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Abstract

We propose a framework for studying property testing of collections of distributions, where the number of
distributions in the collection is a parameter of the problem. Previous work on property testing of distribu-
tions considered single distributions or pairs of distributions. We suggest two models that differ in the way
the algorithm is given access to samples from the distributions. In one model the algorithm may ask for a
sample from any distribution of its choice, and in the other the choice of the distribution is random.

Our main focus is on the basic problem of distinguishing between the case that all the distributions in
the collection are the same (or very similar), and the case that it is necessary to modify the distributions in
the collection in a non-negligible manner so as to obtain this property. We give almost tight upper and lower
bounds for this testing problem, as well as study an extension to a clusterability property. One of our lower
bounds directly implies a lower bound on testing independence of a joint distribution, a result which was

left open by previous work.
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Chapter 1

Introduction and Results

1.1 Introduction

In recent years, several works have investigated the problem of testing various properties of data that is
most naturally thought of as samples of an unknown distribution. More specifically, the goal in testing a
specific property is to distinguish the case that the samples come from a distribution that has the property
from the case that the samples come from a distribution that is far (usually in terms of ¢; norm, but other
norms have been studied as well) from any distribution that has the property. To give just a few examples,
such tasks include testing whether a distribution is uniform [GROO, [Pan08|] or similar to another known
distribution [BFR™], and testing whether a joint distribution is independent [BFFT01]. Related tasks con-
cern sublinear estimation of various measures of a distribution, such as its entropy [BDKRO5, I(GMV09] or
its support size [RRSS09|]. Recently, general techniques have been designed to obtain nearly tight lower
bounds on such testing and estimation problems [ValO8al [ValO8bl].

These types of questions have arisen in several disparate areas, including physics [Mag1), ISKSB9S|
NBSO04]], cryptography and pseudorandom number generation [Knu69], statistics [Csi67, [Har75, IWWO95|
Pan04, [Pan08, [Pan03l], learning theory [[Yam93l, property testing of graphs and sequences (e.g.,[GROO,
CS07, IKS08, INSO7, IRRRSO7, [EMOS]) and streaming algorithms (e.g., [AMS99, [EKSV99, [FS00, GM V09,
CMIMO3|, [CK04, BYJK 02, TM08, BO10a, BO10b, BO0S, TKOS09])). In these works, there has been
significant focus on properties of distributions over very large domains, where standard statistical techniques
based on learning an approximation of the distribution may be very inefficient.

In this work we consider the setting in which one receives data which is most naturally thought of
as samples of several distributions, for example, when studying purchase patterns in several geographic
locations, or the behavior of linguistic data among varied text sources. Such data could also be generated
when samples of the distributions come from various sensors that are each part of a large sensor-net. In these
examples, it may be reasonable to assume that the number of such distributions might be quite large, even

on the order of a thousand or more. However, for the most part, previous research has considered properties



of at most two distributions [BFR™ 10, [Val08a]. We propose new models of property testing that apply
to properties of several distributions. We then consider the complexity of testing properties within these
models, beginning with properties that we view as basic and expect to be useful in constructing building
blocks for future work. We focus on quantifying the dependence of the sample complexities of the testing
algorithms in terms of the number of distributions that are being considered, as well as the size of the domain

of the distributions.

1.1.1 Our Contributions
The Models

We begin by proposing two models that describe possible access patterns to multiple distributions
Dy, ..., Dy, over the same domain [n|. In these models there is no explicit description of the distribu-
tion — the algorithm is only given access to the distributions via samples. In the first model, referred to as the
sampling model, at each time step, the algorithm receives a pair of the form (i, j) where i € [n] is distributed
according to D; and j is selected uniformly in [mn]. In the second model, referred to as the query model, at
each time step, the algorithm is allowed to specify j € [m] and receives i that is distributed according to
Dj. It is immediate that any algorithm in the sampling model can also be used in the query model. On the
other hand, as is implied by our results, there are property testing problems which have a significantly larger
sample complexity in the sampling model than in the query model.

In both models the task is to distinguish between the case that the tested distributions have the property
and the case that they are e-far from having the property, for a given distance parameter €. Distance to the
property is measured in terms of the average /;-distance between the tested distributions and the closest
collection of distributions that have the property. In all of our results, the dependence of the algorithms on
the distance parameter ¢ is (inverse) polynomial. Hence, for the sake of succinctness, in all that follows we
do not mention this dependence explicitly. We note that the sampling model can be extended to allow the
choice of the distribution (that is, the index j) to be non-uniform (i.e., be determined by a weight w;) and

the distance measure is adapted accordingly.

Testing Equivalence in the sampling model

One of the first properties of distributions studied in the property testing model is that of determining whether
two distributions over domain [n] are identical (alternatively, very close) or far (according to the ¢; -distance).
In [BFR™10], an algorithm is given that uses O(nQ/ 3) samples and distinguishes between the case that the
two distributions are e-far and the case that they are O(e//n)-close. This algorithm has been shown to
be nearly tight (in terms of the dependence on n) by Valiant [Val08bl]. Valiant also shows that in order
to distinguish between the case that the distributions are e-far and the case that they are (3-close, for two
constants € and 3, requires almost linear dependence on n.

Our main focus is on a natural generalization, which we refer to as the equivalence property of distribu-

tions D1, ..., D,,, in which the goal of the tester is to distinguish the case in which there is a distribution



D* for which L 3™ ||D; — D*||; < poly(e)/\/n, from the case in which there is no distribution D*
for which % >ty IDi — D*||1 < e. To solve this problem in the (uniform) sampling model with sample
complexity O~(n2/ 3m) (which ensures with high probability that each distribution is sampled Q(nQ/ 3logm)
times), one can make m — 1 calls to the algorithm of [BFRT10] to check that every distribution is close to
D;.

OUR ALGORITHMS. We show that one can get a better sample complexity dependence on m. Specifically,
we give two algorithms, one with sample complexity O(nQ/ Sm1/3 4 m) and the other with sample complex-
ity O(n'/?>m'/2+n). The first result in fact holds for the case that for each sample pair (4, 7 ), the distribution
D; (which generated ¢) is not selected necessarily uniformly, and furthermore, it is unknown according to
what weight it is selected. The second result holds for the case where the selection is non-uniform, but the
weights are known. Moreover, the second result extends to the case in which it is desired that the tester pass
distributions that are close for each element, to within a multiplicative factor of (1 4 €/c) for some constant
¢ > 1, and for sufficiently large frequencies. Thus, starting from the known result for m = 2, as long as
n > m, the complexity grows as O(n?3m!'/3 4+ m) = O(n*3m!/3), and once m > n, the complexity is
O(n'2m1/2 4 n) = O(n'/?m!/2) (which is lower than the former expression when m > n).

Both of our algorithms build on the close relation between testing equivalence and testing independence
of a joint distribution over [n] x [m] which was studied in [BEET01]. The O(n?3m!/? + m) algorithm
follows from [BFET01] after we fill in a certain gap in the analysis of their algorithm due to an imprecision
of a claim given in [BFR"10]. The O(nl/ Zm1/2 4 n) algorithm exploits the fact that j is selected uniformly
(or, more generally, according to a known weight w;) to improve on the O(n2/ 3ml/3 4 m) algorithm (in

the case that m > n).

ALMOST MATCHING LOWER BOUNDS. We show that the behavior of the upper bound on the sample com-
plexity of the problem is not just an artifact of our algorithms, but rather (almost) captures the complexity
of the problem. Namely, we give almost matching lower bounds of Q(n?/3m!/3) for n = Q(mlogm) and
Q(n'/?m1/2) (for every n and m). The latter lower bound can be viewed as a generalization of a lower
bound given in [BFR™10], but the analysis is somewhat more subtle.

Our lower bound of Q(nZ/ 3mlt/ 3) consists of two parts. The first is a general theorem concerning
testing symmetric properties of collections of distributions. This theorem extends a central lemma of
Valiant [ValO8b]] on which he builds his lower bounds, and in particular the lower bound of Q(nz/ 3) for test-
ing whether two distributions are identical or far from each other (i.e., the case of equivalence for m = 2).
The second part is a construction of two collections of distributions to which the theorem is applied (where
the construction is based on the one proposed in [BFFT01] for testing independence). As in [ValO8b], the
lower bound is shown by focusing on the similarity between the typical collision statistics of a family of
collections of distributions that have the property and a family of collections of distributions that are far
from having the property. However, since many more types of collisions are expected to occur in the case

of collections of distributions, our proof outline is more intricate and requires new ways of upper bounding



the probabilities of certain types of events.

Testing Clusterability in the query model

The second property that we consider is a natural generalization of the equivalence property. Namely, we
ask whether the distributions can be partitioned into at most k subsets (clusters), such that within in cluster
the distance between every two distributions is (very) small. We study this property in the query model,
and give an algorithm whose complexity does not depend on the number of distributions and for which the
dependence on 7 is O(nz/ 3). The dependence on k is almost linear. The algorithms works by combining the
diameter clustering algorithm of [ADPRO3] (for points in a general metric space where the algorithm has
access to the corresponding distance matrix) with the closeness of distributions tester of [BFR™10]. Note

that the results of [ValO8bl] imply that this is tight to within polylogarithmic factors in n.

Implications of our results

As noted previously, in the course of proving the lower bound of Q(nQ/ 31/ 3) for the equivalence prop-
erty, we prove a general theorem concerning testability of symmetric properties of collections of distribu-
tions (which extends a lemma in [ValO8b]). This theorem may have applications to proving other lower
bounds on collections of distributions. Further byproducts of our research regard the sample complexity
of testing whether a joint distribution is independent, More precisely, the following question is considered
in [BFRT10]: Let Q be a distribution over pairs of elements drawn from [n] X [m] (without loss of general-
ity, assume n > m); what is the sample complexity in terms of m and n required to distinguish independent
joint distributions, from those that are far from the nearest independent joint distribution (in term of ¢; dis-
tance)? The lower bound claimed in [BFFT01]], contains a known gap in the proof. Similar gaps in the lower
bounds of [BFR™10] for testing the closeness of distributions and of [BDKRO3|| for estimating the entropy
of a distribution were settled by the work of [[ValO8b], which applies to symmetric properties. Since inde-
pendence is not a symmetric property, the work of [Val08b] cannot be directly applied here. In this work, we
show that the lower bound of Q(nQ/ Sm1/ 3) indeed holds. Furthermore, by the aforementioned correction of
the upper bound of O(nQ/ 3m1/3) from [BFFT01], we get nearly tight bounds on the complexity of testing

independence.

1.1.2 Related Work

In all the following algorithms, unless otherwise stated, the distance measure is the /;-norm, the dependence
on 1/€, where € is a distance parameter, is polynomial and all the lower bounds are for constant €.
Distance Approximation

There are two models which have been studied. In both models the algorithm is given a pair of distributions

p and q and distance parameters 0 < a < (. The algorithm should accept (with high probability) if p and



q are a-close, and should reject (with high probability) if the p and q are 3-far (where the distance measure
is part of the problem definition). When o > 0 we refer to the tester as a tolerant tester.

In the setting of Identity Testing, the algorithm is given sample access to p and an explicit description
of q. A special case of Identity testing is Uniformity Testing, where the fixed distribution, q, is the uniform
distribution. Goldreich and Ron [[GRO0] studies Uniformity Testing in the context of approximating graph
expansion. They show that counting pairwise collisions in a sample is closely related to approximating the
£2-norm of the probability distribution from which the sample was drawn from. They observe that though
the pairwise collisions are not entirely pairwise independent, there is still enough “independence” in the
sample to give a good bound on the variance of the variable which counts the number of collisions. Using
Chebyshev’s inequality they prove that their algorithm, which takes a sublinear sample of size O(nl/ 2+7)
from p, approximates ||p||3 within a factor of 1 + (n~7/2/4). Approximating ||p||3 allows them to test
Uniformity (for a = 0), since ||p||3 is minimal when p is uniform. Batu et al. [BFRT] note that running
the [GROO|] algorithm with O(\/ﬁ) samples yields an algorithms for uniformity testing in the ¢;-norm for
« = 0. Paninski [Pan08]] gives an optimal algorithm in this setting that takes a sample of size O(y/n/3?)
and proves a matching lower bound of €2(y/n/3%). Paninski proves that the expected number of elements
with only one occurrence in the sample is much higher when p is uniform than in any (-far from uni-
form distribution. Bounding the corresponding variance via the Efron-Stein inequality, allows him to apply
Chebyshev’s inequality and to obtain the desired result. Valiant [[ValO8a] shows that a tolerant tester for
uniformity (for constant ) would require n'~°(1) samples.

A general algorithm for Identity Testing was developed by Batu et al. [BFFT01] (for the case that
a = Q(ﬂ3 /v/n)) as a tool for testing independence of two random variables. They show an algorithm
that takes only O(y/n) samples and that (almost) matches the lower bound of Q(+/7) (the lower bound is
obtained by the fact that Uniformity Testing is a special case of Identity Testing). Their algorithm partitions
the domain into subsets in which q is almost uniform on, and then rejects if the /2-norm of p restricted to
each such subset is too big.

