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Abstract

In this thesis we study the problems of distance approximation to monotonicity and distance ap-
proximation to convexity. Namely, we are interested in (randomized) sublinear algorithms that
approximate the Hamming distance between a given function and the closest monotone/convex
function.

For the monotonicity property, we focus on functions over the d-dimensional hyper-cube,
[n]d, with any finite range. Previous work on distance approximation to monotonicity focused on
the one-dimensional case and the only extension to higher dimensions was with an approximation
factor exponential in the dimension d. We describe a reduction from the case of functions over
the d-dimensional hyper-cube to the case of functions over the k-dimensional hyper-cube, where
k < d. This reduction is efficient. That is, polynomial only in the additive error allowed,
and not dependent on the size of the domain, range, or dimension. The quality of estimation
that this reduction provides is linear in the size of the dimension and logarithmic in the size
of the range. Using this reduction and a known distance approximation algorithm for the
one dimensional case, we suggest a distance approximation algorithm for functions over the
d-dimensional hyper-cube, with any finite range.

For the case of the Boolean range, we present solutions for distance approximation to
monotonicity of functions over one dimension, two dimensions, and the k-dimensional hyper-
cube (for any k ≥ 1). Applying these algorithms and the reduction described above, we suggest a
variety of distance approximation algorithms for Boolean range functions over the d-dimensional
hyper-cube, which suggest a trade-off between quality of estimation and efficiency of computa-
tion.

For the convexity property, we present an efficient distance approximation algorithm for
functions over one dimension, with any range. No solution for this problem was known before.
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Chapter 1

Introduction

Property Testing is a relaxation of decision problems. In a typical decision problem it is required
to determine whether an object has or does not have a given property P . In the original
notion [RS96, GGR98], a property testing algorithm is given access to the input object, which
is usually represented as a function, via membership queries (i.e., the algorithm gives a value
x, and receives f(x)). The algorithm is required to determine with high probability whether
the function has property P , or whether it is far from having property P . In far from having
the property we mean that the distance of the function to any function that has the property
is above some given threshold ε. Distance is measured according to some natural distance
measure such as the hamming distance. This relaxation allows for very efficient algorithms,
with complexity that is sub-linear in the input size, and in many cases even independent of the
input size. Examples of objects for which testing algorithms have been developed in the past
few years are graphs, strings, functions, and geometrical objects (see [Gol98, Fis01, Ron01] for
surveys).

We refer to the original notion of property testing as standard property testing. Namely,
a standard property tester for property P is given a parameter ε and should accept with high
probability objects that have the property, and reject with high probability objects that are
ε-far from having the property. It is common to distinguish between two types of testers: One-
sided error testers, which always accept objects that have the property, and Two-sided error
testers, which accept, with high probability, objects that have the property. Tolerant property
testing is a generalization of standard property testing where the algorithms are required to be
more tolerant with respect to objects that do not have the property but are close to having the
property. Namely, A tolerant property testing algorithm is required with high probability, to
accept objects that are ε1-close to having a given property P and reject objects that are ε2-far
from having property P , for some parameters 0 ≤ ε1 < ε2 ≤ 1. It is of course desirable for the
tolerant algorithm to run for any given ε1 and ε2, and for its query complexity (and running
time) to be sublinear in the input size and polynomial in 1/(ε2 − ε1). Observe that setting
ε1 = 0 and allowing ε2 to be a parameter gives the standard definition of property testing.

Another natural extension of standard property testing is distance approximation (estima-
tion). Let εP (f) denote the distance between f and the closest function that satisfies P . We
say that ε̂ is an (α, δ)-estimate of εP (f) for α ≥ 1 and 0 ≤ δ ≤ 1 if it satisfies:

1
α

εP (f)− δ ≤ ε̂ ≤ εP (f) . (1.1)
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Observe that if α = 1 and δ = 0 then ε̂ = εP (f). If an algorithm outputs an (α, δ)-estimate with
high constant probability, then it is an (α, δ)-estimate algorithm. We note that an algorithm
that provides an estimate ε̂ that satisfies εP (f)−δ ≤ ε̂ ≤ αεP (f)+δ with high probability implies
an (α, 2δ)-estimate algorithm. Therefore, since the notion of (α, δ)-estimate is only used for a
high level description of our final results, we will refer to both notions of approximation.

In some cases it is possible to obtain a purely additive approximation, that is a (1, δ)-
estimate of f , where δ is a parameter to the algorithm, and the complexity of the algorithm has
polynomial dependence on 1/δ. However, often it is only known how to get an estimate with
larger α, and sometimes α is not a constant but dependent on the input in some way. We also
note that it is possible to transform an algorithm that has an additive error to an algorithm
that has a purely multiplicative error at the cost of a dependence of the complexity on 1/εP (f).

Tolerant property testing and Distance approximation were first explicitly studied by Parnas
et. al. [PRR04]. Following that work, there have been several results on distance approximation,
both positive [ACCL04, GR05, FN05, MR06] and negative [FF05]. These works considered prop-
erties of functions and strings [PRR04, ACCL04, FF05, GR05], ensembles of points [PRR04],
and graphs [FN05, MR06].

1.1 Monotonicity and Convexity

Our focus in this thesis is on distance approximation to monotonicity and convexity. Monotone
and convex functions play an important role in many disciplines and applications, including
combinatorial optimization, game theory, probability theory, and electronic trade.

We start by summarizing previous results on testing monotonicity, which is a property that
has been extensively studied in the property testing literature [GGL+00, BRW05, EKK+00,
DGL+99, Fis04, FLN+02, FN01, HK04, HK03, HK05]. We then turn to what is known about
distance approximation to monotonicity [PRR04, ACCL04, AC05], and about testing of con-
vexity [PRR03]. When stating the complexity of the algorithm we mean its query complexity.
In all cases discussed below the running time is either linear in the query complexity or at most
polynomial in it for a low degree polynomial.

1.1.1 Testing Monotonicity

Let V be some partially (or fully) ordered finite set, and let Ξ be some fully ordered set. A
function f : V 7→ Ξ is monotone if every x, y ∈ V such that x ≤ y satisfy f(x) ≤ f(y). Most
previous work deals with the case that V = Σd for a fully ordered set Σ = {1, . . . , n} and d ≥ 1.
The (partial) order over Σd is simply the product order.

Ergun et. al. [EKK+00] considered the case of one-dimensional functions, that is, d = 1.
In this case a function f : Σ → Ξ is monotone if and only if f(1) ≤ f(2) ≤ . . . ≤ f(n)
(recall that Σ = {1, . . . , n}). They referred to the problem as “Spot checking of sorting” and
gave an algorithm whose query complexity is O(log n/ε). Batu et. al. [BRW05] extended the
algorithm of [EKK+00] to higher dimensions at an exponential cost in the dimension. Namely,
the complexity of their algorithm is O((2 log n)d/ε).
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Goldreich et. al. [GGL+00] considered the case that d ≥ 1 but Σ = Ξ = {0, 1}, and
showed that in this case, a linear dependence on d suffices. Namely, their algorithm has query
complexity O(d/ε). For general Σ (but keeping the range Ξ = {0, 1}), they gave one variant
of their algorithm whose complexity is O(d log |Σ|/ε) and another variant whose complexity
is O((d/ε)2). They also dealt with a general range Ξ at a multiplicative cost of |Ξ|. The
dependence on |Ξ| was reduced to logarithmic by Dodis et. al. [DGL+99], giving an algorithm
for any function f : Σd → Ξ whose complexity is O(d log |Σ| log |Ξ|/ε). When |Ξ| > |Σ| = n the
upper bound is actually O(d log2 n/ε). We build on both the dimension reduction technique
applied in [GGL+00] and [DGL+99] and on the range reduction technique applied in [DGL+99].

For small d (i.e., d = O(log log n)) Halevy and Kushilevitz [HK04] were able to obtain an
improved query complexity of O(d4d log n/ε), and Ailon and Chazelle [AC05] further improved
this bound to O(d2d log n/ε).

Halevy and Kushilevitz [HK03] also studied the problem of distribution free testing of
monotonicity. In this variant of the problem, distance between functions is measured with
respect to an unknown underlying distribution that is not necessary uniform as in the standard
definition (and the results described above). They gave a distribution free tester for monotonic-
ity whose complexity is O( logd n·2d

ε ). If the underlying distribution D is a product distribution
then O(2dHD

ε ) queries suffice [AC05] where HD is the entropy of D.

Fischer et. al. [FLN+02] considered the case in which V is a general partially ordered
set (poset). They showed that testing monotonicity of Boolean functions over general posets
is equivalent to the problem of testing 2CNF assignments (namely, testing whether a given
assignment satisfies a fixed 2CNF formula or is far from any such assignment). They also
showed that for every poset, it is possible to test monotonicity over the poset with a number of
queries that is sublinear in the size of the domain poset; specifically, the complexity grows like
a square-root of the size of the poset. Finally, they gave some efficient algorithms for several
special classes of posets (e.g., posets that are defined by trees).

Lower Bounds

Ergun et al. [EKK+00] gave a lower bound for non-adaptive testers, which, combined with a
result of Fischer [Fis04], implies a lower bound of Ω(log n) for one-dimensional functions (and
a general range Ξ). For d > 1, Fischer et. al. [FLN+02] showed that every non-adaptive 1-
sided error monotonicity tester requires Ω(

√
d) queries, which implies an Ω(log d) lower bound

for the adaptive case. They also showed that every non-adaptive 2-sided error monotonicity
tester requires Ω(log d) queries, which implies an Ω(log log d) lower bound for the adaptive case.

For Boolean functions over general posets [FLN+02] gave a lower bound of N
Ω
(

1
log log N

)
on

the query complexity of any non-adaptive tester, which implies a lower bound of Ω
(

log N
log log N

)
for any adaptive tester. Finally, for the distribution-free case, Halevy and Kushilevitz [HK05]
showed that 2Ω(d) queries are necessary, so that an exponential dependence on the dimension is
unavoidable in this case.

1.1.2 Distance Approximation to Monotonicity

Parnas et. al. [PRR04] studied the problem of distance approximation to monotonicity of one-
dimensional functions f : Σ → Ξ. Their algorithm is a (2, δ)-estimate algorithm and its query
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complexity is Õ((log n)7/δ4). 1

Ailon et. al. [ACCL04] improved on this result. The quality of their estimate is similar
(and in particular there is a factor 2 error in the estimate), but their dependence on log n is
linear, which is the best possible. They build on an idea from [EKK+00], which we adapt in
our algorithm for distance approximation of convexity.

For higher dimensions and general Σ and Ξ, it is observed in [PRR04] that using a lemma
of [AC05] (which improves on [HK04]), it is possible to get a (d·2d+1, δ)-estimate using a number
of queries as in the d = 1 case up-to logarithmic factors. Namely, the quality of the estimate
degrades exponentially with the dimension.

For the special case of Σ = Ξ = {0, 1}, the algorithm and analysis in [GGL+00] imply that
it is possible to get a (2d, δ)-estimate using O(1/δ2) queries.

1.1.3 Testing Convexity

Definition 1.1.1 Let f : X 7→ < where X is a discrete domain. The function f is convex if for
all x, y ∈ X and for all 0 ≤ α ≤ 1 such that αx+(1−α)y ∈ X, it holds that f(αx+(1−α)y) ≤
αf(x) + (1− α)f(y).

Parnas et. al. [PRR03] studied both the above notion of convexity as well as an extension to two-
dimensional functions/matrices (submodularity). For the case of convexity in one dimension
they describe a testing algorithm whose complexity is O( log n

ε ).

1.2 Our Results

Our results are summarized in the theorems below. We refer to algorithms that are described
and analyzed in the chapters that follow. In some cases these algorithms execute as subroutines
known algorithms (e.g., the one-dimensional algorithm of [AC05]). Recall that Σ = {1, ..., n}.

