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Abstract

We consider the problem ofsmoothingreal-time streams (such
as video streams), where the goal is to reproduce a variable-
bandwidth stream remotely, while minimizing bandwidth cost,
space overhead, and playback delay. We focus onlossysched-
ules, where some bytes may be dropped due to limited band-
width or space. We present the following results. First, we deter-
mine the optimal tradeoff between buffer space, queuing delay,
and link bandwidth for lossy smoothing schedules . Specifically,
this means that if one of these parameters is under our control,
we can precisely calculate the optimal value which minimizes
data loss while avoiding resource wastage. The tradeoff is ac-
complished by a simple generic algorithm, that allows one some
freedom in choosing which data to discard. This algorithm is
very easy to implement both at the server and at the client, and it
enjoys the nice property that only the server decides which data
to discard, and the client needs only to reconstruct the stream.

In a second set of results we study the case where different
parts of the data have different importance, modeled by assign-
ing a real “weight” to each byte in the stream. For this setting we
use competitive analysis, i.e., we compare the weight delivered
by on-line algorithms to the weight of an optimal off-line sched-
ule using the same resources. We prove that a natural greedy
algorithm is4-competitive. We also prove a lower bound of
1.25 on the competitive ratio ofanydeterministic on-line algo-
rithm. Finally, we give a few experimental results which show
that smoothing is extremely effective in practice, and thatthe
greedy algorithm performs very well in the weighted case.

∗Research supported in part by Israel Ministry of Science.
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1 Introduction

The essence of real-time communication is to reproduce a given
data stream in a remote location; one of the main difficultiesin
doing it is that often, the bit rate of a real-time stream varies
with time, while communication bandwidth is usually allocated
in advanced, and hence it is basically fixed. This fundamental
conflict between variable bandwidth requirement and constant
bandwidth supply has many possible solutions:

• Degradation of service by “truncating” the stream to the
link rate [6], or alternatively, reserving bandwidth for the
peak rate, resulting in link under-utilization [12].

• Statistical multiplexing [11], relying on an assumed statis-
tical independence of the bit rates of multiple streams;

• More complex traffic descriptors such VBR [17], allowing
for a more refined specification of bursts;

• Renegotiation protocols [8] which facilitate dynamic band-
width allocation; and

• Smoothing,which is the focus of this paper.
In smoothing, the basic idea is to trade bandwidth for space

and latency. Specifically, the bytes of the input stream, instead
of being submitted directly to the communication link, are first
stored in aserver’s buffer; the server submits bytes stored in its
buffer to the link when it deems appropriate, subject to the link
rate constraint. Bytes arriving at the other side of the linkare first
stored in aclient’s buffer,which delivers them to the playout de-
vice after a reconstruction action. The added flexibility provided
by the buffers is used to create a smoother traffic on the com-
munication link, thus reducing the peak bandwidth requirement
of the stream. Indeed, this technique is used on many levels,in-
cluding, for example, MPEG encoders and decoders [2, 3]. The
drawbacks of this method are the additional memory space re-
quired, and the added latency. In many practical cases, however,
one can significantly reduce the peak bandwidth using only a
relatively modest amount of space without unbearable delay.

The basic problem in smoothing is determining what is the
link rate, buffer sizes, the playout delay, and, of course, what
is the right algorithm to use. Much is known about the off-line
case, where the entire stream is known ahead of time, thus al-
lowing for preprocessing. The off-line scenario is well justified
in some cases, e.g., stored video. In many other settings, such as
live broadcasts, one would like to smooth an unknown stream in
an on-line fashion.



Our results. In this paper we consider a basic variant of the
smoothing problem, where the link rate is constant, and lossis
allowed. Our first result is as follows. Denote the total queuing
delay (i.e., end-to-end delay minus the link propagation delay)
by D, the buffer size (of the client and the server) byB, and
the link rate byR. We show that the minimal number of bytes
is lost when the relationB = R · D holds. To understand the
applicability of this result, consider the following scenario. Sup-
pose that two of the three parameters (space, delay and link rate)
are given. Then by applying our result one can trivially calcu-
late the best choice for the third parameter. This calculation does
not depend on any statistical assumptions: it holds deterministi-
cally. In a series of additional results, we show that setting the
free parameter such thatB 6= RD may adversely affect system
performance in the sense that we may have either unnecessary
loss of data or plain resource wastage.

The algorithm which achieves the minimal data loss is
generic, in the sense that when some bytes must be dropped,
it is not important which bytes are discarded (provided theyare
available at the server). This intentional under-specification is
very useful for practical encoding schemes, were the quality of
the output does not degrade linearly with the number of bytes
lost; in other words, the server is free to discard what seemsto
be the least important data. On the other hand, the client’s algo-
rithm does not involve such difficult decisions at all; the client’s
main burden is allocating the buffer space and reconstructing the
stream.

