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Abstract

In this thesis we study the problems of distance approximation to monotonicity and distance ap-
proximation to convexity. Namely, we are interested in (randomized) sublinear algorithms that
approximate the Hamming distance between a given function and the closest monotone/convex
function.

For the monotonicity property, we focus on functions over the d-dimensional hyper-cube,
[n]?, with any finite range. Previous work on distance approximation to monotonicity focused on
the one-dimensional case and the only extension to higher dimensions was with an approximation
factor exponential in the dimension d. We describe a reduction from the case of functions over
the d-dimensional hyper-cube to the case of functions over the k-dimensional hyper-cube, where
k < d. This reduction is efficient. That is, polynomial only in the additive error allowed,
and not dependent on the size of the domain, range, or dimension. The quality of estimation
that this reduction provides is linear in the size of the dimension and logarithmic in the size
of the range. Using this reduction and a known distance approximation algorithm for the
one dimensional case, we suggest a distance approximation algorithm for functions over the
d-dimensional hyper-cube, with any finite range.

For the case of the Boolean range, we present solutions for distance approximation to
monotonicity of functions over one dimension, two dimensions, and the k-dimensional hyper-
cube (for any £ > 1). Applying these algorithms and the reduction described above, we suggest a
variety of distance approximation algorithms for Boolean range functions over the d-dimensional
hyper-cube, which suggest a trade-off between quality of estimation and efficiency of computa-
tion.

For the convexity property, we present an efficient distance approximation algorithm for
functions over one dimension, with any range. No solution for this problem was known before.
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Chapter 1

Introduction

Property Testing is a relaxation of decision problems. In a typical decision problem it is required
to determine whether an object has or does not have a given property P. In the original
notion [RS96, GGRI8|, a property testing algorithm is given access to the input object, which
is usually represented as a function, via membership queries (i.e., the algorithm gives a value
x, and receives f(z)). The algorithm is required to determine with high probability whether
the function has property P, or whether it is far from having property P. In far from having
the property we mean that the distance of the function to any function that has the property
is above some given threshold e. Distance is measured according to some natural distance
measure such as the hamming distance. This relaxation allows for very efficient algorithms,
with complexity that is sub-linear in the input size, and in many cases even independent of the
input size. Examples of objects for which testing algorithms have been developed in the past
few years are graphs, strings, functions, and geometrical objects (see [Gol98, Fis01, Ron01] for
surveys).

We refer to the original notion of property testing as standard property testing. Namely,
a standard property tester for property P is given a parameter ¢ and should accept with high
probability objects that have the property, and reject with high probability objects that are
e-far from having the property. It is common to distinguish between two types of testers: One-
sided error testers, which always accept objects that have the property, and Two-sided error
testers, which accept, with high probability, objects that have the property. Tolerant property
testing is a generalization of standard property testing where the algorithms are required to be
more tolerant with respect to objects that do not have the property but are close to having the
property. Namely, A tolerant property testing algorithm is required with high probability, to
accept objects that are e1-close to having a given property P and reject objects that are ex-far
from having property P, for some parameters 0 < ¢; < €2 < 1. It is of course desirable for the
tolerant algorithm to run for any given €; and ez, and for its query complexity (and running
time) to be sublinear in the input size and polynomial in 1/(e2 — €;). Observe that setting
€1 = 0 and allowing €5 to be a parameter gives the standard definition of property testing.

Another natural extension of standard property testing is distance approrimation (estima-
tion). Let ep(f) denote the distance between f and the closest function that satisfies P. We
say that € is an (a, 0)-estimate of ep(f) for a > 1 and 0 < § < 1 if it satisfies:

ep(f) TS e<en(f). (1.1)

e



Observe that if « = 1 and § = 0 then € = ep(f). If an algorithm outputs an (a, §)-estimate with
high constant probability, then it is an («, d)-estimate algorithm. We note that an algorithm
that provides an estimate € that satisfies ep(f)—9 < € < aep(f)+9 with high probability implies
an (a,20)-estimate algorithm. Therefore, since the notion of («, d)-estimate is only used for a
high level description of our final results, we will refer to both notions of approximation.

In some cases it is possible to obtain a purely additive approximation, that is a (1,0)-
estimate of f, where § is a parameter to the algorithm, and the complexity of the algorithm has
polynomial dependence on 1/6. However, often it is only known how to get an estimate with
larger o, and sometimes « is not a constant but dependent on the input in some way. We also
note that it is possible to transform an algorithm that has an additive error to an algorithm
that has a purely multiplicative error at the cost of a dependence of the complexity on 1/ep(f).

Tolerant property testing and Distance approximation were first explicitly studied by Parnas
et. al. [PRRO04]. Following that work, there have been several results on distance approximation,
both positive [ACCL04, GR05, FN05, MR06] and negative [FF05]. These works considered prop-
erties of functions and strings [PRR04, ACCL04, FF05, GRO05], ensembles of points [PRR04],
and graphs [FN05, MRO6].

1.1 Monotonicity and Convexity

Our focus in this thesis is on distance approximation to monotonicity and convexity. Monotone
and convex functions play an important role in many disciplines and applications, including
combinatorial optimization, game theory, probability theory, and electronic trade.

We start by summarizing previous results on testing monotonicity, which is a property that
has been extensively studied in the property testing literature [GGLT00, BRW05, EKK ™00,
DGL"99, Fis04, FLN*02, FNO1, HK04, HK03, HK05]. We then turn to what is known about
distance approximation to monotonicity [PRR04, ACCL04, AC05], and about testing of con-
vexity [PRR03]. When stating the complexity of the algorithm we mean its query complexity.
In all cases discussed below the running time is either linear in the query complexity or at most
polynomial in it for a low degree polynomial.

1.1.1 Testing Monotonicity

Let V' be some partially (or fully) ordered finite set, and let = be some fully ordered set. A
function f : V — E is monotone if every x,y € V such that z < y satisfy f(z) < f(y). Most
previous work deals with the case that V = % for a fully ordered set ¥ = {1,...,n} and d > 1.
The (partial) order over ¥¢ is simply the product order.

Ergun et. al. [EKK"00] considered the case of one-dimensional functions, that is, d = 1.
In this case a function f : ¥ — = is monotone if and only if f(1) < f(2) < ... < f(n)
(recall that ¥ = {1,...,n}). They referred to the problem as “Spot checking of sorting” and
gave an algorithm whose query complexity is O(logn/e). Batu et. al. [BRWO05] extended the
algorithm of [EKK™'00] to higher dimensions at an exponential cost in the dimension. Namely,
the complexity of their algorithm is O((21logn)?/¢).



Goldreich et. al. [GGLT00] considered the case that d > 1 but ¥ = Z = {0,1}, and
showed that in this case, a linear dependence on d suffices. Namely, their algorithm has query
complexity O(d/e). For general ¥ (but keeping the range = = {0,1}), they gave one variant
of their algorithm whose complexity is O(dlog|X|/€) and another variant whose complexity
is O((d/€)?). They also dealt with a general range = at a multiplicative cost of |Z|. The
dependence on |Z| was reduced to logarithmic by Dodis et. al. [DGL199], giving an algorithm
for any function f : ¢ — = whose complexity is O(dlog || log |Z|/€). When |Z| > || = n the
upper bound is actually O(dlog?n/e). We build on both the dimension reduction technique
applied in [GGL1T00] and [DGL"99] and on the range reduction technique applied in [DGL*99).

For small d (i.e., d = O(loglogn)) Halevy and Kushilevitz [HK04] were able to obtain an
improved query complexity of O(d4?logn/¢), and Ailon and Chazelle [AC05] further improved
this bound to O(d2%logn/e).

Halevy and Kushilevitz [HKO03] also studied the problem of distribution free testing of
monotonicity. In this variant of the problem, distance between functions is measured with
respect to an unknown underlying distribution that is not necessary uniform as in the standard
definition (and the results described above). They gave a distribution free tester for monotonic-

log® n-2¢
ogen )

ity whose complexity is O( . If the underlying distribution D is a product distribution

then O(%) queries suffice [AC05] where Hp is the entropy of D.

Fischer et. al. [FLNT02] considered the case in which V is a general partially ordered
set (poset). They showed that testing monotonicity of Boolean functions over general posets
is equivalent to the problem of testing 2CNF assignments (namely, testing whether a given
assignment satisfies a fixed 2CNF formula or is far from any such assignment). They also
showed that for every poset, it is possible to test monotonicity over the poset with a number of
queries that is sublinear in the size of the domain poset; specifically, the complexity grows like
a square-root of the size of the poset. Finally, they gave some efficient algorithms for several
special classes of posets (e.g., posets that are defined by trees).

Lower Bounds

Ergun et al. [EKK100] gave a lower bound for non-adaptive testers, which, combined with a
result of Fischer [Fis04], implies a lower bound of Q(logn) for one-dimensional functions (and
a general range Z). For d > 1, Fischer et. al. [FLNT02] showed that every non-adaptive 1-
sided error monotonicity tester requires Q(v/d) queries, which implies an Q(logd) lower bound
for the adaptive case. They also showed that every non-adaptive 2-sided error monotonicity
tester requires (log d) queries, which implies an ©(loglog d) lower bound for the adaptive case.

1
For Boolean functions over general posets [FLNT02] gave a lower bound of N (e on

the query complexity of any non-adaptive tester, which implies a lower bound of 2 (101;1%) ng N)
for any adaptive tester. Finally, for the distribution-free case, Halevy and Kushilevitz [HKO05]
showed that 2@ queries are necessary, so that an exponential dependence on the dimension is

unavoidable in this case.

1.1.2 Distance Approximation to Monotonicity

Parnas et. al. [PRR04] studied the problem of distance approximation to monotonicity of one-

—_

dimensional functions f : ¥ — Z. Their algorithm is a (2, §)-estimate algorithm and its query



complexity is O((logn)7/6%). !

Ailon et. al. [ACCLO04] improved on this result. The quality of their estimate is similar
(and in particular there is a factor 2 error in the estimate), but their dependence on logn is
linear, which is the best possible. They build on an idea from [EKK'00], which we adapt in
our algorithm for distance approximation of convexity.

For higher dimensions and general ¥ and Z, it is observed in [PRR04] that using a lemma
of [AC05] (which improves on [HK04]), it is possible to get a (d-29%1, §)-estimate using a number
of queries as in the d = 1 case up-to logarithmic factors. Namely, the quality of the estimate
degrades exponentially with the dimension.

For the special case of ¥ = = = {0, 1}, the algorithm and analysis in [GGLT00] imply that
it is possible to get a (2d, §)-estimate using O(1/42) queries.

1.1.3 Testing Convexity

Definition 1.1.1 Let f: X — R where X is a discrete domain. The function f is convex if for
all z,y € X and for all0 < a < 1 such that ax+ (1 —a)y € X, it holds that f(ax+ (1 —a)y) <

af(z)+ (1 —-a)f(y).

Parnas et. al. [PRR03] studied both the above notion of convexity as well as an extension to two-
dimensional functions/matrices (submodularity). For the case of convexity in one dimension
they describe a testing algorithm whose complexity is O(lo%).

1.2 Our Results

Our results are summarized in the theorems below. We refer to algorithms that are described
and analyzed in the chapters that follow. In some cases these algorithms execute as subroutines
known algorithms (e.g., the one-dimensional algorithm of [ACO05]). Recall that ¥ = {1,...,n}.

1.2.1 Distance Approximation to Monotonicity

Theorem 1.2.1 is our most general result.

Theorem 1.2.1 (Distance approximation to monotonicity for %% — Z functions)
Algorithm 2.4.1 combined with the algorithm of [ACCLO04] is a (4.01 - dlog|Z|,d)-estimate
algorithm for monotonicity of X% +— Z functions. The time and query complexity of the
algorithm is 6(105%").

When dealing with Boolean functions we can obtain the following results, which give trade-
offs between the quality of the estimate and the complexity of the algorithm. As opposed to
Theorem 1.2.1, in all these results there is no dependence on n.

'The notation O(g(-)) for a function g (possibly of several parameters), means O(g(-)- polylog(g(-)).



Theorem 1.2.2 (Distance approximation to monotonicity for ¢ — {0,1} functions)

1. For any given parameter k € [d] such that d/k is an integer, Algorithm 2.4.1 com-
bined with Algorithm 2.5.1 provides a ((4d/k),d)-estimate algorithm for monotonicity
of ¥% +— {0,1} functions. The time and query complexity of the algorithm is ﬁlog% .

(O((§>zlog %))k—i& _ (O <§))2k+6

2. Algorithm 2.4.1 combined with Algorithm 2.5.5 provides a (d,§)-estimate algorithm for
monotonicity of £¢ — {0,1} functions. The time and query complezity of the algorithm

18 6(5%)
3. Algorithm 2.4.1 combined with Algorithm 2.5.2 provides a (2d,0)-estimate algorithm for
monotonicity of ¥¢ +— {0,1} functions. The time and query complezity of the algorithm

18 6(5%)
4. Algorithm 2.4.1 combined with Algorithm 2.5.4 provides a (4d,d)-estimate algorithm for
monotonicity of X% — {0,1} functions. The expected time and query complexity of the

algorithm is 6(6% .

1.2.2 An Improved Testing Algorithm for Boolean Functions

Recall that for Boolean functions (over ¥ such that |X| = n > 1), [GGL*00] give algorithms
whose complexity is either O(dlogn/e) or O((d/€)?). By taking a slightly different approach
we get the following result which is an improvement when d is significantly smaller than n.

Theorem 1.2.3 (Improved standard testing of Boolean functions) Algorithm 2.6.1
combined with Algorithm 2.6.2 provides a 1-sided error testing algorithm for monotonicity of
¥4+ {0,1} functions. The time and query complexity of the algorithm is O(%).

1.2.3 Distance Approximation to Convexity

For convexity there was no previously known distance approximation algorithm. We show:

Theorem 1.2.4 (Distance Approximation to convexity for ¥ — R functions)
Algorithm 3.5.2 is a (25,0)-estimate algorithm for convexity of ¥ +— R functions. The
expected time and query complexity of the algorithm is 6(%) where €con(f) is the
distance between f and the closest convex function.

Observe that Theorem 1.2.4 implies that, by setting § = 0 we can get a purely multiplicative
error (where the complexity depends on 1/€qon(f)). We note that all our other results can be
modified so that we obtain a similar type of result, but for simplicity we leave them as stated
above.



1.3 Techniques

1.3.1 Distance Approximation to Monotonicity

One possible approach for distance approximation to monotonicity of high dimensional functions
is to reduce this problem to the problem of approximating the distance to monotonicity of
functions over the line (i.e., one-dimensional functions from ¥ to Z) or to the problem of
distance approximation of functions over the k-dimensional hyper-cube (i.e., ¥* — Z, where
k < d). For that matter, we build on the work of [DGL199).

The algorithm of Dodis et. al. [DGL*99] works by selecting random pairs of points in %%
and checking whether monotonicity is violated by these pairs. Each pair belongs to the same
line (projection of f to one dimension) and the pairs are selected according to a particular
(non-trivial) distribution. They show that the probability of selecting a pair that violates

monotonicity is lower bounded by Q(W’%) where €,,0n(f) is the distance between f

and the closest monotone function (recall that f : ¢ — Z). Hence, if €,0n(f) > €, then by
selecting ©(dlog |X| log |Z|/€) pairs, violation of monotonicity is detected with high probability.
However, the probability of selecting a violating pair is not necessarily upper bounded in a
similar manner. In particular, the distribution over pairs is such that for some functions whose
distance to monotonicity is very small, the probability of getting a violating pair is very big. This
occurs because the distribution over pairs assigns large weight to some points (This difficulty
does not arise in the special case of ¥ = {0,1} because each line contains only a single pair).
This means that estimating the distance to monotonicity in general requires to modify this
approach.

What we take from [GGLT00] and [DGLT99] is the notions of dimension reduction and
range reduction. Dimension reduction, which was touched upon in the previous paragraphs,
means that we are interested in the relation between €p,0n(f) and €men(f’) for functions f’
which correspond to projections of f to lower dimensional hypercubes ¥¥. We first extend the
upper bound on €pon(f) in [DGL199, Lemma 6], which applies to lines (k = 1), to higher
dimensional hypercubes. We also give a simple lower bound on €,,0,(f). The upper bound
holds only for the range {0,1}, and hence we turn to giving a range reduction. In a range
reduction we mean establishing a relation between the quality of estimates of the distance to
monotonicity for functions with a general range =, to the quality of such estimates in the case
of |Z| = 2. Here we adapt a technique of [DGLT99] to our needs, and present an analysis which
we believe is more intuitive and easier to follow.

Based on the dimension and range reduction lemmas, we get an algorithm that, combined
with any distance approximation algorithm for low-dimensional functions, gives a distance ap-
proximation algorithm for higher dimensions. For general ranges we derive Theorem 1.2.1 by
using the algorithm of [ACCLO04] for one-dimensional functions as a subroutine. For the case
= = {0,1} we give several algorithms for low-dimensional functions. These algorithms, which
are based on a variety of approaches, differ in the quality of the estimate they provide and their
complexity. Using them we obtain the results stated in Theorem 1.2.2



1.3.2 Testing of Monotonicity

Our work on distance approximation led us to return to the problem of standard testing of
monotonicity. We show that by using the technique of “bucketing” (e.g. [GR02]) it is possible
to remove the dependence of the complexity of the algorithm on n (the size of ), at a cost of
log?(d/e€). Thus, the complexity of our algorithm is O(d/e) as compared to O(dlogn/e) for this
case in [GGLT00, DGL™99]. This is an improvement for low dimensions and large n.