In the setting of Closeness Testing, the algorithm is given sample access to p and q. In this setting Batu
et al. [BFR™] give an algorithm that tests (for « = (3/2) whether a pair of distributions, p and q, is close
in the /3-norm by counting the number of collisions between a set of samples from p and a set of samples
from q. The sample complexity of their algorithm depends only on 1/(. For the ¢;-norm distance measure,
they give an algorithm for & = (3/(4y/n). They achieve sample complexity of O(nQ/ 3) by handling heavy
(with high frequency) and light (with low frequency) elements separately. Valiant [ValO8al] shows that their
algorithm is essentially optimal. Specifically, he proves a lower bound of Q(ng/ 3) based on two families
of pairs of distributions suggested in Batu et al. [BFRT]. He shows that any algorithm that takes o(n?/3)
samples can’t distinguish between the two families. In the first family all pairs of distributions are identical.
In each pair of distributions there are heavy elements and light elements. In the second family, in each pair
of distributions, the distributions are identical on the heavy elements and different on the light elements.

The fact that it is much more likely for a heavy element to be sampled more than once (than a light element)



makes it hard to distinguish between the two families.

Independence Testing

In the setting of Independence Testing, the algorithm is given samples drawn from a joint distribution over
[n] x [m] of two random variables. The algorithm should accept (with high probability) if the random vari-
ables are independent, and should reject (with high probability) if the random variables are far from being
independent. Batu et al. [BFFT01] studies the problem of Independence Testing. They observe that Indepen-
dence Testing is equivalent to Closeness Testing between the joint distribution and the product distribution
of the marginal distributions. This alone provides them with an upper bound of O(nz/ 3?2/ 3). In order to
reduce the complexity to O(nQ/ Sml/ 3) for n > m (which is essentially optimal, as we show in this thesis),
they obtain a multiplicative approximation of the marginal distributions and get a good approximation for
the heavy elements in [n] and for all the elements in [m]. The domain restricted to the heavy elements is
divided to almost uniform subsets of elements. Every subset of [n] and subset of [m] correspond to a rect-
angle in [n] x [m]. Each rectangle is tested by uniformity testing using a filtering scheme to correct for the
fact that the matching product distribution is not entirely uniform. The closeness between the distribution
restricted to the light elements and the product distribution is tested by a Closeness tester that achieves better

complexity as a function of the bound on the L.,-norm of the tested distributions.

Entropy Approximation

Batu et al. [BDKRO3S] studies Entropy Approximation. They give an algorithm that for every v > 1 and
every distribution that has Q(v/n) entropy, takes O(n!™/7* log n) samples, where > 0 is an arbitrarily
small constant, and returns a y-multiplicative approximation of the entropy, i.e. if = is the entropy and y is
the output of the algorithm then: z/v < y < ~x. They prove a lower bound of Q(nl/ 2”/2) samples for a class
of distributions that their algorithm applies to. This proves that accepting distributions with entropy less than
o and rejecting distributions with entropy greater than 3, for sufficiently large 0 < o« < 8 < 1, can be done
in n®/B+o(1) samples. Valiant [Val08al] shows a nearly matching lower bound of n®/#~°(1) for this problem.
Batu et al. [BDKRO5] also show that it is impossible to approximate small entropy via sampling. This leads
to the “combined oracle” where both samples and direct access to the probability function are allowed. In
the combined oracle model they give an algorithm that for every v > 1 and every distribution that has Q(h)
entropy, takes O(}Z;(lvoifi)’;) queries and obtains a y-multiplicative approximation of the entropy and a lower
bound of logn ) queries. Guha et al. [GMV09]] apply the same concept introduced in [BDKRO5]] and

h(y2-1)
give an improved algorithm in the combined oracle model that matches the lower bound in [BDKRO3].

Monotonicity and Unimodality Testing

Batu et al. [BKRO04] studies Monotonicity and Unimodality Testing of a distribution over a totally ordered

set. They observe that a monotone distribution can’t be divided into many intervals all which are far from



uniform. Their algorithm takes sample of size O(\/ﬁ) and bisects the domain recursively until all intervals
are close to uniform or until there are too many intervals. They prove a lower bound of Q(,/n) by reducing
Testing Uniformity of a distribution to testing both increasing-monotonicity and decreasing-monotonicity
of the distribution. Bhattacharyya et al. [BERV10] studied Monotonicity Testing of a partially ordered set
(poset). They prove a lower bound of n'~°(!) on a specific family of posets and prove that this result extends
to other families of posets. Though monotinicity is a non-symmetric property, in the proof of their lower

bound they use techniques developed in [Val08a] for symmetric properties of distributions.

Testing Properties of Monotone Distributions

Some properties can be tested more efficiently when the underlying distribution(s) is (are) monotone. Ru-
binfeld and Servedio [RS04]] show that approximating the entropy for monotone distributions over partially
ordered set can be done by taking poly(log n) samples, which is exponentially fewer than in the case that the
distribution is not known to be monotone. They give an algorithm for testing whether an unknown mono-
tone distribution over n-dimensional Boolean cube is uniform or far from uniform that uses O(n) samples,
which is logarithmic in the size of the domain, and prove that is optimal up to poly(logn) factors. They
define the bias of an element of the Boolean cube to be the sum of its bits. The expected bias of elements
drawn from the uniform distribution is 0 while the bias of elements drawn from a distribution that is e-far
from the uniform distribution is at least . Thus approximating the bias allows them to test Uniformity. Batu
et al. [BKRO4] give exponentially faster (than in the case that monotonicity is not guaranteed) algorithms
for Closeness Testing, Independence Testing and entropy approximation of monotone distributions over a

totally ordered set that take only poly(logn) samples.

Distribution Support Size Approximation

Raskhodnikova et al. [RRSS09] studies Distribution Support Size Approximation. When each element in

the distribution appears with probability at least 1/n they prove a lower bound of nt—o)

samples for
additive error approximation of the distribution support size. They prove that the lower bound can be derived
from a lower bound for the “Distinct Elements” problem. In the proof of the lower bound for “Distinct
Elements” they define “frequency variables” to be the number of times a color appears in the string when
the color is chosen uniformly. They prove that if they come up with two frequency variables that have
¢ proportional moments then any tester that doesn’t look at the statistics of k-collisions for k& > £ can’t
distinguish between the two strings that corresponds to the two frequency variables. They prove their lower
bound by constructing such frequency variables that have very different expectations which translate to
different number of distinct elements. The lower bound on the distribution support size has implications also
for the problem of approximating the compressibility of a string according to the Lempel-Zip Compression
scheme. This is due to Raskhodnikova et al. [RRRSQ7] that prove that Distinct Elements approximation is

reducible to Lempel-Zip compressibility approximation.



Symmetric Properties

Valiant [ValO8al] studies the general problem of testing any symmetric property. Valiant gives a character-
ization of the optimal tester for a large class of properties, namely the symmetric properties that satisfy a
continuity condition. This tester is referred to as the “Canonical Tester”. The sample complexity depends
on the specific property being tested. The optimality of the Canonical Tester in terms of sample complexity
allows one to prove general lower bounds (as mentioned above) by proving lower bounds on the sample

complexity of the Canonical Tester.

1.1.3 Other related work

Other works on testing and estimating properties of (single or pairs of) distributions include [BatO1}
AAKT07, RXT10, BNNR09, [ACS10, [ATORQ9].

1.1.4 Open Problems and Further Research

There are many interesting directions to pursue concerning the testing of properties of collections of dis-
tributions, and because of the applicability of the model to a wide range of circumstances, we expect that
new directions will present themselves. Here we give a few examples: One natural extension of our re-
sults is to give algorithms for testing the property of clusterability for £ > 1 in the sampling model. One
may also consider testing properties of collections of distributions that are defined by certain measures of
distributions, and may be less sensitive to the exact form of the distributions. For example, a very basic
measure is the mean (expected value) of the distribution, when we view the domain [n] as integers instead of
element names, or when we consider other domains. Given this measure, we may consider testing whether
the distributions all have similar means (or whether they should be modified significantly so that this holds).
It is not hard to verify that this property can be quite easily tested in the query model by selecting ©(1/¢)
distributions uniformly and estimating the mean of each. On the other hand, in the sampling model an
Q(y/m) lower bound is quite immediate even for n = 2 (and a constant €). We are currently investigating
whether the complexity of this problem (in the sampling model) is in fact higher, and it would be interesting

to consider other measures as well.

1.2 Preliminaries

Let [n] f {1,...,n},andlet D = (Dq,..., Dy,) be alist of m distributions, where D; : [n] — [0, 1] and
> Dj(i) = 1forevery 1 < j < m. Foravector v = (vq,...,v,) € R" let |v|; = >, |v;] denote
the /1 norm of the vector v.

For a property P of lists of distributions and 0 < e¢ < 1, we say that D is e-far from (having) P if
1 >ii1 IDj = Dilli > e forevery list D* = (D7, ..., Dy,) that has the property P (note that | D; — D |4

is twice the the statistical distance between the two distributions).



Given a distance parameter e, a testing algorithm for a property P should distinguish between the case
that D has the property P and the case that it is e-far from P. We consider two models within which this

task is performed.

1. The Query Model. In this model the testing algorithm may indicate an index 1 < 5 < m of its

choice and it gets a sample ¢ distributed according to D;(3).

2. The Sampling Model. In this model the algorithm cannot select (“query”) a distribution of its
choice. Rather, it may obtain a pair (i,j) where j is selected uniformly (we refer to this as the

Uniform sampling model) and i is distributed according to D; ().

We also consider a generalization in which there is an underlying weight vector w = (w1, ..., wy,)
(where Z;nzl w; = 1), and the distribution D; is selected according to w. In this case the notion of
e-far needs to be modified accordingly. Namely, we say that D is e-far from P with respect to w if

> e wj - [|Dj — Dj|l1 > e forevery list D* = (D7,..., D;,) that has the property P.

We consider two variants of this non-uniform model: The Known-Weights sampling model, in which

w is known to the algorithm, and the Unknown-Weights sampling model in which w is known.

A main focus of this work is on the following property. We shall say that a list D = (D; ... D,,) of m
distributions over [r] belongs to Pry', (or has the property Ppyly) if Dj = Djs forall 1 < j, ' < m.

10



Chapter 2

Equivalence Testing

2.1 A Lower Bound of 2(n?3m'/3) for Testing Equivalence in the Uniform

Sampling Model when n = Q(mlogm)

In this section we prove the following theorem:

Theorem 1 Any testing algorithm for the property Py, in the uniform sampling model for every e < 1/20

and for n > cmlogm where c is some sufficiently large constant, requires Q(nz/ 3mt/ 3) samples.

The proof of Theorem [I] consists of two parts. The first is a general theorem (Theorem [2) concerning
testing symmetric properties of lists of distributions. This theorem extends a lemma of Valiant [ValO8b)
Lem. 4.5.4] (which leads to what Valiant refers to as the “Wishful Thinking Theorem”). The second part
is a construction of two lists of distributions to which Theorem [2]is applied. Our analysis uses a technique
called Poissonization [Szp0O1] (which was used in the past in the context of lower bounds for testing and
estimating properties of distributions in [RRSS09, [ValO8a, [ValO8bl), and hence we first introduce some

preliminaries concerning Poisson distributions.

2.1.1 Preliminaries concerning Poisson distributions

For a positive real number )\, the Poisson distribution poi()) takes the value x € N (where N =
{0,1,2,...}) with probability poi(z;\) = e *\/x!. The expectation and variance of poi(\) are both
A. For A1 and Ay we shall use the following bound on the ¢; distance between the corresponding Poisson

distributions (for a proof see for example [RRSS09, Claim A.2]):
[poi(A1) — poi(A2)[l1 < 2[A1 — Aof . (2.1)

For a vector A = (Aq,...,Aq) of positive real numbers, the corresponding multivariate Poisson dis-

tribution poi(A) is the product distribution poi(A;) X ... x poi(Ag). That is, poi(\) assigns each vector
F=ux...,1q € N? the probability Hle poi(zi; As).

11



We shall sometimes consider vectors X whose coordinates are indexed by vectors @ = (a1, ...,am) €
N, and will use X(@) to denote the coordinate of X that corresponds to @. Thus, poi(X(@)) is a univariate
Poisson distribution. With a slight abuse of notation, for a subset I C [d] (or I C N™), we let poi(X(I))
denote the multivariate Poisson distributions restricted to the coordinates of X in I.

For any two d-dimensional vectors 2= (AT, .., )\j) and \~ = (A1,--.,A;) of positive real values,

we get from the proof of [ValO8b, Lemma 4.5.3] that,

Hpm (X*) — poi(X H ZHpm /\+ — poi(A; )H , (2.2)

for our purposes we shall use the following generalized lemma.

