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1 Introdu tion
Communi ation in general an be de ned as the reprodu tion of a given sequen e of bits in a remote
lo ation. E-mail and FTP are popular examples for general data ommuni ation servi es over the
Internet. In intera tive ommuni ation, we usually require that ommuni ation is done suÆ iently
qui kly so as not to annoy a human user. This means that there are onstraints on the time that
may elapse sin e a bit is input at the sender's side until it is output on the re eiver's side. Telephone
is an example for this type of ommuni ation. Real-time ommuni ation is somewhere in the middle
between these extremes: in real-time streams, the requirement is that the relative timing of bits is
onstrained, i.e., the absolute delay of ea h bit is not very important, so long as the time interval
between any two bits at the re eiver is the same at the re eiver. Keeping the relative timing allows the
re eiver to pre isely re onstru t the stream generated by the sender. Video-on-demand is an example
for real-time ommuni ation: the user is usually willing to tolerate some delay before the movie starts
playing, but on e the movie is running, it should run with its original timing.
One of the main diÆ ulties in real-time ommuni ation is that often, the bit rate of a real-time
stream varies with time (possibly due to ompression), while ommuni ation bandwidth is xed. This
fundamental on i t has many possible solutions:



The onservative ri h approa h is simply to reserve the maximal possible bandwidth required
by the stream. This approa h is unavoidable if minimum delay is the key on ern, and no
information loss is allowed [6℄. In many s enarios, however, the resulting ost is huge: in an
en oded video stream, for example, the peak bandwidth is often 10 times larger than the average
bandwidth. Audio ompa t disks use this kind of approa h.



The onservative poor approa h is to adjust the stream to the available bandwidth by trun ating
some of the information. This approa h an be used only when gra eful degradation of servi e
is allowed, e.g., when transmitting voi e or images, and di erent levels of ompression an be
applied [3℄.
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Another approa h, alled statisti al multiplexing, is to let the onstant bit-rate hannel serve
many on urrent streams, and to rely on the hope that not all peak rates will o ur simultaneously. This approa h an be justi ed analyti ally under some statisti al onditions whi h may
not be true in general. In fa t, statisti al multiplexing seems more questionable with the disovery that omputer ommuni ation exhibits self-similar nature and thus does not have nite
varian e [7℄.



The most natural approa h in ase that absolute delay onstraints are not very restri tive,
though, is the idea of smoothing, whi h is the fo us of this arti le.
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Figure 1: A s hemati representation of a smoothing system. The link is lossless.
In smoothing, the basi idea is to trade bandwidth for spa e and laten y. This is done as follows
(see Figure 1). The bits of the input stream generated by the sour e are not transmitted dire tly over
the ommuni ation link: rst they are stored in a server's bu er ; the server submits bits stored in its
bu er to the link when it deems appropriate, subje t to the link rate onstraint. Bits arriving at the
other side of the ommuni ation link are rst stored in a lient's bu er, whi h delivers them to the
play-out devi e after a re onstru tion a tion. The added exibility provided by the bu ers is used to
reate a smoother traÆ on the ommuni ation link, thus redu ing the peak bandwidth requirement
of the stream. Indeed, this te hnique is used on many levels, in luding, for example, MPEG en oders
and de oders [1, 2℄. The drawba ks of this method are the additional memory spa e required, and
the added laten y. In many pra ti al ases, however, one an signi antly redu e the peak bandwidth
using only a relatively modest amount of spa e without unbearable delay. (Typi al numbers for MPEG
news video are redu ing peak bandwidth by a fa tor of 2-10, using 1-5 megabytes of memory, with
queuing delay of less than 5 se onds.)
The basi problem in smoothing is determining what is the link rate, bu er sizes, the play-out delay,
and, of ourse, what is the right algorithm to use. There are a few variants that may be onsidered for
the smoothing problem: in the o -line variant, we assume that the stream is fully given in advan e
(as is the ase with stored video), and in the on-line variant, the algorithm knows about the input
only when it arrives (e.g., news broad ast). Another aspe t of interest is whether the system must be
lossless or an it be lossy, i.e., must the input stream be reprodu ed pre isely at the play-out devi e,
or is the smoothing system allowed to drop some of the information. In the ase of lossy smoothing,
one needs to have some measure of the quality of the stream that is played out eventually.
In the remainder of this short arti le we'll survey some of the interesting ideas behind lossless
o -line smoothing and lossy on-line smoothing.
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Dis laimer. This arti le is not a omprehensive survey of the eld. Rather, it tries to give a avor

of the ideas related to the problem of smoothing (most probably, with many unfrogivable omissions).
The author humbly a epts all the blame, and wel omes all omments.