We then consider the more general case, where different parts
of the data have different importance. We model this case by
assigning a positive real number calledweightto each byte. The
goal of a schedule in this generalized model is to maximize the
benefit, defined to be the sum of the weights of bytes delivered
on time. For this setting, we use competitive analysis, i.e., we
compare on-line algorithms to optimal off-line schedules.Com-
petitive analysis is attractive because it avoids any statistical as-
sumptions, and gives a performance bound that holds for any
input sequence (see [4] for an introduction to competitive anal-
ysis). Specifically, we define thecompetitive ratioof an on-line
algorithm to be the least upper bound, over all input sequences,
of the benefit obtained by an optimal (off-line) schedule, divided
by the benefit obtained by the on-line algorithm. For this setting,
we have the following results. We present a natural greedy on-
line algorithm for smoothing and prove an upper bound of4 and
a lower bound of2− 2

B
on its competitive ratio. In other words,

we show that for any input stream, the optimal off-line schedule
delivers at most4 times the weight delivered by our algorithm,
and that in some cases, the greedy algorithm delivers only a little
more than half of the weight deliverable by an optimal off-line
algorithm. We conclude our competitive analysis with a general
lower bound of1.25 on the competitive ratio of deterministic
on-line algorithm.

We close this paper with a set of experimental results that
demonstrate the viability of smoothing: using MPEG clips found
on the Internet, we show that modest buffer space can provide
significant improvement in the number of dropped frames, and
that the greedy algorithm usually have excellent performance in
practice.

The rest of this paper is organized as follows. In Section 3 we
describe the underlying model in detail. In Section 4 we present

the generic algorithm and prove the basic connection between
delay, buffer space, and link rate. In Section 5 we consider the
model where each byte may have a different weight. Finally,
in Section 6, we present some performance results for weighted
and unweighted lossy smoothing.

2 Related Work on Smoothing

A considerable body of research was devoted to minimizing the
number and cost of changes for lossless smoothing. Rexford and
Towsley [14] give a thorough study of lossless smoothing over
an internetwork. In this setting, the output stream need notbe
identical to the input stream. Salehiet al. [15] present an off-
line lossless smoothing algorithm which is optimal in termsof
rate variability. Rexfordet al. [13] extend the optimal off-line
algorithm of [15] to the on-line case by applying the off-line al-
gorithm piecewise, using a sliding window technique. This idea
is refined in [5] by dynamically changing the sliding window
size as a function of the current burstiness of the input stream.
Zhaoet al. [20] consider the effect of the initial delay in lossless
schedules, and give an efficient algorithm that finds the optimal
initial delay, after which there is no reduction in the peak band-
width. The significance of the the initial delay is also the motiva-
tion for the work of Senet al. [16], where they investigate the use
of a proxy server to cache a prefix of popular streams. This idea
cannot be applied to on-line streams. Jiang and Kleinrock [10]
give an optimal off-line algorithm for the problem of minimizing
the total cost of changes of a lossless smoothing schedule. Their
only assumption is that the cost of a change is local, in the sense
that the overall cost is the sum of the individual change costs.

Another research direction is to study the inherent properties
of VBR traffic, and video in particular. For example, Wrege
et al. [18] present a deterministic model for VBR traffic, and
study the earliest-deadline-first scheduling policy in this context.
Feng and Rexford [7] present an experimental study of various
smoothing algorithms. Duffieldet al. [6] propose an algorithm
for controlling the MPEG encoding so as to get smooth streams.
Ni at al. [9] present a formula similar to ours for the connection
between delay, buffer size, and link rate. However, their model is
different: all the input stream is available in advance, so different
bytes may have different queuing delays. In their model, they
claim that the delay-bandwidth product is a lower bound on the
buffer size. Zhanget al. [19] study the case where the buffer
size, playout delay and the link rate are given, and the question
is how to minimize the number offramesdiscarded, under the
assumption that only whole frames can be discarded. They give
an optimal algorithm, and a few heuristics which appear to be
quite efficient for motion-JPEG streams.

3 Problem Statement

3.1 Informal Description

Intuitively, the system we consider consists of a source, a server
buffer, a communication link, a client buffer, and a sink (see
Figure 1). During each time step (we consider a slotted time
model), the following events happen.
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Figure 1: A schematic representation of a smoothing system.The link is lossless, and has constant propagation delay.

• A sourcegenerates a set of bytes called aframe, which is
inserted to aserver’s buffer.

