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Abstract. In broadcast disks systems, information is broadcasted in a shared medium. When a client needs an item from the disk, it waits
until that item is broadcasted. Broadcast disks systems are particularly attractive in settings where the potential customers have a highly-
asymmetric communication capabilities, i.e., receiving is significantly cheaper than transmitting. This is the case with satellite networks,
mobile hosts in wireless networks, and Teletext system.

The fundamental algorithmic problem for such systems is to determine the broadcast schedule based on the demand probability of items,
and the cost incurred to the system by clients waiting. The goal is to minimize the mean access cost of a random client. Typically, it was
assumed that the access cost is proportional to the waiting time. In this paper, we ask what are the best broadcast schedules for access costs
which are arbitrary polynomials in the waiting time. These may serve as reasonable representations of reality in many cases, where the
“patience” of a client is not necessarily proportional to its waiting time.

We present an asymptotically optimal algorithm for a fractional model, where the bandwidth may be divided to allow for fractional
concurrent broadcasting. This algorithm, besides being justified in its own right, also serves as a lower bound against which we test known
discrete algorithms. We show that the Greedy algorithm has the best performance in most cases. Then we show that the performance of
other algorithms deteriorate exponentially with the degree of the cost polynomial and approaches the fractional solution for sub-linear cost.
Finally, we study the quality of approximating the greedy schedule by a finite schedule.
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1. Introduction

The idea of broadcast disks, introduced by Franklin et al.
[1,2], has gained considerable popularity lately (see, e.g.,
[8,9,18,20,24–26]). Intuitively, the goal is to implement push-
systems using a shared communication medium. Specifically,
it is assumed that a set of customers have a receive-only ac-
cess to a shared medium, whose only transmitting source is a
server. The server maintains a set of information items called
pages. The pages are broadcasted in some order called sched-
ule. The idea is that when a customer wishes to access a page,
it starts listening until the desired page is broadcasted. Broad-
cast disks systems are particularly attractive in settings where
the potential customers have a highly-asymmetric communi-
cation capabilities, i.e., receiving is significantly cheaper than
transmitting. This is the case with satellite networks, mobile
hosts in wireless networks, and Teletext system [3,4].

The problem of customers waiting for a long time is in-
herent to the model of broadcast disks (by the pigeon-hole
principle, if there are m pages, then there must be at least
one page with at least m time units between two successive
instances of its broadcast). In absolute terms, this problem
can solved by using faster shared media, but in relative terms,
better solutions are required. Indeed, it was shown that some
a-priory knowledge of the access patterns by the customers
could lead to a better performance. In order to evaluate the
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performance of scheduling schemes, it is assumed that the ac-
cess patterns of customers can be modeled by a probability
distribution over the pages; and that the “damage” incurred
to the system by waiting customers can be modeled by a cost
function, assigning a real number to the waiting time inter-
vals. Assuming that customers statistics can be gathered, and
that the cost function can be estimated, the natural objective
in this model is to find the schedule that minimizes the ex-
pected cost of a random customer. This question is the main
motivation of this paper.

Specifically, we are interested in the following variant of
the problem. Suppose that the cost of a customer waiting i
consecutive time units (slots) is some function c(i). Most pre-
vious work concentrated on the case were c(i) = i, i.e., the
cost is proportional to the waiting time. In this paper we are
motivated by the assumption that in reality, there are several
types of customers. In some settings, the patience of the cus-
tomers may run out quickly, while in others, customers may
have a lot of patience. For example, the third slot might be
more expensive than the first one, since the rate in which cus-
tomers are switching service may grow with time. In other
cases, however, it may reasonable to assume that the cost of
the first time unit is much more than the cost of the tenth time
unit. We model this fact with cost functions which are super-
linear or sub-linear, respectively. In particular, we study cases
where c(i) is (i) polynomial in i with degree at least 1 (super-
linearity), and (ii) polynomial in i with degree less than 1
(sub-linearity).



158 BAR-NOY, PATT-SHAMIR AND ZIPER

Our contributions

First, we analyze the known fractional relaxation to a general
polynomial cost functions. The idea behind the fractional re-
laxation is to consider the problem where the bandwidth con-
straint is imposed only on the whole cycle, thus allowing at
each instant more than one page to be served. This relaxation
allows us to study the optimal bandwidth allocation and spac-
ing between consecutive instances of a given page, without
paying attention to the particular way other pages are sched-
uled. Obviously, a discrete schedule (which is our main inter-
est) is also a solution in the fractional model. The converse,
however, does not hold in general. We show how to solve the
fractional relaxations asymptotically optimally for any poly-
nomial cost function. The fractional solutions provide us with
convenient lower bounds for the discrete scheduling problem
we consider.

Next, we evaluate the quality of some of the scheduling
algorithms proposed in the literature. We compare the per-
formance of the following algorithms for a polynomial cost
function:

Random: choose the next page to broadcast independently
at random, with probabilities proportional to the optimal
bandwidths in the fractional model.

