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Summary. We consider the problem of scheduling a
set of pages on a single broadcast channel using time-
multiplexing. In a perfectly periodic schedule, time is di-
vided into equal size slots, and each page is transmitted
in a time slot precisely every fixed interval of time (the
period of the page). We study the case in which each
page i has a given demand probability w;, and the goal
is to design a perfectly periodic schedule that minimizes
the average time a random client waits until its page is
transmitted. We seek approximate polynomial solutions.
Approximation bounds are obtained by comparing the
costs of a solution provided by an algorithm and a solu-
tion to a relaxed (non-integral) version of the problem.

A key quantity in our methodology is a fraction we
denote by a;, that depends on the maximum demand

probability: a; def vmax; {w;}/ Y \/w;. The best known
polynomial algorithm to date guarantees an approxima-
tion of 2 4+ 2a,. In this paper, we develop a tree-based
methodology for perfectly periodic scheduling, and us-
ing new techniques, we derive algorithms with better

bounds. For small a; values, our best algorithm guar-

antees approximation of 1+ 153/\33/7“3171. On the other hand,
we show that the integrality gap between the cost of any
perfectly periodic schedule and the cost of the fractional
problem is at least 1+ a?. We also provide algorithms
with good performance guarantees for large values of a; .
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1 Introduction

The prevalence of portable information devices today—
as well as their omni-presence tomorrow—is unquestion-
able. One of the major problems of this technology is
power supply, since these gadgets may weigh only few
grams, leaving very little room for batteries. In this pa-
per, we investigate one aspect of this area: we present

algorithms to compute schedules that can significantly
reduce the power consumption of a mobile client while
waiting for a certain piece of information (page) to be
broadcast by a stationary server. We give scheduling al-
gorithms that improve the best known results, and de-
velop algorithmic tools for tree embedding that have
other important applications such as fair time sharing.
Our basic premise is that the server must broadcast
pages in a very organized fashion. Informally, a schedule
is called perfectly periodic if each page has a single pe-
riod 7 such that this page is transmitted exactly every
T time units. Perfect periodicity allows clients to save
significantly on energy, since it reduces “busy waiting”
(see below). From the theoretic viewpoint, perfect pe-
riodicity leads to interesting algorithmic questions. Our
starting point is the following scheduling problem, stated
in the language of broadcast disks [2]. The input to the
problem is a set {1,..., M} of pages, with a given de-
mand probability w; for each page i. The goal is to find
a perfectly periodic schedule that minimizes the average
waiting time of a random client. Suppose that page i is
scheduled every 7; time units in a given schedule. Then
the average waiting time for a client for page i is 5 ; the
probability for a random client to wait for page ¢ is wj,
and hence, the average waiting time for a random client
is % Zf\il w;T; . As we shall see later, one can easily de-
rive from the given demand probabilities a set of “ideal”
requested periods that will minimize the average waiting
time; however, these desired periods will not be feasible
by a perfectly periodic schedule in general (for exam-
ple, they may be fractional). The problem addressed in
this paper, therefore, is the following: given a set of de-
mand probabilities (or, equivalently, requested periods),
construct a perfectly periodic schedule whose periods ap-
proximate the ideal periods as closely as possible.

1.1 Motivation

There are many reasons that support the thesis that per-
fectly periodic schedules are useful. We provide two ex-
amples here.



Broadcast disks [2]: In this setting, a powerful server
(e.g., a satellite) broadcasts data pages to mobile clients
awaiting their desired pages. In an arbitrary broadcast-
ing schedule, a client may have to “busy-wait” for its
page, i.e., actively listen to the server until the desired
page is broadcast. This difficulty can be alleviated if the
schedule is perfectly periodic, since the client can com-
pute when its desired page is broadcast next. This can be
done in at least two ways. First, it suffices for the client
to know the time of any two consecutive broadcasts of
its page. The second way is to take advantage of the
Khanna-Zhou indexing scheme [20]. In this scheme, the
server also broadcasts index pages from time to time: the
index contains information about when the data pages
are broadcast. This allows the client to busy-wait only
for the first index page. The point is that the only known
efficient indexing schemes are applicable when the under-
lying schedule is perfectly periodic [20]. In any case, it
follows that if the schedule is perfectly periodic, client
devices can avoid busy waiting, allowing them to de-
crease their power consumption. For example, they can
shut down their receivers and switch their CPU to “doze
mode,” in which the power consumption is miniscule [11,
17]. Thus, perfectly periodic schedules may be sometimes
preferable to other schedules even if they cause a higher
average waiting time for clients since they allow most of
the waiting time to come virtually for free, in terms of
client resources.

Fair time sharing: Another motivation for perfect pe-
riodicity is the more general problem of ¢time sharing. In
this setting, an indivisible resource is to be shared by M
clients by means of time multiplexing. Client i should
get a share (or frequency) of 1/7; of the resource such

that Zf\il 1/7; < 1. The difficulty is that the schedule
should also be fair: intuitively, fairness means that the
number of time slots client i waits should be as close as
possible to 7;. A canonical example is the classical chair-
person assignment problem [25]. Several fairness criteria
were considered in the past. For example, in the pre-
fix criterion, the requirement is that in any prefix of
T slots, each client i gets either |T/7;] or [T/7;] slots
[21]. Since the number of slots is integral, this seems
to be the best possible. Indeed, there exists a schedule
that meets the prefix fairness requirement [25]. Still, the
length of the interval between two appearances of the
same client could be as large as 27;, i.e., twice the av-
erage interval. The strictest fairness requirement is to
find a perfectly periodic schedule with periods 7;. How-
ever, such a schedule is not always possible, as implied
by the Chinese Remainder Theorem. For example, there
is no perfectly periodic schedule with 7 = 2 and 75 = 3.
Worse, it is NP-complete to decide whether a given set
of frequencies admits a perfectly periodic schedule when
Z¢Ai1 1/7 < 1[8]. One way to overcome this difficulty is
to allow different gaps between consecutive appearances
of a client in the schedule, while insisting on exact aver-
age frequency allocation. This is the approach taken by
many researchers in the area of broadcast disks and re-
lated problems. In this paper, we explore the other alter-
native: we insist on maintaining the perfect periodicity
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property while relaxing the exact average frequency allo-
cation requirement. Namely, we consider perfectly peri-
odic schedules in which the frequency assigned to a client
may be different than its demand. The objective of a
good schedule in this case is to minimize the weighted
average of the ratios between the requested and the al-
located frequencies. More precisely, suppose that each
client i requires a period of 7; such that S0, 1/7; = 1.
Let S be a perfectly periodic schedule in which the pe-
riod of client ¢ is 7;. The ratio 7/ /7; measures how close
the assigned period is to the requested period. Giving
weight to clients proportionally to their requested share
(i.e., giving client i weight 1/7;), leads to the following
objective. Find a perfectly periodic schedule that mini-

mizes
M M
IR R B
T; '
i=1 ¢ i=1

This turns out to be exactly the target function of per-
fectly periodic scheduling for minimizing the the average
waiting time (see Lemma 2 below).
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1.2 Related work

To the best of our knowledge, this is the first work on
perfectly periodic schedules per se. Most prior research
focused on minimizing the average waiting time even
at the cost of non-perfectly periodic schedules, though
some of the known results are based on perfectly peri-
odic schedules. The main motivation for our work comes
from wireless communication. In particular, the broad-
cast disks problem and its numerous variants [17,1,2, 26,
24,8,18,7,19], and the Teletext problem [3,4]. Closely
related problems from the operation research area in-
clude the machines maintenance problem [27,5,6], the
pinwheel problem [16,10], multi-item replenishment and
other inventory problems [13,23,14]. Below, we briefly
mention a few quantitative relevant results.

n [3,4], Ammar and Wong consider the problem of
minimizing the mean response time in Teletext systems,
which is equivalent to the problem of minimizing the
average waiting time in the broadcast disks problem.
They present a 2-approximation algorithm. In [5], Anily
et al. study the maintenance scheduling problem and the
broadcast disks problem. They present a 2-approximation
algorithm for the broadcast disks problem. This algo-
rithm, with a slight change, is a 2-approximation per-
fectly periodic schedule.

