x,
h1

2
− c) = 0, k = 0,±1,±2... (6.3)

Uk
2(x, 0)−Uk

1(x, 0) = 0, k = ±1,±2... (6.4)

U0
2(x, 0)−U0

1(x, 0) = 0, |x| ≥ a (6.5)

σ0
j (x, 0) = −σ , τ 0

j (x, 0) = 0, |x| < a j = 1, 2. (6.6)

Here Eqns. (6.1) are the Lamé field equations, and the relations (6.2)–(6.6) define the

boundary conditions at the interfaces between the cells and on the lines y = h1/2− c and

y = 0 within the cells. The mirror symmetry of the formulated boundary value problem

(6.1)–(6.6) with respect to line x = 0 allows consideration of only the half-space x > 0

with an additional stipulation (5.10).

As before, the crack is considered as an assemblage of the distributed dislocations

with unknown amplitudes f1(t), f2(t). The Green’s function Ŭk
r (x, 0, t) is generated by

the single dislocation (2.9)-(2.10) located on the line y = 0 in the cell number zero (n = 0)

of the non-cracked periodically layered plane. Consequently, the stress conditions (6.6)

on the crack faces are presented by (2.15) with the help of the corresponding Green’s

functions σ̆0
1(x, 0, t) and τ̆ 0

1 (x, 0, t).

The Green’s functions are derived by following the solution scheme presented in the

previous chapter. The only significant distinction now is that the representative cell

formally consists of three layers. The corresponding boundary value problem is given by

conditions (6.1)–(6.3), (5.10), where symbol ”^” is to be added to all the stress strain

components in order to distinguish the problem on the Green’s functions from the original

one, and by conditions

Ŭk
2(x, 0, t)− Ŭk

1(x, 0, t) = F(t)H(x− t) δk0 , k = 0,±1,±2 . . . . (6.7)

Note, that in the present problem functions Ŭk
2(x, 0, t) and Ŭk

1(x, 0, t) are the vectors of

the elastic fields of the sub-layers with identical elastic properties.

By employing the discrete Fourier transform (2.34) the formulated problem for a single

dislocation in the periodically layered plane is reduced to the boundary value problem

for representative cell −∞ < x < ∞, −h1/2− c < y < h1/2− c + h2

Lr[ŭ
∗
r, v̆

∗
r ] = 0 , (6.8)

Ŭ∗
1(x,−h1

2
− c)− eiφŬ∗

3(x,
h1

2
− c + h2) = 0 , (6.9)
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Ŭ∗
3(x,

h1

2
− c)− Ŭ∗

2(x,
h1

2
− c) = 0 (6.10)

Ŭ∗
2(x, 0)− Ŭ∗

1(x, 0) = F(t)H(x− t) . (6.11)

ŭ∗r(0, y, t) = 0,
∂v̆∗r(0, y, t)

∂x
= 0, (6.12)

where Ŭ∗
r(x, y) ≡ Ŭ∗

r(x, y, t, φ). The solution of the latter problem by the use of the

Fourier integrals is straightforward. The displacements in the r−th layer, in view of

the symmetry condition (6.12), are taken in the form (5.12)-(5.13) with r = 1, 2, 3.,

κr = 3 − 4ν1, r = 1, 2, and κ3 = 3 − 4ν2 . By deriving the stresses from the Hooke’s

law and satisfying boundary conditions (6.9)-(6.11), the system of twelve linear algebraic

equations with respect to the unknown functions Aj = Aj(z, t, φ), j = 1, ...12 is

obtained. In the matrix form it can be presented as follows

BA = R , (6.13)

with the right hand side

R = {0, 0, 0, 0, 0, 0, 0, 0, f1(t) cos zt, f2(t) sin zt, 0, 0} .

Consequently, the expressions for the Aj have the form

Aj =
Pj1(z, φ)f1(t) cos(zt) + Pj2(z, φ)f2(t) sin(zt)

det(B)
, (6.14)

where the symbols Pji(z, φ) denote some known, rather cumbersome functions, derivation

and analysis of which have been carried out with the help of symbolic computation.

Denominator det(B), being the determinant of matrix B is presented in Appendix A.4.

It is interesting to note that it equals within a normalizing coefficient to the determinant

of the eighth order matrix M derived for the case of the interface dislocation (see (2.42)

in subsection 2.2.2). This results because equations (6.9)–(6.11) and (2.31)–(2.32) are,

actually, the systems of boundary conditions for the same representative cell subjected

to the different loading.

By substituting Aj in (5.12), (5.13) and employing Hooke’s law one obtains the ex-

pressions for the stress transforms within the representative cell. The originals, i.e. the

stresses in any point of the periodically layered plane generated by the single dislocation

(2.9), (2.10), are found by the inverse DFT

{σ̆k
r (x, y, t), τ̆ k

r (x, y, t)} =
1

2π

∫ π

−π
{σ̆∗r(x, y, t, φ), τ̆ ∗r (x, y, t, φ)} e−ikφdφ , (6.15)

k = 0,±1,±2, ...; r = 1, 2, 3.
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Note that this result provides an opportunity to formulate different fracture problems

on cracked periodically layered composites for the cases where the considered mirror

symmetry (5.10) takes place. The sought stress components σ̆0
1(x, 0, t), τ̆ 0(x, 0, t) of the

Green’s function are given by (6.15) with k = 0, r = 1 and y = 0.

Substituting the obtained expressions into boundary conditions (6.6), after some ma-

nipulation, the system of two singular integral equations of the first kind in terms of the

unknown dislocation densities is obtained. These equations are similar to those obtained

by Erdogan and Gupta (1971a) in the problem of the sandwich composite and after

normalization by half the crack length a are presented as follows

1

π

∫ 1

−1

f2(t)dt

t− x
+

∫ 1

−1
f1(t)K11(x, t)dt +

∫ 1

−1
f2(t)K12(x, t)dt = σ0,

1

π

∫ 1

−1

f1(t)dt

t− x
+

∫ 1

−1
f1(t)K21(x, t)dt +

∫ 1

−1
f2(t)K22(x, t)dt = 0 , i = 1, 2,

(6.16)

where σ0 = −2(1 − ν1)πσµ−1
1 , and the unknown functions fi(t) are continued for the

negative values of the argument f1(t) = −f1(−t), f2(t) = f2(−t) with the additional

restriction (2.11). The four Fredholm kernels Kij(x, t), i, j = 1, 2 have the form

Kij (x, t) =
1

π

∫ ∞

0
sin z(t− x) kij (z, φ) dz, (i 6= j)

Kii(x, t) =
1

π

∫ ∞

0
cos z(t− x) kii(z, φ) dz, i = 1, 2 .

(6.17)

Functions kij (z, φ) are rather cumbersome (see Appendix A.4), nevertheless, it appeared

that the integration in φ can be carried out analytically. The final result obtained after

exchanging the integration order is not exhibited for the sake of brevity.

