Buffer Overflow Management in QoS Switches

Extended Abstract

Zvi Lotkertt

zviloQeng.tau.ac.il

Baruch Schieber!

sbar@us.ibm.com

Alexander Kesselman*

alx@math.tau.ac.il

ABSTRACT

We consider two types of buffering policies that are used in
network switches supporting QoS (Quality of Service). In
the FIFO type, packets must be released in the order they
arrive; the difficulty in this case is the limited buffer space.
In the bounded-delay type, each packet has a maximum delay
time by which it must be released, or otherwise it is lost. We
study the cases where the incoming streams overload the
buffers, resulting in packet loss. In our model, each packet
has an intrinsic value; the goal is to maximize the total value
of packets transmitted

Our main contribution is a thorough investigation of the
natural greedy algorithms in various models. For the FIFO
model we prove tight bounds on the competitive ratio of the
greedy algorithm that discards the packets with the lowest
value. We also prove that the greedy algorithm that drops
the earliest packets among all low-value packets is the best
greedy algorithm. This algorithm can be as much as 1.5
times better than the standard tail-drop policy, that drops
the latest packets.

In the bounded delay model we show that the competitive
ratio of any online algorithm for a uniform bounded delay
buffer is bounded away from 1, independent of the delay
size. We analyze the greedy algorithm in the general case
and in three special cases: delay bound 2; link bandwidth
1; and only two possible packet values.

Finally, we consider the off-line scenario. We give effi-
cient optimal algorithms and study the relation between the
bounded-delay and FIFO models in this case.
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1. INTRODUCTION

Unlike the “best effort” service provided by the Inter-
net today, next-generation networks will support guaranteed
Quality of Service (QoS) features. In order for the network
to support QoS, each network switch must be able to guaran-
tee a certain level of QoS in some predetermined parameters
of interest, including packet loss probability, queuing delay,
jitter and others.

In this work, we consider models based on the IP environ-
ment. Implementing QoS in an IP environment is receiving
growing attention, since it is widely recognized that future
networks would most likely be IP based. There has been
a few proposals that address the integration of QoS in the
IP framework, and our models are based on some of these
proposals. As a matter of fact, our work falls under the gen-
eral area of providing differentiated network services in an
IP environment. With the realization that “not all traffic is
equal” comes the quest to provide network service differen-
tiation. For example, different customers may get different
levels of service, which might depend on the price they pay
for the service.

One way of guaranteeing QoS is by committing resources
to each admitted connection, so that each connection has
its dedicated resource set that will guarantee its required
level of service always, regardless of all other connections.
This conservative policy (implemented in the specification
of CBR traffic in ATM networks [21]) might be extremely
wasteful since network traffic tends to be bursty. Specifi-
cally, this policy does not take into consideration the fact
that usually, the worst-case resource requirements of differ-
ent connections do not occur simultaneously. Recognizing
this phenomenon, most modern QoS networks allow some
“overbooking,” employing the policy popularly known as
statistical multiplezing. While statistical multiplexing tends
to be very cost-effective, it requires satisfactory solutions to
the unavoidable events of overload. In this paper we con-
sider such scenarios in the context of buffering. The basic
situation we consider is an output port of a network switch
with the following activities (see Figure 1). At each time
step, an arbitrary set of packets arrives, but only a fixed
number of packets can be transmitted. The buffer manage-
ment algorithm controls which packets are admitted to the
buffer, which are discarded and which are transmitted at
each step.

We consider two types of buffer models. In the FIFO
model, packets can never be sent out of order: formally, for
any two packets p,p’ sent at times t,t', respectively, we have
that if # > t, then packet p has not arrived after packet
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Figure 1: Schematic representation of the model. Left: general switch structure. Right: output port structure. Packets are
placed in the buffer, and the buffer management algorithm controls which packet will be discarded and which will be transmitted.
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p. The main difficulty in this classical model is that the
buffer size is fixed, so when too many packets arrive, buffer
overflow occurs and some packets must be discarded. In
most implementations, the discard policy is the natural ta:l-
drop policy, in which the latest packets are discarded.

The second model we consider is the bounded delay model.
This model is relatively new, and is warranted by networks
that guarantee the QoS parameter of end-to-end delay.
Specifically, in the bounded-delay model each packet arrives
with a prescribed allowed delay time. A packet must be
transmitted within its allowed delay time or else it is lost.
In this model, the buffer management policy is allowed to
re-order the packets. We consider two variants of the model.
In the uniform bounded delay model, the switch has a single
fixed bound on the delay of all packets, and in the variable
bounded delay model, the switch may have a different delay
bound for each packet.

The focus of our paper is the following simple refinement
of the models described above: each packet arrives with
its intrinsic value, and the goal of the buffer management
algorithm is to discard packets so as to maximize the total
value of packets transmitted. All we assume about the value
of the packets is that it is additive: the value of a set of
packets is the sum of the values of packets in the set.

In this paper we present a thorough investigation of the
natural greedy algorithms in the various models. In the
FIFO model, the greedy algorithm discards the lowest value
packets whenever an overflow occurs, with ties broken ar-
bitrarily. We prove a tight bound of 2 — ﬁ on the com-
petitive factor of this algorithm, where B is the buffer size.
For the case where the ratio of the maximum to minimum
value is bounded by some a > 1, we prove a tight bound of
2— o%q on the competitive factor. We remark that the proof
of the upper bound is quite involved. We then consider the
different variants of the greedy algorithms, since the greedy
policy does not specify which packet to drop in case there
are more then one lowest value. Specifically, we consider
the head-drop greedy policy, which drops the earliest low-
est value packets. We show that for any input sequence,
the head-drop greedy policy achieves equal or better value
than any other greedy policy. This is somewhat surprising,
since most implementations use the tail-drop policy. Fur-
thermore, we show that the ratio of the value of the head-
drop greedy policy to the value of the tail-drop policy can be
as high as 3/2 in some cases. We also prove a lower bound

on the competitive ratio of any online algorithm in the FIFO
model.

For the bounded delay model we have the following re-
sults. First, we show that the competitive ratio of any on-
line algorithm for a uniform bounded delay buffer is bounded
away from 1, independent of the delay size. This holds even
if all packets has an arbitrarily long allowed delay. Next, we
consider the simple greedy algorithm, which in this model,
always sends the packet with the highest value. We prove
that the competitive ratio of this algorithm is exactly 2. In
the common case when there are only two possible values
of packets (i.e., “cheap” and “expensive” packets), the com-
petitive factor of the greedy algorithm is exactly 1+ 1/a,
where a > 1 is the ratio of the expensive value to the cheap
value. We then consider the special case where the delay
is at most 2, namely, a packet is either sent when it ar-
rives, or in the next time slot, or else it is lost. We show
that in this case, the bound of 2 can be improved: we give
algorithms that achieve a competitive ratio of 1.618 for the
variable delay model. We also prove lower bounds of 1.11 on
the competitive ratio for the uniform delay model and 1.17
for the bounded delay model. Better bounds are presented
for the case where the bandwidth link is 1. We show that
in this variant slight modifications of the greedy algorithm
yields better performance.