Khanna and Zhou [20] define waiting time as the
total time until the client gets its requested page, and
tuning time as the total time the client is active while
waiting (a.k.a. busy waiting time). To minimize tun-
ing time, they design an indexing scheme, which works
only for perfectly periodic schedules. They also give the
best approximation of perfectly periodic scheduling to
date. Their algorithm achieves mean waiting time of at
most 1.5 times the optimal waiting time (plus an addi-
tive O(log M) term). In [17], Imielinski et al. empirically
study the impact of organization and indexing of data
in broadcast disks on power consumption.
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For schedules that are not perfectly periodic, the fol-
lowing results are known. Liu and Layland [21] define
periodic scheduling to be one where a job (page) with
period 7 is scheduled exactly once in each time interval
of the form [(k — 1)7, kT — 1] for any integer k. In the
generalized model, each job has an integral length and
there may be multiple servers; for this case, Baruah et
al. [9] propose the notion of “Pfair schedules,” where the
number of slots allocated to a job whose share is b in any
prefix of ¢ time slots is either |b-¢] or [b-t].

In [8], using the Golden Ratio schedule [15], Bar-
Noy et al. give a %-approximation. In their algorithm,
the gaps between two consecutive occurrences of a page
may take one of three distinct values. They also prove
that finding the optimal perfectly periodic schedule when

Z¢Ai1 1/7; < 1 is NP-hard.Finally, recently, Kenyon et

al. [19] present a PTAS for the broadcast disks problem.
Their solution is not perfectly periodic in general.

1.8 Our Results

In this paper, we study perfectly periodic schedules for
the broadcast disks problem. We introduce the method-
ology of tree-based schedules, which are essentially hi-
erarchical composition of round-robin schedules. In this
methodology, we break the schedule computation into
two parts. One problem is how to embed a given set of
frequencies in a tree: once it is embedded in a tree, de-
riving a schedule is easy. The other problem is how to
manipulate a given set of frequencies into another, so
that the resulting set can be embedded in a tree, while
minimizing the target function (average waiting time).
Our technical results therefore fall into two categories:

e First, we develop a few tree embedding techniques.
These techniques are stated as sufficient conditions
on a frequency set to be embeddable in a tree.

e Then we present algorithms to produce the perfectly
periodic schedules by manipulating the given set of
requested frequencies into another that satisfies one
of the sufficiency conditions. The central goal in these
algorithms is to keep the average period close to op-
timal.

We evaluate the performance of our algorithms by com-
paring them to the solution to non-linear program, which
we call the relazed problem. Informally, in the relaxed
problem, the target function is the same, but the only
constraint is that the sum of the frequencies is at most 1.
We know how to calculate the relazed solution, namely
the optimal solution to the relaxed problem. Since the
cost of the relaxed solution is a lower bound for the cost
of any schedule, the worst-case ratio between the costs
of the schedule produced by a given algorithm and the
relaxed solution is an upper bound on the approximation
factor of the algorithm. We note that unlike the broad-
cast disks problem, in the problem of fair time sharing,
the desired frequencies are given, and therefore the ap-
proximation factor for this problem, by definition and
Lemma 2 below, is ezactly the worst-case ratio between
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Fig. 1. The upper bound on the approximation factor as
a function of a;. Note that the z scale is logarithmic. The
segment of a1 < 0.00047 is attained by Algorithm A; the
segment of a; € [0.00047, 0.0238] is attained by Algorithm B;
the segments of a; € [0.0238,0.25] and a; € [0.7176, 1] are at-
tained by Algorithm C; and the segment of a1 € [0.25,0.7176]
is attained by Algorithm D.

the cost of the algorithm and the cost of the relaxed
solution.

In this paper we show that the approximation factor
depends on the quantity 0 < a; < 1 which is the fre-
quency allocated to the largest demand in the relaxed
solution. Formally, a; is defined by

def \/Max; {wz}

a; = Wi

Zi:l wj

Roughly speaking, our results show that the cost of
a perfectly periodic schedule is one plus a function of aq
times the optimal cost of the relaxed problem. In more
detail, our four algorithms are as follows (ordered in in-
creasing approximation factors for small value a1).

e Algorithm A: For a; < %, the approximation factor

is at most 1 + 1?\33/%171.

e Algorithm B: For a; < 41—2 ~ 0.024, the approxima-
tion factor is at most g=5—-

e Algorithm C: For all values of a;, the approximation
factor is at most % + %al.

e Algorithm D For a; < % ~ 0.72, the approxi-
mation factor is at most %

Each of these bounds is the best known for some value
of a; (see summary in Figure 1).! All our algorithms are
polynomial. Algorithm D is omitted from this paper, as
it is rather technical and contains only few new ideas;
the interested reader can find it in [22].

We complete the picture by showing that the de-
pendency of the approximation factor on a; is unavoid-
able using the relaxed solution to bound the optimal

1 A trivial modification of the algorithm in [20] gives an
approximation factor of % + %al. However, this result is still
inferior to Algorithm C for all values of a; < 1.



cost. Specifically, we prove that there exist sequences
for which no perfectly periodic schedule can have cost
less than 1 + a? times the cost of the best relaxed solu-
tion. Moreover, for schedules that can be represented as
trees (as are all of our upper bounds), we improve this
lower bound to 1 + 0.8a;. These bounds can be viewed
as bounds on the integrality gap of the problem.

1.4 Paper organization

The remainder of the paper is organized as follows. In
Section 2, we formalize the problem and present a known
lower bound on average waiting time. We also prove a
new upper bound on the approximation factor of per-
fectly periodic schedules. In Section 3, we describe our
tree representation for perfectly periodic schedules and
present embedding algorithms for certain sets of input
frequencies. In Sections 4, 5, and 6, we describe Algo-
rithms C, B, and A respectively, ordered by improving
approximation bounds (and increased complexity of de-
scription). In Section 7, we present our lower bounds.
Concluding comments are given in Section 8.

2 Model and Preliminaries

In this section, we formally define the problem and present
some preliminary results. The results in this section are
known [3] with the notable exception of Lemma 3, which
is the key to the analysis of our algorithms.

We are given a set of M pages P = {1,...,M}. A
schedule S = (Ay, Az, As,...) for P is an infinite se-
quence such that A; € PU{L}. If A; = i, then we say
that page i is scheduled at time ¢t by S, and if 4; = L,
then no page is scheduled at time ¢ by S. A schedule S is
called perfectly periodic if for each page i € P there ex-
ists a natural number 7;, called the period of i, with the
following property: for any ¢ > 1, if page 4 is scheduled
at time ¢, then page ¢ is scheduled at time ¢ + 7;, and
page i is not scheduled at times ¢t +1,¢t+2, ..., t+ 7, — 1.

