Bounds on the Maximum Likelihood Decoding Error

Probability of Low Density Parity Check Codes*

Gadi Miller and David Burshtein
Dept. of Electrical Engineering Systems
Tel-Aviv University
Tel-Aviv 69978, Israel

Email: gmiller@eng.tau.ac.il, burstyn@eng.tau.ac.il

Abstract

We derive both upper and lower bounds on the decoding error probability of ML decoded
LDPC codes. The results hold for any binary-input symmetric-output channel. Our results in-
dicate that for various appropriately chosen ensembles of LDPC codes, reliable communication
is possible up to channel capacity. However, the ensemble averaged decoding error probability
decreases polynomially, and not exponentially. The lower and upper bounds coincide asymp-
totically, thus showing the tightness of the bounds. However, for ensembles with suitably
chosen parameters, the error probability of almost all codes is exponentially decreasing, with

an error exponent that can be set arbitrarily close to the standard random coding exponent.

Index Terms - Code ensembles, Error exponent, Low density parity check (LDPC) codes.

I Introduction

Low density parity check (LDPC) codes have attracted a great deal of interest recently. LDPC
codes were originally suggested by Gallager [3] in 1963. However, they became popular only after
the introduction of turbo-codes [1].

There are two types of results regarding the performance of LDPC codes. The first concerns
the properties of these codes under the assumption of optimal (Maximum Likelihood, ML) decod-
ing [3], [7], [10]. The second relates to the properties of practical iterative decoding algorithms
for these codes [3], [13], [12], [6], [9].
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In this paper we consider the first problem. Analysis of the code under the assumption of ML
decoding is important from several aspects. The analysis of optimal decoding sets upper limits
on the performance of any decoding algorithm. Hence the performance of optimal (ML) decoding
may be compared to the performance of the practical iterative decoding algorithms, thus making
it possible to assess the gap between the two. Optimal decoding analysis is also expected to
improve our intuition and understanding regarding the code and the setting of its parameters.

In [3][Theorem 2.4] Gallager obtained an upper bound on the probability that the minimum
distance, dmin, of a code in the ensemble is smaller then some value, x (Pr(dmin < z)). For small
values of z this bound is dominated by a polynomial N2~7 (where j is a parameter of the ensemble
and N is the block length). Motivated by this result, Gallager then proceeded to eliminate
possible bad codes by expurgation, considering only this enhanced ensemble for decoding error
calculation. In this paper we consider two other ensembles and give conditions under which the
decoding error probability of the unexpurgated ensembles is proportional to N>/, by showing
that an upper bound on the decoding error probability asymptotically coincides with a lower
bound. This result is then contrasted with a third ensemble, for which the asymptotic averaged
probability of error is one. The results hold for any binary-input symmetric-output channel. To
derive our upper bounds we prove a new upper bound on the probability of error of an ensemble
of codes in terms of the average spectrum of the ensemble. We then apply this bound to the
two ensembles. The first ensemble was proposed by MacKay [7]. The second ensemble is based
on bipartite regular graphs, and was used by several researchers, e.g. [9], [12]. We conclude
that for appropriately chosen LDPC ensembles, reliable communication is possible up to channel
capacity. However, the ensemble averaged decoding error probability decreases polynomially, and
not exponentially. For the expurgated ensembles, when the ensemble parameters are suitably
chosen, the error exponent can be set arbitrarily close to the standard random coding exponent.
For certain ensemble parameters Gallager’s bound on the expurgated ensemble is tighter while
for others our bound is better. To obtain our results we derive bounds on the average spectra
of various ensembles. Recently, Litsyn and Shevelev [5] derived the exact asymptotic spectra for
these and other ensembles.

The paper is organized as follows. In Section II we derive a general upper bound on the
probability of decoding error of an ensemble of linear codes, formulated in terms of the average
spectrum of the ensemble. In Section III we use this result to derive upper bounds on the proba-
bility of error of two LDPC ensembles. In Section IV we derive lower bounds for these ensembles.

In Section V we consider the expurgated ensembles and compare our bound to Gallager’s bound.



Section VI concludes the paper.

II An upper bound on the decoding error probability

Consider a discrete memoryless channel (DMC) which is characterized by the probability distri-
bution function P(y|x). Here z € X is the input to the channel, and y € ) is the output of the
channel. We assume a binary-input symmetric-output channel. Thus X = {0, 1}, and without
loss of generality we assume that Y C R such that P(y|0) = P(—y|1) for any y € V.

Py (y|x) is the probability distribution function for sequences of length N. Since the channel

is memoryless, we have
N

Pr(ylx) = [ P(ynlwn). (1)

n=1

In fact all our results hold also for the continuous output case. In that case P(y|0) = P(—y|1)
is a probability density function and 3° () — [, (-)dy everywhere. However for convenience we
formulate the results for the discrete output case.

Let C denote an ensemble of parity check codes, each represented by its parity check matrix,
Apxn, with L rows and N columns, N > L, such that x (of dimension N) is a codeword if and
only if it satisfies Ax = 0. Let M denote the number of different codewords in the code, and let
R21—L/N. The rate of the code is R'=(log M)/N (throughout the paper we use the convention
log = log, and In = log, ). Note that R’ > R. The last inequality accounts for possible redundancy
in the constraints defined by the parity check matrix. Given some ensemble C of codes, we define
the average weight distribution (average number of words of weight [, or average spectrum) by
S1 =Y cee Pr(C)S)(C) where Pr(C) is the probability of the code C' in the ensemble, and S;(C)
is the number of words of weight [ in code C. Finally, w(x) denotes the weight of the binary
vector x and d(x,y) is the Hamming distance between the binary vectors x and y.

In Appendix A we prove the following theorem.

Theorem 1 Consider an ensemble C of linear codes, where each code is comprised of M code-
words of length N. Denote by S; the average number of words of weight | in a code in the
ensemble. Let P(y|z) be a discrete memoryless binary-input symmetric-output channel, and let
D= 2y VP(y[0)P(y[1). Denote the ensemble averaged mazimum likelihood (ML) decoding error
probability by P.. Let U C {1,2,..., N} and denote the complementary set {1,2,.... N} \ U by U°.
Then:

Pe < Zngl + 2—NEr(R+(loga)/N)’ (2)
leu



where
S, 2N
CTREM 1) (3)

and where E,(-) is the random coding exponent:

Er(R) = max max {Fo(p, Q) — pR},
o 1 1+p
Eo(p,Q) = —logy_ |> Q(z)P(yla)/ ()

yey Lz=0

(Q = (Q(0),Q(1)) is some binary probability distribution).

Notes: Our bound (2) is comprised of two parts. The first is a union bound that utilizes the
Bhattacharyya distance. Typically U is chosen as {1,2,...,I'} such that the set of codewords
{x|w(x) € U} constitutes a Hamming sphere. The second part is obtained by applying the method
recently proposed by [11]. Essentially, this method enlarges the given ensemble to a bigger one
by using a randomization technique. The new ensemble has the same probability of error as
the original one. However the probability of error of the new ensemble can be bounded using a
derivation which is similar to that used by Gallager [4] for deriving the random coding exponent.

