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Abstract

We consider the problem @&moothingreal-time streams (such

as video streams), where the goal is to reproduce a variable-
bandwidth stream remotely, while minimizing bandwidth tcos
space overhead, and playback delay. We focubbssysched-
ules, where some bytes may be dropped due to limited band-
width or space. We present the following results. First, eed
mine the optimal tradeoff between buffer space, queuingydel
and link bandwidth for lossy smoothing schedules . Spedlifica
this means that if one of these parameters is under our ¢pntro
we can precisely calculate the optimal value which minimize
data loss while avoiding resource wastage. The tradeoft-is a
complished by a simple generic algorithm, that allows omeeso
freedom in choosing which data to discard. This algorithm is
very easy to implement both at the server and at the cliedtitan
enjoys the nice property that only the server decides whith d

to discard, and the client needs only to reconstruct thaustre

In a second set of results we study the case where different
parts of the data have different importance, modeled byassi
ing a real “weight” to each byte in the stream. For this sgttie
use competitive analysis, i.e., we compare the weight ey
by on-line algorithms to the weight of an optimal off-linehscl-
ule using the same resources. We prove that a natural greedy
algorithm is4-competitive. We also prove a lower bound of
1.25 on the competitive ratio odiny deterministic on-line algo-
rithm. Finally, we give a few experimental results whichwho
that smoothing is extremely effective in practice, and that
greedy algorithm performs very well in the weighted case.

*Research supported in part by Israel Ministry of Science.

1

The essence of real-time communication is to reproduceemgiv
data stream in a remote location; one of the main difficuities
doing it is that often, the bit rate of a real-time stream esri
with time, while communication bandwidth is usually allteé
in advanced, and hence it is basically fixed. This fundanhenta
conflict between variable bandwidth requirement and consta
bandwidth supply has many possible solutions:
e Degradation of service by “truncating” the stream to the
link rate [6], or alternatively, reserving bandwidth foreth
peak rate, resulting in link under-utilization [12].

Introduction

e Statistical multiplexing [11], relying on an assumed stati
tical independence of the bit rates of multiple streams;

e More complex traffic descriptors such VBR [17], allowing
for a more refined specification of bursts;

e Renegotiation protocols [8] which facilitate dynamic band
width allocation; and

e Smoothingwhich is the focus of this paper.

In smoothing, the basic idea is to trade bandwidth for space
and latency. Specifically, the bytes of the input streantear
of being submitted directly to the communication link, arstfi
stored in aserver’s buffey the server submits bytes stored in its
buffer to the link when it deems appropriate, subject to thie |
rate constraint. Bytes arriving at the other side of the déiréfirst
stored in elient’s bufferwhich delivers them to the playout de-
vice after a reconstruction action. The added flexibilitgyaded
by the buffers is used to create a smoother traffic on the com-
munication link, thus reducing the peak bandwidth requaem
of the stream. Indeed, this technique is used on many levels,
cluding, for example, MPEG encoders and decoders [2, 3]. The
drawbacks of this method are the additional memory space re-
quired, and the added latency. In many practical cases Jsowe
one can significantly reduce the peak bandwidth using only a
relatively modest amount of space without unbearable delay

The basic problem in smoothing is determining what is the
link rate, buffer sizes, the playout delay, and, of courskatw
is the right algorithm to use. Much is known about the ofelin
case, where the entire stream is known ahead of time, thus al-
lowing for preprocessing. The off-line scenario is welltjfisd
in some cases, e.g., stored video. In many other settings,asu
live broadcasts, one would like to smooth an unknown stream i
an on-line fashion.



Our results. In this paper we consider a basic variant of the
smoothing problem, where the link rate is constant, andikss
allowed. Ouir first result is as follows. Denote the total qogu
delay (i.e., end-to-end delay minus the link propagatiolayje
by D, the buffer size (of the client and the server) By and
the link rate byR. We show that the minimal number of bytes
is lost when the relatio = R - D holds. To understand the
applicability of this result, consider the following sceioa Sup-
pose that two of the three parameters (space, delay andaliek r
are given. Then by applying our result one can trivially calc
late the best choice for the third parameter. This calcutadioes
not depend on any statistical assumptions: it holds detestii
cally. In a series of additional results, we show that settire
free parameter such th& # RD may adversely affect system

performance in the sense that we may have either unnecessary

loss of data or plain resource wastage.