Halving: round the fractional solution to powers of 1/2,
which are easy to arrange in a discrete schedule.

Fibonacci (a.k.a Golden Ratio): approximate the fractional
solution using a golden-ratio sequence [8,22].

Greedy: broadcast, at each time step, the page which will
incur the highest cost if not broadcasted.

We show that the analytical performance bounds (the ra-
tio of the discrete approximation to the fractional solution)
deteriorates exponentially with the degree of the cost polyno-
mial. This fact is supported by extensive simulation results for
the algorithms. However, we show that there is a substantial
difference between the performance of the algorithms (since
the exponent bases differ significantly): the Greedy algorithm
outperforms all others in almost all cases. The variables we
examine are the size of the database (i.e., how many pages
does the server have to transmit), and the degree of the cost
polynomial (representing a measure of how patient or nervous
is a typical customer).

Guided by these results, we study more closely the Greedy
algorithm. The main problem with the Greedy algorithm is
that it may be expensive to implement: at each step, one has to
scan the whole database in order to find the right item to trans-
mit. A simple approximation to this computation-intensive
approach is to compute the schedule up to some point, and
then repeat it using table lookups. The natural question in
this case is what should be the cycle length. The results turn
out to be somewhat surprising: the cost incurred by a trun-
cated greedy schedule is not a monotonic function of the cy-
cle length. Roughly speaking, for a cost function c(i) = iα

and a database with m pages, it seems that the best strategy
is to truncate the schedule at the cheapest point in the interval
[10αm, 10αm+m].

Paper organization
The rest of this paper is organized as follows. In section 2
we give a brief description of related work. Section 3 de-
scribes the model and introduces some terminology. Section 4
explains how to find the lower bound for the overall mean
cost for general polynomial cost functions via the fractional
model. Section 5 presents the evaluation of the various algo-
rithms for polynomial cost functions.

2. Related work

There are many variants of the broadcast disks problem and
there are many other problems that share similar objectives.
In what follows we outline some of them. Ammar and Wong
in [3,4] study extensively the problem of minimizing the mean
response time in Teletext systems. This problem is essentially
the same as minimizing the mean waiting time in broadcast
disks. They show that an optimal cyclic schedule exists and
their results implicitly contain a randomized 2-approximation
algorithm for this problem. This algorithm broadcasts a page
i with probability proportional to

√
pi , where pi is the prob-

ability that a customer accesses page i. In [8], Bar-Noy et al.
discuss a more general problem called the maintenance prob-
lem. one of their contribution was using the properties of the
golden ratio sequence for building efficient broadcast sched-
ules. The method of designing broadcast schedules is con-
sidered by Su and Tassiulas [24] in the context of the broad-
cast disks. They empirically test the performance of a class
of greedy heuristics for this problem. They report that the
greedy policy which selects the page with largest mean ag-
gregate delay for broadcasting has the best performance in
most cases. Furthermore, this policy produces schedules with
mean response time which is very close to the lower bound on
obtained by a fractional solution [3,4]. The greedy rule that
is used by our algorithm is similar to the one in the heuris-
tic of [6] and is the same as the mean aggregate delay rule
described in [24].

Anily et al. [6] consider the problem in the setting of the
maintenance problem, where the cost is linear in the waiting
time. In [7], the same authors give an optimal solutions for
most cases for a 3-machine case in the same model (which
is equivalent to a database of size 3 in our setting), and give
approximation algorithms for the remaining cases. In a re-
cent paper, Anily and Bramel consider arbitrary convex cost
functions [5]. They prove that there always exists an optimal
cyclic schedule, and give a thorough treatment for the case of
two machines.

Additional papers containing analysis of similar types of
problems are [11–15,17,23,27].

3. Model and preliminaries

In this section we formally describe the model under consid-
eration, and define the terminology to be used in the rest of
the paper.
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3.1. Basic model (discrete)

The server database contains m information items called
pages, denoted by A1, A2, . . . , Am. We assume that all
pages are of the same size. Furthermore, we assume that
for each page Ai there is a demand probability pi , such that∑m
i=1 pi = 1. The number pi represents the probability that

a random customer wants to get Ai .
We assume a slotted time model in which the server

broadcasts one page per time slot. The order in which the
server broadcasts its pages is called the server’s schedule.
We will be interested in cyclic schedules, defined by a re-
peated finite segment. We denote such a segment by S =
S0, S1, S2, . . . , SN−1, where St ∈ {A1, A2, . . . , Am} for all t .
Henceforth, we consider only cyclic schedules (this is justi-
fied by the result of Anily and Bramel [5] that there always
exists an optimal cyclic schedule). The letter N is reserved to
denote the length of the cycle in the schedule under consid-
eration. An appearance of a page in the schedule is referred
to as an instance of the item. The spacing of a page Ai is
the time between two consecutive instances of Ai . We say
that si(t) = x if Ai is broadcasted at time t + x but not in
times t + 1, . . . , t + x − 1. In other words, si (t) is the num-
ber of time slots the customer starting to wait at time t has to
wait until page Ai is broadcasted. The average frequency of
a given page in a schedule with cycle length N is the number
of its instances in any interval of N time units, divided by N .

