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Jitter Control in QoS Networks

Yishay Mansour and Boaz Patt-Shamir

Abstract—We study jitter control in networks with guaranteed  use the same links, and nondeterministic propagation delay in
quality of service (QoS) from thecompetitive analysipoint of view:  the data-link layer.
we propose on-line algorithms that control jitter and compare Jitter is quantified in two ways. One measure, catiieday
their performance to the best possible (by an off-line algorithm) .. . e . '
for any given arrival sequence. Fordelay jitter, where the goal J't.ter' bounds the maXIm_um dllfference in the tOtall delay of
is to minimize the difference between delay times of different different packets (assuming, without loss of generality, that the
packets, we show that a simple on-line algorithm using a buffer abstract source is perfectly periodic). This approach is useful
of B slots guarantees the same delay jitter as the best off-line jn contexts such as interactive communication (e.g., voice and
algorithm using buffer space /2. We prove that the guarantees ;yq, tele_conferencing), where a guarantee on the delay jitter
made by our on-line algorithm hold, even for simple distributed . .
implementations, where the total buffer space is distributed along Can be translated to the maximum buffer size needed at the
the path of the connection, provided that the input stream satisfies destination. The second measure, catigte jitter, bounds the
a certain simple property. For rate jitter, where the goal is to difference in packet delivery rates at various times. More pre-
minimize the difference between inter-arrival times, we develop cisely, rate jitter measures the difference between the minimal

an on-line algorithm using a buffer of size2B + h forany h > 1, . . - . . oy .
and compare its jitter to the jitter of an optimal off-line algorithm and maximal inter-arrival times (inter-arrival time between

using buffer size B. We prove that our algorithm guarantees that Packets is the reciprocal of rate). Rate jitter is a useful measure
the difference is bounded by a term proportional to.B / h. for many real-time applications, such as a video broadcast over
Index Terms—Buffer overflow and underflow, competitive anal- the net; a slight deviation of rate translates to only a small

ysis, jitter control, quality of service networks, streaming connec- deterioration in the perceived quality.
tions. Another important reason for keeping the jitter under control
comes from the network management itself, even if there are
no applications requiring jitter guarantees. For example, it is
well known that traffic bursts tend to build in the network [8],
HE NEED for networks with guaranteed quality of servic¢15]. Jitter control provides a means for regulating the traffic
(QoS) is widely recognized today (see, e.g., [8], [11]). Urinside the network so that the behavior of internal traffic is
like today’s “best effort” networks such as the Internet, wheri@ore easily manageable. A more subtle argument in favor
the user has no guarantee on the performance it may expsfcjitter control (given by [16]) proceeds as follows. When
from the network, QoS networks guarantee the end-user appliQoS network admits a connection, a type of “contract” is
cation a certain level of performance. For example, ATM ne&greed upon between the network and the user application;
works support guaranteed QoS in various parameters, includihg user is committed to keeping its traffic within certain
end-to-end delay and delay jitter (called cell transfer delay abdunds (such as peak bandwidth, maximal burst size etc.),
cell delay variation, respectively [5], [12]). and the network is committed to providing certain service
Jitter measures the variability of delay of packets in thguarantees, (such as maximal delay, loss rate, etc.). Since the
given stream, which is an important property for many applicaetwork itself consists of a collection of links and switches,
tions (for example, streaming real-time applications). Idealls guarantees must depend on the guarantees made by its
packets should be delivered in a perfectly periodic fashiosomponents. The guarantees made by a link or a switch, in
however, even if the source generates an evenly spaced stream, are contingent on some bounds on the locally incoming
unavoidable jitter is introduced by the network due to thgaffic. As mentioned above, unless some action is taken by
variable queuing and propagation delays, and packets arriie network, the characteristics of the connection may in fact
at the destination with a wide range of inter-arrival times. Thget worse for switches further down the path, and thus they
jitter increases at switches along the path of a connection dti#h only commit to lower QoS. Jitter control can be useful
to many factors, such as conflicts with other packets wishing ito allowing the network to ensure that the traffic incoming
into a switch is “nicer,” and get better guarantees from the
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Nature of our ResultsBefore we state concrete results, wapaceB, provided that an additional condition on the beginning
would like to explain the insight we seek. Prior to our workofthe sequence is met. To complete the picture, we also describe
performance of the jitter-control algorithm was measured eithan efficient optimal off-line algorithm. For all our delay-jitter
by worst-case input behavior, or under statistical assumptioafgorithms, we assume that the average inter-arrival time of the
Thus, the properties of the algorithms were eitteterministic input stream (denotedl, ) is given ahead of time. This assump-
(given deterministic worst-case assumptions on the inptitin is natural for real-time connections (for example, it is in-
stream), omprobabilistic (given stochastic assumptions on theluded in the ATM standard [12]).
input stream). In this work, we provwelativistic guarantees:  One way to view the relativistic guarantee of our algorithm
we compare the performance of the algorithm in question i® the following. Assume that the specific arrival sequence is
the performance of thieest possiblalgorithm, which we treat such that using a buffer of siZ8 one can reduce the jitter com-
as an adversary we compete against. The adversary algorithietely (i.e., zero jitter). In such a case, our online algorithm,
is not assumed to be constrained by the on-line nature of tieing spaceB would also output a completely periodic se-
problem; it is assumed to produce the best possible output éprence (i.e., zero jitter).
the given input,even if the best output may be computable For rate jitter, we assume that the on-line algorithm receives,
only in hindsight(hence the adversary algorithm is sometimds addition to.X,, two parameters denotég..,. and/,.;,, which
called theoff-line algorithm). Algorithms whose performanceare alower and an upper bound on the desired time between con-
can be bounded with respect to the performance of an off-lisecutive packets in the output stream. The on-line algorithm we
adversary are calledompetitive[10], [7], [1]. We argue that present uses a buffer of si2& + h whereh > 1 is a param-
proving that an algorithm is competitive is meaningful, andter, andB is such that an off-line algorithm using buffer space
sometimes superior, to proving deterministic or stochastic gua-can release the packets with inter-departure times in the in-
antees. First, deterministic or stochastic guarantees say nothigal[/,,in, Inax] (but the optimal jitter may be much lower).
about the case where the underlying assumptions do not holek algorithm guarantees that the rate jitter of the released se-
for some reason (even worse, the underlying assumptions—gjifence is at most the best off-line jitter plus an additive term
particular, tractable stochastic assumptions—are notoriousty2(B + 2)(1ax — Imin)/k. We also show how the algorithm
hard to justify). On the other hand, a competitive algorithmsan adapt to unknowsX,. Finally, we prove that on-line algo-
does not assume anything about the input, and therefore,ritams using less that\B buffer space are doomed to have trivial
guarantees are more robust in this sense. Secondly, determuie-jitter guarantees with respect to an off-line algorithm using
istic guarantees usually do not say much about individual casggaces.