The algorithm which achieves the minimal data loss is
generic in the sense that when some bytes must be dropped,
it is not important which bytes are discarded (provided they
available at the server). This intentional under-spedificais
very useful for practical encoding schemes, were the quafit
the output does not degrade linearly with the number of bytes
lost; in other words, the server is free to discard what seems
be the least important data. On the other hand, the clielgis a
rithm does not involve such difficult decisions at all; theet's
main burden is allocating the buffer space and reconshyttie
stream.

We then consider the more general case, where differerst part
of the data have different importance. We model this case by
assigning a positive real number callgdightto each byte. The
goal of a schedule in this generalized model is to maximiee th
benefit defined to be the sum of the weights of bytes delivered
on time. For this setting, we use competitive analysis, we.
compare on-line algorithms to optimal off-line schedulésm-
petitive analysis is attractive because it avoids anystiedl as-
sumptions, and gives a performance bound that holds for any
input sequence (see [4] for an introduction to competitivala
ysis). Specifically, we define ttmmpetitive raticof an on-line
algorithm to be the least upper bound, over all input seqe®nc
of the benefit obtained by an optimal (off-line) schedulgicid
by the benefit obtained by the on-line algorithm. For thisiisgt
we have the following results. We present a natural greedy on
line algorithm for smoothing and prove an upper bound ahd
a lower bound of — % on its competitive ratio. In other words,
we show that for any input stream, the optimal off-line sehed
delivers at most times the weight delivered by our algorithm,
and that in some cases, the greedy algorithm delivers oiitlyea |
more than half of the weight deliverable by an optimal offeli
algorithm. We conclude our competitive analysis with a gahe
lower bound of1.25 on the competitive ratio of deterministic
on-line algorithm.

We close this paper with a set of experimental results that
demonstrate the viability of smoothing: using MPEG clipsifd
on the Internet, we show that modest buffer space can provide
significant improvement in the number of dropped frames, and
that the greedy algorithm usually have excellent perfocean
practice.

The rest of this paper is organized as follows. In Section 3 we
describe the underlying model in detail. In Section 4 we @mes

the generic algorithm and prove the basic connection betwee
delay, buffer space, and link rate. In Section 5 we consider t
model where each byte may have a different weight. Finally,
in Section 6, we present some performance results for weght
and unweighted lossy smoothing.

2 Related Work on Smoothing

A considerable body of research was devoted to minimizieg th
number and cost of changes for lossless smoothing. Rexfard a
Towsley [14] give a thorough study of lossless smoothing ove
an internetwork. In this setting, the output stream needbeot
identical to the input stream. Saleti al. [15] present an off-
line lossless smoothing algorithm which is optimal in terohs
rate variability. Rexforcet al. [13] extend the optimal off-line
algorithm of [15] to the on-line case by applying the offdial-
gorithm piecewise, using a sliding window technique. THisai
is refined in [5] by dynamically changing the sliding window
size as a function of the current burstiness of the inputsire
Zhaoet al. [20] consider the effect of the initial delay in lossless
schedules, and give an efficient algorithm that finds thenugti
initial delay, after which there is no reduction in the peakd-
width. The significance of the the initial delay is also thetive
tion for the work of Seret al. [16], where they investigate the use
of a proxy server to cache a prefix of popular streams. The ide
cannot be applied to on-line streams. Jiang and Kleinro6k [1
give an optimal off-line algorithm for the problem of mininig
the total cost of changes of a lossless smoothing schedhéar T
only assumption is that the cost of a change is local, in theese
that the overall cost is the sum of the individual changescost
Another research direction is to study the inherent pragert
of VBR traffic, and video in particular. For example, Wrege
et al. [18] present a deterministic model for VBR traffic, and
study the earliest-deadline-first scheduling policy is tontext.
Feng and Rexford [7] present an experimental study of variou
smoothing algorithms. Duffieldt al. [6] propose an algorithm
for controlling the MPEG encoding so as to get smooth streams
Ni at al. [9] present a formula similar to ours for the connection
between delay, buffer size, and link rate. However, theidehts
different: all the input stream is available in advance, iffeig:nt
bytes may have different queuing delays. In their modely the
claim that the delay-bandwidth product is a lower bound @n th
buffer size. Zhanget al. [19] study the case where the buffer
size, playout delay and the link rate are given, and the gprest
is how to minimize the number dfamesdiscarded, under the
assumption that only whole frames can be discarded. They giv
an optimal algorithm, and a few heuristics which appear to be
quite efficient for motion-JPEG streams.

3 Problem Statement

3.1

Intuitively, the system we consider consists of a sourcerees
buffer, a communication link, a client buffer, and a sinkgse
Figure 1). During each time step (we consider a slotted time
model), the following events happen.