Lemma 1 For any two d-dimensional vectors 2= (AT, /\j) and X\~ = (A1,---,A,) of positive real

values, and for any partition {1;}¢_, of [d],

Hp‘“ ) = poi(X H ZHPOI (A (I poi(X’(Ii))“l- (2.3)

Proof: Let {I;}’_, be a partition of [d], by the triangle inequality we have that for every k € [¢],

| poi(x*) = poi(i7) |

= ) Ipoi(ir,... ig; A7) = poi(it, ... iq; A7) (2.4)
il,..‘idGNd

= Z H poi(ij; A j H poi(ij; A j (2.5)
i1,...ig€NA |j€[d] j€ld]

< Z H poi(ij7 H poi(ij; A ] H poi(ij; A J (2.6)
i1,...ig €N | j€[d] JEd\ Ik J€lk

+ Z H poi(ij; A j H poi(ij; A J H poi(ij; A 2.7
i1,...ig€NY |j€[d]\ I JEI, JEld]

= |[poi(X* (1)) = poi(X™ (1)|| + ||poi(X* (1] \ 72)) ~ poi(X~([d 1\@))(\ L@y

Thus, the lemma follows by inductionon /. W

Lemma 2 For any two d-dimensional vectors Xt = (A, A)) and X = (A1,---,A,) of positive real
values,
- - (A7 —Ah)2
i(0) = poi(X )| <2, [2) 2
|poi(X*) = poi(X)|| < Z " (2.9)

12



Proof: In order to prove the lemma we shall use the KL-divergence between distributions. Namely, for two

distributions p; and po over a domain X, Dk, (p1||p2) def > wex Pi(x) - In plgxg Let A\t =

and X~ = (\] .. A, ). Then,

Dict. (poi(X*)[lpoi(A™) )

- (i1, ... 0q; AT
= Z pOi(ily---,id; )\+)'11’1p0T<Z.17 7Z'd7 - )
i1,...igENA pOI(Zlv <o lds >\_)
d
= Z poi(il,...,id;)\+ Z < )\+/)\ >
’i1,...id€Nd :

d
= > > (voili,. .
J=14q,.45€Nd
d

=Y X I e

J=141,...iqeN4 ke[d)\{5}

- Yy (poi(iji X))

j=1i;eN

d
= 3 (5 =X+ A7 (/)

1

das X0 (O = AN+ O /A])) )

: (()\j_ —A) i 1n(Aj+/Aj—)))

<.
Il

M=~

((A; AN AT (/AT - 1))
1

.
Il

- _\h)2
(OF =)

— M
1 )‘j

I
M~

.
I

A AD)

(2.10)

2.11)

2.12)

(p01(lj, Aj)((A; A 4 1n(Aj/Aj—))) (2.13)

(2.14)

(2.15)

(2.16)

2.17)

where in Equation (2.16) we used the fact Inz < x — 1 for every « > 0, and in Equations (2.13)) and (2.14)
we used the facts that ZieN poi(i;A) = land ), poi(3;A) - = A. The ¢; distance is related to the

KL-divergence by ||D — D'||; < 24/2Dxy, (D||D’) and thus we obtain the lemma. W
Lemma 3 Let X ~ poi()\), then, Pr[X < \/2] < (3/4)M*.

Proof: Consider the matching between j and j + \/2 for every j =0, ...

13
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between poi(j; A) and poi(j + \/2; \):

poi(j +A/2;0) e N2 (4 A /2)! 2.18)
poi(j;A) e~ M /j! '
)\A/Q

= 2.19
GFNDGFA2Z— 1 G+ @
A A A
T2 jHA2-1 1 (2.20)
A A A
S a1 a2 a2 (221
A\ 2/4
> <(3/4)A> (2.22)
— (4/3)>\/4 (2.23)
This implies that
PriX < \/2] PriX < \/2]

Pr[X < )\/2] = PrA/2< X <) < < (3/MY ) (2.24)

Pr[A/2 < X < )] PriA/2 < X < )]

and the proof is completed. W

The next two notations will play an important technical role in our analysis. For a list of distributions

D = (D;...Dy,), an integer  and a vector @ = (ay, ..., an,) € N, let
m
pPr(i; @) & H poi(a;; k- Dj(i)) . (2.25)
j=1

That is, for a fixed choice of a domain element ¢ € [n], consider performing m independent trials, one for
each distribution D, where in trial j we select a non-negative integer according to the Poisson distribution
poi(A) for A = & - D;(i). Then pP*(i; @) is the probability of the joint event that we get an outcome of a;

in trial j, for each j € [m]. Let XD+ be a vector whose coordinates are indexed by all @ € N™, such that

n
NP (@) = " pPr(id) . (2.26)
i=1
That is, A\P+%() is the expected number of times we get the joint outcome (a1, . . . , a) if we perform the

probabilistic process defined above independently for every i € [n].

2.1.2 Testability of symmetric properties of lists of distributions

In this subsection we prove the following theorem (which is used to prove Theorem I)).

Theorem 2 Let D and D~ be two lists of m distributions over [n), all of whose frequencies are at most
0

—— where k is some positive integer and 0 < 6 < 1. If

Hpoi (XD+’”> — poi (XDi’“)
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then testing in the uniform sampling model any symmetric property of distributions such that DT has the

property, while D~ is Q(1)-far from having the property requires Q(rk - m) samples.

For an element i € [n] and a distribution D, j € [m], let o; ; be the number of times the pair (4, j) appears
in the sample (when the sample is selected in the uniform sampling model). Thus (e 1, ..., Q4 m) is the
sample histogram of the element i. The histogram of the elements’ histograms is called the fingerprint
of the sample. That is, the fingerprint indicates, for every @ € N, the number of elements ¢ such that
(®ijt,...,Qm) = d. As shown in [BFR™]], when testing symmetric properties of distributions, it can be
assumed without loss of generality that the testing algorithm is provided only with the fingerprint of the
sample. Furthermore, since the number, n, of elements is fixed, it suffices to give the tester the fingerprint
of the sample without the 0 = (0, ..., 0) entry.

In order to prove Theorem 2] we would like to show that the distributions of the fingerprints when the
sample is generated according to D' and when it is generated according to D~ are similar (for a sample size
that is below the lower bound stated in the theorem). To this end we first define a slightly different process
for generating the samples that involves Poissonization [[SzpO1]. The process is such that if we are able to
prove a lower bound for algorithms that receive samples generated by this process, then we obtain a related
lower bound for algorithms that work in the uniform sampling model. The benefit of this process is that it

breaks certain dependencies (among the a; ;’s defined above), and hence is easier to analyze. Details follow.

Definition 1 In the Poissonized uniform sampling model with parameter r (which we’ll refer to as the

k-Poissonized model), given a list D = (D1, ..., Dy,) of m distributions, a sample is generated as follows:
e Draw K1, ..., Ky < poi(k)

e Return kj samples distributed according to Dj for each j € [m).

Lemma 4 Assume that there exists a tester T' in the uniform sampling model for a property P of lists of m
distributions, that takes a sample of size s = km where k > clogm for some sufficiently large constant
¢, and works for every € > €y where € is a constant (and whose success probability is at least 2/3). Then
there exists a tester T' for P in the Poissonized uniform sampling model with parameter 4k, that works for

every € > € and whose success probability is at least %.

Proof: Roughly speaking, the tester 7" tries to simulate 7" if it has a sufficiently large sample, and otherwise
it guesses the answer. More precisely, let D = (D, ..., D,,) be alist of m distributions. For each j € [m]
let x; denote the random variable that equals the number of samples that are selected according to D in the
uniform sampling model, when the total number of samples is km. Thus, x; ~ Bin(km, %) By [AS92,
Thm. A.12], for each j € [m],

Prk; > 2k] < (e/4)" . (2.28)
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Now consider a tester 7" that receives H; samples from each D; where n; ~ poi(4k). By Lemma , for
each j we have that,
Pr [kj < 2k] < (3/4)" (2.29)

Suppose T” also selects 1, . . . , Ky, as in the distribution induced by the uniform sampling model. If n; > Kj
for each 7, then 7" simulates 7" on the union of the first ; samples that it got for each j. Otherwise it outputs
“accept” or “reject” with equal probability.

By taking a union bound over all j € [m] we get that the probability that for every j € [m)] it holds
that both r; < 2k and £ > 2 (so that & > k;), is at least 1 —m(((e/4))" + (3/4)"), which is greater
than % for £ > clog m and a sufficiently large constant c. Therefore, the success probability of 7" is at least
%-%—1—%-%— ég,asdesued |

Given Lemma [] it suffices to consider samples that are generated in the Poissonized uniform sampling
model. The process for generating a sample {«; 1, ..., ai,M}iE[n] (recall that o ; is the number of times
that element 7 was selected by distribution D;) in the x-Poissonized model is equivalent to the following
process: For each ¢ € [n] and j € [m], independently select «; ; according to poi(x - D;(i)) (see [Fel67], p.
216). Thus the probability of getting a particular histogram @; = (a; 1, - . ., a;m) for element i is pPR(i; d@;)
(as defined in Equation (2.25)). We can represent the event that the histogram of element ¢ is @; by a
Bernoulli random vector l_); that is indexed by all @ € N™, is 1 in the coordinate corresponding to @;, and
is 0 elsewhere. Given this representation, the fingerprint of the sample corresponds to > ; b;. In fact, we
would like I;, to be of finite dimension, so we have to consider only a finite number (sufficiently large) of
possible histograms. Under this relaxation, b = (0,...,0) would correspond to the case that the sample
histogram of element  is not in the set of histograms we consider (which would be a very rare event). Roos’s
theorem, stated next, shows that the distribution of the fingerprints can be approximated by a multivariate

Poisson distribution. (For simplicity, the theorem is stated for vectors b; that are indexed directly, that is
bi = (bi1, -, bin))

Theorem 3 ([Ro099]) Let D" be the distribution of the sum Sy, of n independent Bernoulli random vectors
51, e by, in R" where Pr {gz = é’g} = pie and Pr [EZ =(0,... ,O)} =1- 22:1 pi ¢ (here € satisfies
eip = lande;p = 0 for every U' # {). Suppose we define an h-dimensional vector X = (AM,...,An) as
follows: N\g = >"7" | pie. Then

HDS p01

88 1p1€
. 2.30
<ty Tk e

i=1Pie

We next show how to obtain a bound on sums of the form given in Equation (2.30) under appropriate

conditions.

Lemma 5 Given a list D = (D;, ..., Dy,) of m distributions over [n| and a real number 0 < ¢ < 1/2
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such that for all i € [n] and for all j € [m], D;(i) < L.for some integer K, we have that

T ZZ DW a)) <25, 231)
denm\§ 1= 1P
Proof:
e N
aeNm\O deNm\O
= Z max Hp01 aj; k- Dj(i)) (2.33)
aeN™\0
5 ai+...+am
< -
<Y <m> (234)
aeN™\0
- ima LAY (2.35)
a a=1 m ‘
< 25, (2.36)

where the inequality in Equation (2.36) holds for § < 1/2 and the inequality in Equation (2.34) follows
from:

—r-Dj(i) X (\\a
poi(a; - D)) = (- Dy (@) (2.37)

al
(2.38)

IA
=N
-l

<.

—~
~

S—

Q

IA
A/~
Sl -
~
IS}

(2.39)

and the proof is completed. H

Proof of Theoreml: By the first premise of the theorem, D+( ), D+( ) < H‘iﬂ forevery i € [n]and j €
[m]. By Lemmal3this implies that Equation (2.31)) holds both for D = D* and for D = D~. Combining this
with Theorem [3|we get that the ¢; distance between the fingerprint distribution when the sample is generated
according to DV (in the k-Poissonized model, see Deﬁnition and the distribution poi (XD+7“) is at most
% <26 = %5, and an analogous statement holds for D~. By applying the premise in Equation (2.27)
(concerning the ¢; distance between poi (XD+’”> and poi (XZY ’“>) and the triangle inequality, we get that
the ¢, distance between the two fingerprint distributions is smaller than 2 - 1—26(5 + % — %25 = ég, which
implies that the statistical difference is smaller than 3—80, and thus it is not possible to distinguish between DT
and D~ in the k-Poissonized model with success probability at least By Lemma I we get the desired

result. W

2.1.3 The proof of Theorem ]|

In this subsection we show how to apply Theorem 2]to two lists of distributions, that we will shortly define,
Dt and D, where DT € P = Pyl while D~ is (1/20)-far from P9, Recall that by the premise of
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Theorem|[I} n > emlog m for some sufficiently large constant ¢ > 1. In the proof it will be convenient to
assume that m is even and that n is divisible by 4. It is not hard to verify that it is possible to reduce the

general case to this case. In order to define D—, we shall need the next lemma.

Lemma 6 For every two even integers t and m > 4, there exists a 0/1-valued matrix M with t rows and m

columns for which the following holds:
1. In each row and each column of M, exactly half of the elements are 1 and the other half are 0.

2. For every integer 2 < x < m/2, and for every subset S C [m] of size x, the number of
rows i such that M[i,j| = 1 for every j € S is at most t - <21m + \/%ltnm), and at least

t- (211 (1 . %) o /Qxltnm>'

Proof: Consider selecting a matrix M randomly as follows: Denote the first ¢ /2 rows of M by F'. For each
row in F, pick, independently from the other ¢/2 — 1 rows in F', a random half of its elements to be 1, and
the other half of the elements to be 0. Rows ¢/2+1, ...t are the negations of rows 1, . . ., t/2, respectively.
Thus, in each row and each column of M, exactly half of the elements are 1 and the other half are 0.
Consider a fixed choice of x. For each row ¢ between 1 and ¢, each subset of columns S C [m] of size x,

and b € {0, 1}, define the indicator random variable I ; ;, to be 1 if and only if M[i, j] = b forevery j € S.