3.2. Cost models

The natural way to model the cost of a schedule is to assume
that we are given a cost function c(t) which represents the
cost of waiting t time slots. To calculate the expected cost
of a given schedule S, we assume that customers arrive at the
beginning of a random time slot, i.e., for a schedule with cycle
length N , all N slots are equally likely (a similar approach is
taken in [8]). We first compute Ci , the expected cost incurred
by a random customer, given that the customer is waiting for
page Ai with a given cost function c:

Ci(S) = 1

N

N−1∑
t=0

c
(
si (t)

)
. (1)

Hence the expected cost for a random customer is given by
the following formula:

C(S) =
m∑
i=1

piCi(S) =
m∑
i=1

(
pi

N

N−1∑
t=0

c
(
si (t)

))
. (2)

A special case of interest is when all pages are exactly evenly
spaced. In this case we denote the spacing for page Ai by si ,
and we get the following definition for the expected cost:

Ci(S)= 1

si

si∑
t=1

c(t), (3)

C(S)=
m∑
i=1

(
pi

si

si∑
t=1

c(t)

)
. (4)

A schedule S is called optimal if it minimizes C(S).
In many cases, it is more convenient to work with a gap

function, which is the sum of the cost function c(t) over an
interval of time. Formally, we define the gap function g(s) by
the following equation:

g(s) =
s∑
t=1

c(t). (5)

Note that a gap function uniquely defines a cost function,
since c(t) = g(t) − g(t − 1). That is, defining a cost func-
tion is equivalent to defining a gap function. Using the gap
function, it is simpler to express the cost of a given schedule.
We give only the the definition for equal-spacing schedules,
where the space between successive instances of Ai is si .

C(S) =
m∑
i=1

pi
g(si)

si
. (6)

4. Analysis of the fractional model

In this section we consider a different variant of the model
presented in section 3, called the fractional model. The frac-
tional model is a relaxation of the discrete model, since it as-
sumes that a server may broadcast a fraction of pages. This
model serves as a starting point of some of the algorithms we
study. It also uses as a convenient lower bound for the cost of
schedules in our main (discrete) model.

The fractional model is defined as follows. We are given a
database with demand probabilities as before. Here, however,
any number of pages can be broadcasted in a time-slot, as
long as the total number of broadcasts is bounded by the cycle
size. The variables in the fractional model are real numbers
N and n1, . . . , nm, where N is the length of the cycle, and ni
denotes the number of times page Ai is broadcasted during
the cycle, for i = 1, . . . ,m. There is a single constraint that∑m
i=1 ni � N . The objective is to minimize the expected cost

of the schedule. The basic property of an optimal fractional
schedule is stated in the following lemma.

Lemma 1. Let c(t) be any increasing cost function. Given
a fraction for page Ai , the optimal broadcast schedule with
minimum expected cost results when the instances of each
page are equally spaced.

Proof. Let S be an optimal schedule. Suppose, for contra-
diction, that page Ai is non-equally spaced. We prove the
lemma by constructing a schedule S′ with C(S′) < C(S).

Consider the instances of page Ai . Since Ai is not equally
spaced, we can find three instances such that the second in-
stance appears s1 time after the first, and the third instance
appears s2 time after the second, where s1 > s2 (see fig-
ure 1). Let s = (s1 + s2)/2. Without loss of generality we
can write that s1 = s + a and s2 = s − a, where a > 0. Let
Ci(x) denote the cost incurred by a random customer, given
that the customer wants page Ai and that he arrived in a time
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Figure 1. The schedule S considered in the proof of lemma 1. Page Ai
appears with two consecutive different spacings.

interval of length x between two occurrences of Ai . Then
Ci(x) = ∫ x

1 c(t) dt .
Let Crest be the cost incurred by a random customer wait-

ing for all pages except for the two instances of Ai in the
interval we consider. With this notation, the expected cost of
S is

C(S)= Ci(s1)+ Ci(s2)+ Crest

=
∫ s

1
c(t) dt +

∫ s+a

s+1
c(t) dt +

∫ s

1
c(t) dt

−
∫ s

s−a+1
c(t) dt + Crest

= 2
∫ s

1
c(t) dt +

∫ s+a

s+1
c(t) dt −

∫ s

s−a+1
c(t) dt + Crest

> 2
∫ s

1
c(t) dt + Crest.

The last inequality is true since the length of interval [s +
1 : s + a] equals the length of interval [s + 1 − a : s] and
c(t) is increasing by assumption, and hence

∫ s+a
t=s+1 c(t) dt >∫ s

t=s−a+1 c(t) dt .
Consider now the schedule S′ defined as follows. S′ is

identical to S except that we move the second instance of
page Ai such that that the spacing is s between the first and
the second instance, and hence the spacing is also s between
the second and third instance. Note that this is possible in
the fractional model. The expected cost of schedule S′ is as
follows:

C
(
S′) = C(s)+ C(s)+ Crest = 2

∫ s

t=1
c(t) dt + Crest.