• Theserversubmits some of the bytes currently stored in its
buffer to alink.

• The link delivers some of the bytes it holds to theclient’s
buffer. The link delay is assumed to be fixed.

• Theclient plays out some of the bytes stored in its buffer
by delivering them to aplayout device.

• In addition, any subset of the bytes currently stored at the
server’s buffer or the client’s buffer may bedroppedat the
discretion of the algorithm. The link is assumed to be loss-
less.

Bytes may be dropped due to the following restrictions.
Server Overflow:The server’s buffer has limited space, and

the link has a limited rate which bounds the rate at which the
server’s buffer can be drained. If the number of bytes generated
at a time is larger than the current size of free space in the buffer,
some of bytes (perhaps stored at the server) must be discarded.

Client Overflow:Usually, there is a limit on the rate in which
the client’s buffer is drained (this is always the case in real-time
systems—see below). If the number of bytes arriving at the
client is larger than its current number of free slots, then some
bytes must be dropped.

Early Drop: The algorithm may drop bytes arbitrarily, possi-
bly to avoid dropping bytes later.

The goal of a real-time smoothing schedule is to reconstruct
the input stream generated at the source as closely as possible
at the playout device. To this end, we assume that bytes are
somehow tagged by their arrival time (i.e., their frame number).
For our analysis, we also assume that link propagation delayis
constant.
The performance measures of interest for a smoothing system
are the following.

• Playout Latency: How long does it take for a byte since it
is generated at the source until it is played out.

• Buffer Requirement: How much buffer space do the server
and client need.

• Link Rate: What is the maximal link rate used by the
smoothing schedule.

• Fidelity: How close is the reconstructed stream to the orig-
inal input stream.

Note that while playout latency, buffer space and link rate are
well defined and easy to measure, fidelity is harder to quantify.
In particular, if the schedule islossy, (i.e., some of the bytes are
dropped), the perceived fidelity seems subjective [19], andde-
pends on the actual stream and encoding scheme employed. In
full generality, one may have a cost function assigning a “fidelity
index” for the pair of full input/output streams. A simpler alter-
native is to have alocal cost function assigning a (potentially
different) cost to each byte, and the global fidelity index isthe
sum (or the average) of the cost of lost bytes. A special case of
a local cost function is assigning a unit cost to each byte, thus
simply measuring how many bytes are lost by the system.

3.2 Formal Model and Notation
The following definition formalizes the notion of an input
stream. Intuitively, it is defined by specifying for each byte its
exact time of arrival in the system. For example, a frame of a
video stream is just the set of all bytes whose arrival time isthe
time the frame is generated. Using bytes as the basic entity will
allow us to break and re-assemble frames later.

Definition 3.1 An input stream is a setB of bytes and anar-
rival time function AT : B → N.

(We useN to denote the set of natural numbers including0.)
Next, we define the notion of a schedule using similar a formal-
ism. Note that in the definition below, times may also be infinite
due to the possibility of dropping bytes.

Definition 3.2 A smoothing schedule for a given input stream
is defined by the following additional functions, all mapping
bytes toN ∪ {∞}.

• send time function, denotedST.

• receive time function, denotedRT.

• departure time function, denotedDT.

• drop time function, denotedZT.

For example, a byteb is generated by the source at time
AT(b), waits in the server’s buffer until timeST(b), when it
enters the link. At timeRT(b) byte b is received at the client’s
buffer, where it waits until it is played out at timeDT(b). For this
byte we have infinite drop time, i.e.,ZT(b) = ∞. Another byte



b′ may be generated at the source at timeAT(b′), and dropped
from the server’s buffer at timeZT(b′); for this byte we have
ST(b′) = RT(b′) = DT(b′) = ∞. Naturally, the functions
defined above must obey certain restrictions if they describe a
schedule as we intend. We skip the formal details here.

The following additional derived notations are intuitive and
useful.

Notation 3.3 Let a smoothing schedule be given.
• A(t) is the set of bytes arriving at timet, also called the
frame generated at timet.

• S(t) is the set of bytes transmitted at timet.

• R(t) is the set of bytes delivered at timet.

• D(t) is the set of bytes played out at timet, also called
the frame played at timet.

• Z(t) is the set of bytes dropped at timet.

• Bs(t) is the set of bytes stored at the server at timet.

• Bc(t) is the set of bytes stored at the client at timet.

• Thesojourn timefor a byteb is DT(b) − AT(b).

• Thelink propagation delayfor a byteb with finite sojourn
time isRT(b) − ST(b).

• Thequeuing delayfor a byteb with finite sojourn time is
its sojourn time minus its propagation delay.

Finally, we define the performance metrics for a given schedule.
Note that our measures are defined in hindsight, given the full
schedule.