1.3.3 Distance Approximation to Convexity

A basic idea behind some algorithms for distance approximation to monotonicity is to estimate
the number of violations to monotonicity on the domain of the function, or on some parts of the
domain of the function, according to some deterministic or probabilistic rule, and show that this
estimation provides a fairly tight estimation of the distance to monotonicity. In our work we
implement a similar idea for the convexity case. The first question that should be raised now is:
What is a violation of convexity? In the monotonicity case this is quite simple. Two elements 4
and j violate monotonicity if i < j and f(i¢) > f(j), in which case a monotone function cannot
be equal to f on both i and j. Also, determining whether 7 and j violate monotonicity requires
O(1) calculations. In the convexity case however, two elements in the domain can not contradict
convexity (a function over a domain of size 2 is always convex). Consider some i < j. We easily
show that if f : ¥ — R is convex then

fO) - fGi+1)

fli+1) = £0) < B

<fE+1)-710) (1.2)

That is, if the pairs (i,7+ 1) and (j,j + 1) don’t satisfy Equation (1.2) then there is no convex
function that is equal to f on all {4,741, 7, 7+1}. In this case we say that (i,i+1) and (j,j+1)
violate convexity. The next thing to do is find some relation between those local violations to
convexity and €con(f).

Consider the work of [ACCLO04]. They define the term -big. An element i is d-big if there
exists j such that the number of violations to monotonicity between i and elements in {i+1, ..., j}
(or {j,....,i — 1} if j < i) is large enough. Then they show a relation between J-bigness and the
distance to monotonicity (details in [ACCL04, Section 2.2]). We build on their work, where the
violations to convexity as we showed above replace the violations to monotonicity.

1.4 Organization

In Chapter 2 we prove Theorems 1.2.1, 1.2.2 and 1.2.3. Specifically,

e In Section 2.2 we show a lower bound on €0, (f) for f : ¥% — Z, and an upper bound on

6mon(f) for f: IS {07 1}'

e In Section 2.3 we extend the upper bound of Section 2.2 for f : £¢ +— {0,1} to an upper
bound for f : ¢ — Z, where Z is any finite set.

10



e In Section 2.4 we use the bounds of previous sections to provide a reduction from the
problem of distance approximation of monotonicity of £¢ — Z functions to the problem
of distance approximation of monotonicity of ¥ — = functions, where k < d. Based on
that we prove Theorem 1.2.1.

e In Section 2.5 we present distance approximation algorithms for ¥* — {0,1} functions
(Subsection 2.5.1), ¥ — {0,1} functions (Subsection 2.5.2) and %2 ~ {0,1} functions
(Subsection 2.5.3). Based on those algorithms and the reduction of Section 2.4 we prove
Theorem 1.2.2.

e In section 2.6 we show a reduction from the problem of testing monotonicity of ¢ — {0,1}
functions to the problem of testing monotonicity of ¥ +— {0,1} functions, and prove
Theorem 1.2.3.

In Chapter 3 we prove Theorem 1.2.4. Specifically,
e In Section 3.3 we present the co-convexity property, and show the relevant implications

of that property.

e In Section 3.4 we present the notion of 3-bigness and show its relation to the distance of
f X — R to convexity.

e In section 3.5 we present a distance approximation algorithm for convexity and prove
Theorem 1.2.4.

11



Chapter 2

Distance Approximation to
Monotonicity

In this chapter we prove Theorems 1.2.1, 1.2.2 and 1.2.3 (see pages 7 - 8).

2.1 Preliminaries

Let d € Z and let [d] = {1,2,...,d}. Let ¥ = {1,...,n} and = be any fully ordered set. Given
two strings x,y, let 2y denote the concatenating of the two strings. Let z,y € ¢ such that
r = x122...x4 and y = y1y2...yq. We say that z < y if every i € [d] satisfies z; < y;, and that
x < y if z <y and there exists ¢ such that z; < y;.

Definition 2.1.1 In the following items, let V' be some partially ordered finite set, and observe
that % is a special case of V.

e A function f:V — E is monotone if every x <y satisfy f(z) < f(y).

e Let the Violation Graph Guini(f) = (V, Evioi(f)) of a function f :V +— E be an undirected
graph such that for every x,y € V, (z,y) € Euu(f) if x,y violate monotonicity (i.e.
x <y and f(x) > f(y) ory <z and f(y) > f(z)). Also, let VC(Guyini(f)) C V denote
the minimum vertex cover of Gyin(f).

o Let €mon(f) denote the (relative) distance of f : V +— Z from the class of monotone
functions, which is the minimum of dist(f,g) = [{x € V : f(x) # g(x)}|/|V| over all
monotone functions g: V +— E.

e A function f:V +— = is e-far from being monotone if €mon(f) > €, and e-close to being
monotone otherwise.

The Minimum Vertex Cover of graph G is denoted VC(G). The following Lemma is quoted
from [HKO04].
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Lemma 2.1.1 Let f : V +— Z where V is some partially ordered finite set. Given S CV, if for
every (i,7) € Eyiol(f), either i € S or j € S, then there exists a monotone function ' :V +— =
that differs from f only on elements in S.

As a corollary of Lemma 2.1.1 we get the following lemma.

Lemma 2.1.2 Let f:V — Z where V is some partially ordered finite set.

|VC(val(f))| = emon(f) ) |V|

Given a function f : £¢ — Z and 1 < i < j < d let fij.p(z) = f(azB) such that
ae Yl gz eyt g e ¥ii Note that fijap is a Y=+l 5 = function. To simplify our
notation, for a fixed k € Z, let fy a5 = f4—1)k+1,qk0,8

For 1 < i < j < dlet (i,7)-cubes of a function f (and i-lines if i = j) denote the set
{fijoap : a € X1 3 € X7} For any i € [d] we say that a function f is monotone in
dimension i, if the i-lines of f are all monotone functions. For a set T' C [d] we say that f is
monotone in dimensions T, if for every ¢ € T', f is monotone in dimension 3.

Definition 2.1.2 Let f : X% — Z, where Z is a fully ordered set. For every i € [d], the
function S;[f] : £ — Z is defined as follows: for every a € L1 and f € L | let
Silf](alB), ..., Si[f](anB) be assigned the values of f(alf), ..., f(anfB) in sorted order. In other

words, S; acts on f by sorting its i-lines. Let the multi-dimensional sorting operator, S; ;[f] =

Si[Sj-1[...[Si[f]...] (note that j >i).

The additive and multiplicative chernoff bounds which we often use can be found in Appendix
A.

2.2 Dimension Reduction

The result of this section is presented in Lemmas 2.2.1 and 2.2.2, which provide a lower and an
upper bound on €,,0,(f), respectively.

Lemma 2.2.1, which gives a lower bound on €,,0,(f) applies to functions with any range and
its proof is quite simple. Lemma 2.2.2, which gives an upper bound on €,,,,(f) applies only to
the range {0,1} and it is a generalization of [GGL100, Lemma 9]. We Later extend the result
of Lemma 2.2.2 to any fully ordered finite range, at a certain cost (see Lemma 2.3.1 on page
18).

Lemma 2.2.1 Let f : 2% — =, and k € Z such that % € Z. The set of functions
{fqa8: Y Eiqel,.., %}, a € Rk g e =0k} satisfies the following property.

€mon(f) = Eq,a,,@[emon(fq,a,ﬁ)]

13



Lemma 2.2.2 Let f: %% {0,1}, and k € Z such that % € Z. The set of functions
{fqa8: YF i {0,1} s g e {1, ..., %}, a € Rk g e nd=ak) satisfies the following property.

2d

6mon(f) < ?Eq,a,,@[emon(fq,ocﬂ)]

Proof of Lemma 2.2.1: If f is monotone, then it is monotone in all dimensions. However,
if f is monotone in a set of dimensions {i,7+ 1,.., 7}, it is not necessarily monotone. Therefore,
for every 1 < i < j < d the following inequality holds.

6mon(f) : nd > Z Emon(fi7j7a,ﬁ) : nj_H_l (21)
a76

Therefore,

6mon(f) : nd

v

max Z Emon(fq,a,/a’) -k

qe{l,..., %} a,B
o 4k
S )
q=1 o,
k-nk
Y oonlfans) 22)
g,
k-nk d _
_ y . - . nd quﬂﬂ(Emon(fq,Oéﬂ))

= Eq,aﬁ[emon<fq,a,ﬁ)] -n (2.3)

v

v

Lemma 2.2.2 is based on the following three claims, which are established in Lemmas 2.2.4 and
2.2.3.

e When sorting a ©¢ — {0, 1} function on some set of dimensions (using the sorting operator
of Definition 2.1.2), the function remains sorted (if it was so before) on other dimensions
(details in part 1 of Lemma 2.2.3).

e When sorting a X% +— {0,1} function on dimension ¢ € [d], the (i, j)-cubes of f become
closer to being monotone (details in part 2 of Lemma 2.2.3).

e The distance of f: X%+ {0,1} from its sorted version (i.e., S14[f]) is similar to €mon(f)
(details in Lemma 2.2.4).

Lemma 2.2.3 is a generalization of [GGL'00, Lemma 8].
Lemma 2.2.3 Let h: X%+ {0,1}.

1. If h is monotone in dimensions T C [d] then S;[h] is monotone in dimensions T U {j}.

2. For everyl1 <1< j<dandq¢{i,..,j},

Z Emon(hi,j,aﬂ) > Z Gmon(Sq[h]i,j,a,ﬁ)

aexi—1 Bexd—j aexi—1 Bexd—j

14



Note that by part 1 of Lemma 2.2.3, S 4[h| is a monotone function.

Proof: The first part of the lemma appears in [GGLT00, Lemma 8], and we include it for
completeness. We turn to the second part of the lemma. Let us first present a claim, which we
later prove.

Claim 2.2.1 Foreveryl1 <i<j<dandq¢ {i,....j}, the function f : L2971 x {0,1} x 2979 -
{0,1} satisfies

Z Emon(fi,j,oz,ﬁ) > Z Emon(sq[f}i,j,a,ﬁ)

aeXi—1 gexd—j aexi—1 gexd—i

We now use Claim 2.2.1 to prove the second part of the lemma. Observe that the com-
putation of S;[h] can be divided to sub-computations (in a similar way to the Bubble-Sort
algorithm). That is, in every such sub-computation

e Pick some k£ and k + 1.

e For every a € X971 and 8 € X479, if hy g0 (k) > hggap(k+ 1) then set hyga5(k) =0
and hq7q7aw8(k; + 1) = 1'

Let h! denote the resulted function after such ¢ steps (sub-computations). Let k; denote the 'k’
that was picked in step t. There exists a finite number ' such that h* = S,[h]. Assume without
loss of generality that ¢ > j. Claim 2.2.1 implies that every t <t satisfies

ki+1
Z ( Z Em(m 1,7, Otﬂ17’ﬁ2)>

aeXi—l giexa-1-7 grexid—a \r=k;

ke+1
. > (3 ottty

aeXi—1 B1ena-1-7 Brexd—a \r=k;

Therefore,

Y. emonlhijas)

aexi=1 geyd—j

ki+1
t—
SR BN (I DR RAES o)

aeyi—l giexna—1-J Boend—a \reX\{kki+1} r=ky

ki+1
> > ( Yo emon(hijapes) T D emon(h;jﬂﬁl?ﬁ@))

aeXi=l B1exe—1-i Boexnd—a \reX\{k¢ki+1} r=kt

= Z emon(h§7j7a,ﬂ)

aeXi—1 gexd-j
which inductively proves the second part of the lemma.

Proof of Claim 2.2.1:  Let f* = Sy[f]. Let f™: 297 x {0,1} x £%%— {0,1} be a function
such that for every o € 71, B ¢ Ed J f i.j,o,3 18 monotone and

dZSt(fZ]J\{a,ﬁ7 fi»j»azﬁ) = emon(fiajzavﬁ) (2'4)
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In order to prove the claim, it is left to show that there exists a function f’: X971 x {0,1} x
»4=49+- {0,1} , such that for every a € X711, 3 € B4, fz‘/,j,a,ﬁ is monotone and

Z diﬂ(fij,a,@ fz’,,j,a,ﬂ) S Z diSt(fi,j,a,B7 fi{]\{a”@) (25)
a,f a,f

Before we do so, we need some more notation. For simplicity, and without loss of generality,
assume that ¢ = d,i = 1 and j < d. Let r € {0,1} and v € %71, For every z € X7 let

Grr(x) = [flayr)
Goolx) = f'(zyr)
grr(x) = [f(xyr)
gye(@) = fM(ayr)

We now define f’ (and ¢'). For every z € %/

gho(@) = f'(270)
— min{g%(x),g']y\ﬁ(x)}
gha(z) = flay1)
= max{gf‘/flo(w),gyﬂx)} (2:6)

First we claim that 9/%07 g’%l are indeed monotone functions.
For every y > z,

doly) = min{gd(y), ) (v)}

min{g} (), g2 (x)}

9;,0(35)

max{g}(v), 931 (v)}

max{g}(x), g3 ()}

= g () (2.7)

v

9/7,1@)

v

We also need to show that,

> dist(g50, 9,0) + dist(g51, 941) < D dist(gy,0,950) + dist(gy,1,951) (2.8)
v Y

So we claim that for every =,
dZ’St(Qi,o,giy,o) + diSt(gfy,la 9;,1) < dist(gy.0, 9%) + dist(gy,1, 9%) (2.9)

Proving Equation (2.9) is a technical process of going over the 16 possible values for the com-
binations of g%r,g%, r € {0,1}. For every x; and ~ such that

gro(@1) =0, gya(z1) =1, g¥o(x1) =1, g} (z1) =0
OR

gro(z1) =1, gya(z1) =0, gl(x1) =0, g}i(z1) =1 (2.10)

it is not hard to see that

(95,0(21) ® g4 0(21)) + (951 (1) ® ¢y 1 (21))
= (gy0(71) @ g%(xl)) + (gy1(21) @ 9%(96'1)) —2 (2.11)
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otherwise

(95,0(x1) @ g5 o(21)) + (951 (21) © g 1 (21))
= (970(z1) ® g50(21)) + (95,1(21) © g5 (1)) (2.12)

and the claim follows. W

BM(Lemma 2.2.3)

Lemma 2.2.4 Let f: %% {0,1}. Then,

6mon(f) < diSt(fa Sl,k[f]) < 2€mon(f)

Proof: Part 1 of Lemma 2.2.3 implies that S; ;[f] is a monotone function, and so €mon(f) <

dist(f, S1klf])-

Let f* = Six[f]. When sorting a function, the labels of the function are relocated. So,
for every &, if f(£) = 1 and f*(£) = 0, then there must be some ¢, such that, f(y) = 0 and
f?(y) = 1. Considering the operation of the multi-dimensional sorting operator S, it is not
hard to see that y > Z. In words, 1 labels of f, during the sorting, can only be moved to larger
elements on the domain. Also, observe that f(£) > f(¢) is a contradiction to monotonicity, and
therefore (£, ) is an edge in Guipr(f).

Let X0 = {z € ¥ : f*(z) = 0} and X' = {x1,..., 7} € X" be some set of elements such
that f(z1) = f(x2) = ... = f(z,) = 1. Let X' ={z e ¥F: fS(z) =1}, X> ={zc¥F:31<
i<r x>}, and X1 = X1 N X>. Observe that the 1 labels on 21, ..., 2., must be relocated
(during the sorting) to elements that are in X'>. Also observe that if # € X% then every
y > x is also in X ™. Therefore, 1 labels that are on elements in X > before the sorting, can
not move out of that area during the sorting. Therefore, [{z € X1~ : f(x) =0} > r = \YOL or
else there are not enough places in X for those 1 labels. Also observe that if y € X1> and
f(y) =0, then there must be z; € X such that (x4,y) is an edge in Gy (f)-

By Hall’s theorem, the above implies that there exists a matching in G0 (f), between X°
and X!, of size e = |[{x € X : f(x) = 1}|. Therefore, €mon(f) - n* > e.