1.2.1 Distance Approximation to Monotonicity

Theorem 1.2.1 is our most general result.

Theorem 1.2.1 (Distance approximation to monotonicity for Σd 7→ Ξ functions)
Algorithm 2.4.1 combined with the algorithm of [ACCL04] is a (4.01 · d log |Ξ|, δ)-estimate
algorithm for monotonicity of Σd 7→ Ξ functions. The time and query complexity of the
algorithm is Õ

(
log n
δ3

)
.

When dealing with Boolean functions we can obtain the following results, which give trade-
offs between the quality of the estimate and the complexity of the algorithm. As opposed to
Theorem 1.2.1, in all these results there is no dependence on n.

1The notation Õ(g(·)) for a function g (possibly of several parameters), means O(g(·)· polylog(g(·)).
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Theorem 1.2.2 (Distance approximation to monotonicity for Σd 7→ {0, 1} functions)

1. For any given parameter k ∈ [d] such that d/k is an integer, Algorithm 2.4.1 com-
bined with Algorithm 2.5.1 provides a ((4d/k), δ)-estimate algorithm for monotonicity
of Σd 7→ {0, 1} functions. The time and query complexity of the algorithm is 1

δ2 log 1
δ ·(

O
((

k
δ

)2
log k

δ

))k+2
=
(
Õ
(

k
δ

))2k+6

2. Algorithm 2.4.1 combined with Algorithm 2.5.5 provides a (d, δ)-estimate algorithm for
monotonicity of Σd 7→ {0, 1} functions. The time and query complexity of the algorithm
is Õ

(
1
δ6

)
.

3. Algorithm 2.4.1 combined with Algorithm 2.5.2 provides a (2d, δ)-estimate algorithm for
monotonicity of Σd 7→ {0, 1} functions. The time and query complexity of the algorithm
is Õ

(
1
δ4

)
.

4. Algorithm 2.4.1 combined with Algorithm 2.5.4 provides a (4d, δ)-estimate algorithm for
monotonicity of Σd 7→ {0, 1} functions. The expected time and query complexity of the
algorithm is Õ

(
1
δ3

)
.

1.2.2 An Improved Testing Algorithm for Boolean Functions

Recall that for Boolean functions (over Σd such that |Σ| = n > 1), [GGL+00] give algorithms
whose complexity is either O(d log n/ε) or O((d/ε)2). By taking a slightly different approach
we get the following result which is an improvement when d is significantly smaller than n.

Theorem 1.2.3 (Improved standard testing of Boolean functions) Algorithm 2.6.1
combined with Algorithm 2.6.2 provides a 1-sided error testing algorithm for monotonicity of
Σd 7→ {0, 1} functions. The time and query complexity of the algorithm is Õ

(
d
ε

)
.

1.2.3 Distance Approximation to Convexity

For convexity there was no previously known distance approximation algorithm. We show:

Theorem 1.2.4 (Distance Approximation to convexity for Σ 7→ < functions)
Algorithm 3.5.2 is a (25, δ)-estimate algorithm for convexity of Σ 7→ < functions. The
expected time and query complexity of the algorithm is Õ

(
log n

max{εcon(f),δ}

)
where εcon(f) is the

distance between f and the closest convex function.

Observe that Theorem 1.2.4 implies that, by setting δ = 0 we can get a purely multiplicative
error (where the complexity depends on 1/εcon(f)). We note that all our other results can be
modified so that we obtain a similar type of result, but for simplicity we leave them as stated
above.

8



1.3 Techniques

1.3.1 Distance Approximation to Monotonicity

One possible approach for distance approximation to monotonicity of high dimensional functions
is to reduce this problem to the problem of approximating the distance to monotonicity of
functions over the line (i.e., one-dimensional functions from Σ to Ξ) or to the problem of
distance approximation of functions over the k-dimensional hyper-cube (i.e., Σk 7→ Ξ, where
k < d). For that matter, we build on the work of [DGL+99].

The algorithm of Dodis et. al. [DGL+99] works by selecting random pairs of points in Σd

and checking whether monotonicity is violated by these pairs. Each pair belongs to the same
line (projection of f to one dimension) and the pairs are selected according to a particular
(non-trivial) distribution. They show that the probability of selecting a pair that violates
monotonicity is lower bounded by Ω

(
εmon(f)

d log |Σ| log |Ξ|

)
where εmon(f) is the distance between f

and the closest monotone function (recall that f : Σd 7→ Ξ). Hence, if εmon(f) > ε, then by
selecting Θ(d log |Σ| log |Ξ|/ε) pairs, violation of monotonicity is detected with high probability.
However, the probability of selecting a violating pair is not necessarily upper bounded in a
similar manner. In particular, the distribution over pairs is such that for some functions whose
distance to monotonicity is very small, the probability of getting a violating pair is very big. This
occurs because the distribution over pairs assigns large weight to some points (This difficulty
does not arise in the special case of Σ = {0, 1} because each line contains only a single pair).
This means that estimating the distance to monotonicity in general requires to modify this
approach.

What we take from [GGL+00] and [DGL+99] is the notions of dimension reduction and
range reduction. Dimension reduction, which was touched upon in the previous paragraphs,
means that we are interested in the relation between εmon(f) and εmon(f ′) for functions f ′

which correspond to projections of f to lower dimensional hypercubes Σk. We first extend the
upper bound on εmon(f) in [DGL+99, Lemma 6], which applies to lines (k = 1), to higher
dimensional hypercubes. We also give a simple lower bound on εmon(f). The upper bound
holds only for the range {0, 1}, and hence we turn to giving a range reduction. In a range
reduction we mean establishing a relation between the quality of estimates of the distance to
monotonicity for functions with a general range Ξ, to the quality of such estimates in the case
of |Ξ| = 2. Here we adapt a technique of [DGL+99] to our needs, and present an analysis which
we believe is more intuitive and easier to follow.

Based on the dimension and range reduction lemmas, we get an algorithm that, combined
with any distance approximation algorithm for low-dimensional functions, gives a distance ap-
proximation algorithm for higher dimensions. For general ranges we derive Theorem 1.2.1 by
using the algorithm of [ACCL04] for one-dimensional functions as a subroutine. For the case
Ξ = {0, 1} we give several algorithms for low-dimensional functions. These algorithms, which
are based on a variety of approaches, differ in the quality of the estimate they provide and their
complexity. Using them we obtain the results stated in Theorem 1.2.2
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1.3.2 Testing of Monotonicity

Our work on distance approximation led us to return to the problem of standard testing of
monotonicity. We show that by using the technique of “bucketing” (e.g. [GR02]) it is possible
to remove the dependence of the complexity of the algorithm on n (the size of Σ), at a cost of
log2(d/ε). Thus, the complexity of our algorithm is Õ(d/ε) as compared to O(d log n/ε) for this
case in [GGL+00, DGL+99]. This is an improvement for low dimensions and large n.

1.3.3 Distance Approximation to Convexity

A basic idea behind some algorithms for distance approximation to monotonicity is to estimate
the number of violations to monotonicity on the domain of the function, or on some parts of the
domain of the function, according to some deterministic or probabilistic rule, and show that this
estimation provides a fairly tight estimation of the distance to monotonicity. In our work we
implement a similar idea for the convexity case. The first question that should be raised now is:
What is a violation of convexity? In the monotonicity case this is quite simple. Two elements i
and j violate monotonicity if i < j and f(i) > f(j), in which case a monotone function cannot
be equal to f on both i and j. Also, determining whether i and j violate monotonicity requires
O(1) calculations. In the convexity case however, two elements in the domain can not contradict
convexity (a function over a domain of size 2 is always convex). Consider some i < j. We easily
show that if f : Σ 7→ < is convex then

f(i + 1)− f(i) ≤ f(j)− f(i + 1)
j − i− 1

≤ f(j + 1)− f(j) (1.2)

That is, if the pairs 〈i, i + 1〉 and 〈j, j + 1〉 don’t satisfy Equation (1.2) then there is no convex
function that is equal to f on all {i, i+1, j, j +1}. In this case we say that 〈i, i+1〉 and 〈j, j +1〉
violate convexity. The next thing to do is find some relation between those local violations to
convexity and εcon(f).

Consider the work of [ACCL04]. They define the term δ-big. An element i is δ-big if there
exists j such that the number of violations to monotonicity between i and elements in {i+1, ..., j}
(or {j, ..., i− 1} if j < i) is large enough. Then they show a relation between δ-bigness and the
distance to monotonicity (details in [ACCL04, Section 2.2]). We build on their work, where the
violations to convexity as we showed above replace the violations to monotonicity.

1.4 Organization

In Chapter 2 we prove Theorems 1.2.1, 1.2.2 and 1.2.3. Specifically,

• In Section 2.2 we show a lower bound on εmon(f) for f : Σd 7→ Ξ, and an upper bound on
εmon(f) for f : Σd 7→ {0, 1}.

• In Section 2.3 we extend the upper bound of Section 2.2 for f : Σd 7→ {0, 1} to an upper
bound for f : Σd 7→ Ξ, where Ξ is any finite set.
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• In Section 2.4 we use the bounds of previous sections to provide a reduction from the
problem of distance approximation of monotonicity of Σd 7→ Ξ functions to the problem
of distance approximation of monotonicity of Σk 7→ Ξ functions, where k < d. Based on
that we prove Theorem 1.2.1.

• In Section 2.5 we present distance approximation algorithms for Σk 7→ {0, 1} functions
(Subsection 2.5.1), Σ 7→ {0, 1} functions (Subsection 2.5.2) and Σ2 7→ {0, 1} functions
(Subsection 2.5.3). Based on those algorithms and the reduction of Section 2.4 we prove
Theorem 1.2.2.

• In section 2.6 we show a reduction from the problem of testing monotonicity of Σd 7→ {0, 1}
functions to the problem of testing monotonicity of Σ 7→ {0, 1} functions, and prove
Theorem 1.2.3.

In Chapter 3 we prove Theorem 1.2.4. Specifically,

• In Section 3.3 we present the co-convexity property, and show the relevant implications
of that property.

• In Section 3.4 we present the notion of β-bigness and show its relation to the distance of
f : Σ 7→ < to convexity.

• In section 3.5 we present a distance approximation algorithm for convexity and prove
Theorem 1.2.4.
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Chapter 2

Distance Approximation to
Monotonicity

In this chapter we prove Theorems 1.2.1, 1.2.2 and 1.2.3 (see pages 7 - 8).

2.1 Preliminaries

Let d ∈ Z and let [d] = {1, 2, ..., d}. Let Σ = {1, ..., n} and Ξ be any fully ordered set. Given
two strings x, y, let xy denote the concatenating of the two strings. Let x, y ∈ Σd such that
x = x1x2...xd and y = y1y2...yd. We say that x ≤ y if every i ∈ [d] satisfies xi ≤ yi, and that
x < y if x ≤ y and there exists i such that xi < yi.

Definition 2.1.1 In the following items, let V be some partially ordered finite set, and observe
that Σd is a special case of V .

• A function f : V 7→ Ξ is monotone if every x ≤ y satisfy f(x) ≤ f(y).

• Let the Violation Graph Gviol(f) = (V,Eviol(f)) of a function f : V 7→ Ξ be an undirected
graph such that for every x, y ∈ V , (x, y) ∈ Eviol(f) if x, y violate monotonicity (i.e.
x ≤ y and f(x) > f(y) or y ≤ x and f(y) > f(x)). Also, let V C(Gviol(f)) ⊆ V denote
the minimum vertex cover of Gviol(f).

• Let εmon(f) denote the (relative) distance of f : V 7→ Ξ from the class of monotone
functions, which is the minimum of dist(f, g) = |{x ∈ V : f(x) 6= g(x)}|/|V | over all
monotone functions g : V 7→ Ξ.

