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Abstract. We consider the problem of smoothing real-time
streams (such as video streams), where the goal is to reproduce a variable-bandwidth stream remotely, while minimizing bandwidth cost, space requirement, and playback delay.
We focus on lossy schedules, where data may be dropped due
to limited bandwidth or space. We present the following results. First, we determine the optimal tradeoff between buffer
space, smoothing delay, and link bandwidth for lossy smoothing schedules. Speciﬁcally, this means that if two of these
parameters are given, we can precisely calculate the value for
the third which minimizes data loss while avoiding resource
wastage. The tradeoff is accomplished by a simple generic algorithm, that allows one some freedom in choosing which data
to discard. This algorithm is very easy to implement both at
the server and at the client, and it enjoys the nice property that
only the server decides which data to discard, and the client
needs only to reconstruct the stream.
In a second set of results we study the case where different parts of the data have different importance, modeled by
assigning a real “weight” to each packet in the stream. For
this setting we use competitive analysis, i.e., we compare the
weight delivered by on-line algorithms to the weight of an optimal off-line schedule using the same resources. We prove that
a natural greedy algorithm is 4-competitive. We also prove a
lower bound of 1.23 on the competitive ratio of any deterministic on-line algorithm. Finally, we give a few experimental
results which seem to indicate that smoothing is very effective in practice, and that the greedy algorithm performs very
well in the weighted case.

1 Introduction
The essence of real-time communication is to reproduce a
given data stream in a remote location; one of the main difﬁculties in doing it is that often, the bit rate of a real-time stream
varies with time, while communication bandwidth is usually
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allocated in advanced, and hence it is basically ﬁxed. This
fundamental conﬂict between variable bandwidth requirement
and constant bandwidth supply has many possible solutions:
• Degradation of service by “truncating” the stream to the
link rate [7], or alternatively, reserving bandwidth for the
peak rate, resulting in link under-utilization [13].
• Statistical multiplexing [12], relying on an assumed statistical independence of the bit rates of different streams;
• More complex trafﬁc descriptors such as VBR [19], allowing for a more reﬁned speciﬁcation of bursts;
• Renegotiation protocols [9] which facilitate dynamic
bandwidth allocation; and
• Smoothing, which is the focus of this paper.
In smoothing, the basic idea is to trade bandwidth for space
and latency. Speciﬁcally, the input stream, instead of being
submitted directly to the communication link, is ﬁrst stored in
a server’s buffer (see Fig. 1); the server submits data stored
in its buffer to the link when it deems appropriate, subject to
the link rate constraint. Data arriving at the other side of the
link is ﬁrst stored in a client’s buffer, which delivers it to the
playout device after a reconstruction action. The added ﬂexibility provided by the buffers is used to create smoother trafﬁc
on the communication link, thus reducing the peak bandwidth
requirement of the stream. Indeed, this technique is used on
many levels, including, for example, MPEG encoders and decoders [2,3]. The drawbacks of this method are the additional
memory space required, and the added latency. In many practical cases, however, one can signiﬁcantly reduce the peak
bandwidth using only a relatively modest amount of space
without unbearable delay.
The basic problem in smoothing is determining what is
the link rate, buffer sizes, the playout delay, and, of course,
what is the right algorithm to use. Much is known about the
off-line case, where the entire stream is given ahead of time,
thus allowing for preprocessing. The off-line scenario is well
justiﬁed in some cases, e.g., stored video. In many other settings, such as live broadcasts, one would like to smooth an
unknown stream in an on-line fashion.
Our results. In this paper we consider a basic variant of the
smoothing problem, where the link is lossless, its rate is constant, and consequently, data loss may occur. We assume that
data is partitioned into units called “slices” that can be dropped
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independently [6]. In some cases, called ﬁxed size slices, all
slices consist of the same number of bytes; otherwise, we say
that the slices have variable size. Our ﬁrst result is as follows.
Denote the total smoothing delay at the server and the client
by D, the buffer size (of the client and the server) by B, and
the link rate by R. Suppose that two of the three parameters
(space, delay and link rate) are given. We show that, for ﬁxed
size slices, the minimal number of slices is lost when the third
parameter is set so as to satisfy the relation B = R · D. (This
result has a more reﬁned form for variable size slices.) This
result does not depend on any statistical assumptions: it holds
deterministically, for all input streams. We explain how setting
the free parameter such that B = RD may adversely affect
system performance in the sense that there exists a scenario in
which there is either unnecessary loss of data or plain resource
wastage.
The algorithm which achieves the minimal data loss is
generic, in the sense that when some data must be dropped, it
is not important which slices are discarded (provided they are
available at the server). This intentional under-speciﬁcation is
very useful for practical encoding schemes, were the quality
of the output does not degrade linearly with the quantity of
lost data; in other words, the server is free to discard what
seems to be the least damaging data. On the other hand, the
client’s algorithm does not involve such difﬁcult decisions at
all; the client’s main burden is allocating the buffer space and
reconstructing the stream.
We then consider the more general case, where different
parts of the data have different importance. We model this
case by assigning a positive real number called weight to each
slice. The goal of a schedule in this generalized model is to
maximize the beneﬁt, deﬁned to be the sum of the weights
of slices delivered on time. For this setting, we use competitive analysis, i.e., we compare on-line algorithms to optimal
off-line schedules. Competitive analysis is attractive because
it avoids any statistical assumptions, and gives a performance
bound that holds for any input sequence (see [4] for an introduction to competitive analysis). Speciﬁcally, we deﬁne the
competitive ratio of an on-line algorithm to be the least upper
bound, over all input sequences, of the beneﬁt obtained by an
optimal (off-line) schedule, divided by the beneﬁt obtained
by the on-line algorithm. For this setting, we have the following results. We present a natural greedy on-line algorithm for
smoothing and prove an upper bound of 4 and a lower bound
of almost 2 on its competitive ratio. In other words, we show
that for any input stream, an optimal off-line schedule delivers at most 4 times the weight delivered by our algorithm, and
that in some cases, the greedy algorithm delivers only a little
more than half of the weight deliverable by an optimal offline algorithm. (These results also have a more reﬁned form
for variable size slices.) We conclude our competitive analysis
with a general lower bound of 1.23 on the competitive ratio of
deterministic on-line algorithm.
To get some feeling for real-world data, we present in
Sect. 5 a set of experimental results that seem to demonstrate
the viability of smoothing: using MPEG clips found on the
Internet, we show that modest buffer space can provide signiﬁcant improvement in the number of dropped frames, and
that the greedy algorithm usually has excellent performance
in practice.
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We close this paper in Sect. 6 with concluding remarks
and a few open problems.
Related work on smoothing. A considerable body of research was devoted to minimizing the number and cost of
changes for lossless smoothing. Rexford and Towsley [15]
give a thorough study of lossless smoothing over an internetwork. In this setting, the output stream need not be identical
to the input stream. Salehi et al. [16] present an off-line lossless smoothing algorithm which is optimal in terms of rate
variability. Rexford et al. [14] extend the optimal off-line algorithm of [16] to the on-line case by applying the off-line
algorithm piecewise, using a sliding window technique. This
idea is reﬁned in [5] by dynamically changing the sliding window size as a function of the current burstiness of the input
stream. Zhao et al. [23] consider the effect of the initial delay
in lossless schedules, and give an efﬁcient algorithm that ﬁnds
the optimal initial delay, after which there is no reduction in
the peak bandwidth. The signiﬁcance of the initial delay is also
the motivation for the work of Sen et al. [18], where they investigate the use of a proxy server to cache a preﬁx of popular
streams. This idea cannot be applied to on-line streams. Sen et
al. [17] explore the tradeoff between minimum client startup
delay, minimum client buffer requirement, transmission bandwidth, and channel holding time for CBR transmission of VBR
video. Jiang and Kleinrock [11] give an optimal off-line algorithm for the problem of minimizing the total cost of changes
of a lossless smoothing schedule. Their only assumption is
that the cost of a change is local, in the sense that the overall
cost is the sum of the individual change costs.
Another research direction is to study the inherent properties of VBR trafﬁc, and video in particular. For example,
Wrege et al. [20] present a deterministic model for VBR trafﬁc, and study the earliest-deadline-ﬁrst scheduling policy in
this context. Feng and Rexford [8] present an experimental
study of various smoothing algorithms. Dufﬁeld et al. [7] propose an algorithm for controlling the MPEG encoding so as
to get smooth streams. Ni et al. [10] present a formula similar
to ours for the connection between delay, buffer size, and link
rate. However, their model is different: all the input stream
is available in advance, so different bytes may have different
smoothing delays. In their model, they claim that the delaybandwidth product is a lower bound on the buffer size. Zhang
et al. [22] study the case where the buffer size, playout delay
and the link rate are given, and the question is how to minimize the number of frames discarded, under the assumption
that only whole frames can be discarded. They give an optimal algorithm, and a few heuristics which appear to be quite
efﬁcient for motion-JPEG streams.
Paper organization. The rest of this paper is organized as
follows. In Sect. 2 we describe the underlying model in detail.
In Sect. 3 we present the generic algorithm and prove the basic connection between delay, buffer space, and link rate. In
Sect. 4 we consider the model where each byte may have a
different weight. Finally, in Sect. 5, we present some performance results for weighted and unweighted lossy smoothing.
We summarize in Sect. 6.
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Fig. 1. A schematic representation of a smoothing system. The link is lossless and FIFO