Lastly, we consider the off-line case. We prove that the

overflow management problem has matroid structure in both
buffer models, and hence admits efficient optimal offline al-
gorithms.
Related work. There is a myriad of research papers about
packet drop policies in communication networks—see, for
example, the survey of [14] and references therein. Some of
the drop mechanisms, such as RED [10], are designed to sig-
nal congestion to the sending end. The approach abstracted
in our model, where each packet has an intrinsic value and
the goal is to maximize the total throughput value, is im-
plicit in the recent DiffServ model [7, 8] and ATM [21]. The
bounded delay model is an abstraction of the model de-
scribed in [11].

There has been work on analyzing various aspects of the
model using classical queuing theory, and assuming Poisson
arrivals [19]. The Poisson arrival assumptions has been seri-
ously undermined by the discovery of the heavy tail nature
of traffic [16] and the chaotic nature of TCP [22]. In this
work we use competitive analysis, which makes no proba-



bilistic assumptions.

The work of [1] concentrated on the case where one can-
not discard a packet already in the buffer. They give tight
bounds on the competitive factor of various algorithms for
the special case where there are only two different weights.
In [18], the question of video smoothing is studied. One of
the results in that paper, which we improve here, is an upper
bound of 4 on the competitive ratio of the greedy algorithm
for the FIFO model. The work of [12] studies the com-
petitive analysis of the lost value rather then the through-
put value. Translating the loss bound to to the throughput
bound considered here, for the variant where only two packet
weights are possible, one can show that the competitive ra-
tio approaches one as the ratio of the two weights tends to
infinity. A similar result is presented in this paper for the
bounded delay model. The work of [2] studies bandwidth
allocation from the competitive analysis viewpoint, disre-
garding buffer overflows.

The bounded delay model can be viewed as a schedul-

ing problem. In this problem we are given parallel machines
(whose number is the link bandwidth), and jobs with release
time and deadline that correspond to the packets arriving to
the buffer. The goal is to maximize the throughput, that is,
the weight of the jobs that terminate by their deadline. In
our case we have also the additional constraint that all jobs
have the same processing time. The off-line variant of this
scheduling problem denoted P|r;;p; = p| > w;(1—U;) in the
standard scheduling notation can be solved in polynomial
time using maximum matching. To the best of our knowl-
edge the on-line variant of this problem has not been consid-
ered elsewhere. The more general off-line problem where the
processing time is not fixed is NP-Hard. Recently, approxi-
mation algorithms for this problem were considered in [4, 3,
20]. The more general on-line problem where the processing
time is not fixed was considered in [17]. In this case the re-
sults are substantially worse than our case. Slightly better
results can be achieved for the case where processing time is
not fixed if preemption is allowed. This case was considered
in [5, 6, 13]. For the unweighted version of this problem, i.e.,
when the goal is to maximize the number of jobs completed
by their deadline (which is trivial in case all processing times
are the same), [5] showed a tight competitive factor of 4. For
the weighted version the bound is v/1 + k2 where k is the
ratio of the maximum value density to the minimum value
density of a job [13].
Paper organization. The remainder of this paper is orga-
nized as follows. In Section 2 we define the models and some
notation. In Section 3 we consider the FIFO model, and in
Section 4 we consider the bounded delay models. Finally in
Section 5 we discuss off-line algorithms.

2. MODEL AND NOTATION

In this section we formalize the model and the notation we
use. We consider two main models: the FIFO model and the
bounded-delay switch model. First, we list the assumptions
and define quantities that are common to both models.

We assume that time is discrete. Fix an algorithm A. At
each time step ¢, there is a set of packets Qa(t) stored at
the buffer (initially empty). Each packet p has a positive
real value denoted v(p). At time ¢, a set of packets A(t)
arrives. A set of packets from Qa(t) U A(t), denoted Sa(t),
is transmitted. A subset of Qa(t) U A(t) \ Sa(t), denoted
Da(t) is dropped. The set of packets in the buffer at time

t+1is Qa(t+1) = Q(t)UA()\ (Da(t)U Sa(t)). We omit
subscripts when no confusion arises.

The input is the packet arrival function A(-), and the
packet value function v(-). Packets may have other at-
tributes as well, depending on the specific model. The algo-
rithm has to decide at each step which of the packets to drop
and which to transmit, satisfying some constraints specified
below. For a given input, the value served by the algorithm
is the sum of the values of all packets transmitted by the al-
gorithm. For a set P of packets define v(P) to be the total
value of the packets in the set. In this notation the value
served by algorithm A is Y, v(Sa(t)).

The sequence of packets transmitted by the algorithm
must obey certain restrictions.

Output link bandwidth. We assume that there is an
integer number W called the link bandwidth such that the
algorithm cannot transmit more than W packets in a single
time unit; i.e., |S(¢)| < W for all . For simplicity, we usually
assume that W =1 unless stated otherwise.

FIFO buffers. In the FIFO model there are two additional
constraints. First, the sequence of transmitted packets has
to be a subsequence of the arriving packets. That is, if a
packet p is transmitted after packet p’, then p could not have
arrived before p’. Second, that the number of packets in the
buffer is bounded by the buffer size parameter, denoted B.
Formally, the constraint is that for all times ¢, |Q(¢)| < B.”
Bounded-delay buffers. In this model we assume that
packets have another attribute: for each packet p there is
the slack time of p, denoted sl(p). The requirement is that
for all packets p € A(t), if p € Q(t + sl(p)) then it must be
the case that p € S(t+ sl(p)) U D(t + sl(p)). In words, each
packet p € A(t) must be either transmitted or dropped by
time ¢+ sl(p). The time ¢+ sl(p) is also called the deadline of
p, denoted di(p). We emphasize that in this model there is
no explicit bound on the size of the buffer, and that packets
may be re-ordered.

Uniform and variable bounded-delay buffers. One
case of special interest of bounded-delay buffers is when the
slack of all packets is equal to some known parameter §.
We call this model d-uniform bounded-delay buffers. If all
packet slacks are only bounded by some number §, we say
that the buffer is §-variable bounded-delay.