• A function f : V 7→ Ξ is ε-far from being monotone if εmon(f) ≥ ε, and ε-close to being
monotone otherwise.

The Minimum Vertex Cover of graph G is denoted V C(G). The following Lemma is quoted
from [HK04].
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Lemma 2.1.1 Let f : V 7→ Ξ where V is some partially ordered finite set. Given S ⊆ V , if for
every (i, j) ∈ Eviol(f), either i ∈ S or j ∈ S, then there exists a monotone function f ′ : V 7→ Ξ
that differs from f only on elements in S.

As a corollary of Lemma 2.1.1 we get the following lemma.

Lemma 2.1.2 Let f : V 7→ Ξ where V is some partially ordered finite set.

|V C(Gviol(f))| = εmon(f) · |V |

Given a function f : Σd 7→ Ξ and 1 ≤ i ≤ j ≤ d let fi,j,α,β(x) = f(αxβ) such that
α ∈ Σi−1, x ∈ Σj−i+1, β ∈ Σd−j . Note that fi,j,α,β is a Σj−i+1 7→ Ξ function. To simplify our
notation, for a fixed k ∈ Z, let fq,α,β = f(q−1)·k+1,q·k,α,β.

For 1 ≤ i ≤ j ≤ d let (i, j)-cubes of a function f (and i-lines if i = j) denote the set
{fi,j,α,β : α ∈ Σi−1, β ∈ Σd−j}. For any i ∈ [d] we say that a function f is monotone in
dimension i, if the i-lines of f are all monotone functions. For a set T ⊆ [d] we say that f is
monotone in dimensions T , if for every i ∈ T , f is monotone in dimension i.

Definition 2.1.2 Let f : Σd 7→ Ξ, where Ξ is a fully ordered set. For every i ∈ [d], the
function Si[f ] : Σd 7→ Ξ is defined as follows: for every α ∈ Σi−1 and β ∈ Σd−i , let
Si[f ](α1β), ..., Si[f ](αnβ) be assigned the values of f(α1β), ..., f(αnβ) in sorted order. In other
words, Si acts on f by sorting its i-lines. Let the multi-dimensional sorting operator, Si,j [f ] =
Sj [Sj−1[...[Si[f ]...] (note that j ≥ i).

The additive and multiplicative chernoff bounds which we often use can be found in Appendix
A.

2.2 Dimension Reduction

The result of this section is presented in Lemmas 2.2.1 and 2.2.2, which provide a lower and an
upper bound on εmon(f), respectively.

Lemma 2.2.1, which gives a lower bound on εmon(f) applies to functions with any range and
its proof is quite simple. Lemma 2.2.2, which gives an upper bound on εmon(f) applies only to
the range {0, 1} and it is a generalization of [GGL+00, Lemma 9]. We Later extend the result
of Lemma 2.2.2 to any fully ordered finite range, at a certain cost (see Lemma 2.3.1 on page
18).

Lemma 2.2.1 Let f : Σd 7→ Ξ, and k ∈ Z such that d
k ∈ Z. The set of functions

{fq,α,β : Σk 7→ Ξ : q ∈ {1, ..., d
k}, α ∈ Σ(q−1)·k, β ∈ Σd−q·k} satisfies the following property.

εmon(f) ≥ Eq,α,β[εmon(fq,α,β)]
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Lemma 2.2.2 Let f : Σd 7→ {0, 1}, and k ∈ Z such that d
k ∈ Z. The set of functions

{fq,α,β : Σk 7→ {0, 1} : q ∈ {1, ..., d
k}, α ∈ Σ(q−1)·k, β ∈ Σd−q·k} satisfies the following property.

εmon(f) ≤ 2d

k
Eq,α,β[εmon(fq,α,β)]

Proof of Lemma 2.2.1: If f is monotone, then it is monotone in all dimensions. However,
if f is monotone in a set of dimensions {i, i+1, .., j}, it is not necessarily monotone. Therefore,
for every 1 ≤ i ≤ j ≤ d the following inequality holds.

εmon(f) · nd ≥
∑
α,β

εmon(fi,j,α,β) · nj−i+1 (2.1)

Therefore,

εmon(f) · nd ≥ max
q∈{1,..., d

k
}

∑
α,β

εmon(fq,α,β) · nk

≥ k

d

d/k∑
q=1

∑
α,β

εmon(fq,α,β) · nk

≥ k · nk

d

∑
q,α,β

εmon(fq,α,β) (2.2)

=
k · nk

d
· d

k
· nd−kEq,α,β(εmon(fq,α,β))

= Eq,α,β[εmon(fq,α,β)] · nd (2.3)

Lemma 2.2.2 is based on the following three claims, which are established in Lemmas 2.2.4 and
2.2.3.

• When sorting a Σd 7→ {0, 1} function on some set of dimensions (using the sorting operator
of Definition 2.1.2), the function remains sorted (if it was so before) on other dimensions
(details in part 1 of Lemma 2.2.3).

• When sorting a Σd 7→ {0, 1} function on dimension q ∈ [d], the (i, j)-cubes of f become
closer to being monotone (details in part 2 of Lemma 2.2.3).

• The distance of f : Σd 7→ {0, 1} from its sorted version (i.e., S1,d[f ]) is similar to εmon(f)
(details in Lemma 2.2.4).

Lemma 2.2.3 is a generalization of [GGL+00, Lemma 8].

Lemma 2.2.3 Let h : Σd 7→ {0, 1}.

1. If h is monotone in dimensions T ⊆ [d] then Sj [h] is monotone in dimensions T ∪ {j}.

2. For every 1 ≤ i ≤ j ≤ d and q /∈ {i, ..., j},∑
α∈Σi−1,β∈Σd−j

εmon(hi,j,α,β) ≥
∑

α∈Σi−1,β∈Σd−j

εmon(Sq[h]i,j,α,β)
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Note that by part 1 of Lemma 2.2.3, S1,d[h] is a monotone function.

Proof: The first part of the lemma appears in [GGL+00, Lemma 8], and we include it for
completeness. We turn to the second part of the lemma. Let us first present a claim, which we
later prove.

Claim 2.2.1 For every 1 ≤ i ≤ j ≤ d and q /∈ {i, ..., j}, the function f : Σq−1×{0, 1}×Σd−q 7→
{0, 1} satisfies ∑

α∈Σi−1,β∈Σd−j

εmon(fi,j,α,β) ≥
∑

α∈Σi−1,β∈Σd−j

εmon(Sq[f ]i,j,α,β)

We now use Claim 2.2.1 to prove the second part of the lemma. Observe that the com-
putation of Sq[h] can be divided to sub-computations (in a similar way to the Bubble-Sort
algorithm). That is, in every such sub-computation

• Pick some k and k + 1.

• For every α ∈ Σq−1 and β ∈ Σd−q, if hq,q,α,β(k) > hq,q,α,β(k + 1) then set hq,q,α,β(k) = 0
and hq,q,α,β(k + 1) = 1.

Let ht denote the resulted function after such t steps (sub-computations). Let kt denote the ′k′

that was picked in step t. There exists a finite number t′ such that ht′ = Sq[h]. Assume without
loss of generality that q > j. Claim 2.2.1 implies that every t ≤ t′ satisfies

∑
α∈Σi−1,β1∈Σq−1−j ,β2∈Σd−q

(
kt+1∑
r=kt

εmon(ht−1
i,j,α,β1rβ2

)

)

≥
∑

α∈Σi−1,β1∈Σq−1−j ,β2∈Σd−q

(
kt+1∑
r=kt

εmon(ht
i,j,α,β1rβ2

)

)

Therefore, ∑
α∈Σi−1,β∈Σd−j

εmon(ht−1
i,j,α,β)

=
∑

α∈Σi−1,β1∈Σq−1−j ,β2∈Σd−q

( ∑
r∈Σ\{kt,kt+1}

εmon(ht−1
i,j,α,β1rβ2

) +
kt+1∑
r=kt

εmon(ht−1
i,j,α,β1rβ2

)

)

≥
∑

α∈Σi−1,β1∈Σq−1−j ,β2∈Σd−q

( ∑
r∈Σ\{kt,kt+1}

εmon(ht
i,j,α,β1rβ2

) +
kt+1∑
r=kt

εmon(ht
i,j,α,β1rβ2

)

)

=
∑

α∈Σi−1,β∈Σd−j

εmon(ht
i,j,α,β)

which inductively proves the second part of the lemma.

Proof of Claim 2.2.1: Let fs = Sq[f ]. Let fM : Σq−1×{0, 1}×Σd−q 7→ {0, 1} be a function
such that for every α ∈ Σi−1, β ∈ Σd−j , fM

i,j,α,β is monotone and

dist(fM
i,j,α,β, fi,j,α,β) = εmon(fi,j,α,β) (2.4)
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In order to prove the claim, it is left to show that there exists a function f ′ : Σq−1×{0, 1}×
Σd−q 7→ {0, 1} , such that for every α ∈ Σi−1, β ∈ Σd−j , f ′i,j,α,β is monotone and∑

α,β

dist(fs
i,j,α,β, f ′i,j,α,β) ≤

∑
α,β

dist(fi,j,α,β, fM
i,j,α,β) (2.5)

Before we do so, we need some more notation. For simplicity, and without loss of generality,
assume that q = d, i = 1 and j < d. Let r ∈ {0, 1} and γ ∈ Σd−j−1. For every x ∈ Σj let

gγ,r(x) = f(xγr)
g′γ,r(x) = f ′(xγr)
gs
γ,r(x) = fs(xγr)

gM
γ,r(x) = fM (xγr)

We now define f ′ (and g′). For every x ∈ Σj

g′γ,0(x) = f ′(xγ0)

= min{gM
γ,0(x), gM

γ,1(x)}
g′γ,1(x) = f ′(xγ1)

= max{gM
γ,0(x), gM

γ,1(x)} (2.6)

First we claim that g′γ,0, g′γ,1 are indeed monotone functions.
For every y > x,

g′γ,0(y) = min{gM
γ,0(y), gM

γ,1(y)}
≥ min{gM

γ,0(x), gM
γ,1(x)}

= g′γ,0(x)

g′γ,1(y) = max{gM
γ,0(y), gM

γ,1(y)}
≥ max{gM

γ,0(x), gM
γ,1(x)}

= g′γ,1(x) (2.7)

We also need to show that,∑
γ

dist(gs
γ,0, g

′
γ,0) + dist(gs

γ,1, g
′
γ,1) ≤

∑
γ

dist(gγ,0, g
M
γ,0) + dist(gγ,1, g

M
γ,1) (2.8)

So we claim that for every γ,

dist(gs
γ,0, g

′
γ,0) + dist(gs

γ,1, g
′
γ,1) ≤ dist(gγ,0, g

M
γ,0) + dist(gγ,1, g

M
γ,1) (2.9)

Proving Equation (2.9) is a technical process of going over the 16 possible values for the com-
binations of gγ,r, g

M
γ,r, r ∈ {0, 1}. For every x1 and γ such that

gγ,0(x1) = 0 , gγ,1(x1) = 1 , gM
γ,0(x1) = 1 , gM

γ,1(x1) = 0
OR

gγ,0(x1) = 1 , gγ,1(x1) = 0 , gM
γ,0(x1) = 0 , gM

γ,1(x1) = 1 (2.10)

it is not hard to see that

(gs
γ,0(x1)⊕ g′γ,0(x1)) + (gs

γ,1(x1)⊕ g′γ,1(x1))

= (gγ,0(x1)⊕ gM
γ,0(x1)) + (gγ,1(x1)⊕ gM

γ,1(x1))− 2 (2.11)
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otherwise

(gs
γ,0(x1)⊕ g′γ,0(x1)) + (gs

γ,1(x1)⊕ g′γ,1(x1))

= (gγ,0(x1)⊕ gM
γ,0(x1)) + (gγ,1(x1)⊕ gM

γ,1(x1)) (2.12)

and the claim follows.

