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Abstract when needed. However, an egalitarian round-robin sched-

ule (which is perfectly periodic) is not satisfactory: a gen
We consider an asymmetric wireless communication set-eral solution must also accommodate for a different period-

ting, where a server periodically broadcasts data items to icity requirement for each item, since different items may
different mobile clients. The goal is to serve items in a pre- have different popularity levels with clients, differenpe-
scribed rate, while minimizing the energy consumption of ration times, different QoS levels etc.
the mobile users. Abstractly, we are presented with a set of Broadcast disks are just one example among many where
jobs, each with a known execution time and a requested pe-t is desirable to have lojitter, namely the spacing between
riod, and the task is to design a schedule for these jobs overconsecutive occurrences of the same item should be as equal
a single shared resource without preemption. Given any as possible. Another example from the wireless world is the
solution schedule, itperiod approximatioiis the maximal  Sniff Mode in Bluetooth [3]. In this case, slave devices can
factor by which the average period of a job in the schedule shut off their transceivers except for a certain time every
is blown up w.r.t. its requested period, and ffter ratiois once in a while, when they listen to find out whether the
roughly the maximal variability of times between two con- master device is trying to contact them. If the master uses
secutive occurrences of the same job. Schedules with lowa schedule with low jitter, it would help improving battery
jitter ratio allow the mobile devices to save power by hav- lifetime in the slave devices.
ing their receivers switched off longer. In this paper we  |n this paper, we present an algorithmic study of such
consider a scenario where clients may be willing to settle scenarios. To allow us to ignore idiosyncrasies of any
for non-optimal period approximation so that the jitteri@t  particular technology, we consider the following abstract
is improved. We present a parametric jitter-approximation model (formal definition is provided in Section 2). Am
tradeoff algorithm that allows us to choose various combi- stanceof the problem consists of a set jobs where each
nations between jitter optimality and period optimality fo  job has knowrengthandrequested periodThe task is to
any given set of jobs. design a single-server non-preemptive periodic schedule o

the jobs, i.e., each job is assigned an infinite sequence of oc

currence times such that no two distinct occurrences of any
1. Introduction two jobs overlap. Thgranted periocof a job in a schedule

is the average time between two consecutive occurrences of

In broadcast disks [1], a powerful server broadcasts data_that job. Jitter is defined as follows. Consider the set of all

items to mobile clients awaiting their desired items (e.qg., !nterval lengths between two conse_cutive occurrences ofa
public data like stock quotes, or user data like an addres Ob‘_ (The average (.)f these I_eng_ths Is the _grante_d period of
book). In an arbitrary broadcasting schedule, a client maytheJOb') Thaitter rgtlo ofthatjob is the maximal d|ffer_ence

have to “busy-wait’ for its item, i.e., actively listen toeh between such an interval length and the granted period, nor-

server until its item is broadcast, thus wasting much bat- malized by dividing the difference by the granted period. In

tery power. If the broadcast schedulegmsrfectly periodi¢c gus rv(\nlgirrlr({a\:ilgne\;ar:gaii \?vjfsr:ec(i\usls ?g;i;‘:% r?)tv(;?saell Pgl;'()d
i.e., each item is broadcast precisely evegy time units PP K J 3

for somep;, then the client can switch on its radio exactly We.WOUId I|ke. the.schedule to have the smallest pqss@le
period approximationl( means that each granted period is
*On leave from Dept. of Electrical Engineering, Tel Aviv Ueisity. no larger than the corresponding requested period), and the




smallest possible jitter ratid)(is a trivial lower bound that  job period. It is proved that any perfectly periodic schedul
holds iff the schedule is perfectly periodic). has period approximation at least- R, and an algorithm
Constructing schedules with period approximatida a with approximation ratiol + O(R'/?) is presented (note
well-studied problem, starting with the seminal work of Liu thatR < 1, soR'/? > R). Naaman and Rom [7] study the
and Layland [6]. Unfortunately, there are cases where in-case where the ratio between periods of jobs is always an
sisting on period approximatidnimplies that the jitter ratio  integer. They give an algorithm to generate schedules with
can be as high as i.e., the job can occur at anytime, which period approximation and jitter ratio(k — 1) R, wherek
means in the wireless context that the receivers might needs the number of distinct requested periods #&hid the ex-
to stay powered all the time. On the other extreme, there aretent of the instance. They show that this bound is tight for
a few algorithms that construct perfectly-periodic scHeslu  period approximation.
(with jitter ratio 0), but they cannot have period approxima-
tion 1. As a quick example to that effect, consider an in-
stance that contains two jobs (among others), each of uni
length, such that one job requests periaghd the other re-
quests period. By the Chinese Remainder Theorem, any . . L _
schedule with these periods will have these two jobs collideWlth period aBEJroxmatlon IPTSS than+ g + R/207
every6 time slots, and hence it cannot be the case that thel‘707 + R/297" and jitter ratio at mosRyg. The parameter