2 Formal Model
For simpli ity, let us rst onsider bit streams as ontinuous ows. We des ribe the input stream by
its arrival fun tion, denoted A(t), whi h tells us, for ea h time point t, how many bits have arrived
by time t. For example, the number of bits that arrive in the time interval (t; t + 1℄ is A(t + 1) A(t).
For the o -line ase, we shall assume that the arrival fun tion is fully known in advan e, and that all
bits arrive in the time interval [0; T ℄ for some known T . Similarly, the play-out fun tion, denoted P (t),
says how many bits were output (to the play-out devi e) by time t. A transmission s hedule is also
represented by a fun tion S (t) whi h says how many bits were transmitted from the server's bu er by
time t. The link rate t is simply dS
dt .
To des ribe a tual bit streams, we an use right- ontinuous step fun tions. Suppose that a stream
is des ribed by a fun tion f (f an be the arrival, send, or playout fun tion). In this ase the rate of
the stream at a given (dis rete) time t is f (t) f (t 1), and it is more onvenient to represent a stream
as a sequen e (a1 ; : : : ; aT ), where ai is the number of new bits at time i, i.e., ai = f (i) f (i 1).

We shall assume in this arti le that the only delays in the system are the queuing delays in the
server's and lient's bu ers. This abstra tion allows us to isolate the problem of smoothing from the
(important) problem of jitter (variable delay).

3 O -line Lossless Smoothing
In the o -line lossless smoothing s enario, we are given a full des ription of the input stream A(t),
and the play-out fun tion P (t) is ompletely hara terized by the play-out delay D, in the sense that
P (t) = A(t
D ) for all t  D .
Consider the geometri al representation of the streams (where the horizontal axis denotes time,
and the verti al axis denote bit numbers): see Figure 2. The requirement of lossless real-time ommuni ation as we de ned it is that the urve des ribing the output stream P (t) will have the same
shape as the urve des ribing the input stream A(t), ex ept for being shifted to the right: the amount
of shifting to the right orresponds to the total delay ea h bit experien es from the time it is input by
the sour e until it is output by the play-out devi e. Given a time point, the verti al distan e between
the input and the output urves orresponds to the number of bits urrently bu ered in the system
(either in the server's bu er or the lient's bu er).
With this representation, a lossless smoothing s hedule is just any monotoni ally in reasing fun tion S (t) that is never below the output urve and never above the input urve, i.e.,
( )  S (t)  P (t)

A t

for all t.

(1)

The urve of S (t) represents whi h bits are sent in ea h step: at any given time, bits above the urve
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Figure 2: Geometri al representation of a smoothing s hedule. A point (x; y) on a urve represents
bit number y at time x. Horizontal distan e represents delay, and verti al distan e represents bu er
spa e. The dashed urve represents a feasible lossless s hedule.
are stored at the server's bu er, and bits below the urve are stored at the lient's bu er. The slope
of the s hedule is the transmission speed. Staring at the urves, the reader may onvin e herself in
the truthfulness of a few simple observations, su h as:
A stream an be smoothed to any desired link rate R > 0 if the play-out delay is not
onstrained: all we have to ensure is to have the play-out delay D large enough so that
s(t)  R for all t 2 [0; T ℄.
t D
It is also quite easy to answer one of our main questions: what is the minimum delay and the link
rate required to transmit the stream if the rate is xed, and the link is to be fully utilized? (A link
with rate R is said to be fully utilized in a given time interval if during that interval it transmits R bits
in ea h time unit.) We give a physi al des ription of the algorithm, as it is quite intuitive. Considering
the geometri representation, we an think of the input and output urves as rigid \walls" of the same
shape (see Figure 3). We start the algorithm with these walls very far apart, and we slide the output
urve horizontally, whi h orresponds to redu ing the play-out delay; the only thing that stops the
walls from meeting ea h other is an in nite length, zero width rigid straight wall between them whi h
is not atta hed to anything. We push the output wall to the left as tightly as we an: Clearly, the
resulting lo ation of the free wall des ribes the s hedule. Algorithmi ally, this problem an be solved
using onvex hull te hniques.
We an also prove the following fa t.

