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onsider the problem of s
heduling aset of pages on a single broad
ast 
hannel using time-multiplexing. In a perfe
tly periodi
 s
hedule, time is di-vided into equal size slots, and ea
h page is transmittedin a time slot pre
isely every �xed interval of time (theperiod of the page). We study the 
ase in whi
h ea
hpage i has a given demand probability wi, and the goalis to design a perfe
tly periodi
 s
hedule that minimizesthe average time a random 
lient waits until its page istransmitted. We seek approximate polynomial solutions.Approximation bounds are obtained by 
omparing the
osts of a solution provided by an algorithm and a solu-tion to a relaxed (non-integral) version of the problem.A key quantity in our methodology is a fra
tion wedenote by a1, that depends on the maximum demandprobability: a1 def= pmaxi fwig=Ppwi. The best knownpolynomial algorithm to date guarantees an approxima-tion of 32 + 32a1. In this paper, we develop a tree-basedmethodology for perfe
tly periodi
 s
heduling, and us-ing new te
hniques, we derive algorithms with betterbounds. For small a1 values, our best algorithm guar-antees approximation of 1+ 3p3a11� 3p3a1 . On the other hand,we show that the integrality gap between the 
ost of anyperfe
tly periodi
 s
hedule and the 
ost of the fra
tionalproblem is at least 1 + a21. We also provide algorithmswith good performan
e guarantees for large values of a1.Key words: Perfe
tly periodi
 s
heduling { Broad
astdisk { Asymmetri
 
ommuni
ation { Maintenan
e s
hedul-ing1 Introdu
tionThe prevalen
e of portable information devi
es today|as well as their omni-presen
e tomorrow|is unquestion-able. One of the major problems of this te
hnology ispower supply, sin
e these gadgets may weigh only fewgrams, leaving very little room for batteries. In this pa-per, we investigate one aspe
t of this area: we present

algorithms to 
ompute s
hedules that 
an signi�
antlyredu
e the power 
onsumption of a mobile 
lient whilewaiting for a 
ertain pie
e of information (page) to bebroad
ast by a stationary server. We give s
heduling al-gorithms that improve the best known results, and de-velop algorithmi
 tools for tree embedding that haveother important appli
ations su
h as fair time sharing.Our basi
 premise is that the server must broad
astpages in a very organized fashion. Informally, a s
heduleis 
alled perfe
tly periodi
 if ea
h page has a single pe-riod � su
h that this page is transmitted exa
tly every� time units. Perfe
t periodi
ity allows 
lients to savesigni�
antly on energy, sin
e it redu
es \busy waiting"(see below). From the theoreti
 viewpoint, perfe
t pe-riodi
ity leads to interesting algorithmi
 questions. Ourstarting point is the following s
heduling problem, statedin the language of broad
ast disks [2℄. The input to theproblem is a set f1; : : : ;Mg of pages, with a given de-mand probability wi for ea
h page i. The goal is to �nda perfe
tly periodi
 s
hedule that minimizes the averagewaiting time of a random 
lient. Suppose that page i iss
heduled every �i time units in a given s
hedule. Thenthe average waiting time for a 
lient for page i is �i2 ; theprobability for a random 
lient to wait for page i is wi,and hen
e, the average waiting time for a random 
lientis 12 PMi=1 wi�i : As we shall see later, one 
an easily de-rive from the given demand probabilities a set of \ideal"requested periods that will minimize the average waitingtime; however, these desired periods will not be feasibleby a perfe
tly periodi
 s
hedule in general (for exam-ple, they may be fra
tional). The problem addressed inthis paper, therefore, is the following: given a set of de-mand probabilities (or, equivalently, requested periods),
onstru
t a perfe
tly periodi
 s
hedule whose periods ap-proximate the ideal periods as 
losely as possible.1.1 MotivationThere are many reasons that support the thesis that per-fe
tly periodi
 s
hedules are useful. We provide two ex-amples here.
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tly Periodi
 S
hedulesBroad
ast disks [2℄: In this setting, a powerful server(e.g., a satellite) broad
asts data pages to mobile 
lientsawaiting their desired pages. In an arbitrary broad
ast-ing s
hedule, a 
lient may have to \busy-wait" for itspage, i.e., a
tively listen to the server until the desiredpage is broad
ast. This diÆ
ulty 
an be alleviated if thes
hedule is perfe
tly periodi
, sin
e the 
lient 
an 
om-pute when its desired page is broad
ast next. This 
an bedone in at least two ways. First, it suÆ
es for the 
lientto know the time of any two 
onse
utive broad
asts ofits page. The se
ond way is to take advantage of theKhanna-Zhou indexing s
heme [20℄. In this s
heme, theserver also broad
asts index pages from time to time: theindex 
ontains information about when the data pagesare broad
ast. This allows the 
lient to busy-wait onlyfor the �rst index page. The point is that the only knowneÆ
ient indexing s
hemes are appli
able when the under-lying s
hedule is perfe
tly periodi
 [20℄. In any 
ase, itfollows that if the s
hedule is perfe
tly periodi
, 
lientdevi
es 
an avoid busy waiting, allowing them to de-
rease their power 
onsumption. For example, they 
anshut down their re
eivers and swit
h their CPU to \dozemode," in whi
h the power 
onsumption is minis
ule [11,17℄. Thus, perfe
tly periodi
 s
hedules may be sometimespreferable to other s
hedules even if they 
ause a higheraverage waiting time for 
lients sin
e they allow most ofthe waiting time to 
ome virtually for free, in terms of
lient resour
es.Fair time sharing: Another motivation for perfe
t pe-riodi
ity is the more general problem of time sharing. Inthis setting, an indivisible resour
e is to be shared by M
lients by means of time multiplexing. Client i shouldget a share (or frequen
y) of 1=�i of the resour
e su
hthat PMi=1 1=�i � 1. The diÆ
ulty is that the s
heduleshould also be fair : intuitively, fairness means that thenumber of time slots 
lient i waits should be as 
lose aspossible to �i. A 
anoni
al example is the 
lassi
al 
hair-person assignment problem [25℄. Several fairness 
riteriawere 
onsidered in the past. For example, in the pre-�x 
riterion, the requirement is that in any pre�x ofT slots, ea
h 
lient i gets either bT=�i
 or dT=�ie slots[21℄. Sin
e the number of slots is integral, this seemsto be the best possible. Indeed, there exists a s
hedulethat meets the pre�x fairness requirement [25℄. Still, thelength of the interval between two appearan
es of thesame 
lient 
ould be as large as 2�i, i.e., twi
e the av-erage interval. The stri
test fairness requirement is to�nd a perfe
tly periodi
 s
hedule with periods �i. How-ever, su
h a s
hedule is not always possible, as impliedby the Chinese Remainder Theorem. For example, thereis no perfe
tly periodi
 s
hedule with �1 = 2 and �2 = 3.Worse, it is NP-
omplete to de
ide whether a given setof frequen
ies admits a perfe
tly periodi
 s
hedule whenPMi=1 1=�i � 1 [8℄. One way to over
ome this diÆ
ulty isto allow di�erent gaps between 
onse
utive appearan
esof a 
lient in the s
hedule, while insisting on exa
t aver-age frequen
y allo
ation. This is the approa
h taken bymany resear
hers in the area of broad
ast disks and re-lated problems. In this paper, we explore the other alter-native: we insist on maintaining the perfe
t periodi
ity

