Multiple Linear and Polynomial Regression with Statistical
Analysis

Given a set of data of measured (or observed) values of a
dependent variable: y; versus n independent variables x,;, x,;, ...
x,;, multiple linear regression attempts to find the “best” values of
the parameters a,, a,, ...a, for the equation

V. =ay+ax; +a,x,; +...+a,x,,
¥: is the calculated value of the dependent variable at point i. The
“best” parameters have values that minimize the squares of the errors

N

S = Z (v, —3,)° Inpolynomial regression there is only one
i=1 independent variable, thus

n

& 2
y; =a,+ax; +ta,x; +...+a,x;

n--i

Multiple Linear and Polynomial Regression with Statistical
Analysis

Typical examples of multiple linear and polynomial regressions
include correlation of temperature dependent physical properties,
correlation of heat transfer data using dimensionless groups,
correlation of non-ideal phase equilibrium data and correlation of
reaction rate data.

The software packages enable high precision correlation of the
data, however statistical analysis is essential to determine the
quality of the fit (how well the regression model fits the data) and
the stability of the model (the level of dependence of the model
parameters on the particular set of data).

The most important indicators for such studies are the
residual plot (quality of the fit) and 95% confidence intervals
(stability of the model)




Correlation of Heat Capacity Data for Ethane

A polynomial has to be fitted to heat capacity data provided by
Ingham et al*. This data set includes 41 data points in the
temperature range of 100 K — 400 K.
The degree of the polynomial:

C,=a, +aT+a,T>+...+a,T"

where C, is the heat capacity in J/kg-mol-K, 7 is the temperature in
K, and a,, a,.... are the regression model parameters, which best
represents the data, has to be found.

The goodness of fit should be determined based on the variance,
the correlation coefficient (R?), the confidence intervals of the
parameters, and the residual plot.

Ingham, H.; Friend, D.G.; Ely, J.F.; "Thermophysical Properties of Ethane"; J.
Phys. Ref. Data 1991, 20, 275

Heat Capacity Data for Ethane, Fitting a 3rd Degree Polynomial
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Heat Capacity Data for Ethane, Fitting a 3rd Degree PolynomiaJ
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Heat Capacity Data for Ethane, Calculated (3rd Degree
Polynomial) and Experimental Values
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Heat Capacity Data for Ethane, Residual Plot for the 3rd Degree
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High resolution residual plot shows oscillatory behavior
which is not explained by the 3" degree polynomial

Heat Capacity Data for Ethane, Defining Standardized
Temperature Values for High Order Polynomial Fitting
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Heat Capacity Data for Ethane, Fitting a Srd Degree PolynomiaJ
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General

Degree of polynomial = 5
Regression including a free parameter
Hurnber of observations = 41

Statistics

R™2
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Variance |161.6262

Using standardized values yields
model parameters of similar
magnitude, enables fitting higher
order polynomials and improves
considerably all the statistical
indicators

Heat Capacity Data for Ethane, Residual Plot of a 5" Degree

Polznomial
s POLYMATH 6.10 Educational Release - [Linear Regression Residuals, Solution #2.5]

(ol x=|
{> Fle Options Help =181 x|
DSEN| Ry AL DD @ 2! S
1
=]
2.00E41
"1
é 1.00E+1 i e @ “
< [+]
o o
{5 soome < =
8]
§ 1.73E-18 ©
. E
-5.00E+D o
o o ]
-1.00E+1 OO o
o <
-1.50E+1 o0 o o0
-2.00E+1 \
et Maximal Error ~ 0.03%
B SE-4 R T Y | T TP N o
Cp exp
ET 12/07/2007 CAPS LR v

Using standardized independent variable values enables fitting polynomials with
precision higher than justified by the experimental error.




Modeling Vapor Pressure Data for Ethane

A vapor pressure data set provided by Ingham et al* includes 107
data points in the temperature range of 92 K — 304 K. This
temperature range covers almost completely the range between the
tripe point temperature (= 90.352 K) and the critical temperature
(T-=305.32 K).

The temperature dependence of the vapor pressure should be
modeled by the Clapeyron, Antoine and Wagner equations

The Clapeyron equation is a two parameter equation:

B .
InP=A+ T where P is the vapor pressure (Pa), T —
temperature (K), A and B are parameters

*Ingham, H.; Friend, D.G.; Ely, J.F.; "Thermophysical Properties of Ethane"; J.
Phys. Ref. Data 1991, 20, 275

Modeling Vapor Pressure Data for Ethane by the Clapeyron
Equation using Linear Regression
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Modeling Vapor Pressure Data for Ethane by the Clapeyron
Equation using Linear Regression
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All the indicators show good, acceptable fit!

Modeling Vapor Pressure Data for Ethane by the Clapeyron
Equation using Linear Regression
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The residual plot reveals large unexplained curvature in the data




Modeling Vapor Pressure Data for Ethane by the Antoine

Equation using Non-linear Regression
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Modeling Vapor Pressure Data for Ethane by the Antoine

Equation using Non-linear Regression
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Modeling Vapor Pressure Data for Ethane by the Antoine
Equation using Non-linear Regression
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Modeling Vapor Pressure Data for Ethane with the Wagner

Equation
ar+br" +cer® +dr°
InP, =
TR

Where Ty, = T/T. is the reduced temperature P, = P/P is the
reduced pressure and 7 =1 - Tk.

For ethane T, =305.32 K, P, =4.8720E+06 Pa

In order to obtain the model parameters using linear regression the
following variables are defined: Tr= T K/305.32

InPr = In(P_Pa /4872000)
t=(-Tr)/Tr
t15=(1-Tr)~1.5/Tr
t3=(1-Tr)~3/Tr
tb=(1-Tr)"6/Tr
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Modeling Vapor Pressure Data for Ethane with the Wagner

Equation using Multiple Linear Regression

t6 =

(1-Tr)~3/Tr
(1-Tr)r6/Tr
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Modeling Vapor Pressure Data for Ethane with the Wagner

Equation using Multiple Linear Regression
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Model: InPr = a1*t + a2*t15 +a3*(3 + a4™t6

Variable Value 95% confidence
al -6.458481|0.094131
a2 1.280540 |0.2120881
a3 -1.6711560.2650625
ad -1.2500190|0.2012367

General
Humber of independent variables = 4
Regression not including @ free parameter
Number of observations = 107

Statistics

R*2 0.099904
R~2adj |0.9999933
Rmsd 0.0008171
Variance |9.349E-05
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Maximal Error in In(Pr) ~ 0.6%

Note random residuals distribution in the entire data range