Note that the bound proposed by Poltyrev [8] is also comprised of two parts, where the first
corresponds to a Hamming sphere in the noise space. Sason and Shamai [10] applied Poltyrev’s
bound to LDPC codes in order to obtain improved bounds on the probability of decoding error.
However, they did not obtain explicit properties for LDPC codes, such as the dependence of the
probability of error on the block length, or the maximal rate for which reliable communication is
possible.

Finally note that the second part of (2) approaches 2~ NE-(B) provided that the average spec-
trum S; of the ensemble approaches the average spectrum of the random code used by Gallager [4]
in his proof, for [ € U¢ (more precisely, the ratio of these spectra is required to approach one

uniformly in that range).

III Upper bounds for low density parity check codes

We now focus on ensembles of low density parity check (LDPC) codes. A sequence of LDPC
ensembles, {Cn}n:1,27._,, with block length N = n and rate R’ has the property that each code
in C, has a parity check matrix such that the expected weight of each column and each row is

bounded by two constants independent of n.



We consider two LDPC ensembles. In the first ensemble, the columns of the parity check
matrix are independent, identically distributed. This ensemble was suggested by MacKay [7].

The second ensemble is based on bipartite regular graphs and was used e.g. by [9], [12].

III.1 Independent matrix columns

In this section we consider the ensemble of parity check matrices Ay «y defined by applying
the following procedure to each column of A. First set the entire column to 0’s. Then, repeat
the following procedure ¢ times. Draw an index uniformly and independently from {1,2,..., L}
and flip the corresponding bit. That is, if an index is chosen an odd number of times then the
corresponding element will be one at the end of the procedure. Otherwise the element will be zero.
Note that the resulting column weight is even if ¢ is even and odd otherwise. In the following,

h(z) and ha(x) are the entropy functions
hz) = —zlnz—(1—-2)In(l —2) 0<z<1,
ho(x) = —zlogx — (1 —z)log(l—x) 0<z<1.

The notation ay = O(N) implies that there exists some K such that 0 < ay < KN for N large
enough. We use the notation ay = o(N)/N if 0 < ay — 0 as N — oo. Due to the correspondence
between codes and their respective parity-check matrices, we use the term “an ensemble of parity

check matrices” interchangeably with the ensemble of codes corresponding to these matrices.

Theorem 2 Consider the ensemble of binary parity check matrices Ap«n described above. Let

P. be the ensemble averaged probability of decoding error. Let R21 — L/N,t>3 and
2 10k
= (- R)ze 27K (4)

where

K— 61n (t/(tl—R)) . (5)

If there exists 0 < v < 1/2 such that

max {hg(y) —(1-R)+ max {zlogD + (1 — R)ha(x)+ ytlog(1l — 2x)}} <0 (6)

B<y<~y 0<x<1/2
and
R+ G(R,~vt) < C, (7)
where
A _ _
G(R, vt)—ogrggﬂ{(l R)ha(z) +~tlog(l — 2z)}, (8)



then

N3 1—DD (?t(l — R)*% (1 + O(Ji,v)) t even
P, < 9)
N2t D (- R (14 %) t odd

The channel parameter D is defined in Theorem 1 and C is the channel capacity. Furthermore,

(6) and (7) are satisfied whenever one of the following is satisfied:
1. Given R < C, t is sufficiently large.
2. Givent >3 and R <1, D > 0 is sufficiently small.

Note that the average spectrum of the ensemble is related to the probability that a certain length

N sequence of weight [ is a codeword, as follows:

S = <7> Pr(Ax = Olw(x) = 1) (10)

To prove the theorem we use the following lemma, which provides upper bounds to the average

spectrum of the code ensemble.

Lemma 1 Iflt is odd then:
Pr(Ax = 0jw(x) =1) = 0. (11)

If It is even, the following two upper bounds hold:

L\ (it \"
Pr(Ax =0lw(x) =1) < <12t> <2L> for1 < 2L (12)

L/2 N
Pr(Ax = Olw(x) = 1) < 2x2°% ZB (j) <1 - QL]) . (13)

The proof of Lemma 1 is provided in Appendix B and the proof of Theorem 2 is provided in

N

Appendix C.

Recall that the rate of the code, R’, satisfies R* > R. Hence the theorem asserts that for ¢
sufficiently large, reliable communication is possible up to channel capacity. In the terminology
used in [7], whenever ¢ is sufficiently large the ensemble is “very good”. The ensemble averaged
probability of decoding error decreases at least polynomially in N. The theorem also asserts (item
2) that the ensemble is “good” for any ¢ > 3. This means that for any ¢ > 3 and R < 1, there are
codes (with parameter ¢, and rate R) that achieve reliable communication, provided that D > 0
is small enough.

MacKay [7] considered the BSC case and showed that this ensemble is “good” for ¢ > 3

and “very good” for t sufficiently large. Theorem 2 generalizes this result to any binary-input



symmetric-output channel. In addition to that Theorem 2 provides a polynomial upper bound

on the probability of decoding error.

II1.2 Codes derived from bipartite regular graphs

A popular method for obtaining an ensemble of sparse parity-check codes is defined in terms of a
bipartite graph. This is done by constructing a ¢ — d regular bipartite graph in which there are NV
vertices on the left side of the graph, each of degree ¢, and L vertices on the right, each of degree
d, so that Nc = Ld. The vertices on the left side are associated with the codeword bits and the
vertices on the right are associated with the parity-check equations (constraints). The mapping
from the bipartite graph space to the parity-check matrix space is such that an element A4;; in
the matrix, corresponding to the i’th vertex on the right and j’th vertex on the left, is set to ‘1’
if there is an odd number of arcs between the two vertices, and to ‘0’ otherwise. An ensemble of
¢ — d regular graphs is defined as follows. The Nc¢ arcs originating from left vertices are labeled
from 1 to Ne. The same procedure is applied for the N¢ arcs originating from right vertices. A
permutation 7 is then uniformly drawn from the space of all permutations of {1,2,..., Nc}. For
each i the arc labeled i on the left side is associated with the arc labeled m; on the right side.

Note that in this way multiple arcs may link a pair of vertices.

Theorem 3 Consider the ensemble of binary parity check matrices Ar«n described above. Let
be the ensemble averaged probability of decoding error. Let ¢ and d be integers such that

P,
3<c<d, let R21 — L/N =1—c¢/d and let

2
B=(1- R)Ee*”*K : (14)
where
1 1-—
c
If there exists 0 < v < 1/2 such that
d
Joax. {xlogD + ha(z) —(1—R)+ (1 — R)log (1 + (1 —2x) )} <0 (16)
and
R+(1—R)log(l1+(1—-27)% <C (17)
then:
Nl_glPD(%)! (1-R)"2 (1+L]J\>7)> c even
P. < (18)
—c_ D? e3¢ —c o(N
N2 2(1—D2)?(1_R) (1+ (N)) ¢ odd



The channel parameter D is defined in Theorem 1 and C is the channel capacity. Furthermore,

(16) and (17) are satisfied whenever one of the following is satisfied:

1. Given Ry < C, ¢ and d are sufficiently large and satisfy Ro < R=1—c¢/d < C.
2. Given ¢ and d (3 <c<d), D >0 is sufficiently small.