e.g., an algorithm may be called deterministically optimal even Related Work: QoS has been the subject of extensive re-
if it performs always as bad as the worst case; competitiggarch in the current decade, starting with the seminal work of
algorithms, by contrast, are guaranteed to do relatively welkrrari [2] (see [18] for a comprehensive survey). A number of
on each and every instanedhirdly, if we add an assumption algorithms have been proposed for jitter control. Partridge [9]
about the input sequence, the relativistic guarantee wogbposed to time-stamp each message at the source, and fully
immediately translate to a specific deterministic guarantee. reconstruct the stream at the destination based on a bound on

We remark that, unlike conventional competitive analysis, #he maximal end-to-end delay. Verre&al. [13] proposed the
most cases we shall compare the performance of our on-lijger-EDD algorithm, where a jitter controller at a switch com-
algorithms to the performance of an (optimal, off-line) advegutes for each packet igdigibility time, before which the packet
sary, which is restricted to usess buffer space~or example, s not submitted for to the link scheduler. The idea is to set the
we prove statements such as “an algoritihusing spaceB  eligibility time to the difference between maximum delay for
produces jitter which never more than the jitter produced Bie previous link and the actual delay for the packet: this way
an optimal algorithm, for the given arrival sequence, usinge traffic is completely reconstructed at each jitter node. Note
space B/2." One possible interpretation for this result ishatjitter-EDD requires nodes to have synchronized clocks. The
that algorithmZ always uses at least half of its buffer spacgeaye-in-Timealgorithm [3] replaces the synchronized clocks
optimally—as if it knew the future in advance. requirement of jitter-EDD with virtual clocks [19]. Golestani [4]

Our Results: We consider both delay jitter and rate jitter. Foponosed th&top-and-Galgorithm, which can be described as
delay jitter, we give a very simple on-line algorithm, and provg,|iows. Time is divided to frames; all packets arriving in one
that the delay jitter in its output is no more than the delay jittgfame are released in the following frame. This allows for high
produced by an optimal (off-line) algorithm using half the spaceyibility in re-shaping the trafficHierarchical Round-Robin
We give a lower bound on delay jitter, showing that doubling the4rR), proposed in [6], guarantees thatin each time frame, each
space is necessary. We also consider a distributed implemegigsnection has some predetermined slots in which it can send

tion of our algorithm, where the total space2d# is distributed 5 cyets. A comparative study of rate-control algorithms can be
along a path. We prove that the distributed algorithm guarantggsng in [17]. A new jitter-control algorithm was proposed in
the same delay jitter of a centralized off-line algorithm usinpl4]'

Paper Organization:In Section Il, we give the basic defini-
INote that a competitive guarantee is a worst-case guarantee, but it is tfgfhs and notations. In Section 11, we study delayjitter fora single

worst-caseatio of the performance of the on-line algorithm to the performance . . . -
of the best possible algorithm (as opposed to the deterministic guarantee, wrﬁXWtCh- In Section IV, we extend the results of Section Il to a dis-

is anabsoluteworst-case performance guarantee). tributed implementation. In Section V, we study rate jitter.
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Fig. 1. Abstract node model. The jitter-control algorithm controls packet release from the buffer, based on the arrival sequence.

Il. MODEL ¢ Theminimum inter-arrival time o& is

We consider the following abstract communication model for X7 =min{tiy; — |0 <k <n}.
a node in the network (see Fig. 1). We are given a sequence of
packets denoted, 1, 2, ..., n, where each packétarrives at « Themaximum inter-arrival time of is
time a(k). Packets are assumed to have equal size. Each packet o
is stored in the buffer upon arrival, and is released some time max

(perhaps immediately) after its arrival. Packets are releasedj shall omit the> superscript when the context is clear. The
FIFO order. The time opacket releaséalso calledpacket de- zyerage ratef o is simply1/X 7. Note that since the definitions
partureor packet sends governed by dtter control algorithm  are given for a single sequence, “inter-arrival times” may some-
Given an algorithm4 and an arrival time sequence, we denotgmes mean intedeparture timedepending on the context.
by s.4(k) the time in which packett is released byi. We shall talk about thiitter of o-. We distinguish between two
We consider jitter control algorithms which use bounded-sizffferent kinds ofjitter. Thelelay jitter,intuitively, measures how
buffer space. We shall assume that each buffer slot is capables{ffis the difference of delivery times of different packets from
storing exactly one packet. All packets must be delivered, afih jgeal time difference in a perfectly periodic sequence, where
hence the buffer size limitation can be formalized as followpgckets are spaced exacily time units apart. Formally, given a
The release time sequence generated by algorithusing a times sequence = {#;}™_,, we define thelelay jitter ofo to be
buffer of sizeB must satisfy the following condition for ail < o
k<o J7 = max {[ti —te — ({ — k) X[}

=max{t;y1 —t; |0 <k < n}.

a(k) < sa(k) < a(k + B) (1) We shall also be concerned with the rate jittespivhich can be
described intuitively as the maximal difference between inter-
where we definex(k) = oo for k& > n.2 The lower bound arrival times, which is equivalent to the difference between rates

expresses the fact that a packet cannot be sent before it arrigéglifferent times. Formally, we define the rate jitteroofo be
and the upper bound states that when paéket B arrives, max {[(fips — ) — (541 — £)[}
packetk must be released due to the FIFOness and limited size 0<i, jen UV LT CAE E
of the buffer. We call a sequence of departure tirBefeasible
for a given sequence of arrival times if it satisfies (1), i.e., it c
be attained by an algorithm using buffer sp@&teAn algorithm
is calledon-lineif its action at timet is a function of the packet
arrivals and releases which occur before of; @n algorithm is
calledoff-lineif its action may depend on future events, too.