The most effective method for solution of singular integral equations of the obtained

type has been developed by Erdogan and Gupta (1972). In view of the singular behavior

of the dislocation densities in the vicinity of the crack tip, auxiliary unknown functions

F̂i(t) defined by the relations

fi(t) =
σ0 F̂i(t)

(1− t2)1/2
, i = 1, 2 (6.18)

are employed. Substitution of these functions approximated by the truncated series of

Chebyshev polynomials in Eqn. (6.16) yields the system of 2n linear algebraic equations

with respect to the values F̂i(tk), tk = cos((π/2n)(2k − 1)), k = 1, .., n; i = 1, 2

n∑

k=1

1

n

{
F̂2(tk)

[
1

tk − xr

− πK12(xr, tk)
]

+ F̂1(tk)πK11(xr, tk)
}

= 1 ,
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n∑

k=1

1

n

{
F̂1(tk)

[
1

tk − xr

− πK21(xr, tk)
]
− F̂2(tk)πK11(xr, tk)

}
= 0 , (6.19)

n∑

k=1

F̂1(tk) = 0 ,
n∑

k=1

F̂2(tk) = 0 ,

where xr = cos(πr/n), r = 1, .., n − 1. Having defined the values of F̂i(tk) one can

determine the entire normalized dislocation densities F̂i(t), 0 ≤ t ≤ 1 by interpolation.

By employing the previously derived analytical expression for the Green’s function corre-

sponding to the single dislocation, the stress state in any point of the periodically layered

composite with the crack is obtained.

6.2 Numerical Results

In this section the dependence of the SIFs KI , KII upon the geometric and elastic problem

parameters is examined. In accordance with (4.12), (4.16) and (4.17), the following

normalized quantities

K̂I =
KI

σ
√

πa
, K̂II =

KII

σ
√

πa
, Ĝ =

K2
I + K2

II

σ2πa
(6.20)

are employed. The relations between the normalized stress intensity factors and normal-

ized dislocation distributions F̂i have been obtained by Erdogan and Gupta (1971a)

K̂I = F̂1(1) , K̂II = F̂2(1) . (6.21)

The normalized SIFs may be considered as functions of three variables h1/a, h2/h1, c/h1

defining the geometry of the problem and three others specifying the elastic properties

of the materials ν1, ν2 and µ = µ2/µ1.

In the same way as in the previous interface crack problem, in the present case, elastic

properties of the composite can be completely defined by the use of two Dundurs’ mis-

match parameters α , β. The values of these parameters considered in all the numerical

examples correspond to the practically most plausible situation when the cracked layer is

more compliant with respect to the outer ones. (We denote hereafter the layers identical

to the cracked one as inner and the layers of the second type as outer.)
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Figure 6.2: SIF KI and KII vs. stiffness ratio µ = µ2/µ1 for the crack of relative length
h1/a = 0.5 located in the compliant layer of thickness h1. Poisson ratios are ν1 = ν2 = 0.3

6.2.1 Influence of the materials mismatch

It is interesting to examine the dependence of the considered fracture characteristics

upon the material properties of the composite constituents and to compare the results

with those for the interface crack. As was pointed out in Chapter 5, for the considered

case this dependency is completely defined by the Dundurs’ elastic mismatch parameters.

However, in order to attain more ”engineering filling” of the problem and to distinguish

more details, the stiffness ratio µ is taken as independent variable. A simple unique

dependence between the stiffness ratio and parameter α

α =
µ− 1

µ + 1
. (6.22)
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exists when the Poisson ratios are equal. In view of this their values are chosen to be

ν2 = ν1 = 0.3. The normalized stress intensity factors K̂I and K̂II as functions of µ

are presented in Fig. 6.2 for two thickness ratios h1/h2 = 10, 100; and different crack

locations c/h1 = 0 , 0.3 , 0.45 in the layer of the first type, which for considered values of

µ > 1 is the more compliant one. Consequently, the stiff layers are rather thin. The crack

is four times as long as the cracked layer. The results for the limiting case of sandwich

h1/h2 → 0 with the crack located at c/h1 = 0.3 are presented by the dashed-dotted line

for comparison.

It can be seen from the figure that KI(µ) is a monotonically decreasing function,

which has, however, a flat gradient interval. Within this interval the increase of the

stiffness ratio almost does not reduce the mode I SIF.

The function KII(µ) opposite to KI(µ) is not monotonic. Its maximum for a certain

value of µ several times exceeds the corresponding asymptotic value for the rigid outer

layer (µ →∞), which is the same for any thickness ratio. The ”sandwich curve” h2 = ∞
meets this value for ln(µ) > 6. The above non-monotonic behavior results from the

”beam effect” produced by a thin layer of a stiffer material located near the crack which

increases the SIF in a certain range of problem parameters. A similar phenomenon for

the case of Mode III crack in a bi-material periodically layered composite was noted by

Ryvkin (1998). An additional demonstration of the above effect will be presented further

when examining the thickness ratio influence.

Calculations carried out for the considered and several additional combinations of pa-

rameters ν1, ν2, h1/a show that, contrary to the interface crack case, for the intra-layer

delamination crack in periodic composites, the absolute value |K| of the complex SIF

(4.7) is always less than that in the corresponding problem of the crack in a homoge-

neous plane. When the sub-interface crack verges towards interface, the far field ERR

approaches the corresponding value for the interface crack. This does not happen to the

corresponding absolute values of stress intensity factors KI + i KII and K1 + i K2, since

the sub-interface crack singular stress field does not tend to that of the interface crack,

but remains confined in the shrinking K-dominance zone (Ryvkin et al., 1995). The issue

of the relation between the stress intensity factors for the interface and sub-interface

crack was considered in detail by Hutchinson et al. (1987).
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6.2.2 Fineness of the layering

As was noted in the previous chapter, the ratio of the crack length to the thickness of

a layer may be considered as a parameter of the layering fineness. In order to examine

the dependence of the stress intensity factors upon this parameter, the layered space

with elastic properties specified by α = 0.8 and β = 0.2 is considered. The graphs

for the normalized stress intensity factors K̂I and K̂II are presented in Figs. 6.3a and

6.3b respectively. The results for two periodically layered composites h2/h1 = 1, 3 with

different positions of the crack plane defined by the parameter c/h1 = 0, 0.3, 0.45 (see

insert in Fig. 6.3a) are exhibited. The value c/h1 = 0 corresponds to the crack in the

midplane of the layer and the value c/h1 = 0.45 to the crack close to the interface. In

addition, the three curves for the degenerate sandwich case h2/h1 = ∞ are given for

reference (dashed lines).

From Fig. 6.3 it is seen that in the considered case of relatively thick outer layers, for

the short cracks when h1/a > 4, the stress intensity factor KI is defined mainly by the

crack location and is weakly affected by the thickness ratio h2/h1. The presented results

together with additional calculations have shown that the sandwich approximation can

be employed with less than 5% error for the cases when h2/a > 4. An expected decrease

of the SIF when the crack verges towards the stiffer neighboring layer (i.e. when c/h1

increases) is observed.