On-line and off-line algorithms. We call an algorithm
on-line if for all time steps ¢, it has to decide which packets
to transmit and which to drop at time ¢ without any knowl-
edge of the packets arriving at steps ' > t. In case future
packet arrival is known the algorithm is called off-line. The
competitive ratio (or competitive factor) of an algorithm A
is an upper bound, over all input sequences, on the ratio of
the maximal value that can be transmitted by any off-line
algorithm to the value that is transmitted by A. Note that
since we deal with a maximization problem this ratio will
always be at least 1.

3. THE FIFO MODEL

In this section we consider the FIFO model. Recall that
in this model a buffer of size B is used to store the incoming
packets. Packets have to be transmitted in the order they
arrive. Each packet has a value associated with it and the

*Our model allows for a larger number of packets in the
transient period of each step, starting with packets arrival
and ending with packets drop and transmission.



goal is to maximize the value of the transmitted packets.

First, we prove a lower bound on the competitive ratio of
any online algorithm in the FIFO model. The proof of this
bound is omitted due to space constraints.

THEOREM 3.1. The competitive ratio of any online algo-
rithm in the FIFO model is at least 1.281.

3.1 Tight Analysis of the Greedy Algorithm

We consider the greedy algorithm. In this algorithm no
packets are dropped in time steps ¢ in which |Q(¢)|+|A(t)] <
B+ 1. If Q) U A(t) # 0, then the earliest packet is
transmitted and the rest are stored in the buffer. In case
|Q(t)| + |A(#)] = B+ k > B+ 1, the k — 1 lowest value
packets are dropped, with ties broken arbitrarily. Among
the remaining B + 1 packets the earliest one is transmitted
and the rest are stored in the buffer.

We first show that the competitive ratio of the greedy
algorithm is no worse than 2. Later, we improve this bound
and show that the improved bounds are tight.

THEOREM 3.2. The competitive ratio of the greedy algo-
rithm s at most 2.

Proor. Consider a sequence of packets. Let GREEDY
be the set of packets transmitted by the greedy algorithm,
and let OPT be the set of packets transmitted by the opti-
mal algorithm.  We need to show that v(OPT) <
20(GREEDY). Let DROP; denote the set of packets that
were dropped by the greedy algorithm at time ¢ but were
transmitted by the optimal algorithm. Let DROP be the
union of all these sets. We show a mapping from the pack-
ets in DROP to packets in GREEDY with the following
properties: (i) a packet from DROP is mapped to a packet
in GREEDY with at least the same value; (ii) at most one
packet from DROP is mapped to any packet in GREEDY N
OPT, and (iii) at most two packets from D ROP are mapped
to any packet in GREEDY \ OPT. Clearly, the existence
of the mapping implies the theorem.

We construct the mapping iteratively. At each iteration
we consider a packet from DROP and map it to a packet
in GREEDY. The packets in DROP are considered in
the order of their dropping time. Suppose that the current
packet to be mapped is p € DROP;. This means that all
the packets in DROP;, for s < t, and maybe some of the
packets in DROP; have been mapped already. Given the
partially defined mapping, define a set of “available” packets
in GREEDY as follows. A packetingq € GREEDYNOPT
is available if so far no packet is mapped to ¢q. A packet in
q € GREEDY \ OPT is available if so far no more than
one packet is mapped to q. The packet p is mapped to the
earliest available packet that was transmitted by the greedy
algorithm at or after time ¢.

It is not difficult to see that the mapping defined above
satisfies the second and third properties. It remains to be
shown is that it satisfies the first property as well. We show
this by induction following the order in which the dropped
packets are mapped. For the basis of the induction note that
if p € DROP; is the first packet to be dropped then it is
mapped to the packet transmitted by the greedy algorithm
at time ¢. Clearly, the value of this packet is at least v(p).

Suppose that the first property holds for all packets map-
ped before p € DROP;. We show that it holds also for p.

Let r(t) be the latest time before or at ¢ such that no packets
dropped by the greedy algorithm at time r(¢) — 1 or earlier
are mapped to packets transmitted at time r(¢) or later. If
no such r(t) exists, then define r(¢) = 1 (the first time unit).
Let s(t) be the earliest time at or after ¢ such that the buffer
maintained by the greedy algorithm at time s(t) is full and
all the packets in the buffer at time s(t) are transmitted by
the greedy algorithm. Observe that since the buffer is full
at time ¢, s(t) is always defined.

CrAam 3.3. The value of the packets transmitted by the
greedy at times [t..s(t) + B] is no less than v(p).

PROOF. Since p is dropped at time ¢, the buffer at time
t is full and the minimum value in the buffer at this time
is at least v(p). This implies that the value of each of the
packets transmitted at times [t..t + B] is at least v(p). If
s(t) = t, we are done. Otherwise, let t' € [t + 1..t + B] be
the earliest time in which a packet that was in the buffer at
time ¢ is dropped. Since the dropped packet has value at
least v(p), the values of each of the packets transmitted at
times t',...,t + B is at least v(p). Again, if s(t) = t', we
are done. Otherwise continue in the same manner. []

To prove that the first property holds for p we show that it
is mapped to one of the packets transmitted by time s(t)+ B.
For this we need to show that at least one of the packets
transmitted at times [¢..s(¢) + B] remains available at the
time p is mapped. The “number of availabilities” at the time
packet p is mapped is defined as the maximum number of
packets that can still be mapped to the packets transmitted
at times [t...s(t) + B]. Specifically, every available packet
(at the time p is mapped) among the packets transmitted
at times [t...s(¢) + B] that is also in OPT contributes 1 to
the number of availabilities. Every available packet (at the
time p is mapped) among the packets transmitted at times
[t...s(t)+ B] that is not in OPT contributes 2 to the number
of availabilities if it is not mapped and contributes 1 if one
packet has been mapped to it already.

CrAaM 3.4. The number of availabilities before any of the
packets dropped at timet are mapped is at least ng |DROP;|.

PrROOF. We first show that the number of availabilities
before any of the packets dropped at time r(¢) and later are

mapped is at least ng(t) |[DROP;|. Consider all the pack-
ets transmitted by the optimal algorithm that are considered
by the greedy algorithm (and either transmitted or dropped)
at times [r(¢)..s(¢)]. The maximum number of these packets
is bounded by s(¢) —r(t) +2B + 1. This is since the earliest
time these packets could be transmitted by the optimal al-
gorithm is r(t) — B and the latest time these packets could
be transmitted by the optimal algorithm is s(t) + B. Let z
be the number of these packets that are transmitted by the
greedy algorithm at times [r(¢)..s(t) + B]. Observe that no
packets from OPT that arrive at times [s(t)..s(t) + B] are
transmitted by the greedy algorithm at times [s(t)..s(t)+ B].
This follows from the definition of s(¢), since the transmis-
sion of any such packet at times [s(t)..s(¢) + B] would result
in dropping at least one packet that has been in the buffer
at time s(¢). It follows that exactly z packets from OPT are
transmitted by the greedy algorithm at times [r(t)..s(¢)+ B].
This implies that the number of availabilities before any of



the packets dropped at time r(t) and later are mapped is
at least 2(s(t) + B — r(t) + 1) — z. This is since none of
the packets that are dropped before time r(t) are mapped
to packets transmitted at times [r(t)..s(t) + B]. It follows
that

s(t)
> IDROP;|

i=r(t)

IN

s(t)—r(t)+2B+1—-=x

< 2(s(t)+B-r(t)+1)—z.