2 Problem statement
2.1 Informal description
Intuitively, the system we consider consists of a source, a
server buffer, a communication link, a client buffer, and a sink
(see Fig. 1). During each time step (we consider a slotted time
model), the following events happen.
• A source generates some data called a frame, which is
inserted to a server’s buffer. Each frame is a collection of
slices, and each slice is a sequence of bytes. Slices are the
basic units of data that can be dropped individually without
affecting other slices [6], and bytes are the basic data units
that can be sent over the link individually. (Throughout
this paper, we use the term “byte” in an abstract sense: all
that our model requires is that all “bytes” have equal size,
and that they can be sent individually over the link.)
• The server submits some data currently stored in its buffer
to a link.
• The link delivers the data it holds to the client’s buffer. The
link is assumed to be lossless, ﬁrst in ﬁrst out (FIFO), and
with a constant delay per byte.
• The client plays out some of the complete slices stored in
its buffer by delivering them to a playout device.
• In addition, any number of the slices currently stored at
the server’s buffer or the client’s buffer may be dropped at
the discretion of the algorithm.
Slices may be dropped due to the following reasons.
Server overﬂow. The server’s buffer has limited space, and
the link has a limited rate which bounds the rate at which
the server’s buffer can be drained. If the size of an incoming
frame is larger than the current free space in the buffer, some of
the slices (possibly old) must be discarded. A slice cannot be
dropped after it starts being transmitted (i.e., no pre-emption).
Client overﬂow. Usually, there is a limit on the rate in which
the client’s buffer is drained (this is always the case in realtime systems – see below). If the number of bytes arriving at
the client is larger than its current free space, then some slices
must be dropped.
Early drop. The algorithm may drop slices at any time, even
when no overﬂow occurs, possibly to avoid drops later.
In our model, the buffers are random access (a.k.a. pushout) buffers, i.e., any part of the data stored in buffer can be
removed to free its space.

The goal of a real-time smoothing schedule is to reconstruct the input stream generated at the source as closely as
possible at the playout device. To this end, we assume that
there is some convention by which we can recognize, for each
piece of data, what is its arrival time (e.g., by a frame number
carried in the header).
The performance measures of interest for a smoothing system
are the following.
• Playout Latency: How long does it take for a byte since it
is generated at the source until it is played out.
• Buffer Requirement: How much buffer space do the server
and client need.
• Link Rate: What is the maximal link rate used by the
smoothing schedule.
• Fidelity: How close is the reconstructed stream to the original input stream.
Note that while playout latency, buffer space and link rate are
well deﬁned and easy to measure, ﬁdelity is harder to quantify.
In particular, if the schedule is lossy, (i.e., some of the data
is dropped), the perceived ﬁdelity seems subjective [22], and
depends on the actual stream and encoding scheme employed.
In full generality, one may have a cost function assigning a
“ﬁdelity index” for the pair of full input and output streams. A
simpler alternative is to have a local value function assigning
a (potentially different) value to each slice, and the overall
ﬁdelity index is the sum of the value of played-out data. A
special case of a local value function is assigning to each slice
s its size |s|, thus simply measuring how many bytes are played
out by the system.
2.2 Formal model and notation
The following deﬁnition formalizes the notion of an input
stream. Intuitively, it is deﬁned by specifying for each slice
its exact time of arrival in the system, and its size in bytes. For
example, a frame of a video stream is just the set of all slices
whose arrival time is the time the frame is generated. Using
slices as a basic entity will allow us to drop data at a ﬁner
level than frames. The lower-level notion of “bytes” allows
for segmentation and re-assembly at the link level.
Deﬁnition 2.1 An input stream is a set B of slices. Each slice
s is a set of |s| ∈ N bytes, and has its arrival time AT(s) ∈ N.
def 
The size of a set B of slices is |B| = s∈B |s|. The size of a
set of bytes is the number of bytes it contains.
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(We use N to denote the set of natural numbers including 0.)
In many cases, we abuse notation slightly and when talk about
a “set of slices” we actually refer to the set of bytes contained
in these slices. As we shall see later, a byte inherits most of its
attributes from the slice that contains it. This is why the size
of a set of slices is deﬁned to be the number of bytes contained
in its slices.
Next, we formally deﬁne the notion of a schedule. In the
deﬁnition below, we use the convention that the time of an
event is inﬁnity if and only if the event never occurs.

Let us be more speciﬁc regarding the order of events at the
server. The convention we use is as follows. Just before step t
starts, the server stores Bs (t−1) and the client stores Bc (t−1).
At step t, ﬁrst the set A(t) arrives at the server. The server
then may drop D(t) ⊆ A(t) ∪ Bs (t − 1), and then it sends
S(t) ⊆ A(t) ∪ Bs (t − 1) \ D(t). The remaining set at the
server is Bs (t) = (A(t) ∪ Bs (t − 1)) \ (D(t) ∪ S(t)).
Finally, we deﬁne the performance metrics for a given
schedule. Note that our measures are deﬁned given the full
schedule.