Also, it is obvious that [{z € X? : f(z) = 1}| = {z € X' : f(z) = 0}|. Therefore,
dist(f, f*) -n¥ = 2e, where e = [{z € X°: f(z) = 1}| = [{z € X' : f(z) = 0}|. Hence,

dist(f, f*) - n*

emon(f) - mF > e 5 (2.13)
|
Proof of Lemma 2.2.2:  Let f; = S (;_1)x[f]. We claim that:
d/k
€mon(f) < dist(f, faj41) < qz_:ldist(fq, fa+1) (2.14)

The first inequality comes from the fact that fg/5,1 is monotone,which is a result of part 1 of
Lemma 2.2.3. The second comes from the triangle inequality.
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For a € S0~k 3 € 534-ka et g, , 5(2) = f,(azB). Now, we claim that for every g:
o dis(f fyrt) = S Ho € o) # fyaar)

= Z {z € 2% : ggap(x) # S1k9g,0,8] ()]
< Z €mon gq7 ,B 2 (2'15)
= 2n¢ ‘Ea,ﬁ[€m0n(9q,aﬁ)]

Inequality (2.15) is justified by Lemma 2.2.4.
Part 2 of Lemma 2.2.3 implies that for every 1 < ¢ < %,

Ea,ﬁ[emon(gq,a,ﬁ)] < Ea,ﬁ[emon(fq@,ﬁ)] (216)
and finally,
d/k
6mon(f) < Z diSt(fm fq+1)
qg=1
d/k
< Z 2Ea,6[€mon(gq,a,6)]
qg=1
d/k
< Z 2Ea,ﬁ[€mon(fq,a,ﬁ)]
q=1
2d
= k Eq a,ﬂ[emon(fq oz,ﬁ)] (217)

and the lemma follows. W

2.3 Range Reduction

In this section we present a reduction from the case of a general range = to the case of the range
{0,1}. As a result we obtain Lemma 2.3.1.

Lemma 2.3.1 Let f : % — =, where Z is a fully ordered ﬁm'te set. For every k € Z such that
% € Z, the set of functions {fyap: XF— Z:q€ {1,.. ,k} a € Xk 3 e nd=akY sotisfies
the following property:

2d

emon(f) < log |E| : ?Eq,a,ﬁ[fmon(fq,aﬂ)]

The bound of Lemma 2.3.1, along with the bound of Lemma 2.2.1, implies a reduction
algorithm from distance approximation for d-dimensional functions with finite range (of size
|Z]), to k-dimensional functions (for k& € Z s.t. % € Z) with the same range. The cost of the
reduction is a multiplicative factor of 21log|Z|-d/k in the estimation (see Section 2.4 for details).

In Lemma 2.3.4, we present properties of operators that bound the distance to monotonicity
for boolean range functions. We show that for operators with such properties, the relation to
emon(f) can be extended to functions with a larger range. In Lemma 2.3.1 we use it to extend
the result of Lemma 2.2.2 to larger ranges.
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The idea behind the range reduction: Consider the violation graph G (f) of a function
f:V — =, where V is some partially ordered domain, and = = [0, — 1] is a fully ordered
finite set. Lemma 2.1.2 implies that by changing the values of elements in the minimum vertex
cover of Gyio(f) (i.e. changing the values of the relevant elements in the domain V'), f becomes
monotone. The domain V can be divided into two subsets: The “Low” subset, which contains
all elements z for which f(z) < r/2 — 1, and the “High” subset, which contains all elements x
for which f(x) > r/2. Consider the bipartite graph G’ = (V, E’) where E’' C E,;q(f) contains
all the edges with one endpoint in the “Low” subset, and one endpoint in the “High” subset.
We show in this section, that moving all elements in the minimum vertex cover of G’, from the
low subset to the high subset, and from the high subset to the low subset (as described in Figure
2.1) generates a new function (name it g) for which there are no edges (in the violation graph
of g) crossing from the low subset to the high subset (with respect to g). We also show that
this process does not create any new edges in the violation graph. This allows us to separate
the violations of the new generated function, g, to two groups: “Low” violations and “High”
violations. This separation enables us to prove that the size of the range has a logarithmic effect
on the bound that has been established in Lemma 2.2.2, details follow. Our proof is based on
[DGL199, section 4], in which a similar result is presented, followed, however, by a somehow
less intuitive proof.

Notation: Given a function f : V +— [0, — 1], where V is a partially ordered finite domain,
and [0, — 1] is a fully ordered range of size r, where r is a power of 2. Recall that G (f) =
(V, Evior(f)) is the violation graph of f, and VC(Gyin(f)) is a minimum vertex cover in G0 ( f)-
Let VL(f) be the “low value” subset of V' with respect to f. That is, x € VL(f) iff f(x) <
5 — 1. Similarly, let Vi (f) be the “high value” subset of V' with respect to f. That is,
reVy(f) if f(z)> 5. Let f/:V —[0,1] be defined as follows:

if weVu(f) then f'(x)=0
if  xeVy(f) then f'(z)=1 (2.18)

Note that Ey(f’) is the set of all edges (z,y) € Eyioi(f) such that = € Vi (f), v € Vy(f) and
x >y. Let g : V — [r — 1] be defined as follows:

if xeVCO(Gualf) and xeVy(f) then g(z)=--1
if x € VC(Guiat(f)) and x € VL(f) then g(z)=
if ¢ VCO(Guialf')) then g(x)= f(x) (2.19)

Observe that dist(f,g) = emon(f)-

NS o3

Lemma 2.3.2 For function g as defined in Equation (2.19)

1. There are no edges in the violation graph of g, connecting vertices in Vi(g) to vertices in
Vi (g) (i.e. There is no (z,y) € Eyioi(g) such that x € V,(g) and y € Vi(g)).

2. Em‘ol(g) - Eviol(f)

Proof: We begin with the first part of the lemma. Assume that there is (z,y) € Eyi(g) such
that z € Vi.(g9), y € Vu(g) and = > y. There can be two cases for :
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Gt=io£ ( f :'

G viol (5" )

Figure 2.1: An illustration of the violation graph of the given function f, and the generated function
g. The domain is partitioned into 4 subsets, according to the labels of the function. The location of
elements A, B,C and D is a result of their label in f and g respectively. That is, f(A4) < § — 2, f(B) =
5—1Lf(C)>5+1,f(D)>5+1,9(A) = 5,9(B) = 5,9(C) > 5 +1,9(D) = 5§ — 1. The dotted circle
denotes the minimum vertex cover of Gy (f) (4, B,D € VC(Gyioi(f)) and C ¢ VC(Gyioi(f))). Recall
that edges in the violation graph denote violations of monotonicity.
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1. x € Vi(f) and = ¢ VC(Gupini(f'))
2. x € Vy(f) and 2 € VC(Guin(f"))

and two cases for y:

1. y e Vi(f) and y € VC(Gupin(f))

2. yeVu(f) and y ¢ VC(Guia(f"))

Consider the first case for z. If x € Vi (f) and x ¢ VC(Gyin(f’)) then y must be in case 1.
(otherwise y € Vi (f) and since x € Vi(f) then f'(z) < f’(y) which means that x or y must
be in VC(Guyini(f')), a contradiction). This means that y € Vi(f) and y € VC(Gyin([f))-
Therefore there must exist z € Vi (f) such that z > y > z and z ¢ VC(Guin(f')). The fact
that z € Vi (f) and = € V,(f) means that 1 = f'(z) > f/(x) = 0 which means that one of z, z
must be in VC(Gyini(f')). A contradiction.

Now consider the second case for z. If z € Vi (f) and 2 € VC(Guini(f')) then there must
exist z > & > y such that z ¢ VC(Gyin(f')) and z € Vi(f). Therefore y € V(f) and y €
VC(Guioi(f)) (otherwise y € Vi (f) and y ¢ VC(Gyini(f)) which cannot be since f/(z) < f'(y)
and z > y means that y € VC(Guin(f'))). Now, since y € V.(f) and y € VO (Gyioi(f')), then
there must exist w < y such that w € Vg (f) and w ¢ VC(Gyini(f')). Sow <y < z < z,
f'(w)=1>0= f'(z), which cannot be since both w & VC(Guin(f')) and 2z ¢ VC(Gyiai(f'))-
The first part of the lemma follows.

For the second part of the lemma, consider an edge (z,y) € Eyin(g). By part 1 of the
lemma, either x,y are both in Vi(g), or they are both in Vi (g). Assume (the other case is
similar) that x,y are both in V7.(g), g(z) < g(y) and = > y.

First we show that x must be in V;(f) and not in VC(Gyin(f’)). Assume otherwise, i.e.
r € Vg(f) and © € VC(Guio(f')). In this case, g(z) = § — 1, and since we assume that

y € Vi(g) then g(y) < g(x) which contradicts our assumption on x,y. Therefore, x € VL(f)
and x ¢ VO (Gyio(f')), which means that f(z) = g(x).

There can be two cases for y:

1. y e Vi(f) and y ¢ VC(Guia(f"))
2. yeVy(f)and y € VC(Gupint(f))

If y € Vi(f) and y ¢ VC(Guyini(f")) then f(y) = g(y) and (z,y) € Eyiqi(f). If, on the other
hand, y € Vi (f) and y € VC(Guior(f')), then f(y) > 51 = g(x) = f(z) and (z,y) € Evia(f).
Part 2 of the lemma follows. W

Let g% : V — [0,% — 1] be defined as follows:

if zeVi(g) then

g
if x€Vu(g) then  gl(z)=>—-1 (2.20)
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Let g" : V + [5,r — 1] be be defined as follows:

if xweVu(g)  then

g
if xe€Vi(g) then  gf(z) = (2.21)

Part 1 of Lemma 2.3.2 implies that:

e if 2 € Vi (g) then x is not connected to an edge in Ey;,1(g").

e if 2 € V7 (g) then z is not connected to an edge in F,;y(g7).
Lemma 2.3.3 For g and g" as defined in Equations (2.20) and (2.21), respectively,

1. Eviol(f) ) Eviol(g) = Eviol(gL) U Eviol(gH)
2. Eviol(f) ) EUiOl(f,)
3. Emon(f) < 6mon(f/) + 6mon(gH) + emon(gL)
Proof: Part 1 of Lemma 2.3.2 implies that E,0(9%) U Epior(9") = Fuior(g). Part 2 of Lemma

2.3.2 implies that Fy;0(g) € Eyio(f) and part 1 of this lemma follows. Part 2 of this lemma is
trivial from the definition of f’.

Regarding part 3. Part 1 of Lemma 2.3.2 and the fact that V¥ (g) N VE(g) = () imply
that VO(Gior(9%)) UV C(Grio(97) = VC(Grini(g)) and VC(Gyini(g™)) NV C(Gyini(g™)) = 0.
Therefore €,0n(9) = €mon(g™) + €mon(g”). Let gmon : V +— [0,7 — 1] be a monotone function
such that dist(g, gmon) = €mon(g). Also recall that €,on(f’) = dist(f,g). Therefore,

Emon(f) < d’iSt(f, gmon)
< diSt(fv g) + dist(g, gmon)
= 6mon(f/) + 6mon(gH) + 6mon(gL) (222)

and part 3 of the lemma follows. W

Lemma 2.3.4 Let F' be the set of all functions that map V to a finite range. Let T : F — R
be an operator that satisfies the following properties for every f € F (let f',g,g"%, g™ be defined
as above with respect to f):

1. T(f") < I(f)
2. T(¢") +T(g") < T(f)
If for every f : V — {0,1},
€mon(f) <C- F(f) (223)

then for every f:V — Z,
emon(f) <C- |710g |E|—| ) F(f)
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Proof: Let s = [log|Z|]. We prove the lemma by induction on s. The base of the induction
follows directly from Equation (2.23). Now assume the lemma holds for s—1, and let f : V — Z=.
Therefore,

€mon(f) < €mon(f/) + Emon(gH) + 6mon(gL) (2.24)
< C-T(fY+C-(s—1)-T(gM+C-(s—1)-T(g") (2.25)
< C-T(f)+C-(s—=1)-I'(f) (2.26)
= s T())

Inequality (2.24) is a result of part 3 of Lemma 2.3.3. Inequality (2.25) is based on the induction
hypothesis, and the fact that the range of f’ is of size 2, and the ranges of g/ and g” are of
size 2571, Inequality (2.26) is based on the properties of I'. W

Proof of Lemma 2.3.1:  Let I'(f) = 2E, , s(émon(fya,3))- We need to show that the
properties of I' as described in Lemma 2.3.4 hold.

For every q, «, 3, let Eyioi(fq,a,3) denote the set of edges in the violation graph of f, g (i.e.
Giol(fga.8) = (V. Evioi(fq.a,8)) ). Part 2 of Lemma 2.3.3 implies that Eyio(f') C Eyior(f)-
Therefore, for every q,c«, 3, we have that E;.(f! 7a,ﬁ) C Eyioi(fga,8)- which means that

q
emon(f;’aﬂ) < €mon(fq.a,8)- Therefore Property 1 holds (i.e. I'(f") < T'(f)).

Part 1 of Lemma 2.3.3, and the fact that Vi (g) N VL(g9) = 0, and Eyi0i(9™) N Eyier(g") = 0
imply that for every ¢, a, 3,

[VC(Guiot(9g,0,8))| < [VC(Guiot(fg,0,8))] (2.27)
and
VCO(Guiol(9005)) UVC(Guiat(9ha3) = VC(Guiot(9g.a8))
VCO(Guiol(9008)) NV C(Guiat(9a5) = 0 (2.28)
and so
’VC(GviOZ(gg,Ia,B)N—F‘VC(Gviol(g;a,ﬁ))’ = ’VC(GM'OZ(gq,a,,B)”
< ’VC(Gvioqu,a,ﬁ))’ (2-29)

Therefore, Lemma 2.1.2 implies that for every ¢, a;, 3 we have

6mon(gq,oz,ﬁ)

emon(gfaﬁ) + Emon(gia,ﬂ) <
< emon(fq,aﬂ) (2.30)

and Property 2 holds (i.e. T'(g") + T'(¢") < T(f)).

Lemma 2.2.2 implies that for every f: V — {0,1}, €mon(f) < T'(f) and the lemma follows. M

2.4 A Distance Approximation Algorithm based on Dimension
Reduction

Given some fixed k € [d] such that d/k € Z, let A(f,d,7) be an algorithm that is given query

—_

access to a function f : ¥¥ +— Z, and returns € such that with probability larger than 1 — ~,
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¢ satisfies €mon(f) — 0 < € < Nemon(f) + 0 (for some n > 1). The query/time complexity
of A(f,d,7) is T'(d,7v). We show here, based on Lemmas 2.2.1 and 2.3.1, and Algorithm A,
a distance approximation algorithm (Algorithm 2.4.1) for monotonicity of ¢ +— = functions.
Algorithm 2.4.1 is given query access to a function f and a parameter 0 < § < 1 and returns €
such that

Lemma 2.4.1 At the end of Algorithm 2.4.1, with high probability,

k 1+7

v _S<e< i
2d10g|5|6mon(f) 5_6_7’]6m0n(f)+ 5 1)

The query/time complexity of Algorithm 2.4.1 is 5%T(6/27 52/6).
Before we prove Lemma 2.4.1, let us use it to prove Theorem 1.2.1.

Proof of Theorem 1.2.1: Consider the distance approximation algorithm for 3 +— =
functions presented by [ACCLO04]. Their result implies the existence of a distance approximation
algorithm A’ that is given query access to a function f : ¥ +— Z, and parameters 0 < § < 1,
0 < < 1. Algorithm A’ returns € such that with probability at least 1 —-, € satisfies €,0n(f) —

©(0) < € < 2.005€men(f) + O(J). Its time and query complexity is 77(d,7) = O(IOg” log%)

0
Lemma 2.4.1 implies that Algorithm 2.4.1, combined with Algorithm A’, provides a (4.01 -

dlog |Z|, §)-estimate algorithm for ¥¢ — Z functions. The time and query complexity of the

algorithm is 6(%{%“). |

Algorithm 2.4.1 Approximating the Distance to Monotonicity by Dimension Reduction

Given query access to a function f: X% — = and a parameter §:
Initialize € = 0.

for j =1tom = 0O(5):

e Randomly and uniformly select ¢ € {1, ..., %}, a € Nk gend-ak

o Set € = A(fy0.8: 5 o).

6m

m)

° ézé—i—ﬁ".

return €.

Proof of Lemma 2.4.1:  For convenience, set €; = €mon(fga,8), Where ¢ € {1,..., 2}, a €
»e=1k 3 e 140k were selected in iteration j of Algorithm 2.4.1. For every j, with probability
larger than 1 — GL, €j—0/2 <€ <n-€j+9/2. Therefore, by the union bound, with probability
larger than 1 — g,

;éézé > ;é(ej—6/2)
= %(Zej)—é/z (2.31)

=1

24



;ié:é < ;i(n6]+5/2)
j=1 j=1
= (iq)—l—&/Q (2.32)
Jj=1

For convenience, set p = Ey o gl€émon(fq,a,3)]- By the additive chernoff bound,
pr(|L Y ei—pl>d/2] < %. Therefore, by the union bound, with probability larger the 1— 2,

1 m

—(Ze]) —4/2

m

j=1
> p—0/2-6/2
= Eyaplemon(feap)] =9 (2.33)

NE
™
1
M>
'V

1 &, . N [
EZE'—E < %<Z€j)+5/2
J=1 Jj=1
< mp+né/2+6/2
1+n
= nEqalémon(fq.a,8)] + (2)5 (2.34)

Based on this result and Lemmas (2.2.1),(2.3.1) we get that with high probability,

k ) 147
——€m —0 <€ <ney, — 2.
2dlog|5|€ on(f) 5_6_776 on(f)+ 9 ( 35)

2.5 Distance Approximation for {0,1} Range and Low Dimen-
sion

In this section we present a variety of distance approximation algorithms for functions with
{0, 1} range and low dimension. Observe that each of these algorithms may be used with the
dimension reduction algorithm (Algorithm 2.4.1).