A times sequencés a nondecreasing sequence of real
numbers. We now turn to define properties of times sequences
which are our main interest in this paper. Given a times
sequencer = {t;}",, we define its average, minimum, and
maximum inter-arrival times as follows.

» Theaverageinter-arrival time of s is

The following simple property shows the relationship

FPetween delay jitter and rate jitter.

Lemma 2.1: Let & be a times sequence.

1) The delay jitter ofr equals 0 if and only if the rate jitter
of o equals 0.

2) If the delay jitter ofo is J, then the rate jitter of is at
most2.J.

3) For alle > 0 and M, there exists a sequeneg »; With
rate jitter at most and delay jitter at least/.

Proof: Suppose that = {t;}7,.

1) The delay jitter ofr is O iff for all 0 < ¢ < n we have

t; = to + ¢ - X4, which is true iff the rate jitter of is 0.

o tan—to 2) Consider the definition of rate jitter. For afy< i, j < n
Xo=—— we have that
2Note that our definition allows for zero-length intervals where more fBan [(tig1 — i) — (41 — t;)]
packets are in the system, and that more than one packet can be released at the . X X
same time. This formal difficulty can be overcome by assuming explicitly that = [(tiyr —ti — Xa) — (tj-l-l —tj = o)l
each event (packet arrival or release) occurs in a different time point. For clarity < |(t7‘+1 — - Xa)| + |(tj+1 —t; — Xa)|

of exposition, we prefer this simplified model, although our results hold in both
models. < 2J
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and the result follows. (The first inequality is the triangle ~ Proof: It is straightforward to see from the definitions that

inequality, and the second inequality follows from the ass,n(k) = Py + kX, € [a(k), a(k + B)] for all k, and hence

sumption on the delay jitter bound.) the resulting sequence i3-feasible. Proving FIFOness is done
3) Let¢ = min(e, 2X,). Choose an even number > as follows. By definitions, it is sufficient to prove th#&, <

4M/¢, and leto = {t;}7_, be defined inductively as P41 + X,. To see this, first note that by definition

follows. For0 < ¢ < n/2, definet; = ¢,_1 + X, +

(¢'/2), and forn/2 < i < n, definet; = ¢, + X, — min(Ey) =al(k) — kX,
(¢'/2). Clearly, the resulting is a times sequence with
average inter-arrival rat¥,, and rate jitter at most < e. <a(k+1) — kX,

However, we have that, ,, — to = n/2(X, + (¢//2)),
and hence the delay jitter is at least /4 > M by choice
of n.

Our means for analyzing the performance of jitter-control afY¢ NOW distinguish between two cases. fin(M) >
gorithms iscompetitive analysi§l]. In our context, we shall " (Ex), thenP;, = min(M), and hence. ., 2 by, and we
measure the (delay or rate) jitter of the sequence produced?z done. The second case is tha(M) < min(Ey), and
an on-line algorithm against the best jitter attainable for that sec % = min (Eg). In this case, (2) implies that
quence. As expected, finding the release times which minimize .
jitter may require knowledge of the complete arrival sequence Piey1 = min(Ey+1 N M)
in advance, i.e., it can be computed only by an off-line algo-
rithm. Our results are expressed in terms of the performance
of our on-line algorithms using buffer spaék, as compared
to the best jitter attainable by an off-line algorithm using space
Bog, where usuallyB.g < B.,. We are interested in two pa- =P - X,
rameters of the algorithms: the jitter (Quaranteed by our on-line
algorithms as a function of the best possible off-line guarante)d the proof of correctness is complete. The optimality of the
and the buffer size (used by the on-line algorithm, as a functisolution follows immediately from the minimality of/: it is
of the buffer size used by an optimal off-line algorithm). easy to verify that any solution induces an interval that intersects

all the E;, intervals. [ ]

= min(Epq1) + Xo- 2

v

min(Fr41)

4

min(Ey) — X,

[ll. DELAY-JTTER CONTROL

In this section, we analyze the best achievable delay jitter. \ﬁe On-Line Delay-Jitter Control Algorithm

first present an efficient off-line algorithm which attains the best We now turn to our main result for delay-jitter control: an
possible delay jitter using a given buffer with spagewe then on-line algorithm using2B buffer space, which guarantees
proceed to the main result of this section, which is an on-lirilay jitter bounded by the best jitter achievable by an off-line
delay-jitter control algorithm which attains the best jitter gualgorithm usingB space. The algorithm is simple: first the
antee that can be attained by any (off-line) algorithm which usesffer is loaded with3 packets, and when th{g + 1)st packet
half the buffer space. Finally, we present a lower bound whigtrives, the algorithm releases the first buffered packet. From
shows that any on-line algorithm whose jitter guarantees aréhés time on, the algorithm tries to release packetfter kX,
function of the jitter guarantees of an off-line algorithm, mugime. Formally, the algorithm is defined as follows.
have at least twice the space used by the off-line algorithm. ~ Algorithm  B:  On-Line Delay-Jitter = Control:Define
sta(k) =a(B)+ kX, forall0 < k < n. The release sequence

on

A. Off-Line Delay-Jitter Control is defined by
We start with the off-line case. Suppose we are given the com- . ) .
plete sequencéa(k)}i_, of packet arrival times. We wish to Son(k), if a(k) < s5u(k) < a(k +2B)
find a sequence of release timgs#(k) };_, which minimizes ¢ (k) = { a(k), if s*_ (k) < a(k)
the delay jitter, using no more thah buffer space. The off-line )
algorithm is defined as follows. a(k +2B), if st (k) > a(k+2B).

Algorithm A: Off-Line Delay-Jitter Control:

) ) Clearly, Algorithm B is an on-line algorithm. We prove its jitter-
1) For each) < k < n, define the interval

control property.