property while relaxing the exa
t average frequen
y allo-
ation requirement. Namely, we 
onsider perfe
tly peri-odi
 s
hedules in whi
h the frequen
y assigned to a 
lientmay be di�erent than its demand. The obje
tive of agood s
hedule in this 
ase is to minimize the weightedaverage of the ratios between the requested and the al-lo
ated frequen
ies. More pre
isely, suppose that ea
h
lient i requires a period of �i su
h that PMi=1 1=�i = 1.Let S be a perfe
tly periodi
 s
hedule in whi
h the pe-riod of 
lient i is � 0i . The ratio � 0i=�i measures how 
losethe assigned period is to the requested period. Givingweight to 
lients proportionally to their requested share(i.e., giving 
lient i weight 1=�i), leads to the followingobje
tive. Find a perfe
tly periodi
 s
hedule that mini-mizes MXi=1 1�i � � 0i�i = MXi=1 � 0i�2i :This turns out to be exa
tly the target fun
tion of per-fe
tly periodi
 s
heduling for minimizing the the averagewaiting time (see Lemma 2 below).1.2 Related workTo the best of our knowledge, this is the �rst work onperfe
tly periodi
 s
hedules per se. Most prior resear
hfo
used on minimizing the average waiting time evenat the 
ost of non-perfe
tly periodi
 s
hedules, thoughsome of the known results are based on perfe
tly peri-odi
 s
hedules. The main motivation for our work 
omesfrom wireless 
ommuni
ation. In parti
ular, the broad-
ast disks problem and its numerous variants [17,1,2,26,24,8,18,7,19℄, and the Teletext problem [3,4℄. Closelyrelated problems from the operation resear
h area in-
lude the ma
hines maintenan
e problem [27,5,6℄, thepinwheel problem [16,10℄, multi-item replenishment andother inventory problems [13,23,14℄. Below, we brie
ymention a few quantitative relevant results.In [3,4℄, Ammar and Wong 
onsider the problem ofminimizing the mean response time in Teletext systems,whi
h is equivalent to the problem of minimizing theaverage waiting time in the broad
ast disks problem.They present a 2-approximation algorithm. In [5℄, Anilyet al. study the maintenan
e s
heduling problem and thebroad
ast disks problem. They present a 2-approximationalgorithm for the broad
ast disks problem. This algo-rithm, with a slight 
hange, is a 2-approximation per-fe
tly periodi
 s
hedule.Khanna and Zhou [20℄ de�ne waiting time as thetotal time until the 
lient gets its requested page, andtuning time as the total time the 
lient is a
tive whilewaiting (a.k.a. busy waiting time). To minimize tun-ing time, they design an indexing s
heme, whi
h worksonly for perfe
tly periodi
 s
hedules. They also give thebest approximation of perfe
tly periodi
 s
heduling todate. Their algorithm a
hieves mean waiting time of atmost 1:5 times the optimal waiting time (plus an addi-tive O(logM) term). In [17℄, Imielinski et al. empiri
allystudy the impa
t of organization and indexing of datain broad
ast disks on power 
onsumption.
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tly Periodi
 S
hedules 3For s
hedules that are not perfe
tly periodi
, the fol-lowing results are known. Liu and Layland [21℄ de�neperiodi
 s
heduling to be one where a job (page) withperiod � is s
heduled exa
tly on
e in ea
h time intervalof the form [(k � 1)�; k� � 1℄ for any integer k. In thegeneralized model, ea
h job has an integral length andthere may be multiple servers; for this 
ase, Baruah etal. [9℄ propose the notion of \Pfair s
hedules," where thenumber of slots allo
ated to a job whose share is b in anypre�x of t time slots is either bb � t
 or db � te.In [8℄, using the Golden Ratio s
hedule [15℄, Bar-Noy et al. give a 98 -approximation. In their algorithm,the gaps between two 
onse
utive o

urren
es of a pagemay take one of three distin
t values. They also provethat �nding the optimal perfe
tly periodi
 s
hedule whenPMi=1 1=�i � 1 is NP-hard.Finally, re
ently, Kenyon etal. [19℄ present a PTAS for the broad
ast disks problem.Their solution is not perfe
tly periodi
 in general.1.3 Our ResultsIn this paper, we study perfe
tly periodi
 s
hedules forthe broad
ast disks problem. We introdu
e the method-ology of tree-based s
hedules, whi
h are essentially hi-erar
hi
al 
omposition of round-robin s
hedules. In thismethodology, we break the s
hedule 
omputation intotwo parts. One problem is how to embed a given set offrequen
ies in a tree: on
e it is embedded in a tree, de-riving a s
hedule is easy. The other problem is how tomanipulate a given set of frequen
ies into another, sothat the resulting set 
an be embedded in a tree, whileminimizing the target fun
tion (average waiting time).Our te
hni
al results therefore fall into two 
ategories:� First, we develop a few tree embedding te
hniques.These te
hniques are stated as suÆ
ient 
onditionson a frequen
y set to be embeddable in a tree.� Then we present algorithms to produ
e the perfe
tlyperiodi
 s
hedules by manipulating the given set ofrequested frequen
ies into another that satis�es oneof the suÆ
ien
y 
onditions. The 
entral goal in thesealgorithms is to keep the average period 
lose to op-timal.We evaluate the performan
e of our algorithms by 
om-paring them to the solution to non-linear program, whi
hwe 
all the relaxed problem. Informally, in the relaxedproblem, the target fun
tion is the same, but the only
onstraint is that the sum of the frequen
ies is at most 1.We know how to 
al
ulate the relaxed solution, namelythe optimal solution to the relaxed problem. Sin
e the
ost of the relaxed solution is a lower bound for the 
ostof any s
hedule, the worst-
ase ratio between the 
ostsof the s
hedule produ
ed by a given algorithm and therelaxed solution is an upper bound on the approximationfa
tor of the algorithm. We note that unlike the broad-
ast disks problem, in the problem of fair time sharing,the desired frequen
ies are given, and therefore the ap-proximation fa
tor for this problem, by de�nition andLemma 2 below, is exa
tly the worst-
ase ratio between
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Fig. 1. The upper bound on the approximation fa
tor asa fun
tion of a1. Note that the x s
ale is logarithmi
. Thesegment of a1 < 0:00047 is attained by Algorithm A; thesegment of a1 2 [0:00047; 0:0238℄ is attained by Algorithm B;the segments of a1 2 [0:0238; 0:25℄ and a1 2 [0:7176; 1℄ are at-tained by Algorithm C; and the segment of a1 2 [0:25; 0:7176℄is attained by Algorithm D.the 
ost of the algorithm and the 
ost of the relaxedsolution.In this paper we show that the approximation fa
tordepends on the quantity 0 < a1 � 1 whi
h is the fre-quen
y allo
ated to the largest demand in the relaxedsolution. Formally, a1 is de�ned bya1 def= pmaxi fwigPMi=1pwi :Roughly speaking, our results show that the 
ost ofa perfe
tly periodi
 s
hedule is one plus a fun
tion of a1times the optimal 
ost of the relaxed problem. In moredetail, our four algorithms are as follows (ordered in in-
reasing approximation fa
tors for small value a1).� Algorithm A: For a1 < 13 , the approximation fa
toris at most 1 + 3p3a11� 3p3a1 .� Algorithm B: For a1 < 142 � 0:024, the approxima-tion fa
tor is at most 98�20a1 .� Algorithm C: For all values of a1, the approximationfa
tor is at most 43 + 23a1.� Algorithm D For a1 < 19�p3718 � 0:72, the approxi-mation fa
tor is at most 32 .Ea
h of these bounds is the best known for some valueof a1 (see summary in Figure 1).1 All our algorithms arepolynomial. Algorithm D is omitted from this paper, asit is rather te
hni
al and 
ontains only few new ideas;the interested reader 
an �nd it in [22℄.We 
omplete the pi
ture by showing that the de-penden
y of the approximation fa
tor on a1 is unavoid-able using the relaxed solution to bound the optimal1 A trivial modi�
ation of the algorithm in [20℄ gives anapproximation fa
tor of 32 + 32a1. However, this result is stillinferior to Algorithm C for all values of a1 < 1.
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ost. Spe
i�
ally, we prove that there exist sequen
esfor whi
h no perfe
tly periodi
 s
hedule 
an have 
ostless than 1 + a21 times the 
ost of the best relaxed solu-tion. Moreover, for s
hedules that 
an be represented astrees (as are all of our upper bounds), we improve thislower bound to 1 + 0:8a1. These bounds 
an be viewedas bounds on the integrality gap of the problem.1.4 Paper organizationThe remainder of the paper is organized as follows. InSe
tion 2, we formalize the problem and present a knownlower bound on average waiting time. We also prove anew upper bound on the approximation fa
tor of per-fe
tly periodi
 s
hedules. In Se
tion 3, we des
ribe ourtree representation for perfe
tly periodi
 s
hedules andpresent embedding algorithms for 
ertain sets of inputfrequen
ies. In Se
tions 4, 5, and 6, we des
ribe Algo-rithms C, B, and A respe
tively, ordered by improvingapproximation bounds (and in
reased 
omplexity of de-s
ription). In Se
tion 7, we present our lower bounds.Con
luding 
omments are given in Se
tion 8.2 Model and PreliminariesIn this se
tion, we formally de�ne the problem and presentsome preliminary results. The results in this se
tion areknown [3℄ with the notable ex
eption of Lemma 3, whi
his the key to the analysis of our algorithms.We are given a set of M pages P = f1; : : : ;Mg. As
hedule S = hA1; A2; A3; : : :i for P is an in�nite se-quen
e su
h that At 2 P [ f?g. If At = i, then we saythat page i is s
heduled at time t by S, and if At = ?,then no page is s
heduled at time t by S. A s
hedule S is
alled perfe
tly periodi
 if for ea
h page i 2 P there ex-ists a natural number �i, 
alled the period of i, with thefollowing property: for any t � 1, if page i is s
heduledat time t, then page i is s
heduled at time t + �i, andpage i is not s
heduled at times t+1; t+2; : : : ; t+ �i�1.The re
ipro
al of the period, fi def= 1�i , is 
alled the fre-quen
y of i. We sometimes prefer to use fi over �i. As
hedule S = hA1; A2; : : :i is 
alled 
y
li
 if it is an in�-nite 
on
atenation of a �nite sequen
e hA1; : : : AT i. Su
ha sequen
e hA1; : : : ; AT i is said to generate S. We havethe following simple property.Proposition 1. If a s
hedule S for set of pages P isperfe
tly periodi
, then it is 
y
li
.Proposition 1 follows from the fa
t that S is generatedby its �rst T elements, where T is the least 
ommonmultiple of f�i j i 2 Pg.We assume that 
lients arrive at uniform randomtimes during the s
hedule. Given a s
hedule S, we saythat the waiting time for page i for a 
lient that arrives attime t is the number of time slots, starting from t, untili is s
heduled in S. This number is not ne
essarily inte-ger if the arrival time of the 
lient is in the middle of aslot. Note that in a perfe
tly periodi
 s
hedule, if a page