- ' T
jitter ratio is0 and the period approximation issimultane- g must be non-negative and cannot be larger togg 7, .
ously. whereT andt are the largest and smallest requested peri-

In this paper, we try to win (most of) the good of both ods. Incidentally, this algorithm, when applied with= 0,

worlds by developing an algorithm that allows one to trade improves on the best known results for perfectly periodic
- X . S . schedules folR > 0.006 [4]. Our algorithm is presented
jitter ratio for period approximation. One way to use this i two steps. First. in Section 3. we present Algorithm
algorithm is to feed it with an instance and a parameter that t bal thgt' uaran’tees a roxin;ationpratio]oﬁ- Rg/29
specifies the maximal allowed jitter ratio; the algorithrarth cont-ba -9 PP : ) .
outputs a periodic schedule for this instance that (1)fsadis and J|tter. rat|o.ong, but .th's algorithm ap_plles_only toin-
the jitter ratio parameter, and (2) has period approxinatio stances in which the ratio of any two periods is a power of

guarantee better than the best previously known bounds. 2. U;mg Algor!thmcont_.bal asa _subrout!ne, we sp.ecn‘y n
Section 4 our final algorithm, which applies to any instance.

The formal model is presented next, in Section 2. Some
What's known. Motivated by operating systems and concluding remarks are given in Section 5.
other centralized scheduling scenarios, most previouk wor
about periodic scheduling took the viewpoint that period ap .
proximation must not be larger thdn and jitter is only of 2. Problem Statement and Notation
secondary importance. For example, Liu and Layland [6]
define periodic scheduling to be one where a job with pe-  Most of the notation used in this work is summarized in
riod 7 is scheduled exactly once in each time interval of the the Glossary in Figure 1.
form[(k—1)7, kT —1] for any integek. Naivly interpreted, Instances.  An instance of the perfectly-periodic
this definition allows jitter ratio as high ds which is not scheduling problem is a set efjobs 7 = {j;}.-_,, where
useful. Baruatet al. [2] still insist on keeping the period each jobj; = (b; : 7;) haslength (or execution timg
approximationl, but try to minimize jitter. They define a  b;, andrequested period;. We sometimes refer to jobs
generalized concept of jitter, prove bounds on the jitter ra also asclients The maximal length of a job in an in-

tio in terms of the specific instance at hand, and proposestance.7 is denoted byB.; def hax {b;|i€ J}. The

algorithms that search for schedules with minimal jitter un - maximal and minimal values of the requested periods in in-

der this restriction. In this paper, we use a special case Ofstancej are denoted by, def oo (= | j: € 7}, and

their definition (they allow arbitrarily weighted jitteriCast def . ) h i b q
into our language, their jitter bound is as follows. et 17 — min{7z |ji € J}. The ratio betweerB; andiz

denote thébandwidthrequest of jobi, defined to be the job is called theextentof .7, formally defined byR; © £z

- . . . tj

length ofi divided by its period, and let = 3, 0 overall  1ne requested bandwidtbf job j; is defined byg; < 2.

jobsi in the instance. Then the jitter ratio of a jolis at . ) . . e

mostl — (8 — ;). The total bandwidth of an instancg is defined bys,; =
General perfectly periodic schedules are defined and an-2=i—1 Ji- We assume that; < 1 always. Thefree band-

alyzed in [4], where the concept of tegtentof an instance  width of an instance7 is defined byA def g B7. We

is defined. Formally, the extent of an instance, dendted omit the subscript7 when the instance is clear from the

is the ratio between the maximal job length and the shortestcontext.