The reciprocal of the period, f; % +. is called the fre-
quency of i. We sometimes prefer to use f; over 7;. A
schedule S = (A4, As,...) is called cyclic if it is an infi-
nite concatenation of a finite sequence (A, ... Ar). Such
a sequence (Aj,..., Ar) is said to generate S. We have
the following simple property.

Proposition 1. If a schedule S for set of pages P is
perfectly periodic, then it is cyclic.

Proposition 1 follows from the fact that S is generated
by its first T elements, where T is the least common
multiple of {r; | i € P}.

We assume that clients arrive at uniform random
times during the schedule. Given a schedule S, we say
that the waiting time for page i for a client that arrives at
time t is the number of time slots, starting from ¢, until
i is scheduled in S. This number is not necessarily inte-
ger if the arrival time of the client is in the middle of a
slot. Note that in a perfectly periodic schedule, if a page
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has a period 7, then the expected waiting time for that
page is 7/2, assuming that all arrival times are equally
likely. We remark that since we consider perfectly peri-
odic schedules, the concept of a uniform random arrival
time is well defined as a corollary of Proposition 1.

The Periodic Approximate Scheduling problem is de-
fined as follows. We are given a set P of pages with a
demand probability w; > 0 for each page i € P such
that ), pw; = 1. Throughout this paper, we assume
w.l.o.g. that w; > w;y1 for all i. The goal is to produce
a perfectly periodic schedule S for P that minimizes the
average waiting time W (S), defined by

i 1 i
W(S) =Y wis =52%,

ieP i€P

where 7; denotes the period of page i in S.

Let S* denote a perfectly periodic schedule that min-
imizes the average waiting times for a given set of pages
P and their demand probabilities {w; | i € P}. Let the
periods in S* be TZ-S* for each page i € P. Given an-
other perfectly periodic schedule S for P, where 7;° is
the period of ¢ in S, we define the approzimation factor
of S, denoted A(S), to be the ratio between the average
waiting time of S and the average waiting time of S*.
Formally,

_ Zf\il wiTiS

Zf\il wiTz:S*

We do not know how to find the cost of the optimal
schedule S*, so we resort to bounding it from below. This
is done by considering the following continuous relax-
ation of the problem [5,8]. Specifically, we remove most
feasibility constraints and leave only the constraint that
the sum of the reciprocals of the positive periods cannot
exceed 1. In particular, the periods 7; do not have to
be integrals. Formally, we have the following non-linear
program. Given wq,...,was, find 7,...,7as that

def W(S) %Zj‘ngﬂs

A =
(S) W(S*) %Zlﬂil ’lUiTzs*

e . 1 M .
minimize ) .=, w;T;

(1)

subject to Zf\il Ti <1,andr >0foralli.

Obviously, an optimal solution to (1) is a lower bound
on the average waiting time of any perfectly periodic
schedule. The following well-known result gives a closed-
form solution to (1).

Lemma 1.

1. The optimal solution of the non-linear program (1) is
Mo
st = Zi= VY fori=1,..., M.

T, = =

2. Let §* be an optimal perfectly periodic schedule for a
set of pages P with demand probabilities {w;}. Then

W(S*) > 1 (Tiep Vi)

The proof is based on Lagrangian relaxation (see, e.g.,
5.8,22]).
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In general, there may not exist any perfectly peri-
odic schedule whose periods are given by the optimal
solution to the relaxed problem (1). Our approximation
algorithms apply different methods of rounding the pe-
riods obtained from the relaxed solution to get a feasible
schedule. We use the lower bound of Lemma 1 to get
an upper bound on the approximation factor of the re-
sulting schedules. Moreover, this lemma gives rise to the
definition of the quantities a; as the optimal frequencies
in the relaxed problem:

def VWi
a; = =M
Zj:l VWj
Let C(S) be the cost of a schedule S defined as follows:

M M

_ 2 _ a;

= Tiai = T .
i=1 i=1 7"

Using this notation, the following lemma provides a sim-
ple upper bound on the approximation factor of any
given schedule. The proof is by some algebraic manip-
ulations on the definition of A(S) and Lemma 1.

Lemma 2. For all perfectly periodic schedules S, A(S) <
c(S).

Fix a schedule S. Let p; def ‘Jﬁ—, where f; is the fre-
quency of ¢ in S. By definition, C'(S) is a weighted av-
erage of the p;’s (the weight of p; is a;). It is therefore
obvious that C'(S) — and hence A(S) — are bounded by
max{p; | i =1,...,M}. The following algebraic lemma
shows a better bound, in terms of the “leftover capac-
ity” (the fraction of slots not allocated to any page). It
serves as the key to our bounds on the approximation
factor of the algorithms we develop. It is convenient for
us to state it abstractly, without assuming the full struc-
ture of a schedule.

Lemma 3. Letaq,...,ap and fi1,..., far be positive real
numbers such that Zf\il a; = 1 and Zf\il fi < 1. Let
A= I—Z?ilfi. If p and p are such that p < 3 <7
for all i, then

M 2

Proof. pr =7p = pthen f; =
A =1 - 2. Therefore,

— pp+ ppA .

% for all 4, and hence

_ _ 1
p+p—pp+ppA=2p—p*+p’ <1—;) =p.

Obviously in this case Zf\il ‘}—2 = Zf\il pa; = p, and the
lemma holds.

Agsume now that p < p. Fix the f; values and con-
sider the a;-s as variables. First, we claim that for all
i 2

TZ < p’li + P°hy (2)

where [; and h; are the solution to the following inequal-
ities:

li+hi=f;
pli +phi = pifi . (3)
The intuition is that because we only have bounds on p;,
we split each f; into two parts, each meeting one of the

two bounds. To prove (2), note that the solution to (3)
is:

o
-P
pi—p
hi = fl — —,
pP=p
Equation (2) follows, since
fi
Pli+7°hi = =——(p’p — pip” + piv” — pp°)
p=pr
= (b2 +@-p)oi =) f:
> pi fi
_ %
fz'

i=1 ﬁ_ﬁ i=1 '0_2
M M
1 p
th:——_—;zfi (4)
i=1 p=pP PP
Thus, using and Equations (2) and (4), we get
Moo M
Yo <D (Pl +7h)
i=1 7 i=1
M M
D NRED !
i=1 i=1
2— M 2 —2 -2 M
p’p p 7 pp
=—) fi———+=——-= fi
p—p< p—p P—p PP

=p+tp—pp+ppAd. O
The following corollary of Lemma 3 is for the special

case of p = 1.

Corollary 1. Let ay,...,ap and f1,..., f;r be positive
real numbers such that Zf\il a; =1 and Zf\il fi < 1.
Let A = I—wal fi. If p is such that 1 < 4 < for all

i thenzl 1 _<1+pA

Additional Notation. All logarithms in this paper are to
base 2. We use the following convenient notation, defined
for all z > O:

Iz def 5 [log 2]
T

L=l

L(:L‘) def 210gm llogz| _



3 Weighted Trees, Perfectly Periodic Schedules,
and Embedding

In this section, we introduce the key concept for our
algorithms: the representation of some perfectly periodic
schedules as trees. We explain how to derive schedules
from trees, and prove some sufficient conditions for a set
of periods to be embedded in a tree.