On the other hand, when the crack becomes sufficiently long h1/a < 2 the SIF

seems to be almost independent of the crack plane location, being controlled only by

the thickness ratio. Consequently, the results for the non–symmetric cracks are fairly

good approximated by those obtained in the symmetric case c/h1 = 0, considered in

detail by Ryvkin (1999). In that work the non–monotonic ”wavy” behavior of the stress

intensity factor was explained by progressive disturbance of the increasing number of the

neighboring layers by the growing crack. An explicit analytical expression for the ERR

in terms of the layers parameters for a Mode I semi–infinite midline crack also can be

found in the above paper. The corresponding values, which can be obtained directly from

(4.37)-(4.38) for ϕ = 0

K̂∞
I = lim

a→∞
KI

σ
√

πa
=

[
a1

a2

(√
a1

a3

+
a4

a3

)] 1
4

, (6.23)

are denoted on the ordinate axis by asterisks. The above results meet also those obtained
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Figure 6.3: SIF KI and KII vs. normalized crack length h1/a with the elastic mismatch
specified by α = 0.8 and β = 0.2. Crack is located in the compliant layer of thickness h1.

by Jha and Charalambides (1998), who examined a long intra-layer delamination crack

in the periodic bi-material plane, computed the fracture parameters by the use of the

FE method and compared them with the corresponding values (obtained analytically)

for the homogenized anisotropic plane.

The above mentioned possibility to use the results obtained for the symmetric mid-

plane crack, in order to estimate the stress intensity factor K̂I in the present problem

for small ratios h1/a, is of prime importance. In fact, analysis of the expressions for
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integrands kij in (6.17) shows that for large z their decaying is defined by the relation

kij(z, φ) ∼ O

[
exp(−z

2hm

a
)

]
, z →∞ , (6.24)

where hm = h1/2−c is the distance from the crack to the nearest interface. Consequently,

when the ratio hm/a as well as h1/a diminishes, the computation time required for

evaluating the coefficients of the system grows. Furthermore, the oscillations of the

dislocation densities fi(t) near the crack tip become sharper, calling for a rise of the

number of the Chebyshev interpolation points, that may be attributed to the known

behavior of the interface crack solution. Thus, the analysis of the cases when the crack

is very long or is located too close to the interface becomes a difficult task.

The above numerical problem is to be expected. As mentioned earlier, when the crack

verges toward the interface, the K-dominance zone shrinks. Consequently, the transition

from the far–field to the near–field dislocation distribution becomes sharper. Therefore,

for the case of a sub-interface crack, i.e. when the values hm/a and hm/h1 are small,

the analysis of the stress distribution and extracting the stress intensity factors become

troublesome.

The case of a semi–infinite crack arbitrarily located within a layer sandwiched between

two half–spaces was considered by Fleck et al. (1991). This result, denoted in the figure

by a circle, is seen to agree with the obtained numerical data. It may be predicted that for

the smaller values h2/h1 the graphs for K̂I will approach the line K̂I = 1, corresponding

to the case of a homogeneous plane.

The stress intensity factor K̂II in front of the crack loaded by the normal tractions

is non-vanishing only for the non–symmetric crack location when c/h1 = 0.3, 0.45 and,

clearly, significantly less than the corresponding values for K̂I (Fig. 6.3b). It is observed

that for short cracks K̂II , similar to K̂I , is also defined mainly by the crack location

within the layer, independently of the outer layers thickness. At the same time when

the crack is positioned closer to the interface, K̂II , in contrast to K̂I , grows. The latter

property, which may be explained by the increasing of the ”non–symmetry” in the system,

holds true for other crack lengths also. For the limiting case of a semi–infinite crack the

observed opposite behavior of K̂I and K̂II meets the asymptotic relation obtained in

Subsection 4.3 from the energy arguments. For the present case it may be written as
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follows

K̂2
I + K̂2

II =
2µ1

1− ν1

Q1 , h1/a → 0 , (6.25)

where Q is a known function of the elastic parameters and the thickness ratio h2/h1 but

not of the crack plane location within the layer. The general behavior of K̂II for the

sandwich composite (dashed line), characterized by a single maximum, is analogous to

that observed in the similar problem by Erdogan and Gupta (1971a). The limiting values

for the case h1/a → 0 have been derived by Fleck et al. (1991). In the figure they are

denoted by the circles. One can see the satisfactory agreement with the results obtained

in the present work. With the crack extension in the periodically layered composite, the

behavior of K̂II is found to be close to the sandwich case up to certain crack length when

the influence of the remote layers emerges. Then the curves turn to the limiting values

which must satisfy relation (6.25). It may be noted, that unlike K̂I the behavior of K̂II

for sufficiently long cracks is significantly influenced by both the crack location and the

thickness ratio h2/h1.

6.2.3 Mode I crack locations

It is of interest to examine the dependence of the stress intensity factors upon the distance

from the interface in more detail. The numerical results for the composite with very thin

(h2/h1 = 0.01) and stiff (α = 0.8, β = 0.2) outer layers are presented in Fig. 6.4.

Four crack lengths h1/a = 1, 2, 3, 10 are considered. Since the outer layers are thin, the

obtained values of K̂I and K̂II are close to unity and to zero respectively.

The mentioned general trend that the stress intensity factor K̂I (K̂II) for the crack

located close to the interface is less (more) than that for the crack near the midplane of

the layer, is also observed here. On the other hand, existence of a thin outer layer with

different elastic properties in the crack vicinity causes non–monotonic behavior. The

small variations in the values of K̂I may be of limited importance but behavior of K̂II is

of interest, since its sign changes for some parameter combinations. Consequently, for the

crack with the given length, there may be one or two locations within the cracked layer,

in addition to the symmetric case c/h1 = 0, where K̂II vanishes. Condition K̂II = 0 is

often accepted as a criterion for the crack propagation direction (e.g. Hutchinson and

Suo, 1991). Since, for the certain problem parameter range, several alternate K̂II = 0
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locations exist, this may indicate general instability of a straight-line propagation.
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Figure 6.4: Dependence of the stress intensity factors K̂I and K̂II upon the crack location
for the case of thin stiff non-cracked layers.

The dependence of critical crack locations c∗/h1 defined by the condition K̂II = 0

upon the crack length is depicted in Fig. 6.5. The results are presented for composites

with the same geometry as in the previous example h2/h1 = 0.01 but different elastic

properties α = 0.7, 0.8, 0.85, 0.9 with β = α/4. The latter relation corresponding to the

condition ν1 = ν3 = 1/3 is used in the literature (e.g. Fleck et al., 1991) as a good

approximation for many bi-material systems. It is seen that non–zero values of c∗/h1
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material mismatch with β = α/4. The stiffer layers are thin h1/h2 = 100.

exist only when the crack is neither too long nor too short. The corresponding range of

crack length parameter h1/a expands with the increase of the material mismatch. The

whole midline c∗/h1 = 0 corresponds to the crack location satisfying condition K̂II = 0.