2.5.1 Distance Approximation for X% — {0,1} Functions (k > 1)
2.5.1.1 Results

The result of this subsection is Algorithm 2.5.1 (see page 29), which is a distance approximation
algorithm for ¥* - {0, 1} functions. Algorithm 2.5.1 is given parameters 0 < § <1, 0 <y <1
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and query access to a function f : ¥* + {0,1}. It returns the value € such that (see Lemma
2.5.3 on page 29) with probability at least 1 —

€mon(f) — (k+1)8 < € < 2emon(f) + (k +2)6 (2.36)

Its time and query complexity is
1 k+2
(055 108(1/8)) ) log(1/7)

Proof of Item 1 of Theorem 1.2.2: Algorithm 2.5.1 may also be viewed as an algorithm

that returns € such that with probability at least 1 —-y, € satisfies €mon(f) —9 < € < 2€mon(f)+0,
2 k+2

but with running time and query complexity of (O((%) log(g))) log(1/7). Selecting k € Z

such that d/k € Z, applying this result on X* ~ {0, 1} functions, and using it with the reduction
algorithm (see Lemma 2.4.1 and Algorithm 2.4.1), provides a distance approximation algorithm
that is given a query access to f : 3¢ — {0,1} and returns € such that with high probability

k 3

ﬁemon(f) — 0 <é< 2€mon(f)+ 55 (2.37)

The time and query complexity of the algorithm is

k+2
o (0(G) e)) o s

|
Observe the trade off that k provides. The larger k is, the less efficient the algorithm is, but
the estimation of €,,0,,(f) becomes more tight.

2.5.1.2 The Family {f; : ¥ — {0,1,%}}r_,

Lemma 2.2.4 (see page 17) implies that estimating the distance between a boolean range function
to its sorted version (see Definition 2.1.2 for the sorting operator) provides a 2-factor distance
approximation for monotonicity. Therefore, Algorithm 2.5.1 estimates the distance to the sorted
version of the boolean function.

First we comment that when referring to a triplet (4, j¢, j) such that i € [k], j, € X1 and
jn € XF~% then if ¢ = 1 this actually means a pair (1,j3) such that j, € ¥¥~! and if 4 = k this
actually means a pair (k, j,) such that j, € £*~1. Let the order on the set {0,1,*} be 0 < % < 1.

We would like to estimate the distance between f and Sj ;[f]. Therefore, we now define a
set of functions {f; : ¥¥ — {0,1,%}}¥ , such that for every i, f; is very close to Sy ;[f]. We
show that for every i and y € ¥, if f;(y) # * then f;(y) = S1[f](y). We also show that the
part of the domain for which the labels of f; are * is very small.

Definition 2.5.1 Given a function f : ¥¥ — {0,1}, let the set of functions {f; : ¥F —
{0,1,%}}F_, be defined recursively as follows. For every 0 <i <k , j, € X171 and j, € XF% let
Oijegn = WU €X: fir(jewign) = 1}

Zijegn = W€Dt fica(jegjn) = O} (2.39)
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Fori=0, let fo = f. For every 1 <i <k, f; : ¥ — {0,1, %} is defined as follows. For every

gre Xl e gnd gy e ¥

. , n ..
if U< Zigegn = then fi(jedjn) =0

. , on L

if g >n =04y, +1+ = then  fi(jegjn) = 1
Else  fi(jedjn) = *

Observe the following. For every i € [k]

e f; is ordered in the i*" dimension. That is, S;[f;] = f;.

e For every y € ©F

if fily) =0 then Si[fi-1](y)

0
if fily)=1 then Si[fi-1](y) =1

e For every j, € £ ! and j, € X+

{y € X+ fi(jegin) =} < {g € X+ fima(Jedijn) = *}| + dn
Lemma 2.5.1 Consider the family {f; : ¥¥ — {0,1,*}}X_, of Definition 2.5.1.

1. For every y € XF

if fr(y)=0 then Sii[f](y)=0
if fe(y) =1 then Six[fl(y) =1

2. For every 0 <i <k, let X.(fi) ={y € XF: fi(y) = *}.

X (fe)l <6 k-t

Proof: We prove the first item of the lemma by induction on 4 (the dimension).

Induction Base:
Equations (2.41) and (2.42) imply that for every y € X*

if fi(y) =0 then Si1[f](y) = Si[fol(y)
if fi(y)=1 then Si1[f](y) = Si[fol(y)

0
1

Induction Hypothesis:
Assume that for some 1 < i < k — 1 we have that for every y € X*

if fily) =0 then Si;[fl(y)
if fily)=1 then Si;[fl(y)

0
1
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This means that

if Siqalfil(y) =0 then Sita[Svilfll(y) = Svita[f(y)
if Siqlfilly) =1 then Sita[S:lfll(y) = St [f1(v)

0
1

Equations (2.41) and (2.42) imply that

if fix1(y) =0 then Si|fil(y)
if fir1(y) =1 then Siy1[fi(y)

0
1

And together we have that for every y € XF

if  firi(y) =0 then Siia[fl(y) =0
if fixi(y) =1 then Sii[fl(y) =1

The first item of the lemma follows.

For the second item of the lemma, for every i € [k], Equation (2.43) implies that

X ()| < [ Xu(fim)[ +6 n
Recall that |X.(fo)| = 0 and therefore for every i € [k]
[ Xo(fi)| <6-i-nt

and the second item of the lemma follows. W

2.5.1.3 The Algorithm

(2.47)

(2.48)

(2.49)

(2.50)

(2.51)

We now present Algorithm 2.5.1, which estimates the distance between f and f. Lemma 2.5.1
implies that fj, and S ;[f] are very close. Based on that and on Lemma 2.2.4 we show that

this estimation is also an estimation of €0 (f).
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Algorithm 2.5.1 Distance Approximation for k Dimensions and {0,1} Range

Given query access to a function f : ¥* + {0,1} and parameters 6,v: Let 1 = @(%2 log(%)).
For every 0 <i < k and y = (y1,...,yx) € X* consider the following procedure:
Estimate(i, y){

e if { =0 return f(y)

o Let M = {9, }77”:1 be a set of 1 uniformly selected elements in ¥ (including repetitions).
For every j € [rh], let r; = Estimate(: — 1,y1 - - - ¥i—1Y;Yit1 - - - Yk)-

o Let

Z = (i€l =0

° — if y; < Z then return 0.
— ify; > Z + 1 then return 1.

}

Let m = O(3 log(%)), and let M = {:cj}}“:l be a set of m uniformly selected elements in ¥
(including repetitions). For every 1 < j < m let s; = Estimate(k, ).
Let

¢ = %|{] €[m]:s; # f(a?)}]

return €

The time and query complexity of Algorithm 2.5.1 is

(i) - m = (05 1081/8))) " 10g(1/7) (2.52)

Lemma 2.5.2 For everyy € XF, if fu(y) # * then with probability at least 1—%, Estimate(k,y)
= fr(y)-

Before we prove Lemma 2.5.2, we use it to prove that Algorithm 2.5.1 is indeed a distance
approximation algorithm.

Lemma 2.5.3 At the end of Algorithm 2.5.1, with probability at least 1 — =y

emon(f) — (k+1)5 < & < 2€mon(f) + (k +2)5

Proof: Let

Vi = {yesF: fy) # Sulflv)} (2.53)
Lemma 2.2.4 implies that
emon(f) - n* < V1| < 2emon(f) - n* (2.54)
Let
Yo = {yeSF\Xu(fi): fy) # Siklfly)} (2.55)
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Item (2) of Lemma 2.5.1 implies that
V1| — k- onF < |Va| < V3
Let
Yo = {a? € M\ Xu(fi) : f(a7) # Sialf)(=’)}
By the additive chernoff bound, with probability at least 1 —

Ya| |7l

o
< Z

nk D)

Assume that this is the case. Item (1) of Lemma 2.5.1 implies that also

Yo = {2d € M\ Xu(fi): f(27) # fr(2?)}

Lemma 2.5.2 and the additive chernoff bound imply that with probability at least 1 — 3,

1{j € m]: fu(@?) # % and Estimate(k,2’) # fr(2))}| < %m

Assume that this is the case. Let

Vs = {2/ € M\ X.(f) : f(z7) # Estimate(k,z7)}

Equation (2.60) implies that
5 5 )
1Yol = 1Yl < 3m
Let
X = {7 € M : fi(z7) = %}
By the additive chernoff bound, with probability at least 1 — &

||Xr_ Xl
m nk -

(2.56)

(2.57)

(2.58)

(2.59)

(2.60)

(2.61)

(2.62)

(2.63)

(2.64)

Assume that this is indeed the case. Equation (2.64) and Item (2) of Lemma 2.5.1 imply that

X
uS(lz+1)5
m

Observe that M \ X = M \ X,.(f) and therefore
Yy = {27 € M\ X : f(27) # Estimate(k,z7)}
Now recall that

é= %ij € M : f(a7) # Estimate(k, a”)}]

Obviously %' < €. This and Equations (2.65) and (2.66) imply that
. v % .
TN
m m m m

30

(2.65)

(2.66)

(2.67)

(2.68)



Summing up the probabilities that Equation (2.58), Equation (2.60) or Equation (2.64) are
not correct, and using Equations (2.54), (2.56), (2.58), (2.62) and (2.68) we have that with
probability at least 1 —

€mon(f) = (K +1)8 < € < 2€mon(f) + (K +2)0 (2.69)
|

Proof of Lemma 2.5.2: We show by induction on i that for every y € ¥, if f;(y) # * then
with probability at least 1 — %, Estimate(i,y) = fi(y).

Induction Base:
Observe that for i = 0, Estimate(0,y) = f(y) = fo(y) for every y € XF.

Induction Hypothesis:
Consider any y = y; - - - y; € ¥ and an iteration of Estimate(z,y). Denote y; = y1 - - - y;—1 and

By the induction hypothesis, for every y € XF, if f;_1(y) # * then with probability at least
1- %, Estimate(i — 1,y) = fi—1(y).

Therefore, by the additive chernoff bound, with probability at least 1 — 1% we have that

%\{J € [m] : fic1(yedjyn) # *  and  Estimate(i — 1, ye9yn) 7# fi—1(yedjyn)} < 1" (2.70)

Assume that this is indeed the case. Recall that

Z = %H] € [1h] : Estimate(i — 1,y,9;yn) = 0}] (2.71)
and let
O = n-2
= E‘{j € [m] : Estimate(i — 1, yey;yn) = 1}| (2.72)
Let
A n. .. . .
O = —jelm]: fi-r(yegiyn) = 1}
5 n. .. . .
Z = 7 €l fior(yedjyn) = 0} (2.73)
Equation (2.70) implies that
~ N
0 > 0-n (2.74)
- S

By the additive chernoff bound, with probability at least 1 — 1%,

A on
O Z Oivyl’yh - Z
. on
Z Z Zi7yl)yh - Z (2'75)
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Observe that by the definition of f;

on i i
Oiyoyn — 5 = Hy € X fi(yegyn) = 1}

on ,
Zigen — o = N9 € X filyegyn) = 0} (2.76)

Equations (2.74), (2.75) and (2.76) imply that

O > |{y € 2+ filyegyn) = 1}|
Z> g€ fi(yegyn) = 0}] (2.77)
Summing up the probabilities that Equation (2.70) or Equation (2.75) are not correct, and using
Equation (2.77) and the fact that f; is sorted in the ith dimension, we have that
e if f;(y) = 0 then with probability at least 1—2, y; < Z, which means that Estimate(i,y) =
0.
e if fi(y) = 1 then with probability at least 1 — %, yi >n—0+1= 7+ 1, which means
that Estimate(i,y) = 1.

and the lemma follows. W

2.5.2 Distance Approximation for ¥ — {0, 1} Functions

For the special case of k = 1, that is, for ¥ +— {0, 1} functions, Algorithm 2.5.1 is a (2, §)-estimate
algorithm with time and query complexity of 5(5% log %) As we show in this subsection, for
this special case it is possible to get more efficient/tight results.

In the boolean range case, if the function is monotone, then there exists a switch-pointi € X
such that for every j < i, f(j) =0, and for every j >4, f(j) = 1. Now let f be a function such
that € = €pon(f). This means that there is an index (switch-point) 1 < i < n + 1 such that
een={j:(G<iand f(j)=1)or (j >iand f(j) = 0)}|. The algorithms of this subsection
are based on the idea of estimating this switch-point.

2.5.2.1 Approximation with no Multiplicative Factor

Algorithm 2.5.2 is given query access to a function f : ¥ — {0,1} and parameters 0 < § <
1, 0 <~ <1, and returns € such that

Lemma 2.5.4 At the end of Algorithm 2.5.2, with probability larger then 1 — -y,

6mon(f) —0<éL Emon(f)Jr(;

The query and time complexity of Algorithm 2.5.2 is @((%2 log(,y—l'(s)).
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Proof of Item 3 of Theorem 1.2.2: Given a query access to a function f : ¢ — {0, 1},
Algorithm 2.4.1 (see Lemma 2.4.1 on page 24), combined with Algorithm 2.5.2 (see Lemma
2.5.4), provides a distance to monotonicity estimation é such that with high probability

;demm(f) L6 <e< emon(f) 40 (2.78)

The query and time complexity of the algorithm is O(éi4 log(%)). |

Algorithm 2.5.2 Distance Approzimation for ¥ — {0,1} Functions, Based on Parti-
tioning

Given query access to a function f : ¥ — {0,1} and parameters 0 <6 <1, 0 <~y < 1:

o Take m = @(%2 log(%)) random, uniform and independent samples of f.
o Let switch-points = {q-on+1:0<¢q < %} be a set of % + 1 candidate switch-points,
where the distance between every two consecutive candidate switch-points is dn.

e Let a; be the index of the j* sample. For each i € switch-points let X; ; = 1 if a; < i
and f(a;) = 1 or a; > i and f(a;) = 0. Otherwise let X, ; = 0. Let b; = = > ", X; ;.
This can be most efficiently calculated in the following way: For every 0 < g < % Let

ones.q = [Hj:q0+1<a; <(q¢+1)§and f(a;) = 1}|
zeros.q = |{j:qd+1<a; <(¢+1)d and f(a;) = 0}
Hence
. 1 il
by = — zeros.q
m
q=0
. N 1 1
bg+1)s41 = bgst1 — Ezeros.q + Eones.q

o Let k € switch-points be the one for which by, is minimized.

o Let e = Bk — %. Return é.

Proof of Lemma 2.5.4: For every i and £let Y;, =1if / < i and f({) =1 or £ > i and
f(€) = 0. Otherwise let Y; o = 0. Let b; = %Z?ﬂ Y; ¢. Note that b; is the distance between f
and the monotone function whose switch-point is i. For every i € switch-points, by the additive
chernoff bound, with probability at least 1 —~ - ¢

o - 0
i— 7 < b < b+~ 2.
bi—<bi<bitg (2.79)

By the union bound, with probability at least 1 — ~, this is true for all i € switch-points. Let
s € 3 be the optimal switch-point. That is bs = €mon(f). There exists i € switch-points such
that

5 - 5.
s—4§ﬁ§i§8+~§ﬁ (2.80)
and therefore

mgmg@+g (2.81)
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We also know that by < b;. Therefore inequality (2.79) imply that by < b; + g. Using inequality
(2.81) and the fact that bs < by, we get that

by <bp < bs+0 (2.82)
Using inequality (2.79) again
) N 50
by — — < b <bs+ — 2.
1 S0k S + 1 (2.83)
and therefore
6mon(f) -0 <e< 6mon(f) +9 (284)

2.5.2.2 Approximation with a Constant Multiplicative Factor

In this subsection we present Algorithm 2.5.4 (see page 36). It is given query access to a function
f ¥+ {0,1} and parameters 0 < § < 1, 0 <1 < 1, and returns € such that

Lemma 2.5.5 o At the end of Algorithm 2.5.4, with probability larger then 1 — v,

min{emon(f)/Qa emon(f) - 6} <e< emon(f)

o Let a = max(€mon(f),d). The expected time and query complexity of Algorithm 2.5.4 is

1 1. logi
O(— -log — log o8 O‘)
« «@ ayy

The quality of estimation of Algorithm 2.5.4 is not better than the quality of estimation of
Algorithm 2.5.1 (see page 29) for the case of kK = 1. However, if €,,0,(f) is not very small then it
is more efficient. Observe that if €,,0,,(f) > ¢ then the time and query complexity of Algorithm
2.5.4 is not dependent on ¢ whereas the complexity of Algorithm 2.5.1 is polynomial in 1/6.

We should note that § = 0 is allowed as a parameter to Algorithm 2.5.4, in which case
Algorithm 2.5.4 is a (2,0)-estimate algorithm, with time and query complexity that depends
only on m We should also note that the method in which we construct Algorithm 2.5.4

enables to construct an (7, d)-estimate algorithm, for any n > 1.