Informal Description
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Figure 1: A schematic representation of a smoothing systdra.link is lossless, and has constant propagation delay.

e A sourcegenerates a set of bytes callefrane which is
inserted to aerver's buffer

e Theserversubmits some of the bytes currently stored in its
buffer to alink.

e Thelink delivers some of the bytes it holds to tbient’s
buffer. The link delay is assumed to be fixed.

e Theclient plays out some of the bytes stored in its buffer
by delivering them to playout device

e In addition, any subset of the bytes currently stored at the
server’s buffer or the client’s buffer may loeoppedat the
discretion of the algorithm. The link is assumed to be loss-
less.

Bytes may be dropped due to the following restrictions.

Server Overflow:The server’s buffer has limited space, and

the link has a limited rate which bounds the rate at which the
server’s buffer can be drained. If the number of bytes ge¢edra
at a time is larger than the current size of free space in tfierbu
some of bytes (perhaps stored at the server) must be discarde

Client Overflow:Usually, there is a limit on the rate in which

the client’s buffer is drained (this is always the case irt-tizae
systems—see below). If the number of bytes arriving at the
client is larger than its current number of free slots, theme
bytes must be dropped.

Early Drop: The algorithm may drop bytes arbitrarily, possi-

bly to avoid dropping bytes later.

The goal of a real-time smoothing schedule is to reconstruct

the input stream generated at the source as closely as lgossib

at the playout device. To this end, we assume that bytes are

somehow tagged by their arrival time (i.e., their frame narmb
For our analysis, we also assume that link propagation dslay
constant.

The performance measures of interest for a smoothing system

are the following.
e Playout Latency: How long does it take for a byte since it
is generated at the source until it is played out.

e Buffer Requirement: How much buffer space do the server
and client need.

e Link Rate: What is the maximal link rate used by the
smoothing schedule.

e Fidelity: How close is the reconstructed stream to the orig-
inal input stream.

Note that while playout latency, buffer space and link rae a
well defined and easy to measure, fidelity is harder to quantif
In particular, if the schedule isssy (i.e., some of the bytes are
dropped), the perceived fidelity seems subjective [19], dexd
pends on the actual stream and encoding scheme employed. In
full generality, one may have a cost function assigning atiig
index” for the pair of full input/output streams. A simpldtea-
native is to have docal cost function assigning a (potentially
different) cost to each byte, and the global fidelity indexhis
sum (or the average) of the cost of lost bytes. A special chse o
a local cost function is assigning a unit cost to each bytes th
simply measuring how many bytes are lost by the system.

3.2 Formal Model and Notation

The following definition formalizes the notion of an input
stream. Intuitively, it is defined by specifying for each doyts
exact time of arrival in the system. For example, a frame of a
video stream is just the set of all bytes whose arrival tintbés
time the frame is generated. Using bytes as the basic entlty w
allow us to break and re-assemble frames later.

Definition 3.1 Aninput stream is a setB of bytes and anar-
rival time function AT : B — N.

(We useN to denote the set of natural numbers includiny
Next, we define the notion of a schedule using similar a formal
ism. Note that in the definition below, times may also be itdini
due to the possibility of dropping bytes.

Definition 3.2 A smoothing schedule for a given input stream
is defined by the following additional functions, all mappin
bytes toN U {co}.

e send time function, denotedT.

e receive time function, denotedRT.
e departure time function, denotedT.
e drop time function, denote@T.

For example, a byté is generated by the source at time
AT (b), waits in the server’s buffer until tim8T(b), when it
enters the link. At timeRT(b) byted is received at the client’s
buffer, where it waits until it is played out at tini¥T (b). For this
byte we have infinite drop time, i.€ZT (b) = co. Another byte



b" may be generated at the source at tix¥gb’), and dropped
from the server's buffer at tim&T (b'); for this byte we have
ST(b') = RT(¥') = DT(b') = oo. Naturally, the functions
defined above must obey certain restrictions if they descaib
schedule as we intend. We skip the formal details here.

The following additional derived notations are intuitiveda
useful.

Notation 3.3 Let a smoothing schedule be given.
e A(t) is the set of bytes arriving at time also called the
frame generated at time

e S(t) is the set of bytes transmitted at tirhe
e R(t) is the set of bytes delivered at tirhe

e D(1) is the set of bytes played out at tirhealso called
theframe played at time.

Z(t) is the set of bytes dropped at tirhe

B, (t) is the set of bytes stored at the server at time
B.(¢) is the set of bytes stored at the client at titne
Thesojourn timefor a byteb is DT (b) — AT (b).