By the definition of r(¢) the maximum number of pack-
ets that can be mapped to the packets transmitted at times
[r(t)..t — 1] is strictly less than Z:;:(t) |IDROP;|. Since
the maximum number of packets that can be mapped to
the packets transmitted at times [r(¢)...s(t) + B] is at least

Zf(:tj(t) |IDROP;|. We conclude that the number of avail-
abilities before the packets dropped at ¢t are mapped is at

least 33 [DROP;|. O
The theorem follows directly from the claim. [l

We now refine the analysis of the previous proof to get
tighter bounds. Let a be the ratio of the largest value of a
packet to the smallest value of a packet, and let B be the
buffer size.

THEOREM 3.5. The competitive ratio of the greedy algo-

. . def maxp{v
rithm is at most 2(1 — O%Ll), where o = #{{U:}

ProOOF. Given the mapping defined above, partition
GREEDY into three subsets: (i) The set G1 of packets
in GREEDY that are not in OPT and that are not the
target (in the mapping) of any packet in DROP. (ii) The
set G2 of packets in GREEDY that are unavailable; that is,
the packets in GREEDY N OPT that are the image of one
packet in DROP, and the packets in GREEDY \ OPT that
are the image of two packets in DROP. (iii) The set G3 of
the rest of the packets in GREEDY; that is, the packets in
GREEDY N OPT that are not the image of any packet in
DROP, and the packets in GREEDY \ OPT that are the
image of one packet in DROP.

We associate two packets from OPT with each packet in
q € G as follows. If ¢ € GoN OPT then the two packets are
q itself and the packet mapped to g. If ¢ € G2 \ OPT then
the two packets are the two packets mapped to ¢q. Similarly,
we associate a packet from OPT with each packet in g € G3
as follows. If ¢ € Gs N OPT then the this packet is q. If
q € G3 \ OPT then this packet is the packet mapped to g.
Note that this way we associated every packet in O PT with
some packet in GREEDY . Note that always v(q) is at least
the value of each of its associated packets, and the fact that
no packet is associated with more than two packets implies
the bound on the competitive ratio. We are able to improve
the bound of 2 on this ratio using the fact that no packet is
associated with packets in G1.

Note that |GREEDY| > |OPT|. It follows that |G1| >
|G2|, and thus we can match any packet ¢ € G2 with a
mate p € G1. We move a o%q “fraction” of the value of the
packets associated with ¢ and associate it with p. Note that
after the move the total value associated with ¢ is no more

than 2(1 — —55)v(g). Since v(g) < av(p), the total value

associated with p is no more than

THEOREM 3.6. The competitive ratio of the greedy algo-
rithm is at most 2 — #, where B is the buffer size.

ProoF. Modify the mapping defined in the proof of The-
orem 3.2 as follows. For each time t if DROP; # () decrease
by 1 the number of availabilities contributed by the packet p
transmitted by the greedy algorithm at time ¢. Specifically,
if p € OPT then no packet is mapped to p and if p ¢ OPT
at most one packet is mapped to p. We need to show that
Claim 3.4 still holds. For this, it suffices to show that the
number of availabilities before any of the packets dropped at
time r(t) and later are mapped is at least Zf(:tr)(t) |IDROP;|.
Notice that the number of availabilities is decreased by at
most s(¢) — r(t) + 1. Claim 3.4 follows for the modified
mapping since

s(t)
> |DROP;|

i=r(t)

IA

s(t)—r@t)+2B+1—=z

IA

2(s(t)+B—r(t)+1) — =
—(s(t)=rt)+1).

Notice that the value of the packet transmitted at time ¢
is at least the value of any packet in DROP;. We “shift”
1/(|[DROP:| +1) fraction of the value of each of the packets
in DROP; from the packet to which it has been mapped
originally and associate it with the packet transmitted at ¢.
Since |DROP;| < B, we get that each packet transmitted
by the greedy is associated with at most 1+ BL;_I =2- BL_H
packets of at most the same value from OPT.

Finally, we observe that the last two bounds are tight.
Consider the following scenario. At time 1 B + 1 packets
of value € arrive. One is transmitted and the rest are kept
in the buffer. Then, at each time ¢ € [2..B + 1] a packet of
value M arrives and is kept in the buffer. At time B + 2 the
buffer contains B packets of value M and then another B+1
packets of value M arrive. The greedy algorithm transmits
only B + 1 of these packets while the optimal algorithm
transmits 2B + 1 of value M and only one of value e. Let
a= % We get that the competitive ratio is

(2B+1)a+1 a+ (2B +1)

T (B4+1D)(a+1) (B+1)(a+1) "

(2B +1)M + ¢
(B+ 1)(M +¢)

Letting « go to infinity we get the ratio 2 —
2
a+l-

3.2 The Best Greedy Algorithm

The greedy algorithm is not completely defined: when
there are several packets with the same low value, it is not
specified which of them is discarded by the greedy algo-
rithm. In this section we show that, perhaps surprisingly,
it is always better to discard the earliest packets, i.e., the
packets which spent the most time in the buffer. We call
this policy head-drop, as the algorithm prefers to drop pack-
ets from the head of the buffer. Head-drop is in contrast

547, and letting
B go to infinity we get the ratio 2 —



to common practice of tail-drop, where the newest pack-
ets are discarded. In fact, tail-drop is the worst variant of
the greedy algorithm: we show that there exist scenarios
in which tail-drop results in significantly more losses than
head-drop. We remark that the head-drop policy [15] enjoys
additional advantages in the TCP/IP environment, namely,
it helps the congestion avoidance mechanism.

The following theorem proves that GH is superior to any
other greedy algorithm.

THEOREM 3.7. Let G be any greedy algorithm, and let
GH be the greedy head-drop algorithm. For any input se-
quence, the total value transmitted by GH is at least the
total value transmitted by G.

PrROOF. Consider an input sequence. We prove that the
total value of packets transmitted by GH is at least the
total value of packets transmitted by G. We start with the
following simple property.