Deﬁnition 2.2 A smoothing schedule for a given input stream
is deﬁned by the following additional functions.
• send time function, denoted ST, mapping bytes to N ∪
{∞}.
• receive time function, denoted RT, mapping bytes to N ∪
{∞}.
• playback time function, denoted PT, mapping bytes or
slices to N ∪ {∞}.
• drop time function, denoted DT, mapping bytes or slices
to N ∪ {∞}.

Deﬁnition 2.4 Let a smoothing schedule be given.
• The server buffer requirement is the least upper bound
on |Bs (t)| over all t.
• Similarly, the client buffer requirement is the least upper
bound on |Bc (t)| over all t.
• The link rate requirement is the least upper bound on
|R(t)| over all t.
• The throughput of a schedule is the total number of bytes
played out by the schedule.

All bytes in a slice arrive at the same time, played back
at the same time, and discarded at the same time (possibly
inﬁnite). However, bytes of the same slice may have different
send times and different receive times. For example, all the
bytes in a slice s are generated by the source at time AT(s). A
byte b in slice s may then wait in the server’s buffer until time
ST(b), when it enters the link. At time RT(b) byte b is received
at the client’s buffer, where it waits until it is played out at time
PT(b) = PT(s). For this slice we have inﬁnite drop time, i.e.,
DT(s) = ∞. Another slice s may be generated at the source
at time AT(s ), and dropped from the server’s buffer at time
DT(s ); for this slice we have ST(s ) = RT(s ) = PT(s ) =
∞. Naturally, the functions deﬁned above must obey certain
restrictions if they describe a schedule as we intend, such as
“a byte is not sent before it arrives” etc. We skip the formal
details here.
The following additional derived notations are intuitive
and useful.
Deﬁnition 2.3 Let a smoothing schedule be given.
• A(t) is the set of slices (alternatively, bytes) arriving at
time t, also called the frame generated at time t.
• S(t) is the set of bytes transmitted at time t.
• R(t) is the set of bytes delivered at time t.
• P(t) is the set of slices (alternatively, bytes) played out at
time t, also called the frame played at time t.
• D(t) is the set of slices dropped at time t.
• Bs (t) is the set of bytes stored at the server at time t.
• Bc (t) is the set of bytes stored at the client at time t.
• The sojourn time for a byte (alternatively, a slice) b is
PT(b) − AT(b).
• The link delay for a byte b with ﬁnite sojourn time is
RT(b) − ST(b).
• The smoothing delay for a byte b with ﬁnite sojourn time is
its sojourn time minus its link delay, i.e, (PT(b)−AT(b))−
(RT(b) − ST(b)).
The ﬁrst ﬁve functions are extended to hold for time intervals.
For example, if I is a time interval,then A(I) is the set of all
bytes that arrive in I, i.e., A(I) = t∈I A(t), etc.

We sometimes refer to buffer requirement as space requirement.
Thus far, we have deﬁned a model for transmitting a general input stream with buffers. Our last step is to specialize the
model to the case of real-time streams.
Deﬁnition 2.5 A smoothing schedule is said to be a real-time
smoothing schedule if the sojourn time for all slices with ﬁnite
sojourn time is the same.
For the most part of this paper, we abstract the communication network as a single lossless link with 0-jitter, i.e., the
link delay of all bytes is some ﬁxed parameter P . This simpliﬁcation (that can be justiﬁed by jitter control algorithms,
e.g., [21]) allows us to concentrate on smoothing without taking into account the (important) effect of delay jitter. More
speciﬁcally, with this abstraction, we assume that smoothing
delay occurs only in the server and the client. Note that for
the case of real time schedules with 0 delay jitter, all bytes
in non-dropped slices must have the same smoothing delay:
bytes belonging to the same slice arrive and are played back
at the same time, and they spend the same amount of time in
transit over the link. We denote this common smoothing delay
by D.
We close this section with a deﬁnition of a local weight
(sometimes called value) function, which is a simpliﬁed representation of the fact that not all slices in a stream have equal
importance. The function is called “local” since the value assigned to a slice does not depend on other slices.
Deﬁnition 2.6 A local weight function w for a given input
stream B is a function which assigns a real number w(s) to
each slice s ∈ B. The beneﬁt of a real-time schedule S for B
is the sum of weights of all slices with ﬁnite sojourn time.
Note that the beneﬁt induced by the local weight function
which assigns |s| to each slice s is simply the throughput of
the schedule.
3 The generic algorithm
In this section we consider schedules whose goal is to maximize the number of slices played out by the client. Our results
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hold for the general case of slices with different sizes. We ﬁrst
assume that all slices have size 1. In Sect. 3.1 we present the
algorithm, and in Sect. 3.2 we show that it is optimal for the
special case of unit-size slices. We then extend the results to
the general case, where slices may have different sizes. For
this case, we prove that the algorithm is guaranteed only to
be close to optimal (the ratio between the algorithm and the
optimal value depends on the size of the largest slice). The
latter proof contains a result relating the throughput of buffers
of different sizes (and unit size slices), which may be of independent interest.

3.1.2 Client’s algorithm
The client’s algorithm is even simpler: when the ﬁrst slice s0
arrives at the client’s buffer, a timer is set to D time units.
When the timer expires, all available slices that arrived in the
system at time AT(s0 ) (i.e, all the slices of the ﬁrst frame)
currently stored in the client’s buffer are played out; thereafter,
at each step t, frame t—that is, the slices of frame t—are
displayed. (We show later that only whole slices are played
out.) Formally, we have
P(t) = {s : AT(s) = t−P −D, RT(s) ≤ t} .

3.1 The algorithm
Recall that in the case of real-time schedules with 0 delay
jitter, all slices have exactly the same smoothing delay D. The
algorithm is deﬁned by means of the following quantities:
maximum line rate R, smoothing delay D, and buffer space
B = min(Bs , Bc ). Our main result in this section (Theorem
3.5) is that when given any two of these quantities, the optimal
choice for the third is determined by the identity
B =D·R

(1)

The buffer space needed at the client and the server is equal
to B: making only one of the buffers bigger does not help, as
we shall show later.
We remark that this result is the ﬁrst proof that relates
the three quantities in the case of lossy on-line scheduling
algorithms.
3.1.1 Server’s algorithm
The server’s job is extremely simple: whenever the server’s
buffer is non-empty, its contents is transmitted, in FIFO order,
to the client at the maximal possible rate. Whenever a new
frame is input into the server’s buffer, the size of the buffer is
checked to ensure that the total number of slices in the server’s
buffer does not exceed B. If the server’s occupancy becomes
B + Z for some Z > 0, then an arbitrary set of Z slices
is discarded from the buffer. We leave the way information
is discarded unspeciﬁed at this point. Recall, however, that
a slice is never pre-empted after it commenced transmission
(this is applicable to the case of variable slice sizes).
Formally, to describe our schedule, recall that S(t), Bs (t)
and D(t) denote the set of bytes sent, stored or dropped, respectively, at time t. The algorithm speciﬁcation for any step
t is as follows:


|S(t)| = min R , |Bs (t−1)| + |A(t)|
(2)


|D(t)| = max 0 , |Bs (t−1)|+|A(t)|−|S(t)|−B
(3)
The actual identity of the slices dropped is unrestricted, provided they are available at the server at time t:

3.2 Analysis for ﬁxed size slices
We now analyze the generic algorithm for the case that |s| = 1
for all slices s. Speciﬁcally, we prove that the generic algorithm
above loses the least number of slices (alternatively, has the
maximal throughput) among all algorithms with buffer space
B and link rate R.
For the remainder of this section, ﬁx the input stream. To
show optimality of the algorithm, we ﬁrst state the simple fact
that the server transmits as many slices as possible, subject to
the server buffer and link rate constraints. This fact follows
from the greedy nature of the server’s algorithm.
Lemma 3.1 Let S(t) denote the set of bytes transmitted by
the generic algorithm at time t for a given input stream, and
let Ŝ(t) denote the set of bytes transmitted by any schedule for
that stream using server buffer size B and link rate R. Then
t
t
for all t, i=0 |S(i)| ≥ i=0 |Ŝ(i)|.
Since the server is pushing as many bytes as possible to
the link, it is sufﬁcient to show that all bytes which arrive at
the client are played out. We prove this fact by showing that
there is no client overﬂow, and that no byte arrives at the client
too late.
We ﬁrst bound the space requirement of the server, and the
time any byte spends in the server’s buffer.
Lemma 3.2 The server’s buffer requirement under the schedules produced by the generic algorithm is B. Moreover, no
byte is submitted to the link more than B/R time units after
its arrival.
Proof. The server’s buffer requirement is obvious from the algorithm: at any time t, the number of bytes dropped, according
to Eq. (3) is exactly the minimal number which ensures that
|Bs (t)| ≤ B. For the second part of the lemma, note that
by the FIFO order of transmission, and since by Eq. (2) the
server transmits at maximum rate whenever it is not empty, a
byte which arrives at time t is submitted to the link by time
t + |Bs (t)|/R, or else it was dropped by that time.



D(t) ⊆ Bs (t − 1) ∪ A(t) − S(t) .

A direct implication of Lemma 3.2 is that no byte arrives
at the client too late (recall that P is the link’s constant delay).

For the set of transmitted bytes, we require that these are the
slices with the smallest arrival times among all slices which
were not dropped (i.e., the server buffer maintains FIFO ordering).

Lemma 3.3 Let t be any time step. For all bytes b ∈ R(t),
we have that AT(b) ≥ t − (P + B/R). Conversely, for any
byte b: if AT(b) = t and b is not dropped by the server, then
t+P ≤ RT(b) ≤ t+P +B/R.
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Proof. Follows immediately from Lemma 3.2, and the assumption that there is a constant delay of P time units over
the link, i.e., R(t) = S(t − P ).


Lemma 3.3 shows that no slice has to be discarded by the
client due to missing its deadline, i.e., there is no underﬂow.
Next, we prove that there is no overﬂow at the client buffer.
Lemma 3.4 The buffer space requirement of the client under
the generic algorithm is B.
Proof. Consider any time step t. Note that all bytes stored in
the client’s buffer at time t were input to the system after time
t−P −B/R: bytes with smaller arrival time have already been
played out by the client’s algorithm, or have been discarded
by the server by Lemma 3.3. Also, since we assume that all
bytes have a ﬁxed link delay P , we have that all bytes stored
at the client’s buffer at time t were input no later than time
t − P . Formally, for all b ∈ Bc (t), we have that t−P − B
R ≤
AT(b) ≤ t−P . This, using Lemma 3.3, means that all bytes
stored at the client at time t were delivered by the link in the
time interval [t−B/R , t]. Therefore, since the link delivers at
most R bytes at each time step, we conclude that |Bc (t)| ≤ B.


Thus we have the following result, which is a direct consequence of the lemmas above.
Theorem 3.5 Let D(t) denote the set of slices dropped by the
generic algorithm at time t for a given input stream, and let
D̂(t) denote the set of slices dropped by any real-time schedule
for that stream using server buffer size B and link rate R. Then
t
t
for all t, i=0 |D(i)| ≤ i=0 |D̂(i)|.
3.3 Practical considerations
Let us make a few remarks about our smoothing protocol from
the practical viewpoint. First, note that the algorithm works
without explicit clock synchronization: the client just sets the
timer to D when the ﬁrst slice arrives; when this timer goes off,
the client starts playing out one frame at a step (more precisely,
the slices that were not dropped from that frame). Thereafter,
synchronization is implied by the fact that the source and the
playout device run at the exact same rate.
Secondly, it is straightforward to use the result in a simple
setup protocol: the client and the server advertise their buffer
size in the connection setup message. A client may also specify
the desired latency, from which the required bandwidth can be
computed.
It is interesting to note what happens if B = RD. The
following observations provide some insight:
1. Suppose B < RD. Let us consider separately what happens if either B, R or D can be changed by the algorithm.
• If B and R are ﬁxed and D is under the algorithm’s
control, we may decrease the playout delay to any
value larger than B/R, and the number of dropped
slices will not increase if we use the generic algorithm, for any input sequence. To see that, note that
each byte spends at least D − B/R > 0 time units
at the client’s buffer: we may reduce this unnecessary
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delay to any non-negative value without incurring additional overﬂows. Moreover, if the client’s buffer size
was not large enough, then decreasing the delay may
actually increase the throughput, by eliminating some
of the client overﬂows.
• If R and D are ﬁxed and B can be changed, then in
the case of server overﬂows, increasing B to any value
not larger than DR will increase the total throughput
without changing the delay and rate.
• If B and D is ﬁxed and R can be changed, the situation is different: on some inputs, decreasing the rate to
B/D will result in less throughput. This happens, for
example, when the input is perfectly smooth with rate
R > B/D.
2. Suppose B > DR.
• If B can be changed, we may decrease the size of the
server buffer and client buffer to DR without increasing the number of dropped slices in any input sequence,
by using the generic algorithm.
• Similarly, if we increase either B or D we may increase
throughput, so long as we maintain DR ≤ B.
3.4 Analysis for variable size slices
We now extend the results above to the case where we have
that the size of each slice is in the range [1, Lmax ] for some parameter Lmax . We show that in this case, the generic algorithm
may not be optimal, but its throughput is very close to optimal:
the degradation is no more than a factor of (B −Lmax +1)/B.
The extension is done in two steps. First, we prove a general relation between the total throughput of two buffers of different
sizes for unit-size slices (when the algorithm and the arrival
sequence are ﬁxed, it makes sense to discuss the throughput
corresponding to a given buffer size). Then we show a simple
reduction from arbitrary slice sizes to different server buffer
sizes.
3.4.1 The throughput of different server buffer sizes
Let us ignore the client’s buffer for a moment, and consider
only the throughput of the server’s buffer, i.e., the total number
of slices submitted to the link. We have the following general
result, bounding the throughput of a server buffer with respect
to another server with a larger buffer, assuming that all slices
have size 1.
Lemma 3.6 Fix an input stream where all slices have size
1, and consider two schedules: S1 is a schedule produced by
the generic algorithm using buffer of size B1 , and S2 is a
schedule produced by the generic algorithm using buffer of
size B2 ≥ B1 . Then the throughput of S1 is at least B1 /B2
times the throughput of S2 . Formally, let T ≥ 0 be the last
step where a slice is sent by either S1 or S2 . Then
T