Theorem 1 Let an input stream be given, and let R be the link rate. Let D be the minimal play-out
delay D that keeps the link fully utilized. Then the bu er storage required at the lient and the server
is exa tly D  R.
Proof: Let S be the optimal s hedule, and onsider the \wall pushing" algorithm des ribed above that

generates S . By the algorithm, there is (at least one) time point t where S (t) = P (t): at time t the
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Figure 3: The wall-pushing algorithm. The arrival fun tion and the play-out fun tions start very far
apart, and a xed rigid line of slope R is pla ed between them. The fun tions are pushed on the
horizontal axis toward ea h other until they annot be pushed further.

urve of the s hedule tou hes the urve of the play-out stream, whi h means that the bit arriving at
time t to the lient is immediately played out. This bit must have waited in the server's bu er for D
time units, during whi h DR bits were transmitted from the server's bu er (by the assumption that
the link is fully utilized). Hen e the size of the server's bu er is at least DR bits. On the other hand,
sin e no bit is ever delayed more than D time units, it is lear that the server's bu er never ontains
more than DR bits, and therefore the server's bu er size is exa tly DR. A dual argument applies to
the lients bu er: There must exist a time point t0 in whi h A(t0 ) = S (t0 ), i.e., the bit arriving at time
0
t is immediately transmitted over the link. Sin e this bit waits D time units in the lient's bu er, it
follows that when it is played out, the lient's bu er holds exa tly DR bits, and hen e its size is at
least DR. Conversely, sin e no bit resides in the lient's bu er more than D time units, and sin e the
ll rate of the bu er is R time units, we have that the number of bits that enter the lient bu er sin e
any given bit arrives and until it is played out is at most DR, and therefore the size of the lient's
bu er is exa tly DR.
Salehi, Zhang, Kurose and Towsley [11℄ present a beautiful solution to the ase where the rate
an be pie ewise onstant. In this ase the goal is to minimize the variability of the link rate and its
maximum value. The measure used in [11℄ is majorization, whi h an be viewed as a generalization
of the standard statisti al varian e measure [9℄. Formally, majorization is de ned as follows.

De nition 1 Given a ve tor A = (a1 ; a2 ; : : : ; an ) 2 Rn , let (a[1℄ ; a[2℄ ; : : : ; a[n℄ ) be the ve tor obtained
from A by rearranging its oordinates in non-in reasing value, i.e., a[i℄  a[i+1℄ for 1  i < n. We say
that a ve tor A = (a1 ; a2 ; : : : ; an ) is majorized by a ve tor B = (b1 ; b2 ; : : : ; bn ), denoted A  B , if for
m
n
n
all m < n we have m
i=1 a[i℄  i=1 b[i℄, and i=1 ai = i=1 bi .

P

P

P

P

Intuitively, majorization is an order among ve tors with equal sum of oordinates, where ve tors
whose oordinates are more balan ed are majorized by less-balan ed ve tors. For example, we have
that (2; 2; 2)  (1; 3; 2)  (4; 1; 1). In parti ular, the ve tor with all oordinates equal is majorized by
any other ve tor with the same total sum of oordinates.
Consider majorization as a measure of smoothness of a s hedule, where the s hedule is given as a
sequen e of the number of bits transmitted in ea h step. Majorization has ni e properties that oin ide
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with some of our intuitive requirements. For example, it is straightforward to verify that if A; B 2 Rn
satisfy A  B , then:



max fa1 ; : : : ; an g  max fb1 ; : : : ; bn g, i.e., the maximal transmission rate in A is not larger than
it is in B .

 Pni i  Pni i , i.e., Var( )  Var(
2
=1 a

2

=1 b

A

B

), where Var is the statisti al varian e fun tion.

More generally, it an be proved that A  B if and only if
onvex real fun tions f [9℄.