Definition 3.4 Let a smoothing schedule be given.
• Theserver buffer requirementis the least upper bound on
|Bs(t)|.

• Similarly, theclient buffer requirementis the least upper
on |Bc(t)|.

• The link rate requirementis the least upper bound on
|R(t)|.

Thus far, we have defined a model for transmitting a general
input stream with buffers. Our last step is to specialize themodel
to the case ofreal-timestreams.

Definition 3.5 A smoothing schedule is said to be areal-time
smoothing schedule if the sojourn time is the same for all bytes
with finite sojourn time.

In this paper we are interested in real-time schedules for loss-
less links with constant propagation delay. We denote the prop-
agation delay byP . Note that for real time schedules with con-
stant propagation delay, all non-dropped bytes must have the
same queuing delay. We denote this common queuing delay by
D.

We close this section with a definition of a local cost function,
which is a simplified representation of the fact that not all bytes
in a stream have equal importance.

Definition 3.6 A local weight function w for a given input
streamB is a function which assigns a real numberw(b) to each
byteb ∈ B. Thebenefit of a real-time scheduleS for B is the
sum of weights of all bytes with finite sojourn time.

Note that the benefit induced by the local weight function which
assigns1 to all bytes is simply the number of bytes delivered by
the schedule.

4 Generic Algorithm
In this section we consider schedules whose goal is to maximize
the numberof bytes played out by the client. The algorithm
is defined by means of the following quantities: maximum line
rateR, queuing delayD, and buffer spaceB = min(Bs, Bc).
Our main result in this section (Theorem 4.5) is that when given
any two of these quantities, the optimal choice for the thirdis
determined by the identity

B = D · R (1)

The buffer space needed at the client and the server is equal to
B: making only one of the buffers bigger does not help, as we
shall show later.

We remark that this result is the first proof that relates the
three quantities in the case of lossy on-line scheduling algo-
rithms.

4.1 Server’s Algorithm
The server’s job is extremely simple: whenever the server’s
buffer is non-empty, its contents is transmitted, in FIFO order, to
the client at the maximal possible rate. Whenever a new frameis
input into the server’s buffer, the size of the buffer is checked to
ensure that the total number of bytes in the server’s buffer does
not exceedB. If the server’s occupancy becomesB + Z for
someZ > 0, thenan arbitrary set ofZ bytes is discarded from
the buffer. We leave the way information is discarded unspeci-
fied at this point.

Formally, to describe our schedule, letS
′(t), B′

s(t) andZ
′(t)

denote the set of bytes sent, stored or dropped, respectively, at
time t. (Primed quantities refer to the generic algorithm.) The
algorithm is that at timet:

|S′(t)| = min

„

R , |B′

s(t−1)| + |A(t)|

«

(2)

|Z′(t)| = max

„

0 , |B′

s(t−1)|+|A(t)|−|S′(t)|−B

«

(3)

The actual identity of the bytes dropped is unrestricted, solong
as they are available at the server at timet:

Z
′(t) ⊆ B

′

s(t − 1) ∪ A(t) − S
′(t) .

For the set of transmitted bytes, however, we require that these
are the bytes with the smallest arrival times among all bytes
which were not dropped (i.e., the server buffer maintains FIFO
ordering).

4.2 Client’s Algorithm
The client’s algorithm is even simpler: when the first byteb0

arrives at the client’s buffer, a timer is set toD time units. When
the timer expires, all bytes whose arrival time isAT(b0) (i.e, the



bytes of the first frame) currently stored in the client’s buffer
are played out; thereafter, a frame is displayed every time unit.
Formally, we have

D
′(t) =

˘

b : AT(b) = t−P−D and RT
′(b) ≤ t

¯

,

whereD
′ andRT

′ are the times bytes are played and received,
respectively, at the client.

4.3 Analysis
We now prove that the generic algorithm above loses the least
number of bytes among all algorithms with buffer spaceB and
link rate R. To show optimality, we first state the simple fact
that the server transmits as many bytes as possible, subjectto the
server buffer and link rate constraints. This fact follows from the
greedy nature of the server’s algorithm.

Lemma 4.1 Let S′(t) denote the set of bytes transmitted by the
generic algorithm at timet for a given input stream, and let̂S(t)
denote the set of bytes transmitted by any schedule with server
buffer sizeB and link rateR . Then for allt,

Pt

i=0 |S
′(i)| ≥

Pt

i=0 |Ŝ(i)|.

Since by Lemma 4.1 the server is pushing as many bytes as
possible to the link, it is sufficient to show that all bytes which
arrive at the client are played out. We prove this fact by showing
that there is no client overflow, and that no byte arrives at the
client too late.