Proof of Item 4 of Theorem 1.2.2: Algorithm 2.4.1 (see Lemma 2.4.1 on page 24),
combined with Algorithm 2.5.4 (see Lemma 2.5.5), provides a (4d, §)-estimate algorithm. The

expected time and query complexity of the algorithm is 6(%) |

Algorithm 2.5.3 is a tolerant testing algorithm for ¥ — {0, 1} functions, based also on the
idea of partitioning. The parameter p is the multiplicative factor of the algorithm, and c sets
the size of the partition. Algorithm 2.5.4 uses Algorithm 2.5.3 to search €0, (f) in a way that
reminds a binary search. Details follow.
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Algorithm 2.5.3 Tolerant Testing for One Dimension and {0,1} Range

Given query access to a function f : ¥ — {0, 1} parameters €,7, ¢ > 1, u such that u > 1+i > 1t

o Let R= /7 f +—. Take m = @((1:{,711)2.6 log ﬁ) random, uniform and independent samples
dc
of f.

o Let switch-points = {q-§* +1:0<¢q < %} be a set of % + 1 candidate switch-points,

where the distance between every two consecutive candidate switch-points is §*.

e Let a; be the index of the jt" sample. For each i € switch-points let Xi;=1lifa; <1
and f(a;) = 1 or a; > i and f(a;) = 0. Otherwise let X; ; = 0. Let b; = L Z;n:l Xij-
This can be most efficiently calculated in the following way: For every 0 < g < % Let

. €n en
ones.q = |{j: 05, +1<a; <(¢+ 1)% and f(a;) = 1}|
. €n en
zeros.q = |{j: 05, +1<a; <(q¢+ 1)% and f(a;) = 0}|
Hence
.
l; = _— .
1 - Z zeros.q
q=0
3(q+1)%+1 = Eq%H — Ezeros.q + aones.q

e If there exists k € switch-points such that by, < £e then accept. Else reject.

Observe that the query complexity of Algorithm 2.5.3 is Q(e,y, u,c) = O<(R—711)2-e log %), and
the time complexity is T'(¢, 7, 1, ¢) = Q(€,7, i1, ¢) + O(£). The interesting case is when p comes

close to 1. Therefore, assume that 1 < p < (1.25)3, set ¢ = m, and we have R = /. The
query complexity is Q(e, 7, 1) = O((Q/ﬁil)g.E log 7~5~(§1/;7—1))' Also, note that ¢ = m =

O((Wi1)2'6 log 7.6.(91”7_1)). Therefore, T'(e,, ) = Q(€,v, p).

Lemma 2.5.6 If €,0n(f) < € then Algorithm 2.5.3 accepts with probability at least 1 — . If
€mon(f) > 1 - € it rejects with probability at least 1 — .

Proof: For every i and ¢let Y;, =1if { <iand f({) =1 or £ > i and f(¢) = 0. Otherwise
let Y;, = 0. Let b; = % >¢—1 Yi¢. Observe that b; is the distance between f and the monotone
function whose switch-point is i.

Observe that

Pr{l;i > %6 ’ by < (1+ %C)e} < Pr[lA)l > %e ‘ bi =1+ %C)e}
= Prfbi> R b= (4 ) (2.85)

Therefore, for every i € switch-points, if b; < (1 + %)e then by the multiplicative chernoff

C
. . e
bound, with probability at least 1 — 5=

b < %e (2.86)

35



Also, if b; > pe then with probability at least 1 — 3=
b > L, (2.87)
[ R (] .
By the union bound, with probability at least 1 — v, Equations (2.86), (2.87) are true for all
1 € switch-points.

Let s € ¥ be the optimal switch-point. That is bs = €on(f). There exists i € switch-points
such that

S—%SiﬁS—F% (2.88)
and therefore
€-n
bi < byt (2.89)
So if bs = €mon(f) < € then
b < e+ = (14 1) (2.90)
4c 4c

Therefore inequality (2.86) implies that
b < e (2.91)
Now assume that by = €0n(f) > pe. So for every i

bi > bs = €mon(f) > pe (2.92)

and inequality (2.87) implies that for every ¢

~

b > e (2.93)

==

Next we use Algorithm 2.5.3 to provide a distance approximation algorithm. For the sake
of simplicity, let 4 = 1.25 and ¢ = 4(3%25_1), which provides a factor 1.25 tolerant testing

algorithm, with time and query complexity of O(2 log %)

Algorithm 2.5.4 Distance Approzimation for One Dimension and {0,1} Range Based
on Tolerant Testing

Given query access to a function f: ¥ +— {0,1} and parameters 0 <46 <1, 0 <~y <1

First define the following procedure:

Estimate-Iter(L, H, 0, v) {

e if H < 2L or H— L < § then return L.
e Run Algorithm 2.5.3 with p =1.25, ¢ = 4(\3/1.1725_1),

If it accepts return Estimate-Iter(L, L+32H ,0,v+1).

Else return Estimate-Iter(2 H, 6,1+ 1) }

€ =

Return ¢ =Estimate-Iter(0, 1,4, 1)
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Proof of Lemma 2.5.5 (see page 34): The probability that Algorithm 2.5.3 gives a wrong
answer depends on v at the time it is called and is ;—1 Note that v increases each time.
Therefore, by the union bound, the probability that Algorithm 2.5.3 gives a wrong answer at
least once is at most

[e.e]

Ny (2.94)

— 202

Now assume that Algorithm 2.5.3 gives a correct answer each time it is called. Let €, L,,, H,
be the value of ¢, L and H respectively in iteration v. We show by induction that for every
v we have L, < €non(f) < H,. Obviously this is correct for v = 1. Assume that for some v,
L, < émon(f) < H,. Recall that 2L, < H,. Which means that

L,+H, S 2L, +H,

v 225 - 3
1.25(L, + H,) _L,+2H,
1.95¢, = < 2,
5 2.25 =73 (2.95)

There are three cases for the relation between €,,0,(f) and €,:

e ¢, < emon(f) < 1.25¢,. Therefore €0, (f) satisfies,

2L, + H, < L,+ H,

Lot <
vHL= T = T 05 v
< 6mon(f)
1.95(L, + H,) _ L, + 2H,
< 195, — LBUwt Hy) Lyt < Hyi1

2.25 - 3

e enmon(f) > 1.25¢,, and then L, = % and Hy,11 = H, and S0 €0, (f) satisfies,

2L, + H,
Ly = % < 1.25¢, < 6mon(f) <H,=Hyu (296)

e ¢non(f) <€, and then L, 11 = L, and H,4q = L”J%QH” and S0 €mon(f) satisfies,

L,+2H,

LV—‘rl =L, < 6mon(f> <e < ? = Hy41 (2.97)

Therefore for every v
L, < Emon(f) <H, (298)

Assume that Algorithm 2.5.4 performs v/ steps. That is, € = L.

e If H,, — L, < ¢ then L, satisfies
fmon(f) —-0<H,—-0<L,< 6mon<f) (299)

e Else if H,, < 2L, then L, satisfies

6mon(f) Hl/’
2 - 2 =

v < €mon(f) (2.100)
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Therefore at the end of Algorithm 2.5.4 we have
min{€mon () /2, €mon(f) — 0} < € < €mon(f) (2.101)
and the first part of the lemma follows.

For the second part of the lemma, we start by analyzing the complexity (time and query)
in the case that Algorithm 2.5.3 gives a correct answer each time it is called. We need to upper
bound & L and 1

e By the definition of ¢, it is always smaller than the size of H, — L,. Also, the stopping
condition of Algorithm 2.5.4 implies that H, > 2L,, which means that H,—L, > 0.5H, >
0.5€mon(f). And so ﬁ =0(1/a).

. Equatlon (2.98) 1mphes that €, = L";g?“ > 3 H” > 6’";3; ) Also, €, = L‘égf” > H; 25L” >
225 Therefore, 5 =0(1/a).

Therefore, the query and time complexity in case Algorithm 2.5.3 is always correct is

1 1 logé
Q(6,y) = O(loga-(alog am ))
~/1 1
= O(—log — 2.102
(5102 ) (2.102)

Now, assume Algorithm 2.5.3 may give an incorrect answer. As long as L, < €mnon(f) < H, the
above analysis still holds. Assume this is not the case. First we observe that

if v >vg then L, <L, <H, <H, (2.103)

Therefore, if for some v/, €pmon(f) < Lyy1 (ie. vV is the smallest such one), then for every
v>v,

6mon(f) <L, <H, (2.104)
and the above complexity analysis still holds.

The second case is that for some v/, €, (f) > H,y1 (i.e. V' is the smallest such one).
Therefore, for every v < v/ we have €,,0n,(f) < H,, and for every v > v/ we have €0, (f) > H,.
Let " be the smallest v such that v > ¢/ and for which Algorithm 2.5.3 gives a correct answer.
Since €mon(f) > Hyr > €, then

2L, + H,» > H,»

3 -3
Recall that for every v/ < v < v/, Algorithm 2.5.3 gives a wrong answer. Therefore, for every
V' <v < V" we have that

LV//+1 = a’)’Ld Hyll_j'_l = Hl,// (2105)

L,+2H, S 20,

H = 2.106
v+1 3 =3 ( )
Therefore, for every v > v/ + 1, €, satisfies
1 2 V//_V/ 2 V//_V/
& = LyzLpaz Hez0/3)-(5)  Hoz0/3)-(35) " )
H,+ L, )
= > 2.1
v 995 — 2.25 (2.107)
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11 !

That is, é = O((%)V - é) Also, the stopping condition of Algorithm 2.5.4 implies that

2\
H,—L, > 05H,>05L,>0.5-(1/3) (g) emon(f)

H,—L, > § (2.108)

That is, ﬁ = O((%)V - é) Equations (2.107) and (2.108) imply that the query and time
complexity in this case is at most

0((3/2)"" " Poly(v" — /) - Q(5,7)) (2.109)

The probability that for all v such that v/ < v < v Algorithm 2.5.3 indeed gives a wrong
answer is at most

Y1 Iy Iy
()™ < (1/3) (2.110)

Therefore, the average complexity is at most

3

Q@+ 3 (3 (3" Poym) - @06.7) = (6. (.111)
n=0

2.5.3 Distance Approximation for ¥? — {0, 1} Functions
2.5.3.1 Results

The result of this subsection is Algorithm 2.5.5 (see page 44). It is given query access to a
function f: %2+ {0,1} and parameters 0 < § <1, 0 < v < 1 and returns ¢ such that

Lemma 2.5.7 At the end of Algorithm 2.5.5, with probability at least 1 — ~

6mon(f) -9 <eée<L 6m(m(f) + 30

The query and time complexity of Algorithm 2.5.5 is O((si4 Ig (%))

Unlike Algorithm 2.5.1 (see page 29), Algorithm 2.5.5 provides a distance approximation
with no multiplicative factor. Also, it is more efficient than Algorithm 2.5.1.

Proof of Item 2 of Theorem 1.2.2: Given a function f : ¢ s {0,1}, Algorithm 2.4.1
(see Lemma 2.4.1 on page 24), combined with Algorithm 2.5.5 (see Lemma 2.5.7), provides a
distance to monotonicity estimation € such that with high probability

éem(m(f) L35 < E< epon(f) +30 (2.112)

The query and time complexity of the algorithm is O( 5% log(%)). |
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2.5.3.2 ¢-block Functions

Note that the functions in this section are always ¥? + {0,1} functions, even if we do not
specifically state it.

Definition 2.5.2 Let § € (0, 1].

o Foreveryl <i,j < % let
block(i, j) = {(I',j) €2 : (i—=1)on+1 <7 <idn A (j—1)dn+1<j < jon}

o A §-block function f is a function such that for every iy,is, j1, jo ,if there exists a pair
(Zvj) such that (ilvjl) € blOCk:(Z7]) and (iQaj2) € blOCk:(Za.]) ’ then f(ila.jl) = f(227]2)
That is, the labels of f are equal within every block.

We show that for every monotone function f : £2 +— {0, 1} there exists a monotone d-block
function g : X2 + {0,1} such that dist(f,g) < 2. This implies that for every f : %2 — {0,1}
(not necessarily monotone) there exists a monotone d-block function g such that epon(f) <
dist(f,g) < €mon(f) + 25. We then show how to estimate dist(f,g).

Let f: %2+ {0,1} be some monotone function, and g : ¥? + {0, 1} be defined as follows.
For every i,j € {1, ..., %}
e If all labels in block(i, j) of f are 0, then all labels in block(i, j) of g are also 0.

e Else all labels in block(i, 7) of g are 1.

Figure 2.2 illustrates such f and g.
Lemma 2.5.8 Function g as defined above is a monotone d-block function.

Proof: Obviously, g is a d-block function. We need to show that it is also monotone. Consider
some 141,71 such that g(i1,j1) = 1, and some iy > ¢; and jo > ji. There can be two cases for

i27j25

e If (i1,71) and (ig, j2) are in the same block, then obviously g¢(i2, j2) = g(i1,j1) = 1.

e Else, (ig,72) is in a block (name it blocky) whose indexes are larger then the indexes of the
block of (i1,71) (name it block;). This means that for every index in block;, there is an
index in blocks that is larger. Recall that by the definition of g, there must be an index
in block; for which the label of f is 1. This means that there must be an index in blocks
for which the label of f is also 1. This means that the labels of g in blocks are 1, and
therefore g(iz,j2) = 1.

The lemma follows. W

40



[N
oO|oO O O|O
[N
[N
OoO|O O O|N
[N
[N

1

e Rl el el Bl el el el el e L T= =1 (3]

el I N ] [l el =N ] [

PR RPR PR PR Peoo oofw

O OO O OO © O

O~NO UL~ WNPE

(@)
1
PP RPIRPRRE PP QO O OO O O|

O O O0O|lO0OO0 OO OO0O|O0OO0C O|O0 O Ol
O O O|OO0 OO ©OO0O|OOC O|j]o © Oo|N
O O OO O OO OO0O|O0OO0 OO0 O O|w
O OO0 O0 OO0 OO0 O0O Ol © O~
S0 o0/00 OO0 OO0 O0 OO0 ©o|u
P P PRPlOO0 OO OO0l 0O Ol © Oo|lo
Ll e Il o (=N =] [ eN=] [{]
HI—‘HI—‘HI—‘HI—‘HI—‘HI
HI—‘HI—‘HI—‘HI—‘HI—‘HI

I =
PP, PRPPRPRPRPRPRPRPIRPPEP RO OOIM

e ] L e

Figure 2.2: An illustration of a monotone function f : ¥2 +— {0,1} and a suitable g. In this case,
¥ ={1,..,15} and &6 = 1/5. The labels of f are written in black. For example, f(5,9) = 0 and
f(5,10) = 1. The bold dotted line stresses the limit between the 0 label area and the 1 label area of f.
The labels of g are 0 in the gray areas of the domain, and 1 in the white areas of the domain.

Lemma 2.5.9 The functions f and g as defined above satisfy
dist(f,g) <26

Proof: It is easy to observe that for every 4, j, if all labels of f in block(i,j) are 0, then all
labels of g in block(i, j) are 0, and if all labels of f in block(i,j) are 1, then all labels of g in
block(i, j) are 1. Therefore, we need to bound the number of blocks in which f’s labels are not
all 0 and not all 1.

Consider some 1 < i < 3. Let 0 < jiy(i) < jn(i) < § + 1 be such that

e For every 1 < j < jy(i), the labels of block(i, j) of f are all O (if j;(¢) = O then there is no
such 7).

e For every 1/§ > j > jn(i), the labels of block(i,j) of f are all 1 (if ju(i) = 1/6 + 1 then
there is no such j).

e For every ji(i) < j < jn(i) the labels of block(i,j) of f are not all 0 and not all 1 (if
Je(i) = jn(i) — 1 then there is no such j).

Since f is monotone, then there is no loss of generality in the above notation. Also, the fact
that f is monotone implies that for every i < 1/ we have that j, (i +1) < je(i) + 2. Therefore.
the number of blocks in which the labels of f are not all 0 and not all 1 is at most

1/6 1/6-1
Z]h —Je(i) =1 < ( Z Jn(@) — (n Z+1)—2)—1> +n(1/6) = je(1/6) — 1

= jh(l)_]é(1/5) (1/6-2)
2

J

IN
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Recall that the number of elements in every block is exactly 62n? and therefore dist(f,g) < 26.
[ |

Lemma 2.5.10 For every monotone function f : 32 — {0,1} there exists a 6 —block monotone
function g : ©2 +— {0,1} such that

dist(f,g) <26

Proof: Immediate from Lemmas 2.5.8 and 2.5.9. N

2.5.3.3 The Algorithm

Consider the dynamic programing procedure BestSw (see page 44). It is given a matrix A of
size 6%. For every i,j cell (4,j) in A holds the number of 1 labels and 0 labels in block(i, j) of
f. It returns the distance between f and the d-block monotone function that is closest to f.

It is based on the following recursive principle. Let

o I {(i—1)-6n+1,...,n} x {1,...,5-9n} — {0,1} be such that for every x € {(i — 1) -
on+1,...,n} x {1,...,5-6n}, f*9(x) = f(x). (where i represents rows, and j represents
columns)

e gv i {(i—1)-dn+1,...,n} x {1,....,5-6n} — {0,1} be the closest 6-block monotone
function to f%7.

Let k = % and i,j € {1,...,k}. For simplicity of notation, let |f*/| be the size of the domain of

f%7. Consider the following recursive equation (its correctness is explained right after):
dist(£9,) - | f9] =

min  { dist(fTH, g ) | L

J
+ Z Ali, g).ones,

q=1

k
dist(f971 ghi=hy | 4 ZA[p,j].zems } (2.113)
p=t

An explanation:

e If the labels of g*/ are 0 on block(i, ;) then

— For every ¢ < j, the labels of g/ are 0 on block(i,q). This implies that the number of
different labels between ¢*/ and f%7 in U;Zl block(i, q) is exactly 2?1:1 Ali, q].ones.