To prove the theorem we use the following lemma, which provides upper bounds to the average

spectrum of the code ensemble.

Lemma 2 Let A be a parity-check matriz drawn from an ensemble of ¢ — d regular graphs (with
the mapping from bipartite graph to parity-check matriz as defined above). Then the following
upper bounds hold: If lc is odd:

Pr(Ax = 0jw(x) =1) = 0. (19)
If lc is even:
L le '
Pr(Ax =0 =) < — 1< 2L 20
H(Ax = Ofu(x) = 1) < <,> (37) fri<¥ (20)

IN

L
(Ld +1)27F <1 - <1 — %)d> : (21)

The proof of Lemma 2 is provided in Appendix D and the proof of Theorem 3 is provided in

Pr(Ax = Ojw(x) = 1)

Appendix E.
As was noted in Section III.1, whenever c¢ is sufficiently large the ensemble is “very good”.

The Theorem also asserts (item 2) that the ensemble is “good” for any ¢ > 3.

IV A lower bound on the decoding error probability

In this section we develop lower bounds to the ensemble averaged decoding error probability
of LDPC codes. The results of this section apply to any binary-input channel, not necessarily
a symmetric-output one. Denote by e the probability of error in ML decoding of a single bit
transmitted through this channel (i.e., P, for N = 1) assuming a uniform a-priori probability,
Q(0) = Q(1) = 1/2. That is, € is the probability of error when having to make a hard decision

about a single bit. Using the notation of Theorem 1,
1 .
223" min{P(y/0), P(yl1)}
y

We term this parameter the crossover probability of the channel. In the special case of a binary

symmetric channel (BSC), this definition coincides with the standard crossover probability.



IV.1 Independent matrix elements

In this section we consider an ensemble of LDPC matrices Arxn in which the elements A; ; are
iid. with Pr(4;; = 1) = t/L, i.e., the expected weight of each column is ¢. We shall see that
in this case the probability of decoding error, P., cannot be made arbitrarily small as N — oo,
regardless of the rate. In fact, it tends to 1.

Since the probability of a 1 in each matrix element is ¢/L, the probability that a specific
column is all 0’s is (1 — %)L, which tends to e~ as L — oo. Thus for any § > 0, the probability
that a specific column is all 0’s is greater than (e~ — §) for L large enough.

Now consider a transmitted bit x; that corresponds to an all zero i-th column of A. In that
case y; is a sufficient statistic for decoding ;. In fact, z; is decoded as 0 or 1, depending on
whether P(y;|0) or P(y;|1) is larger. Thus z; is decoded with error with probability e.

Combining the two preceding arguments we get that for each x; the probability of error is at
least €(e~t — §) for N large enough, regardless of the value of the rate, R. Moreover, because the
above described events are independent for different values of ¢, the probability that all N x;’s are
correctly decoded is not greater than [1 — e(e™ — §)]"V, which tends to 0 as N — oo, indicating

that P, — 1 as N — oo.

IV.2 Independent matrix columns

In Appendix F we prove the following theorem.

Theorem 4 Consider the ensemble of binary parity check matrices A« n described in Theorem 2,
with t > 3, over a memoryless binary-input channel with crossover probability €. Denote the
ensemble averaged mazimum likelihood decoding error probability by P,. Then
N1-t/2¢ (%') (1- R)_t/2 (1 — —O%V)) t even
P.> (22)

N2 (@) (1= R)~ (1 - %) t odd

Combining Theorems 2 and 4 yields,

Corollary 1 Consider the ensemble of binary parity check matrices Ap«n described in Theo-
rem 2, over a memoryless binary-input symmetric-output channel. Suppose further that (6) and
(7) are satisfied. Denote the ensemble averaged maximum likelihood decoding error probability by
P.. Then

—log P, - % -1 t even

im = 23
N-oo logN t—2 t odd >



Perhaps the most striking feature of the corollary is that the right hand side of (23) is indepen-
dent of both R and C. This behavior stands in contrast to the various bounds on the probability
of error when using random coding, where the bound is monotonically increasing with increasing
R or decreasing C.

By Theorem 2, (6) and (7) hold when either R < C and t is large enough, or when for given
t, D > 0 is small enough.

IV.3 Codes derived from bipartite regular graphs

In this section we derive a lower bound P, for the ensemble of Section II1.2. The results are very

similar to the results of the preceding section.

Theorem 5 Consider the ensemble of binary parity check matrices Arwn described in Theorem 3,
with ¢ > 3, over a memoryless binary-input channel with crossover probability €. Denote the

ensemble averaged mazimum likelihood decoding error probability by P.. Then

€ (1 — 5)0/2 (£) (1 — R)~¢/2N1-</2 (1 - %) c even

ol
('B
%
~
N

(1= (1= Ry N (1 20) ¢ odd

The proof is provided in Appendix G.

As in the previous section, Theorems 3 and 5 yield the following corollary:

Corollary 2 Consider the ensemble of binary parity check matrices Ap«n described in Theorem
3, with ¢ > 3, over a memoryless binary-input symmetric-output channel. Suppose further that
(16) and (17) are satisfied. Denote the ensemble averaged mazimum likelihood decoding error
probability by P.. Then

—logP. | 5—1 c even

lim =
N—oo  log N c—2 ¢ odd

The discussion after Corollary 1 applies here as well.

V Expurgated ensembles

Gallager [3] expurgated the ensemble by throwing away all codes that have a small enough relative
minimum distance. We follow the same expurgation technique and show that as a result of the

expurgation, the behavior of the averaged decoding error probability changes from polynomial to

10



exponential. Thus, the original ensemble averaged error probability is dominated by a polynomi-
ally small fraction of bad codes. In fact, it turns out that when the ensemble parameter ¢ (¢ and
d) is sufficiently large, the error exponent of the expurgated ensemble gets arbitrarily close to the

random-coding exponent.

V.1 Independent matrix columns

We begin by investigating the distribution of dyiy - the minimal weight of a non-zero codeword.

Let 0 < S <y<1/2and I' =N as in Theorem 2. Then, using a union bound we have:

r
Pr(dmim <T) = Pr(3x#0:Ax=0,w(x) <I') < ZPr(EIx Ax =0, w(x) =1)
=1

L /N r
< Z(Z>Pr(AX:O|w(X):l):;Sl§51+52, (25)

=1

where 61 = Zfzj\i S; and 6y = ZlﬁvﬂN S;. 61 and &9 are very similar to o1 and oo that are
defined in the proof of Theorem 2 (see (42)). Thus their bounding is performed in an analogous
manner. It follows that if (6) is satisfied for D = 1 then 61 — 0 and g2 — 0 as N — oo. Hence
Pr(dmin <T) — 0as N — oo. Therefore, for N large enough, expurgating all codes with dpi, < T
from the ensemble does not reduce the size of the ensemble by a factor greater than 2. Denoting
quantities referring to this expurgated ensemble by a superscript ‘z’, we then have for the average

spectrum elements:

S, = 0, I<T

S; < 28, [>T

Thus by the same arguments used in the proof of Theorem 2 (setting o7 = 0§ = 0 in (42) we

have P, < 0%, where 0% is bounded by the right hand side of (52)),
—log P

Bl > BB+ GRA1) - 0

N

(26)

In particular, if (7) holds then P, decreases exponentially. Furthermore, as t, N — oo, the
right hand side of (26) approaches E,(R). Denote the LDPC ensemble by C and the expurgated
ensemble by C*. Let C° be some code drawn at random from C. Further denote the probability
of error of CY by PY. Now, for any E we have

—IOgP(? —]ogPEO 0 T 0 T

11



Next we consider the case where E < E.(R+ G(R,~t)) and show that if (6) is satisfied for D = 1
then both terms on the right hand side of (27) go to zero as N — oco. The second term satisfies
this property by (25) and the discussion that follows. We bound the first term as follows. For N

sufficiently large,

—log P? —logP?  —log(NP,
Pr(OgE<E\COEC‘t> < Pr< %8 e < o8 e)|Coecm>

N N N
— Pr(P0>NFx]COGC”C) <L
e e N
The first inequality follows from (26), and the constraint we set on E. The last inequality follows

by the Markov inequality.

We summarize our results by the following theorem.

Theorem 6 Let P0 denote the probability of decoding error of a code which is randomly chosen
from the LDPC' ensemble described in Section II1.1. Ift > 3, and in addition (6) holds for D =1,
then for any E < E.(R+ G(R,"t)),

—log P
lim Pr (c]’\g[e > E) ~ 1. (28)

N—oo

In particular, if (7) holds then E.(R+ G(R,~t)) > 0. Furthermore, ast — oo, (28) holds for any
E < E.(R).

V.2 Codes derived from bipartite regular graphs

The derivations for this ensemble are completely analogous to those of the previous section. In

this case we have:

Theorem 7 Let PY denote the probability of decoding error of a code which is randomly chosen
from the LDPC ensemble described in Section IIL.2. If ¢ > 3, and in addition (16) holds for
D =1, then for any F < E, (R—l— (1 —R)log (1 +(1- 27)d)>,

_ 0
lim Pr (kﬁpe > E) =1 (29)

N—oo

In particular, if (17) holds then E, (R + (1 - R)log (1 +(1- 27)‘1» > 0. Furthermore, as ¢ —
00, (29) holds for any E < E,(R).
V.3 A comparison with Gallager’s bound

In this section we compare the bounds on the threshold parameter of the channel, below which
reliable communication is guaranteed, when using Theorem 1 to the bounds obtained by Gallager

in [3].

12



Gallager defined an ensemble of LDPC codes parameterized by j and k, such that the weight
of each column of the parity check matrix is j and the weight of each row in this matrix is k.

Gallager obtained the following bound on the average spectrum, S; of the ensemble,
S; < C(A, N)e NBix() (30)

where A\ = 1/n,

Bis(N) = (= DAO) — 1 [u(s) + (k)2 +jsA

C(A\,N) = [2rNA(1 — )\)](1*1)/2 e(U=1)/[12X(1=A)N]

and s is the solution to A = i/(s)/k for

w(s) =1In (2_k [(1 +e )+ (1 - es)kD

Gallager obtained bounds on the error probability of the expurgated ensemble. The expurgated
ensemble satisfies S; = 0 for [ < 0; kN, where §;, is the first positive zero of Bj i ().

In order to apply Theorem 1 to Gallager’s ensemble suppose first that k is odd. We set
U={0;kN,...,7N}, and seek for the largest possible v for which

YN
> §D'—0
l:(Sj’kN

as N — oo. Let this limiting value of v be denoted by 7. Then ~g is the smallest value of A > 0
for which

—Bjx(A)+AlnD =0 (31)

The average error probability of the ensemble approaches zero as N — oo if

log
N

R+ <C (32)

for

S oN
_ 33
CTENM 1) (33)

By (33) and (30), a sufficient condition for (32) is

max —Bj ;(A)log(e) +1 — hao(N) < C (34)
A>70 ’
So far we assumed that k was odd. For even k we use the fact that the average spectrum
in Gallager’s ensemble is symmetric, i.e., S; = Sy_; (since in this case the all-one word is a

codeword). As a result, for even k£ we modify (33) so that the maximization is applied only in the

range 0N <[ < N/2.

13



We have compared our bound, which is summarized by (31) and (34), to Gallager’s bound
for the expurgated ensemble. In general, Gallager’s bound involves an optimization problem
that might not be solvable (over the function f). In order to overcome this difficulty, Gallager
suggested using some suboptimal solution, which is optimal for the BSC. In Figure 1 we compare
the threshold crossover below which reliable communication is guaranteed for various LDPC
ensembles. In Figure 2 we do the same for an additive white Gaussian noise (AWGN) channel

with standard deviation o. In this case

2

P(10) = —o=exp {—(;U;)}
We have used equations (3.42)-(3.45) in [3] for the AWGN case and equations (3.60)-(3.63) for
the BSC case (note the typo in equation (3.62): the denominator should be squared). It appears
from these results that Gallager’s bound is tighter for lower rate codes, while our bound is tighter
for higher rate codes.

Our bounds, summarized in Figures 1 and 2 apply both to the original ensemble and to the
expurgated one. As was noted above, the difference between the original and expurgated LDPC

ensembles is in the rate of decrease of the average decoding error probability.

VI Discussion

In the following, the ensembles of Sections III.1, III.2 and IV.1 are denoted by M (MacKay
ensemble), C (¢ — d regular ensemble) and B (Bernoulli ensemble) respectively.

In Theorems 2 and 3 we derive polynomial upper bounds on the probability of decoding error.
One might wonder whether (6) and (7) ((16) and (17)) are indeed necessary. These conditions
may be summarized as R < R'(C,D,t) (R < R'(C,D,d)) (where R'(-) is some function of its
arguments). The derivations which led to these conditions contained approximations that can
possibly be improved, in the sense that an enhanced function R”(C,D,t) > R'(C,D,t) exists
such that (9) holds for any R < R"(C, D,t). It is thus natural to ask whether these conditions
may ultimately be replaced simply by R < C. This is answered in the negative by Gallager
[3](Theorem 3.3), at least for the special case of the BSC and ensemble C. Denoting the BSC
crossover probability by e and defining e,=1/2(1 + (1 — 2¢)¥), Galleger’s result asserts that if each
row of the parity check matrix of some LDPC code has weight k and R > 1 — ha(e)/ha(ex), then
the probability of decoding error, P, is bounded below by a constant independent of N. Since

this is true for all codes in the ensemble, P, is also bounded away from 0 for R > 1—ha(e)/ha(eg).
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In fact, the proof in [3] holds for codes where the weight of each row in the parity check
matrix is bounded from above by k. Thus, for ensemble C, R > 1 — ha(¢)/ha(eq) implies that P,

is bounded away from 0. This means that any R”(C, D, d) must satisfy:

1 hQ(E) _
RY(C,D,d) 1= 3055 < 1= hafe) = C.

As d — 00, 1 —ha(€)/ha(eq) — C, which is consistent with the fact that (16) and (17) were shown
to hold for ¢, d large enough.