LEMMA 3.8. For any time step t, |Qau(t)| = |Qa(t)|.

ProOF. Follows from the fact that for all ¢, |Da(t)| =
|Dan (t)] and |Sa(t)] = |Sen(t). O

For each time step ¢ we define a 1-1 mapping from Qgm (t)
to Qa(t) such that each packet p € Qg m (t) is mapped to a
packet ¢ € Q¢(t) with at least the same value; i.e., v(p) <
v(q).

We claim that the existence of these mappings imply the
theorem as follows. For a packet p € Q(t) define the rank of
p to be its rank in the sequence of packets in @ (t) ordered
in ascending values. The existence of the mappings implies
that for each time step t, the value of packet ranked 7 in
Qcu (t) is at most the value of the packet ranked 7 in Q¢ (t).
Since |Dg s (t)| = |Da(t)|, and since in any greedy algorithm
D(t) consists of the lowest ranked packets in Q(t), it follows
that v(Dgm(t)) < v(Da(t)).

The value served by an algorithm is >, v(S(t)) we get

S o(Sen(®) = 3 u(A®) - v(Den(®))
> ST u(AW®) - 3 u(Da(t)

= 3 u(Sa) -

t

All left to be proven is the existence of the mappings. Fix
a time step t, and consider Q¢ (t) and Qe (t). We define
the following mapping from Qcu (t) to Qc(t). Each packet
in Qeu(t) N Qa(t) is mapped to itself. To complete the
mapping we use the following notation.

DEFINITION 3.1. Let A be an algorithm. For p € Qa(t)
define the height of p, denoted ha(p,t), to be 1 plus the num-
ber of packets that have to be either transmitted or dropped
before p can be transmitted. In other words, ha(p,t) is the
rank of p in the sequence of packets in Qa(t) ordered by ar-
rival time. A packetp € Qa(t) is said to be below (or above)
a packet p' € Qa(t) if ha(p,t) < ha(p',t) (or, respectively,
ha(p.t) > ha(p',t)).

Consider the packets in Qg (t) \ @c(t) in ascending order
of height. Map each such packet p to the packet with the

lowest height in Q¢ (t) \ Qam(t) that has not been mapped
so far. It is not difficult to see that this mapping is indeed
1-1. We need to show that each packet in Qcr (t)\ Qa(t) is
mapped to a packet in Qa(t) \ Qam (t) of at least the same
value. For this we prove the following two lemmas.

LEMMA 3.9. Let p € Qau(t) \ Qa(t) for some time t.
Then v(p) < v(q), for all ¢ € Qa(t) satisfying ha(q,t) <
hau (p,t).

ProOOF. Let to be the time in which G dropped p. We
prove the lemma by induction on ¢ — ¢to. For the base case
t = to, we have that v(p) < min{v(p') : p' € Qa(to)} by
the greedy rule. For the inductive step, let ¢ > to, and
consider a packet p' € Qa(t) with ha(p',t) < hau(p,t).
If ha(p',t — 1) < hgu(p,t — 1), we are done by induction.
Otherwise, it must be the case that some packet p”’ € Qg (t—
1) with ha(p"',t—1) < hau (p,t—1) is dropped by G at time
t — 1. By the greedy rule v(p’) > v(p”). Since by induction
v(p'") > v(p), we are done in this case too. [

LEMMA 3.10. Let t be any time step. If p € Qeu(t) N
QG(t)’ then hau (pat) < hG(pa t)

PROOF. Suppose that the lemma does not hold. Let ¢ be
the first time it is violated, and let p be the packet with the
minimal height such that ha(p,t) < hau(p,t). Let p’ be the
packet immediately below p in Qgm (t). Note that p’ is well
defined, since by assumption hgm (p,t) > ha(p,t) > 1. Also
note that p' ¢ Qa(t). This is because otherwise we would
have also hg(p',t) < hewu(p',t), contradicting the height
minimality of p. Due to the minimality of ¢, hg(p,t — 1) >
hau(p,t —1). (Note that we cannot have the situation of
p € A(t—1) and ha(p,t) < hau(p,t).) Thus, we must have
that Dg(t —1) contains at least one packet below p. Denote
this packet by q. We claim that v(q) > v(p’). If ¢ = p’
the claim is trivial. Otherwise, we have that p’ ¢ Qc(t — 1)
and hgu (p',t—1) > hg(q,t — 1), and hence, by Lemma 3.9,
v(p') < v(q). Since Qc(t) has more packets above p than
Qcw (t) has, there must be a packet ¢’ above p in Qg (t) that
is not in Qcm(t). Since ¢' ¢ Da(t — 1) and ¢ € De(t — 1)
it must be that v(q') > v(q) > v(p'). However, the packet
q' is not in Qg (t). Hence, it has been dropped by GH at
some t' < t. This yields a contradiction to the head-drop
rule, since v(p') < v(q'), both p’ and ¢’ are in Qgw (t'), and
hau(d' ') > heu(p',t'). O

We now go back to the existence proof of the mapping.
Suppose that p € Qar (t) \ Qc(t) is mapped to ¢ € Qa(t) \
Qcu (t). We show that hgu (p,t) > ha(g, t). By Lemma 3.9
this implies that v(p) < wv(g). Recall that the mapping
of the packets in Qam(t) \ Qc(t) is done in ascending or-
der of heights and that any such packet is mapped to the
the packet with the minimal height in Q¢ () \ Qcam(t) that
has not been mapped so far. To obtain a contradiction
suppose that p is the packet with the minimal height in
Qcr(t)\ Qc(t) that is mapped to ¢ € Qc(t) \ Qar(t), and
ham(p,t) < ha(q,t). Consider the packet p' € Q¢ (t) such
that ha(p',t) = hau(p,t). It must be that p' € Qa(t) N
Qcu (t). We must also have that the number of packets be-
low pin Qau (t)\ Qc(t) is the same as the number of packets
below p' in Qc(t) \ Qem(t). Thus, the set of packets below
pin Qam(t) N Qa(t) is the same as the set of packets below
p'in Qc(t) N Qer(t). It follows that ha(p',t) < ham (p',1),
in contradiction to Lemma 3.10.



The following theorem proves that GH can do much bet-
ter than the greedy tail-drop algorithm. Let GT denote the
greedy tail-drop algorithm.

THEOREM 3.11. There exists input sequences for which
the value transmitted by GH is 3/2 times the value trans-
mitted by GT .