— For every p > i and ¢ < j, the labels of g7 on block(p, ¢) may be 0 or 1. This implies
that the labels of g/ on these blocks (which are optimal for minimizing dist(f*7, g"/)
s.t. g is 8-block and monotone), are equal to the labels of g“*17 on these blocks.

e If the labels of g*J are 1 on block(i, j) then
— For every p > i, the labels of g/ are 1 on block(p, j). This implies that the number of
different labels between ¢/ and f%/ in Ul;:i block(p, j) is exactly Zlgzi Alp, jl.zeros.
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Figure 2.3: Consider the case that ¥ = {1,...,15} and 6 = 1/5. The domain of f>* and ¢>* is in
gray. The domain of 33 and ¢>3 is surrounded by a bold dotted line. The domain of f** and g** is

surrounded by a bold line. By the time the algorithm calculates dist(f3*, g3%) it has already calculated
dist(f33,9%3) and dist(f4*, g**).

— For every p > i and ¢ < j, the labels of ¢g*J on block(p, ¢) may be 0 or 1. This implies
that the labels of g/ on these blocks (which are optimal for minimizing dist(f"7, g"/)
s.t. g is d-block and monotone), are equal to the labels of g%/~ on these blocks.

We calculate this recursive equation in the following order: f*1, fk2 . fkk =11 - fk=Lk
oo fBL L fUE Observe that fUF = f. Figure 2.3 illustrates this process. The results of this

computation are saved in matrix D through the algorithm, so that at the end of the algorithm,
for every i, 7, Dl[i, j] = dist(f*"7,g"7) - |f*?
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Procedure BestSw(A). Finding the Closest d-block Monotone Function

Letk = 5. Avis a{1,...,k} x {1,...,k} matriz such that
o Ali, jl.ones =the number of ones in block(i,j) of f.

o Ali, jl.zeros =the number of zeros in block(i, j) of f.

o Let O and Z be {1,...,k} x {1, ..., k} matrices such that

— For every i and j, OJi, j] = 221 Ali, q].ones
— For every i and j, Z[i, j] = Z:=¢ Alg, j]-zeros

o Let Dbead{l,...kk+1} x{0,1,...,k} matrix (rows x columns), with initial value of 0
in every cell.

e for i =k downto 1
—forj=1tok
* D[i,j] = min{D[i + 1, 4] + O[4,j] , D[i,j — 1] + Z[i, j]}
o Let é = D[1,k]/n? Return é.

Note that the time complexity of BestSw is O(k?) = 0(5%). Now consider Algorithm 2.5.5:

Algorithm 2.5.5 Distance Approzimation for Two Dimensions and {0,1} Range
Based on Dynamic Programing

Given query access to a function f : X2 — {0,1} and parameters 0 < § <1, 0 <y <1

e Let k=4 and m = O(55 log(ﬁ))
fori=1tok

—forj=1tok

* take m samples of block(i,j) of f. Let X% = f(i’,j'), where i’,j’ are the
coordinates of the r*"* sample.

* A[%J]Ones = % . §2n2 . Z;n:1 X}‘J
« Ali, j].zeros = §%n* — A, j].ones

o Let é = BestSw(A)

e return €

Proof of Lemma 2.5.7: Let p;; be the probability to find a 1 label when selecting uniformly
in block(i, j) of f. Note that p;;6?n? is the exact amount of 1 labels in block(i, j). For every
i,7€{1,.., %}, by the additive chernoff bound, with probability at least 1 — v - 62,

1 ™
[ X P
r=1

Therefore, by the union bound, with probability at least 1 — -y, this is true for all such ¢, 7 and

<4 (2.114)
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SO

1/51/5 1/6 1/6 1/5 1/6
Z Z Ali, jl.ones — Z Zpij52n2 < Z Z ’A i,7].ones — p2j52n2’
i=1j=1 i=1j=1 i=1 j=1
< on? (2.115)

which means that with probability at least 1 — ~,

21/6 21/6 Ali, j).ones and 21/5 21/5 Ali, j].zeros are estimations of the number of 1 labels
and 0 labels (respectively) in f, with total error smaller than dn?. Assume that this is indeed
the case.

Let f : £2 — {0,1} be the closest function to f such that for every i, € {1,...,1/8}, the number
of 1 labels in block(i, j) of f is exactly A[i,j].ones, and the number of 0 labels is Ali, j].zeros.
Therefore, dist(f, f) <.

Let g be the §-block monotone function such that dist(f, g) = BestSw(/I) = ¢. Therefore,

€mon(f) dist(f,g)

dist(f, f) + dist(f,q)

§ + dist(f,§)

54 (2.116)

IN A IA

Let fmon be the monotone function that is closest to f That is, emon(f) = dist(f fmon)
Lemma 2.5.10 implies that there is a J-block monotone function , name it gimon, such that
dist( fmon, Imon) < 20. Recall that g is the closest ¢ — block monotone function to f Therefore,

dist(f, §) diSt(]?v Em(m)

<
< diSt(f, fmon) + diSt(fmona gmon)
< Emon(f) +20 (2.117)

Recall that dist(f, f) < 8. Therefore, €mon(f) < 8 + €mon(f). And so,

¢ = dist(f,g)
< 0+ €mon(f) +20 (2.118)

and finally, equations (2.116) and (2.118) imply that
€mon(f) =0 < € < émon(f) + 30 (2.119)

2.6 An Improved Testing Algorithm for ¥ — {0,1} Functions

[GGLT00] suggest a testing algorithm for ¥¢ + {0, 1} functions, based on dimension reduction.
[GGLT00, Theorem 14] implies that there is a testing algorithm for £ — {0, 1} functions with

time and query complexity of O(d'lo#). We present here an improvement of that result for
the case of small d and large n.
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Let A(g,€) be a 1-sided error testing algorithm for monotonicity of g : ¥ +— {0,1}. The
time and query complexity of A(g,e€) is T'(¢). We present here, based on Lemma 2.3.1 (see
page 18) and algorithm A, a testing algorithm (Algorithm 2.6.1) for monotonicity of functions
»% - {0,1} . The time and query complexity of Algorithm 2.6.1 is

d
log & .d '8 pro-Gi+1)
O(Ogﬁ- 3 e (2.120)

J
€ oy 2

Later we describe a simple algorithm A with query complexity of O(%) and time complexity of

O(% log %) (see Algorithm 2.6.2). This enables us to prove Theorem 1.2.3.

Proof of Theorem 1.2.3: Lemmas 2.6.1 and 2.6.2 imply that Algorithm 2.6.1 combined
with Algorithm 2.6.2 provides a 1-sided error testing algorithm for monotonicity of £¢ — {0, 1}

2d
functions. The query complexity of the algorithm is O(db%). The time complexity of the
. . dlog? d
algorithm is O( < ) |

€

Algorithm 2.6.1 Testing Monotonicity for d-dimensions and {0,1} Range Using a
Dimension Reduction

Given query access to a function f : 3¢ +— {0,1} and a parameter e:
for j =0 to ¢ = [log 4|

¢d
€27
— Randomly and uniformly select i € {1,...,d},a € ¥*~! 3 € R4—%
— if A(fi,a,8,27UFY) rejects, then reject.

e Repeat the following O(

) times:

If the algorithm ends without rejecting then accept.

Lemma 2.6.1 Algorithm 2.6.1 is a 1-sided error testing algorithm for monotonicity of £ —
{0,1} functions.

Proof: Since A is a 1-sided error tester, it is obvious that if €0, (f) = 0 then Algorithm 2.6.1
accepts. Assume € < €0 (f). For every j > 0 let

B; = {(i,a,8): 279 < ron(fiap) <277} (2.121)
Therefore,

e < Emon(f)
< 2d‘Ei,a,ﬂ[€mon(fi,o¢,ﬁ)] (2'122)

2
= a1 Z €mon (fi,o,0)
i

2 & ;
i 1B 2
j=0

IN
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4d
|log = 9 0o

= nd—1 Z |BJ‘ 270+ nd—1 Z ‘BJ’ -277
7=0 j=log %4
[log 44
2 6 . 2 c
B -1 Z |Bj|-277 + -1 cd -t 2le
=0
9 Llog%
€
=~ 2 B2+
=0

Inequality (2.122) is a result of Lemma 2.3.1. Therefore

Cr <Y B2 (2.123)

Recall that ¢ = |log 2¢|. Therefore, there exists j < ¢ such that

d—1
S €-n

B;|-277 > 2.124

B2 > (2124)
hence

|B;| -2

> 2.125

d-ni—1 = 4.0.d ( )

Which means that by randomly, uniformly , and independently selecting @(%) triplets (i, o, 3),

with high probability at least one of the selected triplets is in B;. Which means that for this
triplet

emon(fias) > 27U (2.126)
and A(fi a5, 27UY) rejects with high probability. M

We now give a very simple testing algorithm for monotonicity of ¥ +— {0, 1} functions.

Algorithm 2.6.2 Testing Monotonicity for ¥ +— {0, 1} Functions

Given query access to a function f: ¥+ {0,1} and a parameter 0 < e < 1:

e Let M = {z'}", be a set of m = ©(1) uniformly independently selected elements.
e Sort M (requires O(1 log 1) time).
o If all 4,5 € [m)] satisfy

if xt <’ then f(x') < f(2?)

then accept. Else reject. Observe that since M is sorted then checking this condition can
be done in O(2) time.

The query complexity of Algorithm 2.6.2 is O(%) The time complexity of Algorithm 2.6.2 is
(@) (% log %) .
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Lemma 2.6.2 Algorithm 2.6.2 is a 1-sided error testing algorithm for monotonicity of 3 —
{0,1} functions.

Proof: It is obvious that if f is monotone than Algorithm 2.6.2 accepts. Therefore, assume
that €,0n(f) > €. Obviously S1[f] is monotone, and so dist(f, S1[f]) > €. Let z(f) denote the
number of 0 labels in f (and in Si[f]). Observe that

{z <2(f) : fl@) =1} = He>=2(f) : flz) =0}
dist(f, S1[f]) - n
2

— 2.12
> & (2.127)

Also observe that if z € {z < 2(f) : f(z)=1}andy € {z > 2(f) : f(x) =0} then (z,y) is an
edge in Gy (f). Therefore, the probability that there are no violations of monotonicity in M is
at most the probability that MN{z < 2(f) : f(z) =1} =0or MN{x > 2(f) : f(x) =0} =10,
which by Equation (2.127) is upper bounded by 2(1 —¢/2)"™ < 1/3. The lemma follows. W

2.7 Directions for Further Research

One approach for estimating €mon of ¢ — = functions is the one implied by Lemmas 2.2.1
and 2.3.1 and presented in Section 2.4. That is, to estimate the average of the distance to
monotonicity of the induced k-dimensional cubes of f. Lemma 2.7.1 implies that the bounds
presented in Lemmas 2.2.1 and 2.3.1 are tight (in terms of d/k) which means that this approach
cannot achieve a tighter estimation than the one we present in Section 2.4. That is, better than

a (@(%), 5) -estimate.

Lemma 2.7.1 Consider any k € [d] such that d/k € Z. For every ey < 1/2 (such that ep,n is
an integer) there exist functions f*: X% {0,1} and f*: %% — {0,1} such that

U d u
€m(m(f) = %Eq,aﬁ[emon(f%a?ﬁ)]zem

6mon(ff) ~ Eq,aﬂ[emon(f;a,ﬁ)] ~ €m/2

Where A ~ B means lim,_,o, A = lim,,_,o B.

Proof: We begin with f“. Let it be defined as follows. For every z = (xz) € X% such that
o€ Y and z, € 2471 if 2y < €, - n then f¥(2) = 1, else f%(x) = 0. Figure 2.4 illustrates f*.

Observe the following.
e cmon(f") = €n (By modifying all 1 labels to 0 labels, f becomes monotone. Also, there is
a matching of size e,,n? in Gy (f%)).

e Every 1 < ¢ < d/k and o € X0-Vk g ¢ nd-0k gatisfy €mon ([ o) = 0 (The labels of

q
f;,a,,@ are either all 0 or all 1).
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Figure 2.4: An illustration of f* for the case of d =2, ¥ = {1,...,9} and €,, = 1/3.

1| 2| 3] 4] 5] 6] 7] 8] 9
(110 1 0 1 1 1 1 11
(2/1 01111111
(30 1 0111111
(41 01111111
(510 10111111
(61 01111111
(770 1 0111111
(81 01111111
9010111111

Figure 2.5: An illustration of f* for the case of d =2, ¥ = {1,...,9} and ¢, = 1/3.

e For the case of ¢ = 1, every a € X0 (i.e., a is an empty string) and every 3 € 297 satisfy
emon(fﬁaﬁ) = €m-

Therefore,

d/k

k( ﬁ[emon(flaﬁ +ZE045 6mon(fqa6)]>

q=2

Eq7a7ﬁ [6m0”(f;foz,ﬁ)]

d
k
= Memt @k —1)-0)
Zemon(fu)

We now turn to f¢. Let it be defined as follows. Let par : ¢ — {0,1} denote the parity
function. That is, let S(z) denote the the sum of elements in 2 € X%, if S(z) is odd then
par(z) = 1, else par(z) = 0. For every z = (xpzp,) € X% such that 2, € ¥ and z; € 241 if
2 < €y - n then f(x) = par(x), else f(x) = 1. Figure 2.5 illustrates f.

Observe the following.

L4 6mon(fé) ~ 6m/2-

e For every 1 < ¢ < d/k consider any o = (apay) € »(@=Dk guch that ay € ¥ and
ap € D@ DE-1 and any 8 € R4k,
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— If ap < ¢, - n then emon(féaﬂ) ~ 0.5.

— If ap > €, - then fmon(féa,ﬁ) = 0.

e For the case of ¢ = 1, every a € X0, 3 € 297F satisfy emon(ff’aﬁ) ~ €m/2.

Therefore,
i d/k
Eq,a,ﬁ[emon(fqe,a,ﬂ)] = d (Ea,ﬂ[emOn(fle,a,ﬁ)] + Z Ea,ﬁ[emon(fqe,aﬁ)])
q=2
k emn@F 0.5+ (1 —ep)nd="-0
~ em/2 @k -1 ( i )
= €n/2
~ 6mon(fe)

The lemma follows. W

This of course does not mean that a tighter estimation can’t be obtained.

e For the case of ©¢ — {0, 1} functions we present Algorithm 2.5.1 which is a (2, §)-estimate

d
algorithm with time and query complexity of the form (%) . Does there exist a

(q(d), §)-estimate algorithm (where ¢(d) = o(d)) for ¢ ~ {0, 1} functions (such as Algo-
rithm 2.5.1) with query and time complexity that is better than exponential in d?

e For the case of d = 2 we present a (1, d)-estimate algorithm based on dynamic programing
(Algorithm 2.5.5). We failed to extend this algorithm to higher dimension, even in time
complexity that is exponential in d.

e A similar question is asked regarding ©¢ — Z functions (where |Z| > 2). Distance
approximation algorithms for the case of d = 1 were presented by [PRR04] and [ACCLO04].
Combined with our dimension reduction (Algorithm 2.4.1) they provide (efficiently) an
estimation that is no better than (©(dlog|Z|),d)-estimate. Is it possible to achieve a
tighter estimation?
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Chapter 3

Distance Approximation to
Convexity

In this chapter we prove Theorem 1.2.4 (see page 8).

3.1 On the Relation between Monotonicity and Convexity

Lemma 3.1.1 is quoted from [PRR03, Claim 1].

Lemma 3.1.1 A function f : {1,....n} — R is convex if and only if every 2 < i < n—1
satisfies

f@) = fli-1) < fi+1) = fQ2) (3.1)

Let g : {2,...,n} — R be such that for every i, g(i) = f(i) — f(: — 1). Lemma 3.1.1 implies that
g is monotone if and only if f is convex. In other words, €., (f) = 0 if and only if €,,0,(g) = 0.
Therefore an intuitive question is raised: Is there some tight relation between €0, (g) and
€con(f)? If there was, then the problem of Distance Approximation to Convexity over domain
{1, ...,n} could be easily reduced to the problem of Distance Approximation to Monotonicity, for
which there already are some solutions. Unfortunately, there is no such relation. For example,
let f:{1,...,n} — R be defined as follows.
e For every 1 <i<3n/4let f(i) =1.

e For every 3n/4 <i <nlet f(i) =0.
Observe that €., (f) = 0.25. Also observe that

e For every 2 < i < 3n/4, g(i) = 0.
e g(3n/4+1)=—-1

e For every 3n/4 <i<n-—1, g(i) =0.
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That is, €mon(g9) = —.

n—1

Although there is no such simple relation, the methods of [ACCL04] for distance approxi-
mation to monotonicity can be extended and provide distance approximation to convexity, as
we do in this chapter.