Throughout Sections III - V, the similarity between the behavior of P, in M and C is clearly
evident, when setting ¢t = ¢. Informally, this indicates that the statistical dependencies among the
parity check matrix columns of ensemble C are sufficiently small, so that the ensemble behaves
almost as if the columns were independent. For both ensembles, P, is dominated by the probability
that dpyin is equal to 1 for ¢t (¢) even, or 2 for ¢ (¢) odd. This is apparent from the following.
First, the upper bound (Section III) is dominated by the value of the term corresponding to
codewords with weight 1 (2 for ¢ or ¢ odd). Second, although only the case where dpin = 1 (2)
was considered when calculating the lower bound, it still turned out to be asymptotically tight to
the upper bound. Hence, the other terms are negligible.

Unlike M and C, for which P, behaves very similarly, B is strikingly different. For B we
showed that P, — 1 as N — oo. Hence for any 6§ < 1, Pr(P. > ) — 1 as N — oo, where
P. is the probability of error of some code drawn at random from the ensemble. This should be
compared with our result for M and C, that there exists £ > 0 such that Pr(P. < e NF) — 1
as N — o0o. The difference stems from the behavior of Pr(dpy, < ). Whereas for B we have
Pr(dmin = 1) — 1 as N — oo, for M and C we have Pr(dpy, < yN) — 0.

In fact, for high enough rates (for which the random coding, expurgated random coding and
sphere packing exponents coincide) we have shown (Theorems 6 and 7) that there exist LDPC
codes in M and C which are exponentially as good, up to a penalty which goes to 0 as t — oo, (or
¢,d — 00) as any other code. Thus, at least for these rates, arbitrarily small penalty is paid for
using such a LDPC code. Moreover, this phenomenal performance of the LDPC codes is achieved
by most codes in the respective ensemble. Thus, a random selection of a code from M or C will
almost certainly produce a code that is exponentially as good as the best possible code for that

rate (for ¢, N sufficiently large).

Appendix
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A  Proof of Theorem 1

First,
| M-1

where P, is the ensemble averaged probability of error given that the m-th codeword has been
transmitted. Now the code is linear and the channel is binary-input symmetric-output. Hence
F&m is independent of m. In particular F&m = Pe,o- Hence P, = F&o. Denote the codewords
by x; (each of length N), and let y be the output vector of the channel. For a specific code in
the ensemble, let Pel,o (P62,07 respectively) denote the probability that there exists some codeword
x such that Py(y|x) > Py(y|xo) for some codeword x with d(x,x¢) € U (d(x,xq) € U¢, respec-
tively), given that codeword x( has been transmitted. ?;0 and Péo denote the corresponding

ensemble averaged probabilities. Hence, by the union bound
= _ =5l | 52
P6§P6,0+P6,0
We use separate bounds for F;O and Fio.
A union bound is used for ?;0. Without loss of generality we assume here xo = 0, i.e.

codeword number 0 is the all-zero codeword (which is always present in a linear code). First

consider any specific code in the ensemble:
P;O = Pr(y:3i: Py(ylxi) > Pn(y|0),w(x;) € U | 0 was transmitted)

) Py (y|x;)
_ Xy:I(y)PN(ym)§zy:I(Y)PN(Y|O)i:w(§;)€U Pa(y0)”

where

1 3 w(x;) € U, Py(y|x;) > Pn(y|0)
I(y) =
0 otherwise

Adding non-negative terms may only increase the sum, hence:

Ply<Y Py(ylo) Y m = Z > \/PN (v[x:)Pn(y|0).

i w(x;)eU w(x)elU Y

Now, using (1) we have:

N
Z\/PN (¥|0) Py (y|x) = HZ\/ (y510) P(y;|x;) = DY),
j=1y;

Hence,

Ply<> sDb
leU
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where 5; is the spectrum of the code, i.e. the number of words with weight [. Now averaging the
last inequality over the ensemble of codes yields,
P.o<> 5D
leU

Next we obtain a bound for Fi,o- For that purpose we use the technique that was developed in
[11]. In the following, a code is an ordered collection of codewords. For each code C; [ =1,...,|C|
in the given ensemble C, we construct an ensemble C; of codes as follows. First generate an
ensemble C] from the given code by including all possible permutations, 7, of the order of the
codewords, where the permutations are uniformly distributed. Now generate an ensemble C;’ by
including all possible permutations, o, of the order of the symbols in the codewords (for each
code in Cj), where the permutations are again uniformly distributed. Finally, from C; we create

an ensemble C; by including all possible binary offset vectors with equal probability. That is,
¢, = {{co &v,...,cp1®v}y | {co,....cr1}t €C) veE {0,1}N}.

where v € {0,1}" is a uniformly distributed random vector. The probability of decoding error
of each code in C; is obviously equal to the probability of decoding error of the code Cj (the
probability of error is invariant to codeword and symbol permutation and also to displacement by

a fixed vector v). Now consider the ensemble C which consists of the union of the ensembles Cj, i.e.

C= U=t c| C;. The averaged probability of error of C is equal to the averaged probability of error
of the original ensemble, C. We now show, using the techniques of [11], that for (¢o,...,Cap—1) € C
Pr(¢;=x) = 27 (35)

Pr(é;=x|¢=y) < a2V whenever d(x,y) € U¢ (36)

where « is defined by (3).
To see that, note that for (cg, .. ,C'M_l) € ([, 1 # j and x # 0 we have:

1 .
—, ifxeC
Pr(ci@c,=x)={ M :
0, ifxgQ
For (cg, e ,c’](471> € (/' and ¢ # j we have:
PI‘(C;/@C;./:X) :ZLPI(C/Z@C‘;:O'(X)) :SimN
- N (M —-1)(Y)
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where m = w(x) > 0 (Since the codes are linear, we may assume without loss of generality that
c; = 0. In addition Pr(w(c}) = m) = Sy,/(M —1)). For (€o,...,Cn-1) € C; we have:
Pr(¢; =x) = ZQ_N Pr(c/=xav)=2"" (37)

v

Pr(¢;,=x|¢=y) = 2VPr(¢;i=x,¢ =7y)
= 2V 2 Npr(f @) =xmy,cf =y o)
v

Sk
(M —1)(})

where k = d(x,y) > 0. The first equality in (38) is due to (37). The third equality is due to the

= Prd/ac=xay)= (38)

total probability formula.
Averaging the last two equations yields (35)-(36) for the ensemble C.
Now set Qn(x) = 27V (the uniform distribution). Using a modified version of Gallager’s
random coding exponent derivation [4][Theorem 5.6.1], we have for the ensemble C:
—2
Poo=>_> Qn(x0)Pn(y|xo) Prlerror2|xo, y] (39)
X0 Yy
where Pr[error2|xg,y]| is the conditional probability (given that the transmitted codeword was xg
and that the received sequence was y) that there exist some codeword x,,, m # 0, such that

Pn(y|xm) > Pn(y|x0) and d(xm,%0) € U¢. Using Gallager’s enhanced union bound [4][p. 126]

we have,
r p
Prlerror2|xg,y] < Z Z Pr(¢,, = xm|Co = xo)]
| m#0 Xm ¢ PN (¥ |xm)>Pn (y|x0) , d(Xm,x0)EUC
r P
P x)\?°
< Jor-n Y et (5 ) ] (10)
L x : d(x,x0)€U* NYIXo

for any 0 < p <1 and s > 0. Note that in the second inequality we used (36). Substituting (40)
in (39) yields,

p
Pio < ap(M 1 Z ZQN Xo)PN y|X0 1 sp‘| [Z QN PN Y|X) (41)

y X0

Now using (1) and

N
n=1
n (41) (as used in [4] to derive (5.6.13) from (5.6.10)) yields

Pg,o < 9~ N maxo<p<1{Eo(p,Q)—p(L+(oga)/N)}
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where Q(0) = Q(1) = 1/2. The required result follows provided that Q(0) = Q(1) = 1/2 is the
input distribution that yields capacity for a binary-input symmetric-output channel. However the

last claim follows by a direct application of [4][Theorem 4.5.1].