Ey, = [a(k) — kXa, a(k + B) — kX4 T_heorem 3.2:1f, for a given _arrival sequence, an off-line al-
gorithm using spac& can attain delay jitted, then the release
where we define(k) = oo for k > n. sequence generated by Algorithm B has delay jitter at niost
2) Find anintervalld of minimal length which intersects all using no more thagB buffer space.
intervals E. Proof: Obviously, the buffer space used by Algorithm B is
3) For each packet, let P, = min(£ N M), and define at most2B. The bound on the delay jitter follows from Lemmas
Soit (k) = Py + kX, 3.4 and 3.6 proven below. |

Theorem 3.1:The sequence{s.r(k)}}_, is a nonde-  The following definition is useful in the analysis (see Fig. 2).
creasing,B-feasible sequence with minimal delay jitter. Definition 3.1: Leto = {#x}7_, be a time sequence. The
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Fig. 2. Example of oriented jitter bounds. A point at coordinatesy)
denotes that packet is released at time. The slope of the dashed lines is
1/X,.
oriented jitter bounds for packét are
- A . p
Jo(k) = max {t; —tp — (i —kK)XJ}
0<i<n

J7(k) = max {tn —t; — (k= i) X},
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Proof: We proceed by case analysisslf, (k) = s, (k),
then we are done by Lemma 3.3-1)sif, (k) > s&,(k), then by
the specification of Algorithm B, we have that, (k) = a(k).
In this case, the lemma is proved by the following inequality:

son(k) = a(k)

<sor(k) by B-feasibility of off-line

< sox(0) + kX4 + J7(0) by definition of J7(0)
<s8.(0) + kX, + J7(0)  sinces),(0) > sor(0)
= s, (k) + J7(0).

The last inequality follows from the fact tha}, (0) = a(B) >
sor(0), since{s.n(k)}1_, is aB-feasible sequence. The final
equality follows from the definition o (k).

The last case to consider ég,(k) < sk, (k). In this case,
by the specification of Algorithm B, we have thaf,(k)
a(k + 2B). The lemma in this case is proven by the following
inequality:

Intuitively, 77 (k) says by how much packétis late compared Son(k) = a(k + 2B)

to

mature compared to the latest packet. We have the following

im

the earliest packet, anff’ (k) says by how muclt is pre-

mediate properties for oriented jitter bounds.

Lemma 3.3:Let o = {t,}}_, be a time sequence with av-

erage inter-arrival time&X, and delay jitterJ. Then:

1) For allk, J(k) > 0 and.J(k) > 0.

2) Forallk, J(k) + J(k) = J.

3) There exisk andk’ such that/(k) = 0 andJ (k') = 0.
Proof:

1) Follows by choosing = % in Definition 3.1.

2) Letiq, jo be suchthat = |t;, —t,, — (¢0—Jjo)X,|. Rear-
ranging, we have that = |(¢;, —i0X,) — (¢, — joXa)|.
Assume w.l.0.g. that;, — i0X, > t;, — joX,. From the
definition it follows that¢;, — i¢.X, = max;{t; — iX,}
andt;, — joX, = min;{¢; — jX,}. Therefore

J(k) = lnax/{ti —t,— (i — k) X.}

and

sequence of s’ (k) }x is bounded. Somewhat surprisingly, itis

0<i<n
= (tio - tk) - ([’0 - /{})X,,,, (3)
J(k) = olgfg(n{tk —t; —(k—)X,}
=(te — t5,) — (k = jo)Xa. 4

Summing (3), (4), the result follows.
3) By choosingk = ig andk = j, in (3), (4), respectivelm

> sog(k + B) by B-feasibility of off-line

> sog(B) + kX, — J°(B) by definition of J7(B)
> sk (0)+ kX, —.J7°(B) sinces’ (0) < sog(B)
=sa(k) — J9(B). u

The reader may note that, since Lemma 3.3-1), 2) implies
that J2(0), J2(0) < J?, Lemma 3.4 can be used to easily de-
rive a bound of2.7¢ on the delay jitter attained by Algorithm
B. Proving the promised bound d¥ requires a more refined
analysis of the oriented jitter bounds. To facilitate it, we now
introduce the following concept.

Definition 3.2: Let o = {tx}}_, be a times sequence. Let
t be any time point. The times sequenceerturbed atk to ¢,
denoteds(% : t) is defined as follows.

o If £ > #, theno(k : t) S {to, ¢, ..
max(t, tp41), max(t, tgya), - -}
e If t <t then o(k t) dér{min(t, to),
min(t, t1), ..., min¢, %), thy1, thpzy < - for
Intuitively, o(k : t) is the sequence obtained by assigning re-
lease time to packetk, and changing the times of other packets
to preserve the FIFO order (see Fig. 3 for an example): if packet
k is to be released earlier thap, then some packets befoke
may be moved as well; and if packktis to be released later
thant,, then some packets aftermay be moved.

.y tkfl, max(t, tk),

The following lemma shows that the deviation of the actual 1€ following properties for perturbed sequences are a direct
release time generated by Algorithm B from the ideal 0-jittéfonseauence of the definition.

Lemma 3.5:Leto = {t,}}_, be a times sequence, lebe

bounded by the oriented jitter bounds of two specific packets #1Y Packet, and letbe any time point.
any B-feasible sequence.

Lemma 3.4:Let 0 = {s.n(k)}7_, be anyB-feasible se-

quence for a given arrival sequence. Then, fobaft & < »,
we have—J7(0) < st (k) — son(k) < J7(B).

o If tg < t <ty + J°(k), then:
A1) Jot) = Jo.
A2) Jotk (k) < Jo(k);
A3) Jo*N () < Jo(i) forall i > k.
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Fig. 3. An example of perturbation. (a) A sequencdb) o(5 : t). Note that ino(5 : t), packets 3, 4, and 5 were moved, with respeet.to

o If g, — J7(k) < t < t, then:
Bl) Jcr(k:t) = J°;
B2) J7WN (k) < J7(k);
B3) Jok:)(4) < Jo(i) for all i < k.