Parameter combination domains, where K̂II takes on positive or negative values, are

denoted by signs ”+” or ”–”, respectively. Following the arguments used by Fleck et

al. (1991) for the case of pure mode II loading, suppose the crack is displaced from the

midline upwards. Since the right tip of the crack is considered, the positive sign indicates,

as consistent with the K̂II = 0 criterion, that the crack has a trend1 to propagate towards

the midline of the layer. From the symmetry considerations it follows that the same will

occur for the crack displaced downwards. Thus, the midline of the layer can be a stable

propagation path if it borders the upper ”+” region, and an unstable one in the case

of the ”-” upper region. As can be seen from the figure, the only path within the layer

which can be stable for a sufficiently long or rather short crack, is the midline. However,

for any material combination there is an interval of the crack lengths, for which this path

is not stable.

1Clearly, this trend is not sufficient to conclude about the crack trajectory. When using such ar-
guments the existence of so-called T-stress (σxx) having a great effect on the crack path stability, is
not taken into consideration. A more complete stability analysis and prediction of another propagation
morphology (kinking, wavy propagation) should be carried out, for example, by following the guidelines
of Fleck et al. (1991).
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Concerning the curves depicted in the figure, it can be noticed that they probably

may be considered as a near straight K̂II = 0 propagation path in the region where

they have flat gradients. The upper branch may be called ”stable” while the lower one

”unstable” in the context of the previous paragraph.
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Figure 6.6: Dependence of the stress intensity factors K̂I and K̂II upon the outer layers
thickness for different material combinations with β = α/4.

6.2.4 Thickness ratio of the layers.

In Fig. 6.6 the dependence of the stress intensity factors upon the outer layers thickness

is illustrated. The case of a rather long crack h1/a = 0.2 with c/h1 = 0.3 for five
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material combinations is considered. The results are presented in the interval between

h2/h1 = 0 when the composite becomes a homogeneous body and h2/h1 = 4 when

all the perturbation in the stress state generated by the crack is localized within the

three layers and the stress intensity factors may be found from the sandwich model with

sufficient accuracy. Consequently, the curves for K̂I and K̂II begin from unity and zero,

respectively, and for h2/h1 → 4 approach the asymptotic values corresponding to the

sandwich case. For K̂I the observed monotonic decreasing is more significant for small

values of h2/h1.

The behavior of the stress intensity factor K̂II , contrastingly, is non–monotonic with

a clear maximum for small values of h2/h1. Here one can see the result of the same ”beam

effect” pointed out earlier. The observed sensitivity of the solution upon the thickness

of a thin layer of dissimilar material located near the crack was emphasized by Suo and

Hutchinson (1989a) in the problem on substrate cracking beneath adherent film.

6.3 Conclusions

The dependence of the SIFs upon the distance from the crack to the nearest interface,

the thickness of the nearby layers and the mismatch of the materials have been examined.

The numerical study allowed to point out the cases when the simplified models can be

employed.

As expected, for the considered normal loading on the crack faces, SIF KI is found

to be considerably larger than KII . As opposed to the interface case, increase of the

relative stiffness of the thin rigid layers always reduces singular stresses at the tip of the

crack located in the more compliant layer.

It appeared that if the thicknesses of the layers with significant materials mismatch

are of the same order, then the sandwich approximation of the stress intensity factors

may be used with accuracy better than 4% only for the crack lengths below one forth

of the layers thickness. This observation holds true independently of the crack location

within the layer. On the other hand, for sufficiently long cracks, when h1/a < 2, the

stress intensity factor KI becomes very close to that for the symmetric midplane crack.

Consequently, this SIF can be estimated by the use of the analytic result (4.37) obtained

for the semi–infinite crack.
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The study of the SIFs behavior for the case of very thin and rigid outer layers revealed

an interesting and somewhat unexpected phenomenon. Namely, the stress intensity factor

KII is found to be zero not only for the symmetric midplane crack location but also for

some additional ones. This fact, together with existence of the crack length interval

where the midline is unstable location, points to existence of a wavy crack propagation

path. Another important phenomenon for the case of thin outer layers is the non–

monotonic behavior of KII as a function of the outer layer thickness. The above results

may be understood as the influence of a beam–like element that is generated by the layer,

neighboring the cracked one.

It should be noted that significant numerical difficulties in the solution of the system

of singular integral equations arise only for cracks located very close to the interface.

However, this disadvantage must not be overestimated since, when the distance from the

interface is so small that it becomes comparable with the fracture process zone of the

material, the total stress intensity factor approach to the fracture analysis fails (Ryvkin

et al., 1995).
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Chapter 7

Strip with an interface debonding

In this chapter an interface debonding in an infinite periodically layered strip is analyzed.

Two problems are considered. In the first problem the crack in the strip with the fixed

base and the tractions-free upper edge, is subjected to the internal pressure. In this

case derivation of a new Green’s function for the free–clamped strip edges is required.

Therefore, the solution will be derived below by following the guidelines presented in

Chapter 2. In the second problem the both edges of the strip are subjected to collinear

equilibrated point forces; while the crack faces are tractions-free. The solution of this

problem is easily derived by following the scheme presented in Chapter 2, in which the

edge tractions should be substituted for point forces.

7.1 Delamination crack in a strip on a rigid founda-

tion

Consider a strip Ω of thickness H consisting of N identical bi-layered cells Ωk, k =

0, ..N−1, depicted in Fig. 7.1. Following the description used in Chapter 2 the thickness,

shear modulus and Poisson ratio of the layers of r−th type are denoted as hr, µr and νr,

respectively. The perfect bonding of the layers is violated by the delamination crack of

length 2a located at the inner interface in the cell number n. Consider the case when the

crack is loaded by the uniform pressure σ. The upper edge of the strip is traction free

σN−1
2 (x, h2) = τN−1

2 (x, h2) = 0 , (7.1)
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Figure 7.1: Clamped base strip with an interface crack under the internal uniform pres-
sure.

while the lower one is clamped, i.e. the condition

u0
1(x,−h1) = v0

1(x,−h1) = 0 . (7.2)

takes place. The reducing of the initial problem for a crack to the singular integral

equation hinges on the deriving of the Green’s function for a single dislocation in the

non-cracked body. The corresponding boundary problem is defined by equations (2.2)–

(2.7), with

σ(x) = σ , τ(x) = 0 , (7.3)

σu(x) = τu(x) = 0 , (7.4)

and a new bonding condition (7.2) at the bottom, instead of stress condition (2.8).

In the considered case of homogeneous boundary conditions (7.1)–(7.2) the solution

Ûk
r(x, y) for the perfectly bonded strip is zero. Therefore, the Green’s function coincides

with the solution of the auxiliary problem

Ũk
r(x, y, t) = Ŭk

r(x, y, t) , (7.5)

which is formulated with the help of the unknown stress jumps.