3.1 Weighted tress

12 12

Fig. 2. Example of a weighted tree

Our algorithms use rooted trees we call weighted trees,
where each node has a weight defined as follows. The
weight of the root is 1 (unless explicitly stated other-
wise), and the weight of a non-root node with parent
u is the weight of u divided by the number of children
of u. Figure 2 illustrates an example of a weighted tree
Wlth s1x leaves A,B,C,D, E,F and respective weights
% T ﬁ, % % 1 In some cases, we consider subtrees of
weighted trees. Subtrees can be treated as weighted trees
by assigning the root a weight less than one and defining
the rest of the weights as before.

We say that a sequence of n frequencies can be em-
bedded in a weighted tree with at least n leaves, if there
exists a 1-1 mapping that assigns to each frequency f; a
distinct leaf whose weight is f;. The following theorem
shows how to generate a perfectly periodic schedule from
any given weighted tree.

Theorem 1. If a sequence of frequencies fi1,..., fn can
be embedded in a weighted tree, then there exists a per-

fectly periodic schedule S whose frequencies are f1, ..., fn.

Proof. By induction on the height of the tree. The base
case is a tree of height 0, which means a single page of
frequency 1 and a trivial periodic schedule. For the in-
duction step, suppose that the lemma holds for trees of
height at most h, and consider a tree T' of height h + 1.
Let the children of the root be vy,...,v;. Consider the
subtrees rooted at vy,...,vg. Their heights are at most
h, and the weight of a leaf in such a subtree is &k times the
weight of that leaf in the original tree T'. Using the as-
sumption that fi,..., f, are embeddable in T', we have a

les

(AEBFCEAFBEDF)

Fig. 3. Proof of Theorem 1 applied to the tree of Figure
2. The cycle of the schedule corresponding to each node is
represented in brackets next to the node.

natural mapping from the frequencies to the leaves of the
subtrees as well, such that each frequency f is mapped
to a subtree-leaf whose weight is k£ f. Thus, by the induc-
tion hypothesis, there exist &k perfectly periodic schedules
Si,..., Sk where each page i has a period of 1/kf;. The
schedule S for T is defined by interleaving the schedules
S1,...,Sk in a round-robin fashion: the first k& pages of
S are the first pages of S1,Ss,...,Sk in order; then the
second pages of Sy,Ss,...,S; in order, and so on (see
example in Figure 3). Consider a page i that appears
in schedule S; with frequency kf;. Since S; is perfectly
periodic, i is scheduled in S; exactly every 1/kf; time
units. By construction we have that i is scheduled in S
exactly every 1/ f; time units, proving that S is perfectly
periodic with the right frequencies. O

Remarks.
1. For the purpose of constructing schedules, we may
assume, without loss of generality, that no node in a
weighted tree has exactly one child: all such nodes can
be eliminated.
2. If the sum of the frequencies is strictly less than 1,
then there are time-slots in which no page is broadcast.
This corresponds to the case in which some of the leaves
are not associated with pages.
3. Note that the length of the cycle of the schedule for
a given tree may be exponential in the size of the tree.
The algorithms we present in the following sections will
represent schedules by trees rather than full cycles.

The converse to Theorem 1 does not hold in general,
as stated in the following theorem.

Theorem 2. There exist perfectly periodic schedules whose
frequencies cannot be embedded in a tree.

Proof. Note that in a weighted tree, the degree of the
root divides all periods in the corresponding schedule.
In addition, we may assume w.l.o.g. that the degree of
the root is greater than 1 (see Remark 1 above). The
theorem is proven with a simple example that can easily
be generalized. Consider the following schedule:

ABC___A____BA____CA__B__A_____

In this schedule, the period of Page A is 6, the period
of page B is 10, the period of page C' is 15, and there
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are 20 other pages, each with period 30. To see that
this schedule cannot be represented by a tree, suppose
it can and consider the root: its degree must divide the
periods 6,10, 15, and hence it cannot be greater than 1,
contradiction. O

3.2 Embedding results

In the algorithms we develop, we use various techniques
to embed a frequency sequence in a weighted tree, as-
suming the sequence satisfies certain properties.

3.2.1 Root degree k, other nodes have two or no
children

We start by considering a tree whose root has k children,
and each of its children is a root of a binary tree. This
case is a variant of Kraft’s inequality [12, page 47].

Lemma 4. Let {fi}?zl be a sequence of frequencies such
that for all1 <i<mn, f; = %2’” for some real W < 1,
and integers k > 0 and r; > 0. If >0 | f; < W, then
{fi}i_, can be embedded in a tree of weight W .

Proof. We prove the lemma with an explicit tree con-
struction algorithm. Except for the root, all nodes in the
tree will be either leaves or will have exactly two children.
The initial tree is a root node with k children, each with
weight of W/k. The algorithm then proceeds as follows.

1. Let F be the multiset of the f; values.

2. If F = (), terminate. Otherwise, let f = max(F).

3. Let v be an unmapped leaf with minimal weight. Let
w,y be its weight.

4. If w, = f, then map f towv, set F < F\ {f}, and go
to Step 2.

5. Otherwise, add to the tree two children of v, each
with half the weight of v, and go to Step 3.

It is straightforward to verify the following invariant that
holds before each execution of Step 4: f < w,, and the
total weight of unmapped leaves is at least Zfl-eF fi.
Success is guaranteed by the fact that all frequencies in F'
and all leaf weights have the form %2" for some integer
i > 0. Moreover, since Steps 4 and 5 strictly decrease
Either w, Or Zf,-eF fi, the algorithm must terminate.

By setting £ = 1 in the above lemma we get for pure
binary trees the following known result [5].

Corollary 2. For 1 < i < mn, let f; = W27 for some
integer r; > 0. Suppose >_1 | fi < W for some W < 1.
Then the sequence {f;};_, can be embedded in a sub-tree
of total weight W .

3.2.2 Root degree k, other nodes have 0,2 or 3 children
Next, we consider a tree with root degree k, where all

nodes on each leaf-root path have two children, except
the root, the leaf, and possibly one node with 3 children.

Lemma 5. Let f, ..., f, be a sequence of numbers. Sup-
pose that there exist an integer k and integers r1,...,Tn
such that f; € {%2’”,&2’”} for all 1 < i < n. Let
fr=max{f; | fi= 427"} If Y| fi <1—2f, then

fi,---, fn can be embedded in a weighted tree.

Proof. Intuitively, the idea is to coalesce triplets and
pairs of equal frequencies of the form 427", which al-
lows us to apply Lemma 4. In detail, the embedding pro-
cedure works as follows. Let G denote the sequence of all
current frequencies, and let G3 C G denote the sequence
of all current frequencies of the form ﬁQ’”. The values
of G and (G3 change throughout the algorithm.

Step 1. Merge every three equal frequencies. That is,
if g1, 92,93 € G3,and g; = g2 = g3, we remove them from
G (and therefore from G3), and add a new frequency
g = g1+ g2 + g3 to G (note that ¢’ ¢ G5 since it does
not have the form 5-27"%).

Step 2. Merge iteratively every two equal frequencies
which are not the largest frequencies in G3. Formally, if
91,92 € G3 and g1 = g2 # max(G3), we remove them
from G, replace them with ¢’ = g1 + g2, and iterate.

