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ABSTRACTWe 
onsider two types of bu�ering poli
ies that are used innetwork swit
hes supporting QoS (Quality of Servi
e). Inthe FIFO type, pa
kets must be released in the order theyarrive; the diÆ
ulty in this 
ase is the limited bu�er spa
e.In the bounded-delay type, ea
h pa
ket has a maximumdelaytime by whi
h it must be released, or otherwise it is lost. Westudy the 
ases where the in
oming streams overload thebu�ers, resulting in pa
ket loss. In our model, ea
h pa
kethas an intrinsi
 value; the goal is to maximize the total valueof pa
kets transmittedOur main 
ontribution is a thorough investigation of thenatural greedy algorithms in various models. For the FIFOmodel we prove tight bounds on the 
ompetitive ratio of thegreedy algorithm that dis
ards the pa
kets with the lowestvalue. We also prove that the greedy algorithm that dropsthe earliest pa
kets among all low-value pa
kets is the bestgreedy algorithm. This algorithm 
an be as mu
h as 1:5times better than the standard tail-drop poli
y, that dropsthe latest pa
kets.In the bounded delay model we show that the 
ompetitiveratio of any online algorithm for a uniform bounded delaybu�er is bounded away from 1, independent of the delaysize. We analyze the greedy algorithm in the general 
aseand in three spe
ial 
ases: delay bound 2; link bandwidth1; and only two possible pa
ket values.Finally, we 
onsider the o�-line s
enario. We give eÆ-
ient optimal algorithms and study the relation between thebounded-delay and FIFO models in this 
ase.�Dept. of Computer S
ien
e, Tel Aviv University, Tel Aviv69978, Israel.yDept. of Ele
tri
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1. INTRODUCTIONUnlike the \best e�ort" servi
e provided by the Inter-net today, next-generation networks will support guaranteedQuality of Servi
e (QoS) features. In order for the networkto support QoS, ea
h network swit
h must be able to guaran-tee a 
ertain level of QoS in some predetermined parametersof interest, in
luding pa
ket loss probability, queuing delay,jitter and others.In this work, we 
onsider models based on the IP environ-ment. Implementing QoS in an IP environment is re
eivinggrowing attention, sin
e it is widely re
ognized that futurenetworks would most likely be IP based. There has beena few proposals that address the integration of QoS in theIP framework, and our models are based on some of theseproposals. As a matter of fa
t, our work falls under the gen-eral area of providing di�erentiated network servi
es in anIP environment. With the realization that \not all traÆ
 isequal" 
omes the quest to provide network servi
e di�eren-tiation. For example, di�erent 
ustomers may get di�erentlevels of servi
e, whi
h might depend on the pri
e they payfor the servi
e.One way of guaranteeing QoS is by 
ommitting resour
esto ea
h admitted 
onne
tion, so that ea
h 
onne
tion hasits dedi
ated resour
e set that will guarantee its requiredlevel of servi
e always, regardless of all other 
onne
tions.This 
onservative poli
y (implemented in the spe
i�
ationof CBR traÆ
 in ATM networks [21℄) might be extremelywasteful sin
e network traÆ
 tends to be bursty. Spe
i�-
ally, this poli
y does not take into 
onsideration the fa
tthat usually, the worst-
ase resour
e requirements of di�er-ent 
onne
tions do not o

ur simultaneously. Re
ognizingthis phenomenon, most modern QoS networks allow some\overbooking," employing the poli
y popularly known asstatisti
al multiplexing. While statisti
al multiplexing tendsto be very 
ost-e�e
tive, it requires satisfa
tory solutions tothe unavoidable events of overload. In this paper we 
on-sider su
h s
enarios in the 
ontext of bu�ering. The basi
situation we 
onsider is an output port of a network swit
hwith the following a
tivities (see Figure 1). At ea
h timestep, an arbitrary set of pa
kets arrives, but only a �xednumber of pa
kets 
an be transmitted. The bu�er manage-ment algorithm 
ontrols whi
h pa
kets are admitted to thebu�er, whi
h are dis
arded and whi
h are transmitted atea
h step.We 
onsider two types of bu�er models. In the FIFOmodel, pa
kets 
an never be sent out of order: formally, forany two pa
kets p; p0 sent at times t; t0, respe
tively, we havethat if t0 > t, then pa
ket p has not arrived after pa
ket
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 representation of the model. Left: general swit
h stru
ture. Right: output port stru
ture. Pa
kets arepla
ed in the bu�er, and the bu�er management algorithm 
ontrols whi
h pa
ket will be dis
arded and whi
h will be transmitted.p0. The main diÆ
ulty in this 
lassi
al model is that thebu�er size is �xed, so when too many pa
kets arrive, bu�erover
ow o

urs and some pa
kets must be dis
arded. Inmost implementations, the dis
ard poli
y is the natural tail-drop poli
y, in whi
h the latest pa
kets are dis
arded.The se
ond model we 
onsider is the bounded delay model.This model is relatively new, and is warranted by networksthat guarantee the QoS parameter of end-to-end delay.Spe
i�
ally, in the bounded-delay model ea
h pa
ket arriveswith a pres
ribed allowed delay time. A pa
ket must betransmitted within its allowed delay time or else it is lost.In this model, the bu�er management poli
y is allowed tore-order the pa
kets. We 
onsider two variants of the model.In the uniform bounded delay model, the swit
h has a single�xed bound on the delay of all pa
kets, and in the variablebounded delay model, the swit
h may have a di�erent delaybound for ea
h pa
ket.The fo
us of our paper is the following simple re�nementof the models des
ribed above: ea
h pa
ket arrives withits intrinsi
 value, and the goal of the bu�er managementalgorithm is to dis
ard pa
kets so as to maximize the totalvalue of pa
kets transmitted. All we assume about the valueof the pa
kets is that it is additive: the value of a set ofpa
kets is the sum of the values of pa
kets in the set.In this paper we present a thorough investigation of thenatural greedy algorithms in the various models. In theFIFO model, the greedy algorithm dis
ards the lowest valuepa
kets whenever an over
ow o

urs, with ties broken ar-bitrarily. We prove a tight bound of 2 � 1B+1 on the 
om-petitive fa
tor of this algorithm, where B is the bu�er size.For the 
ase where the ratio of the maximum to minimumvalue is bounded by some � � 1, we prove a tight bound of2� 2�+1 on the 
ompetitive fa
tor. We remark that the proofof the upper bound is quite involved. We then 
onsider thedi�erent variants of the greedy algorithms, sin
e the greedypoli
y does not spe
ify whi
h pa
ket to drop in 
ase thereare more then one lowest value. Spe
i�
ally, we 
onsiderthe head-drop greedy poli
y, whi
h drops the earliest low-est value pa
kets. We show that for any input sequen
e,the head-drop greedy poli
y a
hieves equal or better valuethan any other greedy poli
y. This is somewhat surprising,sin
e most implementations use the tail-drop poli
y. Fur-thermore, we show that the ratio of the value of the head-drop greedy poli
y to the value of the tail-drop poli
y 
an beas high as 3=2 in some 
ases. We also prove a lower bound