Our results and paper organization. In this paper we
tpresent an algorithm that, given any instance of periodic
scheduling, and an integer parametgoroduces a schedule



Instancesand jobs:

e J: an instance of the problem.

e j;: theith job in an instance.

[ ]
(=l

. length (execution time) of;.
e 7;: requested period gf.
o B; ¥ max{b; |ieJ}
o Ty ¥ max{r; |ie T}

. tjdéfmin{nh'ej}

def H
e Ry = f—j: extent of instance/.

o (i © : requested bandwidth gf.

def

e B7 = )_,cs 3 total bandwidth of instancg .
e n: number of jobs (clients) in an instance.

Schedules and quality measures:
e S: aschedule.

e 77 granted period of; in schedules.

def 77

e p; = —=: period approximation of; in schedules.

T "

e o(7,5) 4 hax {pi | i € J}: period approximation

of Sw.r.t. 7.

e o;: Jitter ratio of jobi.

def

e 0(S) = max{o; | j; € J}: Jitter ratio ofS.

Schedules. A scheduleS for an instance/ is an infinite

Figure 1:Glossary of notation.

3. The Controlled Balance Algorithm

sequence ddtart timessy, s1, s2, . . ., Wwhere each start time

s is mapped to a job(k) € J. We say that jobj(k) is
scheduledat the time slotsy,, s, + 1, ..., 5, + b — 1. A

In this section we present our basic algorithm for peri-

odic scheduling with controllable jitter, which works only

schedule igeasibleonly if no two jobs are ever scheduled at \yhen the ratio between any two periods is a power of two.

the same time step, i.e., for &ll> 0, s, +1 > sk +bj4). A
schedule igyclicif it is an infinite concatenation of a finite
schedule”, called thecycleof S. In this paper we consider

only cyclic schedules.

Fix a feasible schedul§ for an instance7, and letC
be the cycle ofS. Assume without loss of generality that
each job of7 is scheduled at least oncedn Thegranted
period of a job j; in S, denotedr?, is the number time
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slots inC' divided by the number of start times ¢fin C.

The idea in the algorithm is to spread the jobs evenly over
the schedule in a recursive fashion. The algorithm also adds
idle time slots, at a level specified by the user, so as to re-
duce the jitter caused by possibly imperfect balancing. The
algorithm is based on a known algorithm used for perfectly
periodic schedules [4], augmented here with a way to con-
trol jitter by adding idle time slots. It has recently been
brought to our attention that an algorithm similar to the one
of [4] appears in [5] for general periodic scheduling; it is
described as a heuristic without analysis, and without the

Note that the granted periods may be different from the re- controlied jitter idea. _
quested periods, but the job lengths cannot be truncated by The algorithm is given an integer paramegesuch that

the schedule.

Given an instance/ with scheduleS, the period ap-
The period

proximationof a job j; in Sis p; =

approximation ofS with respect to7 is p(J,5)
max {p; | i € J}. To define jitter, letsy, so, . .

def 77
Ti :

0<g< log% (recall thatT is the longest requested pe-
riod, ¢ is the shortest requested period, and that their ratio
is a power of2). This parameter controls the tradeoff be-
tween jitter and approximation: setting= 0 will result

with a perfectly periodic schedule and poor approximation
guarantee, and increasiggesults in better approximation
and poorer smoothness. For convenience, we also use the

. be the start

def
times of a jobj; in S, and letrS be its average period. The ~complementary parametgr= log & — g.

jitter ratio of j; in S'is o, def maxy { |

(Sk41—88)—TF
S

T
i

the jitter ratio ofS is (.9) 4 ax; {oi|ji € T}

All logarithms in this paper are to bage

}, and

Pseudo code for the algorithm is presented in Figure 2,
and an example execution is depicted in Figure 4. Infor-
mally, the algorithm constructs a cycle of the schedule by
allocating start times in a balanced way. This is done using
a binary tree ofl + log % levels, whose leaves represent
sub-intervals of the schedule cycle. Each node in the tree



Algorithm cont_bal

Subroutine split

Input: Instance’, paramete) < g < log%. Define

hdéflog%—g.

Output: A cycle of a schedulé for 7.

Code:

(1) Construct a complete binary tree bft log % levels
0,1...,log % Create a job replica for each job in the
instance, and associate these replicas with the root.