Hence,
1 1 1 1 x—-1
Prllg;p =1 = =-(=——)-...- [ = — . 2.40
Hsio =1 = 3 (2 m) (2 m ) (2.40)
Clearly, Prls;p = 1] < 2% On the other hand,
1 z\* 1 22\" 1 222
Prllg,p=1>(=-—-—) =—|1— — > —(1—-——] . 2.41
s ]_<2 m> 2’3< m) _290( m> ( )

where the last inequality is due to Bernoulli’s inequality which states that (1 4+ x)™ > 1 + nax, for every real
number x > —1 # 0 and an integer n > 1 ([MV70]).

Let Egp, denote the expected value of Zf/: 21 Is;p. From the fact thatrows t/2+1, ..., t are the negations
of rows 1,...,t/2 it follows that >>'_, o1 Isin = Ef/: > Is,i0. Therefore, the expected number of rows
1 < < tsuch that M[i, j] = 1 for every j € Sis simply Eg; + Eg (that is, at most ¢ - 2% and at least
t- 3 (1 - %)), By the additive Chemoff bound,

T 2w
72 txrln
Pr [( S Isip - ES,,,‘ >4/ : m] < 2exp(—2(t/2)(2zInm)/t) = 2m~2" . (2.42)
i=1

Thus, by taking a union bound (over b € {0, 1}),

t
D Isin— (Esy+ Eso)| > V2telnm| < 4m™>" . (2.43)
=1

|
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By taking a union bound over all subsets S we get that M has the desired properties with probability greater
than 0. W

We first define D, in which all distributions are identical. Specifically, for each j € [m)]:

. . 2/3,,1/3
s lflézg%
.\ def . .
D (i) = Loif2<i<n (2.44)
0 o.w.

We now turn to defining D~. Let M be a matrix as in Lemma@for t =n/2. Forevery j € [m]:

nz‘/sinf/:? if1 << il
Dy (i) & 2 i1 <i<nand M[i—n/2,j] =1 (2.45)
0 ow.

For both D" and D, we refer to the elements 1 < i < M as the heavy elements, and to the elements
5 <@ < n, as the light elements. Observe that each heavy element has exactly the same probability weight,
m, in all distributions D;f and D;. On the other hand, for each light element 7, while Dj(z) = %
(for every j7), in D~ we have that D;“(z) = 2 for half of the distributions, the distributions selected by the
M, and Dj (¢) = 0 for half of the distributions, the distributions which are not selected by /. We later use
the properties of M to bound the /; distance between the fingerprints’ distributions of D+ and D~

In order to prove that D~ is £2(1)-far from P4, we first introduce some more notation (which will be
used throughout the remainder of the proof of Theorem [I). For any integer x, we define the following two

subsets of N™:

Sy T LaeN™ : (Vjem]a; <2)A Zaj_m : (2.46)

and

A, EaeN™ : (3j€[m]a; >2)A Za]—a; (2.47)
Thus, S, consists of vectors that contain exactly x coordinates that are 1, and all the rest are 0 (which
corresponds to an element that was sampled once or 0 times by each distribution) , while each vector in A,

must contain at least one coordinate that is 2 (which corresponds to an element that was samples at least

twice by at least one distribution). For @ € N™, let sup(a) def {Jj : a; # 0} denote the support of d, and let

I (@) def {z : D (i) = % vy € sup(c_i)} : (2.48)

Note that in terms of the matrix M (based on which D~ is defined), I, (a@) consists of the rows in M whose
restriction to the support of @ contains only 1’s. In terms of the D, it corresponds to the set of light elements

that might have a sample histogram of @, when sampling according to D~
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Lemma 7 For every m > 5 and for n > clnm for some sufficiently large c, we have that Z;n:1 HD]_ -
D*||y > m/20 for every distribution D* over [n]. That is, the list D~ is (1/20)-far from P°.

Proof: Consider any @ € So. By Lemmalf] setting ¢ = n/2, the size of I/(d), i.e. the number of light
elements ¢ such that D [(] = 2 for every j € sup(a), is at most % ( i+ 81””). The same lower bound

holds for the number of light elements £ such that D~ [¢] = 0 for every j € sup(a@). This implies that for
every j # j'in [m], for at least § — n (}1 + \/81‘;’”) of the light elements, ¢, we have that D [{] = 2

n
while D, [(] = 0, or that D7, [f] = 2 while D; [(] = 0. Therefore, | D; — Dj[l1 > 3 — 2,/ %2, which
for n > clnm and a sufficiently large constant c, is at least %. Thus, by the trlangle 1nequality we have that
forevery D*, >0, |D; — D*[l1 > [ 3] - 1, which greater than m /20 form > 5. W

In what follows we work towards establishing that Equation (2 in Theoremlholds for D and D~
Setk =9 - ”T//S, where § is a constant to be determined later. We shall use the shorthand AT for X2 < , and
X~ for XP™# (recall that the notation A2 was introduced in Equation (2 ) By the definition of X, for
eachad € N™,

nom =wDI0) (. D (i)

ra = > I] ol J (2.49)

i=1 j=1

n2/3m1/3/2 m

§/m)% s 1/3 2/3 s
> H(U%u)e > n Z H( )Y n1/3m2/3>2.50)

=1 j=1 i=n/2+17=1
2/3,.1/3 M a; m 1/3,,2/3\\a;
_ nhm (5/m') ’ _n 11 (0/(n m )Y 2.51)
2e i aj: 2¢e (m/n i aj:
By the construction of M, for every light 7, 23"21 Dj_ (i) = % - = . Therefore,
- n?/STnl/S m (5/7n)“ 25/ 1/3 2/3))aj
X (@) = 5es H o m/n 7 Z H (2.52)
Jj=1 i€l (a) =1

Hence, X* (&) and X~ (@) differ only on the term which corresponds to the contribution of the light elements.
We start by considering the contribution to Equation (2.27) of histogram vectors @ € Sy (i.e., vectors of
the form (0,...,0,1,0,...,0) which correspond to the number of elements that are sampled only by one

distribution, once.

Lemma 8
3 Hpoi(X+(a) - poi(X—(a*))H ~0. (2.53)
aesS, !

Proof: For every d € 51, the size of I/(a) is %, thus,

Z H25/

ZEIAI(G)] 1 7j=1

1/3 2/3))

m 5 1/3,,,2/3Y\\a;
_ZH(/(” m) (2.54)

CL]'!
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By Equations (2.51) and (2.52), it follows that ‘Xﬂa) ~ X (@)

by applying Equation (2.1). W
We now turn to bounding the contribution to Equation (2.27) of histogram vectors @ € As (i.e., vectors of

= 0 for every @ € S7. The lemma follows

the form (0,...,0,2,0,...,0) which correspond to the number of elements that are sampled only by one

distribution, twice.

Lemma 9
[ poi(X* (42)) = poi(X~(42) | <36 (2.55)

Proof: For every d € Ay, the size of Ij/(d) is %, thus,

(26 /(n*/3m?/3)) n/3m2/3Y)a5
> H [ H )™ (2.56)
ZEIA{((Z)] 1 7j=1
By Equations (2.51)), (2.52)) and (2.37) it follows that
- . m 5/(n1/3m2/3))aj n1/352
X(@) — XH(d) = —— ( = 2.57
(a) (a) 9¢8(m/n)1/3 ]];[1 aj! 4ed(m/n)1/3,,4/3 ( )
and that 2/3,1/3 2/3 52
o n?BmB (5 /m)% n*°o
> =
A(@) > 5 jHl ” y R (2.58)
By Equations (2.57) and (2.58) we have that
oo N\2
(V@ - X@) " eo-200m/m g2 .
= < < — (2.59)
A= (@) 4m m
By Equation (2.59) and the fact that | A2| = m we get
. . 2
<)\‘(d‘ - )\+(6)> 52
Z —— <m-— =4 (2.60)
acAs A~ (a) m

The lemma follows by applying Lemma2] W

Recall that for a subset I of N™, poi(A(I)) denotes the multivariate Poisson distributions restricted to
the coordinates of X that are indexed by the vectors in 1. We separately deal with S, where 2 < x < m/2,
and x > m/2, where our main efforts are with respect to the former, as the latter correspond to very low

probability events.

Lemma 10 For m > 16, n > cmlInm (where c is a sufficiently large constant) and for 6 < 1/16

Hpoi(X+< U s )) - poi(X*( U sgg))Hl <325 . 2.61)

2<xz<m/2 2<xz<m/2
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Proof: Let @ be a vector in .S, then by the definition of .S, every coordinate of @ is 0 or 1. Therefore we
make the following simplification of Equation (2.51): For each @ € Um/ ot Sz,

. 2/3,01/3 [ §\® 5 ;,;
Lo nPm n
AT@) = 2 <m> * 2ed(m/n)1/3 <n1/3m2/3> (2.62)

By LemmaH for every @ € Um/2 'S, the size of Iy (@) is at most & - <21I + 4/ 4’62”71). By Equa-
tion (2.52)) t

X~ (@)

1s implies that

n2/3m1/3 5 \* n 1 4:B Inm
S5 \=) T | o0 (2.63)
2e m 2ed(m/n) 2z n1/3m2/3

On the other hand, the size of I;(@) is at at least max {0 ( ( E) 455 h””) } SO

m

2¢d m
n 1 2x? 4zInm 26 \"
i mx{oww | (2 (1—m) VT ) <n1/3mz/3> } (@09
It follows that
2
> - 24 v 1 222 dzlnm
(7)) — X (7))2 < n i
@50 < (i () (32 2] e
and so
b v )2 )
(F@-Y@) /3 c (2w
X‘(d’) - 626(m/n 1/3m1/3 n2/3m1/3 2T, - n (2.66)
2
4/3
< n*° Sz 4dmlnm 2.67)
ml/3 n2/3m1/3 m 296\/> \/
4/3 4xi/z§
< 2. ( > ) (2.68)
mA/3 \ n2/3m1/3
nA/3
< m4/3 : <n2/3m1/3> ) (269)
where in Equation (2.68) we used the fact that n > c¢mInm for some sufﬁciently large constant ¢, and
2“‘\F <1 5 forevery 2 < 2 < m/2 and m > 16. Summing over all @ € U Sz we get:
N—(3) — X (D))2 o 4/3 85m2/3\ "
Z ( (al_ _' (@)) < Z n4/3_ 7;1/3 (2.70)
eUm/2 1 )\ (a z:Qm n

B 5 [ 86m?/3
— 253645 ( 7 2.71)

6452
< T (2.72)
< 12852 (2.73)
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where in Equation (2 we used the fact that n > m, and Equation - 2.73)) holds for § < 1/16. The lemma
follows by applying Lemmal [ |

Lemma 11 Forn >m, m > 12and § < 1/4,
> % Hpoi(X+(a)) - poi(X*(a*))H < 3258 . 2.74)
x>m/2 €Sy !

Proof: We first observe that |S,| < m®/x for every = > 6. To see why this is true, observe that | S, | equals

the number of possibilities of arranging x balls in m bins, i.e.,

|S.| = (m+§_1> (2.75)
< W (2.76)
< (22)36 2.77)
_ (f_xm.”f 2.78)
< m?x (2.79)

where inequality holds since m > 12 and thus = > 6. By Equations (2.51) and (2.52) (and the fact

that |z — y| < max{x, y} for every positive real numbers z,y),

a;
> Shr@-x@l < ¥ X3 () 250
z>m/2 AESy x>m/2deS,  j=1
Z Z ( >E}"=1aj
= (2.81)
1/3,,2/3
x>m/2a€S FPm?
m* n 26 r
< S () 252
x=m/2
. 2m® n 26 m
< Z/Q - .2<n1/3m2/3) (2.83)
> 26mt/ !
= — Z ( 7 > (2.84)
m m/2
> 26mt/3 ;
_ 3
= 85 > <W> (2.85)
x=m/2—3
863
< .
< 135 (2.86)
< 1663 (2.87)

where in Equation (2.86) we used the fact that n > m and Equation (2.87)) holds for 6 < 1/4. The lemma
follows by applying Equation 2.1). W
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We finally turn to the contribution of @ € A, such that x > 3.

Lemma 12 Forn > mand d < 1/4,

>3 ||poiC @) — poih= (@), < 165° . (2.88)

>3 acA,

Proof: We first observe that |A,| < m®~! for every x. To see why this is true, observe that | A,| equals
the number of possibilities of arranging = — 1 balls, where one ball is a “special” (“double”) ball in m bins.
By Equations (2.51)) and (2.52)) (and the fact that |z — y| < max{z, y} for every positive real numbers z.y),

)-X@ < XYk H(nmmg/g)" 289)

>3 €A, z>3aceA, J=1
Z;":laj
— 2.90
= LN 26 v
< ng 3 <n1/3m2/3> (2.91)
n < [ 26ml/3 !
= > <W> (2.92)
> [ 26ml/3 ¢
_ 3
— 46 Z( 7 ) (2.93)
x=0
453
< )
S 129 (2.94)
< 853 (2.95)

where in Equation (2.94) we used the fact that n > m and Equation (2.95)) holds for 6 < 1/4. The lemma
follows by applying Equation (2.1). M

We are now ready to finalize the proof of Theorem|[I]

Proof of Theoreml: Let D and D~ be as defined in Equations (2.44) and (2.45)), respectively, and recall
that k = 9 - 2 /3 (where § will be set subsequently). By the definition of the distributions in D" and D~

the probability weight assigned to each element is at most W = as required by Theoreml By

Km?