We first bound the space requirement of the server, and the
time any byte spends in the server’s buffer.

Lemma 4.2 The server’s buffer requirement under the generic
algorithm isB. Moreover, no byte is submitted to the link more
thanB/R time units after its arrival.

Proof: The server’s buffer requirement is obvious from the al-
gorithm: at any timet, the number of bytes dropped, accord-
ing to Eq. (3) is exactly the minimal number which ensures that
Bs(t) ≤ B. For the second part of the lemma, note that by the
FIFO order of transmission, and since by Eq. (2) the server trans-
mits at maximum rate whenever it is not empty, a byte which
arrives at timet is submitted to the link by timet + Bs(t)/R, or
else it was dropped by that time.

A direct implication of Lemma 4.2 is that no byte arrives at
the client too late (recall thatP is the link’s constant propagation
delay).

Lemma 4.3 Let t be any time step. For all bytesb ∈ R(t),
AT(b) ≥ t− (P+B/R). Conversely, for any byteb: if AT(b) =
t and b is not dropped by the server, thent+P ≤ RT(b) ≤
t+P +B/R.

Proof: Follows immediately from Lemma 4.2, and the assump-
tion that there is a constant propagation delay ofP time units
over the link, i.e.,R(t) = S(t − P ).

Lemma 4.3 shows that no byteb has to be discarded by the
client due to missing its deadline, i.e., there is nounderflow.
Next, we prove that there is no overflow at the client buffer.

Lemma 4.4 The buffer space requirement of the client under the
generic algorithm isB.

Proof: Consider any time stept. Note that all bytes stored in
the client’s buffer at timet were input to the system after time
t−P −B/R: bytes with smaller arrival time have already been
played out by the client’s algorithm, or have been discardedby
the server by Lemma 4.3. Also, since we assume that all bytes
have fixed propagation delayP over the link, we have that all
bytes stored at the client’s buffer at timet were input no later
than timet − P . Formally, for all b ∈ Bc(t), we have that
t−P −B

R
≤ AT(b) ≤ t−P . This, using Lemma 4.3, means that

all bytes stored at the client at timet were delivered by the link in
the time interval[t−B/R , t]. Therefore, since the link delivers
at mostR bytes at each time step, we conclude that|Bc(t)| ≤ B.

Thus we have the following result, which is a direct conse-
quence of the lemmas above.

Theorem 4.5 Let Z
′(t) denote the set of bytes dropped by the

generic algorithm at timet for a given input stream, and let
Ẑ(t) denote the set of bytes dropped by any real-time sched-
ule with server buffer sizeB and link rateR. Then for all t,
Pt

i=0 |Z
′(i)| ≤

Pt

i=0 |Ẑ(i)|.

4.4 Negative Results
In the full paper we study the quantitative effect of settingone
of the three parameters (buffer size, link rate and queuing delay)
to a non-optimal value. The result is invariably either resource
wastage or unnecessary information loss: the question is how
bad can it get. We only state the results here.

Theorem 4.6 For any givenB andR, there exist an arbitrarily
long input stream such that any schedule with server buffer of
sizeB, link of rateR, and queuing delayD < B/R loses, on
average, at leastR

`

1 − DR
B

´

bytes per frame. On the other
hand, there exists a smoothing schedule with buffer sizeB, link
rate R and delayD = B/R that does not lose any byte for that
sequence.

Theorem 4.7 For any givenB andR, there exist an arbitrarily
long input stream such that any schedule with server buffer of
sizeB, link of rateR, and queuing delayD > B/R loses, on

average, at leastR
“

1 − 2B+PR
DR+PR+B

”

bytes per frame. On the

other hand, there exists a smoothing schedule with buffer sizeB,
link rateR and delayD = B/R that does not lose any byte for
that sequence.

Theorem 4.8 For any givenD andR, there exist an arbitrarily
long input stream such that any schedule with playout delayD,
link of rateR, and buffers such thatmin(Bs, Bc) < DR must
lose, on average, at leastR

`

1 − B
DR

´

bytes per frame. On the
other hand, there exists a smoothing schedule with playout delay
D, link rateR and buffer sizeB = DR, that does not lose any
byte for that sequence.

Theorem 4.9 For any givenD andB, andR < B/D, the input
sequence where all the frames are of sizeB/D must lose, on



average, at leastR
`

B
D

− 1
´

bytes per frame. On the other hand,
there exists a smoothing schedule with delayD, buffer sizeB
and link rateR = B/D that does not lose any byte for that
sequence.