B Proof of Lemma 1

The probability considered (Pr(Ax = O|w(x) = 1)) is the probability to return to the origin after
performing /¢t random-walk steps on the L-dimensional unit cube [7]. Equation (13) is by [7][Eq.
(87)].

To derive the first upper bound, consider the following experiment. Set a vector v = (v1,v2,...,vr)
of length L to 0. Then repeat the following process It times. Draw a number n uniformly from
1,2,..., L, and increase v, by one. This experiment describes the random walk process such that
at the end of the experiment, v; is the number of random walk steps in the i-th dimension. Thus
Pr(Ax = OJw(x) = [) is equal to the probability that for each 1 < i < L, v; is even. When It is
odd, this probability is obviously 0 (hence (11)).

Now consider the case where [t is even. Define an outcome of the experiment above by the
length [t vector of elements from 1,2, ..., L. If, for example, It = 2 and in the experiment, the first
draw yields 5 and the second yields 8, then the outcome would be (5,8). In this case, v5 = vg = 1
and the rest of the v;-s are zero.

The number of different possible outcomes of the experiment is L. However, if all v;’s are even,
there cannot be more than [¢/2 non-zero v;’s (since each such v; satisfies v; > 2, and Y v; = It).
Hence the number of different outcomes that correspond to a vector v with all elements even is
not greater than (1) (It/2)". This yields (12). O

1t)2

C Proof of Theorem 2

Let 8 < v < 1/2 be some real number (independent of N') which will be determined later. Defining
I' = 4N and choosing U = {1,2,...,T'}, (2) may be written as:

P, <01+ 02+ 03, (42)
where 01 = Zlﬁzj\g S,D!, oy = Z?iVﬂN S, D! and o3 = 2~ NEr(F+(log)/N) "and « is given by (3). We

first bound o7. From (12), (11) and (10) we get:

(43)



We now show that (43), (4) and (5) imply,

t
N1=3 2 Gl Rp)-i t even
I
o1 < (44)
N2_t2(11272Dz)%(1—R)_t t odd

Define

It
- ()

L I+1)t (I+1)t
fi+n) () () (52Y)
] = ™M L 7t
1)) (A1)
NI E -y Gy (5Y)
T GG ()T
N (L — % % 1 (I+1)t It \?
< z( i ) i+1) (z)
2Lt (QL—Zt)E ( 1)2“ ( It >t
< 1+2) (2L
20— R) \ It I oL
e ()
< 2(1_R)e 5T . (46)
If we require
2[% < 6_(12+61n(t/il—R)))’ (47)
we have from (46) (recall that ¢ > 3)
f+1) ¢ or_—(1248mW/A-RNye 2—2t—In(t/(1-R)) _ L
) S20-m° ¢ " TA1-R) =3<h

indicating that as long as (47) holds, f(I) is monotonically decreasing. (47) can also be written
as | < BN, where (3 is defined by (4). Hence f(I) is monotonically decreasing for | < SN. Thus

using (43) we have,

D (N\[(L\/t\' _ ND [(1-R)N]/? t ¢
01§1D<1><;> (2L> =1°D I (2(1R)N> ‘ (48)

(note that by the definition of D and the Cauchy Shwartz inequality, D < 1). If ¢ is odd then it
can be similarly shown that if (47) holds, f(I+2)/f(l) <1 for [ even. Thus f(2), f(4), f(6), ... is
monotonically decreasing, so o1 may be bounded by D?/(1 — D?) x f(2). Substituting f(2) by
(45) yields (44).
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Next we bound 3. From (13) and (10) we have:

%%( o LLf( Jo-%)

N
< 9 Z oNha2(l/N) plo—L ZeLh(j/L) (1 _ 23)

IN

02

=8N j=0 L
< (L+2)N  max $2V=0NDIE max ) (1 —22)" 5 (49)
BN<ISYN 0<z<i

where in the second inequality we used the fact that (§) < e®"(/9) (e.g. [2][Eq. (12.40)]). Hence

loirffz < 5123%{7 {hg(y) - (1-R)+ o n:fvlax {zlog D+ (1 — R)ha(x) + ytlog(l — 2x)} » + O(NN)
(50)
Thus if (6) is satisfied then oy is exponentially decreasing with N.
Finally we bound o3. From (3), (13) and (10) we have:
oN LL/2 27\
a = I}LaﬁcmPr(Ax:Om(x):l)grg%x AN 2><2 Z( ><1—L>
< (L+1) rgagogclgi(p obh2(@) (1 — 9p) < (L +1) 0;2?1(/2 9bh2(@) (1 — 9g)I*,
Taking the logarithm of o and dividing by N we thus have:
10]%70‘ < dnax (1= R)ha(e) + ytlog(1 = 22) + 0<NN) = G(R,~t) + O(NN) (51)
Substituting (51) in the expression for o3 we have:
o3 < 9~ NE-(B+G(RAt+o(N)/N). (52)

If (6) and (7) are satisfied, (50) and (52) indicate that o2 and o3 decrease exponentially with N,
whereas o1 decreases polynomially. Hence (9) follows from (44).
To prove the other parts of the theorem we first show that a sufficient condition for (6) to
hold is
ha(7) + (1= R) (log (1+e7* ) 1) <0 (53)

We begin with

Jnax {hg(y) —(1-R)+ o D;lax {zlog D + (1 — R)ha(x) + ytlog(1 — Qx)}} <

ma() = (1= B) + max {(1 = R)ho(x) + Btlog(1 - 20)) (54)

We now use the inequalities

1-2z<e ™ (55)
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and

Zax, h(z) + ax = In(1 + %), (56)

which may be verified by differentiation. Using (55) and (56) yields

oJnax {(1 = R)ha(x) + Btlog(l —2z)} < o nax {(1 = R)ha(x) — 2zftloge}

< (1-R)log (1 + 672’815/(171%)) (57)

Equations (54), (57) and (4) show that (53) is indeed sufficient for condition (6) to hold.

Now, given a rate R < C, first choose v > 0 small enough to satisfy (53) for t = 3. Then (53)
is satisfied for any ¢ > 3, since the left hand side of (53) is monotonically decreasing in ¢ for ¢t > 3
(using (5) and the fact that Int/t is monotonically decreasing in ¢ for ¢ > 3). Hence (6) is also
satisfied. It is easily seen from (8) that as ¢ — oo, G(R,~t) — 0. Hence, for ¢ large enough (7)
can be satisfied for any R < C.