on the 
ompetitive ratio of any online algorithm in the FIFOmodel.For the bounded delay model we have the following re-sults. First, we show that the 
ompetitive ratio of any on-line algorithm for a uniform bounded delay bu�er is boundedaway from 1, independent of the delay size. This holds evenif all pa
kets has an arbitrarily long allowed delay. Next, we
onsider the simple greedy algorithm, whi
h in this model,always sends the pa
ket with the highest value. We provethat the 
ompetitive ratio of this algorithm is exa
tly 2. Inthe 
ommon 
ase when there are only two possible valuesof pa
kets (i.e., \
heap" and \expensive" pa
kets), the 
om-petitive fa
tor of the greedy algorithm is exa
tly 1 + 1=�,where � � 1 is the ratio of the expensive value to the 
heapvalue. We then 
onsider the spe
ial 
ase where the delayis at most 2, namely, a pa
ket is either sent when it ar-rives, or in the next time slot, or else it is lost. We showthat in this 
ase, the bound of 2 
an be improved: we givealgorithms that a
hieve a 
ompetitive ratio of 1:618 for thevariable delay model. We also prove lower bounds of 1:11 onthe 
ompetitive ratio for the uniform delay model and 1:17for the bounded delay model. Better bounds are presentedfor the 
ase where the bandwidth link is 1. We show thatin this variant slight modi�
ations of the greedy algorithmyields better performan
e.Lastly, we 
onsider the o�-line 
ase. We prove that theover
ow management problem has matroid stru
ture in bothbu�er models, and hen
e admits eÆ
ient optimal o�ine al-gorithms.Related work. There is a myriad of resear
h papers aboutpa
ket drop poli
ies in 
ommuni
ation networks|see, forexample, the survey of [14℄ and referen
es therein. Some ofthe drop me
hanisms, su
h as RED [10℄, are designed to sig-nal 
ongestion to the sending end. The approa
h abstra
tedin our model, where ea
h pa
ket has an intrinsi
 value andthe goal is to maximize the total throughput value, is im-pli
it in the re
ent Di�Serv model [7, 8℄ and ATM [21℄. Thebounded delay model is an abstra
tion of the model de-s
ribed in [11℄.There has been work on analyzing various aspe
ts of themodel using 
lassi
al queuing theory, and assuming Poissonarrivals [19℄. The Poisson arrival assumptions has been seri-ously undermined by the dis
overy of the heavy tail natureof traÆ
 [16℄ and the 
haoti
 nature of TCP [22℄. In thiswork we use 
ompetitive analysis, whi
h makes no proba-



bilisti
 assumptions.The work of [1℄ 
on
entrated on the 
ase where one 
an-not dis
ard a pa
ket already in the bu�er. They give tightbounds on the 
ompetitive fa
tor of various algorithms forthe spe
ial 
ase where there are only two di�erent weights.In [18℄, the question of video smoothing is studied. One ofthe results in that paper, whi
h we improve here, is an upperbound of 4 on the 
ompetitive ratio of the greedy algorithmfor the FIFO model. The work of [12℄ studies the 
om-petitive analysis of the lost value rather then the through-put value. Translating the loss bound to to the throughputbound 
onsidered here, for the variant where only two pa
ketweights are possible, one 
an show that the 
ompetitive ra-tio approa
hes one as the ratio of the two weights tends toin�nity. A similar result is presented in this paper for thebounded delay model. The work of [2℄ studies bandwidthallo
ation from the 
ompetitive analysis viewpoint, disre-garding bu�er over
ows.The bounded delay model 
an be viewed as a s
hedul-ing problem. In this problem we are given parallel ma
hines(whose number is the link bandwidth), and jobs with releasetime and deadline that 
orrespond to the pa
kets arriving tothe bu�er. The goal is to maximize the throughput, that is,the weight of the jobs that terminate by their deadline. Inour 
ase we have also the additional 
onstraint that all jobshave the same pro
essing time. The o�-line variant of thiss
heduling problem denoted P jri; pi = pjPwi(1�Ui) in thestandard s
heduling notation 
an be solved in polynomialtime using maximum mat
hing. To the best of our knowl-edge the on-line variant of this problem has not been 
onsid-ered elsewhere. The more general o�-line problem where thepro
essing time is not �xed is NP-Hard. Re
ently, approxi-mation algorithms for this problem were 
onsidered in [4, 3,20℄. The more general on-line problem where the pro
essingtime is not �xed was 
onsidered in [17℄. In this 
ase the re-sults are substantially worse than our 
ase. Slightly betterresults 
an be a
hieved for the 
ase where pro
essing time isnot �xed if preemption is allowed. This 
ase was 
onsideredin [5, 6, 13℄. For the unweighted version of this problem, i.e.,when the goal is to maximize the number of jobs 
ompletedby their deadline (whi
h is trivial in 
ase all pro
essing timesare the same), [5℄ showed a tight 
ompetitive fa
tor of 4. Forthe weighted version the bound is p1 + k2 where k is theratio of the maximum value density to the minimum valuedensity of a job [13℄.Paper organization. The remainder of this paper is orga-nized as follows. In Se
tion 2 we de�ne the models and somenotation. In Se
tion 3 we 
onsider the FIFO model, and inSe
tion 4 we 
onsider the bounded delay models. Finally inSe
tion 5 we dis
uss o�-line algorithms.
2. MODEL AND NOTATIONIn this se
tion we formalize the model and the notation weuse. We 
onsider two main models: the FIFO model and thebounded-delay swit
h model. First, we list the assumptionsand de�ne quantities that are 
ommon to both models.We assume that time is dis
rete. Fix an algorithm A. Atea
h time step t, there is a set of pa
kets QA(t) stored atthe bu�er (initially empty). Ea
h pa
ket p has a positivereal value denoted v(p). At time t, a set of pa
kets A(t)arrives. A set of pa
kets from QA(t) [A(t), denoted SA(t),is transmitted. A subset of QA(t) [ A(t) n SA(t), denotedDA(t) is dropped. The set of pa
kets in the bu�er at time

t+ 1 is QA(t+ 1) = Q(t)[A(t) n (DA(t)[ SA(t)). We omitsubs
ripts when no 
onfusion arises.The input is the pa
ket arrival fun
tion A(�), and thepa
ket value fun
tion v(�). Pa
kets may have other at-tributes as well, depending on the spe
i�
 model. The algo-rithm has to de
ide at ea
h step whi
h of the pa
kets to dropand whi
h to transmit, satisfying some 
onstraints spe
i�edbelow. For a given input, the value served by the algorithmis the sum of the values of all pa
kets transmitted by the al-gorithm. For a set P of pa
kets de�ne v(P ) to be the totalvalue of the pa
kets in the set. In this notation the valueserved by algorithm A is Pt v(SA(t)).The sequen
e of pa
kets transmitted by the algorithmmust obey 
ertain restri
tions.Output link bandwidth. We assume that there is aninteger number W 
alled the link bandwidth su
h that thealgorithm 
annot transmit more than W pa
kets in a singletime unit; i.e., jS(t)j �W for all t. For simpli
ity, we usuallyassume that W = 1 unless stated otherwise.FIFO bu�ers. In the FIFO model there are two additional
onstraints. First, the sequen
e of transmitted pa
kets hasto be a subsequen
e of the arriving pa
kets. That is, if apa
ket p is transmitted after pa
ket p0, then p 
ould not havearrived before p0. Se
ond, that the number of pa
kets in thebu�er is bounded by the bu�er size parameter, denoted B .Formally, the 
onstraint is that for all times t, jQ(t)j � B .�Bounded-delay bu�ers. In this model we assume thatpa
kets have another attribute: for ea
h pa
ket p there isthe sla
k time of p, denoted sl(p). The requirement is thatfor all pa
kets p 2 A(t), if p 2 Q(t+ sl(p)) then it must bethe 
ase that p 2 S(t+ sl(p))[D(t+ sl(p)). In words, ea
hpa
ket p 2 A(t) must be either transmitted or dropped bytime t+sl(p). The time t+sl(p) is also 
alled the deadline ofp, denoted d l(p). We emphasize that in this model there isno expli
it bound on the size of the bu�er, and that pa
ketsmay be re-ordered.Uniform and variable bounded-delay bu�ers. One
ase of spe
ial interest of bounded-delay bu�ers is when thesla
k of all pa
kets is equal to some known parameter Æ.We 
all this model Æ-uniform bounded-delay bu�ers. If allpa
ket sla
ks are only bounded by some number Æ, we saythat the bu�er is Æ-variable bounded-delay.On-line and o�-line algorithms. We 
all an algorithmon-line if for all time steps t, it has to de
ide whi
h pa
ketsto transmit and whi
h to drop at time t without any knowl-edge of the pa
kets arriving at steps t0 > t. In 
ase futurepa
ket arrival is known the algorithm is 
alled o�-line. The
ompetitive ratio (or 
ompetitive fa
tor) of an algorithm Ais an upper bound, over all input sequen
es, on the ratio ofthe maximal value that 
an be transmitted by any o�-linealgorithm to the value that is transmitted by A. Note thatsin
e we deal with a maximization problem this ratio willalways be at least 1.
3. THE FIFO MODELIn this se
tion we 
onsider the FIFO model. Re
all thatin this model a bu�er of size B is used to store the in
omingpa
kets. Pa
kets have to be transmitted in the order theyarrive. Ea
h pa
ket has a value asso
iated with it and the�Our model allows for a larger number of pa
kets in thetransient period of ea
h step, starting with pa
kets arrivaland ending with pa
kets drop and transmission.