5 Competitive Analysis for General
Local Cost Functions

In this section we generalize our treatment to general localcost
functions, i.e., we address the case that different bytes have dif-
ferent weights, and the benefit of a real-time schedule is thesum
of the weights of the bytes played.

Our main tool here is competitive analysis. In competitive
analysis, one compares the performance of an on-line algorithm
to the performance of an off-line algorithm. In our case, the
competitive analysis is done as follows. For each input stream
B, we compute the benefit of the on-line algorithm, denoted by
online(B), to the benefit of an optimal off-line algorithm, de-
noted byopt(B). An optimal off-line algorithm knows all the
input stream in advance, and based on the entire stream it finds
an optimal schedule. The competitive ratio for an input stream
B is the ratio of the two benefits. The competitive ratio of an on-
line algorithm is the worst-case competitive ratio over allinput
steams. An on-line algorithm is calledc-competitive, if for any
input sequenceB, we have thatopt(B)/online(B) ≤ c.

In this section, we present the following results. First, we
consider a natural greedy algorithm, and prove that it is4-
competitive. We also show that the greedy algorithm cannot be
better than2 − 2

B
-competitive. (In Section 6 we provide evi-

dence that show that the performance of the Greedy algorithmin
practice is much better.) We then prove a lower bound of1.25 on
the competitive ratio of any deterministic on-line algorithm. We
require the on-line scheduler to adhere to FIFO scheduling:it is
clear that there exists an optimal off-line schedule which main-
tains FIFO order; also, this is a very natural restriction when
discussing real-time smoothing.

For our algorithm, we choose a buffer size such thatB =
DR. Theorem 4.5, and Lemmas 4.3 and 4.4, guarantee that if
B = DR then no overflow or underflow will occur at the client
buffer. This allows us to restrict attention to the server buffer
and the bytes dropped from it, since any other byte will reach
the client and played back on time.

5.1 The Greedy Algorithm

When we a have general local cost function, it seems natural
to drop bytes with low weight in exchange for bytes with high
weights, which gives rise to the following rule of greedy sched-
ules:

Each time an overflow occurs, theB top-weight bytes
among all available bytes are kept at the server’s
buffer.

We resolve ties as follows: if the arrival times of equal-weight
bytes are different, we keep older bytes; if both the weightsand
arrival times are equal, we choose arbitrarily.

We now analyze the competitive ratio of the greedy algorithm.
First we prove an upper bound of4, and then a lower bound of
nearly2.

Theorem 5.1 The competitive ratio of the greedy algorithm is
at most4.

The following concept is central in the proof of Theorem 5.1.

Definition 5.1 For any time intervalI , let V (I) denote the set
of theB highest weight bytes among all bytes arriving inI . If
fewer thanB bytes arrive inI , thenV (I) consists of all of the
arriving bytes.

We start with a lemma that relates the benefit of the greedy al-
gorithm to the weight of the bytes inV (I) for intervals of length
D. The following notation is useful.

Notation 5.2 For any set of bytesA, let w(A)
def
=

P

b∈A
w(b).

Lemma 5.2 In the greedy algorithm, for any intervalI = [t, t+
D − 1],

D−1
X

i=0

w(S(t + i)) ≥ w(V (I)) − w(Bs(t + D)) .

Proof: Define the setY to consist of theB highest-weight bytes
from

Bs(t) ∪
D−1
[

i=0

A(t + i) ,

i.e., Y is the set of theB “heaviest” bytes among all bytes that
are either in the buffer at the start ofI , or arrive duringI (ties
are resolved in the same way they are resolved by the greedy
algorithm). We claim that all bytes inY are either sent duringI
or stored in the buffer by the end ofI . Formally:

Y ⊆ Bs(t + D) ∪
D−1
[

i=0

S(t + i) . (4)

For suppose that Eq. (4) is false. Then there existst′ ∈ I such
thatY ∩Z(t′) 6= ∅, i.e., a byte fromY is dropped at timet′. Let
t0 be the first such time, andb a byte fromY that was dropped
at time t0. By the rule of the greedy algorithm, we have that
w(b) < w(b′) for all b′ ∈ Bs(t0), which means that there are
B bytes with weight higher thanw(b). SinceBs(t0) ⊆ Bs(t) ∪
SD−1

i=0 S(t+ i), this is a contradiction to the definition ofY . We
can therefore use Eq. (4) to conclude that

D−1
X

i=0

w(S(t + i)) + w(Bs(t + D) ≥ w(Y ) ,

and the result follows, sincew(Y ) ≥ w(V (I)) by definition.

Lemma 5.3 In the greedy algorithm, for any time stept,

w(Bs(t)) ≤
D−1
X

i=0

w(S(t + i)) .