Clearly, C(S) > C(S′), contradicting the optimality of S. �

Note that one can try to convert a fractional schedule to a
discrete schedule by assigning spacing si for page Ai . If this
works, then optimality is guaranteed by lemma 1. The prob-
lem is that si is not necessarily integral. (This is the reason
why a solution in the fractional model is often called ffrac-
tional schedule.) Furthermore, even if si were integral for
all i, it may be the case that no discrete schedule with spac-
ing si exists. (Consider, for example, s1 = 2 and s2 = 3;
there is no way to schedule A1 exactly every two time units
and A2 exactly every three time units.) Thus, the fractional
model serves as a relaxation of the discrete model which en-
ables us to isolate the problem of finding the optimal spacings.
Clearly, any discrete schedule incurs at least as much cost as
the optimal fractional schedule. In other words, the cost de-
rived from a fractional solution to the fractional model is a
lower bound on the cost in the discrete model. We use this
observation by calculating ideal spacing values in the frac-
tional model (which may fractional in general), to establish

lower bounds on the cost of an optimal schedule in the dis-
crete model.

In the remainder of this section, we find asymptotically op-
timal schedules for any polynomial cost function with degree
greater than 0 (so that the monotonicity of the cost function is
maintained).

4.1. Optimal fractional schedule for general linear cost
function

Suppose that the cost function is the general polynomial of
degree 1, denoted c(t) = βt + γ . By lemma 1, we consider
schedules where all instances of Ai are equally spaced with
si slots between successive instances. We first calculate the
expected cost of a random client waiting for page Ai :

Ci = 1

si

si∑
t=1

(βt + γ ) = β
si + 1

2
+ γ.

Next, we calculate the overall expected cost of schedule S:

C(S) =
m∑
i=1

piCi =
m∑
i=1

pi

(
β
si + 1

2
+ γ

)
. (7)

The theorem below provides the basis for an optimal schedule
for general linear cost functions.

Theorem 2. In the fractional model, the minimum expected
cost is achieved when the frequency qi of each page Ai satis-
fies

qi =
√
pi∑m

j=1
√
pj
.

Proof. In the fractional model each page Ai appears in the
schedule with frequency qi = 1/si . The mean expected cost
of schedule S to be paid by a random client is as follows:

C(S)=
m∑
i=1

piCi

=
m∑
i=1

pi

(
β
si + 1

2
+ γ

)

= β

2

m∑
i=1

pisi + β

2

m∑
i=1

pi + γ

m∑
i=1

pi

= β

2

m∑
i=1

pi

qi
+ β

2
+ γ.

Hence

∂C(S)

∂q1
= β

2
· ∂

∂q1

m∑
i=1

pi

qi
. (8)
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As
∑m
i=1 qi = 1, only m − 1 terms of the sum can change

simultaneously. Therefore we get:

∂C(S)

∂q1
= β

2

[
∂

∂q1

(
p1

q1

)
+ ∂

∂q1

(
m−1∑
i=2

pi

qi

)

+ ∂

∂q1

(
pm

1 −∑m−1
i=1 qi

)]

= β

2

(
−p1

q2
1

+ pm

(
1

1 −∑m−1
i=1 qi

)2)
.

Since for the optimal qi values we have ∂C(S)/∂qi = 0 for
all i, we get by rearrangement:

p1

q2
1

= pm

(
1

1 −∑m−1
i=1 qi

)2

.

Similarly for any j we get:

pj

q2
j

= pm

(
1

1 −∑m−1
i=1 (qi)

)2

.

Hence we get for all i, j , that in the optimal solution

qi

qj
=
√
pi

pj
.

Therefore, the optimal qi is proportional to
√
pi . Since∑m

i=1 qi = 1, we get for all i:

qi =
√
pi∑m

j=1
√
pj
.

Hence si is as follows:

si =
∑m
j=1

√
pj√

pi
. �

Thus, for common linear case when the cost function is
defined as c(t) = βt + γ the optimal schedule is obtained
when every page Ai is equally spaced with si ≈ 1/

√
pi or

when the frequency appearance of page Ai in the schedule is
proportional to

√
pi .

This result complements known results [4,25,28] about the
“square root rule” for minimizing waiting times, i.e., for the
identity cost function c(t) = t .

4.2. Asymptotically optimal solutions for general polynomial
cost functions

To deal with general polynomial cost functions, it is more
convenient to consider gap functions. We first prove basic
connections between cost functions and gap functions.

The following lemma shows how to express cost functions
for any polynomial gap functions.

Lemma 3. A gap function g(s) = sα+1 is equivalent to a
cost function

c(t) =
α∑
j=0

(−1)α−j
(
α + 1

j

)
tj .