(2) Traverse level§,1...,logZ —h —1=h—1o0fthe
tree, in breadth-first order, starting from the root. In
each visited node, dosplit(v).

(3) Let w be the maximal bandwidth associated with a
node at leveh. Add to each node at levél“dummy”
job replicas to make all nodes have bandwidttEach
dummy job replica has lengthand periodr".

(4) Traverse levels, ..., log % —1 of the tree, in breadth-
first order. In each visited node dosplit(v).

(5) Scan the leaves left-to-right. For each léabutput
the job replicas associated witlin increasing< order,

where dummy job replicas are output at the end of each

leaf; they correspond to idle time slots.

Figure 2: Algorithmcont_bal.

Input: A nodew with its set of associated job replicas.
Output: Two sets of job replicas, associated with the chil-
dren ofv.

Code:

(1) Scan the job replicas associated witln increasing

“ <" order. Letj be the currently scanned replica, with

periodr; and size;:

(1a) If7; < T, add identical job replicas to both chil-
dren ofv, each with sizé; and perio® - 7;.

(1b) If 7; = T, add a job replica with period; and
sizeb; to the child ofv whose current total as-
sociated bandwidth (i.e., sum of the job replica
lengths divided by their periods) is smaller. In
case of a tie, add the replica to the left child.

Figure 3: Subroutineplit.

The main properties of Algorithraont_bal are summa-
rized in the following theorem.
Theorem 3.1 Let 7 = {j; = (b; : 7;)},—, be an instance
with extentR. Suppose that there exists a constant 0
such that for alli, 7; = ¢ - 2°¢, whereey,...,e, are non-
negative integers. Then Algoritheont_bal with parame-
ter g outputs a schedul§ with p(7,S) < 1+ R/29 and

contains “job replicas” derived from the original instance 7(S) < Rg.
where each job replica has its own associated period. The -

tree is constructed in a top-down fashion as follows. Ini-

tially, the root contains all job replicas that are exackig t

jobs in the instance (Step 1). Each node has two children

whose replicas are defined by subroutipkt (Steps 2 and

4). Pseudo-code for subroutine appears in Fig. 3. To en-

sure low jitter,split uses a total order on jobsx”, defined

below. This order ensures that at any given level, for any

given jobj, all nodes in which a job replica associated with
4 occurs have theameset of job replicas preceding it. Put
differently, a job has the same offset within a node for all it
replicas at a level. In addition, nodes at leliedre padded
with “dummy” job replicas so that all nodes at levehave

exactlythe same length (Step 3). Finally, the leaves are
scanned and their associated replicas are output (Step 5

The theorem follows directly from Lemma 3.3 and
Lemma 3.6 proved below. But first, note that the tradeoff

'between jitter and approximation is controlled by the value

of g: a small value ofy means better jitter and worse ap-
proximation. The extreme points age= 0 (jitter ratio 0
and period approximatioh + R), andg = log% (period
approximationl and jitter ratioR log %).

We start the analysis with the following important prop-
erty.

Lemma 3.2 The bandwidth associated by Algorithm
cont_bal with each node at levelis at mos2=¢(1 — A) +
(1-2"9B/T.

The dummy replicas correspond to idle time slots. The con-prof: \We prove the claim by induction on Fori = 0

sequence of the padding at levigk that the leaf lengths are
roughlythe same.

The < order is defined as follows. For jobs, j. with
requested periods andry, respectively, we say that <
ji if either; < 7, orif 7; = 7, andi < k. We stress
that the “<” relation is defined on jobs, not job replicas. To

the claim is trivial: the bandwidth associated with the root
is1 — A by Step 1 of Algorithntont_bal. Consider a node
atleveli + 1, and let3; denote its bandwidth. Let, denote
the bandwidth of its parent at levgland let3, denote the
bandwidth of its sibling. By induction hypothesi§y <
2741 - A) + (1 — 279 B/T. By the code of Algorithm

extend the order to replicas, each job-replica uses the rankplit, the difference between the bandwidth associated with
it inherits from its original job (even though a replica has a any two siblings is at most the bandwidth of one job replica
possibly different period). whose period igl". Since the size of any job replica is at
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Figure 4:An example run of Algorithrront_bal with g = 1. The jobs of the original instance can be seen in the root node