Consider now the resulting set of frequencies, when
no more merges can be applied. If G3 = (} at this point,
then we proceed directly to Step 4 below. Otherwise,
must deal with G3. We start with the following observa-
tions. Let f/ be the new maximal value in G5. We have
the following immediate properties.

e f/ < fi. This is true since in Step 2 we never merge
the largest frequency.

e There are at most two frequencies in G5 with value
i

e For any given value v < f/, there is at most one
frequency in G3 with value v.

It follows that

S ogi <2+ Y 27T =3f]. (5)
r=1

ngGs =

Therefore, we can do the following.

Step 3. Replace all frequencies in G3 with one fre-
quency g; = 3f;, i.e., G+ G\ G3U{g:}. By Eq. (5) this
step increases the total weight in G by at most 2f; < 2f;.
Since Y., fi < 1—2f; by assumption, we have that af-
ter this step, deGg <1.

Step 4. Now all weights in G are now of the form
+27". We apply Lemma 4 to get an embedding of the
frequencies g; € G in a tree 7.

Step 5. Each g; € G represents a set of original fre-
quencies that were merged in previous steps. Our final
step is to embed the original frequencies {f;} in the leafs
of a weighted tree Ty by expanding each g; € G and its
corresponding leaf [; in T, as follows. If g; represents a
single original frequency f;, then f; is mapped to ;. If g;
represents a set of original frequencies, then every f; in
g; is of the form 527" and > fieq, fi is at most g;. In
this case, by Lemma 4, the sequence {f; | f; € g;} can be
embedded in some weighted sub-tree T} of total weight
g;; we therefore replace [; by the subtree T;. Repeating
the process for all g; € G completes the construction.
O



3.2.3 Root degree k, and at most one other non-binary
ancestor

For the embedding used in Algorithm A, we prove a re-
sult that allows us to use trees with various degrees. We
start with a simple combinatorial result.

Lemma 6. Let f1, fo,..., fn be a sequence of real num-
bers such that )", f; = K for some integer K, and such
that for each i, f; = 27" for some non-negative integer
r;. Then the sequence can be partitioned to K parts, such

that the sum of the numbers in each part is exactly 1.

Proof. By induction on n. The lemma is clearly true if
n = K, since in this case we must have f; = 1 for all 4.
Suppose now that n > K. Assume w.l.o.g. that f; > fi11
for all 1 < i < n. Then we must have that f, < 1.
Furthermore, f,—1 = f,, since otherwise > f; cannot
be an integer. The lemma follows from the induction
hypothesis applied to the sequence fi,..., fn_2, fn_1 +

fa. O
We can now state and prove the embedding result.

Lemma 7. Let F = {f;} be a sequence of positive num-
bers such that for all i, f; = # for some non-negative

integers p;,r;. Let L, H be such that L < p; < H for all
i. If
L+H
2

“(H=L+1) max(F) < 1-> fi,

then F' can be embedded in a weighted tree.

Proof. We construct a tree and a mapping as follows. De-
fine, for a given number p, the sequence F, = {f; | p; =
p}. We first add to F), (and hence to F') some pseudo
members with weight min(F},) so as to make the sum of
values in F}, a multiple of p-max(F},). The pseudo mem-
bers will be embedded in the tree, but will be omitted
from the mapping. This process increases Zfier fi by

at most p-max(F,) < p-max(F'). We do the above pro-
cedure for every p;. Since the p;’s are distinct integers in
the range [L, H], their sum is at most £££ . (H — L +1),
and hence, the total sum of F is increased by the addition
of pseudo members by at most Z££ . (H — L+1) max(F).
Therefore, the assumption on the initial sum of frequen-
cies in F' implies that after the pseudo members are
added, we still have that the sum of all frequencies is
not more than 1.

We now argue that each sequence F}, it can be par-
titioned such that the sum of numbers in each part is a
power of 1/2. To see that, consider the normalized se-

quence
« f }
F,={ — F
P {maX(Fp) [feFR

By Lemma 6, there exists an integer b such that we can
partition 13‘1, into b-p parts, where the sum of the numbers
in each part is 1. Viewing this partition as a partition of
F,, and merging together every p parts, we obtain a par-
tition of F}, into b parts such that the sum of each part
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is a power of 1/2. Repeating the process for each F,, we
get a partition of F' into parts such that the sum of the
numbers in each part is a power of 1/2. Using Lemma 4,
we embed these parts in a binary weighted tree (where
each part is mapped to a leaf). Finally, each leaf that
corresponds to a part of Fj, for some p, is expanded in p
binary weighted trees, using Lemma 4 once again. Omit-
ting the pseudo members from the mapping completes
the construction of the tree and the mapping for F. O

4 Algorithm C: (% + %al)-approximation

In this section, we present a scheduling algorithm with
approximation factor % + 2% The schedule constructed
by this algorithm is particularly simple because all peri-
ods are powers of 1/2.

input: demand probabilities {w: ... wnr}

such that w; > wiq1 for 1 <i< M
output: frequencies {f;}
shorthand: A = Zf\il(ai —fi)
for ie {1,...,M} do

) VWi

a; SR

fi < lla:ll
v~ % + %
I« {i| L(a;) >~}
for i € I' do

if f; < A

then f; < 2 |la; ] A > 0 after this step too

Fig. 4. Algorithm C: (% + %al)—approximation.

The formal description of Algorithm C appears in
Figure 4 . The idea is as follows. After computing the
optimal frequencies {a;}, they are first rounded down
to |lai], i.e., the nearest power of 1/2 from below. In
this rounding, each frequency a; is multiplied by a fac-
tor of L(a;) € [1,2) (recall that L(z) = z/ ||z]). Con-
sider now the “residual capacity” of the schedule, namely
the fraction of un-allocated time slots (denoted A in the
algorithm). If this fraction is small, then Lemma 3 guar-
antees a good bound on the approximation factor. And
if this fraction is large, we can round up some of the
frequencies, thus improving the overall approximation
factor. Hence, after the initial rounding, the algorithm
scans (in an arbitrary order) the frequencies which were
rounded down by at least a certain factor 7, and doubles
their allocated frequency, if there is enough residual ca-
pacity. Choosing v = %-I— 2%, we get that the worst case
approximation is no more than 7.

We now formally prove the correctness of the algo-
rithm and analyze its approximation factor.

Theorem 3. There exists a perfectly periodic schedule
S for the frequencies produced by Algorithm C such that
A(S) <442,
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Proof. To see that there exists a perfectly periodic sched-
ule, note that all frequencies computed by Algorithm C
are powers of 1/2 and their sum is at most one, and
hence Lemma 4 ensures that they can be embedded in a
tree, which in turn can be transformed into a perfectly
periodic schedule S using Theorem 1.

To bound the approximation factor, we first bound
pi = ;— for each page i in the following three immediate

observations. Let I' = ({1,..., M\I') = {i | L(a;) < v}.

1. If i € T, then 1 < p; < 7. This follows from the fact
that for 7 € T, pPi = L(az)

2. If i € I and f; = 2 |a;]|, then 3 < p; < 1. This
follows from the fact that in this case, p; = L(a;)/2.

3. If i € I' and f; = |la;], then v < p; < 2. Follows

from the fact that in this case, p; = L(a;).