Lemma(7] D is (1/20)-far from P°4. Therefore, it remains to establish that Equation (2.27) holds for D*
and D~ . Consider the following partition of N"*:

{@}aes, 42, | Se{@Yacy, o0 500 {10 aeU, o0 40 ( (2.96)
2<z<m/2

24



where {d}zcr denotes the list of all singletons of elements in 7. By Lemma it follows that

Hpm A*) p01X Hl < Z HPOl )\+ POi(S\L(E))HI

+Hpoi<X+< U sh—pitx( J s,

2<z<m/2 2<x<m/2

DY

z>m/2 d€ESy

poi(X*T (@) — poi(X H

+3 Y ‘poi(XJr(Ei) —poi(x—(a))H1 . 2.97)
>3 deA,
For § < 1/16 we get by Lemmas|[8H12] that
Hpoi(X+) — poi(X7) H1 < 356 4 486° (2.98)

which is less than 1 % — M for6 =1/200. W

2.1.4 A lower bound for testing Independence

Corollary 4 Given a joint distribution Q) over [m] x [n] impossible to test if Q) is independent or 1/48-far

2/3

from independent using o(n*/*m!/3) samples.

Proof: Follows directly from Lemma[13|and Theorem [ |

2.2 Algorithms for Testing Equivalence in the Sampling Model
In this section we establish the following Theorems.

Theorem 5 Let D be a list of m distributions over [n]. It is possible to test whether D € P°Y in the

unknown-weights sampling model using a sample of size O((n*/3m/® +m) - poly(1/e)).

Theorem 6 Let D be a list of m distributions over [n]. It is possible to test whether D € Py'y, in the

known-weights sampling model using a sample of size O((n*/?m*/2 4+ n) - poly(1/e)).

We shall actually prove a stronger version of Theorem [6| (see Theorem [I2)) which allows the distributions in
D to be close (as a function of n or alternatively coordinate-wise) and not necessarily identical.

Thus, when the weight vector « is known, and in particular when all weights are equal (the uniform
sampling model) we get a combined upper bound of O(min{n23m/3 + m,n'/2m/2 + n} - poly(1/e)).
Namely, as long as n > m the complexity (in terms of the dependence on n and m) grows like 5(n2/ S/ 3),

and when m > n it grows like O(n'/2m1/2),
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In order to prove Theorem we shall consider a (related) property of joint distributions over [n] x [m].
Specifically, we are interested in determining whether a distribution @) over [n] x [m] is a product distribution
Q1 X Q2 where ) is a distribution over [n] and Q2 is a distribution over [m] (i.e., Q(i,j) = Q1(7) - Q2(j)
for every (i,7) € [n] x [m]). In other words, if we denote by 71() the marginal distribution according to
Q of the first coordinate, ¢, and by 75 () the marginal distribution of the second coordinate, j, then we ask
whether 71 () and w2 @) are independent. With a slight abuse of the terminology, we shall say in such a case
that Q) is independent.

As we observe in the the next lemma, the problem of testing independence of a joint distribution and the
problem of testing equivalence of a list of distributions in the (not necessarily uniform) sampling model, are

closely related.

Lemma 13 [f there exists an algorithm T for testing whether a joint distribution Q) over [m] x [n] is inde-
pendent using a sample of size s(m,n, €), then there exists an algorithm T" for testing whether D € Py,
in the unknown-weights sampling model using a sample of size s(m,n,€/3).

If T is provided with (and uses) an explicit description of the marginal distribution w2Q), then the claim

holds for T in the known-weights sampling model.

Proof: Given a sample {(i¢,j¢)}j_,(m,n,€/3) generated according to D in the sampling model with a
weight vector & = (wy, . .., wyy,), the algorithm 7" simply runs 7" on the sample and returns the answer that
T gives. If @ is known, then T” provides T" with « (as the marginal distribution of 7). If Dy, ..., D,, are
identical and equal to some D*, then for each (i, j) € [n] x [m] we have that the probability of getting (3, j)
in the sample is w; - D*(4). That is, the joint distribution of the first and second coordinates is independent
and therefore T' (and hence T") accepts with probability at least 2/3.

On the other hand, suppose that D is e-far from Py, that is, dojeiwj - |Dj — D¥||; > e for every
distribution, D* over [n]. In such a case, in particular we have that " | w; - HD]- - EHI > ¢, where D
is the distribution over [n] such that D(i) = 7", w; - D;(i). By Proposition 1 in [BEFT01], the joint
distribution @) over 7 and j (determined by the list D and the sampling process) is 0 /3-far from independent,
so T' (and hence T") rejects with probability greater than 2/3. H

2.2.1 Proof of Theorem 3

By Lemma [I3] in order to prove Theorem [3 it suffices to design an algorithm for testing independence of
a joint distribution (with the complexity stated in the theorem). Indeed, testing independence was studied
in [BEFT01]]. However, there was a certain flaw in one of the claims on which their analysis built (Theorem
15 in [BFET01], which is attributed to [BFR™10]), and hence we fix the flaw next (building on [BFR™10]).

Given a sampling access to a pair of distributions p and q and bounds on their {o,-norm by and b,
respectively, the algorithm Bounded- L.-Closeness-Test (Algorithm [I]in Figure tests the closeness of

p and q. The sample complexity of the algorithm depends on by, and bg, as described in the next theorem.
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We note that the check in step in the algorithm was added to the original £5-Distance-Test of [BFR™10] to
achieve a tighter bound on the sample complexity.
For a multiset of sample points F' over a domain R and an element i € R, let occ(i, F') de-

note the number of times that ¢ appears in the sample F' and define the collision count of F' to be
coll(F) & 3, (061,

Theorem 7 Let p and q be two distributions over the same finite domain R. Suppose that ||p|| ., < bp and
ldllo < bq where bq > by. Algorithm Bounded- L -Closeness-Test(p, q, bp, bq, €) is such that:

1 If|lp — all; < €/(2|R|Y/2), then the test accepts with probability at least 2/3.
2. If |p — qll; > € then the test rejects with probability at least 2/3.
The algorithm takes O <\R| : b%,/ 2 /& +|R? by - bp/ 64) sample points from each distribution.

Proof: Following the analysis of [BFR™ 10, Lemma 5], we have that:

Algorithm 1: Bounded- L.,-Closeness-Test
Input: p, q, by, by, €
1 Take samples F}} and F3 from p, each of size ¢, where t = O (\R| b5/? /e + |R2 - by - bp/e4);

2 Take samples F3 and F7 from q, each of size ¢;

/* rp is the the number of self collisions in Fg. */
- 1y.
3 Letrp = coll(F});
/* rq is the the number of self collisions in F&. x/

4 Letrq = coll(FC});
/* Spq 1s the number of collisions between Fg and Fé. */
5 Letspq = ZieR(occ(i, Fg) - oce(1, Fg));
6 Define r &' 2 (rp +1q);
7 Define s def 25p.q5
8 if rq > (7/4)(5)bp then output REJECT;
9 Define § & ¢/|R|"/?;
10 if r — s > 1262 /2 then output REJECT;
11 output ACCEPT,;

Figure 2.1: The algorithm for testing ¢ distance when L, is bounded

Exp[r — s] = t*|p — a3 , (2.99)
and we have the following bounds on the variances of 7, rq and s (for some constant c¢):

Var[s] < ct? > p(O)q(l) + ct* > (p(O)a(0)* + p(£)*q(0)) , (2.100)
leR leR
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Var[rp] < ct? > p(0)? +ct* Y p(0)*, (2.101)

leER leR
and
Var[rg] < > q(0)* + ct*> " q(0)? . (2.102)
leR leR

Using the bounds we have on the ¢, norms of p and q we get (possibly for a larger constant ¢):

Varls] < ct?||plloo + ct([pllsollall} + IPII%) < et?bp + et (bpllal3 +52) . (2.103)
Var[rp] < ct?|[pll5 + ct®||pllso| Pl < ct[[Plloo + ct®(|Pl|Z < ct®bp + ct®b2 (2.104)

and
Varfrg) < ct?|all3 + ¢t | allllal3 < el + ct*bqall3 - (2.105)

First, we prove that the tester distinguishes with high constant probability between the case that ||q|3 >
2bp, and the case that ||q||3 < (3/2)bp by rejecting (w.h.p.) when rq > (7/4) (;)bp. Notice that by
the triangle inequality ||p — qll2 > |lall2 — ||pll2 - Thus, if [|q||3 > (3/2)bp and ||p||3 < bp then it
follows that ||p — qll2 > Mbll)/ - bll;,/ ?. Therefore, by the fact that bp > 1/|R|, we obtain that
lp—dali > |lp—dl2 > <\/(3/72)— 1) /|R|*/? which is greater than €/(2|R|'/?) for ¢ < 1. Consider
first the case that ||q||3 > 2bp, so that Bxp[rq] > 2(4)bp. Then we can bound the probability that the
tester accepts, that is, that rq < (7/4) (;) bp, by the probability that rq < (7/8)Exp[rq]. In the case that
lall3 < (3/2)bp, so that Exp[rq] < (3/2)(%)bp, we can bound the probability that the tester rejects, that
is, that rq > (7/4) (;) bp, by the probability that rq > (7/6)Exp[rq]. Then the probability to accept when
llall? > 2b, and reject when ||q|3 < by, is upper bounded by Pr[|rq — Exp[rq]| > Exp[rq]/8]. Now, using
the upper bound on the variance of rq that we have (the first bound in Equation (2.103)), the fact that for

every distribution q over R, ||q||3 < 1/|R| and Exp[rq] = (;) |al|2, we have that

64 Var[rq]
P —E > E g <« — 4 2.106
flira — Bxplrall > Brplral/s) < o (2.106)
e 2 4 43 2
t4all3
c cllalle
— + (2.108)
lall;  tlal3
c|R| | c|R[llalls
< 2.109
< 5 A (2.109)
If we want this to be a small constant, then we need to take ¢ so that:
t=0Q (|R|1/2+ |R|bq) . (2.110)

Next, we prove that the tester distinguishes between the case that ||p — g2 > d and ||p — qj2 < §/2
by rejecting when r — s > t252/2. We have that Exp[r — s] = ¢?||p — q||3. Chebyshev gives us that

28



Pr[|A — Exp[A]| > p] < Var[A]/p?, and so, for the case ||p — qll2 > J (i.e. Exp[r — s] > #252) we have
that

Prr — s < t%6%/2] < Pr[|(r — s) — Exp[r — s]| < t%6%/2] (2.111)
< W , (2.112)

and similarly, for the case ||p — ql|2 < 6/2 (i.e. Exp[r — s] < t2§2/4) we have that

Pr[r — s > t%6%/2] < Pr[|(r — s) — Exp[r — s]| < t262 /4] (2.113)
16Var[r — s]
< gt (2.114)
That is, we want Viﬂ[gz 3] which is of the order of w to be a small constant. If we use Var[r —
s] = % (Var[rp] + Var[rq]) + Varl[s], then we need to ensure that each of Var[tZ‘i"RP , Vargﬁ‘i"m? and

Var[s]-|R|?
tded

is a small constant, which by Equations (2.103), (2.104), (2.105), and the premise that ||q||3 <
2bp, holds when

t=0Q (|R| by /e + |R? - by - bp/e4) : (2.115)
since both by, bg > 1/|R

, this dominates the sample complexity. H
As a corollary of Theorem[7] we obtain:

Theorem 8 Let ) be a distribution over [n] x [m] such that Q satisfies: ||m1Ql|c0 < b1,

T2Qe < b2
and by < by. There is a test that takes O(nmb}/ zbé/ 2 /€2 +n2m?2b2by /€*) samples from Q, such that if Q is
independent, then the test accepts with probability at least 2/3 and if Q is e-far from independent, then the
test rejects with probability at least 2/3.

Proof: By the premise of the theorem we have that ||Q|| . < b and that ||7,Q X Q|| < b1-ba. Applying
Theoremwe can test if () is identical to 1 Q) X T2 @ using sample of size O(nmb}/ Qby 2 /€2+n>m2b2by /et)
fronﬂ Q. If Q is independent, then () equals 1) X m@Q and the tester accepts with probability at least
2/3. If @ is e-far from independent, then in particular @ is e-far from 71 Q) x 2@ and the tester rejects with
probability at least 2/3. W

Applying Theorem [8| with b; = 1/ n23ml/3 by =1 /m, and combining that in the sample analysis of
TestLightIndependence [BFFT01], the following theorem is obtained:

Theorem 9 [BFFT0I1|] There is an algorithm that given a distribution Q over [n] x [m] and an € > 0,
o IfQ is independent then the test accepts with high probability.
o If Q is e-far from independent then the test rejects with high probability.

The algorithm uses O((n*3m'/3 + m)poly(e~1)) samples.