3.2 Preliminaries

e Let X be any discrete domain. Let €0, (g) denote the (relative) distance of g : X — R
from the class of convex functions, which is the minimum of dist(g,g) = [{z € X : g(x) #
g(z)}|/|X| over all convex functions g : X — R.

e Let ¥ ={1,2,....,n}, and for every d € Z let [d] = {1,2,...,d}.
e Let f: X —R.

e Let X C ¥ be some set. Let ft : ¥\ X — R be such that for every £ € ¥\ X,
fx(k) = f(k).

e Forevery 1 <i<mn-—1,let C(i) = (i, + 1) (i.e., C(3) is an ordered pair).

e Given a set of pairs X, let P(X) ={ke X | C(k) € XV C(k—1) € X}. Observe that
[P(X)] <2-|X].

Definition 3.2.1 For every 1 <i<j<n-—1, C(i) and C(j) are co-convex if they satisfy the
following
o Ifj<i+1 then
fa+1) = f@) < fG+1) = f() (32)
e If j >i+4+ 1 we also ask that

fO =16+ fG) = fi+ D)

L S ((E R (O NCE)

fli+1) = fi) <

We also denote C(i) — C(j) if C(i) and C(j) are co-convex, and C(i) ¥ C(j) otherwise.
Observe that C(i) — C(j) is equivalent to C(j) — C(i).

Definition 3.2.2 Given 0 < 3 < 1/2 and i € ¥, C(i) is $-big if there exists j > i such that

Hk: : z’<k:§j&C’(i)>Z/O(k:)H2(1/2—6)(j—z’+1) (3.4)
or, similarly, j <1 such that
Hk : j§k<i&0(k)%0(i)}‘2(1/2—&)(i—j+1) (3.5)

We say that j is a witness to C(i)’s S-bigness, and that C(i) is [-big with respect to j. Let
Bg(f) denote the set of B-big pairs in f.

The additive and multiplicative chernoff bounds which we often use can be found in Appendix
A.
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3.3 Pairs and the Co-convexity Property

In this section we show that the co-convexity property is a transitive property, and show a
relation between the co-convexity of pairs and the convexity of the function.

Our discussion is not focused only on domains of the form {1, ...,n}, and we need to generalize
Lemma 3.1.1 (see page 51) to the following.
Lemma 3.3.1 Let X C Z be a finite set. A function g : X — R is convex if and only if all
i,7,0 € X such that i < j < £ satisfy

9() —9(@) _ 9¢) —9())
i—i o =

Proof: If g is convex then let a = % and observe that ai + (1 — )l = j. Therefore,

9(j) < ag(i) + (1 — a)g(j). This implies that

(6 —14)g(d) < (£—3)g(i) + (5 —)g(£) (3.6)
and so
(¢—=35)g(d) + G —)g(i) < (€ —35)g(@) + (G —i)g(f) (3.7)
and
9(j) —9@) _ g(€) —g(j)
e e (3.8)

For the second direction, assume that there exists a and ¢ < £ such that ai + (1 — )¢ € X but
glai+ (1 — a)l) > ag(i) + (1 — a)g(¢). Denote j = ai + (1 — a)f and observe that o = %.
This implies that

(0 —1i)g(j) > (€ —j)g(i) + (j —1)g(€) (3.9)
and so
(—=3)9() + (G —1)g(d) > (€ —34)gli) + (G —i)g(¢) (3.10)
and
9(3) —g() _ g(f) —g(j)
T T (3.11)
[ |

Lemma 3.3.2 If Q C X is a set such that f@ is convex, then there exists a convex function
g : X — R that is equal to f for every x € X\ Q.

Observe that Lemma 3.3.2 implies that if f@ is convex, then €.on(f) < %

Proof of Lemma 3.3.2: We assume here that |¥ \ Q| > 2. Otherwise the proof is trivial.
Let g : ¥ +— R be defined as follows, and later we show that it is convex.
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e For every k € ¥\ Q, g(k) = fg(k) = f(k).
e For other elements (i.e., elements of @), let g be defined as follows:

— Consider all k£ € @ such that there exist elements in ¥\ @) that are smaller then £,
and elements in X\ @ that are larger than k. Let i be the largest element in ¥\ @
that is smaller than k, and j be the smallest element in 3 \ @) that is larger than k.
Let g(k) = g(i) + 20200 . (b — i),

— If there are k € ) such that there is no i € ¥\ @ such that i < k, then let j be the
smallest element in 3\ @ that is larger than those k’s. That is, 1 < k < j. Observe
that since |X \ @] > 2, then there must be such j, that j <n — 1, and that g(j + 1)
is already defined. Let g(1) be large enough so that % <g(+1)—g(y), and
let g(k) = g(1) + % - (k—1) for every such 1 < k < j.

— If there are k € @ such that there is no j € ¥\ @ such that j > k, then let i be the

largest element in ¥\ @ that is smaller than those k’s. That is, i < k < n. Observe
that since |X \ Q| > 2, then there must be such ¢, that ¢ > 2, and that g(i — 1) is

already defined. Let g(n) be large enough so that M >g(i) —g(i—1), and let
g(k) =g(i) + 9(n)=9() ) g(z) - (k — 1) for every such i < k < n.

We need to show that g is a convex function. Recall that f@ is convex. Therefore, Lemma 3.3.1
implies that for every i, j,¢ € 3\ @ such that i < j < ¢,

fqli) — fgi) _ fg®) — Ig()

3.12
i—i - -5 (3.12)

Using this fact, a technical review over g would show that every 2 < i < n — 1 satisfies
9(i) —g(i —1) < g(i + 1) — g(3) (3.13)

and Lemma 3.1.1 (see page 51) implies that g is convex. W

Lemma 3.3.3 shows the transitivity of the co-convexity property.

Lemma 3.3.3 For every 1 < i < k < j<n-—1,if C(i) — C(k), and C(k) — C(j), then
C(i) — C)-

Proof: We assume that kK > i+ 1 and j > k+ 1 (the case of k =i+ 1 or j = k+ 1 is easier).
Assume that C(i) — C(k) and C(k) — C(j). By the definition we have

P = FG D) _ gy g < S0 = D)

fli+1) = fi) < <fE+1-10)

E—i—1 j—k—1
Therefore,

fG) — fli+1)

j—i—1

(@_k—nﬂ%—&ﬂﬁ+(ﬂk+n—f%0+(%—i—Uﬂ%%%ﬁ)

- j—i—1

_ (U=k=DUa+) - 1) + (£G4 1) - 1) + (k=i = D +1) - 1))

- j—i—1

= f(@+1)— f(3) (3.14)
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and

fG) - fi+1)

j—i—1
(G- k= IS 4 (Fk+1) - () + (( — i — 1) LELGD)
- j—i—1
(G=k=DG+D) = FGN) + (FG+1) = FG) + (k=i = DG +1) = £G)))
= j—i—1
= G+ - () (3.15)

and the lemma follows. W

Lemma 3.3.4 Let X be a set of pairs. If every i,j such that C(i) ¢ X and C(j) ¢ X salisfy
C(i) — C(j) then fm is a convex function.

Proof:  Assume by contradiction that fm is not a convex function. We show here that
there exist 4, j such that C'(i) ¢ X and C(j) ¢ X and C(i) and C(j) are not co-convex.

Assuming fm is not convex, Lemma 3.3.1 implies that there exist i < j < £ such that
i,7,0 ¢ P(X) and

fm(]) - p(X)(i) S fP(X)(E) _fp(X)(j)

1
e i~ (3.16)
Therefore also
J—i t—j
Since i, ,¢ ¢ P(X) then also C(i),C(j),C(¢ — 1) ¢ X. Consider the following cases:
e The case that j = ¢ — 1, so that C(j) = C(¢ — 1). Equation (3.17) implies that
) — [ . .
TO=I0 - fg+1) - 10) (3.15)

If C(i) — C(j) (We assume that j > ¢ + 1. The case that j =i+ 1 is easier.) then

fG) - fi+1)

FG+1) - i) < BT

<fE+1)-710) (3.19)
Which implies that

10) - 16) f@+n—f@+(u—i )ﬂ%%%ﬁ)

j— j—
) f(]]):{ﬁlil) + ((] . 1) (J]) (“Fl))
S J—i
fG) —fli+1)
n j—i—1
< fU+1)-f0) (3.20)

Which is a contradiction to Equation (3.18). Therefore C(i) and C(j) are not co-convex.
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e Now we may assume that 7 < ¢ — 1. We show here that it is not possible that both
C(i) — C(j) and C(j) — C(£ —1). Assume by contradiction that it is possible. The fact
that C'(i) — C(j) and Equation (3.20) imply that

fG) = 1)
j—i

The fact that C(j) — C(£ —1) (We assume that { —1 > j+1. The case that /{—1 =j+1
is easier.) implies that

< fU+1)-f0) (3.21)

fl-1)—f(G+1)
(—j—2

FG+1)=10) < < fO) = fle=1) (3.22)

Which implies that

£(0) — £() (FG+1) = £G)) + (€= 5 = TG0 ) 4 (f(0) - f(e - 1)
t—j (-3
(FG+1) = £G) + (=5 =G+ 1) = fG)) + (FG+1) = £(5))
> —
= fU+1)-10) (3.23)

Equations (3.21) and (3.23) contradict Equation (3.17). Therefore it is not possible that
C(i) — C(j) and C(j) — C(£ —1).

The lemma follows. W

Lemma 3.3.5 If f : ¥ — R is a convex function then for every 1 <i < j <n—1, C(i) and
C(j) are co-conver.

Proof: The lemma follows directly from Lemma 3.3.1. W

3.4 [(-bigness - An Indication to the Distance to Convexity

The result of this section is presented in Lemma, 3.4.1. The proof of Lemma 3.4.1 builds on

[ACCL04, Lemma 3.
Lemma 3.4.1 Let f: X — R.

1. feoglflp < |By(f)

2 1Ba(f)| < 1201 + 2 )econ ()

Proof:
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Item 1. Let S be a set of minimum size of pairs such that fw is convex. Lemma 3.3.2

implies that eqon(f)n < |P(S)|. Consider some i,j € ¥ such that C(i) and C(j) are not co-

convex (if there are no such ¢,j then Lemma 3.3.4 implies that f is a convex function and

Gc%mn = |Bo(f)| = 0). Without loss of generality suppose that ¢ < j. Lemma 3.3.3 implies

that for every k such that i < k < j, either C(i) & C(k) or C(k) £ C(j).

Therefore, by the definition of 0-big, at least C(i) or C(j) or both are 0-big. This implies
that the set of 0-big pairs in f satisfies the property that if for some ¢ and j, C(i) and C(j)
are both not 0-big, then C(i) — C(j). Lemma 3.3.4 implies that fm is a convex function.

Therefore |S| < |Bo(f)| and all together: econ(f)n < |P(S)| <2-|S| <2-|Bo(f)|-

Item 2. For each (3-big pair C(i), we choose a unique witness j; to its (3-bigness. If j; > 1
then C(7) is called right-big. If j; < i then C(i) is called left-big. That is, if C'(7) is right-big
then

{k:i<k<ji&cl) £ C(k)}] > (1/2 = B)(ji —i + 1) (3.24)
and if C(7) is left-big then
Hk:ﬁgk<i&(X@%4ﬂﬂHZ(UQf@ufﬁ+d) (3.25)

Let RB and LB denote the set of right-big pairs and left-big pairs respectively. Observe that
RB and LB are disjoint sets and that Bg(f) = RB U LB.

Let T be a minimum set such that fz is convex. Lemma 3.3.2 implies that there exists a
convex function that is equal to f for every = ¢ T', and that |T'| = €con(f)n. Let

T = %ﬂk—leTVkeTvk+1eT}
cr = &xw\kgn—1AkeT} (3.26)

Observe that |[CT'| < |T"| < 3|T).

Consider the following Crediting Procedure. Each pair is assigned credit. We define
o(C(i)) to be the credit that C(i) is being assigned in the algorithm. Initially, each pair in
RBNCT' is assigned 1 credit, and all other pairs are assigned 0 credit. Each C(i) € RB\ CT’
among C(n—1),...,C(1) in this order, spreads one credit among all pairs C'(¢) such that i < ¢ < j;
and C(t) ¥ C(i). The word spread means that the credit always goes to whoever has the least
credit among those pairs.
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Crediting Procedure
For every i € [n — 1]

e If C(i) € RBNCT' then o(C(i)) = 1.
e Else o(C(i)) = 0.
For i =n — 1 downto 1 do

e It C(i) € RB\ CT'

- L:{C(t) ‘ i<t<ji A C’(i)%C(t)}
—a=1
— While(a > 0)

* O(k) = argmingcu))L

« Q={cweL|acw) =aCm)}

x C(K') = argmingcu) (L \ Q)

x A= min{ﬁ , o(C(k)) — J(C(k))}
For every C(t) € Q, o(C(t)) = o(C(t)) + A
a=a—|Q|-A

*

*

Consider the following two claims, which we later prove.
Claim 3.4.1 Only pairs in CT' are assigned credit during the crediting procedure.

Claim 3.4.2 At the end of the crediting procedure all k € [n—1] satisfy o(C(k)) <2+48/(1—
253)

Before we proceed, consider the following notation. Let 7;; denote the time in the crediting
procedure when 4 is assigned the value /. Also let Ly denote the value of L when 7;_;.
For every pair C(j) let o;(C(j)) denote the value of o(C(j)) when 7;;_1. Observe that ¢ is
decreasing, and so 7;; denotes the end of the iteration in which ¢ = ¢ + 1 and the beginning
of the iteration in which i = i. Also observe that Ly and oy (C(j)) denote the values of L
and o(C(j)), respectively, at the end of the iteration in which i = i’. Let us now formalize the
notion of spread.

e For every ji; # jo, the credit that pair C'(j1) spreads on pair C(jz2) is the credit that pair
C(j2) is assigned after 7;, and before 7;, _;. That is, 0, (C(j2)) — 05, +1(C(j2)).

e For every j, the credit that pair C(j) spreads on itself is the credit that it is assigned
before 7,,_1. That is, 0,(C(4)).

Before we prove Claims 3.4.1 and 3.4.2, let us complete the proof of the lemma. Observe that
each pair in RB N CT’ spreads exactly 1 credit on itself and no credit on other pairs. Also
observe that each pair in RB \ CT’ spreads exactly 1 credit on other pairs, and no credit on
itself. In other words, every pair in RB spreads exactly 1 credit. Therefore at the end of the
crediting procedure,

IRB| < Y a(C(j)) (3.27)

j€[n—1]
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Also, Claims 3.4.1 and 3.4.2 imply that
Y o(CG) S ICT'| - (2+48/(1 — 20)) (3.28)
Jj€[n—1]
Equations (3.27) and (3.28) imply that
|RB| < [CT'| - (2+46/(1 — 28)) (3.29)
A similar (and symmetrical) analysis would show that
ILB| < |CT'| - (2+45/(1 - 28)) (3.30)
Therefore
|Bs(f)| = |RB|+ |LB| < (4 +83/(1 - 28))|CT"| (3.31)
Recall that |CT'| < |T'| < 3-|T| = 3 - €con(f)n and the second part of the lemma follows.
It is left to prove Claims 3.4.1 and 3.4.2.

Proof of Claim 3.4.1: Let k¥ < n be such that ¢(C(k)) > 0 in the end of the crediting
procedure. Therefore,

e Either C'(k) spreads 1 credit on itself at the beginning of the procedure, so that necessarily
C(k) e CT".

e Or there exists j < k such that C(j) spreads credit on C(k). Therefore, C(j) € RB\ CT’
and C(j) ¥~ C(k). The fact that C(j) ¢ CT" and j < n implies that j ¢ T’. Therefore
j¢T,and j+1¢ T. Lemma 3.3.2 implies that there is a function, name it g : ¥ — R,
that is convex and equal to f on every element in ¥\ 7. Lemma 3.3.5 implies that every
two pairs in g are co-convex. Therefore, the fact that C(j) and C(k) are not co-convex
and j,j7 + 1 ¢ T implies that g(k) # f(k) or g(k +1) # f(k+1). That is, k € T or
k+1 € T. Therefore k € T, which means that C(k) € CT".

In both cases, C(k) e CT. W

Proof of Claim 3.4.2: Suppose by contradiction that after the crediting procedure ends,
some pair C'(k) satisfies o(C'(k)) > 24+43/(1—20). Let ¢’ be the value of i when o(C(k)) becomes
larger than 2+43/(1—203). Recall that i is decreasing. Therefore, oy41(C(k)) < 24+48/(1—-25)
and oy (C(k)) > 24 43/(1 — 28) (we may also say that C(i') is the right-big pair that causes
o(C(k)) to reach over 2 4+ 43/(1 — 2(3)). Observe that according to the crediting procedure,
every pair C(j) € Ly satisfies 0;(C(j)) > 2+ 45/(1 — 23). Therefore,

Lol - (2+48/(1=20) < > au(C()) (3.32)
C)ELy
Since C(7') is right-big, then |Ly| > (1/2 — 3)(ji — i’ + 1). Therefore,
Jr—i+1 = (1/2=p)(y —i' +1)(2+48/(1 - 28))
L] - (2 +48/(1 - 2p)) (3.33)

Let D(i') = {C(i),C(i + 1),...,C(jir)}. We wish to bound the value of 3 ¢ (jyep(ry o (C(4))-
Observe the following.