(Lemma 2.2.3)

Lemma 2.2.4 Let f : Σk 7→ {0, 1}. Then,

εmon(f) ≤ dist(f, S1,k[f ]) ≤ 2εmon(f)

Proof: Part 1 of Lemma 2.2.3 implies that S1,k[f ] is a monotone function, and so εmon(f) ≤
dist(f, S1,k[f ]).

Let fs = S1,k[f ]. When sorting a function, the labels of the function are relocated. So,
for every x́, if f(x́) = 1 and fs(x́) = 0, then there must be some ý, such that, f(ý) = 0 and
fs(ý) = 1. Considering the operation of the multi-dimensional sorting operator S1,k, it is not
hard to see that ý > x́. In words, 1 labels of f , during the sorting, can only be moved to larger
elements on the domain. Also, observe that f(x́) > f(ý) is a contradiction to monotonicity, and
therefore (x́, ý) is an edge in Gviol(f).

Let X0 = {x ∈ Σk : fs(x) = 0} and X
0 = {x1, ..., xr} ⊆ X0 be some set of elements such

that f(x1) = f(x2) = ... = f(xr) = 1. Let X1 = {x ∈ Σk : fs(x) = 1}, X> = {x ∈ Σk : ∃ 1 ≤
i ≤ r. x > xi}, and X1,> = X1 ∩X>. Observe that the 1 labels on x1, ..., xr, must be relocated
(during the sorting) to elements that are in X1,>. Also observe that if x ∈ X1,> then every
y > x is also in X1,>. Therefore, 1 labels that are on elements in X1,> before the sorting, can
not move out of that area during the sorting. Therefore, |{x ∈ X1,> : f(x) = 0}| ≥ r = |X0|, or
else there are not enough places in X1,> for those 1 labels. Also observe that if y ∈ X1,> and
f(y) = 0, then there must be xi ∈ X

0 such that (xi, y) is an edge in Gviol(f).

By Hall’s theorem, the above implies that there exists a matching in Gviol(f), between X0

and X1, of size e = |{x ∈ X0 : f(x) = 1}|. Therefore, εmon(f) · nk ≥ e.

Also, it is obvious that |{x ∈ X0 : f(x) = 1}| = |{x ∈ X1 : f(x) = 0}|. Therefore,
dist(f, fs) · nk = 2e, where e = |{x ∈ X0 : f(x) = 1}| = |{x ∈ X1 : f(x) = 0}|. Hence,

εmon(f) · nk ≥ e =
dist(f, fs) · nk

2
(2.13)

Proof of Lemma 2.2.2: Let fq = S1,(q−1)k[f ]. We claim that:

εmon(f) ≤ dist(f, fd/k+1) ≤
d/k∑
q=1

dist(fq, fq+1) (2.14)

The first inequality comes from the fact that fd/k+1 is monotone,which is a result of part 1 of
Lemma 2.2.3. The second comes from the triangle inequality.
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For α ∈ Σ(q−1)·k, β ∈ Σd−kq, let gq,α,β(x) = fq(αxβ). Now, we claim that for every q:

nd · dist(fq, fq+1) =
∑
α,β

|{x ∈ Σk : fq(αxβ) 6= fq+1(αxβ)}|

=
∑
α,β

|{x ∈ Σk : gq,α,β(x) 6= S1,k[gq,α,β](x)|

≤
∑
α,β

εmon(gq,α,β) · 2nk (2.15)

= 2nd · Eα,β[εmon(gq,α,β)]

Inequality (2.15) is justified by Lemma 2.2.4.
Part 2 of Lemma 2.2.3 implies that for every 1 ≤ q ≤ d

k ,

Eα,β[εmon(gq,α,β)] ≤ Eα,β[εmon(fq,α,β)] (2.16)

and finally,

εmon(f) ≤
d/k∑
q=1

dist(fq, fq+1)

≤
d/k∑
q=1

2Eα,β[εmon(gq,α,β)]

≤
d/k∑
q=1

2Eα,β[εmon(fq,α,β)]

=
2d

k
Eq,α,β[εmon(fq,α,β)] (2.17)

and the lemma follows.

2.3 Range Reduction

In this section we present a reduction from the case of a general range Ξ to the case of the range
{0, 1}. As a result we obtain Lemma 2.3.1.

Lemma 2.3.1 Let f : Σd 7→ Ξ, where Ξ is a fully ordered finite set. For every k ∈ Z such that
d
k ∈ Z, the set of functions {fq,α,β : Σk 7→ Ξ : q ∈ {1, ..., d

k}, α ∈ Σ(q−1)·k, β ∈ Σd−q·k} satisfies
the following property:

εmon(f) ≤ log |Ξ| · 2d

k
Eq,α,β[εmon(fq,α,β)]

The bound of Lemma 2.3.1, along with the bound of Lemma 2.2.1, implies a reduction
algorithm from distance approximation for d-dimensional functions with finite range (of size
|Ξ|), to k-dimensional functions (for k ∈ Z s.t. d

k ∈ Z) with the same range. The cost of the
reduction is a multiplicative factor of 2 log |Ξ| ·d/k in the estimation (see Section 2.4 for details).

In Lemma 2.3.4, we present properties of operators that bound the distance to monotonicity
for boolean range functions. We show that for operators with such properties, the relation to
εmon(f) can be extended to functions with a larger range. In Lemma 2.3.1 we use it to extend
the result of Lemma 2.2.2 to larger ranges.
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The idea behind the range reduction: Consider the violation graph Gviol(f) of a function
f : V 7→ Ξ, where V is some partially ordered domain, and Ξ = [0, r − 1] is a fully ordered
finite set. Lemma 2.1.2 implies that by changing the values of elements in the minimum vertex
cover of Gviol(f) (i.e. changing the values of the relevant elements in the domain V ), f becomes
monotone. The domain V can be divided into two subsets: The “Low” subset, which contains
all elements x for which f(x) ≤ r/2− 1, and the “High” subset, which contains all elements x
for which f(x) ≥ r/2. Consider the bipartite graph G′ = (V,E′) where E′ ⊂ Eviol(f) contains
all the edges with one endpoint in the “Low” subset, and one endpoint in the “High” subset.
We show in this section, that moving all elements in the minimum vertex cover of G′, from the
low subset to the high subset, and from the high subset to the low subset (as described in Figure
2.1) generates a new function (name it g) for which there are no edges (in the violation graph
of g) crossing from the low subset to the high subset (with respect to g). We also show that
this process does not create any new edges in the violation graph. This allows us to separate
the violations of the new generated function, g, to two groups: “Low” violations and “High”
violations. This separation enables us to prove that the size of the range has a logarithmic effect
on the bound that has been established in Lemma 2.2.2, details follow. Our proof is based on
[DGL+99, section 4], in which a similar result is presented, followed, however, by a somehow
less intuitive proof.

Notation: Given a function f : V 7→ [0, r − 1], where V is a partially ordered finite domain,
and [0, r − 1] is a fully ordered range of size r, where r is a power of 2. Recall that Gviol(f) =
(V,Eviol(f)) is the violation graph of f , and V C(Gviol(f)) is a minimum vertex cover in Gviol(f).
Let VL(f) be the “low value” subset of V with respect to f . That is, x ∈ VL(f) iff f(x) ≤
r
2 − 1. Similarly, let VH(f) be the “high value” subset of V with respect to f . That is,
x ∈ VH(f) iff f(x) ≥ r

2 . Let f ′ : V 7→ [0, 1] be defined as follows:

if x ∈ VL(f) then f ′(x) = 0
if x ∈ VH(f) then f ′(x) = 1 (2.18)

Note that Eviol(f ′) is the set of all edges (x, y) ∈ Eviol(f) such that x ∈ VL(f), y ∈ VH(f) and
x > y. Let g : V 7→ [r − 1] be defined as follows:

if x ∈ V C(Gviol(f ′)) and x ∈ VH(f) then g(x) =
r

2
− 1

if x ∈ V C(Gviol(f ′)) and x ∈ VL(f) then g(x) =
r

2
if x /∈ V C(Gviol(f ′)) then g(x) = f(x) (2.19)

Observe that dist(f, g) = εmon(f ′).

Lemma 2.3.2 For function g as defined in Equation (2.19)

1. There are no edges in the violation graph of g, connecting vertices in VL(g) to vertices in
VH(g) (i.e. There is no (x, y) ∈ Eviol(g) such that x ∈ VL(g) and y ∈ VH(g)).

2. Eviol(g) ⊆ Eviol(f)

Proof: We begin with the first part of the lemma. Assume that there is (x, y) ∈ Eviol(g) such
that x ∈ VL(g), y ∈ VH(g) and x > y. There can be two cases for x:
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Figure 2.1: An illustration of the violation graph of the given function f , and the generated function
g. The domain is partitioned into 4 subsets, according to the labels of the function. The location of
elements A,B,C and D is a result of their label in f and g respectively. That is, f(A) ≤ r

2 − 2, f(B) =
r
2 − 1, f(C) ≥ r

2 + 1, f(D) ≥ r
2 + 1, g(A) = r

2 , g(B) = r
2 , g(C) ≥ r

2 + 1, g(D) = r
2 − 1. The dotted circle

denotes the minimum vertex cover of Gviol(f) (A,B,D ∈ V C(Gviol(f)) and C /∈ V C(Gviol(f))). Recall
that edges in the violation graph denote violations of monotonicity.
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1. x ∈ VL(f) and x /∈ V C(Gviol(f ′))

2. x ∈ VH(f) and x ∈ V C(Gviol(f ′))

and two cases for y:

1. y ∈ VL(f) and y ∈ V C(Gviol(f ′))

2. y ∈ VH(f) and y /∈ V C(Gviol(f ′))

Consider the first case for x. If x ∈ VL(f) and x /∈ V C(Gviol(f ′)) then y must be in case 1.
(otherwise y ∈ VH(f) and since x ∈ VL(f) then f ′(x) < f ′(y) which means that x or y must
be in V C(Gviol(f ′)), a contradiction). This means that y ∈ VL(f) and y ∈ V C(Gviol(f ′)).
Therefore there must exist z ∈ VH(f) such that x > y > z and z /∈ V C(Gviol(f ′)). The fact
that z ∈ VH(f) and x ∈ VL(f) means that 1 = f ′(z) > f ′(x) = 0 which means that one of x, z
must be in V C(Gviol(f ′)). A contradiction.

Now consider the second case for x. If x ∈ VH(f) and x ∈ V C(Gviol(f ′)) then there must
exist z > x > y such that z /∈ V C(Gviol(f ′)) and z ∈ VL(f). Therefore y ∈ VL(f) and y ∈
V C(Gviol(f ′)) (otherwise y ∈ VH(f) and y /∈ V C(Gviol(f ′)) which cannot be since f ′(z) < f ′(y)
and z > y means that y ∈ V C(Gviol(f ′))). Now, since y ∈ VL(f) and y ∈ V C(Gviol(f ′)), then
there must exist w < y such that w ∈ VH(f) and w /∈ V C(Gviol(f ′)). So w < y < x < z,
f ′(w) = 1 > 0 = f ′(z), which cannot be since both w /∈ V C(Gviol(f ′)) and z /∈ V C(Gviol(f ′)).
The first part of the lemma follows.

For the second part of the lemma, consider an edge (x, y) ∈ Eviol(g). By part 1 of the
lemma, either x, y are both in VL(g), or they are both in VH(g). Assume (the other case is
similar) that x, y are both in VL(g), g(x) < g(y) and x > y.

First we show that x must be in VL(f) and not in V C(Gviol(f ′)). Assume otherwise, i.e.
x ∈ VH(f) and x ∈ V C(Gviol(f ′)). In this case, g(x) = r

2 − 1, and since we assume that
y ∈ VL(g) then g(y) ≤ g(x) which contradicts our assumption on x, y. Therefore, x ∈ VL(f)
and x /∈ V C(Gviol(f ′)), which means that f(x) = g(x).