Proof: Let Xt+i be the set of bytes transmitted in the time inter-
val [t, t + i] and the oldestB − iR bytes inBs(t + i). Note that
Xt = Bs(t) andXt+D−1 = ∪D−1

i=0 S(t + i).
We claim that for all0 ≤ i ≤ D−1, w(Xt+i) ≤ w(Xt+i+1).

To see that, consider at timet + i + 1. First a set of bytes
A(t + i + 1) arrive. Then some of the bytes inBs(t + i)
may be dropped, but by definition of the greedy algorithm, each
byte dropped has smaller weight than all remaining bytes in
Bs(t + i + 1). Therefore, this can only increase the weight of
Xt+i. Secondly, the firstR bytes inBs(t + i) are transmitted,
but the definition ofXti+1 makes sure that this does not affect
the set of bytes we are considering. It follows from transitivity
that

w(Bs(t)) = w(Xt) ≤ w(Xt+D−1) =

D−1
X

i=0

w(S(t + i)) .

Combining Lemmas 5.2 and 5.3 we have the following corol-
lary.

Lemma 5.4 In the greedy algorithm, for any intervalI = [t, t+
D − 1],

2
X

t∈I

w(S(t)) + w(Bs(t + D)) − w(Bs(t)) ≥ w(V (I)) .

On the other hand, the following simple observation relates
the optimal benefit to the weight ofV (I) for anyD-length in-
tervalI .

Lemma 5.5 LetI be any time interval ofℓ ≤ D steps. Then the
total weight of bytes arriving atI that are not dropped by any
B-space algorithm is at most2w(V (I)).

Proof: Obviously, in any interval ofℓ time steps, noB-space
algorithm can accept (i.e., not drop) more thanB + ℓR bytes
(that’s the “leaky bucket” nature of the buffer). Since the bytes
in V (I) have the greatest weight among the bytes arriving in
I , it follows that noB-space algorithm can accept total weight
of more than(1 + ℓR

B
)w(V (I)). The result follows since by

assumption,ℓ ≤ D and henceℓR ≤ B.

Using Lemmas 5.5 and 5.4 we can now prove the theorem.
Proof of Theorem 5.1: Let T denote the last time step of the
greedy schedule. Without loss of generality, we may assume that
Bs(T +1) = ∅. Divide time into intervals{Ij}j

of lengthD (the
last interval may be shorter thanD). Summing over all intervals
Ij we get from Lemma 5.4 that

X

j

w(V (Ij)) ≤ w(Bs(T+1)) − w(Bs(0)) + 2

T
X

t=0

w(S(t))

= 2
T

X

t=0

w(S(t)) , (5)

by our assumption thatw(Bs(0)) = w(Bs(T +1)) = 0. Eq. (5)
means that the total benefit of the greedy algorithm is at least the
sum of thew(V (Ij)). On the other hand, using Lemma 5.5 and
summing over all intervals, we get that the total benefit of the
optimal algorithm is at most2

P

j
w(V (Ij)). Combining with

Eq. (5) completes the proof.

Next we show that2 is a lower bound on the competitive ratio
of the greedy algorithm.

Theorem 5.6 There is an input streamB on which the weight
of the optimal schedule is at least2 − ǫ times the weight of the
greedy scheduling, forǫ ≥ 2/B.

Proof: Assume that the link rateR = 1, and consider the fol-
lowing input stream start at time0.

• At time 0, B bytes arrive, with weight1 each, i.e.,A(i) =
0 andw(i) = 1 for 1 ≤ i ≤ B.

• In each of the nextB time steps, a single byte of value
L arrives, i.e.,A(i + B) = i and w(i + B) = L for
1 ≤ i ≤ B.

• Finally, at timeB + 1, B bytes of valueL each arrive, i.e.,
A(i + 2B) = B + 1 andw(i + 2B) = L for 1 ≤ i ≤ B.

The greedy algorithm accepts the first2B + 1 bytes at steps
0, . . . , B, since there are empty slots in the buffer. Thus, after
stepB, the buffer containsB bytes of weightL each, and hence,
at stepB + 1, B bytes of weightL are dropped by the greedy
algorithm. The overall benefit of the greedy algorithm is1 ·B +
L · (B + 1). The optimal (off-line) algorithm drops all weight-1
bytes, and can therefore send all the bytes of weightL, resulting
in total benefit of1 + 2LB. ForL = B(B − 1) we get,

1 + 2LB

B + L(B + 1)
= 2 −

2B2 − 1

B3
> 2 −

2

B
,

and the theorem follows.

5.2 A Lower Bound for Deterministic On-
line Algorithms

It turns out that no deterministic on-line algorithm can be very
close to optimal, as we show next. Our proof uses the assumption
that on-line algorithms must send the bytes in FIFO order.