Now, let J = {i|i€ I, f; = |a;]}. When the algo-
rithm terminates, there are two possible cases. If J = ),
then by observations 1 and 2 above, p; <« for all ¢, and
hence, in this case we have

M M
AS)<C(S) =D aipi <Y ai=7
i—1 i—1

Otherwise, there exists some ig € J. In this case, f;; > A
by the algorithm, and hence A < p;, = QTO < %1 by Ob-
servation 3 above. In addition, we have by Observations
1,2,and 3 that 3 < p; < 2foralli € {1,...,M}. There-
fore, using Lemma 3, we can conclude that if .J # (), then

A(S) <p+p—pp+ppA
:%+2—7+7A
:2—%4-(11 .

In summary, we have that A(S) < max(7,2 -

Since for v = % + 2“
follows. O

% + al).

we have v = 2 — 3 +ay, the result

5 Algorithm B: (8 300 ) approximation

In this section, we present an algorithm whose approx-
imation factor is guaranteed to be at most g—5— 20 . The

algorithm works only for a; < ﬁ. This algorlthm, al-
though fairly simple in terms of the final code, is quite
complicated to analyze. We first present the algorithm
that computes the frequencies, then show that these fre-
quencies can be embedded in a tree (thus getting a per-
fectly periodic schedule), and finally analyze the approx-

imation factor of these frequencies.

5.1 Description

Algorithm B generates a tree whose root degree is ei-
ther 4, 5, 6 or 7, and all other non-leaf nodes have 2
or 3 children. The algorithm calculates for each page a
frequency, such that on one hand, a tree embedding is

possible using Lemma 5 (which requires sufficiently large
residual capacity A), and on the other hand, a small ap-
proximation factor can be guaranteed, using Lemma 3
(which depends on sufficiently small A).

Informally, the first step of the algorithm is to choose
the value of the root degree k: this choice is quite sub-
tle, and we describe it later in this section. After de-
termining k, the algorithm makes an initial frequency
assignment to each page, by rounding down a; to the
nearest value of one of the forms £27" or 522", The
choice of k guarantees that after this step, A > 2f;, for
fi = max{f; | fi = 527"}, and hence these frequen-
cies can be embedded in a tree by Lemma 5. Then the
algorithm performs an “enhancement” step. In this step,
pages whose frequencies were rounded down by a suffi-
ciently large factor v (where v & 9/8) are rounded up,
provided that the residual capacity remains large enough
to ensure that Lemma 5 can still be applied.

Pseudo-code for the algorithm is given in Figure 5.
Recall that |z] = 2l'#2) and L(z) = o7 for any num-
ber z > 0.

input: demand probabilities {w; ... war}
such that w; > w41 for 1 <i < M
output: frequencies {f;}
shorthand: A = Zf\il(ai — fi)
for 1€ {1,...,M} do
@i s

i=1
choose k as described in Section 5.2

for 1€ {1,...,M} do
pi w by definitions, p; = %
< 8—290131
Iy i1 < Liaik) <)
I« {i|v<L(aik) < 3}
Ly e {i| 4 < Liaik) < 17}
F;;(—E \% <L(ak)<2}
for 1€ {l,...,M} do Initial assignment

now f; < a; for alli

pz, lfl € {Fl,FQ}
fi pz,lflE{F3,F4}
for 1€ {1 , M} do Enhancement step
if i el andAZ %pl—}— 3D then fi < %pi
elseif i € Iy and A > & 3p1+ 3p1
then f; < 2p; now fi € {p;, 2 3pi, 2pi} for all i

Fig. 5. Algorithm B: ( )-approximation.

8—20a1

5.2 Choosing the root degree k: Procedure and analysis

We now describe how to choose k. We start with the
following definition.

QU) = {i | &5 < Lia) < 755} for j=1,2.3,4 (6)
Let jo € {1,2,3,4} be such that } ..y ai is maxi-

mized. Note that since Q(1),...,Q(4) form a partition
of the a; sequence, this sum is at least 1/4. We choose
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as the root degree k < jg + 3. To show the significance
of this choice we use the following definition.

Q'(k) = {i| 8 < L(ka;) <2} for k> 1 (7)

The following lemma clarifies the relation between the
Q(j) and the Q'(k) sets.

Lemma 8. If j € {1,
Q)

Proof. Let j € {1,
following claim:

2,3,4} and k = j+3, then Q' (k) D

2,3,4}. The key to the proof is the

L(ka;) = L(k)L(a;)

To prove (8), first observe that the following inequalities
are equivalent:

for all i € Q(j) . (8)

g lail < ai o < s ad
3+7 i
el < B < al

log 7+ 3+] + |loga;] <logkat < |loga;] .

Since j > 0, it follows from integrality that

—1+ [loga;]| < |log k“’J <

and hence [log(ka;)| = |loga;] + 2. On the other hand,
note that since 4 < k < 8, we have that L(k) = £ by
definition, and therefore

kai kai
Llkas) = T 4 [ai]

9llog(kar)]
This establishes Eq. (8). Now, to prove the lemma, let
i € Q(j). Then L(ka;) = % . L(ai) by Eq. (8). Hence,
by definition of Q(j),

|_10g aiJ ’

= L(k)L(a;) .

8 ~3+4j 8
5 — 4

3+ 8
< Llka) < L2 =
1r; S M) 4 3+

The lemma now follows from the definition of @Q'(k). O

Since ;o _s) @i > g, the choice of k and Lemma
8 imply the following corollary.

Corollary 3. For the choice of k = jo + 3 described
above, we have ZieQ,(k) a; > 1/4.

5.8 Analysis

We first prove that the frequency sequence generated by
Algorithm B has a perfectly periodic schedule. We need
the following lemma (this is the only place where we use
the assumption that a; < 75).

Lemma 9. Suppose that a1 < 41—2. Then after the initial
assignment, f; < 41—8 for all i € I3 U Iy for any k €
{4,5,6,7}.
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Proof. We proceed by case analysis, depending on the
value of k.

k =4:
f,_4[L4-a¢JJ 4[LazJJ 4 _ 1
3.4 3 —3 64 48 °
k =5:
45- aljj _ 41 1
fi= 3.5 15/42] 15 16 60

k = 6,7: We first note that after the initial assignment,
fi < a; for all i, and hence we need only to consider

the case 5 < a; < ;= (this observation holds also

when k 642{4,5}, but we managed without it). We
claim that for k € {6,7} and a; € (55, 45, it must
be the case that ¢ ¢ I's U I'y: this is because for the
values of a; and k in the case we consider, we can

bound a;k by

1_6 _ . T _1

8 a8 = 276
and hence 1 < L(a;k) < %, i.e.,
are done. O

1 € I'1 UTy and we

Theorem 4. If a; < 42, then there exists a perfectly pe-
riodic schedule for the frequencies produced by Algorithm
B.

Proof. Let f; = max{fi | fi = %2_’""}. We first claim
that after the initial assignment step, the following holds:

A>2f . (9)

Consider Q'(k) as defined in Eq. (7). To prove Eq. (9),
note that since f; < a; for all i after the initial assign-
ment and @Q'(k) is a subset of the frequencies, it suffices
to show that 3.0 (ai — fi) > 2fi. By definition of
Q'(k), we have that L(aik) > & forall i € Q'(k). It
follows that in the initial assignment, the algorithm sets
fi = 3p; for all i € Q'(k). Since L(a;k) = 2+ by defini-
tion, we get that

8
a; z/pz E 6
= 2= 10
fz fz/pz % 5 (10)
In summary, we get that
M
A= Z(aZ
i=1
> Y (ai—fi)
zeQ (k)
2 > a by Eq. (10)
116@
> T by Cor. 3

On the other hand, by Lemma 9, we have that f; < 4,

so we may conclude that Eq. (9) holds true after the
initial assignment step.