Finally, Theorem [5|follows by combining Theorem 9] with Lemma [[3]

'We obtain a sample from 71 Q x w2 @ by simply taking two independent samples from @, (i1, j1) and (42, j2) and considering

(1, 72) as a sample from 1 Q X T2 Q.
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2.2.2 Proof of Theorem (6

In the proof of Theorem [6| we exploit the knowledge of the weights over the distributions, i.e. «, which
allows us to improve on the result which is stated in Theorem [5| when m > n. In fact in Theorem [12] we

prove a stronger statement than the one in Theorem[12]

2.3 Algorithms for Testing Tolerant Equivalence in the Sampling Model

2.3.1 Algorithm for Testing Tolerant Identity in the Sampling Model

In this section we prove Theorem which is a restatement of theorems in [Whi] and [BFFT01]. In order

to state it we introduce the following new definitions.

Definition 2 For two parameters o, 3 € (0,1), we say that a distribution p is an («, 3)-multiplicative

approximation of a distribution q (over the same domain R) if the following holds.
e Foreveryi € R such that q(i) > a we have that q(i) - (1 — 5) < p(i) < q(i) - (1 + 7).

e Foreveryi € R such that q(i) < o we have that p(i) < o - (1 + f3).

Definition 3 For o € (0,1), we say that a distribution p is an a-additive approximation of a distribution q

(over the same domain R) if for everyi € R, |p(i) — q(i)] < «.

Theorem 10 (Adapted from [Whil, [BEFT01]) Given sample access to p, a black-box distribution over
a finite domain R, and q, an explicitly specified distribution over R, for every 0 < e < 1/3, algorithm
Test-Tolerant-Identity(p, q, n, €) is such that:

1. If ||p — qdll1 > 13e, it rejects with high constant probability.

2. If q is a (e/n,€/24)-multiplicative approximation of some q' such that |p — d'[|; < 2\2/5; where

¢ =log(n/e)/log(1+¢), it accepts with high constant probability (in particular, if q is a (€/n, €/24)-

multiplicative approximation of p or if |p — q||; < Z\Q/eﬁ the test accepts with high constant proba-

bility) .

The algorithm takes O(y/npoly(e 1)) samples from p.

In the proof of Theorem [I0] we shall use the following lemmas.

Definition 4 (IBFFT01]) Given an explicit distribution p over R, Bucket(p,R,«, 3) is the partition
{Ro,...,Re} of Rwith { =log(1/a)/log(1+ B3), Ro = {i : p(i) < a}, such that for all j in [{),

Rj={i:a(1+8)"" <p(i) <a(l+p8)} (2.116)
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Definition 5 ([BFF01]) Given a random variable p over R, and a partition R = {Ry, ..., Rs} of R, the

coarsening p () is the random variable over [{] with distribution p(r) (i) = p(R;).

Theorem 11 ((BFFE01]) Let p be a black-box distribution over a finite domain R and let S be a sample
set from p. coll(S)/('?‘) approximates ||p||3 to within a factor of (1 & €), with probability at least 1 — 6,
provided that |S| = Q(\/|R|e 2 log(1/95)).

Lemma 14 ([BFF01]) Lez p,q be distributions over R and let R' C R, then ||pjpr — qiprll1 < 2[p —
all1/p(R).

Lemma 15 ((BFF01]) For any distribution p over R,

pl3 = 1U&l3 = llp - Url3.

Let p be a distribution over some finite domain R, and let R’ be a subset of R such that p(R’) > 0
where p(R') = >, P(i). Denote by p|z the restriction of p to R, i.e., p|p is a distribution over R’

such that for every i € R/, P (i) = 7;2%2).

Lemma 16 (Based on [BFF"01]) Ler p,q be distributions over R and let R C R, then Y, p/ |P(1) —
q(i)| < [p(R) —a(R)|+a(B)llpjr —qrl: -

Proof:
> -atl < 3 ppt A At ‘ +3 PO g 21
= |p(R) —a(®)|+ > W —q(i) (2.118)
i€ER/
— |p(R) —a(R)| + % a(R) - ‘prz% _ q@;g) (2.119)
= [p(R) —a(R)| +a(R)|pr —aqr|, (2.120)
|

Lemma 17 Let p, q be distributions over a finite domain R and let R’ C R be a subset of R such that for
every i € R’ it holds that

p(i)(1—€) <q() <p(i)(1+e), (2.121)
then for every i € R/,
P|r () 8 J_r 3 < qr (i) < pr (i) 8 J_r 3 (2.122)

Proof: Equation (2.121) implies that p(R')(1 — €) < q(R’) < p(R')(1 + ¢) and therefore - < PU%)

‘ ‘ ' 1+e¢ — q(R/) —
i. Thus, we obtain that p‘z%z) . 8;3 < q‘zg) < plzg) . 81“3 and the lemma follows. W

Proof of Theorem[I0; The algorithm Test-Tolerant-Identity is given in Figure[2.2] Let E; be the event

that for every 7 in [(] we have that m; approximates | p|r, |2 to within a factor of (1 + €2). By Theorem
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Algorithm 2: Test-Tolerant-Identity
Input: Sampling access to p, q, n, €
1 RY {Ry,- -, Ry} = Bucket(q,n,€e/n,e/24);
2 Let S be a set of ©(y/ne°logn) samples from p ;
3 Let H be the set of all x such that q(z) > €(1 +€)/n;
4 foreach R; C H do
5 LetS; =SNR;;

6 if q(R;) > €/( then

7 if | S;| < ©(y/ne *log ) then output REJECT;
8 Let m; = coll(Si)/(@') ;
9 if m; > (1|J;j)2 then output REJECT;

10 Take ©(e~2¢log ) samples and obtain a €/ (4¢)-additive approximations P(r) and q(g) of p(R)
and q(r), respectively;

1 if [pry — q(r)ll1 > 3¢/2 then output REJECT;

12 output ACCEPT;

Figure 2.2: The algorithm for tolerant identity testing

if S; is such that |S;| = ©(y/ne *log¥) then E; occurs with probability at least 8/9. Let E» be the event
that for every ¢ in [¢] we have that [(|S;|/|S]) — p(R:)| < €/(2¢). By Hoeffding’s inequality E5 occurs
with probability at least 8/9 for |S| = Q(f2¢72). Let Ej be the event that P(g) and qr) are €/(2()-
additive approximations of p ) and q(r), respectively. By taking O(e~2¢?1og ¢) samples, F3 occurs with
probability at least 8/9.

Let p and g be as described in Case|l} i.e. ||p — q||1 > 13e. Suppose the algorithm accepts p and q.
Conditioned on E; N Ej, this implies that for each partition R; for which steps - (9) were preformed,

which are those for which q(R;) > €/(, we have ||p|g, |5 < % : 1_162, which is at most lr;éf for
0 < € < 1/3. Thus, by Lemmait follows that,
2 2 o _ A€
PR — Ur,ll2 = IP|r: 112 = 1UR, |I2 < Rl (2.123)
(2
From the bucketing definition we have that for every i € [¢],
5 € €2
(2 (2

By the triangle inequality we obtain from Equations (2.123) and (2.124) that |[p|r, — q rl3 < % and

thus ||pjr, — qjr,|l1 < 3e. We also have that the sum of q(R;) over all R; for which steps - @)
were not preformed is at most £ - (¢/£) + n - (e(1 + €)?/n) < 4e. For those R; we use the trivial bound

IP|r; —qr;ll1 < 2. Also, [[p(r) — qer)ll1 < 2¢ by step . So by Lernmawe getthat ||p —q|l1 < 13e
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in contradiction to our assumption. Therefore, the test accepts p and q with probability at most 1/3 (the
bound on the probability of £y U Ey U E3).

We next turn to proving the second item in the theorem. Suppose q is a (¢/n, (¢/24))-multiplicative

approximation of some q’ such that p is Z/E; ~close to q'. From the bucketing definition we have that for
every i € [/] and for every z € R;,
1 a(f) a(f)
. <q(z) <(1+(e/24)) - (2.125)
A+ (e20) Ry =4O =0HERD g

Since q is a (¢/n, €/24)-multiplicative approximation of q’, we get by Lemma|[17]that for for every R; C H
and every x € H,
! 1—(e/24 ! 1 24
@) (- (2) _ ale) _ d) (5(24) 0126
q'(Ri) (1+(e/24)) ~ a(Ri) ~ q'(Ri) (1 —(e/24))

Combining Equations (2.125]) and (2.126]) we get that
(1—(e/24) d'(Ri)

(1+(e/24)) o' (Ry)

L+ (22 7 =YW= 0" R’ (2.127)
and thus for 0 < e < 1/2,
(1-(¢/2) . d(z) _ (1+(e/2) 21
. 128
Bl Cq(R) - IR 2129
By Equation we obtain that
la(p, — Uprll2 < ¢/ (2V/Ri]) - (2.129)

For all subsets R; C H with q(R;) > €/¢ we have that q'(R;) > ¢/(1 + €)¢, combined with the fact that

Ilp—d'[|1 < ;\2;; we get by Lemma (for sufficiently large n) that,

IP|R; — dp,ll1 < €/(2v/n) . (2.130)
This implies that
PR, — dig,ll2 < [IPjR, — dlp, It < €/(2vn) < €/(2V|Ri]) - (2.131)
Then by the triangle inequality we get that,
IPir; — U, ll2 < IPr, — dig,ll2 + lldjr, = Ujrill2 < ¢/V/|Ril - (2.132)
Therefore, by Lemma it follows that,
IPirI3 = IPjR; — Ujr, I3 + |UR,II3 < (1 +€%)/|Ri] - (2.133)

Then conditioned on F; N F> the algorithm will pass on all such subsets; Since q is €/2-close to ¢/, by the
triangle inequality p is e-close to q and thus conditioned on E3 the algorithm will pass step as well.
Thus the algorithm will pass with probability at least 2/3.

Finally, the sample complexity is O(\/ﬁe_5) from step , which dominates the sample complexity of

step (10). M
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2.3.2 Algorithm for Testing Tolerant Equivalence in the Known-Weights Sampling Model

In this section we prove Theorem We note that in the proof of the theorem we essentially describe a

tolerant tester for the property of independence of two random variables.

Theorem 12 Let D be a list of [m] distributions over [n| and let W be a weight vector over [m]. Denote by
QP the joint distribution over [n] x [m] such that QP (i, j) = w; - D;(i). There is a test that works in
the Known-Weights sampling model, which takes O((n'/?m!/2 +n)poly(1/€)) samples from D, and whose
output satisfies the following:

e IfDis %-closefrom being in P9, where £ = log(n/€)/log(1 + ¢€), or if QP is a (¢/n, €/120)-
multiplicative approximation of QP x waQPY, then the test accepts with probability at least

2/3

e [f D is 19¢-far from being in P4, then the test rejects with probability at least 2/3.

In the proof of Theorem[I2] we shall use the following lemma:

Lemma 18 Let Q be a joint distribution over [n] x [m]. Let Q! be a (a1, B1)-multiplicative approximation
of m1Q. Let @2 be a («, B2)-multiplicative approximation of woQ). Denote by A; the set of all i € [n] such
that Q*(i) > a1(1 + B1). Denote by Ay the set of all j € [m] such that Q*(i) > aa(1 + Ba). For every
B1 C A and every By C A, (@1 X @2>

(MmQ X Q) 5, x5,

BuxB isa <0, %)-multiplicative approximation of
1 X2

Proof: For every (i, j) € By x Bz we have that

mQ(i) - mQ(j) - (1 - B1) - (1 - B) < Q1) - Q%(j) < mQ) - mQ(j) - (L+ 1) - (1+ Ba) . (2.134)

(1461)-(1482) __ 2(1+02) (1-p1)-(1=P2) _ 2(B1+Be)
From the facts that (7=5/5=5y = 1+ oy —m 2 (5576 ~ L~ Gopm)a-gy)» and from

Lemma [17] the lemma follows. H

Proof of Theorem[I2; The test referred to in the statement of the theorem is Test-Tolerant-Equivalence-
Known-Weights (Algorithmin Figure . Let E; be the event that @1 is a (¢/n, €/120)-multiplicative
approximation of 71 (), as defined in Definition 2] By applying Chernoff’s inequality and the union bound,
E occurs with probability at least 8/9 (for a sufficiently large constant in the O(-) notation for the sample
size). By Lemma conditioned on £, we have that (@1 X 15) ) isa (0, €/24)-multiplicative approx-

imation of (m1Q X 7T2Q)|H><[m]‘ Thus, H (@1 x w)|H><[m]

that the application of Test-Tolerant-Identity returned a correct answer, as defined by Theorem [I0] We run

— (Mm@ x w)lHX[m]H < €. Let E; be the event
1

the amplified version of Test-Tolerant-Identity, therefore the additional parameter, which is the confidence

parameter is set to 1/9, i.e. E2 occurs with probability at least 8/9.
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Algorithm 3: Test-Tolerant-Equivalence-Known-Weights

Input: Parameter 0 < ¢ < 1/3, sampling access to a list of distributions, D, over [n], in the
Known-Weights sampling model
1 Let Q denote QP7;
2 Take O(e 3nlogn) samples and obtain a (¢/n, ¢/120)-multiplicative approximation, Q*, of
mQ;
3 Let H be the set of all i € [n] such that Q*(i) > ¢(1 + ¢)/n and let L be [n] \ H;

4 if Test-Tolerant-Identity (Qpx[m), (@1 X LU) |H|-m,e,1/9) = REJECT

|Hx[m]’
then output REJECT;
def

5 7 ={H x[m],L x[m]};

6 Take ©(e~2) samples and obtain a (¢/2)-additive approximations @%IX; and Q (z) of
(m@Q x Q) 7y and Q 7y, respectively;

7 if H@gﬁ - @<I> H1 > 2¢ then output REJECT;

8 output ACCEPT,

Figure 2.3: The algorithm for testing tolerant equivalence in the known-weights sampling model

Let D be 19¢-far from being in P°1 and assume the test accepts. Conditioned on F this implies that

HQ|H><[m] - (@1 X lU)

< 13e¢ . By the triangle inequality, we obtain that conditioned on £ N o,
1

| x[m]
Hme[m] — (Mm@ X w)\HX[MHl < e+ 13 < 14e . (2.135)

From the fact that Q(L x [m]) < e we have that

QUL [m)) - | Q) = (M1Q x 8) || < 26 2.136)

Let E3 be the event that @%2 and é@) are ¢/2-additive approximations of (m1Q x mQ)zy and Q(7),
respectively. By taking ©(e~?) samples, F3 occurs with probability at least 8/9. Conditioned on E3, we
have that,

[(m@Q x mQ) 1y — Qizy||, < 3e. (2.137)
Combining Equations (2.135)) - (2.137), by Lemma[I6] we have that

[(m1Q x Q) — Q| < 3e+ 14+ 2e = 19¢ . (2.138)

Hence D is 19¢e-close to being in P°4, in contradiction to our assumption, thus the test accepts with proba-
bility at most 1/3.