(T3]

mostB, we get|3; — B2| < B/T. Assume without loss of
generality that?; > (2. Then we have that

Bo+ B/T

2
3 (27(1-A)+(1-27"B/T + B/T)
271 - A+ (1-27"YHYB/T,

e

<

1
<

_"indicates a dummy replica. Some splits are indicated bgigtnt arrows.

is its number of occurrences in a cycle of the schedule, di-
vided by the length of the cycle. The number of start times
of j; in the output cycle is clearlg¢, because in the fi-
nal schedule, the number of start times is the number of
job replicas corresponding t@ in the leaves, and because
all job replicas in the leaves have peri@d It remains to
bound the number of time slots in the output cycle. This
is precisely the sum of the lengths of job replicas in the

proving the inductive step for Step 2. Step 3 does not l€aves, which, in turn, i§” times the total bandwidth asso-
increase the maximal bandwidth associated with nodes alcia.ted with the leaves. NOW, the total bandwidth of leaves is

level h, the induction hypothesis is not violated foe h,
and hence the lemma holds also for Step 4

Using Lemma 3.2, we bound below the period approxi-

mation. The result is in fact sharper than the bound stated

in Theorem 3.1.

Lemma 3.3 The period approximation of a schedule pro-
duced bycont_bal with parameter is at most

1—A+R/29—B/T.

Proof: Consider a joly; with requested period, = T'/2¢
for some integee; > 0. The average granted period pf

the same as the total bandwidth of all nodes at léydie-
cause no new bandwidth is added after Step 3. By Lemma
3.2, the bandwidth associated with each node at leadt

ter Step 3 is at mot—"*(1 — A) + (1 — 27")B/T. Mul-
tiplying by 2" (the number of nodes at levé) we get a
bound on the the total bandwidth at the leaves, and further
multiplying by T' we get a bound on the number of time
slots in the output schedule. We thus get that the output cy-
cle contains at mosf'(1 — A) + (2" — 1) B time slots. It
therefore follows that the average periodjpfn the sched-
uleis2¢(T(1 — A) + (2" — 1) B). Recalling that the re-
quested period i$'/2¢, and sincegj; is an arbitrary job, we



have that the approximation factor of the schedule is at mostProof: Consider a joly; with periodr; = T'/2¢ for some
integere; > 0. By the algorithm, there will be a job replica

Ta-M)+2"-1)B in each node of levet;, with associated period’. By

2% _ h
T9—ei = 1-A+(2"-1)B/T Lemma 3.4, the list of job replicas preceding the job repli-
T B cas ofyj; is the same in all these nodes. Consider now the

= 1-A+ <752—q - 1) T subtrees rooted at the nodes at lewgl Clearly, exactly

B one job replica will appear in the leaves of a each sub-tree.
1-A+279R - T | Number the leaves of the subtreesihy, ..., 2% — 1 from
left to right. Since the allocation of a job replica to a child

Remark: Lemma 3.3 shows that it may be the case that the depends, by Algorithnsplit, only on the jobs preceding it
period approximationis actually smaller thii.e., alljobs ~ in the < order, we conclude that a job replica gf will
get larger share than they asked for). This happens wherPe placed in leaf number in any subtree if and only if it
A > R/29, i.e., when there is a lot of free bandwidth in is placed in leaf numbet in all subtrees. Moreover, by
J. If this is undesirable, we can scale up the all periods by Lemma 3.4, the set of job replicas precedifgin each
a factor ofl — A + 2-9R and apply the algorithm to the leaf will be the same. It follows that the variability in the
scaled instance. Note that the jitter bound would actually time between consecutive occurrenceg @ian be caused

decrease in this case by the Sca"ng factor, singil grow by leaves of different sizes. So consider the start time of
by that factor and3 remains fixed. a leaf. We claim that the start time of leaf numlieis at

To analyze the jitter of the schedules produced by leastkT279W, — gB and at mos&T2~9W), + gB time
cont_bal, we need the following key observation. units after the start of a subtree rooted at a node at level

ei, wherel,, is the bandwidth of nodes at levkel To see
Lemma 3.4 Consider the set of job replicas associated why this is true, note that the start time of Idafs exactly
with each node as a list sorted in increasirgorder. Sup- the sum of the bandwidths of leaves ..,k — 1 timesT.