Bar-Noy et al.: Nearly Optimal Perfectly Periodic Schedules

We now proceed to show that Eq. (9) holds also after
the enhancement step. To see that, note that in the en-
hancement step, the algorithm maintains the invariant
A > %pl. Also note that g— = % for every f; of form
ﬁQ’”, and hence, after the enhancement step we have
A > 8p; > 8py = 2f; and Eq. (9) still holds true.

To conclude, the set of frequencies computed by the
algorithm is such that every frequency is of the form
fi= %2’” or f; = ﬁQ’”, and that A > 2f;. Therefore,
by Lemma 5, the sequence {f;} can be embedded in a
weighted tree, and by Theorem 1 there exists a perfectly
periodic schedule with frequencies {f;}. O

We now turn to analyze the approximation factor of
algorithm B.

Theorem 5. Let S be a perfectly periodic schedule whose
frequencies are generated by Algorithm B. Then A(S) <
9

8—20a1 *

Proof. Recall that p; = ‘}— We use the following straight-
forward claims.

1. Ifi e INU I3, then 1 < p; <.
To see that, consider i € I't. By the algorithm, f; =
p;i. Clearly, f; < a; hence p; > 1. Also, by definition
of I'l, we have Z— < v and hence p; < «. The proof
for I3 is similar.

2. Ifi € Iy and f; = %pi, then %7 < pi < 1; also, if
i € Iy and f; = 2p;, then 27y < p; < 1.
To see that this claim is true, consider ¢ € I such
that f; = 3p;. By definition of I3, y < < 3, and
hence %7 < p; < 1. Similarly, consider i € I'y such
that f; = 2p;. By definition of Iy, %7 < 35 <2 and
hence 27 < p; < 1.

3. Ifi € Iy and f; = p;, the v < p; < 3; also, if i € I}
and f; = 3pi, then v < p; < 3.
To see that this claim is true, consider ¢ € I's such
that fi = p;. By definition of I}, v < & < %, and
hence v < p; < %. Similarly, consider i € I'y such
that f; = %pi. By definition of I}, %7 < Z— < 2, and
hence v < p; < %

Nowlet J={i|i €Iy, fi=pi}U{i|i€lyfi=
2p;}. 1 J =0 (i.e., all pages in I; and I’y were increased
in the enhancement step), then by Claims 1 and 2, for

every page p; < 7, and hence

A(S) <.

Otherwise, J # (). In this case, there exists ig € J,
such that A < &p; + Zp;,, since otherwise the algorithm
would have increased f;, in the enhancement step. This
means that A < 13—0p1 since p;, < p1. In addition, by
Claims 1, 2 and 3, we have that for all i, 2y < p; < 2.
Consequently, from Lemma 3 we get

3
A(S) < 5

v, 10
3+3’7P1-

11
In summary, we have that A(S) < max(y, 2—2+12p;).
For v = ﬁ, we get
A(S) <y < —2
=7 =8 220a;

(3a;)*/?

6 Algorithm A: (1 t T Ga

)-approximation

In this section we present our best algorithm for small
values of a;. The algorithm works under the assump-
tion that a; < % The goal is to generalize the binary
tree construction and to use the embedding of Lemma
7. Informally, the algorithm works as follows. First, the
algorithm rounds down each a; and sets f; to be the
maximal # < a; where p; and r; are integers, and
z < p; < 2z for some integer £ > 1 to be determined
later. This rounding guarantees that zi-uai < fi < a;
for all 4. To apply Lemma 7, we need to have sufficiently
large residual capacity A. If A is too small, we did not
lose much so far, and we may continue reducing the al-
located frequencies f;. But now, we round the f;’s down

to || fi]l. This is done until A is large enough.

input: demand probabilities {w; ... wan}
such that w; > wi41 for 1 <i < M

output: frequencies {f;}

shorthand: A=Y (a; — f;)

for ie {1,...,M} do

e VWi
@i ¢ w
k «— [_ log(3a1)J
z « 2k
for i € {1,...,M} do first phase
pi 2ltos 2i] note that x < p; < 2x

fi % . 2f10aglaﬂ

for 1€ {1,...,M} do
if A< 200 max {f;}
then f; « [Laljj

second phase

(3a1)'/3
1—(3ap)1/3

Fig. 6. Algorithm A: (1 + )—approximation.

The formal description of Algorithm A appears in
Figure 6. The following theorem shows that it produces
a perfectly periodic schedule.

Theorem 6. If a; < %, then there exists a perfectly pe-
riodic schedule for the frequencies produced by Algorithm
A.

Proof. Initially, we set & = H(Z’)al)_%ﬂ and therefore

z>1for0<ag <%.Intheﬁrstphase,forlgigM,

we set f; to be the maximal number not larger than a;
that has the form #, where z < p; < 2z and both p;
and r; are integers. More formally, p; and r; satisfy the
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following inequalities:

1
x2ritl < i s x2ri
1 1
RS S 11
p2e = Y S -2 ()

It is not difficult to verify that the values of r; and p;
are given by the following expressions.

()

1 2logai] )
=] = |5 13)

(The last equality follows from the fact that z is a power
of 2.) In the second phase, we iterate through the f;’s

in any order, and round them down to || f;|| until A >
(3z—1)z
3

L}

-max { f;}, or until all frequencies are powers of

%. In the latter case, we can embed the frequencies in
a binary tree by Lemma 4. In the former case, we can
embed the frequencies in a tree using Lemma 7. To see
this, note that p; is an integral number between z and
2z—1,i.e., in the terminology of Lemma 7, we have L = z
and H = 2z — 1, and hence Z4H (H — [ 4 1) < G220z
and the lemma is applicable. Finally, the existence of a
perfectly periodic schedule follows from Theorem 1. O

The next theorem bounds the approximation factor
of Algorithm A.

Theorem 7. If S is a schedule produced by Algorithm
(3a1)3

1—(3a1)®
Proof. We consider two cases. Suppose first that after
the first phase, A > M -max {f;}. We claim that in
this case A(S) < 1+ 1. To see this, first note that for
all i, 4 < ”“Ll by Eq. (11) and the fact that r; > 0 by
Eq. ( ) Hence A(S) < 1+ L by the fact that p’pfl <
2+l “since p; > = by Eq. (13).

The second case is where A < w -max {f;} af-

ter the first phase. We first bound A. Consider the last
rounding in the second phase. Before that last rounding,

A< B 1) -max {f;}. The last rounding increases A by

at most 1 max {f;}, and hence, when the second phase
is over, We have

A, then A(S) <1+

A< (B max(r) <

2
3x°a;

2 2

The last inequality is true since > 1. Next, we bound
pi = ‘]ﬁ— for any i € {1,...,M}. Clearly, f; < a; always,

and hence, p; > 1. Also, p; < 2, since f; > % in both

the first and the second phases. Using these bounds on
A and p; we get from Corollary 1 that in this case,
A(S) <1+2A <1+ 32%a; .