t=0

|S1 (t)| ≥

T
B1 
·
|S2 (t)| .
B2 t=0

Proof. Let B1 (t) denote the server’s buffer contents at time
t under S1 , and similarly, let B2 (t) denote the server’s buffer
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contents at time t under S2 . To prove the lemma, we consider
some of the “busy periods” of S1 . Formally, a busy period is an
interval I = [start(I), end(I)] such that B1 (start(I) − 1) =
B1 (end(I)) = ∅, and B1 (t) = ∅ for all t ∈ I \ {end(I)}. Let
I=I : I
is a busy period such that |B1 (t)| = B1 for some t ∈ I ,
namely I is the set of all busy periods in which the buffer of S1
is full at some point. FixT from the statement of the lemma,
and let W = [0, T ] − I∈I I, i.e., W is the set of all time
steps not included in I. We now claim the following.
1. S1 does not drop slices at time steps included in W .
2. For all I ∈ I, we have that |S(I)| ≥ B1 .
3. For all I ∈ I, we have that B2 (end(I)) ≤ B2 − B1 .
Claim 1 follows from the fact that when an overﬂow occurs in
the generic algorithm, then the buffer is full. Claim 2 follows
from the fact that |B1 (t)| = B1 for some t ∈ I. Claim 3
follows from showing, by induction on time, that |B1 (t)| ≥
|B2 (t)| − (B2 − B1 ) for all t: this is true because S1 discards
slices only when its buffer occupancy is larger than B1 , and
because the space requirement of S2 is never more than B2 .
We can now prove the lemma (see justiﬁcations below).
T

t=0
T
t=0


|S2 (W )| + I∈I |S2 (I)|

(4)
|S1 (W )| + I∈I |S1 (I)|
|S1 (t)|



|A(W )|+ I∈I |S2 (I)|+|B2 (end(I))|

≤
|S1 (W )|+ I∈I |S1 (I)|



I∈I |S2 (I)| + |B2 (end(I))|

≤
(5)
I∈I |S1 (I)|

|S2 (I)| |I|(B2 − B1 )
≤ I∈I
+
(6)
|I|(B1 )
I∈I |S1 (I)|
B2 − B1
(7)
≤ 1+
B1
B2
.
=
B1
|S2 (t)|

=

To see that Inequality (5) is true, note that W is a set of disjoint
intervals whose start times are the end times of intervals in I;
the inequality follows because the set of slices transmitted by
S2 in W is at most all slices that arrive in W plus the slices that
reside in the buffer of S2 at the start of the intervals. Inequality
(5) is justiﬁed since by Claim 1 and the deﬁnition of I, we have
that |S1 (W )| = |A(W )|. Inequality (6) follows from Claims
2 and 3. Inequality (7) follows from the fact that in a busy
period, S1 transmits at the maximal
 possible speed,
 and thus
for each I ∈ I, we have that t∈I |S2 (t)| ≤ t∈I |S1 (t)|.


We remark that Lemma 3.6 is the best possible, in the
sense that its inequality is met with equality on some cases.
To see that, consider the input stream that consists of a batch
of B2 slices arriving at the same step, followed by B2 −1 steps
with no arrivals. Repeating this pattern indeﬁnitely, we get an
arbitrarily long input sequence in which S1 loses B2 − B1
slices out of every batch, while S2 doesn’t lose anything.
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3.4.2 The penalty for variable slice sizes
We now go back to the case of variable slice size. The main
difﬁculty is that since the slices can have different sizes, it
may be the case that a server overﬂow occurs even when the
server’s buffer is not full. However, we have the following
simple property, relating the throughput of the server in this
case to the throughput of a server that is allowed to break slices
arbitrarily.
Lemma 3.7 Let B be any input stream, and let B  be the input
stream derived from B by replacing each slice s by |s| slices
of size 1. Let S be the schedule obtained from the generic
algorithm for B with server buffer size B, and let S  be the
schedule of the generic algorithm for B  with server buffer size
B − Lmax + 1. Then the throughput of the server’s buffer in S
is larger than or equal to the throughput of the server’s buffer
in S  .
Proof. Let B(t) and B (t) denote the server’s buffer at time
t under S and S  , respectively. Similarly, let S(t) and S (t)
denote the set of bytes sent by S and S  at time t, respectively.
To prove the lemma, it is sufﬁcient to show that |B(t)| ≥
|B (t)| for all t. We show a stronger result by induction on
time: We show that for all t,
|B (t)| ≤ |B(t)| ≤ |B (t)| + Lmax − 1 .
The basis is trivial: both buffers are empty. For the inductive
step, assume that the invariant holds at time t and consider
time t + 1. By deﬁnition of the schedules, the number of bytes
arriving at time t + 1 is the same in B and B  . We proceed by
case analysis.
• If no bytes are dropped by S  then no bytes are dropped by
S. This is true because by the induction hypothesis, at time
t we have that the number of free slots in the server’s buffer
under S is B − |B(t)| ≥ (B − Lmax + 1) − |B (t)|, i.e.,
it is at least the number of free slots in the server’s buffer
under S  . Also by induction we have that |B(t + 1)| ≤
|B (t + 1)| + Lmax − 1, since the number of bytes sent by
S is at least the number of bytes sent by S  . To see that
|B (t + 1)| ≤ |B(t + 1)|, note that the number of bytes
sent by S at time t + 1 may be larger than the number of
bytes sent by S  at time t + 1 only if |B (t + 1)| = 0.
• If some bytes are dropped by S  and no bytes are dropped
by S, then since |B (t)| ≤ |B(t)| we have that |B (t+1)| ≤
|B(t+1)|.Also, if S  dropped some bytes then |B (t+1)| =
B−Lmax +1, and hence |B(t+1)| ≤ |B (t+1)|+Lmax −1
in this case.
• If bytes are dropped by both S and S  at time t + 1, then
clearly |B (t + 1)| = B − Lmax + 1. Moreover, |B(t +
1)| ≥ B − Lmax + 1 since otherwise, another complete
slice would have entered the buffer in S. |B(t + 1)| ≤
|B (t + 1)| + Lmax − 1 because |B(t + 1)| ≤ B.


Using the results for buffers with different sizes, we derive
the important property of servers for variable-size slices.
Corollary 3.8 The throughput of the server’s algorithm is at
least (B − Lmax + 1)/B times the optimal throughput.
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Proof. Denote the throughput of the server for the given input by θ. Consider a server with buffer size B − Lmax + 1
that gets the input stream modiﬁed by having each byte as
an independent slice. Let θ be the best possible throughput
for this scenario. By Lemma 3.7, θ ≥ θ . Next, consider the
best possible throughput θ∗ of a server with buffer space B
presented with the given input stream where each byte is a
slice. By Lemma 3.6, θ ≥ θ∗ (B − Lmax + 1)/B. The result
follows.


So consider the system using the same client’s this algorithm as described in Sect. 3.1.2, and assume now that the
slices have variable sizes. Using the results above, we conclude
with the following theorem, which generalizes Theorem 3.5
Theorem 3.9 The throughput of the generic algorithm for an
arbitrary input stream B with slice sizes in the range [1, Lmax ]
max +1
is at least B−LB
times the best possible throughput for B.
Proof. Lemmas 3.3 and 3.4 hold without change for the case of
different slice sizes. The theorem follows from Corollary 3.8.