pose that two job replicag’, ;” of the same joly are as- Consider the path from the root to Igafthis path contains
sociated with two nodes, v” in the same level. Then the nodeswhich are left and right children. The key observation
same job replicas precedg in the ordered list ofv’ and is that the total bandwidth of leaves preceding exactly
precede ofi” in v”. the sum of bandwidths of nodes which are the left siblings

of right-children nodes in the path leading ko0 By con-
Proof: Focus on a single split operation. There are two stryction, the total bandwidth of a tree rooted at lavel i
cases to consider. If a job repligaat the parent appears s 2h—i}),. By Lemma 3.5, the total bandwidth of a tree
at both children ag” andj”, then the period of (atthe  rooted at level > h is at leas2" W), — B/T and at most
parent) is smaller thafi’. In this case, by definition ok, 2h=iW, + B/T. Since there are at mogtnodes which
all jobs preceding at the parent also have periods smaller are right children on the path leading tpwe get that the
thanT’, and hence they will appear at both children, preced- maximal time between two consecutive occurences &f
ing both ;" andj”. In the second casg,has periodl’ at . 4 By, and the minimal time between two consecutive oc-

the parent, and hence it will appear in only one child. In cyrences ofj; is ; — Bg. Hences; < 1+ Bg/T < Ry.
this case, the identity of the child and rank in that child’s |

sorted list depend only on the job replicas precedimgthe

parent’s list. Applying induction completes the proofll

. 4. Algorithm for General Instances
We also need the following lemma.

Lemma3.5 Let W), be the bandwidth associated with Algorithm cont_bal requires that the ratio between any
nodes at leveh after Step 3. Then for any < i < g, the two periods to be a power @& In this section we lift this
bandwidth associated with any node at lekvel i is at least ~ restriction, and consider general instances.
27 "W),—(1—2"")B/T and at mos2 "W}, +(1—2"")B/T. One straightforward way to do that (suggested, e.g., in
[5]) is to round all requested periods up to the next power of
Proof: The upper boundis just a restatement of Lemma 3.2. 9, This immediately gives us, for instances whose requested
The proof of the lower bound is repeating the arguments pandwidth is at most, guaranteed period approximation of
of the proof of Lemma 3.2, with the basis of the induction gt most2+ R/29-! and jitter ratio of at mosRg. However,
replaced by the fact that all nodes at lei¢have the same  more judicious rounding allows us to obtain substantially
bandwidth after Step 3. 1l better period approximation, and even to break the barrier
of 2 for instances with small extent. Specifically, in this
Lemma 3.6 The jitter ratio in the schedule produced by section we present an algorithm that guarantees, for any in-
cont_bal with parametely is at mostRg. stance, period approximation less thanl + R/29~! and



Algorithm B

Input: Instance7, parametep.

Output: Cycle for scheduls.

Code:

(1) Letr] = 2Mee ™l ' — min {7/}. Execute Algorithm
cont_bal on {(b; : 7/)} with parametely and denote
the result bys,.

() Letr! = 2lls(r)=51] 4 — wmin {7/}, Execute Al-
gorithmcont_bal on {(b; : 7/')} with parametey and
denote the result bgs.

3) If p(J,51) < p(T, S2), returnS;. Otherwise, return
Ss.

Figure 5: AlgorithmB.

jitter ratio at mostRg. Moreover, this approximation is ob-
tained using only powers &f times a common multiple as
periods in the final schedule.

The algorithm, called Algorithni, is presented in Fig-
ure 5. The idea is as follows. The algorithm tries two forms
of rounding. The first (Step 1) is to rourngb each period;
to the next power of, and the second (Step 2) is to round
each periodr; to theclosestpower of2: periods between
2k=1/2 and2k+1/2 are rounded t@*. Algorithm cont_bal

is applied to both rounded instances, and the schedule with

the better period approximation of the two alternativehés t
final output (Step 3). Below, we prove that at least one of

the two schedules has period approximation not larger than

1+ Y2 4 R/2971 =~ 1.707 + R/29.