has a period � , then the expe
ted waiting time for thatpage is �=2, assuming that all arrival times are equallylikely. We remark that sin
e we 
onsider perfe
tly peri-odi
 s
hedules, the 
on
ept of a uniform random arrivaltime is well de�ned as a 
orollary of Proposition 1.The Periodi
 Approximate S
heduling problem is de-�ned as follows. We are given a set P of pages with ademand probability wi > 0 for ea
h page i 2 P su
hthat Pi2P wi = 1. Throughout this paper, we assumew.l.o.g. that wi � wi+1 for all i. The goal is to produ
ea perfe
tly periodi
 s
hedule S for P that minimizes theaverage waiting time W (S), de�ned byW (S) =Xi2P wi �i2 = 12Xi2P wifi ;where �i denotes the period of page i in S.Let S� denote a perfe
tly periodi
 s
hedule that min-imizes the average waiting times for a given set of pagesP and their demand probabilities fwi j i 2 Pg. Let theperiods in S� be �S�i for ea
h page i 2 P . Given an-other perfe
tly periodi
 s
hedule S for P , where �Si isthe period of i in S, we de�ne the approximation fa
torof S, denoted A(S), to be the ratio between the averagewaiting time of S and the average waiting time of S�.Formally,A(S) def= W (S)W (S�) = 12 PMi=1 wi�Si12 PMi=1 wi�S�i = PMi=1 wi�SiPMi=1 wi�S�i :We do not know how to �nd the 
ost of the optimals
hedule S�, so we resort to bounding it from below. Thisis done by 
onsidering the following 
ontinuous relax-ation of the problem [5,8℄. Spe
i�
ally, we remove mostfeasibility 
onstraints and leave only the 
onstraint thatthe sum of the re
ipro
als of the positive periods 
annotex
eed 1. In parti
ular, the periods �i do not have tobe integrals. Formally, we have the following non-linearprogram. Given w1; : : : ; wM , �nd �1; : : : ; �M thatminimize 12 PMi=1 wi�isubje
t toPMi=1 1�i � 1 ; and �i > 0 for all i : (1)Obviously, an optimal solution to (1) is a lower boundon the average waiting time of any perfe
tly periodi
s
hedule. The following well-known result gives a 
losed-form solution to (1).Lemma 1.1. The optimal solution of the non-linear program (1) is�s�i = PMj=1 pwjpwi for i = 1; : : : ;M .2. Let S� be an optimal perfe
tly periodi
 s
hedule for aset of pages P with demand probabilities fwig. ThenW (S�) � 12 �Pi2P pwi�2.The proof is based on Lagrangian relaxation (see, e.g.,[5,8,22℄).
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 S
hedules 5In general, there may not exist any perfe
tly peri-odi
 s
hedule whose periods are given by the optimalsolution to the relaxed problem (1). Our approximationalgorithms apply di�erent methods of rounding the pe-riods obtained from the relaxed solution to get a feasibles
hedule. We use the lower bound of Lemma 1 to getan upper bound on the approximation fa
tor of the re-sulting s
hedules. Moreover, this lemma gives rise to thede�nition of the quantities ai as the optimal frequen
iesin the relaxed problem:ai def= pwiPMj=1pwj :Let C(S) be the 
ost of a s
hedule S de�ned as follows:C(S) = MXi=1 �ia2i = MXi=1 a2ifi :Using this notation, the following lemma provides a sim-ple upper bound on the approximation fa
tor of anygiven s
hedule. The proof is by some algebrai
 manip-ulations on the de�nition of A(S) and Lemma 1.Lemma 2. For all perfe
tly periodi
 s
hedules S, A(S) �C(S).Fix a s
hedule S. Let �i def= aifi , where fi is the fre-quen
y of i in S. By de�nition, C(S) is a weighted av-erage of the �i's (the weight of �i is ai). It is thereforeobvious that C(S) { and hen
e A(S) { are bounded bymax f�i j i = 1; : : : ;Mg. The following algebrai
 lemmashows a better bound, in terms of the \leftover 
apa
-ity" (the fra
tion of slots not allo
ated to any page). Itserves as the key to our bounds on the approximationfa
tor of the algorithms we develop. It is 
onvenient forus to state it abstra
tly, without assuming the full stru
-ture of a s
hedule.Lemma 3. Let a1; : : : ; aM and f1; : : : ; fM be positive realnumbers su
h that PMi=1 ai = 1 and PMi=1 fi � 1. Let� = 1 �PMi=1 fi. If � and � are su
h that � � aifi � �for all i, then MXi=1 a2ifi � �+ �� ��+ ��� :Proof. If � = � = � then fi = ai� for all i, and hen
e� = 1� 1� . Therefore,�+ �� ��+ ��� = 2�� �2 + �2�1� 1�� = � :Obviously in this 
asePMi=1 a2ifi =PMi=1 �ai = �, and thelemma holds.Assume now that � < �. Fix the fi values and 
on-sider the ai-s as variables. First, we 
laim that for alli, a2ifi � �2li + �2hi ; (2)

where li and hi are the solution to the following inequal-ities:li + hi = fi�li + �hi = �ifi : (3)The intuition is that be
ause we only have bounds on �i,we split ea
h fi into two parts, ea
h meeting one of thetwo bounds. To prove (2), note that the solution to (3)is:li = fi �� �i�� �hi = fi �i � ��� � ;Equation (2) follows, sin
e�2li + �2hi = fi�� � (�2�� �i�2 + �i�2 � ��2)= ��2i + (�� �i)(�i � �)�fi� �2i fi= a2ifi :Next, note that sin
e PMi=1 �ifi =PMi=1 ai = 1, we getMXi=1 li = ��� � MXi=1 fi � 1�� �MXi=1 hi = 1�� � � ��� � MXi=1 fi : (4)Thus, using and Equations (2) and (4), we getMXi=1 a2ifi � MXi=1(�2li + �2hi)= �2 MXi=1 li + �2 MXi=1 hi= �2��� � MXi=1 fi � �2�� � + �2�� � � ��2�� � MXi=1 fi= �+ �� ��+ ��� : utThe following 
orollary of Lemma 3 is for the spe
ial
ase of � = 1.Corollary 1. Let a1; : : : ; aM and f1; : : : ; fM be positivereal numbers su
h that PMi=1 ai = 1 and PMi=1 fi � 1.Let � = 1�PMi=1 fi. If � is su
h that 1 � aifi � � for alli, then PMi=1 a2ifi � 1 + �� :Additional Notation. All logarithms in this paper are tobase 2. We use the following 
onvenient notation, de�nedfor all x > 0:bbx

 def= 2blog x
L(x) def= 2log x�blog x
 = xbbx
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tly Periodi
 S
hedules3 Weighted Trees, Perfe
tly Periodi
 S
hedules,and EmbeddingIn this se
tion, we introdu
e the key 
on
ept for ouralgorithms: the representation of some perfe
tly periodi
s
hedules as trees. We explain how to derive s
hedulesfrom trees, and prove some suÆ
ient 
onditions for a setof periods to be embedded in a tree.3.1 Weighted tress