Thelink propagation delajor a byteb with finite sojourn
time isRT(b) — ST(b).

e Thequeuing delayor a byteb with finite sojourn time is
its sojourn time minus its propagation delay.

Finally, we define the performance metrics for a given scleedu
Note that our measures are defined in hindsight, given the ful
schedule.

Definition 3.4 Let a smoothing schedule be given.
e Theserver buffer requiremeird the least upper bound on
Bs (8)]-
e Similarly, theclient buffer requiremernis the least upper
on|[B.(t)].
e Thelink rate requirements the least upper bound on

IR(®)].

Thus far, we have defined a model for transmitting a general
input stream with buffers. Our last step is to specializenioelel
to the case ofeal-timestreams.

Definition 3.5 A smoothing schedule is said to beeal-time
smoothing schedule if the sojourn time is the same for all bytes
with finite sojourn time.

In this paper we are interested in real-time schedules &-10
less links with constant propagation delay. We denote thp-pr
agation delay byP. Note that for real time schedules with con-
stant propagation delay, all non-dropped bytes must hage th
same queuing delay. We denote this common queuing delay by
D.

We close this section with a definition of a local cost funetio
which is a simplified representation of the fact that not giels
in a stream have equal importance.

Definition 3.6 A local weight function w for a given input
streams3 is a function which assigns a real numhe(b) to each
byteb € B. Thebenefit of a real-time schedul§ for B is the
sum of weights of all bytes with finite sojourn time.

Note that the benefit induced by the local weight functionclihi
assignsl to all bytes is simply the number of bytes delivered by
the schedule.

4 Generic Algorithm

In this section we consider schedules whose goal is to magimi
the numberof bytes played out by the client. The algorithm
is defined by means of the following quantities: maximum line
rate R, queuing delayD, and buffer spacé = min(B,, B.).
Our main result in this section (Theorem 4.5) is that wheegiv
any two of these quantities, the optimal choice for the tlérd
determined by the identity
B=D-R 1)

The buffer space needed at the client and the server is emual t
B: making only one of the buffers bigger does not help, as we
shall show later.

We remark that this result is the first proof that relates the
three quantities in the case of lossy on-line scheduling-alg
rithms.

4.1 Server's Algorithm

The server's job is extremely simple: whenever the server’s
buffer is non-empty, its contents is transmitted, in FIF@eoyto
the client at the maximal possible rate. Whenever a new fiame
input into the server’s buffer, the size of the buffer is dteztto
ensure that the total number of bytes in the server’s buffesd
not exceedB. If the server's occupancy becomés+ Z for
someZ > 0, thenan arbitrary set ofZ bytes is discarded from
the buffer We leave the way information is discarded unspeci-
fied at this point.

Formally, to describe our schedule, #(t), B () andZ'(t)
denote the set of bytes sent, stored or dropped, respegrtatel
time t. (Primed quantities refer to the generic algorithm.) The
algorithm is that at time:

S0 min(R, BL(—1)| + |A<t>|) @

Zol = max(0, Bl DI+ADI-IS 0] -5 ) @)
The actual identity of the bytes dropped is unrestrictedprg
as they are available at the server at time

Z'(t) CB,(t—1)UA() —S'(t).

For the set of transmitted bytes, however, we require tregeth
are the bytes with the smallest arrival times among all bytes
which were not dropped (i.e., the server buffer maintairsdrI
ordering).

4.2 Client’'s Algorithm

The client’s algorithm is even simpler: when the first bjte
arrives at the client’s buffer, a timer is setfbtime units. When
the timer expires, all bytes whose arrival time\i(bo) (i.e, the



bytes of the first frame) currently stored in the client’sfbuf
are played out; thereafter, a frame is displayed every tinie u
Formally, we have

D'(t) = {b:AT(b)=t—P—D and RT'(b) <t}

whereD’ andRT’ are the times bytes are played and received,
respectively, at the client.

4.3 Analysis

We now prove that the generic algorithm above loses the least
number of bytes among all algorithms with buffer spd&and

link rate R. To show optimality, we first state the simple fact
that the server transmits as many bytes as possible, stdbjiet
server buffer and link rate constraints. This fact follonanfi the
greedy nature of the server’s algorithm.