The stress jumps are derived from a 4-th order system similar to (2.44):

SC ∆̄ = e−zt
[
f1(t)b

C,1 + f2(t)b
C,2

]
, (7.6)

where the upper index C indicates the clamped bottom case. In the right-hand side of

(7.6) only the terms proportional to the dislocation amplitudes f1(t), f2(t) are retained.

The sought Green’s function being expressed in terms of the stress jumps has exactly the

same form as that in Chapter 2. Therefore, it is obtained by replacing symbol ”∼” with

”^” in formula (2.48). Coefficients Aj , j = 1...8 defining the elastic field vector are
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calculated by the use of (2.47), in which a0
j are set to zero and the components of vector

∆̄ are determined from system (7.6). Calculation of ∆̄ can be carried out by the use of

symbolic computation or numerically, but its explicit expression is too cumbersome and

is not exhibited here.

Hence, the analytical expression of the Green’s function for the single interface dislo-

cation has been determined. Execution of the steps described in Section 2.3, for

σn
1 (x, 0) = σn

2 (x, 0) = −σ , (7.7)

τn
1 (x, 0) = τn

2 (x, 0) = 0 , −a < x < a , (7.8)

leads to the following integral equation

1

πi

∫ 1

−1

f(t)dt

t− x
− βf(x) +

∫ 1

−1
[f(t)K1(t, x)dt + f̄(t)K2(t, x)]dt = p . (7.9)

Here, the right hand side is defined by the prescribed tractions

p =
i(µ1 − µ2)(1− β2)

2µ1µ2(α− β)
σ , (7.10)

and the kernels are given by (2.56), and (2.54) with

dk
i = ∆̄k

i + γN
m ∆̄k

i+1 , i = 1, 3; k = 1, 2 (7.11)

associated with the components of the stress jump vector obtained from (7.6). (Recall,

that the upper index k indicates the solution component corresponding to the dislocation

fk, k = 1, 2

The solution of such systems of singular integral equations by the use of Jacobi or-

thogonal polynomials and derivation of the SIF is carried out by following the scheme

presented in Section 5.2.

Numerical results. The parameters of the multilayered strip are chosen in order to

verify the developed technique by comparing the results obtained in limiting cases with

those known from the literature. The crack in an aluminium/epoxy composite consisting

of N = H/h = 50 bi-layers with thick aluminium layers (h1/h2 = 9) is examined (see

insert in Fig. 7.2). The normalized ERR is defined by (4.15), where q = σ.

The dependence of Ĝ upon the crack length is presented in Fig. 7.2. The upper curve

corresponds to the interface separated from the free upper edge by a single epoxy layer
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Figure 7.2: Clamped base strip with an interface crack under the internal pressure.
Normalized ERR Ĝ upon the relative crack length.

(k = 49). Since the underlying aluminium layer is significantly thicker and stiffer than

the epoxy one, the results, as expected, meet the data obtained by Erdogan and Gupta

(1971b) in the corresponding problem on a crack at the interface between the layer and

the half plane.

On the other hand, for the crack at the interface located deeper into the strip with

k = 48, the observed behavior looks vastly different. Within the broad range of the crack

length when the crack is not too long compared to the strip thickness, ERR is found to

be very close to the corresponding value for the crack in the periodically layered plane

(Chapter 5), which smoothly reaches the limit corresponding to the semi-infinite crack.

Only when the crack length exceeds some critical value, which is about the distance to

the upper edge of the strip (for the considered interface this distance is approximately

equal to 11h2) the influence of the free boundary emerges, the ERR deviates from the

layered plane asymptotic and unlimitedly increases.
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7.2 Tractions-free crack in the strip subjected to point

forces at the edges

In the next example, the cracked strip is loaded by two collinear self-equilibrated point

forces applied at the external strip boundaries (see insert in Fig. 7.3). For this case,

the general solution presented in Chapter 2 can be employed directly. Since the edge

boundary conditions are defined by

σN−1
2 (x, h2) = σ0

1(x,−h1) = −Qδ(x) , (7.12)

τN−1
2 (x, h2) = τ 0

1 (x,−h1) = 0 , (7.13)

vector b0 in (2.44), containing applied traction transforms, takes the form

b0 =




Q

0

Q

0




(7.14)

After calculating from (2.44) the stress jumps transforms, integral equation (2.55) is

derived. Note, that crack faces are free of tractions, consequently, the value of p in the

right hand side of the integral equation is zero. Its solution is obtained as described in

Chapter 5.

Numerical results. In the first configuration, the crack is located at the interface

closest to the upper edge of the strip consisting of 50 bi-layers. The absolute value of the

stress intensity factor is examined. Its dependence upon the crack length for different

material combinations with β = 0 and various shear modulus ratio µ = µ2/µ1 is depicted

in Fig. 7.3.

The general trend is similar to what was observed previously in the case of the uni-

formly loaded crack near the free edge. The rapid increase of the stress intensity factor

with the increase of the crack length indicates the beam-like behavior of the upper layer

separated from the strip by the crack. In fact, the beam asymptotic (the dashed line),

derived for the specific case µ = 1 of the homogeneous strip by Dyskin et al. (2000), is

found to be a very good approximation for sufficiently long cracks.
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Figure 7.3: The absolute value of the SIF upon the crack length parameter h2/a for
different material combinations with β = 0 and various shear modulus ratio µ = µ2/µ1.

The increase of the upper layer stiffness leads to a monotonic decrease of the stress

intensity factor. Note, that when the crack is located deeper inside the strip and the

thicknesses of the layers, contrary to the considered case are not equal, the influence of

the elastic mismatch on the stress intensity factor can be more complicated. This issue

is illustrated below.

In the problem presented in Fig. 7.4a the crack is placed in the midplane of the

strip. The dependence of the absolute value of the normalized SIF upon elastic mismatch

parameter α is exhibited for the case β = α/4. Consequently, the value α = 0 corresponds

to the case when the materials properties coincide, i.e. to the case of homogeneous strip.

The solid lines are related to the strip with eleven bi-layers and the crack length a/h = 2.

For all the curves the thickness of the layers of the first type is more or equal than that of

the second type. So, the increase of α from zero for the curves with h1/h = 0.7, 0.9 may

be understood as further increasing of the stiffness of the stiff thinner layers. It is seen

that similar to the case of the crack in an infinite layered plane (Chapter 5), the above

increase may lead to increasing as well as to decreasing of the stress intensity factor.

Consequently, it approaches a maximum value for some materials combination.