Proof. By the Binomial Law, we have that

g(t − 1) =
α+1∑
j=0

(−1)α+1−j
(
α + 1

j

)
tj .

Since a gap function uniquely defines the cost function, we
get:

c(t)= g(t)− g(t − 1)

= tα+1 −
α+1∑
j=0

(−1)α+1−j
(
α + 1

j

)
tj

= −
α∑
j=0

(−1)α+1−j
(
α + 1

j

)
tj

=
α∑
j=0

(−1)α−j
(
α + 1

j

)
tj .

�

Using lemma 3, we can find the cost function for any given
polynomial gap function. Following are two examples for
finding coefficients kj of the cost function which can replace
same gap function.

Together with equation (5), we can find the gap function
given the cost function and vice-versa. The theorem below
provides the basis for exact optimal schedules for arbitrary
polynomial gap or cost functions.

Theorem 4. For α > 0, if the gap function is g(s) = sα+1,
then the optimal schedule is achieved when the spacing be-
tween any two successive instances of Ai is

si =
∑m
j=1 p

1/(α+1)
j

p
1/(α+1)
i

.

The proof of theorem 4 is similar to the proof of theorem 2
and we therefore omit it.

Using theorem 4, we can find asymptotically optimal
schedules for any polynomial cost functions.

Theorem 5. For α > 0, if the gap function is g(s) =
sα+1 + O(sα), then the optimal schedule is achieved when
the spacing between any two successive instances ofAi satis-
fies

si =
∑m
j=1 p

1/(α+1)
j

p
1/(α+1)
i

+O
(
p

−1/α
i

)
.
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Proof. Let us find the optimal si when the gap function is
sα+1 +O(sα). By definition, we have:

C(S)=
m∑
i=1

pi
(
sαi +O

(
sα−1
i

))

=
m∑
i=1

pis
α
i +

m∑
i=1

O
(
pis

α−1
i

)

=
m∑
i=1

pi

qαi
+

m∑
i=1

O

(
pi

qα−1
i

)
.

For optimal values of qi , we must have ∂C(S)/∂qi = 0, for
all i. Because C(S) is a polynomial, its derivative is the sum
derivatives of its terms.

Using theorem 4, we find the optimal qi :

qi = p
1/(α+1)
i∑m

j=1 p
1/(α+1)
j

+O
(
p

1/α
i

)
.

And therefore,

si =
∑m
j=1 p

1/(α+1)
j

p
1/(α+1)
i

+O
(
p

−1/α
i

)
.

�

Thus, we have a good asymptotic estimate for optimal
schedules in the fractional model. This estimate may be used
by algorithms for the discrete model, and we shall also use it
as a benchmark to measure the performance of discrete sched-
ules.

5. Algorithms in the discrete model

In this section we present results comparing the performance
of four algorithms in the discrete model. Our methodology
is the following. We assume that the demand probability of
pages follow the Zipf distribution. This distribution is a good
approximation for “real life” situations (see, e.g., [10,25]).
The Zipf distribution, with access skew coefficient θ , says that
the i-th popular page in the database is accessed with proba-
bility proportional to i−θ . Formally, we have the following
formula for 1 � i � m:

pi = (1/i)θ∑m
i=1(1/i)

θ
.

In the remainder of this section, we give, for each algo-
rithm, a brief description, analytical worst-case upper bounds,
and experimental results.

In our simulations, we measure the behavior of the algo-
rithms as a function of the size of the database, and of the
cost function. We remark that have also measured the influ-
ence of the value of the access skew coefficient θ in the range
[0.6, 0.95], and observed that the behavior of our algorithms
was independent of θ . The results reported in this section are
for fixed θ = 0.8, as recommended by Breslau et al. [10].

Figure 2. Performance of Random algorithm as function of data base size.

5.1. The random algorithm

The Random algorithm tries to approximate the fractional
schedule by using its fractional spacings. Specifically, let {qi}
be the frequencies of pages in the optimal fractional sched-
ule (these are simply the bandwidth shares of the pages). The
Random algorithm transmits, at each time step, page Ai with
probability qi , so that the expected frequency of each page is
the exact frequency in the fractional solution. It is known that
for the linear cost function c(t) = t , the expected cost of the
schedule generated by the Random algorithm is at most twice
the cost of the underlying fractional schedule [8]. It turns
out that the performance of Random deteriorates rapidly for
cost functions with higher degree polynomial. From the an-
alytic viewpoint, using the same proof technique of [8], we
can prove that if c(x) = xα , then the expected cost of the
Random algorithm is never more than (α + 1)! (i.e., roughly
((α + 1)/e)α+1) times worse than the fractional cost. For
large values of α, this is a terrible upper bound. However,
it is not accidental, as our experiments show. Specifically, let
R500 be a typical schedule generated by the Random algo-
rithm in a 500-page database. Based on our results, we are
able to determine that

C(R500) ≈ 0.02 · 6.12α. (9)

In other words, even for randomly generated databases, the
cost for schedules generated by the Random algorithm is
exponentially more expensive than the fractional schedules.
This result is independent of the database size (figure 2) and
is already evident in relatively short schedules (figure 3).