There can be two cases for y:

1. y ∈ VL(f) and y /∈ V C(Gviol(f ′))

2. y ∈ VH(f) and y ∈ V C(Gviol(f ′))

If y ∈ VL(f) and y /∈ V C(Gviol(f ′)) then f(y) = g(y) and (x, y) ∈ Eviol(f). If, on the other
hand, y ∈ VH(f) and y ∈ V C(Gviol(f ′)), then f(y) > r

2 −1 ≥ g(x) = f(x) and (x, y) ∈ Eviol(f).
Part 2 of the lemma follows.

Let gL : V 7→ [0, r
2 − 1] be defined as follows:

if x ∈ VL(g) then gL(x) = g(x)

if x ∈ VH(g) then gL(x) =
r

2
− 1 (2.20)
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Let gH : V 7→ [ r
2 , r − 1] be be defined as follows:

if x ∈ VH(g) then gH(x) = g(x)

if x ∈ VL(g) then gH(x) =
r

2
(2.21)

Part 1 of Lemma 2.3.2 implies that:

• if x ∈ VH(g) then x is not connected to an edge in Eviol(gL).

• if x ∈ VL(g) then x is not connected to an edge in Eviol(gH).

Lemma 2.3.3 For gL and gH as defined in Equations (2.20) and (2.21), respectively,

1. Eviol(f) ⊇ Eviol(g) = Eviol(gL) ∪ Eviol(gH)

2. Eviol(f) ⊇ Eviol(f ′)

3. εmon(f) ≤ εmon(f ′) + εmon(gH) + εmon(gL)

Proof: Part 1 of Lemma 2.3.2 implies that Eviol(gL)∪Eviol(gH) = Eviol(g). Part 2 of Lemma
2.3.2 implies that Eviol(g) ⊆ Eviol(f) and part 1 of this lemma follows. Part 2 of this lemma is
trivial from the definition of f ′.

Regarding part 3. Part 1 of Lemma 2.3.2 and the fact that V H(g) ∩ V L(g) = ∅ imply
that V C(Gviol(gL))∪ V C(Gviol(gH)) = V C(Gviol(g)) and V C(Gviol(gL))∩ V C(Gviol(gH)) = ∅.
Therefore εmon(g) = εmon(gH) + εmon(gL). Let gmon : V 7→ [0, r − 1] be a monotone function
such that dist(g, gmon) = εmon(g). Also recall that εmon(f ′) = dist(f, g). Therefore,

εmon(f) ≤ dist(f, gmon)
≤ dist(f, g) + dist(g, gmon)
= εmon(f ′) + εmon(gH) + εmon(gL) (2.22)

and part 3 of the lemma follows.

Lemma 2.3.4 Let F be the set of all functions that map V to a finite range. Let Γ : F 7→ <
be an operator that satisfies the following properties for every f ∈ F (let f ′, g, gL, gH be defined
as above with respect to f):

1. Γ(f ′) ≤ Γ(f)

2. Γ(gH) + Γ(gL) ≤ Γ(f)

If for every f : V 7→ {0, 1},

εmon(f) ≤ C · Γ(f) (2.23)

then for every f : V 7→ Ξ,

εmon(f) ≤ C · dlog |Ξ|e · Γ(f)

22



Proof: Let s = dlog |Ξ|e. We prove the lemma by induction on s. The base of the induction
follows directly from Equation (2.23). Now assume the lemma holds for s−1, and let f : V 7→ Ξ.
Therefore,

εmon(f) ≤ εmon(f ′) + εmon(gH) + εmon(gL) (2.24)
≤ C · Γ(f ′) + C · (s− 1) · Γ(gH) + C · (s− 1) · Γ(gL) (2.25)
≤ C · Γ(f) + C · (s− 1) · Γ(f) (2.26)
= C · s · Γ(f)

Inequality (2.24) is a result of part 3 of Lemma 2.3.3. Inequality (2.25) is based on the induction
hypothesis, and the fact that the range of f ′ is of size 2, and the ranges of gH and gL are of
size 2s−1. Inequality (2.26) is based on the properties of Γ.

Proof of Lemma 2.3.1: Let Γ(f) = 2d
k Eq,α,β(εmon(fq,α,β)). We need to show that the

properties of Γ as described in Lemma 2.3.4 hold.

For every q, α, β, let Eviol(fq,α,β) denote the set of edges in the violation graph of fq,α,β (i.e.
Gviol(fq,α,β) = (V,Eviol(fq,α,β)) ). Part 2 of Lemma 2.3.3 implies that Eviol(f ′) ⊆ Eviol(f).
Therefore, for every q, α, β, we have that Eviol(f ′q,α,β) ⊆ Eviol(fq,α,β). which means that
εmon(f ′q,α,β) ≤ εmon(fq,α,β). Therefore Property 1 holds (i.e. Γ(f ′) ≤ Γ(f)).

Part 1 of Lemma 2.3.3, and the fact that VH(g) ∩ VL(g) = ∅, and Eviol(gH) ∩ Eviol(gL) = ∅
imply that for every q, α, β,

|V C(Gviol(gq,α,β))| ≤ |V C(Gviol(fq,α,β))| (2.27)

and

V C(Gviol(gH
q,α,β)) ∪ V C(Gviol(gL

q,α,β)) = V C(Gviol(gq,α,β))

V C(Gviol(gH
q,α,β)) ∩ V C(Gviol(gL

q,α,β)) = ∅ (2.28)

and so

|V C(Gviol(gH
q,α,β))|+ |V C(Gviol(gL

q,α,β))| = |V C(Gviol(gq,α,β))|
≤ |V C(Gviol(fq,α,β))| (2.29)

Therefore, Lemma 2.1.2 implies that for every q, α, β we have

εmon(gH
q,α,β) + εmon(gL

q,α,β) ≤ εmon(gq,α,β)
≤ εmon(fq,α,β) (2.30)

and Property 2 holds (i.e. Γ(gH) + Γ(gL) ≤ Γ(f)).

Lemma 2.2.2 implies that for every f : V 7→ {0, 1}, εmon(f) ≤ Γ(f) and the lemma follows.

2.4 A Distance Approximation Algorithm based on Dimension
Reduction

Given some fixed k ∈ [d] such that d/k ∈ Z, let A(f, δ, γ) be an algorithm that is given query
access to a function f : Σk 7→ Ξ, and returns ε̂ such that with probability larger than 1 − γ,
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ε̂ satisfies εmon(f) − δ ≤ ε̂ ≤ ηεmon(f) + δ (for some η ≥ 1). The query/time complexity
of A(f, δ, γ) is T (δ, γ). We show here, based on Lemmas 2.2.1 and 2.3.1, and Algorithm A,
a distance approximation algorithm (Algorithm 2.4.1) for monotonicity of Σd 7→ Ξ functions.
Algorithm 2.4.1 is given query access to a function f and a parameter 0 < δ ≤ 1 and returns ε̂
such that

Lemma 2.4.1 At the end of Algorithm 2.4.1, with high probability,

k

2d log |Ξ|
εmon(f)− δ ≤ ε̂ ≤ ηεmon(f) +

1 + η

2
δ

The query/time complexity of Algorithm 2.4.1 is 1
δ2 T (δ/2, δ2/6).

Before we prove Lemma 2.4.1, let us use it to prove Theorem 1.2.1.

Proof of Theorem 1.2.1: Consider the distance approximation algorithm for Σ 7→ Ξ
functions presented by [ACCL04]. Their result implies the existence of a distance approximation
algorithm A′ that is given query access to a function f : Σ 7→ Ξ, and parameters 0 < δ ≤ 1,
0 < γ ≤ 1. Algorithm A′ returns ε̂ such that with probability at least 1−γ, ε̂ satisfies εmon(f)−
Θ(δ) ≤ ε̂ ≤ 2.005εmon(f) + Θ(δ). Its time and query complexity is T ′(δ, γ) = Õ

(
log n

δ log 1
γ

)
.

Lemma 2.4.1 implies that Algorithm 2.4.1, combined with Algorithm A′, provides a (4.01 ·
d log |Ξ|, δ)-estimate algorithm for Σd 7→ Ξ functions. The time and query complexity of the
algorithm is Õ

(
log n
δ3

)
.

Algorithm 2.4.1 Approximating the Distance to Monotonicity by Dimension Reduction

Given query access to a function f : Σd 7→ Ξ and a parameter δ:
Initialize ε̂ = 0.
for j = 1 to m = Θ( 1

δ2 ):

• Randomly and uniformly select q ∈ {1, ..., d
k}, α ∈ Σ(q−1)·k, β ∈ Σd−q·k.

• Set ε̂j = A(fq,α,β , δ
2 , 1

6m ).

• ε̂ = ε̂ + ε̂j

m .

return ε̂.

Proof of Lemma 2.4.1: For convenience, set εj = εmon(fq,α,β), where q ∈ {1, ..., d
k}, α ∈

Σ(q−1)·k, β ∈ Σd−q·k were selected in iteration j of Algorithm 2.4.1. For every j, with probability
larger than 1− 1

6m , εj − δ/2 ≤ ε̂j ≤ η · εj + δ/2. Therefore, by the union bound, with probability
larger than 1− 1

6 ,

1
m

m∑
j=1

ε̂j = ε̂ ≥ 1
m

m∑
j=1

(
εj − δ/2

)

=
1
m

( m∑
j=1

εj

)
− δ/2 (2.31)
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1
m

m∑
j=1

ε̂j = ε̂ ≤ 1
m

m∑
j=1

(
ηεj + δ/2

)

=
η

m

( m∑
j=1

εj

)
+ δ/2 (2.32)

For convenience, set p = Eq,α,β[εmon(fq,α,β)]. By the additive chernoff bound,
Pr[| 1

m

∑m
j=1 εj−p| > δ/2] < 1

6 . Therefore, by the union bound, with probability larger the 1− 2
6 ,

1
m

m∑
j=1

ε̂j = ε̂ ≥ 1
m

( m∑
j=1

εj

)
− δ/2

≥ p− δ/2− δ/2
= Eq,α,β[εmon(fq,α,β)]− δ (2.33)

1
m

m∑
j=1

ε̂j = ε̂ ≤ η

m

( m∑
j=1

εj

)
+ δ/2

≤ ηp + ηδ/2 + δ/2

= ηEq,α,β[εmon(fq,α,β)] +
(1 + η)

2
δ (2.34)

Based on this result and Lemmas (2.2.1),(2.3.1) we get that with high probability,

k

2d log |Ξ|
εmon(f)− δ ≤ ε̂ ≤ ηεmon(f) +

1 + η

2
δ (2.35)

2.5 Distance Approximation for {0, 1} Range and Low Dimen-
sion

In this section we present a variety of distance approximation algorithms for functions with
{0, 1} range and low dimension. Observe that each of these algorithms may be used with the
dimension reduction algorithm (Algorithm 2.4.1).