Proof: The simplest way to verify these claims is geometl-_h
rical: Consider Fig. 3, which corresponds to the case,of
J? < t < t3. Assertion B1) says that if poirit is moved left
but not to the left diagonal line (or beyond), then all points r . . o
main between the two diagonal lines, and that there are poim?'m_a“_ty of J7(i) + J7(3). . .
which lie on the diagonal lines. Assertion B2) states that the hor-A similar arguzngnt shpws that if case i) holds, thenﬁot
izontal distance between poiktand left diagonal line strictly t< ma).({tj N J—.(j.)’ a(.j)}’LDe. pertujbgd sequenog; : 1)
decreases, and Assertion B3) states that for points below p(ﬁﬂf;trad'ds the minimality o (¢) + J° (J ).' .

k, the horizontal distance to the left diagonal line does not inl—? hui we hivg piove_d that for an optimal sequence, either
crease. The case 6f < ¢ < t, + J7(k) is analogous. Jo(i) = 0or.J?(4) = 0 (in which cases the lemma is proven),

; . else, for a sequence minimizinky (<) + J7(3), it must be
To prove Theorem 3.2, we prove an interesting property f - e o
oriented jitter bounds in optimal sequences. Intuitively, tht € case that; = t;. We now proceed to bountr (2) + J°(5)
$ing the fact that;, = ¢;.

lemma below says the following. Fix an arrival sequence, at First note that si by definition th ist Ekauch

consider all optimal release sequences udthuffer space. h tlis ,n_oi aksmce’b 3/( € m;o? erze’."s Sip% kf 't(':

Fix any two packets at modt apart. Then it cannot be the casé alte, =1 + ( L ")U“,_ A7(5), and since by definition
t;ge >t + (k1 — )X, — J7(4), we get from the fact that = ¢;

longerino (3 : t), butthey are released atties a(j) <

a(i + B).
2) J°@t = J by Lemma 3.5 Al).
3) Jolit) < Jo(i) by Lemma 3.5 A2).
4) J°E(5) < J7(4) by Lemma 3.5 A3).
e claim now follows for case i), since Properties 1) and 2)
imply thato(i : t) is a sequence using buffer space which
ea_ttains jitter.J, but Properties 3) and 4) contradict the assumed

that in all optimal release sequences both the first packet is
early and the second packet is too late. Formally, we have
following.

Lemma 3.6:Let J be the minimal delay jitter for a given
arrival sequence using spaék and let0 < ¢ < 5 < n be Similarly, we have that
packets such that < ¢ + B. Then there exists #-feasible
sequencer for the given arrival sequence with delay jittér
such that/e (i) + J7(4) < J.

Note that Lemma 3.6 with = 0 andj = B, combined with Adding (5), (6), we get that
Lemma 3.4, completes the proof of Theorem 3.2. We shall use
the general statement in Section IV.

Proof: Let o be an optimal release sequence attaining
jitter .J for the given arrival sequence, in whidiT (i) + J7(j)  Sinced? (i) + J° (i) = J°(j) 4+ J(j) = .J, we conclude that
is minimal among all optimal sequences. First, note that if
either Jo(¢) = 0 or J?(j) = 0, then we are done since
by Lemma 3.3-1), 2) we have that’ (i), J?(5) < J. So
assume from now on that’(i) > 0 andJ?(j) > 0. We gas required. m
claim that in this case; = t;, i.e., packet and packeyj are
released together (and hence all packets., ; are released C. A Lower Bound for On-Line Delay-Jitter Control
together). We prove this claim by contradiction; suppose thatgorithms

ti < t;. Then it must be the case that eitherti) < a(j)  we close this section with a lower bound for on-line delay-

or ii) t; > a(j), or both i) and ii) hold. If case i) holds, letjitter control algorithms. The following theorem says that any

t; < t < min{t; + J7(i), a(j)} and consider the perturbedyn.jine algorithm using less that® buffer space pays heavily

sequencer(: : t) in which packet is released at timé. By i terms of delay jitter when compared to an off-line algorithm

choice oft, we have that; < ¢ < t; + J(i). The perturbed ysing spaceB.

sequence (i : t) has the following properties. Theorem 3.7:Let 1 < ¢ < B. There exist arrival sequences

1) o(i : t) is B-feasible, since it may differ frora at most for which an off-line algorithm using spad# gets jitter 0, and

by packets+1, ..., j—1. These packets are held a littleany on-line algorithm usingB — ¢ buffer space gets delay jitter

J7(i) 2 (G —4) - Xa +J7(5). ®)

J7() 2 (5 — 1) Xa + T2 (3). (6)

J7(@) + J7(5) = J7 () + J7(5) + 2() — 1) Xa.

SO+ 2GS T-(-)Xa ST
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at least? X ,,. Moreover, there exist arrival sequences for which Intuitively, the additional condition is that there is a way to
an off-line algorithm using spadg gets O-jitter, and no on-line release the first packet relatively early by a centralized optimal
algorithm using less thah buffer space can guarantee any finitalgorithm. This condition suffices to compensate for the dis-

delay jitter. tributed nature of Algorithm BD. The condition is also neces-
Proof: Consider the following scenario. Attime 0, packetsary for the algorithm to work: i3 packets are input into the
0, ..., B—1arrive, and at timeB - X, packetsB, ..., 2B system at the start of the algorithm, then an off-line algorithm

arrive. First, note that there is an off-line algorithm attaining €an still wait arbitrarily long before starting to release packets,
jitter by releasing each packieat timek - X,,. Consider now any while Algorithm BD is bound to start releasing packets even if
on-line algorithmZ. We first claim thatZ cannot release packetonly (2B/m) + 1 packets arrive.
0 before packeB arrives: otherwise, packdt may arrive ar-  The proof is essentially adapting the proofs of Algorithm B
bitrarily far in the future, making the delay jitter of the on-linein Section Il to the distributed setting. We highlight the distin-
algorithm arbitrarily large. Hence, at timf¢ - X,, whenB 4+ 1 guishing points.
new packets arrive, algorithi still stores the firstB packets, Let the propagation delay over lifk;_1, v;) bed,, and de-
and since it has buffer spag& — ¢ by assumption, it is forced noteD = >~ , d;, the total delay of links on the path.
to release at leagt}- 1 packets immediately. Since the delays of The first lemma below bounds the desired release times of
packets 0 and are equal, it follows from the definition of delayall packets at one node in terms of the desired release times in
jitter that the delay jitter of the release sequence is at ¥8gt upstream nodes.