5.2. The Halving algorithm

The idea in the Halving algorithm is to round the desired page
frequencies to the nearest power of 1

2 from below, since pow-
ers of 1

2 are easily arranged in a discrete schedule. Formally,
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Figure 3. Performance of Random algorithm as function of schedule size.

given the optimal page frequencies {qi}, page Ai gets a pe-
riod of 2�log2(1/qi)�. (To actually generate a schedule, it is
sufficient to allocate time slots to pages by decreasing fre-
quencies.) Note that in some cases, one obtains an optimal
schedule: this happens when the desired frequencies are al-
ready powers of 1

2 . The important point about the Halving
algorithm is that even in the worst case, the actual frequency
obtained is always more than half of the desired frequency. It
follows that in the linear cost model, the Halving algorithm
generates schedules whose guaranteed performance is always
less than twice the cost of the optimal fractional schedule.
However, for general polynomial cost functions, the situation
is different.

Let us first see what happens to the worst-case guarantee.
Suppose that the gap function is g(x) = xα+1. Let sFi be
the spacing for page Ai in the fractional model. The cost
with fractional spacing obtained from the optimal fractional
schedule SF is

C(SF ) =
m∑
i=1

pi
(
sFi
)α
.

Let sHi be the actual spacing of generated by the Halving al-
gorithm. Since sHi < 2sFi , we get that the cost for schedule
SH obtained from the Halving algorithm is bounded by

C(SH ) =
m∑
i=1

pi
(
sHi
)α
< C(F) · 2α.

Note that for small values of α (for example, α < 1),
this is a reasonable bound. However, for large values of α,
this bound is unacceptable. Our experiments indicate that for
large values of α, the Halving algorithm indeed exhibits this
bad behavior, but not in the same manner the Random algo-
rithm does (see figure 4). Specifically, let H500 be a typical
schedule generated by the Halving algorithm in a 500-page

Figure 4. Performance of the Halving algorithm as a function of the database
size.

database. Our results indicate the following parameters for
the exponential behavior of H500:

C(H500) ≈ 0.76 · 1.80α. (10)

Moreover, while the performance for a randomly gener-
ated database is exponential in the power of the cost function,
we find that this phenomenon is far less accentuated in small
databases.

5.3. The Fibonacci (golden ratio) algorithm

The Fibonacci algorithm generates a schedule with the same
average frequencies as those of the optimal fractional solu-
tion. However, unlike the fractional model, the spacing be-
tween two consecutive appearances of the same page in the
schedule may have three values that are “close” to the opti-
mal periods (1/qi). The Fibonacci algorithm, also called the
golden ratio sequence, was developed in [16,19] and is based
on an open address hashing method introduced in [21]. For a
linear cost function, the Fibonacci algorithm is guaranteed to
generate a schedule whose cost is at most 9

8 times the cost of
the fractional-model schedule [8].

In this section we provide an exponential upper bound on
the cost of the golden-ratio sequence, by extending (in a non-
trivial way) the proof of [8] to the case of a polynomial cost
function. However, we are not able to derive an exact expres-
sion, and we evaluated the actual exponent numerically.

We start with a brief description of the algorithm. The
interested reader can find more details in [8].

Recall that Fibonacci numbers are defined by the following
recursive definition: F0 = 0, F1 = 1, and for k > 1, Fk =
Fk−1 + Fk−2. The sequence is 0, 1, 1, 2, 3, 5, 8, 13, . . . .

We use the following properties of Fibonacci numbers.



164 BAR-NOY, PATT-SHAMIR AND ZIPER

Lemma 6.

• For all k, k′ > 0, FkFk′ < Fk+k′ .

• For all k > 0, Fk+1/Fk � 2.

• For all k > 0, Fk+3/Fk � 5.

Consider a given page Ai in a finite schedule. If Ai ap-
pears Ni times in the sequence then there are Ni gaps in the
schedule (the last gap is computed assuming that the sequence
is cyclic).

The following theorem defines the golden ratio sequence.

Theorem 7 [16]. Let g1, . . . , gm be frequencies such that∑m
i=1 gi = 1, and let Fk be a Fibonacci number such that

gi = Ni/Fk = (Fk−ji + Si)/Fk for some 1 � ji � k − 2
and 0 � Si < Fk−ji−1 (

∑m
i=1Ni = Fk). Then there exists

a sequence of length Fk of the pages A1, . . . , Am such that
Ai appears Ni times in the sequence. Furthermore, for each
1 � i � m, there are at most three values for the gaps be-
tween two consecutive appearances of Ai in the sequence:

• Si gaps of value Fji ,

• Fk−ji−2 + Si gaps of value Fji+1,

• Fk−ji−1 − Si gaps of value Fji+2.