2.5.1 Distance Approximation for Σk 7→ {0, 1} Functions (k ≥ 1)

2.5.1.1 Results

The result of this subsection is Algorithm 2.5.1 (see page 29), which is a distance approximation
algorithm for Σk 7→ {0, 1} functions. Algorithm 2.5.1 is given parameters 0 < δ ≤ 1, 0 < γ ≤ 1
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and query access to a function f : Σk 7→ {0, 1}. It returns the value ε̂ such that (see Lemma
2.5.3 on page 29) with probability at least 1− γ

εmon(f)− (k + 1)δ ≤ ε̂ ≤ 2εmon(f) + (k + 2)δ (2.36)

Its time and query complexity is(
O
( 1
δ2

log(1/δ)
))k+2

log(1/γ)

Proof of Item 1 of Theorem 1.2.2: Algorithm 2.5.1 may also be viewed as an algorithm
that returns ε̂ such that with probability at least 1−γ, ε̂ satisfies εmon(f)−δ ≤ ε̂ ≤ 2εmon(f)+δ,

but with running time and query complexity of
(
O
((

k
δ

)2
log(k

δ )
))k+2

log(1/γ). Selecting k ∈ Z
such that d/k ∈ Z, applying this result on Σk 7→ {0, 1} functions, and using it with the reduction
algorithm (see Lemma 2.4.1 and Algorithm 2.4.1), provides a distance approximation algorithm
that is given a query access to f : Σd 7→ {0, 1} and returns ε̂ such that with high probability

k

2d
εmon(f)− δ ≤ ε̂ ≤ 2εmon(f) +

3
2
δ (2.37)

The time and query complexity of the algorithm is

1
δ2

(
O
((k

δ

)2
log

k

δ

))k+2

· log
1
δ

(2.38)

Observe the trade off that k provides. The larger k is, the less efficient the algorithm is, but
the estimation of εmon(f) becomes more tight.

2.5.1.2 The Family {fi : Σk 7→ {0, 1, ∗}}k
i=0

Lemma 2.2.4 (see page 17) implies that estimating the distance between a boolean range function
to its sorted version (see Definition 2.1.2 for the sorting operator) provides a 2-factor distance
approximation for monotonicity. Therefore, Algorithm 2.5.1 estimates the distance to the sorted
version of the boolean function.

First we comment that when referring to a triplet (i, j`, jh) such that i ∈ [k], j` ∈ Σi−1 and
jh ∈ Σk−i then if i = 1 this actually means a pair (1, jh) such that jh ∈ Σk−1 and if i = k this
actually means a pair (k, j`) such that j` ∈ Σk−1. Let the order on the set {0, 1, ∗} be 0 < ∗ < 1.

We would like to estimate the distance between f and S1,k[f ]. Therefore, we now define a
set of functions {fi : Σk 7→ {0, 1, ∗}}k

i=0 such that for every i, fi is very close to S1,i[f ]. We
show that for every i and y ∈ Σk, if fi(y) 6= ∗ then fi(y) = S1,i[f ](y). We also show that the
part of the domain for which the labels of fi are ∗ is very small.

Definition 2.5.1 Given a function f : Σk 7→ {0, 1}, let the set of functions {fi : Σk 7→
{0, 1, ∗}}k

i=0 be defined recursively as follows. For every 0 < i ≤ k , j` ∈ Σi−1 and jh ∈ Σk−i let

Oi,j`,jh
= |{ý ∈ Σ : fi−1(j`ýjh) = 1}|

Zi,j`,jh
= |{ý ∈ Σ : fi−1(j`ýjh) = 0}| (2.39)
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For i = 0, let f0 = f . For every 1 ≤ i ≤ k, fi : Σk 7→ {0, 1, ∗} is defined as follows. For every
j` ∈ Σi−1,jh ∈ Σk−i and ý ∈ Σ

if ý ≤ Zi,j`,jh
− δn

2
then fi(j`ýjh) = 0

if ý ≥ n−Oi,j`,jh
+ 1 +

δn

2
then fi(j`ýjh) = 1

Else fi(j`ýjh) = ∗ (2.40)

Observe the following. For every i ∈ [k]

• fi is ordered in the ith dimension. That is, Si[fi] = fi.

• For every y ∈ Σk

if fi(y) = 0 then Si[fi−1](y) = 0 (2.41)
if fi(y) = 1 then Si[fi−1](y) = 1 (2.42)

• For every j` ∈ Σi−1 and jh ∈ Σk−i

|{ý ∈ Σ : fi(j`ýjh) = ∗}| ≤ |{ý ∈ Σ : fi−1(j`ýjh) = ∗}|+ δn (2.43)

Lemma 2.5.1 Consider the family {fi : Σk 7→ {0, 1, ∗}}k
i=0 of Definition 2.5.1.

1. For every y ∈ Σk

if fk(y) = 0 then S1,k[f ](y) = 0
if fk(y) = 1 then S1,k[f ](y) = 1 (2.44)

2. For every 0 ≤ i ≤ k, let X∗(fi) = {y ∈ Σk : fi(y) = ∗}.

|X∗(fk)| ≤ δ · k · nk

Proof: We prove the first item of the lemma by induction on i (the dimension).

Induction Base:
Equations (2.41) and (2.42) imply that for every y ∈ Σk

if f1(y) = 0 then S1,1[f ](y) = S1[f0](y) = 0
if f1(y) = 1 then S1,1[f ](y) = S1[f0](y) = 1 (2.45)

Induction Hypothesis:
Assume that for some 1 ≤ i ≤ k − 1 we have that for every y ∈ Σk

if fi(y) = 0 then S1,i[f ](y) = 0
if fi(y) = 1 then S1,i[f ](y) = 1 (2.46)
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This means that

if Si+1[fi](y) = 0 then Si+1[S1,i[f ]](y) = S1,i+1[f ](y) = 0
if Si+1[fi](y) = 1 then Si+1[S1,i[f ]](y) = S1,i+1[f ](y) = 1 (2.47)

Equations (2.41) and (2.42) imply that

if fi+1(y) = 0 then Si+1[fi](y) = 0
if fi+1(y) = 1 then Si+1[fi](y) = 1 (2.48)

And together we have that for every y ∈ Σk

if fi+1(y) = 0 then S1,i+1[f ](y) = 0
if fi+1(y) = 1 then S1,i+1[f ](y) = 1 (2.49)

The first item of the lemma follows.

For the second item of the lemma, for every i ∈ [k], Equation (2.43) implies that

|X∗(fi)| ≤ |X∗(fi−1)|+ δ · nk (2.50)

Recall that |X∗(f0)| = 0 and therefore for every i ∈ [k]

|X∗(fi)| ≤ δ · i · nk (2.51)

and the second item of the lemma follows.

2.5.1.3 The Algorithm

We now present Algorithm 2.5.1, which estimates the distance between fk and f . Lemma 2.5.1
implies that fk and S1,k[f ] are very close. Based on that and on Lemma 2.2.4 we show that
this estimation is also an estimation of εmon(f).

28



Algorithm 2.5.1 Distance Approximation for k Dimensions and {0, 1} Range

Given query access to a function f : Σk 7→ {0, 1} and parameters δ, γ: Let ḿ = Θ( 1
δ2 log(1

δ )).
For every 0 ≤ i ≤ k and y = (y1, ..., yk) ∈ Σk consider the following procedure:

Estimate(i, y){

• if i = 0 return f(y)

• Let Ḿ = {ýj}ḿ
j=1 be a set of ḿ uniformly selected elements in Σ (including repetitions).

For every j ∈ [ḿ], let rj = Estimate(i− 1, y1 · · · yi−1ýjyi+1 · · · yk).

• Let

Z̃ =
n

ḿ
|{j ∈ [ḿ] : rj = 0}|

• – if yi ≤ Z̃ then return 0.

– if yi ≥ Z̃ + 1 then return 1.
}

Let m = Θ( 1
δ2 log( 1

γ )), and let M = {xj}m
j=1 be a set of m uniformly selected elements in Σk

(including repetitions). For every 1 ≤ j ≤ m let sj = Estimate(k, xj).
Let

ε̂ =
1
m
|{j ∈ [m] : sj 6= f(xj)}|

return ε̂

The time and query complexity of Algorithm 2.5.1 is

(ḿ)k ·m =
(
O
( 1
δ2

log(1/δ)
))k+2

log(1/γ) (2.52)

Lemma 2.5.2 For every y ∈ Σk, if fk(y) 6= ∗ then with probability at least 1− δ
8 , Estimate(k, y)

= fk(y).

Before we prove Lemma 2.5.2, we use it to prove that Algorithm 2.5.1 is indeed a distance
approximation algorithm.

Lemma 2.5.3 At the end of Algorithm 2.5.1, with probability at least 1− γ

εmon(f)− (k + 1)δ ≤ ε̂ ≤ 2εmon(f) + (k + 2)δ

Proof: Let

Y1 = {y ∈ Σk : f(y) 6= S1,k[f ](y)} (2.53)

Lemma 2.2.4 implies that

εmon(f) · nk ≤ |Y1| ≤ 2εmon(f) · nk (2.54)

Let

Y2 = {y ∈ Σk \X∗(fk) : f(y) 6= S1,k[f ](y)} (2.55)
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Item (2) of Lemma 2.5.1 implies that

|Y1| − k · δnk ≤ |Y2| ≤ |Y1| (2.56)

Let

Ŷ2 = {xj ∈ M \X∗(fk) : f(xj) 6= S1,k[f ](xj)} (2.57)

By the additive chernoff bound, with probability at least 1− γ
4∣∣∣∣∣ |Y2|

nk
− |Ŷ2|

m

∣∣∣∣∣ ≤ δ

2
(2.58)

Assume that this is the case. Item (1) of Lemma 2.5.1 implies that also

Ŷ2 = {xj ∈ M \X∗(fk) : f(xj) 6= fk(xj)} (2.59)

Lemma 2.5.2 and the additive chernoff bound imply that with probability at least 1− γ
2 ,

|{j ∈ [m] : fk(xj) 6= ∗ and Estimate(k, xj) 6= fk(xj)}| ≤ δ

4
m (2.60)

Assume that this is the case. Let

Ŷ3 = {xj ∈ M \X∗(fk) : f(xj) 6= Estimate(k, xj)} (2.61)

Equation (2.60) implies that ∣∣∣|Ŷ2| − |Ŷ3|
∣∣∣ ≤ δ

4
m (2.62)

Let

X̂ = {xj ∈ M : fk(xj) = ∗} (2.63)

By the additive chernoff bound, with probability at least 1− γ
4∣∣∣∣∣ |X̂|

m
− |X∗(fk)|

nk

∣∣∣∣∣ ≤ δ (2.64)

Assume that this is indeed the case. Equation (2.64) and Item (2) of Lemma 2.5.1 imply that

|X̂|
m

≤ (k + 1)δ (2.65)

Observe that M \ X̂ = M \X∗(fk) and therefore

Ŷ3 = {xj ∈ M \ X̂ : f(xj) 6= Estimate(k, xj)} (2.66)

Now recall that

ε̂ =
1
m
|{xj ∈ M : f(xj) 6= Estimate(k, xj)}| (2.67)

Obviously |Ŷ3|
m ≤ ε̂. This and Equations (2.65) and (2.66) imply that

|Ŷ3|
m

≤ ε̂ ≤ |Ŷ3|
m

+
|X̂|
m

≤ |Ŷ3|
m

+ (k + 1) · δ (2.68)
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Summing up the probabilities that Equation (2.58), Equation (2.60) or Equation (2.64) are
not correct, and using Equations (2.54), (2.56), (2.58), (2.62) and (2.68) we have that with
probability at least 1− γ

εmon(f)− (k + 1)δ ≤ ε̂ ≤ 2εmon(f) + (k + 2)δ (2.69)

Proof of Lemma 2.5.2: We show by induction on i that for every y ∈ Σk, if fi(y) 6= ∗ then
with probability at least 1− δ

8 , Estimate(i, y) = fi(y).

Induction Base:
Observe that for i = 0, Estimate(0, y) = f(y) = f0(y) for every y ∈ Σk.

Induction Hypothesis:
Consider any y = y1 · · · yk ∈ Σk and an iteration of Estimate(i, y). Denote y` = y1 · · · yi−1 and
yh = yi+1 · · · yk.

By the induction hypothesis, for every y ∈ Σk, if fi−1(y) 6= ∗ then with probability at least
1− δ

8 , Estimate(i− 1, y) = fi−1(y).