C

A B

D

E F

1/6 1/6

1/12 1/12

1/4 1/4Fig. 2. Example of a weighted treeOur algorithms use rooted trees we 
all weighted trees,where ea
h node has a weight de�ned as follows. Theweight of the root is 1 (unless expli
itly stated other-wise), and the weight of a non-root node with parentu is the weight of u divided by the number of 
hildrenof u. Figure 2 illustrates an example of a weighted treewith six leaves A;B;C;D;E; F and respe
tive weights16 ; 16 ; 112 ; 112 ; 14 ; 14 . In some 
ases, we 
onsider subtrees ofweighted trees. Subtrees 
an be treated as weighted treesby assigning the root a weight less than one and de�ningthe rest of the weights as before.We say that a sequen
e of n frequen
ies 
an be em-bedded in a weighted tree with at least n leaves, if thereexists a 1-1 mapping that assigns to ea
h frequen
y fi adistin
t leaf whose weight is fi. The following theoremshows how to generate a perfe
tly periodi
 s
hedule fromany given weighted tree.Theorem 1. If a sequen
e of frequen
ies f1; : : : ; fn 
anbe embedded in a weighted tree, then there exists a per-fe
tly periodi
 s
hedule S whose frequen
ies are f1; : : : ; fn.Proof. By indu
tion on the height of the tree. The base
ase is a tree of height 0, whi
h means a single page offrequen
y 1 and a trivial periodi
 s
hedule. For the in-du
tion step, suppose that the lemma holds for trees ofheight at most h, and 
onsider a tree T of height h+ 1.Let the 
hildren of the root be v1; : : : ; vk. Consider thesubtrees rooted at v1; : : : ; vk. Their heights are at mosth, and the weight of a leaf in su
h a subtree is k times theweight of that leaf in the original tree T . Using the as-sumption that f1; : : : ; fn are embeddable in T , we have a

C

A B

D

E F〈A〉 〈B〉

〈C〉 〈D〉

〈E〉 〈F〉〈CD〉

〈ABCABD〉 〈EF〉

〈AEBFCEAFBEDF〉

Fig. 3. Proof of Theorem 1 applied to the tree of Figure2. The 
y
le of the s
hedule 
orresponding to ea
h node isrepresented in bra
kets next to the node.natural mapping from the frequen
ies to the leaves of thesubtrees as well, su
h that ea
h frequen
y f is mappedto a subtree-leaf whose weight is kf . Thus, by the indu
-tion hypothesis, there exist k perfe
tly periodi
 s
hedulesS1; : : : ; Sk where ea
h page i has a period of 1=kfi. Thes
hedule S for T is de�ned by interleaving the s
hedulesS1; : : : ; Sk in a round-robin fashion: the �rst k pages ofS are the �rst pages of S1; S2; : : : ; Sk in order; then these
ond pages of S1; S2; : : : ; Sk in order, and so on (seeexample in Figure 3). Consider a page i that appearsin s
hedule Sj with frequen
y kfi. Sin
e Sj is perfe
tlyperiodi
, i is s
heduled in Sj exa
tly every 1=kfi timeunits. By 
onstru
tion we have that i is s
heduled in Sexa
tly every 1=fi time units, proving that S is perfe
tlyperiodi
 with the right frequen
ies. utRemarks.1. For the purpose of 
onstru
ting s
hedules, we mayassume, without loss of generality, that no node in aweighted tree has exa
tly one 
hild: all su
h nodes 
anbe eliminated.2. If the sum of the frequen
ies is stri
tly less than 1,then there are time-slots in whi
h no page is broad
ast.This 
orresponds to the 
ase in whi
h some of the leavesare not asso
iated with pages.3. Note that the length of the 
y
le of the s
hedule fora given tree may be exponential in the size of the tree.The algorithms we present in the following se
tions willrepresent s
hedules by trees rather than full 
y
les.The 
onverse to Theorem 1 does not hold in general,as stated in the following theorem.Theorem 2. There exist perfe
tly periodi
 s
hedules whosefrequen
ies 
annot be embedded in a tree.Proof. Note that in a weighted tree, the degree of theroot divides all periods in the 
orresponding s
hedule.In addition, we may assume w.l.o.g. that the degree ofthe root is greater than 1 (see Remark 1 above). Thetheorem is proven with a simple example that 
an easilybe generalized. Consider the following s
hedule:A B C A B A C A B AIn this s
hedule, the period of Page A is 6, the periodof page B is 10, the period of page C is 15, and there
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tly Periodi
 S
hedules 7are 20 other pages, ea
h with period 30. To see thatthis s
hedule 
annot be represented by a tree, supposeit 
an and 
onsider the root: its degree must divide theperiods 6; 10; 15, and hen
e it 
annot be greater than 1,
ontradi
tion. ut3.2 Embedding resultsIn the algorithms we develop, we use various te
hniquesto embed a frequen
y sequen
e in a weighted tree, as-suming the sequen
e satis�es 
ertain properties.3.2.1 Root degree k, other nodes have two or no
hildrenWe start by 
onsidering a tree whose root has k 
hildren,and ea
h of its 
hildren is a root of a binary tree. This
ase is a variant of Kraft's inequality [12, page 47℄.Lemma 4. Let ffigni=1 be a sequen
e of frequen
ies su
hthat for all 1 � i � n, fi = Wk 2�ri for some real W � 1,and integers k > 0 and ri � 0. If Pni=1 fi � W , thenffigni=1 
an be embedded in a tree of weight W .Proof. We prove the lemma with an expli
it tree 
on-stru
tion algorithm. Ex
ept for the root, all nodes in thetree will be either leaves or will have exa
tly two 
hildren.The initial tree is a root node with k 
hildren, ea
h withweight of W=k. The algorithm then pro
eeds as follows.1. Let F be the multiset of the fi values.2. If F = ;, terminate. Otherwise, let f = max(F ).3. Let v be an unmapped leaf with minimal weight. Letwv be its weight.4. If wv = f , then map f to v, set F  F n ffg, and goto Step 2.5. Otherwise, add to the tree two 
hildren of v, ea
hwith half the weight of v, and go to Step 3.It is straightforward to verify the following invariant thatholds before ea
h exe
ution of Step 4: f � wv , and thetotal weight of unmapped leaves is at least Pfi2F fi.Su

ess is guaranteed by the fa
t that all frequen
ies in Fand all leaf weights have the form Wk 2�i for some integeri � 0. Moreover, sin
e Steps 4 and 5 stri
tly de
reaseeither wv or Pfi2F fi, the algorithm must terminate.utBy setting k = 1 in the above lemma we get for purebinary trees the following known result [5℄.Corollary 2. For 1 � i � n, let fi = W2�ri for someinteger ri � 0. Suppose Pni=1 fi � W for some W � 1.Then the sequen
e ffigni=1 
an be embedded in a sub-treeof total weight W .3.2.2 Root degree k, other nodes have 0; 2 or 3 
hildrenNext, we 
onsider a tree with root degree k, where allnodes on ea
h leaf-root path have two 
hildren, ex
eptthe root, the leaf, and possibly one node with 3 
hildren.