Note that there are Si + (Fk−ji−2 +Si)+ (Fk−ji−1 −Si) =
Fk−ji + Si = Ni gaps. Note also that the sum of all gaps is
the length of the sequence: Fji Si + Fji+1(Fk−ji−2 + Si) +
Fji+2(Fk−ji−1 − Si) = Fk (see [8]).

The golden ratio sequence: Let q1, . . . , qm denote frequen-
cies (qi = 1/si , where s1, . . . , sm is the optimal solution re-
ceived by theorem 4) such that

∑m
i=1 qi = 1. Let Fk be a

Fibonacci number. Define Ni = �qiFk� or Ni = �qiFk� such
that

∑m
i=1Ni = Fk . Then (Ni − 1)/Fk � qi � (Ni + 1)/Fk .

Let fi = Ni/Fk . Then there exists 0 < ε < 1 such that

1 − ε � Ni

Ni + 1
� fi

qi
� Ni

Ni − 1
� 1 + ε.

For our construction we choose Fk large enough such that
(1 − ε) � fi/qi � (1 + ε) for a small ε as was described
in [8]. For these f1, . . . , fm we construct the golden ratio
sequence of length Fk , as defined in theorem 7.

Theorem 8. Let C(φ) be the cost of the Fibonacci schedule
and let C(F) be the cost of the optimal fractional schedule,
under gap function g(s) = sα+1. Then for some ν > 0,

C(φ) < C(F) · να.

Proof. Let q1, . . . , qm be the optimal frequencies implied
by the fractional model. Recall that si = 1/qi . We get that
the cost of the optimal schedule is

∑m
i=1 pis

α
i as stated in

theorem 4. For the golden ratio sequence schedule, we bound
the expected cost by

∑m
i=1 pir

α
i , such that ρi = rαi /s

α
i < να .

Therefore, ∑m
i=1 pir

α
i∑m

i=1 pis
α
i

< να.

Since all claims are valid for any ri and si , for the simplicity
we omit the index i from all variables. As a result, we refer
to pi , ri , si , ji , and Si as p, r , s, j , and S, respectively. Our
purpose is to find the smallest ν such that (r/s) < να .

Since a gap of size x contributes xα+1 to the coefficient of
p in calculating the cost, it follows that by the golden ratio
sequence properties (theorem 7) we have

rα = 1

Fk

[
SFα+1

j +(Fk−j−2+S)Fα+1
j+1 +(Fk−j−1−S)Fα+1

j+2

]
.

For the optimal solution we have,

sα =
(

Fk

Fk−j + S

)α
.

Hence the value for ρ is

1

Fk

[
SFα+1

j + (Fk−j−2 + S)Fα+1
j+1 + (Fk−j−1 − S)Fα+1

j+2

]
×
(
Fk−j + S

Fk

)α
.

By rearranging terms, the value of ρ is

ρ =
(
Fk−j + S

Fk

)α[SFj
Fk

Fαj + (Fk−j−2 + S)Fj+1

Fk
Fαj+1

+ (Fk−j−1 − S)Fj+2

Fk
Fαj+2

]
. (11)

By definition j � k − 2. We proceed by case analysis.
First, consider the case j = k − 2. In this case, S = 0,
i.e. i appears exactly once in the sequence, and using equa-
tion (11), we get

ρ = Fαk−j (Fk−j−2F
α+1
j+1 + Fk−j−1F

α+1
j+2 )

Fα+1
k

= Fα2 (F0F
α+1
k−1 + F1F

α+1
k )

Fα+1
k

= Fα+1
k

Fα+1
k

= 1.

From now on we assume that j � k − 3. Denote ν = ρ1/α

(it will be more convenient to work with ν). Our goal now is
to bound ν from above. First, note that equation (11) can be
re-written as follows:

ν = Fk−j + S

Fk

[
SFj

Fk
Fαj + (Fk−j−2 + S)Fj+1

Fk
Fαj+1

+ (Fk−j−1 − S)Fj+2

Fk
Fαj+2

]1/α

. (12)

We can rewrite equation (12) ν as follows:

ν = k0
[
k1F

α
j + k2F

α
j+1 + k3F

α
j+2

]1/α
. (13)
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Figure 5. Performance of the Fibonacci algorithm as function of data base
size.

Next, we evaluate the ki coefficients in equation (13) using
lemma 6 for 1 � j < k − 2 and 0 � S < Fk−j−1:

k0 = Fk−j + S

Fk
<
Fk−j + Fk−j−1

Fk
= Fk−j+1

Fk
< 1;

k1 = SFj

Fk
<
Fk−j−1Fj

Fk
<
Fk−1

Fk
< 1;

k2 = (Fk−j−2 + S)Fj+1

Fk
<
(Fk−j−2 + Fk−j−1)Fj+1

Fk

= Fk−jFj+1

Fk
<
Fk+1

Fk
� 2;

k3 = (Fk−j−1 − S)Fj+2

Fk
<
Fk−j−1Fj+2

Fk
<
Fk+1

Fk
� 2.