For the case of an on-line algorithm with less tharspace, Lemma 4.2:For all noded < j < ¢ < m and all packet#,
consider the scenario where a batctBgbackets arrive together
at time 0, and then a batch & more packets arrive at time stk 9) + Z dy

T for some very largél’. Since the on-line algorithm has to =it
release packet O at time 0, we have that its delay jitter is at least B
T/(B — 1), which can be arbitrarily large. [ < st (ki) <s', <k + = (i—j), ) Z dy.
{=j+1
IV. DISTRIBUTED DELAY -JTTER CONTROL Proof: Consider the lower bound first. By the algorithm,

we have that for al, s (0, ¢) = s,,(0, £). Since forallé > 1,

In Section Ill, we have considered a single delay-jitter regu (0, £) > son(0, £ — 1) + dg, we obtain by induction on
lator. In this section, we prove an interesting property of com-; thats* (k, 1) > s*_(k, ]')JFEZ:],H d;, proving the lower
posing many delay-jitter regulators employing our Algorithnpound.

B. Specifically, we consider a path of links connecting nodes  We now prove the upper bound. First, we claim that for all

o, V1, - - - Um, Wherewvy is the source and,, is the destina- 1 < ; < m
tion. We make the simplifying assumption that the propagation B
delay in each link is deterministic. We denote the event of the Son(k, £) < son(k, £), forO<k=<—. @)

arrival of packek at nodej by a(k, j), and the release of packet
k from nodev, by s(k, j). The input stream, generated by th
source, is{s(k, 0)}« (or {a(k, 1)}x), and the output stream is
{s(k, m)}x. Each node ha8B/m buffer space, and for sim-
plicity we assume that: dividesB. The distributed algorithm
is the following.

Algorithm BD—Distributed On-Line Delay-Jitter Con-;
trol: For eachl < j < m, nodev; employs Algorithm B
B with buffer space 2B/m. Specifically, node;j sets s¥ (ki 4+ 1) = Son <_7 L) +dig1 + kX, by algorithm
stalk, 5) = a(B/m, j) + kX,, and it releases packét m

Equation (7) follows from the fact that by the specification of
Igorithm B, a node starts releasing packets only if all first

(B/m) + 1 packets are in its buffer, and therefore none of the

first (B/m) + 1 packets is released too late in any node. We

now prove the upper bound by induction ér- j. The base
case; = j, is trivial. For the inductive step, fix and consider
i+ 1. We have

as close as possible «j,,(k, j) subject to23/m-feasibility % P ‘ B\
(see Algorithm B). Ol ) / < om0 ) + divs + <k + E) Ko by (7)
We prove that the jitter control capability of Algorithm BD is B(i — j) i
the same as the jitter control capability otantralizedijitter <8200, )+ X, + Z de + digq
control algorithm with B total buffer space, under a certain m f=j+1
condition for the beginning of the sequence (to be explained B . .
shortly). Put differently, one does not lose jitter control capa- + <k + _> Xa by induction
bility by dividing the buffer space along the path. The precise . B(i+1—j)
result is given in the theorem below. = sou(k, J) + Xo ———
Theorem 4.1:Suppose that for a given arrival sequence i+l
o = {a(k)}}_, there exists a centralized off-line algorithm + Z de rearranging
attaining jitter.J using spaceB, with packet O released before =11
time a(B/m). Then if s is the release sequence of nagethe B i+l
release sequende.,(k, m)}i, generated by Algorithm BD at =5 <k + = (@ +1—3), ) Z de. W
nodew,, has delay jitter at mosf. (=j+1
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For the case of underflow, we argue that if a packet is “latéf s.,(k, m) < s*, (k, m), then
in the output node,,, then it was late in all nodes on its way.

Lemma 4.3:If son(k, m) > si,(k, m), thensoy(k, m) = son(k, m)
a(k, Fl)) +fD-F_ ¢ we show that de. i 5ol ) =a(k+2B,1)+ D by Lemma 4.4

roof: First, we show that for any nods, if sq,(k, j) > : .

st (k, 7),thenson(k, j—1) > sk (k, 7—1). Thisis true since 2 son(k+ B)+ D since off-line hasi
by the speC|f|cat|on ofAIgonthm B, attime& (%, j) the buffer > sog <§> + < <B _ E)) X, —J% < ) +D
at nodej is empty, and hence node_; has not sent packétby m m
times:_(k, 7) —d,. Sinces*, (k, j —1) < s*.(k, j) — d;, this S a<§ 1) 4 < <B— E))X < ) D
implies thats,,(k, j — 1) > s&.(k, j — 1). Therefore, for all o \m’ m ¢
nodesv;, we have that..(k, j) = a(k, j), and by summation . B
we obtain that,,(k, m) = son(k, 0) + D. [] 2 5on(0, 1) + < <B - E)) Xo = < ) +D

For the case of overflow, we show the analogous property: if B
there is an overflow in the output node, then it is the result ofa = s, <k + <B — —) ) —)
“chain reaction” of overflows in all nodes. m

Lemma 4.4:1f son(k, m) < sk, (k, m), thensy,(k, m) = > st (k, m)—J° <§> by Lemma 4.2m
alk + 2B, 1)+ D. m

Proof: We prove that ifseq(k, i) < s%,(k, ¢), then

somlk+2B/m), i — 1) < st (k+2(B/m), i —1) Theorem 4.1 follows from Lemma 4.5, when combined with

Lemma 3.6 (which is independent of the on-line algorithm),
with i = 0 andj = B/m.

bt 2B . 1
Son —, =
m V. RATE-JTTER CONTROL
< Son(k, @) — d; by buffer size bound  |n this section, we consider the problem of minimizing the
% . ; te-jitter, i.e., how to keep the rate at which packets are released
< k, 1) —d; by assumption 3¢ . . :
Son(k: 1) y P within the tightest possible bounds. We shall use the equiva-
<s (k42 io1 by Lemma 4.2 lent c_oncept of minimizing the gllfferenc\_e between mt__er depar
m ture times. We present an on-line algorithm for rate-jitter con-