goal is to maximize the value of the transmitted pa
kets.First, we prove a lower bound on the 
ompetitive ratio ofany online algorithm in the FIFO model. The proof of thisbound is omitted due to spa
e 
onstraints.Theorem 3.1. The 
ompetitive ratio of any online algo-rithm in the FIFO model is at least 1.281.
3.1 Tight Analysis of the Greedy AlgorithmWe 
onsider the greedy algorithm. In this algorithm nopa
kets are dropped in time steps t in whi
h jQ(t)j+jA(t)j �B + 1. If Q(t) [ A(t) 6= ;, then the earliest pa
ket istransmitted and the rest are stored in the bu�er. In 
asejQ(t)j + jA(t)j = B + k > B + 1, the k � 1 lowest valuepa
kets are dropped, with ties broken arbitrarily. Amongthe remaining B + 1 pa
kets the earliest one is transmittedand the rest are stored in the bu�er.We �rst show that the 
ompetitive ratio of the greedyalgorithm is no worse than 2. Later, we improve this boundand show that the improved bounds are tight.Theorem 3.2. The 
ompetitive ratio of the greedy algo-rithm is at most 2.Proof. Consider a sequen
e of pa
kets. Let GREEDYbe the set of pa
kets transmitted by the greedy algorithm,and let OPT be the set of pa
kets transmitted by the opti-mal algorithm. We need to show that v(OPT ) �2v(GREEDY ). Let DROP t denote the set of pa
kets thatwere dropped by the greedy algorithm at time t but weretransmitted by the optimal algorithm. Let DROP be theunion of all these sets. We show a mapping from the pa
k-ets in DROP to pa
kets in GREEDY with the followingproperties: (i) a pa
ket from DROP is mapped to a pa
ketin GREEDY with at least the same value; (ii) at most onepa
ket from DROP is mapped to any pa
ket in GREEDY \OPT , and (iii) at most two pa
kets from DROP are mappedto any pa
ket in GREEDY n OPT . Clearly, the existen
eof the mapping implies the theorem.We 
onstru
t the mapping iteratively. At ea
h iterationwe 
onsider a pa
ket from DROP and map it to a pa
ketin GREEDY . The pa
kets in DROP are 
onsidered inthe order of their dropping time. Suppose that the 
urrentpa
ket to be mapped is p 2 DROP t. This means that allthe pa
kets in DROP s, for s < t, and maybe some of thepa
kets in DROP t have been mapped already. Given thepartially de�ned mapping, de�ne a set of \available" pa
ketsin GREEDY as follows. A pa
ket in q 2 GREEDY \OPTis available if so far no pa
ket is mapped to q. A pa
ket inq 2 GREEDY n OPT is available if so far no more thanone pa
ket is mapped to q. The pa
ket p is mapped to theearliest available pa
ket that was transmitted by the greedyalgorithm at or after time t.It is not diÆ
ult to see that the mapping de�ned abovesatis�es the se
ond and third properties. It remains to beshown is that it satis�es the �rst property as well. We showthis by indu
tion following the order in whi
h the droppedpa
kets are mapped. For the basis of the indu
tion note thatif p 2 DROP t is the �rst pa
ket to be dropped then it ismapped to the pa
ket transmitted by the greedy algorithmat time t. Clearly, the value of this pa
ket is at least v(p).Suppose that the �rst property holds for all pa
kets map-ped before p 2 DROP t. We show that it holds also for p.

Let r(t) be the latest time before or at t su
h that no pa
ketsdropped by the greedy algorithm at time r(t)� 1 or earlierare mapped to pa
kets transmitted at time r(t) or later. Ifno su
h r(t) exists, then de�ne r(t) = 1 (the �rst time unit).Let s(t) be the earliest time at or after t su
h that the bu�ermaintained by the greedy algorithm at time s(t) is full andall the pa
kets in the bu�er at time s(t) are transmitted bythe greedy algorithm. Observe that sin
e the bu�er is fullat time t, s(t) is always de�ned.Claim 3.3. The value of the pa
kets transmitted by thegreedy at times [t::s(t) + B ℄ is no less than v(p).Proof. Sin
e p is dropped at time t, the bu�er at timet is full and the minimum value in the bu�er at this timeis at least v(p). This implies that the value of ea
h of thepa
kets transmitted at times [t::t + B ℄ is at least v(p). Ifs(t) = t, we are done. Otherwise, let t0 2 [t + 1::t + B ℄ bethe earliest time in whi
h a pa
ket that was in the bu�er attime t is dropped. Sin
e the dropped pa
ket has value atleast v(p), the values of ea
h of the pa
kets transmitted attimes t0; : : : ; t0 + B is at least v(p). Again, if s(t) = t0, weare done. Otherwise 
ontinue in the same manner.To prove that the �rst property holds for p we show that itis mapped to one of the pa
kets transmitted by time s(t)+B .For this we need to show that at least one of the pa
ketstransmitted at times [t::s(t) + B ℄ remains available at thetime p is mapped. The \number of availabilities" at the timepa
ket p is mapped is de�ned as the maximum number ofpa
kets that 
an still be mapped to the pa
kets transmittedat times [t:::s(t) + B ℄. Spe
i�
ally, every available pa
ket(at the time p is mapped) among the pa
kets transmittedat times [t:::s(t) + B ℄ that is also in OPT 
ontributes 1 tothe number of availabilities. Every available pa
ket (at thetime p is mapped) among the pa
kets transmitted at times[t:::s(t)+B ℄ that is not in OPT 
ontributes 2 to the numberof availabilities if it is not mapped and 
ontributes 1 if onepa
ket has been mapped to it already.Claim 3.4. The number of availabilities before any of thepa
kets dropped at time t are mapped is at leastPs(t)i=t jDROP ij.Proof. We �rst show that the number of availabilitiesbefore any of the pa
kets dropped at time r(t) and later aremapped is at leastPs(t)i=r(t) jDROP ij. Consider all the pa
k-ets transmitted by the optimal algorithm that are 
onsideredby the greedy algorithm (and either transmitted or dropped)at times [r(t)::s(t)℄. The maximum number of these pa
ketsis bounded by s(t)� r(t)+ 2B+1. This is sin
e the earliesttime these pa
kets 
ould be transmitted by the optimal al-gorithm is r(t)� B and the latest time these pa
kets 
ouldbe transmitted by the optimal algorithm is s(t) +B. Let xbe the number of these pa
kets that are transmitted by thegreedy algorithm at times [r(t)::s(t) + B ℄. Observe that nopa
kets from OPT that arrive at times [s(t)::s(t) + B ℄ aretransmitted by the greedy algorithm at times [s(t)::s(t)+B ℄.This follows from the de�nition of s(t), sin
e the transmis-sion of any su
h pa
ket at times [s(t)::s(t)+B ℄ would resultin dropping at least one pa
ket that has been in the bu�erat time s(t). It follows that exa
tly x pa
kets from OPT aretransmitted by the greedy algorithm at times [r(t)::s(t)+B ℄.This implies that the number of availabilities before any of