4 Competitive analysis for general local value functions
The results of Sect. 3 imply that the decision of which slices
are dropped lies exclusively at the server. In this section we
zoom in to the server, and focus on the question: which slices
should be dropped? Thus, in this section, we ignore the client
completely, and all we consider is a single limited-space buffer
with ﬁxed drain rate, and an arbitrary arrival stream.
Now, if all slices are identical, it doesn’t make any difference which slices are dropped (only how many are dropped
matters). However, in many cases, not all slices are equal.
Therefore, to make the question slightly more realistic, we
generalize our treatment to general local value functions, i.e.,
we address the case that different slices have different values,
and the beneﬁt of a real-time schedule is the sum of the values
of the slices played.
Our main tool here is competitive analysis. In competitive
analysis, one compares the performance of an on-line algorithm to the performance of an optimal off-line algorithm. In
our case, the competitive analysis is done as follows. For each
input stream B, we compute the beneﬁt of the on-line algorithm, denoted by online(B), against the beneﬁt of an optimal
off-line algorithm, denoted by opt(B). An optimal off-line algorithm knows all the input stream in advance, and based on
the entire stream it ﬁnds an optimal schedule. The competitive ratio for an input stream B is the ratio of the two beneﬁts.
The competitive ratio of an on-line algorithm is the worst-case
competitive ratio over all input steams. An on-line algorithm
is called c-competitive, if for any input sequence B, we have
that opt(B)/online(B) ≤ c.
In this section, we present the following results. First, we
consider a natural greedy algorithm, and prove that it is 4 ·
B
B−2(Lmax −1) -competitive for slices with sizes in the range
[1, Lmax ] (in particular, this means that the algorithm is 4competitive for unit-size slices). We also show that the greedy
algorithm cannot be better than (2− B2 ) -competitive, even for
ﬁxed size slices. We then prove a lower bound of 1.23 on the
competitive ratio of any deterministic on-line algorithm. We
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require the on-line scheduler to adhere to FIFO scheduling:
it is clear that there exists an optimal off-line schedule which
maintains FIFO order; also, this is a very natural restriction
when discussing real-time smoothing.
For our algorithm, we choose a buffer size such that B =
DR. Theorems 3.5 and 3.9, as well as Lemmas 3.3 and 3.4,
guarantee that if B = DR then no overﬂow or underﬂow will
occur at the client buffer, i.e., no packet will arrive too early or
too late. This allows us to restrict attention to the server buffer
and the slices dropped from it, since any other slice will reach
the client and will be played back on time.
4.1 The greedy algorithm for a single buffer
When we have a general local value function, it seems natural
to drop slices with low value in exchange for slices with high
values. However, when slices have different sizes, we should
take their size into account too. To do that, we calculate the
byte value for each slice: the byte value of slice s is w(s)
|s| .
Using the byte value concept, we deﬁne the following rule of
greedy schedules:
When a server overﬂow occurs: Discard the slices with
the lowest byte value one by one in increasing byte
value order, until the total size of remaining slices does
not exceed B.
Ties are resolved arbitrarily; for the analysis below, we ﬁx a
greedy algorithm and an arrival sequence. We emphasize that
no slice is ever discarded once it starts being transmitted.
We now analyze the competitive ratio of the greedy algorithm. We treat the general case, where each slice can be of
size [1, Lmax ]. First we prove an upper bound of 4 B−2LBmax +2 ,
and then a lower bound of nearly 2.
Theorem 4.1 The competitive ratio of the greedy algorithm
is at most B−2L4B
.
max +2
Let us give some intuition for the argument underlying the
proof of Theorem 4.1. Consider unit size slices: in this case,
the theorem states that the greedy algorithm is 4-competitive.
To prove this, divide time into intervals of length D, and focus,
in each interval, on the most valuable bytes that arrive. On the
one hand, the optimal algorithm cannot accept more than the
2B most valuable bytes in each interval: at most B can be
sent and at most B can be stored in the buffer. On the other
hand, it is quite easy to see that the greedy algorithm sends, in
the current and the following interval combined, bytes whose
total value is at least as much as the value of the B most
valuable bytes that arrive in the current interval. These two
observations, put together, bound from below the total value
sent by the greedy algorithm by a quarter of the best possible
total value. Some care has to be exerted when extending the
argument to the general case of variable-size slices (which also
involves applying Theorem 3.9).
Let us now give a formal proof. First, some notation. For
def 
any set of slices A, let w(A) = s∈A w(s). Also recall that
the size of a set of slices is deﬁned to be the sum of the slice
sizes.
The following concept is central to our proof: For any set of
slices F , we use V (F ) to denote the subset of F with maximal
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value among all subsets whose size is at most B − Lmax + 1.
More formally:
Deﬁnition 4.2 Let W be the set of all subsets of F with size
at most B − Lmax + 1. Then V (F ) is a set F  ∈ W such that
for all F  ∈ W we have w(F  ) ≤ w(F  ). Ties are resolved
by the way the greedy algorithm resolves them.
In other words, V (F ) is the set of slices that would have resulted from the greedy rule above, when required to select
slices from F , so that the total size selected is no more than
B − Lmax + 1.
Note that |V (F )| ≥ min(|F |, B − 2(Lmax − 1)), because
slice size is at most Lmax by deﬁnition.
In the analysis below, it is convenient to assign a value
to each byte: a byte b in slice s is assumed to have value
def
w(b) = w(s)
|s| . Since the algorithm never preempts a slice
after it started transmitting it, we have that the total beneﬁt
of the algorithm can be computed by summing the values of
bytes the server sends.
We start with a lemma that says that the value of the most
valuable B − Lmax − 1 bytes arriving in any interval is either
sent during that interval or stored in the buffer when the interval
ends.
Lemma 4.3 Under the greedy algorithm, for any time t and
duration  ≥ 0, for the interval I = [t, t +  − 1] it holds that
w(S(I)) ≥ w(V (A(I))) − w(Bs (t + )) .
Proof. Deﬁne the set Y = V (Bs (t) ∪ A(I)). We claim that
all slices in Y are either sent during I or stored in Greedy’s
buffer by the end of I. Formally:
Y ⊆ Bs (t + ) ∪ S(I) .

(8)

Suppose that Eq. (8) is false. Then there exists a time in I in
which a slice from Y is dropped. Let t0 be the ﬁrst such time,
and b a byte from Y that was dropped at time t0 . By the rule
of the greedy algorithm, we have that w(b) < w(b ) for all
bytes b ∈ Bs (t0 ) with the possible exception of bytes of the
slice transmitted at time t0 . This means that there are bytes in
Bs (t0 ) of total size at least B − Lmax + 1 with value higher
than w(b). Since Bs (t0 ) ⊆ Bs (t)∪S(I), this is a contradiction
to the deﬁnition of Y . We can therefore use Eq. (8) to conclude
that
w(S(I)) + w(Bs (t + )) ≥ w(Y ) ,
and the result follows, since w(Y ) ≥ w(V (A(I))) by deﬁnition.