9B trol using spac@B + h and compare it to an off-line algorithm
<k +—,i- 1) using spaceB and guaranteeing jittey. Our algorithm guar-
antees rate jitter at most + ¢ - B/h, wherec is a constant
(that may depend on the input, see Section V-A for explana-
In other words, if packet is overflowing at noden, then packet tion). We also show how to obtain rate jitter which is a mul-
k+ (2B(m —i)/m) is overflowing in node, for eachl <i < tiplicative factor from optimal, with a simple modification of
m. Hence for each, we haves.,(k + (2B(m — i)/m),i) = the algorithm. The algorithm can work without knowledge of
Son(k+(2B(m—(i—1))/m), i—1)+d;. The lemmafollows the exact average inter-arrival time: in this case, jitter guaran-
The lemmas above are used in the proof of the followinges will come into effect after an initial period in which packets
variant of Lemma 3.4. may be released too slowly. We also show that without doubling
Lemma 4.5:Let ¢ = {soa(k)}7, be any B-fea- the space, no guarantees in terms of the optimal rate-jitter can
sible sequence for a given arrival sequence such thai made. As an aside, we remark that off-line rate-jitter control
so(0) < a(B/m, 1). Then for all0 < k < m, we can be solved optimally using linear-programming technique.
have—Jo(0) < s, (k, m) — son(k, m) < J7(B/m).
Proof: If s%, (k, m) = son(k, m) we are done by Lemma A. On-Line Rate-Jitter Control Algorithm

3.3-1). If son(k, m) > s5,(k, m), then We now turn to describe the main result for this section: an
on-line algorithm for rate-jitter control. The algorithm is speci-
Son(k, m) fied with the foIIowing parameters,_ where: _ _
B buffer size of an off-line algorithm, i.eB.g =
= son(k, 0) + D by Lemma 4.3 B;
: h>1 space parameter for the on-line algorithm, such
< - - — - —_
< son(k) + D sinceson(k, 0) = a(k, 1) that Bo. — 2B + h:
< son(0) + kX, + J7(0) + D Inin, Imax bounds on the minimum and maximum inter-
< s* (0, 1) + kX, +J7(0) + D ?eplarture time of an off-line algorithm, respec-
ively.
sincesox(0) < a <§ 1) X, average inter-departure time in the input (and
also the output) sequence
< 570, m) + kX, +F(O) by Lemma 4.2 The parameterg,,;, and I, can be thought of as require-

o ments; these should be the worst rate-jitter bounds the appli-
sen(k, m) + J7(0). cation is willing to tolerate. The goal of a rate-jitter control al-

on
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gorithm is to minimize the rate jitter, subject to the assumptidhese quantities, we also define the following terms:
that space? is sufficient (for an off-line algorithm) to bound the
inter-departure times in the ranf&,in, Imax]- A trivial choice

for Inin and Iax 1S Xmin and X .5, Which are the minimal U = min{j [IDT(j) < Yinin}

and maximal inter arrival times in the input sequence. However, Iy =IDT(U)
using tighterl,,,;,, andl,,, one may get a much stronger guar- L =max{j|IDT(4) > Yiax}
antee. The jitter guarantees will be expressed in ternis, éf, I, =IDT(L).

Lo, Imin, X, andJ, the best rate jitter for the given arrival
sequence attainable by an off-line algorithm using sgace .
Note that for an on-line algorithm, even achieving rate jitte!?'ore thatl < S < U. We shall also use the following short-

Luax — Linin May be nontrivial. These are bounds on the perfol?-anOI notation. Let3,,(¢) and B,z (t) denote the number of
mance of amff-line algorithm, whose precise specification maf?@ckets stored in timein the buffers of the Algorithm C and of
depend on events arbitrarily far in the future. he off-line algorithm, respectively, and Iéitt(t) = Bou(t) —

The basic idea in our algorithm is that the next release tinféett (t): i-€., how many packets does the Algorithm C has more

is a monotonically decreasing function of the current numb an the off-line algorithm at time: We use extensively the fol-

of packets in the buffer. In other words, the more packets théPé{Ving trivial property of the difference.

are in the buffer, the lower the inter-departure time between the-8mma 5.2: For ‘?‘”t' —B < diff(t) < Bon(t).
Proof: Immediate from the fact th& < Boy(t) < B. B

packets (and thus the higher the release rate). p h ber of K by Al
Algorithm C: On-Line Rate-Jitter ControlThe algorithm L€t Son(f1, £2) denote the number of packets sent by Algo-

uses?s,, 213 + I buffer space. With each possible numbep . B SRR A Bl SEC SRR ) STED
0 < j < 2B + h of packets in the buffer, we associate a 9 y 9 ) 9

. . ! that the difference is modified according only to the difference
|n£eerr—departure time denoted 1D7), defined as follows. Let in the packets released.

6 = (Imax — Imin)/h Lemma 5.3:For any two time points; < to, diff(ty) =
diff (t1) + Son(t2, t1) — Sor(t2, t1).
Lnas ifo<j<B Proof: Consider the events in the time interVal, ¢;]. A

packet arrival increases the number of stored packets for both
the off-line and Algorithm C, and hence does not change their
difference. It follows thatliff (¢,) — diff (¢, ) is exactly the dif-

ference in the number of packets sent by the two algorithms in

Note that IDT) is a monotonically decreasing function inthe given interval. u

j. The algorithm starts with auffer loadingstage, in which The significance of Lemma 5.3 is that it allows us to ignore
packets are only accumulated (and not released) until fhacket arrivals when analyzing the space requirement of an al-
first time that the numbej of packets in the buffer satisfiesgorithm; all we need is to consider the difference from the space
IDT(j) < X,.LetS = min{j|IDT(j) < X,}, and letT* requirement of the off-line algorithm. The following lemma,
denote the first time in which the number of packets in th&hich bounds the minimal inter-departure time of Algorithm C,
buffer reaches. At time 7%, the loading stage is over: the firstiS an example of that,

packet is released and the following rule governs the remaindet-€mma 5.4: For all timest, diff (t) < U/ + 1.

of the execution of the algorithm. A variablest_departure Proof: Lett be any pointin time. [Bo,(t) < U + 1, the

is maintained, whose value is the time at which the last packgfma follows immediately. So assume th&f, (t) > U + 1,

was sent. If at time, we havet < last_departure +IDT(j), @andletto <t be apoint such thaBu,(to) < U andBon(t') >
wherej is the number of packets currently in the buffer, thef/ for all ' € [to, t]. Such a point exists sincBo.(1") =

IDT(j) =< Inax — (j — B)S, f B<j<B+h
Lnin if B+h<j<2B.

we deliver a packet and updatest_departure. S < U. Consider the time intervdt,, t]: in this interval, at
The rate-jitter bound of Algorithm C is given in the followingMost [t — to/Ymin| + 1 packets were released by the off-line
theorem. algorithm, while Algorithm C has released at lefistto /7 | >

Theorem 5.1:Let .J be the best rate-jitter attainable (for arl? —%o/Ymin], @nd henc&on(to, t) — Soi(fo, ¢) < 1. Since by
off-line algorithm) using buffer spacB for a given arrival se- Leémma 5.2 we have thaiff(t,) < U, the result follows from

quence. Then the maximal rate-jitter in the release sequeh&nma S.3. _ u
generated by Algorithm C is at mogt+ (Lnax — Imin)(2B + Similarly, we bound the difference from below.