Lemma 4.1 LetS'(¢) denote the set of bytes transmitted by the
generic algorithm at time for a given input stream, and Iél(t)
denote the set of bytes transmitted by any schedule witerserv
buffer sizeB and link rate R . Then for allt, 3'_ |S'(i)| >

Yo 1SO)I-

Since by Lemma 4.1 the server is pushing as many bytes as
possible to the link, it is sufficient to show that all bytesigth
arrive at the client are played out. We prove this fact by shgw
that there is no client overflow, and that no byte arrives at th
client too late.

We first bound the space requirement of the server, and the
time any byte spends in the server’s buffer.

Lemma 4.2 The server’s buffer requirement under the generic
algorithm is B. Moreover, no byte is submitted to the link more
than B/ R time units after its arrival.

Proof: The server’s buffer requirement is obvious from the al-
gorithm: at any time,, the number of bytes dropped, accord-
ing to Eq. (3) is exactly the minimal number which ensures$ tha
B.(t) < B. For the second part of the lemma, note that by the
FIFO order of transmission, and since by Eq. (2) the seraestr
mits at maximum rate whenever it is not empty, a byte which
arrives at time is submitted to the link by time+ B, (¢)/R, or
else it was dropped by that time. il

A direct implication of Lemma 4.2 is that no byte arrives at
the client too late (recall that is the link’s constant propagation
delay).

Lemma 4.3 Let ¢ be any time step. For all bytds € R(
AT(b) > t— (P+B/R). Conversely, for any byte if AT (b)
t and b is not dropped by the server, ther- P < RT(b)
t+P+B/R.

t),
<

Proof: Follows immediately from Lemma 4.2, and the assump-
tion that there is a constant propagation delayPofime units
over the link, i.e.R(t) =St —P). 1

Lemma 4.3 shows that no bytehas to be discarded by the
client due to missing its deadline, i.e., there is umwderflow
Next, we prove that there is no overflow at the client buffer.

Lemma 4.4 The buffer space requirement of the client under the
generic algorithm isB.

Proof: Consider any time step Note that all bytes stored in
the client’s buffer at time¢ were input to the system after time
t — P — B/R: bytes with smaller arrival time have already been
played out by the client’s algorithm, or have been discatued
the server by Lemma 4.3. Also, since we assume that all bytes
have fixed propagation delay over the link, we have that all
bytes stored at the client’'s buffer at timevere input no later
than timet — P. Formally, for allb € B.(t), we have that
t—P—% < AT(b) < t—P. This, using Lemma 4.3, means that
all bytes stored at the client at tim&vere delivered by the linkin
the time intervalt — B/ R, t]. Therefore, since the link delivers
at mostR bytes at each time step, we conclude {Ba{(t)| < B.

Thus we have the following result, which is a direct conse-
guence of the lemmas above.

Theorem 4.5 Let Z'(t) denote the set of bytes dropped by the
generic algorithm at time for a given input stream, and let
Z(t) denote the set of bytes dropped by any real-time sched-
ule with server buffer sizé& and link rate R. Then for all¢,

Yo |1Z/(0)] < iy 1Z())-

4.4 Negative Results

In the full paper we study the quantitative effect of settorge

of the three parameters (buffer size, link rate and queuatay)l

to a non-optimal value. The result is invariably either rese
wastage or unnecessary information loss: the questionvis ho
bad can it get. We only state the results here.

Theorem 4.6 For any givenB and R, there exist an arbitrarily
long input stream such that any schedule with server buffer o
sizeB, link of rate R, and queuing delayp < B/R loses, on
average, at leas® (1 — Z£) bytes per frame. On the other
hand, there exists a smoothing schedule with buffer Bizknk
rate R and delayD = B/R that does not lose any byte for that
sequence.

Theorem 4.7 For any givenB and R, there exist an arbitrarily
long input stream such that any schedule with server buffer o
size B, link of rate R, and queuing delayp > B/R loses, on

average, at leasR (1 — st ) bytes per frame. On the

other hand, there exists a smoothing schedule with bufferfsi
link rate R and delayD = B/ R that does not lose any byte for
that sequence.

Theorem 4.8 For any givenD and R, there exist an arbitrarily
long input stream such that any schedule with playout délay
link of rate R, and buffers such thahin(B;, B.) < DR must
lose, on average, at leagt (1 — 2-) bytes per frame. On the
other hand, there exists a smoothing schedule with playelatyd
D, link rate R and buffer sizeB = DR, that does not lose any
byte for that sequence.

Theorem 4.9 For any givenD and B, andR < B/D, the input
sequence where all the frames are of si2éD must lose, on



average, atleask (% - 1) bytes per frame. On the other hand,
there exists a smoothing schedule with delaybuffer sizeB
and link rate R = B/D that does not lose any byte for that
sequence.