On the other hand, let D be %—close from being in P4 or 7r1QD’“7 X TI'QQD’E) is a (¢/n, €/120)-
multiplicative approximation of QP+ and assume the test rejects. In case the test rejects on Step (4) then
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conditioned on Es, we get by Theorem|10|that (@1 X w) ) isnot a (¢/n, €/24)-multiplicative approxi-
X|m

: / —_dll < 7262‘ o (Nl —») :
mation of some q’ such that HQ| Hx[m] —d H1 NG Conditioned on F, we have that { Q" X w Hxim] is

a (€/n, ¢/24)-multiplicative approximation of (716 X W)y (- Thus, conditioned on Ey N Ej3, we obtain
that ||Q — mQ x ||, > 2\2/52 By Proposition 1 in [BFFT01] this implies that D is Z%—far from being

in P°4. By setting ' = Q|x[m] We also have that (@1 X tﬁ) is not a (e¢/n, €/24)-multiplicative

|H x[m]

approximation of Qg [m]- For the sake of simplicity, denote (@1 X 117) by A and (m @ x @) by B. So,
there exists (i,j) € H x [m] that satisfies either

Ajregm)(6:3) > (1 + (6/24)) Q) m) (35 7) (2.139)
or
Al (1,7) < (1= (€/24)) Q| xm) (7 7) - (2.140)

By Lemma we get that Az [ is a (0, €/30)-multiplicative approximation of B|g(,,,). Therefore, by
Equations (2.139) and (2.139)), either it holds that

.. 14 (e/30) .
Q|Hx[m](2a3) < WB\Hx[m](%]) (2.141)
or that, L (¢/30)
. — (€ ..
Qrx[m) (3,]) > mBmx[m}(z,y) : (2.142)

Since Q(H x |m]) = B(H x |[m]), we obtain from Equations (2.141) and (2.142) that either Q(z,7) <
q
}igigng(z, j)or Qi,j) > }:EZ%Z;B(Z', j), which by a simple calculation implies that () is not a

(e/n, €/120)-multiplicative approximation of 71 Q) X .

Alternatively, in case the test reject on Step (/) then by the triangle inequality we get that conditioned
on Fs3, Q is e-far from m;Q X mo(). In both cases we get a contradiction to our assumption and therefore
the algorithm accepts D with probability at most 1/3 (which is the upper bound on the probability of £; U
E> U Ej).

The sample complexity of Step (4) is bounded by O(n'/?m!/?poly(e~1)) so the overall sample com-
plexity is O((n'/?m'/? + n)poly(e™1)). M

2.3.3 Algorithm for Testing Tolerant Equivalence in the Unknown-Weights Sampling
Model

In this section we prove the following theorem:

Theorem 13 Let D be a list of m distributions over [n]. It is possible to distinguish between the case that

Dis if?;%—close to being in P4, where { = log(n/e)/log(1 + €) and the case that D is 25¢-far from being

in P°% in the unknown-weights sampling model using a sample of size O((n*/*m/3 +m) - poly(1/e)).
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Proof of Theorem [I3;  The algorithm referred to in the statement of the theorem is Test-Tolerant-
Equivalence-Unknown-Weights (given in Figure . Let E; to be the event that @1 is a (¢/ n2/3m/3,
€/250)-multiplicative approximation of 71 Q). For a sample of size @(e*3n2/ 3m1/31og n), we get, by Cher-
noff’s inequality, that F; occurs with probability at least 20/21. Let E9 be the event that sz is a (¢/m,
€/250)-multiplicative approximation of moQ. By taking sample of size ©(e 3mlogm), Ey occurs with
probability at least 20/21. By Lemma , for every 0 < e < 1/3, we get, condition on E; N Ey,

ditioned on E; N E5, we have that

(@ =)

is a (0, ¢/24)-multiplicative approximation of (m1Q x 72Q),, «p,,- Thus, con-

<e. (2.143)

— (MmQ x mQ
‘HnXHm ( )|Hn><Hm 1

Let E3 be the event that the application of Test-Tolerant-Identity returned a correct answer, as defined by
Theorem Es5 occurs with probability at least 20/21.

Let D be 25-far from being in P°? and assume the algorithm accepts. Then either Test-Tolerant-Identity
returns accept or @| H,xH, < 3€¢/2. Consider the case that Test-Tolerant-Identity returns accept. Condi-
(@< @)
(2.143) we obtain that

tioned on E’3, by Theorem |10, we have that

— QH, xH,,

< 13, then by the triangle
|Hp X Hm 1

inequality and Equation
H(mQ X 12Q) 1, 1, — Q‘anHmHl <13 + ¢ = l4e . (2.144)

Consider the case Q\anHm < 3¢/2. Let E7 be the event that ‘@anHm —Q(Hy, x Hy)| < €/2. By
taking ©(e~2) samples, E; occurs with probability at least 20/21. Then we have that

Q(H, x Hy,) <. (2.145)

Let E,4 be the event that all applications of Bounded-/,-Closeness-Test returned a correct answer, as defined
by Theorem By the union bound, E4 occurs with probability at least 20/21. Conditioned on E,, we obtain
that every I?; that passes step satisfies the following

[ <e. (2.146)

|(m1Q x mQ) 1, xr; — QL. xR,

Let Ej5 to be the event that for every ¢ in [¢] we have that |(]S;|/|S|) — Q(R; x Ly,)| < €¢/(2¢). By Hoeffd-
ing’s inequality F5 occurs with probability at least 20/21 for |S| = Q(¢£2¢2). From the fact that for every
R; that doesn’t enter step we have that |S;|/|S| < €/¢, we obtain, conditioned on Ej, that

Q(L x R;) < 2¢/¢ . (2.147)

Let Fg be the event that Ci)vgf and é (7) are ¢/(2¢)-additive approximations of (71Q) x m2Q)7) and Q7),
respectively. By taking ©(e~2/? log /) samples, E occurs with probability at least 20/21. Conditioned on

FEs, we have that,
[(mQ x Q) @y — Qupy |, < 3e. (2.148)
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Conditioned on F1 N Es, for 0 < € < 1/5 we have that
Q(Hy, X Ly,) < 3e¢/2. (2.149)
For every I € 7 we have the following trivial bound
[(m1Q x maQ)yr — Qull, < 2. (2.150)
Combining Equations - (2.150), by Lemma[16] we have that
|

(mQ xmQ) — Q| <3e+1de+e+ - (2¢/0)-2+3/2-2 = 25¢ . (2.151)

Therefore, D is 25e-close to being in P°? in contradiction to our assumption. It follows that the algorithm

accepts D with probability at most 1/3.

On the other hand, let D be "2\6/“2 -close to being in P°? and assume the algorithm rejects. Conditioned on
E1NE,, we have that (Q* x Q?) \H x Hyy, 15 @ (0, €/24)-multiplicative approximation of (1 QX m2Q) g, x i,
Therefore, conditioned on £y N Es N E3 N Ex, if we reject on step @]), then we obtain by Theorem @] that

€2

i

It follows, by Lemma that ||11Q x mQ — Q||; > MQ(H”);QQ(H’”) -T2 éf;ﬁ > 2’\6/62 . If we reject on

step , then conditioned on E4 N Es, there is R; such that Q(L,, x R;) > ¢/¢ in which the following
holds,

Qi x b — (MQ X T2Q )1, 1, ||, > T2 (2.152)

H(WIQ X WZQ)\Lani — QL. xR,

Thus, by Lemma |mQ x mQ — Q| > M -€/(2y/n) > €2/(44y/n) . If we reject on step ,

then conditioned on Ej it follows that ||71Q X m2@Q — Q||; > €. Then we get a contradiction to our as-

> e/ @2vn). (2.153)

sumption which implies that the algorithm accepts D with probability at least 2/3. We note that we run the
amplified version of Test-Tolerant-Identity and Bounded-/,-Closeness-Test and that the additional parame-
ter in the application of Test-Tolerant-Identity and Bounded-/.,-Closeness-Test is the confidence parameter.
To achieve (1 — §) confidence, the amplified algorithm takes the majority result of ©(log 1/0) applications
of the original algorithm. In addition, both algorithms are applied on restricted domains (H,, X H,, in Test-
Tolerant-Identity and L,, x R; in Bounded-/,,-Closeness-Test). This affects the sample complexity only
by a factor of poly(1/e,logn). Therefore, the sample complexity is O((n?/3m!'/3 + m) - poly(1/€)) as
required. W

2.4 A Lower Bound of 2(n'/?m'/?) for Testing Equivalence in the Uniform

Sampling Model
In this section we prove the following theorem:
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Theorem 14 Testing the property Pry'y in the uniform sampling model for every e < 1/2 and m > 64

1/2

requires Q(n'/?>m!/?) samples.

We assume without loss of generality that n is even (or else, we set the probability weight of the element
n to 0 in all distributions considered, and work with n — 1 that is even). Define H,, to be the set of all
distributions over [n] that have probability % on exactly half of the elements and 0 on the other half. Define
‘H; to be the set of all possible lists of m distributions from ;. Define U]* to consist of a single list
of m distributions that are identical to U,,, where U,, denotes the uniform distribution over [n]. Thus the
single list in U™ belongs to Py;',. On the other hand we show that H!"* contains mostly lists of distributions
that are Q(1)-far from Pp,’,,. However, we also show that any tester in the uniform sampling model that
takes less than n'/?m!/2 /6 samples can’t distinguish between D that was uniformly drawn from H”* and
D = (U,,...,U,) € U Details follow.

Lemma 19 For every m > 3, with probability at least ( T) over the choice of D € 'H"" we have that
D is (1/2)-far from Ppyip

Proof: We need to prove that with probability at least (1 — T%) over the choice of D € 'H]", for every
v = (v1,...,v,) € R™ which corresponds to a distribution (i.e., v; > 0 forevery i € [n]and Y ;" ; v; = 1),

1
*Z 1D — v, > (2.154)

We shall actually prove a slightly more general statement. Namely, that Equation (2.154) holds for every
vector v € R". We define the function, med? : [n] — [0, 1], such that med? (i) = p (D1(i), ..., Dn(7)),
where (1 1 (w1,...,2n) denotes the median of 1, . .., ., (Where if m is even, it is the value in position % in
sorted non-decreasing order). The sum >, |z; — c| is minimized when ¢ = y 1 (1,...,2Zm). Therefore,

for every D and every vector v € R",

m m
> |[Dj = medP||, <> ID; = vl - (2.155)
— =
Recall that for every D = (Dq,...,Dy,) in ‘H]?, and for each (i,j) € [n] x [m], we have that either
Dj(i) = 2, or Dj(i) = 0. Thus, medP (i) = 0 when D;(i) = 0 for at least half of the j’s in [m] and
medP (i) = 2 otherwise. We next show that for every (i, j) € [n] x [m], the probability over D € H!" that
D, (i) will have the same value as med? (i) is just a little bit bigger than half. More precisely, we show that
for every (i,7) € [n] x [m]:

Prpep [D;(i) # med®(i)] > % <1 - \/%) . (2.156)

Fix (i,7) € [n] x [m], and consider selecting D uniformly at random from ]*. Suppose we first determine
the values D/ (7) for j” # j, and set D; (i) in the end. For each (i, j') the probability that D/ (i) = 0is 1/2,
and the probability that D/ (i) = 2 is 1/2. If more than m/2 of the outcomes are 0, or more than /2 are
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%, then the value of medP (i) is already determined. Conditioned on this we have that the probability that
D;(i) # medP (i) is exactly 1/2. On the other hand, if at most m /2 are 0 and at most m,/2 are 2 (that is,
for odd m there are (m — 1)/2 that are 0 and (m — 1)/2 that are 2, and for even m there are m/2 of one
kind and (m/2) — 1 of the other) then necessarily med? (i) = D;(i). We thus bound the probability of this

event. First consider the case that m is odd (so that m — 1 is even).