the pa
kets dropped at time r(t) and later are mapped isat least 2(s(t) + B � r(t) + 1) � x. This is sin
e none ofthe pa
kets that are dropped before time r(t) are mappedto pa
kets transmitted at times [r(t)::s(t) + B℄. It followsthat s(t)Xi=r(t) jDROP ij � s(t)� r(t) + 2B + 1� x� 2(s(t) +B � r(t) + 1)� x :By the de�nition of r(t) the maximum number of pa
k-ets that 
an be mapped to the pa
kets transmitted at times[r(t):::t � 1℄ is stri
tly less than Pt�1i=r(t) jDROP ij. Sin
ethe maximum number of pa
kets that 
an be mapped tothe pa
kets transmitted at times [r(t):::s(t) + B ℄ is at leastPs(t)i=r(t) jDROP ij. We 
on
lude that the number of avail-abilities before the pa
kets dropped at t are mapped is atleast Ps(t)i=t jDROP ij.The theorem follows dire
tly from the 
laim.We now re�ne the analysis of the previous proof to gettighter bounds. Let � be the ratio of the largest value of apa
ket to the smallest value of a pa
ket, and let B be thebu�er size.Theorem 3.5. The 
ompetitive ratio of the greedy algo-rithm is at most 2(1� 1�+1 ), where � def= maxpfvpgminpfvpg .Proof. Given the mapping de�ned above, partitionGREEDY into three subsets: (i) The set G1 of pa
ketsin GREEDY that are not in OPT and that are not thetarget (in the mapping) of any pa
ket in DROP . (ii) Theset G2 of pa
kets in GREEDY that are unavailable; that is,the pa
kets in GREEDY \OPT that are the image of onepa
ket in DROP , and the pa
kets in GREEDY nOPT thatare the image of two pa
kets in DROP . (iii) The set G3 ofthe rest of the pa
kets in GREEDY ; that is, the pa
kets inGREEDY \OPT that are not the image of any pa
ket inDROP , and the pa
kets in GREEDY n OPT that are theimage of one pa
ket in DROP .We asso
iate two pa
kets from OPT with ea
h pa
ket inq 2 G2 as follows. If q 2 G2\OPT then the two pa
kets areq itself and the pa
ket mapped to q. If q 2 G2 n OPT thenthe two pa
kets are the two pa
kets mapped to q. Similarly,we asso
iate a pa
ket from OPT with ea
h pa
ket in q 2 G3as follows. If q 2 G3 \ OPT then the this pa
ket is q. Ifq 2 G3 n OPT then this pa
ket is the pa
ket mapped to q.Note that this way we asso
iated every pa
ket in OPT withsome pa
ket in GREEDY . Note that always v(q) is at leastthe value of ea
h of its asso
iated pa
kets, and the fa
t thatno pa
ket is asso
iated with more than two pa
kets impliesthe bound on the 
ompetitive ratio. We are able to improvethe bound of 2 on this ratio using the fa
t that no pa
ket isasso
iated with pa
kets in G1.Note that jGREEDY j � jOPT j. It follows that jG1j �jG2j, and thus we 
an mat
h any pa
ket q 2 G2 with amate p 2 G1. We move a 1�+1 \fra
tion" of the value of thepa
kets asso
iated with q and asso
iate it with p. Note thatafter the move the total value asso
iated with q is no morethan 2(1 � 1�+1 )v(q). Sin
e v(q) � �v(p), the total value

asso
iated with p is no more than2 1�+ 1v(q) � 2 ��+ 1 v(p) = 2�1� 1�+ 1� v(p) :Theorem 3.6. The 
ompetitive ratio of the greedy algo-rithm is at most 2� 1B+1 , where B is the bu�er size.Proof. Modify the mapping de�ned in the proof of The-orem 3.2 as follows. For ea
h time t if DROP t 6= ; de
reaseby 1 the number of availabilities 
ontributed by the pa
ket ptransmitted by the greedy algorithm at time t. Spe
i�
ally,if p 2 OPT then no pa
ket is mapped to p and if p =2 OPTat most one pa
ket is mapped to p. We need to show thatClaim 3.4 still holds. For this, it suÆ
es to show that thenumber of availabilities before any of the pa
kets dropped attime r(t) and later are mapped is at leastPs(t)i=r(t) jDROP ij.Noti
e that the number of availabilities is de
reased by atmost s(t) � r(t) + 1. Claim 3.4 follows for the modi�edmapping sin
es(t)Xi=r(t) jDROP ij � s(t)� r(t) + 2B + 1 � x� 2(s(t) +B � r(t) + 1)� x�(s(t)� r(t) + 1) :Noti
e that the value of the pa
ket transmitted at time tis at least the value of any pa
ket in DROP t. We \shift"1=(jDROP tj+1) fra
tion of the value of ea
h of the pa
ketsin DROP t from the pa
ket to whi
h it has been mappedoriginally and asso
iate it with the pa
ket transmitted at t.Sin
e jDROP tj � B , we get that ea
h pa
ket transmittedby the greedy is asso
iated with at most 1+ BB+1 = 2� 1B+1pa
kets of at most the same value from OPT .Finally, we observe that the last two bounds are tight.Consider the following s
enario. At time 1 B + 1 pa
ketsof value � arrive. One is transmitted and the rest are keptin the bu�er. Then, at ea
h time t 2 [2::B + 1℄ a pa
ket ofvalue M arrives and is kept in the bu�er. At time B +2 thebu�er 
ontains B pa
kets of valueM and then another B+1pa
kets of value M arrive. The greedy algorithm transmitsonly B + 1 of these pa
kets while the optimal algorithmtransmits 2B + 1 of value M and only one of value �. Let� = M� . We get that the 
ompetitive ratio is(2B + 1)M + �(B + 1)(M + �) = (2B + 1)�+ 1(B + 1)(�+ 1) = 2� �+ (2B + 1)(B + 1)(�+ 1) :Letting � go to in�nity we get the ratio 2� 1B+1 , and lettingB go to in�nity we get the ratio 2� 2�+1 .
3.2 The Best Greedy AlgorithmThe greedy algorithm is not 
ompletely de�ned: whenthere are several pa
kets with the same low value, it is notspe
i�ed whi
h of them is dis
arded by the greedy algo-rithm. In this se
tion we show that, perhaps surprisingly,it is always better to dis
ard the earliest pa
kets, i.e., thepa
kets whi
h spent the most time in the bu�er. We 
allthis poli
y head-drop, as the algorithm prefers to drop pa
k-ets from the head of the bu�er. Head-drop is in 
ontrast