ProOF. Consider the following sequence. At time 0, B/2+
2 packets of value € arrive, for some small ¢ > 0. At time
1, B/2 packets of value 1 arrive. Thus, at time 2, the head
half of the buffer is filled with light packets, and the tail
half of the buffer is filled with heavy packets. At time 2,
B/2 + 1 more e-value packets arrive, and at time 2 + B/2,
B + 1 packets of value 1 arrive. T'D drops at time 2 the
last B/2 light packets, and transmits a light packet in steps
2,3,...,14+ B/2. At time 2 + B/2, TD drops B/2 heavy
packets, and the total value eventually transmitted is B + 1.
HD drops at time 2 the first B/2 light packets, and then
drops at time 2 + B/2 the other B/2 light packets, for a
total transmitted value of 3B/2+ 1. O

4. BOUNDED DELAY BUFFERS

In this section we consider the case of bounded delay
buffers. We first show that even if the allowed delay is ar-
bitrary large, any online algorithm is inferior to the offline
algorithm. We show that for the general model, the greedy
algorithm is exactly 2-competitive; we also prove that a bet-
ter competitive factor can be attained when there are only
two possible packet values. At the end we provide detailed
analysis of the special case where the delay bound is 2. Some
of the proofs in this section are omitted due to space con-
straints.

We begin with a negative result whose motivation is as fol-
lows. It seems reasonable to hope that as the delay bound
grows, the competitive factor of on-line algorithms might
tend to 1: after all, an infinite delay bound seems like the
off-line case! This intuition is false, as proved in the follow-
ing theorem. In fact, even if all slack times are equal, the
competitive factor of any on-line algorithm is bounded away
from 1.

THEOREM 4.1. For all delay bounds &, the competitive ra-
tio of any on-line algorithm is bounded away from 1. For
d-uniform-delay buffers the competitive ratio tends to 1.17
as 0 tends to infinity.

PROOF. Let A be any on-line algorithm. Consider the
following scenario. At time ¢ = 1 the buffer is empty and
6 packets of value 1 arrive. During each of the first § time
units, (¢ = 1,...,0) a single packet of value @ > 1 arrives.
Let 0 — x be the number of value 1 packets transmitted by
A by (and including) time d. (We assume that z > 1.) We
consider two possible continuations of the scenario. In the
first case, no more packets arrive, and in the second case,
¢ packets of value o arrive at time 6 + 1. In the former
case, the value of A is at most 6 — x + da, while the optimal
value is 6 — 1 + da. In the latter case, the value of A is
0 —x + a(d + x), while the optimal value is 2da. Consider
the two possible ratios. To get the lower bound our goal is
to fix a so that the value of the minimum of the two ratios
for any value of z is maximized. This is because the online

algorithm fixes z given the value of a. For any value of «,
it is not difficult to see that the best value of x that can
be chosen by the online algorithm is the one where the two
ratios are equal. First, it is easy to see that for any o > 1
the two ratios are always bounded away from 1. When ¢
tends to infinity, define z’ = z/§, and we get that the two
ratios tend to -5 and (1_'_%,)20“"_'_1_%, . Consider the point
where the two ratios are equal and maximize for a. We get
a’-1
aZ24+2a—1"

that the ratio is 1 + a?a—_-l—ll) The maximum of this ratio is

. _ o 1
élven when a = 1+ /2, and the ratio is 1+ TTvaE ~ 1.17.

that at this point 2’ = Substituting for =’ we get

Next, we consider the greedy algorithm for the general
case where the allowed delays may be different and the link
bandwidth is a parameter W. The greedy algorithm is ex-
tremely simple: at each time step ¢, transmit the W pack-
ets with the highest value whose deadlines have not expired
yet. Ties are broken arbitrarily. Note that effectively, the
greedy algorithm views each value as a priority class, in the
sense that high-priority packets are always transmitted be-
fore low-priority ones. For this simplistic strategy we have
the following relatively strong property.

THEOREM 4.2. The greedy algorithm is exactly 2-competitive

in the bounded-delay buffer model, for any output link band-
width.

ProOOF. We first show that the greedy algorithm is at
most 2 competitive and then show that it is at least 2 com-
petitive, which establishes the theorem. Fix the input se-
quence, and let W be the output link bandwidth. Consider
any optimal algorithm for the sequence. Let So and S¢ de-
note the set of packets sent by an optimal algorithm and
the greedy algorithm, respectively. Consider all the pack-
ets in So \ Si¢. These are packets that were transmitted by
the optimal algorithm but dropped by the greedy algorithm.
Consider all packets in this set in turn. Let p € So \ S¢ and
suppose that packet p was transmitted by the optimal algo-
rithm at time ¢. We match p with a packet p' transmitted
by the greedy algorithm at time ¢ and not yet matched.
Note that there is always a such a packet p' € Sa(t) since
|So(t)] < W and |S¢(t)] = W. This is because by the greedy
rule if |Sa(t)] < W then the greedy algorithm should have
transmitted p as well at time ¢. Moreover, we claim that
v(p) < v(p'), since otherwise, the greedy algorithm would
have transmitted p at time ¢ instead of p’. It follows that
v(So \ S¢) < v(Sg), and hence

v(So) = v(So N Sa) + v(So \ Sa) < 2v(Se) .

This proves that the greedy algorithm is at most 2 compet-
itive.

We now establish that the greedy algorithm is at least 2
competitive. Let € > 0. We present a scenario in which the
value transmitted by an optimal algorithm is 2 — e times the
value transmitted by the greedy algorithm. The scenario is
as follows. Let n > 1 be any integer. At the first time step,
2n packets arrive, partitioned into two subsets A and B,
containing n packets each. All packets p € A have v(p) =1
and sl(p) = 2n, and all packets p’ € B have v(p') = 1 —
€ and sl(p’) = n. No more packets arrive in the first 2n
steps. The greedy algorithm transmits all packets in A in



the first n steps (since their value is greater), thus loosing all
packets in B and getting total transmitted value of n. The
optimal algorithm in this case transmits in the first n steps
all packets in B, and in the following n steps all packets in
A, for a total of (2 — €)n transmitted value. This scenario
can be repeated any number of times. [

In some cases, the values assigned to packets are not very
refined. In the extreme case, there may be just “cheap”
and “expensive” packets. We can formalize this model by
assigning only two possible values to packets: 1 for “cheap”
and a > 1 for “expensive.” In the following theorem we
prove that in this case, the bound guaranteed by Theorem
4.2 can be sharpened to 14+1/a. Notice that the competitive
ratio approaches 1 when « tends to infinity.

THEOREM 4.3. The Greedy algorithm is at most 1+1/a-
competitive in the bounded-delay buffer model with two packet
values of 1 and «, for any output link bandwidth.