Hence, from equation (13) (and using lemma 6 once again)
we get

ν <
Fk−j + S

Fk

[
Fαj + 2Fαj+1 + 2Fαj+2

]1/α
<
Fk−j + S

Fk

[
4Fαj+2

]1/α
<
Fk−j+1Fj+2

Fk
· 41/α

<
Fk+3

Fk
41/α � 5 · 41/α.

Which means that ν is finite for all α > 0. �

Since we evaluated the upper bound for ρ numerically, it
was easier to evaluate the small numbers involved in comput-
ing ν rather than the large numbers involved in computing ρ.

We estimate that ν ≈ 1.9. Our experiments support the
theoretical and numerical analysis. By the experiments whose
results are plotted in figure 5 we arrive at the following con-

Figure 6. Performance of the discrete algorithms for sub-linear cost functions
with a database of 500 pages.

clusion. Specifically, let φ500 be a typical schedule generated
by the Fibonacci algorithm in a 500-page database. Then

C(φ500) ≈ 0.50 · 1.70α. (14)

Compared to the Halving algorithm, the Fibonacci algorithm
produces much better results for small databases. The results
of the Fibonacci algorithm are also remarkably close to opti-
mum in the case of small α values when the database is large
(see figure 6). It is interesting to note in figure 5 the phenom-
enon of non-monotonic behavior: sometimes, the cost of the
algorithm drops when α increases.

5.4. The Greedy algorithm

The Greedy algorithm is very simple and intuitively appeal-
ing. At each time step, the Greedy algorithm broadcasts the
page which will incur the largest cost if not broadcasted. Note
that as stated, the Greedy algorithm requires non-trivial com-
putation at each step. To circumvent this difficulty, we com-
pute a finite schedule using the Greedy algorithm, and then
repeat it. We have experimented with the Greedy schedule
to test the effect of the size of the database and the power of
the cost function. We discovered that while still exponential
in the degree of the cost polynomial, the performance of the
Greedy schedule is extremely close to the cost of the optimal
fractional schedule. As can be seen in figure 7, the Greedy
schedule has incurs high cost relative to the cost of a frac-
tional schedule only when the database is large and when cost
polynomial is of high degree. Quantitatively, if we denote by
G500 a typical schedule generated by the Greedy algorithm
for a 500 page database, then by our measurements we have
that

C(G500) ≈ 0.07 · 1.44α. (15)
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Figure 7. Performance of the Greedy algorithm as a function of the database
size (note the scale).

Figure 8. Performance of the Greedy algorithm as a function of the cutoff
point.

To gain further insight into the performance of Greedy
schedules, we measured its cost further, now as a function
of the cycle cutoff point. As expected, generally speaking,
the larger is the cycle length, the better results the schedule
yields (figure 8).

It seems that a reasonable cutoff point for the Greedy
schedule is about 10αm, where α is the degree of the cost
polynomial, and m is the size of the database. A closer in-
spection of the expected cost as a function of the cutoff point,
showed, to our surprise, that the cost is not a monotonic func-

Figure 9. Performance of the Greedy algorithm as a function of the cutoff
point with cost function c(t) = t8 and database size 500 pages.

Figure 10. Performance of the Greedy algorithm as a function of the cutoff
point with for different database sizes.

tion of the schedule cycle length. A dramatic example is de-
picted in figure 9, where the initial fluctuations may change
the expected cost by a factor as high as 10. More generally, we
can conclude that the cost function behaves periodically, as is
easy to see in figure 10. The period length is (quite closely)
the size of the database, independent of α. Therefore, it seems
that when constructing a finite approximation of the Greedy
schedule, one should find the least costly point in the range
[10αm, 10αm+m].
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Figure 11. Comparison of the performance of the discrete algorithms as a
function of α for a small database (Random does not fit in the scale).

Figure 12. Comparison of the performance of the discrete algorithms as a
function of α for a large database (Random does not fit in the scale).

6. Conclusion

In this paper we have proposed and analyzed polynomial cost
measure for broadcast disk system: most previous work was
done for linear cost functions. We have given an algorithm
for asymptotically optimal schedules in the fractional model,
where the period of each item may be fractional. We have
compared four popular algorithms which try to approximate
the fractional schedules. We found that the behavior of these
algorithms is exponential in the degree of the cost polyno-
mial, both analytically and experimentally. Intuitively, this
phenomenon stems from the fact that for all these algorithms,
from time to time there is a page which is served much less

frequently than it should according to the fractional solution.
When the power of the cost polynomial is high, any such de-
viation has large impact on the total cost.

We discovered substantial differences between these algo-
rithms, however. The best algorithm was – usually by far –
the Greedy algorithm. A summary of these results is given in
figures 11 and 12. For sub-linear cost functions, we found that
the Fibonacci algorithm also enjoys excellent performance
(figure 6). We have studied the behavior of the Greedy algo-
rithm, and found that its performance depends critically (for
large databases and for cost functions which are high-degree
polynomials) on the length of the cycle taken. We were able
to determine specific values for the cycle.
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