5 Competitive Analysis for General
Local Cost Functions

In this section we generalize our treatment to general lcast
functions, i.e., we address the case that different bytes tif
ferent weights, and the benefit of a real-time schedule isuine
of the weights of the bytes played.

Our main tool here is competitive analysis. In competitive
analysis, one compares the performance of an on-line #igori
to the performance of an off-line algorithm. In our case, the
competitive analysis is done as follows. For each inpuiastre
B, we compute the benefit of the on-line algorithm, denoted by
online(B), to the benefit of an optimal off-line algorithm, de-
noted byopt(B). An optimal off-line algorithm knows all the
input stream in advance, and based on the entire streamst find
an optimal schedule. The competitive ratio for an inputastre
B is the ratio of the two benefits. The competitive ratio of an on
line algorithm is the worst-case competitive ratio overigtlut
steams. An on-line algorithm is callegcompetitive, if for any
input sequence, we have thavpt(B)/online(B) < c.

In this section, we present the following results. First, we
consider a natural greedy algorithm, and prove that it-is
competitive. We also show that the greedy algorithm caneot b
better thar2 — %-competitive. (In Section 6 we provide evi-
dence that show that the performance of the Greedy algoiithm
practice is much better.) We then prove a lower bount 25 on
the competitive ratio of any deterministic on-line algbnit. We
require the on-line scheduler to adhere to FIFO scheduiing:
clear that there exists an optimal off-line schedule whicim
tains FIFO order; also, this is a very natural restrictionewh
discussing real-time smoothing.

For our algorithm, we choose a buffer size such tBat=
DR. Theorem 4.5, and Lemmas 4.3 and 4.4, guarantee that if
B = DR then no overflow or underflow will occur at the client
buffer. This allows us to restrict attention to the serveffdiu
and the bytes dropped from it, since any other byte will reach
the client and played back on time.

5.1 The Greedy Algorithm

When we a have general local cost function, it seems natural
to drop bytes with low weight in exchange for bytes with high
weights, which gives rise to the following rule of greedy agh
ules:

Each time an overflow occurs, tigtop-weight bytes
among all available bytes are kept at the server’s
buffer.

We resolve ties as follows: if the arrival times of equal-g¥i
bytes are different, we keep older bytes; if both the weiginic
arrival times are equal, we choose arbitrarily.

We now analyze the competitive ratio of the greedy algorithm
First we prove an upper bound ¢f and then a lower bound of
nearly?2.

Theorem 5.1 The competitive ratio of the greedy algorithm is
at most4.

The following concept is central in the proof of Theorem 5.1.

Definition 5.1 For any time intervall, let V' (I) denote the set
of the B highest weight bytes among all bytes arrivinglinIf
fewer thanB bytes arrive inl, thenV (I) consists of all of the
arriving bytes.

We start with a lemma that relates the benefit of the greedy al-
gorithm to the weight of the bytes ¥ (T) for intervals of length
D. The following notation is useful.

Notation 5.2 For any set of bytesl, letw(A) Lof > pea w(b).

Lemma 5.2 Inthe greedy algorithm, for any interval= [t, t+
D —1],

S wlS(i+ i) = w(V (D)~ w(B.(t + D)).

Proof: Define the set” to consist of theB highest-weight bytes
from

Bs(t)U U At +1),

i.e.,Y is the set of theB “heaviest” bytes among all bytes that
are either in the buffer at the start 6f or arrive during! (ties

are resolved in the same way they are resolved by the greedy
algorithm). We claim that all bytes iF are either sent during

or stored in the buffer by the end 6f Formally:

D—1
Y CB(t+D)uU [ S(t+1i).

=0

(4)

For suppose that Eq. (4) is false. Then there exists I such
thatY NZ(¢') # 0, i.e., a byte front” is dropped at time'. Let

to be the first such time, anida byte fromY that was dropped
at timeto. By the rule of the greedy algorithm, we have that
w(b) < w(b') forally’ € Bs(to), which means that there are
B bytes with weight higher thaw(b). SinceB;(to) C Bs(t) U
Uf:j)l S(t+ 1), this is a contradiction to the definition &f. We
can therefore use Eq. (4) to conclude that

D—1
D> w(S(t+1) +w(Bs(t+D) > w(Y),

and the result follows, since(Y) > w(V (1)) by definition.

|
Lemma 5.3 In the greedy algorithm, for any time stéep
D—-1
w(Bs(1)) < Y w(S(t+1)) .
=0