to 
ommon pra
ti
e of tail-drop, where the newest pa
k-ets are dis
arded. In fa
t, tail-drop is the worst variant ofthe greedy algorithm: we show that there exist s
enariosin whi
h tail-drop results in signi�
antly more losses thanhead-drop. We remark that the head-drop poli
y [15℄ enjoysadditional advantages in the TCP/IP environment, namely,it helps the 
ongestion avoidan
e me
hanism.The following theorem proves that GH is superior to anyother greedy algorithm.Theorem 3.7. Let G be any greedy algorithm, and letGH be the greedy head-drop algorithm. For any input se-quen
e, the total value transmitted by GH is at least thetotal value transmitted by G.Proof. Consider an input sequen
e. We prove that thetotal value of pa
kets transmitted by GH is at least thetotal value of pa
kets transmitted by G. We start with thefollowing simple property.Lemma 3.8. For any time step t, jQGH(t)j = jQG(t)j.Proof. Follows from the fa
t that for all t, jDG(t)j =jDGH(t)j and jSG(t)j = jSGH(t)j.For ea
h time step t we de�ne a 1-1 mapping from QGH(t)to QG(t) su
h that ea
h pa
ket p 2 QGH(t) is mapped to apa
ket q 2 QG(t) with at least the same value; i.e., v(p) �v(q).We 
laim that the existen
e of these mappings imply thetheorem as follows. For a pa
ket p 2 Q(t) de�ne the rank ofp to be its rank in the sequen
e of pa
kets in Q(t) orderedin as
ending values. The existen
e of the mappings impliesthat for ea
h time step t, the value of pa
ket ranked i inQGH(t) is at most the value of the pa
ket ranked i in QG(t).Sin
e jDGH (t)j = jDG(t)j, and sin
e in any greedy algorithmD(t) 
onsists of the lowest ranked pa
kets in Q(t), it followsthat v(DGH(t)) � v(DG(t)).The value served by an algorithm is Pt v(S(t)) we getXt v(SGH (t)) = Xt v(A(t))�Xt v(DGH(t))� Xt v(A(t))�Xt v(DG(t))= Xt v(SG(t)) :All left to be proven is the existen
e of the mappings. Fixa time step t, and 
onsider QG(t) and QGH(t). We de�nethe following mapping from QGH(t) to QG(t). Ea
h pa
ketin QGH(t) \ QG(t) is mapped to itself. To 
omplete themapping we use the following notation.Definition 3.1. Let A be an algorithm. For p 2 QA(t)de�ne the height of p, denoted hA(p; t), to be 1 plus the num-ber of pa
kets that have to be either transmitted or droppedbefore p 
an be transmitted. In other words, hA(p; t) is therank of p in the sequen
e of pa
kets in QA(t) ordered by ar-rival time. A pa
ket p 2 QA(t) is said to be below (or above)a pa
ket p0 2 QA(t) if hA(p; t) < hA(p0; t) (or, respe
tively,hA(p; t) > hA(p0; t)).Consider the pa
kets in QGH(t) n QG(t) in as
ending orderof height. Map ea
h su
h pa
ket p to the pa
ket with the

lowest height in QG(t) nQGH(t) that has not been mappedso far. It is not diÆ
ult to see that this mapping is indeed1-1. We need to show that ea
h pa
ket in QGH(t) nQG(t) ismapped to a pa
ket in QG(t) n QGH(t) of at least the samevalue. For this we prove the following two lemmas.Lemma 3.9. Let p 2 QGH(t) n QG(t) for some time t.Then v(p) � v(q), for all q 2 QG(t) satisfying hG(q; t) �hGH(p; t).Proof. Let t0 be the time in whi
h G dropped p. Weprove the lemma by indu
tion on t� t0. For the base 
aset = t0, we have that v(p) � min fv(p0) : p0 2 QG(t0)g bythe greedy rule. For the indu
tive step, let t > t0, and
onsider a pa
ket p0 2 QG(t) with hG(p0; t) � hGH(p; t).If hG(p0; t � 1) � hGH(p; t � 1), we are done by indu
tion.Otherwise, it must be the 
ase that some pa
ket p00 2 QG(t�1) with hG(p00; t�1) � hGH(p; t�1) is dropped by G at timet� 1. By the greedy rule v(p0) � v(p00). Sin
e by indu
tionv(p00) � v(p), we are done in this 
ase too.Lemma 3.10. Let t be any time step. If p 2 QGH(t) \QG(t), then hGH(p; t) � hG(p; t).Proof. Suppose that the lemma does not hold. Let t bethe �rst time it is violated, and let p be the pa
ket with theminimal height su
h that hG(p; t) < hGH(p; t). Let p0 be thepa
ket immediately below p in QGH(t). Note that p0 is wellde�ned, sin
e by assumption hGH(p; t) > hG(p; t) � 1. Alsonote that p0 =2 QG(t). This is be
ause otherwise we wouldhave also hG(p0; t) < hGH(p0; t), 
ontradi
ting the heightminimality of p. Due to the minimality of t, hG(p; t� 1) �hGH(p; t � 1). (Note that we 
annot have the situation ofp 2 A(t� 1) and hG(p; t) < hGH(p; t).) Thus, we must havethat DG(t�1) 
ontains at least one pa
ket below p. Denotethis pa
ket by q. We 
laim that v(q) � v(p0). If q = p0the 
laim is trivial. Otherwise, we have that p0 =2 QG(t� 1)and hGH(p0; t�1) � hG(q; t�1), and hen
e, by Lemma 3.9,v(p0) � v(q). Sin
e QG(t) has more pa
kets above p thanQGH(t) has, there must be a pa
ket q0 above p in QG(t) thatis not in QGH(t). Sin
e q0 =2 DG(t � 1) and q 2 DG(t � 1)it must be that v(q0) � v(q) � v(p0). However, the pa
ketq0 is not in QGH(t). Hen
e, it has been dropped by GH atsome t0 < t. This yields a 
ontradi
tion to the head-droprule, sin
e v(p0) � v(q0), both p0 and q0 are in QGH(t0), andhGH(q0; t0) > hGH(p0; t0).We now go ba
k to the existen
e proof of the mapping.Suppose that p 2 QGH(t) nQG(t) is mapped to q 2 QG(t) nQGH(t). We show that hGH(p; t) � hG(q; t). By Lemma 3.9this implies that v(p) � v(q). Re
all that the mappingof the pa
kets in QGH(t) n QG(t) is done in as
ending or-der of heights and that any su
h pa
ket is mapped to thethe pa
ket with the minimal height in QG(t) nQGH(t) thathas not been mapped so far. To obtain a 
ontradi
tionsuppose that p is the pa
ket with the minimal height inQGH(t) nQG(t) that is mapped to q 2 QG(t) nQGH(t), andhGH(p; t) < hG(q; t). Consider the pa
ket p0 2 QG(t) su
hthat hG(p0; t) = hGH(p; t). It must be that p0 2 QG(t) \QGH(t). We must also have that the number of pa
kets be-low p in QGH(t)nQG(t) is the same as the number of pa
ketsbelow p0 in QG(t) nQGH(t). Thus, the set of pa
kets belowp in QGH(t)\QG(t) is the same as the set of pa
kets belowp0 in QG(t)\QGH(t). It follows that hG(p0; t) < hGH(p0; t),in 
ontradi
tion to Lemma 3.10.