Therefore, by the additive chernoff bound, with probability at least 1− δ
16 we have that

n

ḿ
|{j ∈ [ḿ] : fi−1(y`ýjyh) 6= ∗ and Estimate(i− 1, y`ýjyh) 6= fi−1(y`ýjyh)}| ≤ δ

4
n (2.70)

Assume that this is indeed the case. Recall that

Z̃ =
n

ḿ
|{j ∈ [ḿ] : Estimate(i− 1, y`ýjyh) = 0}| (2.71)

and let

Õ = n− Z̃

=
n

ḿ
|{j ∈ [ḿ] : Estimate(i− 1, y`ýjyh) = 1}| (2.72)

Let

Ô =
n

ḿ
|{j ∈ [ḿ] : fi−1(y`ýjyh) = 1}|

Ẑ =
n

ḿ
|{j ∈ [ḿ] : fi−1(y`ýjyh) = 0}| (2.73)

Equation (2.70) implies that

Õ ≥ Ô − δ

4
n (2.74)

Z̃ ≥ Ẑ − δ

4
n

By the additive chernoff bound, with probability at least 1− δ
16 ,

Ô ≥ Oi,y`,yh
− δn

4

Ẑ ≥ Zi,y`,yh
− δn

4
(2.75)
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Observe that by the definition of fi

Oi,y`,yh
− δn

2
= |{ý ∈ Σ : fi(y`ýyh) = 1}|

Zi,y`,yh
− δn

2
= |{ý ∈ Σ : fi(y`ýyh) = 0}| (2.76)

Equations (2.74), (2.75) and (2.76) imply that

Õ ≥ |{ý ∈ Σ : fi(y`ýyh) = 1}|
Z̃ ≥ |{ý ∈ Σ : fi(y`ýyh) = 0}| (2.77)

Summing up the probabilities that Equation (2.70) or Equation (2.75) are not correct, and using
Equation (2.77) and the fact that fi is sorted in the ith dimension, we have that

• if fi(y) = 0 then with probability at least 1− δ
8 , yi ≤ Z̃, which means that Estimate(i, y) =

0.

• if fi(y) = 1 then with probability at least 1 − δ
8 , yi ≥ n − Õ + 1 = Z̃ + 1, which means

that Estimate(i, y) = 1.

and the lemma follows.

2.5.2 Distance Approximation for Σ 7→ {0, 1} Functions

For the special case of k = 1, that is, for Σ 7→ {0, 1} functions, Algorithm 2.5.1 is a (2, δ)-estimate
algorithm with time and query complexity of Õ

(
1
δ6 log 1

γ

)
. As we show in this subsection, for

this special case it is possible to get more efficient/tight results.

In the boolean range case, if the function is monotone, then there exists a switch-point i ∈ Σ
such that for every j < i, f(j) = 0, and for every j ≥ i, f(j) = 1. Now let f be a function such
that ε = εmon(f). This means that there is an index (switch-point) 1 ≤ i ≤ n + 1 such that
ε · n = |{j : (j < i and f(j) = 1) or (j ≥ i and f(j) = 0)}|. The algorithms of this subsection
are based on the idea of estimating this switch-point.

2.5.2.1 Approximation with no Multiplicative Factor

Algorithm 2.5.2 is given query access to a function f : Σ 7→ {0, 1} and parameters 0 < δ ≤
1, 0 < γ ≤ 1, and returns ε̂ such that

Lemma 2.5.4 At the end of Algorithm 2.5.2, with probability larger then 1− γ,

εmon(f)− δ ≤ ε̂ ≤ εmon(f) + δ

The query and time complexity of Algorithm 2.5.2 is Θ( 1
δ2 log( 1

γ·δ )).
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Proof of Item 3 of Theorem 1.2.2: Given a query access to a function f : Σd 7→ {0, 1},
Algorithm 2.4.1 (see Lemma 2.4.1 on page 24), combined with Algorithm 2.5.2 (see Lemma
2.5.4), provides a distance to monotonicity estimation ε̂ such that with high probability

1
2d

εmon(f)− δ ≤ ε̂ ≤ εmon(f) + δ (2.78)

The query and time complexity of the algorithm is O( 1
δ4 log(1

δ )).

Algorithm 2.5.2 Distance Approximation for Σ 7→ {0, 1} Functions, Based on Parti-
tioning

Given query access to a function f : Σ 7→ {0, 1} and parameters 0 < δ ≤ 1, 0 < γ ≤ 1:

• Take m = Θ( 1
δ2 log( 1

γ·δ )) random, uniform and independent samples of f .

• Let switch-points = {q · δn + 1 : 0 ≤ q ≤ 1
δ } be a set of 1

δ + 1 candidate switch-points,
where the distance between every two consecutive candidate switch-points is δn.

• Let aj be the index of the jth sample. For each i ∈ switch-points let Xi,j = 1 if aj < i

and f(aj) = 1 or aj ≥ i and f(aj) = 0. Otherwise let Xi,j = 0. Let b̂i = 1
m

∑m
j=1 Xi,j .

This can be most efficiently calculated in the following way: For every 0 ≤ q < 1
δ Let

ones.q = |{j : qδ + 1 ≤ aj ≤ (q + 1)δ and f(aj) = 1}|
zeros.q = |{j : qδ + 1 ≤ aj ≤ (q + 1)δ and f(aj) = 0}|

Hence

b̂1 =
1
m

1
δ−1∑
q=0

zeros.q

b̂(q+1)δ+1 = b̂qδ+1 −
1
m

zeros.q +
1
m

ones.q

• Let k ∈ switch-points be the one for which b̂k is minimized.

• Let ε̂ = b̂k − δ
2 . Return ε̂.

Proof of Lemma 2.5.4: For every i and ` let Yi,` = 1 if ` < i and f(`) = 1 or ` ≥ i and
f(`) = 0. Otherwise let Yi,` = 0. Let bi = 1

n

∑n
`=1 Yi,`. Note that bi is the distance between f

and the monotone function whose switch-point is i. For every i ∈ switch-points, by the additive
chernoff bound, with probability at least 1− γ · δ

bi −
δ

4
≤ b̂i ≤ bi +

δ

4
(2.79)

By the union bound, with probability at least 1− γ, this is true for all i ∈ switch-points. Let
s ∈ Σ be the optimal switch-point. That is bs = εmon(f). There exists i ∈ switch-points such
that

s− δ · n
2

≤ i ≤ s +
δ · n
2

(2.80)

and therefore

bs ≤ bi ≤ bs +
δ

2
(2.81)
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We also know that b̂k ≤ b̂i. Therefore inequality (2.79) imply that bk ≤ bi + δ
2 . Using inequality

(2.81) and the fact that bs ≤ bk, we get that

bs ≤ bk ≤ bs + δ (2.82)

Using inequality (2.79) again

bs −
δ

4
≤ b̂k ≤ bs +

5δ

4
(2.83)

and therefore

εmon(f)− δ ≤ ε̂ ≤ εmon(f) + δ (2.84)

2.5.2.2 Approximation with a Constant Multiplicative Factor

In this subsection we present Algorithm 2.5.4 (see page 36). It is given query access to a function
f : Σ 7→ {0, 1} and parameters 0 ≤ δ ≤ 1, 0 < γ1 ≤ 1, and returns ε̂ such that

Lemma 2.5.5 • At the end of Algorithm 2.5.4, with probability larger then 1− γ1,

min{εmon(f)/2, εmon(f)− δ} ≤ ε̂ ≤ εmon(f)

• Let α = max(εmon(f), δ). The expected time and query complexity of Algorithm 2.5.4 is

O
( 1
α
· log

1
α

log
log 1

α

αγ1

)

The quality of estimation of Algorithm 2.5.4 is not better than the quality of estimation of
Algorithm 2.5.1 (see page 29) for the case of k = 1. However, if εmon(f) is not very small then it
is more efficient. Observe that if εmon(f) > δ then the time and query complexity of Algorithm
2.5.4 is not dependent on δ whereas the complexity of Algorithm 2.5.1 is polynomial in 1/δ.

We should note that δ = 0 is allowed as a parameter to Algorithm 2.5.4, in which case
Algorithm 2.5.4 is a (2, 0)-estimate algorithm, with time and query complexity that depends
only on 1

εmon(f) . We should also note that the method in which we construct Algorithm 2.5.4
enables to construct an (η, δ)-estimate algorithm, for any η > 1.

Proof of Item 4 of Theorem 1.2.2: Algorithm 2.4.1 (see Lemma 2.4.1 on page 24),
combined with Algorithm 2.5.4 (see Lemma 2.5.5), provides a (4d, δ)-estimate algorithm. The
expected time and query complexity of the algorithm is Õ

(
1
δ3

)
.

Algorithm 2.5.3 is a tolerant testing algorithm for Σ 7→ {0, 1} functions, based also on the
idea of partitioning. The parameter µ is the multiplicative factor of the algorithm, and c sets
the size of the partition. Algorithm 2.5.4 uses Algorithm 2.5.3 to search εmon(f) in a way that
reminds a binary search. Details follow.
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Algorithm 2.5.3 Tolerant Testing for One Dimension and {0, 1} Range

Given query access to a function f : Σ 7→ {0, 1} parameters ε, γ, c ≥ 1, µ such that µ > 1+ 1
4c > 1:

• Let R =
√

µ
1+ 1

4c

. Take m = Θ( 1
(R−1)2·ε log c

γ·ε ) random, uniform and independent samples

of f .

• Let switch-points = {q · εn
2c + 1 : 0 ≤ q ≤ 2c

ε } be a set of 2c
ε + 1 candidate switch-points,

where the distance between every two consecutive candidate switch-points is εn
2c .

• Let aj be the index of the jth sample. For each i ∈ switch-points let Xi,j = 1 if aj < i

and f(aj) = 1 or aj ≥ i and f(aj) = 0. Otherwise let Xi,j = 0. Let b̂i = 1
m

∑m
j=1 Xi,j .

This can be most efficiently calculated in the following way: For every 0 ≤ q < 2c
ε Let

ones.q = |{j : q
εn

2c
+ 1 ≤ aj ≤ (q + 1)

εn

2c
and f(aj) = 1}|

zeros.q = |{j : q
εn

2c
+ 1 ≤ aj ≤ (q + 1)

εn

2c
and f(aj) = 0}|

Hence

b̂1 =
1
m

2c
ε −1∑
q=0

zeros.q

b̂(q+1) εn
2c +1 = b̂q εn

2c +1 −
1
m

zeros.q +
1
m

ones.q

• If there exists k ∈ switch-points such that b̂k < µ
R ε then accept. Else reject.

Observe that the query complexity of Algorithm 2.5.3 is Q(ε, γ, µ, c) = O( 1
(R−1)2·ε log c

γ·ε), and
the time complexity is T (ε, γ, µ, c) = Q(ε, γ, µ, c) + O( c

ε ). The interesting case is when µ comes
close to 1. Therefore, assume that 1 < µ ≤ (1.25)3, set c = 1

4( 3
√

µ−1) , and we have R = 3
√

µ. The

query complexity is Q(ε, γ, µ) = O( 1
( 3
√

µ−1)2·ε log 1
γ·ε·( 3

√
µ−1)). Also, note that c

ε = 1
4ε·( 3

√
µ−1) =

o( 1
( 3
√

µ−1)2·ε log 1
γ·ε·( 3

√
µ−1)). Therefore, T (ε, γ, µ) = Q(ε, γ, µ).

Lemma 2.5.6 If εmon(f) < ε then Algorithm 2.5.3 accepts with probability at least 1 − γ. If
εmon(f) ≥ µ · ε it rejects with probability at least 1− γ.

Proof: For every i and ` let Yi,` = 1 if ` < i and f(`) = 1 or ` ≥ i and f(`) = 0. Otherwise
let Yi,` = 0. Let bi = 1

n

∑n
`=1 Yi,`. Observe that bi is the distance between f and the monotone

function whose switch-point is i.