The next lemma says that the value stored in the buffer is
a lower bound on the total value transmitted by Greedy in the
following D time steps.
Lemma 4.4 In the greedy algorithm, for any time step t,
w(Bs (t)) ≤

D−1


w(S(t + i)) .

i=0

Proof. For i = 0, . . . , D − 1, let Xt (i) be the set of bytes
transmitted in the time interval [t, t + i] and the oldest (closest
to being transmitted) B −iR bytes in Bs (t+i−1). Intuitively,

Xt is a window into the input stream that advances at the rate
of transmission, so that it demarcates a ﬁxed set of “advancing
slots.” Initially, Xt is exactly the set of bytes held in the buffer,
and eventually, Xt is exactly the set of bytes transmitted in the
last D time units. Formally, Xt (0) = Bs (t − 1) and Xt (D −
1) = ∪D−1
i=0 S(t + i).
We claim that for all 0 ≤ i < D−1, w(Xt (i)) ≤ w(Xt (i+
1)). To see that, consider time t + i + 1. First a set of slices
A(t+i+1) arrive. Then a subset of Bs (t+i)∪A(t+i+1) may
be dropped. In this case, by deﬁnition of the greedy algorithm,
each byte is replaced by a byte whose value is not smaller, and
hence, the value of Xt (i) does not decrease. Finally, R bytes
from the head of the buffer are transmitted, but the deﬁnition
of Xt (i + 1) makes sure that this does not affect the set of
bytes we are considering. It follows from transitivity that
w(Bs (t))=w(Xt (0))≤w(Xt (D−1))=

D−1

i=0

w(S(t+i)) .




Combining Lemma 4.3 with  = D and Lemma 4.4 we
have the following corollary.
Lemma 4.5 In the greedy algorithm, for any interval I =
[t, t + D − 1],
2w(S(I)) + w(Bs (t + D)) − w(Bs (t)) ≥ w(V (A(I))) .
On the other hand, the following simple observation relates
the optimal beneﬁt to the value of V (A(I)) for any interval
I whose length is . The idea is that in the extreme case, the
optimal schedule can collect the value of the R + B most
valuable bytes that arrive in I.
Lemma 4.6 Let I be any time interval of  ≥ 0 steps. Then
the total value of slices that arrive during I and can ever
be sent by any algorithm with buffer space B is at most
R+B
B−2(Lmax −1) w(V (A(I))).
Proof. Assume ﬁrst that the number of all bytes arriving in
I is less than B − Lmax + 1. In this case, V (A(I)) is exactly the set of all arriving bytes, and the lemma clearly holds.
Assume now that at least B − Lmax + 1 bytes arrive in I.
Note that in this case, |V (A(I))| ≥ B − 2(Lmax − 1). We
will use this fact below. But ﬁrst observe that no algorithm
with buffer space B can accept (i.e., not drop) more than
B + R bytes in any interval of  time steps (that’s the “leaky
bucket” nature of the buffer). Since the bytes in V (A(I)) have
the greatest value among all bytes arriving in I, it follows
that the value of any additional byte accepted by any algo(A(I)))
w(V (A(I)))
rithm is at most w(V
|V (A(I))| ≤ B−2(Lmax −1) . Hence, the total
value any algorithm can accept in I using B space is at most
w(V (A(I)))
.


(B + R) · B−2(L
max −1)
Using Lemma 4.6, and Lemma 4.5 with  = D (and hence
R = B) we can now prove the theorem.
Proof of Theorem 4.1. Let T denote the last time step of the
greedy schedule. Without loss of generality, we may assume
that Bs (T + 1) = ∅. Divide time into intervals {Ij }j of length
D (the last interval may be shorter than D). Summing over all
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intervals Ij , we get from Lemma 4.5 that


w(V (A(Ij )))≤w(Bs (T+1)) − w(Bs (0)) + 2

T


tion that on-line algorithms must send the slices in FIFO order,
but it holds even when all slices have the same size.
w(S(t))

t=0

j

=2

T


w(S(t)) ,

(9)

t=0

by our assumption that w(Bs (0)) = w(Bs (T + 1)) = 0.
Eq. (9) means that the total beneﬁt of the greedy algorithm
is at least half of the sum of the w(V (A(Ij ))). On the other
hand, using Lemma 4.6 with  = D and summing over all
intervals, we get that the total
 beneﬁt of the optimal algorithm
is at most B−2(L2B
j w(V (A(Ij ))). Combining with
−1)
max
Eq. (9) completes the proof.


Next we show that 2 is a lower bound on the competitive
ratio of the greedy algorithm.
Theorem 4.7 There exists an input stream B of ﬁxed size
slices with byte values in the range [1, α], on which the value
of the optimal schedule is at least 2 −  times the value of the
2
1
greedy scheduling, for  ≥ α+1
+ B+1
, where B is the buffer
size.
Proof. We demonstrate the theorem by providing a parametric
example, where all slices have size 1 and the link rate R = 1.
Consider the following input stream, starting at time 0.
• At time 0, B + 1 slices arrive, with value 1 each.
• In each of time steps 1, 2 . . . , B, a single slice of value α
arrives.
• Finally, at time B +1, B +1 slices of value α each arrive.
The greedy algorithm does not drop any slice at steps
0, . . . , B, since there is no overﬂow in these steps. Thus, after
step B, the buffer contains B slices of value α each, and hence,
at step B+1, B slices of value α are necessarily dropped by the
greedy algorithm (one slice is sent out and B can be retained
in the buffer). The overall beneﬁt of the greedy algorithm for
the given scenario is 1 · (B + 1) + α · (B + 1). The optimal (off-line) algorithm for this case is as follows. In the ﬁrst
step, it drops all but one of the ﬁrst value-1 slices, which is
immediately sent out. At each steps 1, 2, . . . , B, the optimal
algorithm sends a slice of value α. It therefore has an empty
buffer after B steps, so it does not lose any slice of value α
at step B + 1, resulting in total beneﬁt of 1 + α(2B + 1).
Therefore, the competitive ratio is at least
(2B + 1)α + 1
2B + α + 1
= 2−
(B + 1)(α + 1)
(B + 1)(α + 1)


2
1
= 2−
+
(1 + B1 )(α + 1) B + 1


2
1
≥ 2−
+
,
α+1 B+1
since B ≥ 0.




4.2 A lower bound for deterministic on-line algorithms
for a single buffer
It turns out that no deterministic on-line algorithm can be very
close to optimal, as we show next. Our proof uses the assump-

Theorem 4.8 For any deterministic on-line algorithm A and
for a sufﬁciently large buffer size B, there exists an input sequence B such that the total value of an optimal schedule of B
is at least 1.2287 times the total value of the on-line algorithm
A, i.e., opt(B)/A(B) ≥ 1.2287.
Proof. Assume that the link rate is R = 1, and all slices have
unit size. We consider two scenarios, generalizing the argument of Theorem 4.7 to an arbitrary deterministic on-line algorithm. In both scenarios, the arrival sequence starts with
B + 1 slices of value 1 arriving at time 0. In each of the next
time steps, a single slice of value α arrives. Let t1 be the last
time that A sends a unit-size slice under this input sequence.
In the ﬁrst scenario, the input stream ends at time t1 . The
beneﬁt of A is at most 1·(t1 +1)+α·t1 . The optimal schedule
would not drop any slice in this case, for a total beneﬁt of
1 · (B + 1) + α · t1 .
In the second scenario, at time t1 + 1 a burst of B + 1
slices of value α arrives. The beneﬁt of A in this case is at
most 1 · (t1 + 1) + α · (B + 1), while the optimal schedule in
this case would drop all but the ﬁrst 1-value slices and will not
lose any α-value slice, for a total beneﬁt of 1 + α(t1 + B + 1).
For
 α = 2 and large B value, the ratio is
2(1+z)
min z+2
, where z = B/t1 . Equating both expres3 , 1+2z
sions and solving the resulting quadratic equation, we get that
the minimum value is approximately 1.2287 (for z ≈ 1.6861).