Theorem 5.7 For any deterministic on-line algorithmA, there
exists an input sequenceB such that the total weight of an op-
timal schedule ofB is at least5/4 times the total weight of the
on-line algorithmA, i.e.,opt(B)/A(B) ≥ 1.25.

Proof: Assume that the link rate isR = 1. We consider two
scenarios. In both scenarios, the arrival sequence starts at time
t = 0 with B bytes of value1, i.e.,B(i) = 0 andw(i) = 1
for 1 ≤ i ≤ B. In each of the next time steps a single byte of
valueL arrives, i.e.,B(i + B) = i andw(i + B) = L. This
continues until we reach timeB or until A sends anL value
byte (which means thatA has dropped all the remaining bytes
of value1 from the buffer). Lett1 be that time.

In the first scenario, the input stream ends at timet1. The
benefit ofA is 1 · t1 + L · (B − t1), while the off-line benefit is
1 · B + L · (B − t1).

In the second scenario, at timet1 + 1 a burst ofB bytes of
valueL arrive. The off-line benefit in this case isL(B + t1),
while the benefit ofA is 1 · t1 + L · B.

ForL = 2 the ratio is the minimum of1+2(1−z)
z+2(1−z)

and 2(1+z)
2+z

,
wherez = t1/B. Optimizing, we get that forz = 2/3 the ratio
is 5/4.



6 Experimental Results
In this section we present some typical numbers for video
smoothing for clips found on the Internet. We also evaluate
the performance of two on-line algorithms in the case of a cost-
based model.

6.1 Typical Numbers
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Figure 2: Data loss rate as a function of the size of the
buffer. The link rate is 7% more than the average rate.

We have experimented with a few types of clips. In Figure 2,
the results of smoothing a typical newscast clip (obtained from
CNN archive [1]). As can be seen, a very small buffer (less than
twice the largest frame size, or alternatively 8 times the size of
an average frame) suffices to avoid losses altogether, with peak
link rate only 7% more than the average rate. But if the buffer
size is too small, the loss is substantial.

An illustration of the way our algorithm works is provided in
Figure 3, where the buffer occupancy at the client and the server
may be seen. Note that the client never overflows, while the
server has to truncate the excess flow from time to time.
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Figure 3: Buffer occupancy at the server and the client
with 300Kbytes buffers. Note the symmetric trends.

6.2 Comparison in the cost model

In another set of experiments, we tested thecostlost in our sim-
ple model: given an MPEG stream, we assigned costs to bytes
based on the type of frame they are a part of. Specifically, we
assigned costs of12 : 8 : 1 for I : P : B frames, respectively.
We compared two simple algorithms. In theFIFO algorithm
(a.k.a.tail drop algorithm), if an overflow occurs at timei, then
bytes from framei are discarded (intuitively, all overflow is from
the “tail” of the server’s buffer). The second algorithm we test
is thegreedy algorithm, in which whenever an overflow occurs,
the cheapest bytes are discarded, regardless of their location in
the server’s buffer or in the current input frame. For comparison
purposes, we also plot the optimal loss possible (off-line)for the
given buffer size and link rates.
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Figure 4: Fraction of lost cost in a high quality clip of the
FIFO greedy algorithms under two link rates.

Clearly, both on-line algorithms perform the same if no (or
very little) loss occurs. In Figure 4 we see a comparison of the
total cost the algorithms lost due to overflow, for a high-quality
input stream. As expected, the greedy algorithm outperforms
the FIFO algorithm in all cases, and the overall loss is nevertoo
high, in terms of cost. Note that link rate 10% below average
implies that at least 10% of the information is lost, but the cost
lost may be significantly lower (as is the case for the Greedy
algorithm and the optimal schedule). Unfortunately for theFIFO
algorithm, in MPEG streams costly bytes come in large bursts,
and hence the cost lost by FIFO is more than 10%.

In Figure 5, we look more closely at the overflow of the
greedy and the FIFO algorithm. We can see that even though
the number of bytes discarded is equal, the FIFO algorithm loses
many “expensive” bytes.

In Figure 6, we plot the benefit of Greedy and FIFO relative
to the optimal benefit as we vary the link rate. It can be seen that
the Greedy algorithm manages to salvage most of the benefit
even when the rate drops much below the average rate. One way
to view this is that using the greedy algorithm, one can tradelink
capacity for additional processing in the server.
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Figure 5: Three segments of overflow traces. In each seg-
ment, the number ofbyteslost is the same for both the
greedy algorithm and the FIFO algorithm, but the greedy
algorithm loses much less in terms of cost.
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