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A methed to derive stable reduced-order models for a stable discrete-time invariant system is presented. The method is based on a
unit ¢ircle stability criterion. This criterion is the z-plane equivalent of a stability criterion for continuous time systems and is proven
by using the bilinear transformation. The resulting model reduction method forms the discrete analogue of the stability equation and
Michailov’s methods for the simplification of continous time systems. that were recently suggested in various. closely related. versions.
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1. Introduction

A well known problem in simplification of both continuous and discrete-time linear systems by Padeé
type reduced order models is that stable systems may vield unstable models. One way to overcome this
problem is by deriving models that approximate the system in the Padé sense only partially and have a
predetermined stable characteristic equation. Efforts have thus been made to derive methods that
determine appropriate lower order stable characteristic pelynomials. One obvious pessibility is to compute
the eigenvalues of the high order system and retain the dominant modes. Other methods that have been
suggested for continuous systems such as the Routh method [1] and its generalization, the Padé-Hurwitz
method [2], do not require the knowledge of the exact eigenvalues but approximate them indirectly.
Another approach that has recently been presented for continuous systems derives the low order Hurwitz
polynomials using a stability criterion called the stability equation or the Michailov criterion [3-7]. The
purpose of this paper is to present a similar method for the reduction of discrete systems. This method
derives Padé type modéls in the z-plane that are stable for a stable system, It is based on a z-plane version
of the stability criterion that underlies the continuous methods. Some of the methods in [3-7] differ in the
techniques used to derive the ‘numerators’ (Padé equations, continued fractions or stability equations).
They all derive the same denominators (the treatment in [7] being a little more general) by a method that is
based on the stability equation criterion and is restated here for reference purposes.

-

Theorem 1 (see e.g. [8), p. 416). A real polynontial
AMs)=3 85 =811 (s—s,). 6>0,vi, . (1)
i=0 i=1

is Hurwitz (Re 5,<<0, ¥i) if and only if the zeros and poles of

(5= 25 8 s)

A(s)+A(—s5) 2)

are simple, located on the imaginary s = jw axis and they mutually separate each other.
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A polynomial A(s) is therefore Hurwitz iff p(s) can be written as

m

ks H (sz + w%i)
i=1

p(s)=—, k=00 0o [ <fu|< - <o, (3)

H (serw%ﬁl)

i=1

wherev=m+n+ 1, m=n—1or m=n. The ‘gain’ is k=48, /8, and k>0 is necessary and sufficient,
subject to the rest of the conditions ih the theorem, for all the coefficients of A(s) to have the same sign [§]
(the condition 8,_, /8, > 0 may replace the 6,> 0, ¥i in (1)).

The reduction methods in [3-7] use, for a »-th order model, #<v, the polynomial A(s) that is
determined by adding the numerator of p(s) to the denominator, where

ps)=— k>0, (4

F=m+A+1,m=A—1orm—rand £ is chosen to satisfy
pls)|  _pl(s)
§ 15=0 5 £=0

Clearly the resulting polynomial A(s) is Hurwitz by the sufficiency part of Theorem 1.

We shall derive an analogous criterion for the stability of discrete system characteristic polynomials and
apply it in the derivation of reduced order models in the discrete z-plane. We shall adopt the term stable
polynomials for a polynomial D(s) whose zeros are all inside the unit circle |z1= 1, where by the term
Hurwitz polynomial we shall mean that a polynomial in the form (1) satisfies Re 5, <00 ¥i. We mainly
concern here the approximation of stable D(z) polynomials by lower order stable polynomials. We shall
therefore apply the result to form Padé type model reduction for single input and output (scalar) systems.
By this we avoid intentionaly the discussion of some (solvable) dimensional problems [9] that may occur in
certain extensions to multivariable systems of scalar methods (e.g. [4]). Partial Padé approximation
techniques to fit a scalar numerator to a predetermined denominator by matching the first time moments of
the system are well established and will not be repeated here.

2. The discrete stability equation criterion

Let D(z) be a real v-th order polynomial
. . v
D(z)= 3 dz'=d, Il (z-2). (5)
i=0 i=1

Using the bilinear transformation,

1—s z—1
= - 6a.b
Tiyse s z+1° ( )

a discrete version of Theorem 1 can be derived as follows. Let A(s) be the polynomial of (1} whose zeros
are the bilinear mapping of the zeros of D(z), 5, = (z; — 1) /(z; + 1). Evidently, D(z} is stable if and only if
A(s) is Hurwitz. Define the rational function

D(z) - D(z)

pfz) RIS T6) (7)
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where 5(? ) is the reciprocated polynomial
b(z)=3d, 2'=2D(:"") =4, (1-2z,). (8)
i=0 i=1