Lemma 5. Let f1; : : : ; fn be a sequen
e of numbers. Sup-pose that there exist an integer k and integers r1; : : : ; rnsu
h that fi 2 � 1k2�ri ; 13k2�ri	 for all 1 � i � n. Letft = maxffi j fi = 13k2�rig. If Pni=1 fi � 1� 2ft, thenf1; : : : ; fn 
an be embedded in a weighted tree.Proof. Intuitively, the idea is to 
oales
e triplets andpairs of equal frequen
ies of the form 13k2�ri , whi
h al-lows us to apply Lemma 4. In detail, the embedding pro-
edure works as follows. Let G denote the sequen
e of all
urrent frequen
ies, and let G3 � G denote the sequen
eof all 
urrent frequen
ies of the form 13k2�ri . The valuesof G and G3 
hange throughout the algorithm.Step 1. Merge every three equal frequen
ies. That is,if g1; g2; g3 2 G3, and g1 = g2 = g3, we remove them fromG (and therefore from G3), and add a new frequen
yg0 = g1 + g2 + g3 to G (note that g0 =2 G3 sin
e it doesnot have the form 13k2�ri).Step 2. Merge iteratively every two equal frequen
ieswhi
h are not the largest frequen
ies in G3. Formally, ifg1; g2 2 G3 and g1 = g2 6= max(G3), we remove themfrom G, repla
e them with g0 = g1 + g2, and iterate.Consider now the resulting set of frequen
ies, whenno more merges 
an be applied. If G3 = ; at this point,then we pro
eed dire
tly to Step 4 below. Otherwise,must deal with G3. We start with the following observa-tions. Let f 0t be the new maximal value in G3. We havethe following immediate properties.� f 0t � ft. This is true sin
e in Step 2 we never mergethe largest frequen
y.� There are at most two frequen
ies in G3 with valuef 0t .� For any given value v < f 0t , there is at most onefrequen
y in G3 with value v.It follows thatXgj2G3 gj < 2f 0t + f 0t 1Xr=1 2�r = 3f 0t : (5)Therefore, we 
an do the following.Step 3. Repla
e all frequen
ies in G3 with one fre-quen
y gt = 3f 0t, i.e., G G nG3 [fgtg. By Eq. (5) thisstep in
reases the total weight in G by at most 2f 0t � 2ft.Sin
ePni=1 fi � 1� 2ft by assumption, we have that af-ter this step, Pg2G g � 1.Step 4. Now all weights in G are now of the form1k2�rj . We apply Lemma 4 to get an embedding of thefrequen
ies gj 2 G in a tree Tg.Step 5. Ea
h gj 2 G represents a set of original fre-quen
ies that were merged in previous steps. Our �nalstep is to embed the original frequen
ies ffig in the leafsof a weighted tree Tf by expanding ea
h gj 2 G and its
orresponding leaf lj in Tg as follows. If gj represents asingle original frequen
y fi, then fi is mapped to lj . If gjrepresents a set of original frequen
ies, then every fi ingj is of the form 13k2�ri , and Pfi2gj fi is at most gj . Inthis 
ase, by Lemma 4, the sequen
e ffi j fi 2 gjg 
an beembedded in some weighted sub-tree Tj of total weightgj ; we therefore repla
e lj by the subtree Tj . Repeatingthe pro
ess for all gj 2 G 
ompletes the 
onstru
tion.ut
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 S
hedules3.2.3 Root degree k, and at most one other non-binaryan
estorFor the embedding used in Algorithm A, we prove a re-sult that allows us to use trees with various degrees. Westart with a simple 
ombinatorial result.Lemma 6. Let f1; f2; : : : ; fn be a sequen
e of real num-bers su
h that Pi fi = K for some integer K, and su
hthat for ea
h i, fi = 2�ri for some non-negative integerri. Then the sequen
e 
an be partitioned to K parts, su
hthat the sum of the numbers in ea
h part is exa
tly 1.Proof. By indu
tion on n. The lemma is 
learly true ifn = K, sin
e in this 
ase we must have fi = 1 for all i.Suppose now that n > K. Assume w.l.o.g. that fi � fi+1for all 1 � i < n. Then we must have that fn < 1.Furthermore, fn�1 = fn, sin
e otherwise P fi 
annotbe an integer. The lemma follows from the indu
tionhypothesis applied to the sequen
e f1; : : : ; fn�2; fn�1 +fn. utWe 
an now state and prove the embedding result.Lemma 7. Let F = ffig be a sequen
e of positive num-bers su
h that for all i, fi = 1pi2ri for some non-negativeintegers pi; ri. Let L;H be su
h that L � pi � H for alli. If L+H2 � (H � L+ 1) �max(F ) � 1� Xfi2F fi ;then F 
an be embedded in a weighted tree.Proof. We 
onstru
t a tree and a mapping as follows. De-�ne, for a given number p, the sequen
e Fp = ffi j pi =pg. We �rst add to Fp (and hen
e to F ) some pseudomembers with weight min(Fp) so as to make the sum ofvalues in Fp a multiple of p �max(Fp). The pseudo mem-bers will be embedded in the tree, but will be omittedfrom the mapping. This pro
ess in
reases Pfi2Fp fi byat most p �max(Fp) � p �max(F ). We do the above pro-
edure for every pi. Sin
e the pi's are distin
t integers inthe range [L;H ℄, their sum is at most L+H2 � (H�L+1),and hen
e, the total sum of F is in
reased by the additionof pseudo members by at most L+H2 �(H�L+1)max(F ).Therefore, the assumption on the initial sum of frequen-
ies in F implies that after the pseudo members areadded, we still have that the sum of all frequen
ies isnot more than 1.We now argue that ea
h sequen
e Fp it 
an be par-titioned su
h that the sum of numbers in ea
h part is apower of 1=2. To see that, 
onsider the normalized se-quen
e F̂p = � fmax(Fp) j f 2 Fp�By Lemma 6, there exists an integer b su
h that we 
anpartition F̂p into b�p parts, where the sum of the numbersin ea
h part is 1. Viewing this partition as a partition ofFp, and merging together every p parts, we obtain a par-tition of Fp into b parts su
h that the sum of ea
h part

is a power of 1=2. Repeating the pro
ess for ea
h Fp, weget a partition of F into parts su
h that the sum of thenumbers in ea
h part is a power of 1=2. Using Lemma 4,we embed these parts in a binary weighted tree (whereea
h part is mapped to a leaf). Finally, ea
h leaf that
orresponds to a part of Fp for some p, is expanded in pbinary weighted trees, using Lemma 4 on
e again. Omit-ting the pseudo members from the mapping 
ompletesthe 
onstru
tion of the tree and the mapping for F . ut4 Algorithm C: � 43 + 23a1�-approximationIn this se
tion, we present a s
heduling algorithm withapproximation fa
tor 43 + 2a13 . The s
hedule 
onstru
tedby this algorithm is parti
ularly simple be
ause all peri-ods are powers of 1=2.input: demand probabilities fw1 : : : wMgsu
h that wi � wi+1 for 1 � i < Moutput: frequen
ies ffigshorthand: � =PMi=1(ai � fi)for i 2 f1; : : : ;Mg doai  pwiPMj=1 pwjfi  bbai


  43 + 2a13�  fi j L(ai) > 
gfor i 2 � doif fi � �then fi  2 � bbai

 � � 0 after this step tooFig. 4. Algorithm C: � 43 + 23a1�-approximation.The formal des
ription of Algorithm C appears inFigure 4 . The idea is as follows. After 
omputing theoptimal frequen
ies faig, they are �rst rounded downto bbai

, i.e., the nearest power of 1=2 from below. Inthis rounding, ea
h frequen
y ai is multiplied by a fa
-tor of L(ai) 2 [1; 2) (re
all that L(x) = x= bbx

). Con-sider now the \residual 
apa
ity" of the s
hedule, namelythe fra
tion of un-allo
ated time slots (denoted � in thealgorithm). If this fra
tion is small, then Lemma 3 guar-antees a good bound on the approximation fa
tor. Andif this fra
tion is large, we 
an round up some of thefrequen
ies, thus improving the overall approximationfa
tor. Hen
e, after the initial rounding, the algorithms
ans (in an arbitrary order) the frequen
ies whi
h wererounded down by at least a 
ertain fa
tor 
, and doublestheir allo
ated frequen
y, if there is enough residual 
a-pa
ity. Choosing 
 = 43 + 2a13 , we get that the worst 
aseapproximation is no more than 
.We now formally prove the 
orre
tness of the algo-rithm and analyze its approximation fa
tor.Theorem 3. There exists a perfe
tly periodi
 s
heduleS for the frequen
ies produ
ed by Algorithm C su
h thatA(S) � 43 + 2a13 .
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hedules 9Proof. To see that there exists a perfe
tly periodi
 s
hed-ule, note that all frequen
ies 
omputed by Algorithm Care powers of 1=2 and their sum is at most one, andhen
e Lemma 4 ensures that they 
an be embedded in atree, whi
h in turn 
an be transformed into a perfe
tlyperiodi
 s
hedule S using Theorem 1.To bound the approximation fa
tor, we �rst bound�i = aifi , for ea
h page i in the following three immediateobservations. Let � = (f1; : : : ;Mgn� ) = fi j L(ai) � 
g.1. If i 2 � , then 1 � �i � 
. This follows from the fa
tthat for i 2 � , �i = L(ai).2. If i 2 � and fi = 2 bbai

, then 
2 < �i < 1. Thisfollows from the fa
t that in this 
ase, �i = L(ai)=2.3. If i 2 � and fi = bbai