Pni

( i) 

=1 f a

Pni

( i ) for all ontinuous

=1 f b

Salehi et al. give a polynomial-time algorithm for nding the best s hedule, in the majorization
sense, for any given stream, when either the play-out delay is given, or when the lient bu er size
is given. We will not give the detailed algorithm here, but just explain it intuitively. Consider on e
again the visualization of the stream urve as a rigid \wall" (see Figure 4). Given the delay (or bu er
spa e) onstraint, we have both the input and the output stream xed. The question is now to nd
the best s hedule. The idea of the algorithm is to try to nd the urve obtained by pulling a rubber
band, tied in one end to the origin (the point orresponding to the even of the rst input arriving at
the server), and in the other end, to the topmost point of the output urve (the point orresponding
to the event of the last bit departing at the lient). This pie ewise linear fun tion an proved to be
the smoothest s hedule with respe t to the majorization order.
bits
pull

input stream

output stream

pull

time

Figure 4: The rubber-band algorithm. The arrival fun tion and the play-out fun tions are xed.
An elasti rubberband is pla ed between them and pulled outwards. The resulting shape is the best
s hedule w.r.t. majorization. The dots indi ate rate hanges.
The rubber-band algorithm an a tually solve a more general problem, where the only onne tion
between the input stream and the output stream is that they both ontain the same total number
of bits: this means that the walls need not be of the same (shifted) shape, but rather all they need
to satisfy is that their topmost points have the same y oordinate. This observation is the starting
point for another deep work of Rexford and Towsley [10℄. In that work, the problem of determining a
smoothing s hedule for a single link is generalized to the s enario of a line of links, and the play-out
fun tion does not have ne essarily the same shape as the arrival fun tion (this s enario is justi ed
in the ontext of multiple inter onne ted networks). It turns out that the line problem, where ea h
intermediate node has its pres ribed bu er spa e, an be redu ed to the single link problem where the
6

link has di erent input and output streams (with the same total number of bits). More spe i ally, in
[10℄ they show that the optimal s hedule for the line onsists of optimal single-link s hedules. And in
the ase of a single link with di erent input and output streams, Rexford and Towsley give eÆ ient
algorithms for nding the bu er spa e allo ation and play-out delay that minimize the peak rate.

4 Lossy On-Line Smoothing
When the stream is not known in advan e, it makes little sense to try to keep the smoothing s hedule
lossless, unless we are allowed to hange the link rate: It an always be the ase that the allo ated
bandwidth is not suÆ ient. Some work was done to study the way link rate should be hanged to
avoid data loss. In this se tion, we onsider the s enario where the link rate is xed, and onsequently,
some of the bits in the stream may be lost. We formalize this assumption by a simple additive model,
where the value of a given stream is the sum of the value of its individual bits, where ea h bit has
an intrinsi value assigned somehow. Clearly, this is a gross simpli ation: Firstly, the atomi unit of
loss is usually mu h larger than a bit. For example, the Internet de nes a basi units alled sli e in
MPEG streams, and any set of dropped bits is an integral number of su h sli es [4℄. Moreover, there
is no agreed way of assigning a value to a sli e: it seems quite subje tive. However, our model applies
to the ase where all sli es have the same size, and for any given sli e-value fun tion.
Bytes may be dropped due to the following restri tions.

Server Over ow: The server's bu er has limited spa e, and the link has a limited rate whi h bounds
the rate at whi h the server's bu er an be drained. If the number of bits arriving is larger than
the urrent size of free spa e in the bu er, some of bytes (perhaps stored at the server) must be
dis arded.

Client Over ow: Similarly, if the number of bits arriving at the lient is larger than its urrent
number of free slots, then some bytes must be dropped.

Client Under ow: It may be the ase that bits arrive at the lient too late to be played out, and
are therefore useless.

Early Drop: The algorithm ontrolling the s hedule may drop bytes arbitrarily, possibly to avoid
dropping bytes later.

Our way of measuring the performan e of a smoothing system is based on ompetitive analysis
[12℄: given an input stream, we ompare the total value played by the on-line algorithm with the best
possible total value played by an o -line algorithm. The ompetitive fa tor of an algorithm is the
maximal ratio over all input streams.
Determining the best s hedule an be done under many ir umstan es:



Given the lient's and server's bu er size (denoted B and Bs, respe tively) and the maximal
link rate R. The question now is what is the minimal play-out delay, and what bits to drop?
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Given B and Bs as above, and maximal allowed play-out delay, what is the minimal peak rate
R, and what bits to drop?

et .