It can be verified by substitution of z, = (1 —s3/(1+s)and z=(1 —s) /(1 +s)in D(z) and l/)_(\;) that
p,(z} of (7) is mapped into p(s) of (2) for A(s) whose zeros are the bilinear mapping of the zeros of D(z).
The bilinear transformation also maps the unit circle

C={z]z=e® Qe[-%,7]) (9)
onto the s = jw axis by the following one-to-one mapping dictated by (6b)

jo=ie(3). (19
We may therefore state the following discrete stability criterion:

‘Theorem 2. A real polynomial D(z),
% ¥
D(z)=3 d,.z’zd,,_Hl (z—2z). |d,|>|dy],
i=0 i=

has all its zeros inside the unit circle, |z,|< 1, if and only if the zeros and poles of p(z), (7), are simple, located
on the unit circle, |z]= 1, and mutually separate each other.

Remark. The condition |d,|>|d,| is necessary for a polynomial to be stable. It can be traced back to the
8, ,/8,>0 condition of (3) following Theorem 1. An interesting immediate corollary is that for a
polynomial D(z) satisfying |d,|<|d,|, Theorem 2 states necessary and sufficient conditions for D(z)to be
anti-stable (|z,}> 1, Vi).

3. Application to model reduction

The stability equation method for the simplification of discrete systems follows from Theorem 2 in a
similar manner by which the continuous methods [3-7] follow from Theorem 1. To be more specific we
state the following discrete model reduction problem. Given a stable high order discrete system

6(z)= 3 nz'/D(z) (1)
=0

i

where D{z) is a stable polynomial in the form (5), p<<». A model of reduced order # < is required with
transfer function

G(z)=3 az/B(z),  Dlz)=3 ds (12)
i=0 i=0

such that D(z) is a stable polynomial of order 5, fi < 5 and G(z) matches the first A time moments of G(z).

A solution to this problem that applies the result of Theorem 2 to derive D{z) and the well known
partial Padé techniques is obtained as follows. Given the stable polynomial D(z) it is readily found from
the structure of p,(z) and the result of Theorem 2 that p,(z) can be written in the following forms:

(2= D+ DBy o(2) (2= DBuu2)

a;,.(2) a,,(2)

(13a,b)

P20 2) ) Prmi(2)=
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with
! "
B(z)=1Il (22=2zcos @y, +1), 1=m—1,m, a,(z)=1] (2> 2ccosQ,_,+ 1) (13c.d)
i=1 =1
where z, = e i =1, 2,...,» — |, represents the zeros and poles of p,(z) on the unit circle, which for a real
polynomial appear in complex conjugate pairs (z —ei®)(z — e %) =(z% — 2z cos @, + 1) and by Theorem
2 satisfy

—l<cos®,_, < - <cosRy<cosQ, <1, (13e)

r—1

The #-th order polynomial D(z) is determined by the relation
lﬁ(z) - z“’ﬁ(z*]) _
D(zy+2"D(z7")

kps(z) (14)

where £>0 is a constant whose determination is discussed later and py(z) is constructed from the ¢
dominant quadratic terms (z2— 2z cos @,+1),i=1,....# of (13) and has the proper structure {13a) or
(13b) according to the parity of 5. It therefore follows from the sufficiency part of Theorem 2 that the
polynomial D(z) is stable.

The construction of a lower order stable polynomial requires only the knowledge of the values of cos §2,
(13). One obvious way to find these values is by the computation of the zeros and poles of p(z}. Instead.
we show next how the special structure of p,(z) can be used to replace the numerator and denominator of
p,(z) by polynomials of half order whose zeros are exactly the required cos ,s.

The polynomials 8;,(z) and a,,(z) of (13¢,d) are both of even order and with zeros in reciprocated
pairs, z;, z; '. As a result, their coefficients p, and ¢, in

2k 7 2k
a2k(z): EP.'Z‘, BZk(Z): 24;2' (15)
i=0 i=0

have to satisfy p, = p,, _, and ¢, = g,, _,. The polynomial a,,(z) (and similarly 8,,(z)) can thus be written
by

ay{z) :ZJ[PO(Z’( +27k) +P1(3k7] +Z"(k_”) + +Pk] (16)
or
k—1
z Yoy (z)= 3 2pT(z) +p, Tyl z) (17)
i=0
where we have defined
T(z)=3(z"+z7"). (18)
The transformation
x=3(z+z") ) (19)

maps T (z) into the well known Chebyshev polynomials 73( X ) [10], which can also be obtained using the
recursion

Tox)=2xT (x) - T(x),  T(x)=1, T(x)=x (20)