Finally, given t > 3, choose v > 0 small enough to satisfy (53). Now, it is easily seen from (8)
that G(R,~t) < 1 — R. In addition, it is easy to show that as D — 0, C'— 1. Hence given R < 1,
(7) can be satisfied by setting D > 0 small enough. O

D Proof of Lemma 2

To evaluate Pr(Ax = O|w(x) = [) consider the following experiment. Let Bgx; be a binary
matrix of d rows and L columns. The matrix By, is obtained by randomly choosing lc matrix
elements set to ‘1’, with the rest of the matrix set to ‘0’. Each such matrix is chosen with an
equal probability of 1/ (%Cd) We now claim that Pr(Ax = O|w(x) = 1) is equal to the probability
that each column of B has even weight. To see that, consider the following mapping between B
and the bipartite graph corresponding to A. Each column of B corresponds to a right vertex in
the graph, and the i-th (1 < ¢ < d) element in each column is ‘1’ if the i-th arc of the respective
right vertex is connected to a left vertex that is equal to ‘1’. Thus, Ax = 0 if and only if the
corresponding B has an even weight for each column. Finally, since w(x) = [, exactly lc arcs are
connected to a left vertex equal to ‘1°.

It is clear that if [c is odd, this probability is 0 (Eq. (19)), so we now assume that [c is even.
Denote the ensemble of all matrices B such that each column has even weight by £. Let By € £.
Then each of its populated columns (columns not identically zero) contains at least two ones.

Since By has lc ones, it has at most %C populated columns. We conclude that

£l < (f) (ld> (58)
o le
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since by first choosing the populated columns (or any set of columns containing the desired one,
in case the desired number of populated columns is less than %) and then arbitrarily populating
only those columns, we can produce any desired matrix in £. The number of ways of choosing Ic

positions in B subject to no constraint is (%g) Thus from (58):

g
(2 [(L\edld—1 “d—lc+1  [L\ [lc\*
Pr(Ax — _ < lc/ _ 272 ...2 < ( )
oo =0 (£) g - () fatam-dimier = (1) i)

(the last inequality holds for I < 2L/c) which proves (20).
To prove (21), consider some By € £ again. Denote by mg the number of columns of By of
weight 0, by me the number of columns of By of weight 2, and so on. We then have
> mi=L (59)
i=0,2,...

and

Z im; = le. (60)

i=0,2,...

Conversely, for each set of integers mg, ma, ... satisfying (59) and (60) there are

SNFY)
mgo mo ... i=0,2,... g

different matrices in £ satisfying these column population values. The multinomial coefficient
enumerates all possibilities of dividing the L columns to subsets of size mg, ms,.... The binomial
coefficient (f) corresponds to choosing the ¢ bits which are set to one in each column. Since there

are (?g) ways of choosing lc bits out of Ld, we have:

1 L d\"
Pr(Ax = 0fw(x) =1) = 7= g ( > H <> . (62)
(lc) tist: mo7(7’)”;2)’“}1 (60) o ) i !
satisfying (59) an

Now consider a new ensemble F of matrices By, defined as follows. The Ld matrix elements
are i.i.d. with Pr(B;; = 1) = % Denote by Ppr the probability that a matrix from F has an
even weight for all columns. For given column population values mg, ma, ... satisfying (59), the

number of different matrices in F is given by (61). The probability of each of these matrices is

BT o

Thus, from (61) and (63) we have:

pe S (b ) I (OE D

satisfying (59)



v

Mo, ma,... mo M2 ... ) gy \1

satisfying (59) and (60) - -

— Z L d\"™
Mo, . mgo Mmoo ... i=0,2,... 1

satisfying (59) and (60) - -

<]i7)lc (1 B ]i]>Ld—lc (64)

Comparing (64) and (62) we obtain:

Pr(Ax = Olw(x) =1) < Py Kﬁcd) <zir>l (1 ) Ji[>Ldlc‘| 1

Now, for any a > b (e.g., [2][Eq. (12.40)]),

—-b b—a
@) o 1 ey 1 (b) (1 N b> _
b a+1 a+1\a a

Ld\ [ lc\ le N\ Ld—le 1
— - > .
) (-5 = (60

On the other hand, by the definition of the ensemble F, Pp can also be expressed as ([3] [p. 40,

Eq. (3.76)]) ;
d
(- (-3)

Substituting (67) and (66) into (65), yields (21). O

In particular,

E Proof of Theorem 3

Let 8 < v < 1/2 be some real number (independent of N') which will be determined later. Suppose
first that d is odd. As in the previous section, we set U = {1,2,...,T'} in (2) (I' = vN) to obtain
(42), with the same definitions of 01,09 and 3. We first bound ¢;. From (20), (19) and (10) we

have: l
o Zfzj\i D! (];[) (%) (2%) c even 8)
L= lc
lﬁzj\g,4,... D! (N) (%) (gl%) c odd

l
In Appendix C we showed that (43), (4) and (5) imply (44). The same technique can be used to

Nl_glPD(?c(l—R)_g ¢ even
g1 < (69)
Nl (1 - R)™ ¢ odd
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We now bound o2. From (21) and (10) we obtain:

W (N B 21\ N\
oy = ZDZ<Z>(Ld+1)2L<1+(1—N>>

=8N

N (Y (Ld+1)27F 1+(1—2l>d ’ (70)
5Nn§llagxwv l N

Taking the logarithm of (70) we have:

IN

loif@ < ﬁlgg?%cvxlogD + hao(z) + (1 — R) (log (1 +(1- 2x)d) - 1) + 0(]\[]\[). (71)
Finally we bound o3. From (3), (21) and (10) we have:
« = max L Pr(Ax = 0jw(x) =1) < maxi(Ld +1)2°F (1 + (1 - 2l>d>L,
>0 28N 1 >r 28N 1 N
From which we have:
lo]g\;[a <(1-R) I};algclog (1 + (1 — %>d> + O(Zif\[)'
Since d is odd, 1+ (1 — 2I/N)? is monotonically decreasing in . Hence,
8 _ (1 _ R)log (14 -29)") + O(NN) (72)
Substituting (72) into the expression for o3 we have:
o3 < 2~ NE(R+(1-R) log(1+(1-27)%)+o(N)/N) (73)

If (16) and (17) are satisfied, (71) and (73) indicate that o2 and o3 decrease exponentially in N.
Since (69) is a polynomial bound for o1, (18) follows.

So far we assumed that d was odd. Now suppose d is even. We choose U = {1,2,...,T'} U
{N-T,N—-T+1,..,N} and write P, < 3%, 0y, where 0, = Elﬁﬁngl, o9 = Z?ﬁ@Nngl7
o3 = e NE(B+(oga)/N) 5, — Zl(iﬁﬁ—)]j)Nngl’ o5 = Zlﬁ?llfﬁ)Nngl and o5 = SyDY. Now
01,02 and o3 are still bounded by (69), (71) and (73) respectively (the fact that d was odd was
only used in the derivation of (72)).