IN

99



e Every C(j') € D(i') satisfies:

— Either C(j') € RB N CT’', which means that it spreads 1 credit on itself, and does
not spread any credit on other pairs. Therefore it contributes at most 1 to the value

of > c(yena) o7 (C(7))-
— Or C(j') € RB\ CT', which means that it does not spread credit on itself, and that
it spreads at most 1 credit on pairs in D(i"). Therefore it contributes at most 1 to

the value of Zc(j)eD(i/) oy (C(j5))-
— Or else, in which case C(j") does not spread credit at all. Therefore it contributes 0
to the value of Zc(j yeD() oy (C(4))-

That is, each C(j') € D(i') contributes at most 1 to the value of ZC )eD(i") @ oy (C(4))-
e For every C(j') ¢ D(i'):

— If 5/ < i’ then C(j") spreads credit only after 7;;_;. Therefore it has no affect on oy .

)
— If j/ > ji then C(j') does not spread credit on pairs in D(i"). Therefore it has no
affect on {oy(C (i), 00 (C(i" + 1)), ..., 00 (C(jir) }-
(

That is, each C(j) ¢ D(i') contributes 0 to the value of 3¢ (j)epr) i (C(5))-

Therefore,

>, ou(C) < IDE)] = jr =i +1 (3.34)

Observe that Ly C D(i'). Therefore

Yo a(CUHN < Y 0w(C3)) (3.35)

CG)eLy C(H)eD@)

Equations (3.32), (3.34), and (3.35) contradict equation (3.33). Therefore, the assumption that
leads to Equation (3.32) is not correct. That is, when the crediting procedure ends, all k satisfy
o(C(k)) <2+45/(1-25). A

B (Lemma 3.4.1)

3.5 A Distance Approximation Algorithm

The result of this section is presented in the following Lemma.

Lemma 3.5.1 o At the end of Algorithm 3.5.2, with high probability,

min{econ(f)/25, Econ(f) - (5} <e< econ(f)

o Let a = maz(€con(f),0). The expected time and query complezity of Algorithm 8.5.2 is

1 1 1 1
O ( ogn log — -log log — - log o8 n)
«
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Proof of Theorem 1.2.4 (see page 8): Observe that
€con(f)/25 — & < min{econ(f)/25, €con(f) — 0}

Theorem 1.2.4 is immediate from Lemma 3.5.1. W

The algorithms in this section are given a query access to a function f : ¥ — R. Observe that
for every i, j, determining whether C(i) — C(j) or not requires O(1) computations. Consider

the following procedure.

Procedure [-big-tests(i, j, 3,7)
,j<n—1satisfyi #j. 0<~,6<1.

Let m = @(% log(2)), and TH = (1/2 — 33/4)m.

1
~

from the set {i +1,...,5}.

from the set {j,...,s — 1}.
e For every ¢ € [m], let X, =11if C(i) £ C(q) and X, = 0 otherwise.

Let R=)", X,. If R > TH return 1. Else return 0.

— If (j > 4) let M = {k,}7"; be a set of uniformly independently selected elements

— If (j <) let M = {ks}7" be a set of uniformly independently selected elements

Lemma 3.5.2 The following is correct for every i,j € ¥ such that i # j.

1. If C(1) is g—big with respect to j then B-big-testa(i, j,3,7) returns 1 with probability at

least 1 — .

2. If C(i) is not B-big with respect to j then [(-big-testa(i, ], 3,7) returns 0 with probability

at least 1 — 7.

Proof: Assume without loss of generality that j > .

Item 1. If C(7) is g—big with respect to j then

{i<k<jilct) £ ow}|=a/2-8/26-i+1)
and the additive chernoff bound implies that with probability at least 1 —

R= 13X, > (12— /)~ s —TH
q=1

Item 2. If C(i) is not B-big with respect to j then

{i<k<ilci) £ omff<0/2-0)0-i+1)
and the additive chernoff bound implies that with probability at least 1 —

1 m
R=— X, < (1/2 - 4=TH
X< (17245
The lemma follows. W
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Lemma 3.5.3 Let 1 <i<n-—1. For every 0 < §<1/2

1. If C(i) is 0-big then there exists k € Z such that C(i) is g—big with respect to j =

= [(1+5)]

2. If C(i) is not (3-big then there is no j such that C(i) is B-big with respect to j.

Proof: The second item directly follows from the definition of (-big.

We turn to the first item. Let j; be the witness to C'(i)’s 0-bigness. Assume that j; > i.
There exists a k € Z such that:

i+ L(1+§)kJ >G>+ (1+§)]H (3.40)
Let j =i+ Kl + %)kJ (if 1+ {(1 + g)kJ > n then let j = n) Therefore
(Gi-Da+ D 41) = (5-i+1) (3.41)
The fact that C(i) is 0-big with respect to j; implies that
Hz <t<ji|Ct) £ C(z’)}‘ > % (3.42)
Also observe that
BT (2 2) (G- 00+ D) ) (3.43)

(it is equivalent to 2732 + (1 + 2 — z))ﬂ > 0 which is correct for every 0 < 3 < 1/2).
Equations (3.41), (3.42) and (3.43) imply that

{i<t<jlcw £ cm)=a2-8/206-i+1) (3.44)
The proof for the case of j; < i is similar. W

Consider some pair C'(i). Lemma 3.5.3 implies that by going over all k and checking whether
j=it|(1+ %)kj is a witness to C(i)’s g—bigness, we could tell if C(7) is not 0-big, and if C(i)
is B-big. Therefore, we do the following.

Procedure S-big-testy (i, 3,7)
v and B satisfy 0 <y <1 and 0 < 3 <1/2.

e For k=1to [logl_kg(n— 2)—‘
k
- Letj:min{n7 1+ Kl—l—%) J}
— If B-big-testa(i, 3, B, ﬁ’y) =1 return 1.
e For k=1 to {logHg(i . 1)—‘
4

_ Letj:max{l i Kl+§)kJ}.

— If B-big-testa(i, j, B, ﬁgnv) =1 return 1.

e If the algorithm has not returned 1 so far, then return 0.
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logn

Observe that the time and query complexity of (-big-test; (i, 3,7) is O( 5 log(l%a”)).

Lemma 3.5.4 Let1 <i<n-—1.

1. If C(i) is 0-big then Pr[B-big-test, (i, 5,v) = 1] > 1 — .
2. If C(i) is not B-big then Pr[B-big-testi(i,3,7) =0] > 1 — 1.

Proof:

Item 1. If C(i) is 0-big then the first item of Lemma 3.5.3 implies that there exists k € Z
k
such that C(7) is g—bz’g with respect to j = i + Kl + %) J The first item of Lemma 3.5.2

implies that (-big-testa(i, ], 3, %7) returns 1 with probability at least 1 —
Therefore, 3-big-testy(i, 3,7) returns 1 with probability at least 1 — .

B
810gn’y >1- -

Item 2. If C(i) is not (-big, the second item of Lemma 3.5.3 and the second item of Lemma
k
3.5.2 imply that for every k and j = i+ Kl—i—%) J , the probability that §-big-testa (i, j, 3, %’y)

returns 1 is at most ~. Observe that the number of times that 3-big-tests is called in -
big-test; is at most

8
8logn

8logn

1 —1)+1 —1)+2 < 4
08y, (n— i) +log, i — 1) +2 < (3.45)

The second part of the lemma follows from this and the union bound. WM

Using B-big-test1, we can now distinguish between the case that there are many 0-big pairs
and the case that there are not too many [-big pairs. This and Lemma 3.4.1 (see page 56)
provide the following tolerant testing algorithm.

Algorithm 3.5.1 Tolerant Testing Convexity

Given query access to a function f: ¥ — R and parameterse, 0 < §<1/6, 0 <y < 1:

o Let m = @<e'}32 log %) and M = {iq};”:1 be a set of uniformly independently selected

elements in {1,...,n — 1}.

e For every q € [m] let Xq = [-big-testy(iq, 3, 55-).

o If L P X, > (1 — f3)e return 0. Else return 1.

Observe that the time and query complexity of Algorithm 3.5.1 is

logn 1 logn
®(e~ﬁ5 IOg;.IOg(e-ﬂ~7)) (3.46)

Lemma 3.5.5 1. If econ(f) > 2¢ then Algorithm 3.5.1 returns 0 with probability at least
1—7.
2. If econ(f) < 15(1 —608) then Algorithm 3.5.1 returns 1 with probability at least 1 — .

Proof:
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Item 1. Assume that €.n(f) > 2e. Lemma 3.4.1 implies that |Bo(f)|/n > e. For every
q € [m] let X, =11if C(iy) is 0-big, and X, = 0 otherwise. The multiplicative chernoff bound
implies that with probability at least 1 — /2

% SOX, > (1 B)e (3.47)
q=1

Lemma 3.5.4 implies that for every ¢ € [m], if X; = 1 then Xq = 1 with probability at least
1 — 5. Therefore, by the union bound, with probability at least 1 — /2, for every ¢ € [m)], if

X4 =1 then Xq = 1. Hence,

1 1
m m

m A
g Xq >
q=1

Summing up the probabilities that Equations (3.47) and (3.48) are not correct, we have that
with probability at least 1 — v Algorithm 3.5.1 returns O.

f: X, (3.48)
q=1

Item 2. Assume that e.n(f) < 15(1 —603). Lemma 3.4.1 and the fact that 3 < 1/6 imply
that

B < 2een()- (14 g5 )

< € (1—-68)-(1+40)-n
< €(1-28)n (3.49)

Now, for every ¢ € [m] let X, = 1 if C(iq) is f-big, and X; = 0 otherwise. Observe that
(14 8)(1 —2B) <1— . Therefore

Pl 3% > (1= e | 1800 < 1 -29)
< PS> (0200 B3] < 1 -29) )
< P2 > (A1 =200 | Bt = 1 -29)
= e3> 9Dy = 120 ) 3.50)

Equations (3.49), (3.50) and the multiplicative chernoff bound imply that with probability at
least 1 — /2.

Ly X, <a-pe (3:51)
q=1

Lemma 3.5.4 implies that for every ¢ € [m], if X, = 0 then Xq = 0 with probability at least
1 — 5. Therefore, by the union bound, with probability at least 1 —~/2, for every ¢ € [m], if
X4 = 0 then Xq = 0. Hence,

i X, (3.52)



Summing up the probabilities that Equations (3.51) and (3.52) are not correct, we have that

with probability at least 1 —« Algorithm 3.5.1 returns 1. W
For simplicity we set 3 = T;zp which means that % = ﬁ (see Lemma 3.5.5 for the
meaning of that value). Also, the time and query complexity of Algorithm 3.5.1 in this case is

(3.53)

log — - log(
v €y

1 1 1
Q%.s.l(ﬁﬁ) = @( s ogn>)

Algorithm 3.5.2 Distance Approxzimation to Convexity

Given query access to a function f : 3 +— R and a parameter 0 < § < 1:
First define the following procedure:
Estimate-Iter(L, H,0,v) {

o If H <25L or H— L < ¢ then return L.

e Run Algorithm 3.5.1 with ¢ = 24_?/%525 and v = 6~1VZ'

If it accepts return Estimate-Iter(L, L+11222243H ,0,v+1).

Else return Estimate-Tter(2223LE2 /1 5 1+ 1) }

Return ¢ =Estimate-Iter(0, 1,4, 1)

Proof of Lemma 3.5.1 (see page 60): The probability that Algorithm 3.5.1 gives a wrong
answer depends on v at the time it is called and is 6%. Note that v increases each time.
Therefore, by the union bound, the probability that Algorithm 3.5.1 gives a wrong answer at

least once is at most

| 1
! (3.54)
et 602 3

Now assume that Algorithm 3.5.1 gives a correct answer each time it is called. Let €, L,,, H,
be the value of ¢, L and H respectively in iteration v. We show by induction that for every
v we have L, < €.on(f) < H,. Obviously this is correct for v = 1. Assume that for some v,
L, < €con(f) < Hy. Recall that 25L, < H,. Which means that

1 1 L,+H, _ 1223L, +H,
1225% © 12.25 2+ 1/12.25 1224
2(L,+H,) L,+1223H,
2 3.55
v 21/1225 ~ 1224 (3:55)

There are three cases for the relation between €0, (f) and €,:

° Tgf)ey < €con(f) < 2€,. Therefore €., (f) satisfies,

1223L, + H, 1 L,+ H, €
LV+1 < < : =
1224 12.25 2+4+1/12.25 12.25
< 6con(f)
< 2, 2(L, + H,) < L, +1223H, < Hy.

T 241/1225 1224
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e ccon(f) >2¢, and then L, = % and Hy,11 = H, and so €. (f) satisfies,
1223L, + H,
Ly = T <2 < Econ(f) <H,=Hyu (3-56)

o c.on(f) < Tl%ey, and then L,11 =L, and H,11 = % and so €qon(f) satisfies,

1 _ L +1223H, _

Ll/—‘rl =L, < 6con(f) < 12.2561/ S 1994 = Hy+1 (357)
Therefore for every v
Ly, < econ(f) < Hy (3.58)
Assume that Algorithm 3.5.2 performs v/ steps. That is, € = L.
o If H, — L, < then L, satisfies
ECOTL(f) -9 < H,,/ -6 < LV’ < econ(f) (359)
e Else if H,, < 25L,, then L,/ satisfies
H,,
Econ(f) < v S LV/ § Econ(f) (3.60)

25 T 25
Therefore at the end of Algorithm 3.5.2 we have
min{econ(f) /25, €con(f) = 3} < & < econ(f) (3.61)
The first part of the lemma follows.

For the second part of the lemma, we start by analyzing the complexity (time and query)
in the case that Algorithm 3.5.1 gives a correct answer each time it is called. We need to upper

1 1
bound L, and Pt

e By the definition of ¢, it is always smaller than the size of H, — L,. Also, the stopping
condition of Algorithm 3.5.2 implies that H, > 25L,,, which means that H,—L, > %H,, >
%econ(f). And so ﬁ =0(1/a).

e Equation (3.58) implies that e, % > % > 6“’?))& Also, €, = % >

H,—L, ) 1 _
T2 95 = 271/1255 Therefore, -~ = O(1/a).

Therefore, the query and time complexity in case Algorithm 3.5.1 is always correct is at most

1 1 1 logn 1 logn
Q'(d)zO(loga-Qg.m(a,2)) = O(loga- i -logloga-log & >

log é o
_ 6<logn>
e

Now, assume Algorithm 3.5.1 may give an incorrect answer. As long as L, < €qon(f) < H, the
above analysis still holds. Assume this is not the case. First we observe that

if vi>wve then L,, <L, <H, <H, (3.62)
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Therefore, if for some v/, €con(f) < Lyr41 (i-e. V' is the smallest such one), then for every v > v/,
6con(f) <L, <H, (363)
and the above complexity analysis still holds.

The second case is that for some v/, €con(f) > H,y1 (i.e. v/ is the smallest such one).
Therefore, for every v < v/ we have €.on(f) < H,, and for every v > v/ we have €qon(f) > H,.
Let " be the smallest v such that v > ¢/ and for which Algorithm 3.5.1 gives a correct answer.
Since €con(f) > Hy» > €,1, then

1223L,» + Hyn > H,»

piel = 1924 = 1994 and Hu”-‘,—l = H,» (3.64)

Recall that for every v/ < v < v, Algorithm 3.5.1 gives a wrong answer. Therefore, for every
v <v < V", we have that

L, +1223H, S 1223H,

Ho i =
vl 1224 = 1224

(3.65)
Therefore, for every v > v + 1, €, satisfies

6 > Ly> Loy > ——H 1 (1223)'/”*”’[{” L1 _(1223

=y
1/ > —_— — —_— PR—

1224777 = 1224 \1224 1224 1224) con(f)

H,+L, 5

= > .
v 2+1/12.25 = 2+1/12.25 (366)

That is, é = O((%)V - é) Also, the stopping condition of Algorithm 3.5.2 implies that

24 24 24 1 1223\~
H,—L, > —H,>>=p >2._—_ . (22 .
A R TRl LA LY (1224> €con(f)
H,—L, > § (3.67)

That is, ﬁ = O((%)V - é) Equations (3.66) and (3.67) imply that the query and

time complexity in this case is at most
0((1224/1223)"" V" . Poly(v" — /') - Q'(8)) (3.68)

The probability that for all v such that v/ < v < v Algorithm 3.5.1 indeed gives a wrong
answer is at most

1 v’ 7 ’
(672) < (1222/1224)" ¥ (3.69)

Therefore, the average complexity is at most

QO+ ()" (R Poty(n) - (9)) = Q(9) (3.70)
n=0

The lemma follows. W
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Appendix A

Chernoff Bounds

Let x1,-..,Xm be m independent random variables where x; € [0, 1] for every 1 <i < m. Let
D def % > Exp[xi]- (A special case, which occurs quite often, is when x; € {0,1} (Bernoully
random variables), and Pr[x; = 1] = p for every i (i.e., the random variables are equally

distributed).) Then, for every v € (0, 1], the following bounds hold:

e (Additive Form)
. -
Pr . Z Xi > p+7y| <exp (—272m>

and

. -
Pr EZXZ < p—v <exp(—2’)/2m>

e (Multiplicative Form)

1
Pri—-> xi > (1+7)p| <exp (—v2pm/3)
L =1 i
and _ -
Pri—-> xi < (1-7)p| <exp (—7 pm/2)
L =1 i
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