Algorithm for maximizing throughput. We start by onsidering the simplest s enario, where

all bits have the same value. In this ase, our goal is to play out the maximal possible number of
bits in time. Suppose that the bu er spa es are equal to a given parameter B , that the link rate R is
given, and the play-out delay is to be hosen by the algorithm. It turns out that a very simple solution
maximizes the number of played bits, if the following simple onne tion is maintained between the
bu er spa e, link rate, and play-out delay:
D

=

B
R

:

(2)

The algorithm ( alled \generi " below) is as follows. The server's job is just to push the arriving
bits out of the link as qui kly as possible in FIFO order, tagged with their arrival time somehow (the
timing an be relative if we ignore the propagation delay over the link). If there is no room for new
bits in the server's bu er, then an arbitrary set of the available bits (whi h in lude the bits urrently
stored in the bu er, as well as the new bits) is dis arded. We do require that bits that are transmitted,
will be transmitted in the order of their arrival. The lient's algorithm is even simpler: when the rst
bit arrives at the lient's bu er, a lient's lo k is reset to 0. Ea h bit that arrives at the lient's bu er
tagged with arrival time t is re-tagged with label t + D, where D = B =R is the play-out delay. A bit
is played out when its tag equals the value of the lient's lo k.1
Let us now prove that the generi algorithm above loses the least number of bytes among all
algorithms with bu er spa e B and link rate R. First note that the server transmits the largest
possible number of bits among all servers with bu er spa e B : this an be shown by indu tion, using
the \greedy" poli y of the server, that always transmits as many bits as possible. Next, we prove that
the lients does not drop any bit, neither by over owing no by under owing:
1. First, note that no bit ever waits at the server's bu er more that B =R = D time units: at the
time of arrival there are at most B bits ahead of it, and if the bits is not dropped, it will rea h
the head of the bu er in no more than B =R time units. It follows that no bits arrives at the
lient too late.
2. Next, note that that sin e no bit ever remains in the lient's bu er more than D time units,
there is no over ow in the lient's bu er: at most DR = B bits may be in the bu er when a bit
is played out.
From the above analysis it is quite lear that the bu ers at the server and the lient should be
of equal spa e, i.e., Bs = B . If they are of di erent size, damage might result from using any spa e
more than min(Bs ; B ). To see that, onsider for example the ase of Bs = 4 and B = 2, and the link
rate is 1. Suppose that the arrival stream is the following:
1

Re all that we assume that the only delay in the system is the queuing delay in the server's and lient's bu er.
Additional xed delays an be in orporated too in a straightforward way.
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arrival time # bits
1
4
2
2
3
2
Sin e the lient's bu er size is 2, the system is bound to lose at least two of the bits that arrive
at time 1: no other bits will be lost if we don't try to use the extra bu er spa e at the server, i.e., if
we drop two of the rst four bits at the server. However, if the server does not dis ard these two bits,
then ne essarily, some of the bits arriving at times 2 and 3 will be lost too.
Using similar arguments, it is not diÆ ult to see that whenever two of the three parameters (bu er
spa e, play-out delay, and link rate) are given, the optimal hoi e for the third one is given by Eq. (2).
\Optimality" here is with respe t to the number of bits lost.

Other ost fun tions. One an think of many possible ontext fun tions: the simplest generaliza-

tion of our model is general additive ost fun tions, where ea h bit has an arbitrary value, and the
value of a stream is the sum of its bits. Using the algorithm outlined above, the problem of delivering
the maximal possible value redu es to a single bu er question, sin e the lient's bu er never over ows
nor under ows. The natural poli y in this ase is that whenever an over ow o urs (at the server's
bu er), the server dis ards the lowest value bits. This simple greedy poli y is in fa t 2- ompetitive
(i.e., it delivers at least half of the best possible bene t) [5℄, and the bound is tight [8℄. The best lower
bound for this problem, however, is about 1:28 [13℄.

5 Con lusion
We have seen in this brief arti le a few of the problems and possible solutions for real-time streams.
Many interesting problems remain unsolved, of whi h we state but a few.




What is the best way to deal with links with variable delay in a ompetitive fashion?
What kind of ost fun tions truly model the \value" of the lossy transmission? What ost
fun tions admit ompetitive soltions?

Other implied questions on ern the management of a single bu er (whereas in smoothing we have
two bu ers).
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