Theorem 4.1 LetJ = {j;

(b; : 7;)};_, be an instance

of the scheduling problem with requested bandwidth at most

1, and letS be the schedule produced fgrby AlgorithmB
with parametery. Thenp(7, S) < 1+ %2 + R/29~" and
o(S) < Ryg.

Proof: Consider Step 1. Denote the bandwidth of the
rounded instancéj; = (b; : 7/)},—, by 7, its extent byR’,
and its free bandwidth by’ = 1 — 3’. We proceed by case
analysis, depending on the relation betwe¥nand a cer-
tain threshold parametép whose value will be specified
later.

Intuitively, the idea is as follows. IA" > §y, we have
“a lot” of free bandwidth, and hencg, will have a good
period approximation. I\ < 4y, i.e., there is “little” free
bandwidth, then it must be the case that only a small frac-
tion of the bandwidth is associated with jobs whose periods
were rounded up by more thafi2. Therefore, we can af-
ford to round the periods of these jottewn thus getting an
instance where no period was rounded up by much,%nd
will have a good period approximation.

Formally, we argue as follows.

Case 1:A’ > §y. Consider the application of Algorithm
cont_bal to the rounded instancgb; : 7/)}. By Theorem
3.1, the algorithm gives an period approximation of at most
1—A"+279R" < 1-§p+ 279R. Since the rounding
changes the periods ity by a factor of less tha®, we can
conclude that in this case,

o(J,81) <2 —26+2""9R.

The jitter ratio in this case i® g < Rg.

Case 2:A’ < §p. In this case we concentrate §h. De-
note the bandwidth and the extent of the instance produced
by the rounding of Step 2 b§” andR", respectively. Con-
sider the rounding first. By the code, we have that for all
2

1)

1 7! 2
sV @)
It follows from Eq. (2) that the rounding of Step 2 con-
tributes a factor of at mosy/2 to the period approxima-
tion of S;. By Theorem 3.1, the application of Algorithm
cont_bal in Step 2 increases the period approximatio§of
by at most another factor @i’ + R”. It is immediate from
Eg. (2) thatR” < v/2R. We now boungs”.
Partition the set of jobs into two subsets; and G,
such that

G1 {i|logm; — |log7;| <1/2}
Gs {i|logT; — |logm;| >1/2}.

l.e., G consists of all jobs whose periods were rounded
down in Step 2, and+, consists of all jobs whose peri-
ods were rounded up in Step 2. Denote the total requested
bandwidths ofG; andG4 by 1, 3, respectively. We start

by boundings” in terms off3;: this is based on the obser-
vation that in the rounding step, the bandwidth of jobs in
(5, may increase by a factor of at mog®, and the band-
width of jobs inG» does not increase. Adding the fact that
B2 <1— 1, we get

B < V2814 B
< V26 + (1) 1+(V2-1)B1. (3)

Next, we bound3, in terms of3’. Recall that3; is defined

by the rounding of Step 1. In that rounding, the periods
of jobs in G areincreasedby a factor of at least/2, and
the periods of jobs irG; are not decreased. Hengé <
B1/v/2 + (2. Since in our case)’ < 4, i.e.,1 — ' < &,

we can conclude that

o > 1-p4
> 1—(%4—52)
()



Rearranging, we get
V230
V2 -1

Combining Egs. (3,4), with the observations above, we ob-
tain a bound on the approximation ratio®f in this case:

B <

(4)

WIS < VEE 4R
< V2(1+(VZ-1)8 +2¢7R)
V26 i,
< \/§<1+(\/§—1).\/§_1+2 -R)

V24200 + 2" 9R . (5)

We can now conclude the proof, using the bounds of Eg. (1)
and Eq. (5).

p(7,5) < max(p(J,81), p(T,S2)) 6)
< max(2—250+R2'79, V2+250+R2'79) .
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5. Conclusion

In this paper we explored the idea of reducing the rate
allocated to periodic tasks for the benefit of having smaller
jitter. This tradeoff may be useful for mobile devices, wer
reduced jitter can be translated to reduced power consump-
tion. We believe that this appraoch deserves further study.

The model used in this paper is thitted timemodel,
where all jobs have integer lengths and integer start times.
In theunslottedmodel, job lengths, requested periods, start
times (and hence granted periods as well) may be any pos-
itive real number. We remark that the algorithms presented
in this paper can be extended to the unslotted version.
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