) 1 T x 1 x! 1
Pr [Bm(x,2> :2] = <CC>2x: TS (2.157)
2 2°2
By Stirling’s approximation, z! = v/27z (%)x e, where Wlﬂ <Az < ﬁ thus,
1
! 1 V2rx(£) et 1
x”'fx' o < (26> . o (2.158)
55 (\/m(%)m/26121/2+1 )2
€ﬁ7612+1
= — (2.159)
Tx/2
1
< (2.160)
/2
< 1 (2.161)
= \/m ) .

where Inequalities (2.160) and (2.161]) hold for m > 3. In case m is even, the probability (over the choice of
D/ (i) for j' # j) that medP (i) is determined by D; (i) is Pr [Bin (z, 3) = | < Pr[Bin (z,}) = £].
Hence, Equation (2.156) holds for all m and we obtain that

Eperg | Y|P —med®| | = DY Epewp [|Dj(i) — med®(i)]] (2.162)
j=1 i=1 j=1
= m-n-Prpexp [D;(i) # med®(i)] - % (2.163)
1 1 2
- m—vm, (2.165)
while,
S O|D; = med®||, = DY " |D;(i) — med®(i)] (2.166)
j=1 i=1 j=1
< m?2 (2.167)
‘ 2n
7j=1
= m. (2.168)
Assume for the sake of contradiction that
- 2
Prperm |D; — med®||, <m/2| > ——, (2.169)
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then by Equation (2.168)) we have,

m
Epery | D | Dy —med®||, | <
j=1

m
2+(1—v%>-m (2.170)
vm, (2.171)

which contradicts Equation (2.165). W

Recall that for an element i € [n] and a distribution D, j € [m], we let a; ; denote the number of times
the pair (7, j) appears in the sample (when the sample is selected in the uniform sampling model). Thus
(@i, .., aim)is the sample histogram of the element i. Since the sample points are selected independently,

a sample is simply the union of the histograms of the different elements, or equivalently, a matrix M in

NnXm

Lemma 20 Let U be the distribution of the histogram of q samples taken from the uniform distribution over
[n] x [m], and let H be the distribution of the histogram of q samples taken from a random list of distributions
in 'H?, then,

4q?

U —Hl, < — (2.172)
mn

Proof: For every matrix M € N™ ™ let Ay be the event of getting the histogram M; For every
Z = (x1,...,7zm) € N, let Bz be the event of getting a histogram M such that for every j € [m)],
Ziem M{i, j] = z;; Let C be the event of getting a histogram ) such that there exists (4, j) € [n] x [m]
such that M[i, j] > 2; Let V = {Bz : Pry (Bz N C) > 0} (where C denotes the event complementary
to C). In order to bound the statistical distance between H and U/, we use the fact that, for every Bz € V,
given the occurrence of By N C, i.e., given the histogram projected on the first coordinate and given that

there were no collisions, H and U are equivalent. More formally,

et —=Hll, = Y [Pr(An) = Prog(Am)|+ D [Pry(An) — Pri (Au)| - (2.173)
ApnCC ApCC
< Pry(C)+Pry(C)+ Y |Pry(An) — Pry (An)| - (2.174)
ApyCC

We start by bounding the third term in Equation (2.174).

D Pru(Am) —Pra(Am)| = > Y [Py (Anm) — Pry (Au)) (2.175)
ApyCC Bz ApCBznC
= > > [Py (Am) — Pry(Au) (2.176)
BEEVAMQBfmﬁ
+ > > Pry(An) = Pry(Ay)| . (2177
BzeV ApCBzNC
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We next bound the expression in Equation (2.176).

> > [Pru(Aw) — Pry(Au)

BzeV AJMQBCEQG

= Y Pry(Bz) Y, Pry(Au|BzNC)-|Pry (C|Bz) — Pry (C|Bz)|  (2.178)
BzeV AMgBiﬂé

= Z Pry (Bz) |Pry (C|Bz) — Pry (C|Bz)| (2.179)
BzeV

= ) Pry(Bz)|(1-Pry(C|Bz)) — (1 — Pry (C|Bz))| (2.180)
BzeV

= Y Pry(Bz)|Pry (C|Bz) — Pry (C|B;)| (2.181)
BzeV

< Pry (C)+Pry (C) , (2.182)

where in Equation (2.178) we used the fact that Pry (Bz) = Pry (Bgz) for every Bz, and that
Pry (Ap|Bz N C) = Pry (Am|Bz N C) for every By € V and M € N"*™_ Turning to the expres-
sion in Equation (2.177)),

S Pry(An) —Pry(Aw)l = > D Pry(Awm) (2.183)

BzEV ApCBzNC BzEV ApCBzNC

< Z Pry(Bz) (2.184)
BzeV

= Z Pry(Bz) (2.185)
BzeV

= Z Pry(BzNC) (2.186)
BzeV

< Pry(0). (2.187)

We thus obtain that ||/ — H||; < 2Pry(C) + 3Pry(C). If we take ¢ uniform independent samples from
[€], then by a union bound over the g samples, the probability to get a collision is at most % + 2 +.o+ %
which is q . Thus, 2Pr; (C') 4+ 3Pry (C) < 2- 52—+ 3- ¢ 4qn and the lemma follows. W

2mn

Proof of Theorem (14: Assume there is a tester, 7', for the property Py, in the uniform sampling model,
which takes g < m1/2 1/2/6 samples. By Lemma

2 2 1
Prpeym [Aaccepts D] < —-14+(1——) = (2.188)
" vm vm) 3
1 4
_ 1 2.189
3( + ﬁm> (2.189)
1
< 1 2.190
< 35 ( )

where the last inequality holds for m > 64. By Lemma for g < m'/2nt/2/6, 1 U — H||; < &, while

by Equation (2.190), (Pl"pez,{;n [A accepts D] — Prpeym [A accepts D]) > % - % > 1—18. |

18’
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Algorithm 4: Test-Tolerant-Equivalence-Unknown-Weights

Input: Parameter 0 < e < 1/8, sampling access to a list of distributions, D, over [n], in the
Unknown-Weights sampling model
1 Let Q denote QP7;
2 Take ©(¢3n?/3m!/?logn) samples and obtain a (¢/(n*/3m!/3), €/250)-multiplicative
approximation @1 of Mm@ ;
3 Let H,, be the set of all i € [n] such that Q' (i) > (1 + €)/(n2/3m!/3) and let L,, = [n] \ Hy;
4 Take ©(e3mlog m) samples and obtain a (¢/m, €/250)-multiplicative approximation Q2 of T, ;
s R {Ro, -+ ,R¢} = Bucket(@Q,m, (1+€e)e/m,e);
6 Let L, = Rp and let H,,, = [m] \ Ly;
7 Take O(e~2) samples and let @ H, x H,, be the fraction of samples in H,, X H,,;
8 if Qu, <, > 3¢/2 then
9 if Test-Tolerant-Identity
L (Qt iy (@1 X Q) |11, x 11, » [ H| - m,€,1/21) = REJECT then output REJECT ;

10 Let S be a set of O(¢£2¢~2) samples;
11 foreach R; do

12 Let S; = SN (L, X Ry);

13 if |.S;|/|S| > €/¢ then

14 if Bounded-/,,—-Closeness-Test
(MQ X mQ) (L, xRy> Qi x s 1/ (02 *m*/3), 1/ (n?/3m1/3),¢,1/(21¢)) = REJECT then
output REJECT ;

15 7Y (H, x Hy, Hy X L, Ly X Ro,- -, Ly x Re}:

16 Take ©(e~2/?log () samples and obtain a ¢/(2¢)-additive approximations @%52 and ©<T> of
(m1Q x m2Q) 7y and Q(7), respectively;

17 if H@gf — ©<Z>H1 > 2¢ then output REJECT ;

18 output ACCEPT;

Figure 2.4: The algorithm for testing tolerant equivalence in the unknown-weights sampling model
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Chapter 3

Clusterability Testing

3.1 Testing (k, 5)-Clusterability in the Query Model

In this section we consider an extension of the property Py, studied in the previous sections. Namely,
rather than asking whether all distributions in a list D are the same, we ask whether there exists a partition
of D into at most k lists, such that within each list all distributions are the the same (or close). That is, we

are interested in the following a clustering problem:

Definition 6 Ler D be a list of m distributions over [n|. We say that D is (k, 3)-clusterable if there exists a

partition of D to k lists ,{D; }*_, such that for every i € [k] and every D, D’ € D;, |D — D'||, < .

In particular, for k¥ = 1 and 8 = 0, we get the property Pp,',,. We study testing (k, 3)-clusterability (for
k > 1) in the query model. The question for £ > 1 in the (uniform) sampling model remains open.

We start by noting that if we allow a linear (or slightly higher) dependence on n, then it is possible (by
adapting the algorithm we give below), to obtain a tester that works for any € and (3. The complexity of this
tester is O(n - k - poly(1/€))). However, if we want a dependence on n that grows slower than ! ~°(1), then
it is not possible to get such a result even for m = 2 (and k£ = 1). This is true since distinguishing between
the case that a pair of distributions are 3-close and the case that they are 3’-far for constant 3 and (3’ requires
n'=°(1) samples [Val08b]]. We also note that for 3 = 0 the dependence on 7 must be at least Q(n?/3) (for
m = 2 and k = 1) [Val08b]. Our algorithm works for 3 = 0 and slightly more generally, for 5 = O(¢/\/n),

has no dependence on m, has almost linear dependence on k, and its dependence on n grows like O(nQ/ 3.

Theorem 15 Algorithm Test-Clusterability (see Figure is a testing algorithm for (k, 3)-clusterability
of a list of distributions in the query model, which works for every e > 84n'/2, and performs O(nz/ 3.k
poly(1/€)) sampling queries.

We build on the following theorem.
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Theorem 16 ([BFR™]]) Given parameter 8, and sampling access to distributions p, q over [n), there is a
test, {1-Distance-Test(p, q, €, 8), which takes O(e~*n?/3lognlog d~1) samples from each distribution and
for which the following holds.

o If||p —dqll, < e€/(4n'/?), then the test accepts with probability at least 1 — 6.

e If ||p — ql|; > € then the test rejects with probability at least 1 — 0.

Our algorithm is an adaptation of the diameter-clustering tester of [ADPRO3]], which applies to clustering
vectors in R?, and is given in Figure While often clustering algorithms rely on a method of evaluating
distances between the objects that they cluster, the algorithm from [BFR™10] only distinguishes pairs of
distributions that are very close from those that are e-far (in ¢; distance). Still, this is enough information in
conjunction with the algorithm of [ADPRO3]| to construct a good distribution (k, b)-clusterability tester. In
addition, by applying a small change, the algorithm can find an approximately good clustering, as described
in the proof of Theorem [15]

Algorithm 5: Test-Clusterability
Input: Parameters k, 5 and ¢, and access in the query model to a list D of m distributions over

]

1 Pick rep; uniformly from D;

2 1:=1;
3 find_new_rep := true;
4 while (i < k+ 1) and (find_new_rep = true) do

5 Uniformly and independently select 2In(6(k + 1)) /e distributions from D;

6 foreach selected distribution D do

7 find_new_rep := true;

8 for {:=11t07do

9 if {{-Distance-Test (D, rep, €/2, ¢/12(k + 1) In(6(k + 1))) then
10 t find_new_rep := false;

11 if find_new_rep = true then

12 =1+ 1;

13 rep, = D;

14 break;

15 if i < k then output ACCEPT,;
16 else output REJECT;

Figure 3.1: The algorithm for testing clusterability
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Proof of Theorem[I5; Assume all applications of ¢;-Distance-Test returned a correct answer, as defined
by Theorem By the union bound, this happens with probability at least 5/6. Let us refer to this event
as F;. Conditioned on F1, the clustering algorithm rejects only if it finds &£ 4 1 distributions in D such that
the /; distance between every two of them is greater than 4;/% > . Thus, if D is (k, 3)-clusterable, then
it will be accepted with probability at least 5/6.

We thus turn to the case that D is e-far from being (k, 5)-clusterable. In this case we claim that as
long as there are ¢ < k representatives, repy,...,rep;, the number of distributions D; € D such that
| Dj —repyll1 > €/21is at least em/2. To verify this, assuming in contradiction that there are less than em /2
such distributions. But then, by modifying each of these distributions so that it equals rep;, and modifying
each of the other distributions so that it equals the representative it is most close it, we get a list that is
(k,0)-clusterable (at a total cost of less than em).

Since in each iteration of the while loop, there are less than & + 1 representative distributions, at least <*
of the distributions in D are %—far from any of the former representative distributions. Therefore, conditioned
on E, for every iteration of the while loop, the probability that a new representative is not found is less than
(1-— 6/2)w < en6k+1) — m. By applying the union bound, the algorithm rejects D with
probability greater than 2/3. Since there are O(log k/¢) iterations, and in each there is a single application
of the ¢;-distance test, by Theorem [16| the total number of samples used is as stated. We note that if we
change the algorithm to continue finding new representatives even after finding k£ + 1 representatives then
the algorithm would find a set of representatives, .S, such that at most em of the distributions in D are e-far

from any representatives in S. W
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