Only in the particular case of equal thicknesses of the layers h1/h = 0.5 the increase of
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the elastic mismatch always leads to the decrease of the SIF. Hence, only in this case the

absolute value of the stress intensity factor for the interface crack is less than the stress

intensity factor for the crack in a homogeneous material. Note, that for the case β = 0

N=11
N= 7
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Figure 7.4: Normalized absolute value SIF upon elastic mismatch parameter α for the
case β = α/4 a) and β = 0 b) and the crack length a/h = 2, when the strip is loaded by
two point forces.

the observed phenomenon does not hold true as it is seen from Fig. 7.4b. Therefore, the

general conclusions about the interface fracture based on the analysis of the relatively

simple case β = 0 must be done very carefully.
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It is of the interest to elucidate the influence of the scale parameter h/a on the

stress intensity factor. This can be done by comparing two composites with the same

volume fraction defined by the ratio h2/h1 and different thicknesses h of the repetitive

cell. To this end the calculations for the strip with the diminished number of bi-layers

(N = 7, h/a = 0.786) have been carried out. The results presented in Fig 7.4a by

the dotted line show, that for any elastic mismatch the stress intensity factor is weakly

affected by the change in the layering scale h/a.

7.3 Conclusions

In the study of the cracked composite strips with the interface debonding, two types

of fracture behavior have been observed. When the crack is near the strip edge, the

separated layer acts like a beam and the SIF may be found from the beam asymptotic.

Alternatively, when the crack is located far from the strip boundaries, the behavior typical

for the crack in an infinite periodically layered plane emerges in a surprisingly broad range

of parameters. As in the case of a layered plane, it was found that if the thinner layers

are stiff, then further increase of their stiffness may lead to the enlarging as well as to

the diminishing of the absolute value of the stress intensity factor. The essential length

scale of each periodically layered composite is the thickness of the repetitive cell. The

influence of this parameter on the SIF has been examined and found to be limited.
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Chapter 8

Conclusions

Delamination in periodically layered composites consisting of an arbitrary number of

layers is considered. Combined use of the representative cell method based on the discrete

Fourier transform and of the dislocation approach has enabled obtaining analytical and

semi-analytical solutions to a number of problems without any simplifying assumptions.

The method is found to be a powerful, convenient tool providing accurate results in

both cases of interface and non-interface cracks. In contrast to the known numerical

methods, the suggested approach is insensitive to the number of layers, their thickness

and elastic mismatch between the composite constituents. Rather cumbersome analytic

expressions appearing during the solution procedure have been successfully treated by the

use of symbolic computation. In this research bi-material composites with the repetitive

cell consisting of two isotropic elastic layers were considered. The employed method

is applicable also to the more complicated cases of anisotropic materials and increased

number of layers in the cell, which seems to be an essential next step in the topic.

Several specific problems on a perfectly bonded periodically layered composite strip

without cracks have been solved. The stress analysis of the three point bending strip

has shown, as expected, that in the vicinity of the point forces the cross section of the

strip does not remain plane after the deformation and, consequently, the approximate

plate theory is not valid. On the other hand, it appeared that for a large elastic material

mismatch, the strain distribution is linear in each individual layer except the nearest to

the force application point. The investigation of the protective properties of the period-

ically layered strip bonded to the rigid substrate indicates that there is an optimal ratio
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between the layers thicknesses, providing the minimal normal (shear) contact stresses

induced by the shear (normal) tractions at the upper strip edge.

When studying the finite thickness composites with the interface crack, two types of

behavior have been observed. When the crack is near the strip edge, the separated layer

acts like a beam and the stress intensity factor can be found from the beam asymptotic.

Alternatively, when the crack is located not too close to the strip boundary, the behavior

typical for the crack in an infinite periodically layered plane emerges in a surprisingly

broad range of parameters.

A new phenomena differing from that observed for the simpler sandwich models of

multilayers has been revealed. In particular, it appeared that the ERR and the phase

angle shift generally depend upon the angle ϕ defining the direction of the applied loading.

It has been shown analytically, that the opposite can occur only simultaneously for both

fracture parameters when some mathematical condition holds true, namely, when the

ERR for the normal and for the shear uniform tractions on the crack faces is identical.

In the rest of the cases, the ERR appeared to be an even function of ϕ, and con-

sequently, to have an extremum at ϕ = 0 corresponding to pure normal loading. The

long crack asymptotic formula provides a simple condition for determining the character

of this extremum for both the interface and the intra-layer cracks. For most material

combinations in periodic multilayers this extremum is found to be maximum for suffi-

ciently long cracks while minimum for the short ones. There is a borderline case when

the ERR is independent of the loading angle. The phenomena mentioned is not observed

in sandwiches, where the above extremum is always maximum (minimum) for the case

of a stiffer (more compliant) middle layer.

In the specific case β = 0, when the crack is long, the results are found to be sig-

nificantly different from those for arbitrary β. Thus, the phase shift angle, as well as

the ERR, is found to be very sensitive to the value of β and to the direction of the

applied loading. Consequently, results obtained for β = 0 and for ϕ = 0 should be used

cautiously for predicting the fracture behavior in more general cases.

Further, for both interface and non-interface cracks in a periodically layered plane,

the normalized ERR governing the stress intensity has been found to be a non-monotonic

function of the crack length. This effect becomes more noticeable for the case when the

layer thickness ratio is large. If the thicknesses of the layers with significant materials
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mismatch are of the same order, then the sandwich approximation may be used with

accuracy better than 4% only for the crack lengths below one forth of the sandwiched

layer thickness. This observation holds true independently of the crack location within

the layer. On the other hand, for sufficiently long cracks, the ERR can be estimated by

the use of the analytic formula obtained for the asymptotic semi–infinite crack case.

For a layered composite of finite or infinite thickness with an interface debonding,

as opposed to the case of non-interface delamination, it appeared that increase of the

thin layers stiffness can lead to increase of the absolute value of the SIF as well as to

its decrease. Consequently, for a given geometric configuration there is a combination of

elastic parameters corresponding to the maximal value. For the case of large material

mismatch between sufficiently thin stiff layers and thick compliant ones, this maximum

can significantly exceed the corresponding value for a crack in homogeneous material.

For the non-interface mixed-mode cracks in an infinite layered composite, the study of

the SIFs behavior for the case of very thin stiff non-cracked layers revealed an interesting

and somewhat unexpected phenomenon. Namely, it was found that KII may vanish not

only for the symmetric crack position at the layer midline but also in several additional

ones, which are functions of the crack length. This, together with the fact that the midline

can be an unstable location for some crack lengths, points out the possibility of wavy

crack propagation. Another interesting phenomenon is the non–monotonic behavior of

KII as a function of the thickness of the thin non-cracked neighboring layers. It may be

understood as the influence of a beam–like elements generated by these layers.

The semi–analytical solution of the fracture problem on a delamination crack in peri-

odically layered composites presented herein, allows the implementation of the complete

study of the fracture characteristics upon the geometric and elastic parameters. The

closed form analytical expression for the Green’s function employed in the solution of

the present problems is very cumbersome but can be effectively worked out by the use

of symbolic computation. Numerical difficulties in the solution of the system of singular

integral equations arise only when the crack is long compared to the distance to the

nearest interface. However, this disadvantage must not be overestimated, since when the

distance is so small that it becomes comparable with the fracture process zone of the

material, the total SIF approach to the fracture analysis fails (Ryvkin et al., 1995).
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Appendix A

A.1 Matrix M

The following is the expression for the eighth order square matrix M of the system (2.42,)

of algebraic equations in Aj, j = 1, ..8, obtained when satisfying the boundary conditions

for the representative bi-layered cell (2.31), (2.32).