In summary, we have that in any case,

A(S) gmax{l-l—l ; 1+3x2a1} .
x
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By the definition of z, we get that 3z%a; < 1. We there-
fore conclude that
1 1
AS) <14~ <14 — _py B
x -1 1— (3al)§

7 Lower Bounds

Our upper bounds depend on a; = ¥ max’ \I/{ﬁ These

.7
upper bounds use the lower bound on the cost of an

optimal schedule (Lemma 1), derived from the relaxed
problem. In this section, we show that the dependency
on a; is unavoidable with this method: we prove that
there are schedules for which the cost is at least (1 + a%)
times the cost of the relaxed problem. Specifically, we
show that for any M > 2, there exists a sequence with
(1/(M — 1)) < a; < (1/M) such that the cost of any
perfectly periodic schedule for the sequence is at least
(1 + al) times the cost of the best relaxed solution. Fur-
thermore, for schedules that are generated by weighted
trees (as are all the schedules in this paper), the cost is at
least (1+ 0.8a;) times the cost of the relaxed problem.
Note that the values of a; and M are related. Similar se-
quences can be constructed for other relations between
these two parameters.

We start with the general result. Given M > 2 and
e > 0, define a set A of M pages with demand prob-

abilities { 1=¢ ,....M 1,5}

following result.

For this set, we have the

Theorem 8. For any M > 2 there exists a frequency
sequence in which ﬁ < a < ﬁ and such that the
cost of any perfectly periodic schedule S is at least 1 +
W > 1+a? times larger than the cost of the optimal

relaxzed cost.

Proof. The sequence is A for a small enough . Let S be
any perfectly periodic schedule with periods 7, 7o,... <
Ty Without loss of generality 71 <70 < -+ < 1y < 00
since for optimizing the objective function the period
of the last page should be the largest and the rest of
the demand probabilities are identical. We henceforth
ignore the allocation for the last page in bounding the
cost of S, except for insisting that it exists. That is,
Zf\i;l L =1 -6 for some § > 0. Consider C(S). By

Ti
Lemma 2, C(S) = wal(n 2). Since the a;’s of all of the
first M — 1 pages are equal, their total contribution to
C(S) depends only on Zf‘i;l 7;. Thus C(S) is minimized
when Zf\i;l 7; is minimized, subject to the constraint
that M7 + =1-4. If the 7’s can get any real value,
standard calculus shows that the minimum is attained
form == =711y_1 = 1\14? This value is greater
than M — 1 and less than M. But the 7;’s must be inte-
gers and therefore, for ¢ sufficiently small, the minimum
is attained when the 7;’s are “almost” equal. More pre-
cisely, the minimum is at least the value attained when
TT = T2 = ':TM72:M_].andTM71:M.
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Finally, since for vanishing €, a; = ﬁ for1 <i<

M — 2, we get
M
= ZTZ'(L?
i=1
M—1
> Z Tia?
i=1

S (M-2)(M-1)+M
- (M —1)
1
=1+ =1 O
For schedules that can be embedded in trees, we
prove a stronger bound, based on the arguments of The-
orem 8 and the additional observation that in this case,
we may assume that the two minimal frequencies are
equal.
We start with the following lemma, that allows us to
ignore trees with un-assigned leaves.

Lemma 10. Let P be a set of pages, and let S be a
schedule for P with periods {1;} such that the frequen-

cies {TL |i€ 73} can be embedded in a tree. Then there

exists a schedule S' with periods {1] | i € P} such that
> iep = 77 =1and C(S") < C(9).

Proof. If ZzEP = 1 we are done. Otherwise, consider
the tree T' correspondlng to S. Since Y, p + - <1, there
exist leaves in T without corresponding pages. We re-
move all these leaves, and contract nodes with one child,
getting another tree T'. We carry over the correspon-
dence between P and the leaves of T to the leaves of T".
By Theorem 1, there exists a schedule S’ corresponding
to T'. Let the period of page i in S’ be 7/, for all i € P.
Since all leaves of T' are matched with pages in P, we
have that » . p % = 1. Moreover, by construction we

have that 7/ < 7; for all 4; it follows from Lemma 2 that

C(S") < C(S). O

The following corollary says that if a schedule can be
embedded in a tree, then there are at least two pages
with the minimum frequency.

Corollary 4. Let P be a set of pages, and let S be a
schedule for P with periods {r;} such that the frequencies

{L |i€ ’P} can be embedded in a tree. Then there exists

a schedule S" with periods {r] | i € P} such that C(S )
C(S) and two distinct pages io,i1 € P such that T;
7/ =max{7] | i € P}.
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Proof. Follows from Lemma 10 and the fact that without
loss of generality, each leaf in the tree has a sibling. 0O

We now state the result for trees. The main argument
is as in Theorem 8, boosted by Corollary 4.

Theorem 9. For any M > 2 there exists a frequency
sequence in which ﬁ <a < ﬁ and such that the cost
of any perfectly periodic schedule S that can be embedded

in a tree, C(S)>1+?\[§>1+08a1
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Proof. The sequence is A for a small enough . Let S be
any perfectly periodic schedule with periods 7 < 7 <

- < 1 < 00. By Corollary 4, we may assume without
loss of generality that 7y = TM 1. Next, observe that

v > M, since otherwise Z =1 Tl > 1. Denote 73y =

Tv—1 = £. With this notation, we have that

1\/[2:2

i=1

(14)

le

Now, by Lemma 2, C(S) = Zf\/‘fl(n 2). Since the a;’s
of all first M — 1 pages are equal, thelr total contribu-

tion to C(S) depends only on 227" 7,. We focus on the
first M — 2 terms. Using standard techniques, it can be

seen that Zf‘if 7; is minimized subject to the constraint

Eq. (14) when
o M -2  (M-2)¢
n="7= —TM72—1_%— D)
Since for vanishing ¢ we have that a; = ﬁ for i =
1,...,M —1, it follows that
M
= Zna?
i=1
M—1
> Z Tia?
i=1
1 (M —2)¢
>— | (M—-2) - ——+1] .
> e (-2 T+ )

For £ > M, the right hand side of the above inequality is
minimized when £ = 24+/2(M —2). With some algebraic
manipulations we get that

(M -1)+(V2-1)
c(S) > =102
22 -2
M-1
0.828427
M-—1

>1+

8 Conclusion

In this paper, we introduced and explored the natural
concept of perfectly periodic schedules. We also intro-
duced a novel tree methodology for designing such sched-
ules. We have demonstrated, by algorithms and lower
bounds, the significance of the quantity a; for perfectly
periodic schedules in general, and tree-based perfectly
periodic schedules in particular. There are many inter-
esting questions we leave open. Let us list a few.

e Trees represent hierarchical schedules and do not rep-
resent all possible perfectly periodic schedules (see
Theorem 2). Are there more effective ways to design
perfectly periodic schedules?

e Are there better schedules than the ones we pre-
sented? Are there better lower bounds?
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In our model, the length of each page was a unit. How
does one extend the algorithms to the case where each
page has an arbitrary positive length?

In our model, only one page can be served in each
time unit. How does one extend the model to the case
of “parallel servers,” where k pages can be served in
the same time slots, for some fixed parameter k7
The hardness result of [8] is proved when the sum of
requested frequencies is less than 1. It is not readily
clear that it holds when the sum of requested fre-
quencies is exactly 1.

Acknowledgements. We thank Rafael Hassin for helpful dis-
cussions, Jim Anderson for pointing to us the work on Pfair
schedules, and the anonymous referees for their help in im-
proving the final version of the paper.
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