On the other hand, by the representation given at the beginning of the proof of Lemma 2, for d

even we have:

Pr(Ax = 0jw(x) =) = Pr(Ax = OJw(x) = N — ).

Thus, by comparing the term with [ = r in o; with the term with [ = N — r in o5, we see that

05 < 01 DN1=26) — 5, . o(N)/N. Similarly, o4 < 0o DNU=2Y) = 5y . o(N)/N. 06 = SyDN < DV
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which decreases exponentially with N. Thus, as N — oo, 01 remains the leading term in the
expression for P, so that once again, (18) follows.
To prove the other parts of the theorem we first note that a sufficient condition for (16) to

hold is
ha(7) + (1= R) (log (1+e7* ) 1) <0 (74)

This assertion follows from (55) and (14).

Now, given Ry < C, choose some integers ¢’ and d’, such that Ry < R=1—¢/d < C. First
set v small enough so that (74) holds for ¢/. Then set ¢ = I/, d = Id’, where I is an integer large
enough so that (17) holds. The left hand side of (74) is monotonically decreasing in ¢ for ¢ > 3.
Thus (74) is valid for any ¢ > ¢/. Hence (16) is also satisfied.

Finally, given ¢ > 3 and d, choose v > 0 small enough to satisfy (74). It is easy to show that
as D — 0, C' — 1. Hence given R < 1, (17) can be satisfied by setting D > 0 small enough. O

F Proof of Theorem 4

Suppose first that ¢ is even. Denote by Ps the probability that a specific column of A is identically
zero. Denote the index of the ¢’th flipped bit by v;, 1 < ¢ < ¢t. The number of different ways
of assigning values to vy, ...,v; is L. On the other hand, there are L(L —1)...(L —t/2 + 1)(t/2)!
possibilities to have distinct ¢/2 first components followed by the same components, possibly
permuted. However, each such assignment of v;’s corresponds to a bit-flipping sequence which

results in an all-zero column. Thus:

P, > (Lfé;w > (1 - ;L)t/z L%)Q = (;v) [(1— R)N] /2 (1 — 0(NN)> . (75)

Denote by P the probability that at least one column of A is all-zeros. Since the columns of A

are independent, we have:

Pro— 1_(1-P)¥ 31— <1 _ (;) [(1— R)N] /2 (1 _ O(N))>N

N
= (;') (1—R)""/2N1-1/2 (1 — O(NN)) .

In the last equality we used the fact that ¢ > 3. By the same argument as in Section IV.1, an
all-zero column of A implies a decoding-error with probability €, so that P, > PY, from which

(22) follows.
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Now suppose t is odd. Then Ps; = 0. Denote by P, the probability that two specific columns

of A are identical. Then using arguments similar to those that led to (75), we have,

N)
P, > Lt 1—0(>
P = < N )’

Let 1 <i < j < k<< N be four indices. Denote by A.; the i’th column of A. Let PJ’C be the
probability that A; = A.; and A.;, = A, for the case j < k. Similarly, let PJ’/ be the corresponding

probability for the case j = k. Since the columns are independent, we have:
) L 2 L —A4t o t4t
P =P < - <L7%——
d p‘(t) (t) R

P]/c/ is equal to the probability that three distinct specific columns of A are identical. Define

using (12) with [ = 2.

three i.i.d. random vectors, u, v and w, chosen in the same manner used to generate vector
v (with [ = 1) in the proof of Lemma 1 in Appendix B. Further define s = u+ v + w. P]’c’
is the probability that for each 1 < n < L, u,, v, and w, have the same parity. This implies
sp # 1. Since Y, s, = 3t, there are at most (3¢t — 1)/2 non-zero elements in s. Thus, whereas
L3 equiprobable sequences of bit flips constitute the probability space by which u, v and w (and

hence also s) are defined, not more than ((3t _Ll) /2)[(3t —1)/2]3" yield an s which complies with

( L ) (32 3t 3t—1)%
3L 2 3t+1 2

I3t 3t—1 |'

7!

Denote by Pj' the probability that A has at least one pair of identical columns. Let us denote by

this constraint. Thus:

/!
P} <

E; the event that the ¢’th pair of columns are identical, 1 < < (g ). Then

P;; > ZPY(Ei)—ZPI"(E,‘ﬂEj) = <];7>Pp_ (ZZ)(N_z)PN_ ;(g) <N2_2>P}

1<j

3t—1 3t
> N -yt (1- 20 N?’Ngt;l(%l))! NN

for t > 3. A pair of identical columns corresponds to a weight 2 codeword. By an argument
analogous to that in Section IV.1, a decoding-error for such codeword occurs with probability of

at least €. Thus, P, > PY¢?, from which (22) follows. O
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G Proof of Theorem 5

Only the case of ¢ even is given here since the proof for odd c is completely analogous to that of
even ¢ and to the proof for odd ¢ in Appendix F. Denote by Ps the probability that a specific
column of A is zero. On the bipartite graph this corresponds to the probability that there is an
even number of arcs between some specific left vertex (vertex on the left-hand side of the graph),
u, and every right vertex. Denote by v;, 1 <1 < ¢, the right vertices which are directly connected
to u by arcs.

The number of different ways of assigning values to vy, ..., v. is Ld(Ld—1)...(Ld—c¢+1). There
are Ld[(L—1)d]...[(L—c/2+1)d] x [¢/2(d—1)][(¢/2—1)(d —1)]...[d — 1] ways to have the first ¢/2
arcs go to distinct vertices on the right, and the last ¢/2 arcs go to the same ¢/2 vertices on the
right, possibly in a permuted order. In each such assignment of v;’s the number of arcs connecting
u and any right vertex is either 0 or 2, so that each such graph corresponds to an all-zero column
in the corresponding parity-check matrix. Thus:

P, >
- (Ld)e

d/*(L — ¢/2)/*(d — 1)/2§! ( 1)0/2
B d

SN (- B2 (1- O(NN)>

Now denote by P; the probability that two specific columns of A are all zero. Such a matrix
corresponds to a bipartite graph for which two specific left vertices are connected to each right
vertex with an even (possibly zero) number of arcs. Thus, no more than ¢ right vertices are
connected to these two left vertices. Therefore, the number of different assignments of arcs to the
two left vertices is not larger than (ﬁ) (ed)?¢, whereas the number of unconstrained arc assignments
to the two vertices is (Ld)(Ld — 1)...(Ld — 2¢ 4+ 1). Thus, we have

E)ed>  Loed?
Fas g =202 = =202 =

O(N~).

Finally, denote by P! the probability that at least one column of A is all-zeros. Then:

o(N)

P > NP, — <‘Z>Pd >N (1 - 1)c S1[(1 — R)N] ¢/ (1 —

— N?*O(N~©
d) 2 > ( )
which implies (24) for ¢ > 3. O
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Figure 1: Lower bounds to the maximum correctable crossover on a BSC when using Gallager’s

bound (circles) and when using the new bound (squares)
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Figure 2: Lower bounds to the maximum correctable standard deviation on an AWGN channel

when using Gallager’s bound (circles) and when using the new bound (squares)
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