The right hand side of (17) can be transformed into the variable x by substituting 7(z) by T,(x). Equations
(15)~(20) represent therefore a procedure to perform the change of variables (19) in p,(z),

m m—1
zjnlazl)l(z)u_)Anl(x): 2 alx’: 2 2P[7-;(x)+p”f‘ (213)
i=0 i=0
! I—1
3—11821(2) - B,(z)= 2 bx'= 2 2¢T{x)+q, I=m—1,m. (21b)
i=9 i=0
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The transformation (19) maps the unit circle {9) onto the real interval [ — 1, 1]. It places each reciprocal pair
of zeros and poles of p,(z) into their common projection on the real axis. The polynonnals B,(x) and
A, (x) found in (21), rewritten as

i

{ m
Bl(x):b!l:-[l(x_xli)’ [:m_]’m1 Anl(x):a;n_l;[l(x_x“ii—l) (22)

have zeros given by

x;=3(z;+27 ) =cos®Q,, i=1,...,0—1. (23)
The computation of the zeros of these two peolynomials, of half the order of the respective «,,(z) and
B,,(2) polynomials, gives the required information for the construction of the lower order stable polynomi-

als.
It follows from the above that the stable approximation for D{z) can be found by the following steps.

Step (i) Given D(z), form the numerator and denominator of p{z) (7), (8)
0(z)=D(z) - D(z),  P(z)=D(z) + D(3) (24)

and obtain 8,,, ,(z) or 8,,(z) and a,,,(2) by performing one polynomial division by (z — 1) followed by
one polynomial division by (z + 1), as indicated by the relations of (13a, b),

Hz)y=(z—1)(z+1)By,, »(z), P(z)=a,,(2), vy=2m, (25a)
or

Q(z)=(z-1)B,,.(z}, P{z)=(z+1a,,(z), v=2m+ 1. {(25b)
The division of a polynomial having a zeroatz=1oratz= —1 by (z — 1) or by (z + 1), respectively, is a

simple task,

a—1

Clz)/(z—1)= 2 ez, e,= —cy.e,=e,_, — .
i=0 (26)

n—1
Cl2)/(z41)= 3 f2', fo=cofi=e, Sy

i=0

C(z)= Y ez'=
i=0

Step (ii) Replace B8,,(z) by B{x),I=m—1,/=m, and &,,,(z) by 4,,(x). using the procedure outlined by
(15)-(20) and compute the zeros of B,(x) and A, (x). These zeros are real, lie inside the interval [—1, 1],
properties that may be advantegeous in the computation and they separate each other,

—l<Cx, <X < <x,<x <] (27)

(x)) and x,, x,,...are the ‘zeros’ (zeros of B,(x}).

L

where x|, x,...are the ‘poles’ (zeros of A

Step (iif) Construct the #-th order stable polynomial D(z) by adding numerator to denominator in pHz),
constructed as follows:
h—1
Kz—1)(z+1) I (22—22x,+1)
pralz) = = , k=0, (28a)

A

II (22 —2zx,, ,+ I)

i=1

kh(z—l)H (22—22x2,.+1)
pra+i{z) = = . k>0, (28b)
(z+ 1) H (22—22x2,._] + 1)

i=1
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with # =t + 4 + 1. The choice of £ > 0 such that

p.(2)

r—1

pl2)
z—1

(29)

yields polynomials that are the z-plane equivalents of those that are found by the continuous methods
[3-7]

The derivation of the lower order model G(z) of (12) is completed by delermining a numerator so as to
have the first fi terms of the expansion of G(z) and G(z) about z = 1 agreeing. This stands to matching the
first time moments of the system and is straightforwardly carried out by well known Padé techniques (e.g.
[2]).

We have by Theorem 2 that any choice of £ >0 in (28) yields a stable polynomial. This freedom can be
used to find & that minimizes some measure of error between the stable model and the system. The
root-locus investigation of the location of the approximated stable eigenvalues in comparison to the
original eigenvalues may also be revealing. One should however be aware of the additional complexity that
is implied by such optimizations in the above otherwise simple method to derive stable reduced-order
models.

The quality of the reduced-order models stems from their retention of stability and from the Padé sense
of approximation [12,13]. Models of increasing order # form better approximations in the mathematical
semi-norm sense of [13] and reproduce the system for # — ». However, like in other Padé methods, the exact
measure of closeness of the approximation to the high order stable system is not known in advance. [f it is
important to have models that form minimal approximations in a definite least square or Chebyshev sense
and if the more computational effort required for this purpose is afforded, the method of this paper can be
combined with the algorithms for rational appreximations in the complex z-plane that are described in [14].
It 1s shown there that the convergence and the rate of convergence of the best L, or L_ approximations
depend to a great extent on the quality of the initial approximation. The models determined by the
algorithm of the present paper represent an easy method to derive appropriate initial conditions for the
iterative algorithms in [14]. The combination of the two methods may therefore suggest a powerful
procedure for the derivation of the best L, or L norm stable reduced-order models for a given stable
discrete system. It is noted however that models with simple choice of k to satisfy (29), with D(z)
determined by the retention of the dominant quadratic terms of p(z) in (13) and with the matching of the
first time moments of the systemn (all these selections characterize approximation of low frequency features,
Q 0, z > 1), have been found to yield very satisfactory approximation. The next example illustrates the
method and its approximating qualities.