In some cases, where the end-to-end delay is important
and the physical propagation delay is already high due to
distance, QoS requirements dictate that a packet may never
be delayed in a buffer, or may be delayed at most one step.
In our terms, we have a bounded-delay buffer with § = 2.
We study this case in detail in this section. We use the
following algorithms.

The Greedy EDF Algorithm. At each time step ¢ the
online algorithm computes the optimal schedule S, starting
at time ¢, assuming no new packet will arrive. Without
loss of generality we may assume that the optimal schedule
follows the Earliest Deadline First (EDF) policy. (If the
optimal schedule has a choice it behaves greedily, i.e., it
chooses the higher weight packets earliest.) The Greedy
EDF sends at time ¢ the W packets which are sent at time
t in the schedule S.

The g-Ratio EDF Algorithm. The §-Ratio EDF Al-
gorithm first computes the Greedy EDF schedule, S. Let S’
be the set of packets schedule to be sent at time ¢ in schedule
S. Then until the maximal value among the packets in S\ S’
is less than 8 times the minimal value among the packets
in S’ it swaps a packet with minimal value from S’ and a
packet with maximal value from S\ S’. The 3-Ratio EDF
Algorithm schedules S’ at time t.

Another way to view this is the following. We sort both S’
and S\ S’. Let i be the maximal index such that the value
of the ith packet in S’ is at least the value of the pw—;t1
packet in S\ S’ divided by 8. The $-Ratio EDF Algorithm
schedules the 4 highest value packets from S’ and the W —i
highest packets from S\ S’

Note that 1-Ratio EDF gives the greedy algorithm, which
sends the W packets with the highest value. Also, 0-Ratio
EDF is simply the Greedy EDF algorithm.

We first consider the general case, where the link band-
width is a parameter. We prove that the 8-Ratio EDF al-
gorithm achieves competitive ratio of ¢ for 8 = ¢, where
¢ = % ~ 1.618 is the Golden Ratio.

THEOREM 4.4. The ¢-Ratio EDF algorithm is at most ¢-
competitive in the 2-variable bounded-delay buffer model, for
any output link bandwidth W .

The next theorem establishes an impossibility result for
the uniform and variable bounded-delay models with arbi-
trary bandwidth.

THEOREM 4.5. The competitive ratio of any online algo-
rithm for W -bandwidth 2-uniform bounded-delay model is at
least 10/9. Moreover, the competitive ratio of any online al-
gorithm for W-bandwidth 2-variable bounded-delay model is
at least 1.17.

We consider the case of uniform bounded-delay buffers
with link bandwidth 1, which is an important case for get-
ting a good insight into the problem. In this case we can
improve the previous bound.

THEOREM 4.6. The (1.5 + \/13/2)-Ratio EDF algorithm
1s at most 1.43-competitive for 2-uniform bounded-delay buffer
model with bandwidth 1. Moreover, the Greedy EDF algo-
rithm is at most 1.5-competitive for 2-uniform bounded-delay
buffer model with bandwidth 1.

PrOOF. We prove the bound for the (1.5 4+ +/13/2)-Ratio
EDF algorithm, the proof for the Greedy EDF algorithm is
similar.

Without loss of generality we may assume that the opti-
mal algorithm schedules packets in order of non-decreasing
deadline. We consider the schedule of the 8-Ratio EDF al-
gorithm.

At time ¢ let S} and S% be the set of packets, not yet trans-
mitted, with deadline time ¢ and ¢ + 1, respectively. When
clear from the context we drop the superscript ¢. (Note that
since W = 1 we have that S may include at most one packet
and S% may include at most two packets.)

The outline of the proof is as follows. We consider the
schedules of optimal algorithm and the online algorithm.
We divide the time into intervals of two forms: (i) intervals
in which both the optimal algorithm and the online send
the same packets, i.e., they are identical in the interval, and
(ii) intervals in which the optimal algorithm and the online
algorithm do not send the same packets. Clearly, in the
intervals of the first type the online is optimal, therefore we
need only to bound the ratio of the values for intervals of the
second type. From now on we will consider only intervals of
the second type.

Let Sc(t) and So(t) be the packets that the online and
optimal algorithms send at time ¢. We identify the intervals
of the second type by their start point.

The first possibility is p» = Sa(t) € S2 and p1 = So(t) €
S1. Note that v(p2)/v(p1) > 8. We consider the maximum
length interval until we reach a time ¢' in which one of the
three conditions occur: (1) both the online algorithm and
the offline algorithm send the same packet; (2) the online
algorithm sends a packet at its deadline; and (3) the online
algorithm has no packet to send. Until time #' the online
algorithm sends packets of maximal value one time unit be-
fore their deadline (i.e., at the time they arrive) and optimal
algorithm sends the same packets at their deadline. In this
interval the ratio of the value of the optimal to the online
algorithms is at most (1 + )/3.

The second possibility is p1 = Sq(t) € S1 and po =
So(t) € S2. Note that v(p2)/v(p1) < . Consider the inter-
val until time ¢’ in which one of the two conditions occur:
(1) the optimal algorithm sends a packet at its deadline; (2)
the online algorithm sends a packet before its deadline. Ob-
serve that at any time slot ¢ in the interval it holds that the
value of Sp (i) is at most the value of Sg(i+1). If condition
(2) is satisfied before condition (1), then Sg(t') = So(t') >



So(t' — 1)/B. In this case the ratio is bounded again by
(1+ B)/B. In case condition (1) is satisfied we first note
that the length on the interval is at least three. To see this
suppose that the interval has length 2. This means that the
optimal algorithm sends at time ¢ + 1 a packet that arrived
at time t. However, this packet was available also to the on-
line algorithm at time ¢. The fact that it was not sent by the
online Greedy EDF algorithm implies that the value of the
optimal algorithm can be improved by sending the packet
sent by the online algorithm instead of the packet So (t+1);
a contradiction to the optimality.

Consider the last three packets sent by the optimal algo-
rithm in the interval So(t' —2), So(t' —1) and So(¢'). Note
that the deadline of So(t' — 2) is ' — 1 and the deadlines
of So(t' — 1) and So(t') is t'. Note also that these three
packets were available to the online algorithm at time #' — 1.

We now distinguish between two subcases. In the first, the
online algorithm transmits at ¢’ a packet at its deadline (i.e.,
either So(#' —1) or So(t')). In this subcase by the definition
of the Greedy EDF algorithm the packets Sq(t' — 1) and
Sc(t') are the two packets with the largest value among
{So(t' —2),S0(" —1),80(t')}. Finally, v(Sac(t' — 2)) >
v(Sa(t' —1))/B, since otherwise the online algorithm would
have dropped it. Without loss of generality assume that
v(Sa(t’ —2)) = 1, and let X be the value of the packets
S (t) to Se(t'—2). This implies that the value of the optimal
algorithm is at most X +34, and the value of the online is at
least X +203. Since X > 1 we have that the ratio is bounded
by (1+38)/(1 + 28).