M =




µc1 −µs1 −µz1c1 µz1s1 −γmc2 −γms2 −γmz2c2 −γmz2s2

µs1 µc1 −µd1 µe1 γms2 −γmc2 γmd2 γme2

−µ̂c1 µ̂s1 µ̂z1c1 + η1

2
s1

η1

2
c1−µ̂z1s1 0 0 γmη2

2
s2 −γmη2

2
c2

µ̂s1 µ̂c1 −µ̂z1s1−η̌c1 η̌s1−µ̂z1c1 0 0 γmη1

2
c2

γmη1

2
s2

−µ 0 0 0 1 0 0 0

0 −µ µk1 0 0 1 −k2 0

−2 0 0 −η1 2 0 0 η2

0 2 −ζ1 0 0 −2 ζ2 0




where zi = hiz , ci = cos zi , si = sin zi

ηi = κi + 1 , ζi = κi − 1 , η̌ = µκ1 − ζ1/2 , µ̂ = µ− 1

di = κici + zisi , ei = κisi − zici , i = 1, 2

A.2 Matrix S for the stress boundary conditions

The stress jump transforms in the case of the prescribed tractions at the strip edges are

determined from the system of equations (2.44). The elements of corresponding matrix

S are presented on the imaginary axis z = it

sij =
ŝij

det(M)

where

det(M) = η4 (γm
4 + 1) + 4 η4 (µ̂ (λ0 − 2 h1 h2 µ̂ t2) C3 − λ12 C4) g1 γm

− (4 λ12λ0 (C2 + C1) µ̂− 2 λ2
12 C6 − 2 µ̂2 λ0

2 C5

− 4 (λ0 µ̂ + (κ2 κ1 + 1) µ) (µ2 κ1 + κ2)− 4 µ2 ((κ2
2 + η2) (κ1

2 + η1) + 3 κ2 κ1)

− 4 t2 (4 h12
2 t2 + λ7 − 2 (h1

2 C2 λ1
2 + h2

2 C1 λ2
2) µ̂2 ))γm

2
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and

ŝ11 = η4 γm(2 t µ̂ ((h1 κ2 − h2) γ2
m + µ (h1 − κ1 h2)) S3 + 2 t (λ1 h1 + λ2 h2) (γ2

m − µ) S4

− (n2 g1 + 2 λ12) C4 − (4 h1 h2 µ̂ (µ̂− g1) t2 + n3 g1 − 2 λ0 µ̂) C3) + (

2 t µ̂ η4 (λ2 h2 S1 + h1 λ1 S2)− 4 µ̂ (h2
2 λ2 λ8 C1 + λ1 n1 h1

2 C2) t2

+ (C2 + C1)(λ1 (λ2
2 + µ̂ η2) + (−µ̂ κ2 λ0 + n1 λ1) λ2) + λ12 n2 C6 − λ0 µ̂ n3 C5

− 16 h1
2 h2

2 µ̂3 t4 + 4 µ̂ (λ1 n1 h1
2 − η4 h1 h2 (3− µ) + λ2 λ8 h2

2) t2 + 2 η2
4

− η4 λ0 − µ̂ (κ2 λ2 − λ0) (λ1 − λ0))γ
2
m + η2

4

ŝ13 = i η4 γm((4 h1 h2 µ̂ (γm
2 + µ) t2 + µ g1 (κ2 − κ1)) S3 − µ g1 (κ2 κ1 − 1) S4

− 2 t (λ1 h1 + λ2 h2) (γm
2 + µ) C4 − 2 t µ̂ ((h2 + h1 κ2) γm

2 − µ (κ1 h2 + h1)) C3) +

iµ γm
2(η1 ((4 t2 h2

2 − κ2) λ2 µ̂ + λ1 λ0) S1 − η2 ((4 t2 λ1 h1
2 − κ1) λ1 µ̂ + λ0 λ2) S2

+ λ0 µ̂ (κ2 − κ1) S5 + λ12 (κ2 κ1 − 1) S6 +

2 t (µ̂ h1 ζ2 λ1 η1 C2 − µ̂ η2 λ2 ζ1 h2 C1 + 4 h12 (η1 h2 + h1 η2) t2 + η5))

ŝ21 = −ŝ13 + 4I t γm(−η4 (λ1 h1 + λ2 h2) (γ2
m + µ) C4

− η4 µ̂ ((κ2 γ2
m − µ) h1 + (γ2

m − µκ1) h2) C3 +

γm µ (µ̂ h1 ζ2 λ1 η1 C2 − µ̂ η2 λ2 ζ1 h2 C1 + 4 h12 (η1 h2 + h1 η2) t2 + η5))

ŝ23 = ŝ11 − 4t γm η4(µ̂ ((µ + κ2 γ2
m) h1 − (µκ1 + γ2

m) h2) S3

+ (γm
2 − µ) (λ1 h1 + λ2 h2) S4 + µ̂ γm (λ2 h2 S1 + h1 λ1 S2))

with

g1 = 1 + γ2
m, h12 = h1 h2 µ̂2 , η4 = µ η1 η2 ,

λ0 = µκ1 − κ2 , λ1 = µ + κ2 , λ2 = µκ1 + 1 ,

λ7 = 2 µ̂2 (λ2
1 h2

1 + 2 η4 h2 h1 + λ2
2 h2

2) , λ8 = µ̂− λ2, λ12 = λ1 λ2 ,

n1 = µ̂ κ2 − λ1, n2 = κ2 λ2 + λ1, n3 = λ0 + µ̂ κ2, C1 = cosh 2th1,

C2 = cosh 2th2, C3 = cosh t(h1 − h2), C4 = cosh th, C5 = cosh 2t(h1 − h2),

C6 = cosh 2th, S1 = sinh 2th1, S2 = sinh 2th2, S3 = sinh t(h1 − h2),

S4 = sinh th, S5 = sinh 2t(h1 − h2), S6 = sinh 2th,

η5 = η1 (µ η2
2 + λ2

1 − µ̂2 κ2) h1 + η2 (µ η2
1 + λ2

2 − µ̂2 κ1) h2
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A.3 Fredholm kernels. Interface debonding

The coefficients defining expression (5.18) in the kernels of the integral equation for the

interface crack in the periodically layered space are given by following:

e2
11 = −β , e2

12 = 1 , e2
22 = 0 ,

d0 = 4 (4 h12
2 z4 + λ7 z2 + η3 (λ1

2 + µ̂2)− µ̂ λ5 λ6 − λ12 µ̂ λ1) E2 + λ12
2 (E4 + 1)