Example. Consider the scalar discrete system of [11] whose transfer function G(z)= N(z)/D{z} is given by
N(z)=1.682z"+1.116z°—0.212° +0.152z* — 0.5162° — 0.262z% + 0.044z — 0.006, (30a)
D(z)=8z%—5.046z" — 3.3482% + 0.63z° — 0.4562% + 1.5482% + 0_.7’8622 —0.1322:+0.018, {(30b)

The zeros of D(z) are found to be

0.87965568 =} 0.24463066, —{(.05405313 = 0.65568454,
0.07733240 = 0.10778302, —0.58755979 +j 0.09547938.

We shall demonstrate the method of this paper by deriving the second and the third reduced-order
models. We have by (7), (24), (15) for this case
ag(z)=D(z) + D(z) =4.009 — 2.5892 — 1.281z* + 1.089z*
+0.4562% +1.089z° — 1.2812° — 2.589z7 + 4.009z%,

a2y =2 PLZ)

= =3.991 —2.457z+ 1.924z% — 2.9162% + 1.924z% — 2.4572° + 3.991:°.
(z—=1)(z+1)
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" Using (15)-(20) we find

z %ay(z) > A, (x) =8.018T (x) — 5.178T5(x) — 2.562T5(x) + 1.0897,(x) — 0.456 T, ( x),
Adx)=8.018x%—2.580x" — 8.6585x2 +2.214x + 1.2655.

Similarly 2 38,(z) transforms to
By(x)=7.982x" — 2.457x* — 5.0225x + 0.4995.

The ‘poles’ (zeros of A,(x)) x4;_, and the ‘zeros’ (zeros of By(x)) x5, of the stability equation are given by
x"=0.96977417, xy =0.58941292, x¢ = —0.29260273, x4 = —0.943633588,
x5=0.9168992, x,=0.096701851, xg= —0.70578266.

They form the real parts of the complex pairs of poles and zeros of pg(z) on the unit circle. These are
sketched in Figure 1. i

A second-order polynomial D,(z) is derived from p,(z). the second-order rational function (28) that
retains xy,

i 2) = 4(:— )(z+ 1)
P2 33.084285(z2 —2-0.96977417z + 1)

where we satisfy (29) by letting k= k,/k, and choose k| and & to retain the values at z = 1 of respectively
the deneminator and the numerator divided by (z — 1) (this choice also satisfies D(1) = D(1));

D,(z) = 37.0842852% — 64.168571z + 29.084285.
A third-order polynomial 133(2) is derived via (28) by retention of x{" and x3,

5.(2) 48.134313(z — 1){ 22 — 2.09168992z + 1)
z)y= ,
& 16.542142(z + 1)( 22 — 2.096977417z + 1)

Dy(z) = 64.67645:% — 1519450827 + 120.86079z — 31.592171.

A X - POLES
Im z ® - ZEROS
=} ! Rez

Fig. 1. Pole—zero pattern for the p(z) of the polynomial D(z), equation (30b).
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Fig. 2. Unit step responses for the system and the reduced 2-nd and 3-rd order models.

The second- and the third-order models that have ﬁz(z) and 153(2) for denominators and match
respectively 2 and 3 time moments, are given by

A 0.269652z —0.215721

Gylz) =— - : (31)
2°—1.730344z + 0.784275

. 0.221721422 — 0.2733654z + 0.082567

Gy(z) = : . (32)

73 —2.34931122 + 1.868698z — 0.488467

The poles of G,(z) are 0.865172%]0.189083 and the poles of Gy(z) are 0.88525591 +j0.24545971,
0.5789868; they tend to approximate the dominant poles of G(z). The unit step response for the system
and the two reduced-order models are given in Figure 2.

-

4. Concluding remarks

A method for the reduction of discrete-time linear systems that yields stable models for stable systems
has been presented. The method is based on a unit circle criterion of stability and forms the z-plane
equivalent of the stability-equation methods of model reductions suggested in [3-7). The method has been
presented for single input and output systems but can be extended to multivariable systems regarding the
reduced-order stable polynomials as the characteristic equation of some proper matrix-valued partial Padé
approximation method. If a better transient response approximation is required the method can be
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extended to derive biased models in which the lower-order stable polynomial is determined from a py(z)
that retains also some quadratic terms (z? — 2z cos §,+ 1) that correspond to high-frequency values of
|€2,{. Another interesting possible extension is the use of the free ‘gain’ £ in pz) to optimize the resulting
lower-order stable model or to satisfy some further specifications. The method has however been found to
yield good approximation even for the non-optimal indicated choice of k. Without the use of the
optimization option the method is computationally straightforward.
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