, then 
 < �i < 2. Followsfrom the fa
t that in this 
ase, �i = L(ai).Now, let J = fi j i 2 �; fi = bbai

g. When the algo-rithm terminates, there are two possible 
ases. If J = ;,then by observations 1 and 2 above, �i � 
 for all i, andhen
e, in this 
ase we haveA(S) � C(S) = MXi=1 ai�i � 
 MXi=1 ai = 
 :Otherwise, there exists some i0 2 J . In this 
ase, fi0 > �by the algorithm, and hen
e � < �i0 = ai0
 � a1
 by Ob-servation 3 above. In addition, we have by Observations1, 2, and 3 that 
2 < �i < 2 for all i 2 f1; : : : ;Mg. There-fore, using Lemma 3, we 
an 
on
lude that if J 6= ;, thenA(S) � �+ �� ��+ ���= 
2 + 2� 
 + 
�= 2� 
2 + a1 :In summary, we have that A(S) � max(
; 2 � 
2 + a1).Sin
e for 
 = 43 + 2a13 we have 
 = 2� 
2 + a1, the resultfollows. ut5 Algorithm B: � 98�20a1�-approximationIn this se
tion, we present an algorithm whose approx-imation fa
tor is guaranteed to be at most 98�20a1 . Thealgorithm works only for a1 < 142 . This algorithm, al-though fairly simple in terms of the �nal 
ode, is quite
ompli
ated to analyze. We �rst present the algorithmthat 
omputes the frequen
ies, then show that these fre-quen
ies 
an be embedded in a tree (thus getting a per-fe
tly periodi
 s
hedule), and �nally analyze the approx-imation fa
tor of these frequen
ies.5.1 Des
riptionAlgorithm B generates a tree whose root degree is ei-ther 4, 5, 6 or 7, and all other non-leaf nodes have 2or 3 
hildren. The algorithm 
al
ulates for ea
h page afrequen
y, su
h that on one hand, a tree embedding is

possible using Lemma 5 (whi
h requires suÆ
iently largeresidual 
apa
ity �), and on the other hand, a small ap-proximation fa
tor 
an be guaranteed, using Lemma 3(whi
h depends on suÆ
iently small �).Informally, the �rst step of the algorithm is to 
hoosethe value of the root degree k: this 
hoi
e is quite sub-tle, and we des
ribe it later in this se
tion. After de-termining k, the algorithm makes an initial frequen
yassignment to ea
h page, by rounding down ai to thenearest value of one of the forms 1k2�ri or 13k2�ri . The
hoi
e of k guarantees that after this step, � � 2ft, forft = max�fi j fi = 13k2�ri	, and hen
e these frequen-
ies 
an be embedded in a tree by Lemma 5. Then thealgorithm performs an \enhan
ement" step. In this step,pages whose frequen
ies were rounded down by a suÆ-
iently large fa
tor 
 (where 
 � 9=8) are rounded up,provided that the residual 
apa
ity remains large enoughto ensure that Lemma 5 
an still be applied.Pseudo-
ode for the algorithm is given in Figure 5.Re
all that bbx

 = 2blog x
 and L(x) = xbbx

 for any num-ber x > 0.input: demand probabilities fw1 : : : wMgsu
h that wi � wi+1 for 1 � i < Moutput: frequen
ies ffigshorthand: � =PMi=1(ai � fi)for 1 2 f1; : : : ;Mg doai  pwiPMi=1 pwi
hoose k as des
ribed in Se
tion 5.2for 1 2 f1; : : : ;Mg dopi  bbaik

k by de�nitions, pi = aiL(aik)
  98�20p1�1  fi j 1 � L(aik) � 
g�2  �i j 
 < L(aik) < 43	�3  �i j 43 � L(aik) � 43
	�4  �i j 43
 < L(aik) < 2	for 1 2 f1; : : : ;Mg do Initial assignmentfi  � pi; if i 2 f�1; �2g43pi; if i 2 f�3; �4g now fi � ai for all ifor 1 2 f1; : : : ;Mg do Enhan
ement stepif i 2 �2 and � � 83p1 + 13pi then fi  43pielse if i 2 �4 and � � 83p1 + 23pithen fi  2pi now fi 2 fpi; 43pi; 2pig for all iFig. 5. Algorithm B: � 98�20a1 �-approximation.5.2 Choosing the root degree k: Pro
edure and analysisWe now des
ribe how to 
hoose k. We start with thefollowing de�nition.Q(j) = ni j 84+j � L(ai) < 83+jo for j = 1; 2; 3; 4 (6)Let j0 2 f1; 2; 3; 4g be su
h that Pi2Q(j0) ai is maxi-mized. Note that sin
e Q(1); : : : ; Q(4) form a partitionof the ai sequen
e, this sum is at least 1=4. We 
hoose
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hedulesas the root degree k  j0 + 3. To show the signi�
an
eof this 
hoi
e we use the following de�nition.Q0(k) = �i j 85 � L(kai) < 2	 for k � 1 (7)The following lemma 
lari�es the relation between theQ(j) and the Q0(k) sets.Lemma 8. If j 2 f1; 2; 3; 4g and k = j+3, then Q0(k) �Q(j).Proof. Let j 2 f1; 2; 3; 4g. The key to the proof is thefollowing 
laim:L(kai) = L(k)L(ai) for all i 2 Q(j) : (8)To prove (8), �rst observe that the following inequalitiesare equivalent: 84+j bbai

 � ai < 83+j bbai

3+j4+j bbai

 � kai8 < bbai

log 3+j4+j + blog ai
 � log kai8 < blog ai
 :Sin
e j > 0, it follows from integrality that�1 + blog ai
 � �log kai8 � < blog ai
 ;and hen
e blog(kai)
 = blog ai
+ 2. On the other hand,note that sin
e 4 � k < 8, we have that L(k) = k4 byde�nition, and thereforeL(kai) = kai2blog(kai)
 = kai4 � bbai

 = L(k)L(ai) :This establishes Eq. (8). Now, to prove the lemma, leti 2 Q(j). Then L(kai) = 3+j4 � L(ai) by Eq. (8). Hen
e,by de�nition of Q(j),85 � 3 + j4 � 84 + j � L(kai) < 3 + j4 � 83 + j = 2 :The lemma now follows from the de�nition of Q0(k). utSin
e Pi2Q(k�3) ai � 14 , the 
hoi
e of k and Lemma8 imply the following 
orollary.Corollary 3. For the 
hoi
e of k = j0 + 3 des
ribedabove, we have Pi2Q0(k) ai � 1=4.5.3 AnalysisWe �rst prove that the frequen
y sequen
e generated byAlgorithm B has a perfe
tly periodi
 s
hedule. We needthe following lemma (this is the only pla
e where we usethe assumption that ai < 142 ).Lemma 9. Suppose that a1 < 142 . Then after the initialassignment, fi � 148 for all i 2 �3 [ �4 for any k 2f4; 5; 6; 7g.

Proof. We pro
eed by 
ase analysis, depending on thevalue of k.k = 4: fi = 4 bb4 � ai