− 2 µ̂ λ2 Ê1 (2 h2
2 µ̂ λ2 z2 + λ1 λ0)− 2 µ̂ λ1 Ê2 (2 h1

2 µ̂ λ1 z2 + λ2 λ0) + µ̂2 λ0
2 e

d1 = −4 η4 (E4 (2 h12 z2 − µ̂ λ0) + λ12 E3) , d2 = 2 η2
4 E2

e0
11 = β {λ2 η2 (4 z2 µ̂ λ2

2 h2
2 λ4 − λ6) Ê2 + λ6 (4 z2 µ̂ λ1

2 h1
2 λ4 − λ2 η2) Ê1 + µ̂ η4 λ0 e

− 8µ̂ z2 λ4[2 (h12 (λ2 η2 + λ6) z2 + η4 λ−6 ) h2 h1 + h1
2 λ1

2 λ6 + λ2
3 η2 h2

2] E2

− 2 η2 (λ5 λ6 − 2 η3 µ̂) E2}
e0
12 = 2 λ12

2 E4 + 4 [4 h12
2 z4 + λ7 z2 + (η3 − λ2 µ̂) λ1

2 − µ̂ λ5 λ6 + η3 µ̂2] E2

+ λ3{λ2 η2 (4 z2 µ̂ λ2
2 h2

2 + λ8 λ1
2 + λ6 λ2) e2

− λ2 [2 λ2 h2
2 µ̂ (2 λ5 λ1 + 2 λ2 µ̂) z2 − λ+

2 λ1
3 + (η3 + 2 µ̂2) λ1

2 + 3 µ̂ λ6 λ2] e1 E2

− λ1 [4 µ̂ λ1 h1
2 (λ8 λ1 + 2 λ2 µ̂) z2 + λ2 (λ−2 λ1

2 + λ8 λ+
2 λ1 + 3 µ η1 µ̂ λ2)] e2 E2

− λ6 (4 z2 µ̂ λ1
2 h1

2 + λ2 λ9) e1 − η2 µ̂ (λ8 λ1 + µ η1 λ2) λ0 e2
2 + µ η1 µ̂ λ9 λ0 e1

2}
e0
22 = 4 λ12 z λ3{4 h12 (η2 h1 + h2 µ η1) z2 E2 + η2 h2 [2 η3 E2 + λ2 µ̂ (Ê2 − 2 E2)]}

+ µ η1 h1 [µ̂ λ1 (2 E2 − Ê1) + 2 η2
2 E2]}

e1
11 = 2 β µ η2 η1 [(4 h1 h2 µ̂ λ−6 z2 λ4 − 2 µ̂ λ0 + λ12) E4 + λ12 E3]

e1
12 = 2 η4 {[−4 µ̂ h2 h1 λ+

6 z2 + (λ12 − 2 λ6 + η3 + µ̂2) λ1]λ3e1 E + 2 µ η1 µ̂ λ2 λ3 E4

+ [4 h1 h2 µ̂ (λ12 − µ̂

λ3

) z2 + (λ12 − 2 µ̂ λ1 + 3 µ̂2 − η3) λ1] λ3 e2 E − λ12 (2 E3 + E3)}
e1
22 = −4 λ6 λ2λ3 z η2 [ (λ1 h1 + λ2 h2)E3 − µ̂ (h1 − h2) E4]

with

η3 = η2
1 µ2 , λ±2 = λ2 ± 3 µ̂ λ3 = (λ1 + λ2)

−1, λ4 = (λ1 − λ2)
(−1) ,

λ5 = λ2 + 2 µ̂ , λ6 = µλ1 η1 , λ±6 = λ6 ± λ2 µ̂ , λ9 = λ+
6 − λ2

1 ,

E = e−z H , ei = e−2 z hi , Ei = ei E , E3 = E + E3 ,

E4 = E1 + E2 , e = e2
1 + e2

2 , Êi = ei + e3−iE
2, i = 1, 2
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A.4 Fredholm kernels. Intra-layer delamination

The kernels (6.17) of the integral equation for the non-interface crack in the periodically

layered space contain functions kij (z, ϕ), which have the structure similar to that in the

interface crack case.

kij (z, φ) =
1

π

∫ π

0

aij + bij cos φ + cij cos 2φ

d0 + d1 cos φ + d2 cos 2φ
d φ , i, j = 1, 2 ; (A.1)

where

d0 = 4 µ̂2 λ2
0 cosh 2z(h1 − h2) + 8 λ2 µ̂ (2 λ2 h2

2 z2 µ̂ + λ0λ1) cosh 2zh1

+8 µ̂ λ1 (2 z2 h2
1 µ̂ λ1 + λ2 λ0) cosh 2zh2 − 4 λ2

12 cosh 2zh

−32 h12
2 z4 − 8 λ7 z2 − 8µ2 [η1η2 (κ2 + κ1) + 1 + 4 κ2 κ1 + κ2

1 κ2
2]

−32 µ ν̄1 ν̄2 (µ2 κ1 + κ2)− 8κ1
2 µ4 − 8κ2

2 ,

d1 = 16 η4{µ̂ (2 µ̂ h2 h1 z2 − λ0) cosh z(h1 − h2) + λ12 cosh zh} ,

d2 = −(2 η4)
2 .

The explicit expressions of the coefficients aij for the case i = j = 1 are

a11 = −8(µ̂ λ1 (hc
2 z)2 + λ̄3) [ µ̂ λ0 cosh 2z(h2 − hc

1) + λ12 cosh 2z(h2 + hc
1)]

+8(µ̂ λ1 (hc
1 z)2 + λ̄3) [ µ̂ λ0 cosh 2z(h2 − hc

2) + λ12 cosh 2z(h2 − hc
2)]

−32 z2 µ̂2 c {2 h1 h2
2 z2 µ̂2 + η4 h2 + h1 λ2

1 (1− cosh 2zh2) }
−16{h2λ2µ̂(η4h

c
1 + h2λ̄5)z

2 − λ̄3λ̄4 + 2λ2µ̂
3(h2h

c
1z

2)2 − µ̂λ1λ̄4(h
c
1z)2} cosh 2zhc

2

+16{h2λ2µ̂(η4h
c
2 + h2λ̄5)z

2 − λ̄3λ̄4 + 2λ2µ̂
3(h2h

c
2z

2)2 − µ̂λ1λ̄4(h
c
2z)2} cosh 2zhc

1,

b11 = 16η4{2z2 µ̂2 h2 c cosh z(h1 − h2) + [hc
1 µ̂ (h2 λ2 + λ1 hc

2) z2 − λ̄3] cosh z(h2 − 2c)

−[hc
2 µ̂ (h2 λ2 + λ1 hc

1) z2 − λ̄3] cosh z(h2 + 2c)} ,

c11 = 0 ,

where

hc
1 =

h1

2
+ c, hc

2 =
h2

2
− c

λ̄3 = 2 µ (1− ν1)(µ ν̄1 − ν̄2), λ̄4 = −κ1 µ2 − 2 ν̄2 ν̄1 µ− κ2,

λ̄5 = µ η1(µν̄1 + 1) , ν̄i = 1− 2νi i = 1, 2 .
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