The following theorem proves that GH 
an do mu
h bet-ter than the greedy tail-drop algorithm. Let GT denote thegreedy tail-drop algorithm.Theorem 3.11. There exists input sequen
es for whi
hthe value transmitted by GH is 3=2 times the value trans-mitted by GT .Proof. Consider the following sequen
e. At time 0, B=2+2 pa
kets of value � arrive, for some small � > 0. At time1, B=2 pa
kets of value 1 arrive. Thus, at time 2, the headhalf of the bu�er is �lled with light pa
kets, and the tailhalf of the bu�er is �lled with heavy pa
kets. At time 2,B=2 + 1 more �-value pa
kets arrive, and at time 2 + B=2,B + 1 pa
kets of value 1 arrive. TD drops at time 2 thelast B=2 light pa
kets, and transmits a light pa
ket in steps2; 3; : : : ; 1 + B=2. At time 2 + B=2, TD drops B=2 heavypa
kets, and the total value eventually transmitted is B+1.HD drops at time 2 the �rst B=2 light pa
kets, and thendrops at time 2 + B=2 the other B=2 light pa
kets, for atotal transmitted value of 3B=2 + 1.
4. BOUNDED DELAY BUFFERSIn this se
tion we 
onsider the 
ase of bounded delaybu�ers. We �rst show that even if the allowed delay is ar-bitrary large, any online algorithm is inferior to the o�inealgorithm. We show that for the general model, the greedyalgorithm is exa
tly 2-
ompetitive; we also prove that a bet-ter 
ompetitive fa
tor 
an be attained when there are onlytwo possible pa
ket values. At the end we provide detailedanalysis of the spe
ial 
ase where the delay bound is 2. Someof the proofs in this se
tion are omitted due to spa
e 
on-straints.We begin with a negative result whose motivation is as fol-lows. It seems reasonable to hope that as the delay boundgrows, the 
ompetitive fa
tor of on-line algorithms mighttend to 1: after all, an in�nite delay bound seems like theo�-line 
ase! This intuition is false, as proved in the follow-ing theorem. In fa
t, even if all sla
k times are equal, the
ompetitive fa
tor of any on-line algorithm is bounded awayfrom 1.Theorem 4.1. For all delay bounds Æ, the 
ompetitive ra-tio of any on-line algorithm is bounded away from 1. ForÆ-uniform-delay bu�ers the 
ompetitive ratio tends to 1:17as Æ tends to in�nity.Proof. Let A be any on-line algorithm. Consider thefollowing s
enario. At time t = 1 the bu�er is empty andÆ pa
kets of value 1 arrive. During ea
h of the �rst Æ timeunits, (t = 1; : : : ; Æ) a single pa
ket of value � > 1 arrives.Let Æ � x be the number of value 1 pa
kets transmitted byA by (and in
luding) time Æ. (We assume that x � 1.) We
onsider two possible 
ontinuations of the s
enario. In the�rst 
ase, no more pa
kets arrive, and in the se
ond 
ase,Æ pa
kets of value � arrive at time Æ + 1. In the former
ase, the value of A is at most Æ�x+ Æ�, while the optimalvalue is Æ � 1 + Æ�. In the latter 
ase, the value of A isÆ � x + �(Æ + x), while the optimal value is 2Æ�. Considerthe two possible ratios. To get the lower bound our goal isto �x � so that the value of the minimum of the two ratiosfor any value of x is maximized. This is be
ause the online

algorithm �xes x given the value of �. For any value of �,it is not diÆ
ult to see that the best value of x that 
anbe 
hosen by the online algorithm is the one where the tworatios are equal. First, it is easy to see that for any � > 1the two ratios are always bounded away from 1. When Ætends to in�nity, de�ne x0 = x=Æ, and we get that the tworatios tend to �+1�+1�x0 and 2�(1+x0)�+1�x0 . Consider the pointwhere the two ratios are equal and maximize for �. We getthat at this point x0 = �2�1�2+2��1 . Substituting for x0 we getthat the ratio is 1 + ��1�(�+1) . The maximum of this ratio isgiven when � = 1+p2, and the ratio is 1+ 1(1+p2)2 � 1:17.Next, we 
onsider the greedy algorithm for the general
ase where the allowed delays may be di�erent and the linkbandwidth is a parameter W . The greedy algorithm is ex-tremely simple: at ea
h time step t, transmit the W pa
k-ets with the highest value whose deadlines have not expiredyet. Ties are broken arbitrarily. Note that e�e
tively, thegreedy algorithm views ea
h value as a priority 
lass, in thesense that high-priority pa
kets are always transmitted be-fore low-priority ones. For this simplisti
 strategy we havethe following relatively strong property.Theorem 4.2. The greedy algorithm is exa
tly 2-
ompetitivein the bounded-delay bu�er model, for any output link band-width.Proof. We �rst show that the greedy algorithm is atmost 2 
ompetitive and then show that it is at least 2 
om-petitive, whi
h establishes the theorem. Fix the input se-quen
e, and let W be the output link bandwidth. Considerany optimal algorithm for the sequen
e. Let SO and SG de-note the set of pa
kets sent by an optimal algorithm andthe greedy algorithm, respe
tively. Consider all the pa
k-ets in SO n SG. These are pa
kets that were transmitted bythe optimal algorithm but dropped by the greedy algorithm.Consider all pa
kets in this set in turn. Let p 2 SO nSG andsuppose that pa
ket p was transmitted by the optimal algo-rithm at time t. We mat
h p with a pa
ket p0 transmittedby the greedy algorithm at time t and not yet mat
hed.Note that there is always a su
h a pa
ket p0 2 SG(t) sin
ejSO(t)j �W and jSG(t)j =W . This is be
ause by the greedyrule if jSG(t)j < W then the greedy algorithm should havetransmitted p as well at time t. Moreover, we 
laim thatv(p) � v(p0), sin
e otherwise, the greedy algorithm wouldhave transmitted p at time t instead of p0. It follows thatv(SO n SG) � v(SG), and hen
ev(SO) = v(SO \ SG) + v(SO n SG) � 2v(SG) :This proves that the greedy algorithm is at most 2 
ompet-itive.We now establish that the greedy algorithm is at least 2
ompetitive. Let � > 0. We present a s
enario in whi
h thevalue transmitted by an optimal algorithm is 2� � times thevalue transmitted by the greedy algorithm. The s
enario isas follows. Let n � 1 be any integer. At the �rst time step,2n pa
kets arrive, partitioned into two subsets A and B,
ontaining n pa
kets ea
h. All pa
kets p 2 A have v(p) = 1and sl(p) = 2n, and all pa
kets p0 2 B have v(p0) = 1 �� and sl(p0) = n. No more pa
kets arrive in the �rst 2nsteps. The greedy algorithm transmits all pa
kets in A in