3 � 4 = 4 bbai

3 � 43 � 64 = 148 :k = 5:fi = 4 bb5 � ai

3 � 5 � 415 � bb5=42

 = 415 � 116 = 160 :k = 6; 7: We �rst note that after the initial assignment,fi � ai for all i, and hen
e we need only to 
onsiderthe 
ase 142 < ai � 148 (this observation holds alsowhen k 2 f4; 5g, but we managed without it). We
laim that for k 2 f6; 7g and ai 2 ( 142 ; 148 ℄, it mustbe the 
ase that i =2 �3 [ �4: this is be
ause for thevalues of ai and k in the 
ase we 
onsider, we 
anbound aik by18 = 648 � aik < 742 = 16 ;and hen
e 1 � L(aik) < 43 , i.e., i 2 �1 [ �2 and weare done. utTheorem 4. If a1 < 142 , then there exists a perfe
tly pe-riodi
 s
hedule for the frequen
ies produ
ed by AlgorithmB.Proof. Let ft = max�fi j fi = 13k2�ri	. We �rst 
laimthat after the initial assignment step, the following holds:� � 2ft : (9)Consider Q0(k) as de�ned in Eq. (7). To prove Eq. (9),note that sin
e fi � ai for all i after the initial assign-ment and Q0(k) is a subset of the frequen
ies, it suÆ
esto show that Pi2Q0(k)(ai � fi) � 2ft. By de�nition ofQ0(k), we have that L(aik) � 85 for all i 2 Q0(k). Itfollows that in the initial assignment, the algorithm setsfi = 43pi for all i 2 Q0(k). Sin
e L(aik) = aipi by de�ni-tion, we get thataifi = ai=pifi=pi � 8543 = 65 : (10)In summary, we get that� = MXi=1(ai � fi)� Xi2Q0(k)(ai � fi)� 16 Xi2Q0(k) ai by Eq. (10)� 124 : by Cor. 3On the other hand, by Lemma 9, we have that ft � 148 ,so we may 
on
lude that Eq. (9) holds true after theinitial assignment step.
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eed to show that Eq. (9) holds also afterthe enhan
ement step. To see that, note that in the en-han
ement step, the algorithm maintains the invariant� � 83p1. Also note that fipi = 43 for every fi of form13k2�ri , and hen
e, after the enhan
ement step we have� � 83p1 � 83pt = 2ft and Eq. (9) still holds true.To 
on
lude, the set of frequen
ies 
omputed by thealgorithm is su
h that every frequen
y is of the formfi = 1k2�ri or fi = 13k2�ri , and that � � 2ft. Therefore,by Lemma 5, the sequen
e ffig 
an be embedded in aweighted tree, and by Theorem 1 there exists a perfe
tlyperiodi
 s
hedule with frequen
ies ffig. utWe now turn to analyze the approximation fa
tor ofalgorithm B.Theorem 5. Let S be a perfe
tly periodi
 s
hedule whosefrequen
ies are generated by Algorithm B. Then A(S) �98�20a1 .Proof. Re
all that �i = aifi . We use the following straight-forward 
laims.1. If i 2 �1 [ �3, then 1 � �i � 
.To see that, 
onsider i 2 �1. By the algorithm, fi =pi. Clearly, fi � ai hen
e �i � 1. Also, by de�nitionof �1, we have aipi � 
 and hen
e �i � 
. The prooffor �3 is similar.2. If i 2 �2 and fi = 43pi, then 34
 < �i < 1; also, ifi 2 �4 and fi = 2pi, then 23
 < �i < 1.To see that this 
laim is true, 
onsider i 2 �2 su
hthat fi = 43pi. By de�nition of �2, 
 < aipi < 43 , andhen
e 34
 < �i < 1. Similarly, 
onsider i 2 �4 su
hthat fi = 2pi. By de�nition of �4, 43
 < aipi < 2, andhen
e 23
 < �i < 1.3. If i 2 �2 and fi = pi, the 
 < �i < 43 ; also, if i 2 �4and fi = 43pi, then 
 < �i < 32 .To see that this 
laim is true, 
onsider i 2 �2 su
hthat fi = pi. By de�nition of �2, 
 < aipi < 43 , andhen
e 
 < �i < 43 . Similarly, 
onsider i 2 �4 su
hthat fi = 43pi. By de�nition of �4, 43
 < aipi < 2, andhen
e 
 < �i < 32 .Now let J = fi j i 2 �2; fi = pig [ fi j i 2 �4; fi =43pig. If J = ; (i.e., all pages in �2 and �4 were in
reasedin the enhan
ement step), then by Claims 1 and 2, forevery page �i � 
, and hen
eA(S) � 
 :Otherwise, J 6= ;. In this 
ase, there exists i0 2 J ,su
h that � < 83p1+ 23pi0 , sin
e otherwise the algorithmwould have in
reased fi0 in the enhan
ement step. Thismeans that � � 103 p1 sin
e pi0 � p1. In addition, byClaims 1, 2 and 3, we have that for all i, 23
 � �i � 32 .Consequently, from Lemma 3 we getA(S) � 32 � 
3 + 103 
p1 :

In summary, we have that A(S) � max(
; 32� 
3+ 103 
p1).For 
 = 98�20p1 , we getA(S) � 
 � 98� 20a1 : ut6 Algorithm A: �1 + (3a1)1=31�(3a1)1=3�-approximationIn this se
tion we present our best algorithm for smallvalues of a1. The algorithm works under the assump-tion that a1 < 13 . The goal is to generalize the binarytree 
onstru
tion and to use the embedding of Lemma7. Informally, the algorithm works as follows. First, thealgorithm rounds down ea
h ai and sets fi to be themaximal 1pi2ri � ai where pi and ri are integers, andx � pi < 2x for some integer x � 1 to be determinedlater. This rounding guarantees that xx+1ai � fi � aifor all i. To apply Lemma 7, we need to have suÆ
ientlylarge residual 
apa
ity �. If � is too small, we did notlose mu
h so far, and we may 
ontinue redu
ing the al-lo
ated frequen
ies fi. But now, we round the fi's downto bbfi

. This is done until � is large enough.input: demand probabilities fw1 : : : wMgsu
h that wi � wi+1 for 1 � i < Moutput: frequen
ies ffigshorthand: � =P(ai � fi)for i 2 f1; : : : ;Mg doai  pwiPMj=1 pwjk j� log(3a1)3 kx 2kfor i 2 f1; : : : ;Mg do �rst phasepi  lx � 2dlog aieai m note that x � pi < 2xfi  xpi � 2dlog aiefor 1 2 f1; : : : ;Mg do se
ond phaseif � < 3x(x�12 ) �max ffigthen fi  bbai

Fig. 6. Algorithm A: �1 + (3a1)1=31�(3a1)1=3 �-approximation.The formal des
ription of Algorithm A appears inFigure 6. The following theorem shows that it produ
esa perfe
tly periodi
 s
hedule.Theorem 6. If a1 < 13 , then there exists a perfe
tly pe-riodi
 s
hedule for the frequen
ies produ
ed by AlgorithmA.Proof. Initially, we set x = jj(3a1)� 13 kk and thereforex � 1 for 0 < a1 < 13 . In the �rst phase, for 1 � i �M ,we set fi to be the maximal number not larger than aithat has the form 1pi2ri , where x � pi < 2x and both piand ri are integers. More formally, pi and ri satisfy the



12 Bar-Noy et al.: Nearly Optimal Perfe
tly Periodi
 S
hedulesfollowing inequalities:1x2ri+1 < ai � 1x2ri1pi2ri � ai < 1(pi � 1)2ri (11)It is not diÆ
ult to verify that the values of ri and piare given by the following expressions.ri = �log� 1aix�� (12)pi = � 12riai� = �x � 2dlog aieai � (13)(The last equality follows from the fa
t that x is a powerof 2.) In the se
ond phase, we iterate through the fi'sin any order, and round them down to bbfi

 until � �(3x�1)x2 �max ffig, or until all frequen
ies are powers of12 . In the latter 
ase, we 
an embed the frequen
ies ina binary tree by Lemma 4. In the former 
ase, we 
anembed the frequen
ies in a tree using Lemma 7. To seethis, note that pi is an integral number between x and2x�1, i.e., in the terminology of Lemma 7, we have L = xand H = 2x� 1, and hen
e L+H2 (H � L+ 1) � (3x�1)x2and the lemma is appli
able. Finally, the existen
e of aperfe
tly periodi
 s
hedule follows from Theorem 1. utThe next theorem bounds the approximation fa
torof Algorithm A.Theorem 7. If S is a s
hedule produ
ed by AlgorithmA, then A(S) � 1 + (3a1) 131� (3a1) 13 :Proof. We 
onsider two 
ases. Suppose �rst that afterthe �rst phase, � � (3x�1)x2 �max ffig. We 
laim that inthis 
ase A(S) � 1 + 1x . To see this, �rst note that forall i, aifi � pi+1pi by Eq. (11), and the fa
t that ri � 0 byEq. (12). Hen
e A(S) � 1 + 1x by the fa
t that pi+1pi �x+1x , sin
e pi � x by Eq. (13).The se
ond 
ase is where � < (3x�1)x2 �max ffig af-ter the �rst phase. We �rst bound �. Consider the lastrounding in the se
ond phase. Before that last rounding,� < (3x�1)x2 �max ffig. The last rounding in
reases� byat most 12 max ffig, and hen
e, when the se
ond phaseis over, we have� � � (3x� 1)x2 + 12� �max ffig � 3x2a12 :The last inequality is true sin
e x � 1. Next, we bound�i = aifi for any i 2 f1; : : : ;Mg. Clearly, fi � ai always,and hen
e, �i � 1. Also, �i < 2, sin
e fi > ai2 in boththe �rst and the se
ond phases. Using these bounds on� and �i we get from Corollary 1 that in this 
ase,A(S) � 1 + 2� � 1 + 3x2a1 :In summary, we have that in any 
ase,A(S) � max�1 + 1x ; 1 + 3x2a1� :