The idea in the proof of Theorem 5.1 is that the number of Proof. Let ¢ > T" be a point in time. The case of

packets in the buffer is never more thBnt 2 buffer slots away Bon(t) 2 L + L is trivial; we considetSon(t) </ L+l Let
from the slots which correspond to rates generated by an Sb-< ¢ be a point such thay, (fo) > L andBon(t*) < Lforall
timal off-line algorithm. We now formally analyze Algorithmt € [to, _t]' T_he pointto must exist sinceBo,(17) = § > L.
C. Fix an optimal execution of the off-line algorithm. Let us de'—:or the time intervalto, t], we have that

note the maximum and minimum inter-departure times of the

off-line execution byY ,,.x and Y., respectively. (Hence, the g S t—to
jitter attained by the off-line algorithm &, — Yiuin.) With or(to, t) 2 Y.

max
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and and thereforeS,,(¢;, ti—1) < 7;/(Ymax + 6). Using . (8) and
Sunlto, ) < V ; toJ 1< V - toJ +1 sinceBoy(ti—1) — Bon(t;) = 1 by definition, we have
L

1 :Bon(tifl) - Bon(ti)
and henceSqy(to, t) — Son(to, t) > —1. Sincediff(to) =A; — Son(ti, ti1)
L — B, the result follows from Lemma 5.3. i
) > + BO tzf - BO tz - .
We now prove Theorem 5.1.  Ymax a(ti-1) a(ti) Yinax + 40
Proof of Theorem 5.1:By Lemma 5.4, at all timeg,

B.u(t) < B + U + 1 and hence the minimal inter-depar-"e"

2
] Ti

ture time of Algorithm C is smaller thai,,;, by less than (14 Box(t;) — Bon(ti—1))Ymax(Yinax + i)
(B +2)(Iinax — Imin/h). By Lemma 5.5, for all imes > 7+, 7i < B
the maximal inter-departure time of Algorithm C is larger V21 V2, Bog(ti_1) — Bog(t:)
than Y. by less than(B + 2)(Iax — Imin/h). Since =—5 3 + Yiax — s ;
J = Yuax — Yuin @nd since no packet is released before time — Yoax(Bog(ti_1) — Bog(£:)).
T*, the theorem follows. [ |
Itis worthwhile noting that doubling the space is mandatorgymming over = 1, ..., L — B and noting thap L P r =

for on-line rate-jitter control (as well as for delay-jitter control);+ _ 7+ and that-B < Bog(t;,—p)—Bog(to) < B, we obtain
as the following theorem implies. N N

Theorem 5.6:Let 1 < ¢ < B. There exist arrival sequences Y2 . In(L — B) Y2..B

for which an off-line algorithm using spade gets O-jitter, and Tr -1 < e + YmaxL + % u
any on-line algorithm usingB — ¢ buffer space gets rate-jitter
at leastX,(B/2B — ). e .
The progf c<f Theor)em 5.6 is similar to the proof of Theoreng:' Multiplicative Rate Jitter
3.7, and we therefore omit it. For some applications, it may be useful to define jitter as the
ratio between the maximal and minimal inter-arrival times. We
B. Adapting to Unknowt,, call this measure theultiplicative rate jitteror m-rate jitter for

W id th d of k . in ad i short. It is easy to adapt Algorithm C to the case where we are
Ve can avold the need o _nowm.?g?.m advance, It We aré jarested in then-rate jitter. All that is needed is to define
willing to tolerate slow rate in an initial segment of the on-

line algorithm. This is done by changing the specification of Tinaxs ifo<j<B

the loading stage of Algorithm C to terminate when the buffer N -5 .
containsB packets (which corresponds to inter-arrival time of IDT.0(7) = | fwmax 6777, B <j<B+h
I ..., as opposed to inter-arrival time &f, in the original spec- Linin, ifB+h<j<2B
ification). Thereafter, the algorithm starts releasing packets ac- ' h ) . ]
cording to the specification of IDT. Call the resulting algorithnf®" ¢ = (Zmin/Imax)™/". In this case, we obtain the following
C-. Below, we bound the time which elapses in an execution BiSult, using the same proof technique as for Theorem 5.1.
C- until the buffer size will reach the value & Clearly, from Theorem 5.8:Let J be the bestn-rate-jitter attainable (for

that point onward, all guarantees made in Theorem 5.1 hold t/&0ff-line algorithm) using buffer spadgfor a given arrival se-
for Algorithm C~ as well. quence. Then the maximal-rate-jitter in the release sequence

Lemma 5.7: Consider an execution of AlgorithmCLet7=  9enerated by Algorithm C using function IDTis at most/ -

be the first time such tha,,(7*) = B and letI't be the first (Tmae/ Touin) BT

time such that3,,(7+) = L. Then
VI. CONCLUSION

T _ Tt < Y2  In(L - B) Yo L4 Y2 B In this paper, we have studied jitter-control algorithms, mea-
o= s Tome e sured in terms of guarantees relative to the best possible by
an off-line algorithm. Our results for delay jitter show that the
Proof: For0 < ¢ < L — B, definet; to be the first simple algorithm of filling half the buffer has a very strong rel-
time after7* where B,,(t;) > L — i. Consider a time in- ative property. For rate jitter, we proposed a simple algorithm
terval[t;, t; 1], and denote its length by. Denote the number where the release rate is proportional to the fill level of the

of packets arriving in the interval by,;. Consider the off-line buffer, and showed that its relative guarantees are quite strong

algorithm: For alll < i < L — B, we have that as well. We have studied a very simple distributed model for
jitter control. We leave for further work analyzing more real-
Ai = Soit(tis tio1) + Bogt(ti1) — Bo(t) !SIIC quels of systems, mgludmg multiple streams and more
P interesting network topologies.
> + Boa(ti—1) — Bog(t:)- ®)
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