Proof: Let X;; be the set of bytes transmitted in the time inter-
val [t, t + ¢] and the oldesB — iR bytes inB,(t + ¢). Note that
X; = Bé(t) andXt+D71 = ULD:Bls(t + ’L)

We claimthatforalD < i < D—1, w(X¢ys) < w(Xegit1).
To see that, consider at time+ ¢ + 1. First a set of bytes
A(t + i + 1) arrive. Then some of the bytes Bs(t + )
may be dropped, but by definition of the greedy algorithmheac
byte dropped has smaller weight than all remaining bytes in
Bs(t + ¢ + 1). Therefore, this can only increase the weight of
X:+i. Secondly, the firsR bytes inB,(t + ¢) are transmitted,
but the definition ofX;, 1 makes sure that this does not affect
the set of bytes we are considering. It follows from tramgiti
that

]

w(Bs(t)) = w(Xt) < w(Xirp-1) = - w(St+14). |

%

Il
<}

Combining Lemmas 5.2 and 5.3 we have the following corol-
lary.

Lemma 5.4 In the greedy algorithm, for any interval= [t, t+
D —-1],

2> w(S(t)) +w(Bs(t+ D)) —w(Bs(t) > w(V(I)).
tel
On the other hand, the following simple observation relates
the optimal benefit to the weight f (1) for any D-length in-
tervall.

Lemma 5.5 Let 7 be any time interval of < D steps. Then the
total weight of bytes arriving af that are not dropped by any
B-space algorithm is at mogtw (V' (I)).

Proof: Obviously, in any interval of time steps, naB-space
algorithm can accept (i.e., not drop) more th8rt+ /R bytes
(that's the “leaky bucket” nature of the buffer). Since thads

in V(I) have the greatest weight among the bytes arriving in
1, it follows that no B-space algorithm can accept total weight
of more than(1 + £&)w(V/(I)). The result follows since by
assumption{ < D and hencéR < B. |

Using Lemmas 5.5 and 5.4 we can now prove the theorem.
Proof of Theorem 5.1: Let T' denote the last time step of the
greedy schedule. Without loss of generality, we may asshate t
Bs(T'+1) = 0. Divide time into interval{ Z;} ; of lengthD (the
last interval may be shorter thdm). Summing over all intervals
I; we get from Lemma 5.4 that

T

w(Bs(T+1)) — w(Bs(0)) +2 > w(S(t))

t=0

Sw(v) <

T
2y w(s(1), (5)
t=0
by our assumption that (B, (0)) = w(Bs(T'+1)) = 0. Eq. (5)
means that the total benefit of the greedy algorithm is at thas
sum of thew(V (1;)). On the other hand, using Lemma 5.5 and
summing over all intervals, we get that the total benefit ef th
optimal algorithm is at mos 3~ w(V/(I;)). Combining with
Eq. (5) completes the proof. ||

Next we show tha is a lower bound on the competitive ratio
of the greedy algorithm.

Theorem 5.6 There is an input strear3 on which the weight
of the optimal schedule is at leadt— ¢ times the weight of the
greedy scheduling, far > 2/B.

Proof: Assume that the link rat& = 1, and consider the fol-
lowing input stream start at tinte
e Attime 0, B bytes arrive, with weight each, i.e.A(:) =
Oandw(i) =1forl <i < B.

e In each of the nexB time steps, a single byte of value
L arrives, i.e,A(i + B) = iandw(i + B) = L for
1<i<B.

e Finally, attimeB + 1, B bytes of valuel. each arrive, i.e.,
A(i+2B)=B+1landw(i+2B)=Lfor1 <i < B.
The greedy algorithm accepts the figdd + 1 bytes at steps
0,..., B, since there are empty slots in the buffer. Thus, after
stepB, the buffer contain®3 bytes of weight each, and hence,
at stepB + 1, B bytes of weight are dropped by the greedy
algorithm. The overall benefit of the greedy algorithm isB +
L- (B +1). The optimal (off-line) algorithm drops all weighit-
bytes, and can therefore send all the bytes of welghesulting
in total benefit ofl + 2L B. ForL = B(B — 1) we get,

2B —1 2
=2_2Z __~ >9_
B B’

1+2LB
B+ L(B+1)

and the theorem follows. ||

5.2 A Lower Bound for Deterministic On-
line Algorithms

It turns out that no deterministic on-line algorithm can leeyw
close to optimal, as we show next. Our proof uses the assompti
that on-line algorithms must send the bytes in FIFO order.