By the de�nition of x, we get that 3x2a1 � 1x . We there-fore 
on
lude thatA(S) � 1 + 1x � 1 + 11(3a1) 13 � 1 = 1 + (3a1) 131� (3a1) 13 : ut7 Lower BoundsOur upper bounds depend on a1 = pmaxMi=1fwigPMi=1pwj . Theseupper bounds use the lower bound on the 
ost of anoptimal s
hedule (Lemma 1), derived from the relaxedproblem. In this se
tion, we show that the dependen
yon a1 is unavoidable with this method: we prove thatthere are s
hedules for whi
h the 
ost is at least �1 + a21�times the 
ost of the relaxed problem. Spe
i�
ally, weshow that for any M � 2, there exists a sequen
e with(1=(M � 1)) < a1 < (1=M) su
h that the 
ost of anyperfe
tly periodi
 s
hedule for the sequen
e is at least�1 + a21� times the 
ost of the best relaxed solution. Fur-thermore, for s
hedules that are generated by weightedtrees (as are all the s
hedules in this paper), the 
ost is atleast (1 + 0:8a1) times the 
ost of the relaxed problem.Note that the values of a1 andM are related. Similar se-quen
es 
an be 
onstru
ted for other relations betweenthese two parameters.We start with the general result. Given M � 2 and" > 0, de�ne a set A of M pages with demand prob-abilities n 1�"M�1 ; : : : ; 1�"M�1 ; "o. For this set, we have thefollowing result.Theorem 8. For any M � 2 there exists a frequen
ysequen
e in whi
h 1M < a1 < 1M�1 and su
h that the
ost of any perfe
tly periodi
 s
hedule S is at least 1 +1(M�1)2 > 1+a21 times larger than the 
ost of the optimalrelaxed 
ost.Proof. The sequen
e is A for a small enough ". Let S beany perfe
tly periodi
 s
hedule with periods �1; �2; : : : ��M . Without loss of generality �1 � �2 � � � � � �M <1sin
e for optimizing the obje
tive fun
tion the periodof the last page should be the largest and the rest ofthe demand probabilities are identi
al. We hen
eforthignore the allo
ation for the last page in bounding the
ost of S, ex
ept for insisting that it exists. That is,PM�1i=1 1�i = 1 � Æ for some Æ > 0. Consider C(S). ByLemma 2, C(S) =PMi=1(�ia2i ). Sin
e the ai's of all of the�rst M � 1 pages are equal, their total 
ontribution toC(S) depends only onPM�1i=1 �i. Thus C(S) is minimizedwhen PM�1i=1 �i is minimized, subje
t to the 
onstraintthat PM�1i=1 1�i = 1� Æ. If the �i's 
an get any real value,standard 
al
ulus shows that the minimum is attainedfor �1 = �2 = � � � = �M�1 = M�11�Æ . This value is greaterthan M � 1 and less than M . But the �i's must be inte-gers and therefore, for " suÆ
iently small, the minimumis attained when the �i's are \almost" equal. More pre-
isely, the minimum is at least the value attained when�1 = �2 = � � � = �M�2 =M � 1 and �M�1 =M .
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hedules 13Finally, sin
e for vanishing ", ai = 1M�1 for 1 � i �M � 2, we getC(S) = MXi=1 �ia2i> M�1Xi=1 �ia2i� (M � 2)(M � 1) +M(M � 1)2= 1 + 1(M � 1)2 : utFor s
hedules that 
an be embedded in trees, weprove a stronger bound, based on the arguments of The-orem 8 and the additional observation that in this 
ase,we may assume that the two minimal frequen
ies areequal.We start with the following lemma, that allows us toignore trees with un-assigned leaves.Lemma 10. Let P be a set of pages, and let S be as
hedule for P with periods f�ig su
h that the frequen-
ies n 1�i j i 2 Po 
an be embedded in a tree. Then thereexists a s
hedule S0 with periods f� 0i j i 2 Pg su
h thatPi2P 1� 0i = 1 and C(S0) � C(S).Proof. If Pi2P 1�i = 1 we are done. Otherwise, 
onsiderthe tree T 
orresponding to S. Sin
ePi2P 1�i < 1, thereexist leaves in T without 
orresponding pages. We re-move all these leaves, and 
ontra
t nodes with one 
hild,getting another tree T 0. We 
arry over the 
orrespon-den
e between P and the leaves of T to the leaves of T 0.By Theorem 1, there exists a s
hedule S0 
orrespondingto T 0. Let the period of page i in S0 be � 0i , for all i 2 P .Sin
e all leaves of T 0 are mat
hed with pages in P , wehave that Pi2P 1� 0i = 1. Moreover, by 
onstru
tion wehave that � 0i � �i for all i; it follows from Lemma 2 thatC(S0) � C(S). utThe following 
orollary says that if a s
hedule 
an beembedded in a tree, then there are at least two pageswith the minimum frequen
y.Corollary 4. Let P be a set of pages, and let S be as
hedule for P with periods f�ig su
h that the frequen
iesn 1�i j i 2 Po 
an be embedded in a tree. Then there existsa s
hedule S0 with periods f� 0i j i 2 Pg su
h that C(S0) �C(S) and two distin
t pages i0; i1 2 P su
h that � 0i0 =� 0i1 = max f� 0i j i 2 Pg.Proof. Follows from Lemma 10 and the fa
t that withoutloss of generality, ea
h leaf in the tree has a sibling. utWe now state the result for trees. The main argumentis as in Theorem 8, boosted by Corollary 4.Theorem 9. For any M � 2 there exists a frequen
ysequen
e in whi
h 1M < a1 < 1M�1 and su
h that the 
ostof any perfe
tly periodi
 s
hedule S that 
an be embeddedin a tree, C(S) � 1 + 2p2�2(M�1) > 1 + 0:8a1.

Proof. The sequen
e is A for a small enough ". Let S beany perfe
tly periodi
 s
hedule with periods �1 � �2 �� � � � �M <1. By Corollary 4, we may assume withoutloss of generality that �M = �M�1. Next, observe that�M � M , sin
e otherwise PMi=1 1�i > 1. Denote �M =�M�1 = `. With this notation, we have thatM�2Xi=1 1�i = 1� 2̀ : (14)Now, by Lemma 2, C(S) = PMi=1(�ia2i ). Sin
e the ai'sof all �rst M � 1 pages are equal, their total 
ontribu-tion to C(S) depends only onPM�1i=1 �i. We fo
us on the�rst M � 2 terms. Using standard te
hniques, it 
an beseen thatPM�2i=1 �i is minimized subje
t to the 
onstraintEq. (14) when�1 = �2 = � � � = �M�2 = M � 21� 2̀ = (M � 2)``� 2 :Sin
e for vanishing " we have that ai = 1M�1 for i =1; : : : ;M � 1, it follows thatC(S) = MXi=1 �ia2i> M�1Xi=1 �ia2i� 1(M � 1)2 �(M � 2) � (M � 2)``� 2 + `� :For ` �M , the right hand side of the above inequality isminimized when ` = 2+p2(M�2). With some algebrai
manipulations we get thatC(S) � ((M � 1) + (p2� 1))2(M � 1)2> 1 + 2p2� 2M � 1� 1 + 0:828427M � 1 : ut8 Con
lusionIn this paper, we introdu
ed and explored the natural
on
ept of perfe
tly periodi
 s
hedules. We also intro-du
ed a novel tree methodology for designing su
h s
hed-ules. We have demonstrated, by algorithms and lowerbounds, the signi�
an
e of the quantity a1 for perfe
tlyperiodi
 s
hedules in general, and tree-based perfe
tlyperiodi
 s
hedules in parti
ular. There are many inter-esting questions we leave open. Let us list a few.� Trees represent hierar
hi
al s
hedules and do not rep-resent all possible perfe
tly periodi
 s
hedules (seeTheorem 2). Are there more e�e
tive ways to designperfe
tly periodi
 s
hedules?� Are there better s
hedules than the ones we pre-sented? Are there better lower bounds?
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tly Periodi
 S
hedules� In our model, the length of ea
h page was a unit. Howdoes one extend the algorithms to the 
ase where ea
hpage has an arbitrary positive length?� In our model, only one page 
an be served in ea
htime unit. How does one extend the model to the 
aseof \parallel servers," where k pages 
an be served inthe same time slots, for some �xed parameter k?� The hardness result of [8℄ is proved when the sum ofrequested frequen
ies is less than 1. It is not readily
lear that it holds when the sum of requested fre-quen
ies is exa
tly 1.A
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