Remark. Lotker, and independently Sviridenko (personal
communications), have recently improved the analysis above
by choosing α ≈ 4.015 and obtained a lower bound of
1.28197.
5 Experimental results
In this section we present some experimental results for video
smoothing of clips obtained from the CNN archive [1]. The
results reported in this section reﬂect typical values for these
clips. We remark that the results in this section do not represent a comprehensive study of lossy smoothing: they are only
intended to give some sense beyond the theoretical results of
Sect. 4.
To get a better sense of the performance, in some cases we
plot the weighted loss instead of throughput: weighted loss is
the difference between the weight of the offered stream and the
weight of the played stream. (We remark that the competitive
ratio of weighted loss can be made arbitrarily large by using
the bad scenarios of Theorems 4.7 and 4.8 and large α values.)
We tested the weighted loss in our simple model: given an
MPEG stream, we assigned values to slices based on the type
of frame they are a part of. Speciﬁcally, we assigned values of
12 : 8 : 1 for I : P : B frames, respectively. The weighted loss
is the sum of the values of all slices lost in a given schedule,
divided by the the sum of the values of all slices in the input.
We compared two simple algorithms. The ﬁrst is the FIFO
algorithm (a.k.a. Tail-Drop algorithm), if an overﬂow occurs
at time i, then slices from frame i are discarded (intuitively, all
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Fig. 2. The weighted loss of the Tail-drop and Greedy algorithms
using a link rate 10% above the global average rate of the offered
stream. Each byte is a slice
R = 0.9 average rate
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Fig. 3. Fraction of lost value in a high quality clip of the Tail-drop
and Greedy algorithms under link rate 10% below the average rate.
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overﬂow is from the “tail” of the server’s buffer). The second
algorithm is the Greedy algorithm, in which whenever an overﬂow occurs, the slices with the lowest value are discarded from
the buffer, regardless of their location in the server’s buffer or
in the current input frame. We looked at two extremes for the
slice size: on one extreme, each byte is an individual slice;
and on the other extreme, each frame is an individual slice.
For comparison purposes, we also plot the optimal weighed
loss possible (by an off-line algorithm) for the given buffer
size and link rates.
The data used in our experiments has the following characteristics. The average frame size is about 38 KBytes, and the
maximum frame size is about 120 KBytes. The frequencies of
I, P , and B frames are about 8%, 31%, and 61%, respectively.
5.1 Single byte slices
Clearly, both Tail-Drop and Greedy perform the same if no
(or very little) loss occurs. In Fig. 2 we see a comparison of
the total value the algorithms lost due to overﬂow, for a highquality input stream, in the single-byte slices model, where

the link rate is 10% above the average stream rate (the average
stream rate is deﬁned to be the total number of bytes in the
stream divided by the total number of frames in the stream).
As expected, the Greedy algorithm outperforms the Tail-Drop
algorithm in all cases, and the overall weighted loss is never
too high, assuming that the buffer size is more than the size of
the largest frame.
In Fig. 3 we consider the same setting with a link whose
speed is set to be 10% below the average rate. Clearly, in
this case, at least 10% of the bytes are lost (ignoring one full
buffer’s worth). However, the weighted loss may be signiﬁcantly lower, as is the case for the Greedy algorithm and the
optimal schedule. On the other hand, the weighted loss of
the Tail-Drop algorithm is above 10%. This phenomenon can
be explained by the fact that in MPEG streams, the valuable
bytes come in large bursts; since Tail-Drop loses part of the
incoming burst, its weighted loss exceeds its unweighted loss.
5.2 Inﬂuence of the link rate
In Fig. 4, we plot the beneﬁt of the Greedy, Tail-Drop and the
optimal schedule, as we vary the link rate. It can be seen that
the Greedy algorithm manages to salvage most of the beneﬁt
even when the rate drops well below the average rate. One
possible interpretation is that the Greedy algorithm saves link
bandwidth by investing more processing in the server.
5.3 Whole frame slices
We also consider the case where each slice is a complete
frame. This case is very different: In Fig. 5, we compare the
optimal weighted loss for whole-frame slices with the optimal weighted loss for single-byte slices. The difference in the
weighted loss may be as high as nearly a factor of 4 when
the buffer is very small, but it shrinks when the buffer size
increases.
Figure 6 compares the weighted loss of the Tail-Drop and
Greedy algorithms for different slice sizes. It turns out that the
large difference in favor of the Greedy algorithm that exists in
byte-size slices is only partially preserved in the whole-frame
slice case. However, in this case too, the Greedy algorithm
always does better than the Tail-Drop algorithm, especially
for moderate size buffer.
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algorithm, that never preempts a packet before an overﬂow
occurs).
In general, we view this paper as a ﬁrst step in the study
of lossy smoothing. Being a ﬁrst step, it makes many serious
simpliﬁcations. Yet, we believe that our results are meaningful in the sense that they set some “rules of thumb” regarding resource allocation for smoothing, and they provide some
basic techniques for analyzing losses for FIFO streams with
bounded buffers. We hope that more steps will follow.
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Fig. 5. The optimal weighted loss as a function of the buffer size, for
single-byte slices and whole-frame slices
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Fig. 6. The weighted loss of Tail-Drop and Greedy as a function of
the buffer size, for single-byte slices and whole-frame slices

6 Conclusion
In this paper we investigated a simpliﬁed version of the lossy
smoothing model, where the goal is to minimize the number of
lost slices. In particular, we showed that for any given delay
requirement and bandwidth limit, the least possible number
of slices dropped can be attained when the buffer sizes at the
client and the server equal the delay-bandwidth product, and
server sends out the data as quickly as possible. We showed
that if any two of the three parameters (buffer space, delay,
and bandwidth) are ﬁxed, then setting the third parameter differently than what our formula implies will result in excessive
data loss, or in resource wastage. We then studied a more reﬁned model where each slice has an intrinsic “value,” and the
goal of the smoothing schedule is to maximize the total value
of slices played out on time. We applied competitive analysis
to this model, and proved that the natural Greedy algorithm
is competitive. This result is supported by a few simulations
using traces of MPEG streams.
Our analytical results hold for variable slice sizes, but for
ﬁxed link delays. We justiﬁed this restriction by assuming that
some jitter control algorithm is employed. However, such an
algorithm adds to the buffer space requirement and to overall
delay. The obvious question that arises is whether one can
prove similar results for links with positive jitter. We leave
this question open. We also leave open the issue of more “proactive” algorithms for overﬂows (as opposed to the greedy
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