Theorem 5.7 For any deterministic on-line algorithmA, there
exists an input sequendg such that the total weight of an op-
timal schedule o3 is at least5/4 times the total weight of the
on-line algorithmA, i.e., opt(B)/A(B) > 1.25.

Proof: Assume that the link rate i® = 1. We consider two
scenarios. In both scenarios, the arrival sequence staitae

t = 0 with B bytes of valuel, i.e., B(i) = 0 andw(i) = 1

for 1 < i < B. In each of the next time steps a single byte of
value L arrives, i.e.B(i + B) = i andw(i + B) = L. This
continues until we reach tim& or until A sends anl value
byte (which means thaA has dropped all the remaining bytes
of value1 from the buffer). Let; be that time.

In the first scenario, the input stream ends at time The
benefit ofA is1-t; + L - (B — t1), while the off-line benefit is
1-B+L-(B—t1).

In the second scenario, at time + 1 a burst of B bytes of
value L arrive. The off-line benefit in this case I B + t1),
while the benefitofA is1-t1 + L - B.

For L = 2 the ratio is the minimum of50=23 and 2022,
wherez :Itl/B. Optimizing, we get that for = 2/3 the ratio
is5/4.




6 Experimental Results
In this section we present some typical numbers for video
smoothing for clips found on the Internet. We also evaluate

the performance of two on-line algorithms in the case of a-cos
based model.

6.1 Typical Numbers
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Figure 2: Data loss rate as a function of the size of the
buffer. The link rate is 7% more than the average rate.

We have experimented with a few types of clips. In Figure 2,
the results of smoothing a typical newscast clip (obtaimethf
CNN archive [1]). As can be seen, a very small buffer (lesa tha
twice the largest frame size, or alternatively 8 times thze sif
an average frame) suffices to avoid losses altogether, wik p
link rate only 7% more than the average rate. But if the buffer
size is too small, the loss is substantial.

An illustration of the way our algorithm works is provided in
Figure 3, where the buffer occupancy at the client and theeser
may be seen. Note that the client never overflows, while the
server has to truncate the excess flow from time to time.

350000

77777 Client ‘

300000
250000 4, i
\

200000

Bytes

150000

100000

50000

0 L h
0 50 100 150 200 250 300

Time (frames)

Figure 3: Buffer occupancy at the server and the client
with 300Kbytes buffers. Note the symmetric trends.

6.2 Comparison in the cost model

In another set of experiments, we testeddbstlost in our sim-

ple model: given an MPEG stream, we assigned costs to bytes
based on the type of frame they are a part of. Specifically, we
assigned costs df2 : 8 : 1 for I : P : B frames, respectively.
We compared two simple algorithms. In tRéFO algorithm
(a.k.a.tail drop algorithm), if an overflow occurs at time then
bytes from frame are discarded (intuitively, all overflow is from
the “tail” of the server’s buffer). The second algorithm vestt

is thegreedy algorithmin which whenever an overflow occurs,
the cheapest bytes are discarded, regardless of theifdodat

the server’s buffer or in the current input frame. For corgmar
purposes, we also plot the optimal loss possible (off-lfoejhe
given buffer size and link rates.

30.0%
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Figure 4: Fraction of lost cost in a high quality clip of the
FIFO greedy algorithms under two link rates.

Clearly, both on-line algorithms perform the same if no (or
very little) loss occurs. In Figure 4 we see a comparison ef th
total cost the algorithms lost due to overflow, for a highljua
input stream. As expected, the greedy algorithm outpedorm
the FIFO algorithm in all cases, and the overall loss is naver
high, in terms of cost. Note that link rate 10% below average
implies that at least 10% of the information is lost, but thetc
lost may be significantly lower (as is the case for the Greedy
algorithm and the optimal schedule). Unfortunately forfeteO
algorithm, in MPEG streams costly bytes come in large bursts
and hence the cost lost by FIFO is more than 10%.

In Figure 5, we look more closely at the overflow of the
greedy and the FIFO algorithm. We can see that even though
the number of bytes discarded is equal, the FIFO algorittaedo
many “expensive” bytes.

In Figure 6, we plot the benefit of Greedy and FIFO relative
to the optimal benefit as we vary the link rate. It can be sean th
the Greedy algorithm manages to salvage most of the benefit
even when the rate drops much below the average rate. One way
to view this is that using the greedy algorithm, one can tiide
capacity for additional processing in the server.
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Figure 5: Three segments of overflow traces. In each seg- [10]
ment, the number obyteslost is the same for both the

greedy algorithm and the FIFO algorithm, but the greedy

algorithm loses much less in terms of cost.
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