In the second subcase the online algorithm transmits at ¢’
a packet with deadline ' + 1. This happens only in case the
value of Sg(t') is B times larger than the value of the packet
that would have been transmitted by the online algorithm
at time ¢’ had the first subcase held. In this subcase we
extend the interval until the first time after ¢ in which (1)
both the online algorithm and the offline algorithm send
the same packet; (2) the online algorithm sends a packet at
its deadline; and (3) the online algorithm has no packet to
send. Following arguments similar to the previous subcase
we get that in this subcase the ratio is bounded by (1438 +
82)/(1+ B + B%).

We have three bounds (1 + 3)/8, (1 + 38)/(1 + 28) and
(1+38+6%)/(1+B+5%). We need to find 8 that minimizes
the maximum of the three bound. Consider first the last two
bounds. We get that the optimal 3 for them is 1.5++/13/2 =
3.3. It is easy to see that for this value of 8 the first bound
is less than the rest, and we get that the competitive ratio
is at most 1.43. [

The next theorem establishes impossibility results for the
uniform and variable models with bandwidth 1.

THEOREM 4.7. The competitive ratio of any online algo-
rithm for 2-uniform and 2-variable bounded-delay model with
bandwidth 1 is at least 1.25 and /2, respectively.

PRrROOF. We first establish the bound in the uniform model
and then in the variable model. Fix an on-line algorithm A,
and consider the following scenario. Initially, at time 0, the
buffer is empty and two packets of value 1 arrive. At the
next time a packet of value @ > 1 arrives. If A drops one of
the low value pacgets then its competitive ratio is bounded

at

from below by 5= since there exists a feasible schedule of all

three packets. If both low value packets are scheduled then
at time 2 two additional packets of value o arrive. Thus, at
least one packet of value « is necessarily lost by A. In this

case the competitive ratio of A is bounded from below by
3a+1
212" " . .

Therefore, the competitive ratio of A is at least

min{&+2 2e+11 " To optimize the lower bound, we solve
the quadratic equation 2+2 = 224l e get that o = 3 and

a+1’ 2a+2
a+1 2042 °

the competitive ratio of A is at least 1.25.

We now establish the bound in the variable model. Fix
an on-line algorithm A, and consider the following scenario.
Initially, at time 0, the buffer is empty and a packet having
value 1 and delay 1 arrives together with a packet of value
a > 1 and delay of 2. If A drops the low value packet then
its competitive ratio is bounded from below by O‘T‘Ll since
there exists a feasible schedule of both packets. If the low
value packet is scheduled then at time 1 an additional packet
of value o with delay 1 (i.e., zero slack time) arrives. Thus,
at least one high value packet is necessarily lost by A. In
this case the competitive ratio of A is bounded from below
by ;—j_‘l

Therefore, the competitive ratio of A is at least
min O‘T‘Ll, ;—i‘l} To optimize the lower bound, we solve the
quadratic equation "‘T“ = ;—j‘l We get that & = 1+ /2
and the competitive ratio of A is at least /2. O

5. THE OFF-LINE CASE

In this section we show that the FIFO model has matroid
structure in the off-line setting. As a result, optimal off-line
solutions can be found in polynomial time. We also study
the connection between the FIFO model and the bounded
delay model. Some of the proofs in this section are omitted
due to space constraints.

We first consider the FIFO model. Fix the input sequence
for the remainder of this section. We also assume, without
loss of generality, that all packets admitted to the buffer
are later sent: since we are dealing with the off-line case, a
packet that will be dropped can be simply rejected when it
arrives.

Let C be the class of all FIFO work-conserving schedules,
defined as follows. A schedule A is said to be work conserv-
ing, denoted A € C, if for all ¢ we have that Sa(t) = 0 if
and only if Qc(t) U A(t) \ Do(t) = 0. In words, a sched-
ule is work conserving if it always sends a packet when the
buffer is non-empty. Note that work conserving algorithms
may reject packets arbitrarily: the only thing disallowed is
not to send any packet at some time step even though some
packets are retained in the buffer for later transmission.

THEOREM b5.1. For a FIFO schedule A, let Sa be the set

of all packets served by A. Then J e {Sa:AeC}isa

matroid.

A similar result for the bounded delay case is well-known.
Let £ be the class of work conserving schedules.

THEOREM 5.2 ([9]). For a bounded delay schedule A,
def

let Sa be the set of all packets served by A. Then § =
{Sa : A€ &} is a matroid.

We remark that for the FIFO model (and hence for the
uniform bounded-delay model as well—see Theorem 5.4 be-
low), an optimal solution can be found in O(nlog B) time,



and in O(n?) time for the variable bounded delay model.
We omit details here.

COROLLARY 5.3. An optimal schedule for the FIFO and
bounded delay models can be found in polynomial time.

The following theorem shows a transformation from the
FIFO model to the uniform bounded-delay model.

THEOREM 5.4. For any input sequence, the optimal value
served by a FIFO schedule with buffer size B is equal to the
optimal value served by a uniform bounded-delay schedule
with 6 = B.

Proor. Let OPTFr be the optimal value served by a
FIFO schedule with buffer size B, and let O PT p be the opti-
mal value served by a uniform bounded-delay schedule with
6 = B. First, note that any schedule in the FIFO model is
also a schedule in the bounded delay model, since no packet
in the FIFO model is served more than B time units after
its arrival, and hence OPTp < OPTpr. For the other di-
rection, consider any schedule in the uniform bounded-delay
model. Since in this model, a set of packets can be served if
and only if the EDF schedule of this set is feasible, we may
assume without loss of generality that the schedule is EDF.
Also note that the number of packets in the bounded delay
buffer is never more than the maximal delay bound (recall
that only packets that are eventually transmitted enter the
buffer). The result now follows from the fact that an EDF
schedule in the uniform bounded delay model is exactly the
FIFO order, and hence OPTr < OPTp. O

A nice feature of the FIFO to bounded-delay transforma-
tion in the proof of Theorem 5.4 is that it does not require
off-line information. We therefore have the following corol-
lary.

COROLLARY 5.5. Let Cr(B) be the best competitive fac-
tor of on-line FIFO algorithms with buffer size B, and let

Cp(8) be the best competitive factor of on-line uniform bounded-

delay algorithms with mazimal delay 6. Then Cp(B) <

Cr(B).

We remark that the converse cannot be proved by our trans-
formation, since it requires knowledge of the future.
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