the �rst n steps (sin
e their value is greater), thus loosing allpa
kets in B and getting total transmitted value of n. Theoptimal algorithm in this 
ase transmits in the �rst n stepsall pa
kets in B, and in the following n steps all pa
kets inA, for a total of (2 � �)n transmitted value. This s
enario
an be repeated any number of times.In some 
ases, the values assigned to pa
kets are not veryre�ned. In the extreme 
ase, there may be just \
heap"and \expensive" pa
kets. We 
an formalize this model byassigning only two possible values to pa
kets: 1 for \
heap"and � > 1 for \expensive." In the following theorem weprove that in this 
ase, the bound guaranteed by Theorem4.2 
an be sharpened to 1+1=�. Noti
e that the 
ompetitiveratio approa
hes 1 when � tends to in�nity.Theorem 4.3. The Greedy algorithm is at most 1+1=�-
ompetitive in the bounded-delay bu�er model with two pa
ketvalues of 1 and �, for any output link bandwidth.In some 
ases, where the end-to-end delay is importantand the physi
al propagation delay is already high due todistan
e, QoS requirements di
tate that a pa
ket may neverbe delayed in a bu�er, or may be delayed at most one step.In our terms, we have a bounded-delay bu�er with Æ = 2.We study this 
ase in detail in this se
tion. We use thefollowing algorithms.The Greedy EDF Algorithm. At ea
h time step t theonline algorithm 
omputes the optimal s
hedule S, startingat time t, assuming no new pa
ket will arrive. Withoutloss of generality we may assume that the optimal s
hedulefollows the Earliest Deadline First (EDF) poli
y. (If theoptimal s
hedule has a 
hoi
e it behaves greedily, i.e., it
hooses the higher weight pa
kets earliest.) The GreedyEDF sends at time t the W pa
kets whi
h are sent at timet in the s
hedule S.The �-Ratio EDF Algorithm. The �-Ratio EDF Al-gorithm �rst 
omputes the Greedy EDF s
hedule, S. Let S0be the set of pa
kets s
hedule to be sent at time t in s
heduleS. Then until the maximal value among the pa
kets in SnS0is less than � times the minimal value among the pa
ketsin S0 it swaps a pa
ket with minimal value from S0 and apa
ket with maximal value from S n S0. The �-Ratio EDFAlgorithm s
hedules S0 at time t.Another way to view this is the following. We sort both S0and S n S0. Let i be the maximal index su
h that the valueof the ith pa
ket in S0 is at least the value of the pW�i+1pa
ket in S n S0 divided by �. The �-Ratio EDF Algorithms
hedules the i highest value pa
kets from S0 and the W � ihighest pa
kets from S n S0.Note that 1-Ratio EDF gives the greedy algorithm, whi
hsends the W pa
kets with the highest value. Also, 0-RatioEDF is simply the Greedy EDF algorithm.We �rst 
onsider the general 
ase, where the link band-width is a parameter. We prove that the �-Ratio EDF al-gorithm a
hieves 
ompetitive ratio of � for � = �, where� = 1+p52 � 1:618 is the Golden Ratio.Theorem 4.4. The �-Ratio EDF algorithm is at most �-
ompetitive in the 2-variable bounded-delay bu�er model, forany output link bandwidth W .The next theorem establishes an impossibility result forthe uniform and variable bounded-delay models with arbi-trary bandwidth.

Theorem 4.5. The 
ompetitive ratio of any online algo-rithm for W -bandwidth 2-uniform bounded-delay model is atleast 10=9. Moreover, the 
ompetitive ratio of any online al-gorithm for W -bandwidth 2-variable bounded-delay model isat least 1:17.We 
onsider the 
ase of uniform bounded-delay bu�erswith link bandwidth 1, whi
h is an important 
ase for get-ting a good insight into the problem. In this 
ase we 
animprove the previous bound.Theorem 4.6. The (1:5 +p13=2)-Ratio EDF algorithmis at most 1:43-
ompetitive for 2-uniform bounded-delay bu�ermodel with bandwidth 1. Moreover, the Greedy EDF algo-rithm is at most 1:5-
ompetitive for 2-uniform bounded-delaybu�er model with bandwidth 1.Proof. We prove the bound for the (1:5+p13=2)-RatioEDF algorithm, the proof for the Greedy EDF algorithm issimilar.Without loss of generality we may assume that the opti-mal algorithm s
hedules pa
kets in order of non-de
reasingdeadline. We 
onsider the s
hedule of the �-Ratio EDF al-gorithm.At time t let St1 and St2 be the set of pa
kets, not yet trans-mitted, with deadline time t and t+ 1, respe
tively. When
lear from the 
ontext we drop the supers
ript t. (Note thatsin
eW = 1 we have that St1 may in
lude at most one pa
ketand St2 may in
lude at most two pa
kets.)The outline of the proof is as follows. We 
onsider thes
hedules of optimal algorithm and the online algorithm.We divide the time into intervals of two forms: (i) intervalsin whi
h both the optimal algorithm and the online sendthe same pa
kets, i.e., they are identi
al in the interval, and(ii) intervals in whi
h the optimal algorithm and the onlinealgorithm do not send the same pa
kets. Clearly, in theintervals of the �rst type the online is optimal, therefore weneed only to bound the ratio of the values for intervals of these
ond type. From now on we will 
onsider only intervals ofthe se
ond type.Let SG(t) and SO(t) be the pa
kets that the online andoptimal algorithms send at time t. We identify the intervalsof the se
ond type by their start point.The �rst possibility is p2 = SG(t) 2 S2 and p1 = SO(t) 2S1. Note that v(p2)=v(p1) � �. We 
onsider the maximumlength interval until we rea
h a time t0 in whi
h one of thethree 
onditions o

ur: (1) both the online algorithm andthe o�ine algorithm send the same pa
ket; (2) the onlinealgorithm sends a pa
ket at its deadline; and (3) the onlinealgorithm has no pa
ket to send. Until time t0 the onlinealgorithm sends pa
kets of maximal value one time unit be-fore their deadline (i.e., at the time they arrive) and optimalalgorithm sends the same pa
kets at their deadline. In thisinterval the ratio of the value of the optimal to the onlinealgorithms is at most (1 + �)=�.The se
ond possibility is p1 = SG(t) 2 S1 and p2 =SO(t) 2 S2. Note that v(p2)=v(p1) < �. Consider the inter-val until time t0 in whi
h one of the two 
onditions o

ur:(1) the optimal algorithm sends a pa
ket at its deadline; (2)the online algorithm sends a pa
ket before its deadline. Ob-serve that at any time slot i in the interval it holds that thevalue of SO(i) is at most the value of SG(i+1). If 
ondition(2) is satis�ed before 
ondition (1), then SG(t0) = SO(t0) �



SO(t0 � 1)=�. In this 
ase the ratio is bounded again by(1 + �)=�. In 
ase 
ondition (1) is satis�ed we �rst notethat the length on the interval is at least three. To see thissuppose that the interval has length 2. This means that theoptimal algorithm sends at time t+ 1 a pa
ket that arrivedat time t. However, this pa
ket was available also to the on-line algorithm at time t. The fa
t that it was not sent by theonline Greedy EDF algorithm implies that the value of theoptimal algorithm 
an be improved by sending the pa
ketsent by the online algorithm instead of the pa
ket SO(t+1);a 
ontradi
tion to the optimality.Consider the last three pa
kets sent by the optimal algo-rithm in the interval SO(t0� 2), SO(t0� 1) and SO(t0). Notethat the deadline of SO(t0 � 2) is t0 � 1 and the deadlinesof SO(t0 � 1) and SO(t0) is t0. Note also that these threepa
kets were available to the online algorithm at time t0�1.We now distinguish between two sub
ases. In the �rst, theonline algorithm transmits at t0 a pa
ket at its deadline (i.e.,either SO(t0�1) or SO(t0)). In this sub
ase by the de�nitionof the Greedy EDF algorithm the pa
kets SG(t0 � 1) andSG(t0) are the two pa
kets with the largest value amongfSO(t0 � 2); SO(t0 � 1); SO(t0)g. Finally, v(SG(t0 � 2)) �v(SG(t0� 1))=�, sin
e otherwise the online algorithm wouldhave dropped it. Without loss of generality assume thatv(SG(t0 � 2)) = 1, and let X be the value of the pa
ketsSG(t) to SG(t0�2). This implies that the value of the optimalalgorithm is at most X+3�, and the value of the online is atleast X+2�. Sin
e X � 1 we have that the ratio is boundedby (1 + 3�)=(1 + 2�).In the se
ond sub
ase the online algorithm transmits at t0a pa
ket with deadline t0+1. This happens only in 
ase thevalue of SG(t0) is � times larger than the value of the pa
ketthat would have been transmitted by the online algorithmat time t0 had the �rst sub
ase held. In this sub
ase weextend the interval until the �rst time after t0 in whi
h (1)both the online algorithm and the o�ine algorithm sendthe same pa
ket; (2) the online algorithm sends a pa
ket atits deadline; and (3) the online algorithm has no pa
ket tosend. Following arguments similar to the previous sub
asewe get that in this sub
ase the ratio is bounded by (1+3�+�2)=(1 + � + �2).We have three bounds (1 + �)=�, (1 + 3�)=(1 + 2�) and(1+3�+�2)=(1+�+�2). We need to �nd � that minimizesthe maximum of the three bound. Consider �rst the last twobounds. We get that the optimal � for them is 1:5+p13=2 �3:3. It is easy to see that for this value of � the �rst boundis less than the rest, and we get that the 
ompetitive ratiois at most 1:43.The next theorem establishes impossibility results for theuniform and variable models with bandwidth 1.Theorem 4.7. The 
ompetitive ratio of any online algo-rithm for 2-uniform and 2-variable bounded-delay model withbandwidth 1 is at least 1:25 and p2, respe
tively.Proof. We �rst establish the bound in the uniformmodeland then in the variable model. Fix an on-line algorithm A,and 
onsider the following s
enario. Initially, at time 0, thebu�er is empty and two pa
kets of value 1 arrive. At thenext time a pa
ket of value � > 1 arrives. If A drops one ofthe low value pa
kets then its 
ompetitive ratio is boundedfrom below by �+2�+1 sin
e there exists a feasible s
hedule of all

three pa
kets. If both low value pa
kets are s
heduled thenat time 2 two additional pa
kets of value � arrive. Thus, atleast one pa
ket of value � is ne
essarily lost by A. In this
ase the 
ompetitive ratio of A is bounded from below by3�+12�+2 .Therefore, the 
ompetitive ratio of A is at leastminf�+2�+1 ; 3�+12�+2g. To optimize the lower bound, we solvethe quadrati
 equation �+2�+1 = 3�+12�+2 . We get that � = 3 andthe 
ompetitive ratio of A is at least 1:25.We now establish the bound in the variable model. Fixan on-line algorithm A, and 
onsider the following s
enario.Initially, at time 0, the bu�er is empty and a pa
ket havingvalue 1 and delay 1 arrives together with a pa
ket of value� > 1 and delay of 2. If A drops the low value pa
ket thenits 
ompetitive ratio is bounded from below by �+1� sin
ethere exists a feasible s
hedule of both pa
kets. If the lowvalue pa
ket is s
heduled then at time 1 an additional pa
ketof value � with delay 1 (i.e., zero sla
k time) arrives. Thus,at least one high value pa
ket is ne
essarily lost by A. Inthis 
ase the 
ompetitive ratio of A is bounded from belowby 2��+1 .Therefore, the 
ompetitive ratio of A is at leastminf�+1� ; 2��+1g. To optimize the lower bound, we solve thequadrati
 equation �+1� = 2��+1 . We get that � = 1 + p2and the 
ompetitive ratio of A is at least p2.
5. THE OFF-LINE CASEIn this se
tion we show that the FIFO model has matroidstru
ture in the o�-line setting. As a result, optimal o�-linesolutions 
an be found in polynomial time. We also studythe 
onne
tion between the FIFO model and the boundeddelay model. Some of the proofs in this se
tion are omitteddue to spa
e 
onstraints.We �rst 
onsider the FIFO model. Fix the input sequen
efor the remainder of this se
tion. We also assume, withoutloss of generality, that all pa
kets admitted to the bu�erare later sent: sin
e we are dealing with the o�-line 
ase, apa
ket that will be dropped 
an be simply reje
ted when itarrives.Let C be the 
lass of all FIFO work-
onserving s
hedules,de�ned as follows. A s
hedule A is said to be work 
onserv-ing, denoted A 2 C, if for all t we have that SA(t) = ; ifand only if QC(t) [ A(t) n DC(t) = ;. In words, a s
hed-ule is work 
onserving if it always sends a pa
ket when thebu�er is non-empty. Note that work 
onserving algorithmsmay reje
t pa
kets arbitrarily: the only thing disallowed isnot to send any pa
ket at some time step even though somepa
kets are retained in the bu�er for later transmission.Theorem 5.1. For a FIFO s
hedule A, let SA be the setof all pa
kets served by A. Then I def= fSA : A 2 Cg is amatroid.A similar result for the bounded delay 
ase is well-known.Let E be the 
lass of work 
onserving s
hedules.Theorem 5.2 ([9℄). For a bounded delay s
hedule A,let SA be the set of all pa
kets served by A. Then J def=fSA : A 2 Eg is a matroid.We remark that for the FIFO model (and hen
e for theuniform bounded-delay model as well|see Theorem 5.4 be-low), an optimal solution 
an be found in O(n logB) time,



and in O(n2) time for the variable bounded delay model.We omit details here.Corollary 5.3. An optimal s
hedule for the FIFO andbounded delay models 
an be found in polynomial time.The following theorem shows a transformation from theFIFO model to the uniform bounded-delay model.Theorem 5.4. For any input sequen
e, the optimal valueserved by a FIFO s
hedule with bu�er size B is equal to theoptimal value served by a uniform bounded-delay s
hedulewith Æ = B.Proof. Let OPTF be the optimal value served by aFIFO s
hedule with bu�er size B , and letOPTD be the opti-mal value served by a uniform bounded-delay s
hedule withÆ = B . First, note that any s
hedule in the FIFO model isalso a s
hedule in the bounded delay model, sin
e no pa
ketin the FIFO model is served more than B time units afterits arrival, and hen
e OPTD � OPTF . For the other di-re
tion, 
onsider any s
hedule in the uniform bounded-delaymodel. Sin
e in this model, a set of pa
kets 
an be served ifand only if the EDF s
hedule of this set is feasible, we mayassume without loss of generality that the s
hedule is EDF.Also note that the number of pa
kets in the bounded delaybu�er is never more than the maximal delay bound (re
allthat only pa
kets that are eventually transmitted enter thebu�er). The result now follows from the fa
t that an EDFs
hedule in the uniform bounded delay model is exa
tly theFIFO order, and hen
e OPTF � OPTD.A ni
e feature of the FIFO to bounded-delay transforma-tion in the proof of Theorem 5.4 is that it does not requireo�-line information. We therefore have the following 
orol-lary.Corollary 5.5. Let CF (B) be the best 
ompetitive fa
-tor of on-line FIFO algorithms with bu�er size B, and letCD(Æ) be the best 
ompetitive fa
tor of on-line uniform bounded-delay algorithms with maximal delay Æ. Then CD(B) �CF (B).We remark that the 
onverse 
annot be proved by our trans-formation, sin
e it requires knowledge of the future.
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