Observe that

Pr
[
b̂i ≥

µ

R
ε
∣∣∣ bi < (1 +

1
4c

)ε
]

≤ Pr
[
b̂i ≥

µ

R
ε
∣∣∣ bi = (1 +

1
4c

)ε
]

= Pr
[
b̂i ≥ R · bi

∣∣∣ bi = (1 +
1
4c

)ε
]

(2.85)

Therefore, for every i ∈ switch-points, if bi < (1 + 1
4c)ε then by the multiplicative chernoff

bound, with probability at least 1− γ·ε
2c

b̂i <
µ

R
ε (2.86)
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Also, if bi ≥ µε then with probability at least 1− γ·ε
2c

b̂i ≥
1
R

bi (2.87)

By the union bound, with probability at least 1 − γ, Equations (2.86), (2.87) are true for all
i ∈ switch-points.

Let s ∈ Σ be the optimal switch-point. That is bs = εmon(f). There exists i ∈ switch-points
such that

s− ε · n
4c

≤ i ≤ s +
ε · n
4c

(2.88)

and therefore

bi ≤ bs +
ε · n
4c

(2.89)

So if bs = εmon(f) < ε then

bi < ε +
ε

4c
= (1 +

1
4c

)ε (2.90)

Therefore inequality (2.86) implies that

b̂i <
µ

R
ε (2.91)

Now assume that bs = εmon(f) ≥ µε. So for every i

bi ≥ bs = εmon(f) ≥ µε (2.92)

and inequality (2.87) implies that for every i

b̂i ≥
µ

R
ε (2.93)

Next we use Algorithm 2.5.3 to provide a distance approximation algorithm. For the sake
of simplicity, let µ = 1.25 and c = 1

4( 3√1.25−1)
, which provides a factor 1.25 tolerant testing

algorithm, with time and query complexity of O(1
ε log 1

γε).

Algorithm 2.5.4 Distance Approximation for One Dimension and {0, 1} Range Based
on Tolerant Testing
Given query access to a function f : Σ 7→ {0, 1} and parameters 0 ≤ δ ≤ 1, 0 < γ1 ≤ 1:
First define the following procedure:
Estimate-Iter(L, H, δ, ν) {

• if H < 2L or H − L < δ then return L.

• Run Algorithm 2.5.3 with µ = 1.25, c = 1
4( 3√1.25−1)

, ε = H+L
2.25 and γ = γ1

2·ν2 .

If it accepts return Estimate-Iter(L, L+2H
3 , δ, ν + 1).

Else return Estimate-Iter( 2L+H
3 ,H, δ, ν + 1) }

Return ε̂ =Estimate-Iter(0, 1, δ, 1)
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Proof of Lemma 2.5.5 (see page 34): The probability that Algorithm 2.5.3 gives a wrong
answer depends on ν at the time it is called and is γ1

2ν2 . Note that ν increases each time.
Therefore, by the union bound, the probability that Algorithm 2.5.3 gives a wrong answer at
least once is at most

∞∑
ν=1

γ1

2ν2
< γ1 (2.94)

Now assume that Algorithm 2.5.3 gives a correct answer each time it is called. Let εν , Lν ,Hν

be the value of ε, L and H respectively in iteration ν. We show by induction that for every
ν we have Lν ≤ εmon(f) ≤ Hν . Obviously this is correct for ν = 1. Assume that for some ν,
Lν ≤ εmon(f) ≤ Hν . Recall that 2Lν < Hν . Which means that

εν =
Lν + Hν

2.25
≥ 2Lν + Hν

3

1.25εν =
1.25(Lν + Hν)

2.25
≤ Lν + 2Hν

3
(2.95)

There are three cases for the relation between εmon(f) and εν :

• εν ≤ εmon(f) ≤ 1.25εν . Therefore εmon(f) satisfies,

Lν+1 ≤
2Lν + Hν

3
≤ Lν + Hν

2.25
= εν

≤ εmon(f)

≤ 1.25εν =
1.25(Lν + Hν)

2.25
≤ Lν + 2Hν

3
≤ Hν+1

• εmon(f) ≥ 1.25εν , and then Lν+1 = 2Lν+Hν
3 and Hν+1 = Hν and so εmon(f) satisfies,

Lν+1 =
2Lν + Hν

3
< 1.25εν ≤ εmon(f) ≤ Hν = Hν+1 (2.96)

• εmon(f) ≤ εν , and then Lν+1 = Lν and Hν+1 = Lν+2Hν
3 and so εmon(f) satisfies,

Lν+1 = Lν ≤ εmon(f) ≤ εν ≤
Lν + 2Hν

3
= Hν+1 (2.97)

Therefore for every ν

Lν ≤ εmon(f) ≤ Hν (2.98)

Assume that Algorithm 2.5.4 performs ν ′ steps. That is, ε̂ = Lν′ .

• If Hν′ − Lν′ < δ then Lν′ satisfies

εmon(f)− δ ≤ Hν′ − δ ≤ Lν′ ≤ εmon(f) (2.99)

• Else if Hν′ < 2Lν′ then Lν′ satisfies

εmon(f)
2

≤ Hν′

2
≤ Lν′ ≤ εmon(f) (2.100)
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Therefore at the end of Algorithm 2.5.4 we have

min{εmon(f)/2, εmon(f)− δ} ≤ ε̂ ≤ εmon(f) (2.101)

and the first part of the lemma follows.

For the second part of the lemma, we start by analyzing the complexity (time and query)
in the case that Algorithm 2.5.3 gives a correct answer each time it is called. We need to upper
bound 1

Hν−Lν
and 1

εν
.

• By the definition of δ, it is always smaller than the size of Hν − Lν . Also, the stopping
condition of Algorithm 2.5.4 implies that Hν > 2Lν , which means that Hν−Lν > 0.5Hν ≥
0.5εmon(f). And so 1

Hν−Lν
= O(1/α).

• Equation (2.98) implies that εν = Lν+Hν
2.25 ≥ Hν

2.25 ≥
εmon(f)

2.25 . Also, εν = Lν+Hν
2.25 ≥ Hν−Lν

2.25 ≥
δ

2.25 . Therefore, 1
εν

= O(1/α).

Therefore, the query and time complexity in case Algorithm 2.5.3 is always correct is

Q(δ, γ) = O
(

log
1
α
· ( 1

α
log

log 1
α

αγ1
)
)

= Õ
( 1
α

log
1
γ1

)
(2.102)

Now, assume Algorithm 2.5.3 may give an incorrect answer. As long as Lν ≤ εmon(f) ≤ Hν the
above analysis still holds. Assume this is not the case. First we observe that

if ν1 > ν2 then Lν2 ≤ Lν1 < Hν1 ≤ Hν2 (2.103)

Therefore, if for some ν ′, εmon(f) ≤ Lν′+1 (i.e. ν ′ is the smallest such one), then for every
ν > ν ′,

εmon(f) ≤ Lν ≤ Hν (2.104)

and the above complexity analysis still holds.

The second case is that for some ν ′, εmon(f) ≥ Hν′+1 (i.e. ν ′ is the smallest such one).
Therefore, for every ν ≤ ν ′ we have εmon(f) ≤ Hν , and for every ν > ν ′ we have εmon(f) ≥ Hν .
Let ν ′′ be the smallest ν such that ν > ν ′ and for which Algorithm 2.5.3 gives a correct answer.
Since εmon(f) ≥ Hν′′ ≥ εν′′ , then

Lν′′+1 =
2Lν′′ + Hν′′

3
≥ Hν′′

3
and Hν′′+1 = Hν′′ (2.105)

Recall that for every ν ′ ≤ ν < ν ′′, Algorithm 2.5.3 gives a wrong answer. Therefore, for every
ν ′ ≤ ν < ν ′′, we have that

Hν+1 =
Lν + 2Hν

3
≥ 2Hν

3
(2.106)

Therefore, for every ν ≥ ν ′′ + 1, εν satisfies

εν ≥ Lν ≥ Lν′′+1 ≥
1
3
Hν′′ ≥ (1/3) ·

(2
3

)ν′′−ν′

Hν′ ≥ (1/3) ·
(2
3

)ν′′−ν′

εmon(f)

εν =
Hν + Lν

2.25
≥ δ

2.25
(2.107)
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That is, 1
εν

= O
((

3
2

)ν′′−ν′
1
α

)
. Also, the stopping condition of Algorithm 2.5.4 implies that

Hν − Lν > 0.5Hν > 0.5Lν ≥ 0.5 · (1/3) ·
(2
3

)ν′′−ν′

· εmon(f)

Hν − Lν ≥ δ (2.108)

That is, 1
Hν−Lν

= O
((

3
2

)ν′′−ν′
1
α

)
. Equations (2.107) and (2.108) imply that the query and time

complexity in this case is at most

O((3/2)ν′′−ν′ · Poly(ν ′′ − ν ′) ·Q(δ, γ)) (2.109)

The probability that for all ν such that ν ′ ≤ ν < ν ′′ Algorithm 2.5.3 indeed gives a wrong
answer is at most

(
γ1

2ν ′2
)ν′′−ν′ < (1/3)ν′′−ν′ (2.110)

Therefore, the average complexity is at most

Q(δ, γ) +
∞∑

n=0

(1
3

)n
·
((3

2

)n
· Poly(n) ·Q(δ, γ)

)
= Q(δ, γ) (2.111)

2.5.3 Distance Approximation for Σ2 7→ {0, 1} Functions

2.5.3.1 Results

The result of this subsection is Algorithm 2.5.5 (see page 44). It is given query access to a
function f : Σ2 7→ {0, 1} and parameters 0 < δ ≤ 1, 0 < γ ≤ 1 and returns ε̂ such that

Lemma 2.5.7 At the end of Algorithm 2.5.5, with probability at least 1− γ

εmon(f)− δ ≤ ε̂ ≤ εmon(f) + 3δ

The query and time complexity of Algorithm 2.5.5 is O
(

1
δ4 lg

(
1
δγ

))
.

Unlike Algorithm 2.5.1 (see page 29), Algorithm 2.5.5 provides a distance approximation
with no multiplicative factor. Also, it is more efficient than Algorithm 2.5.1.

Proof of Item 2 of Theorem 1.2.2: Given a function f : Σd 7→ {0, 1}, Algorithm 2.4.1
(see Lemma 2.4.1 on page 24), combined with Algorithm 2.5.5 (see Lemma 2.5.7), provides a
distance to monotonicity estimation ε̂ such that with high probability

1
d
εmon(f)− 3δ ≤ ε̂ ≤ εmon(f) + 3δ (2.112)

The query and time complexity of the algorithm is O( 1
δ6 log(1

δ )).
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2.5.3.2 δ-block Functions

Note that the functions in this section are always Σ2 7→ {0, 1} functions, even if we do not
specifically state it.

Definition 2.5.2 Let δ ∈ (0, 1].

• For every 1 ≤ i, j ≤ 1
δ let

block(i, j) =
{
(i′, j′) ∈ Σ2 : (i− 1)δn + 1 ≤ i′ ≤ iδn ∧ (j − 1)δn + 1 ≤ j′ ≤ jδn

}
• A δ-block function f is a function such that for every i1, i2, j1, j2 ,if there exists a pair

(i, j) such that (i1, j1) ∈ block(i, j) and (i2, j2) ∈ block(i, j) , then f(i1, j1) = f(i2, j2).
That is, the labels of f are equal within every block.

We show that for every monotone function f : Σ2 7→ {0, 1} there exists a monotone δ-block
function g : Σ2 7→ {0, 1} such that dist(f, g) ≤ 2δ. This implies that for every f : Σ2 7→ {0, 1}
(not necessarily monotone) there exists a monotone δ-block function g such that εmon(f) ≤
dist(f, g) ≤ εmon(f) + 2δ. We then show how to estimate dist(f, g).

Let f : Σ2 7→ {0, 1} be some monotone function, and g : Σ2 7→ {0, 1} be defined as follows.
For every i, j ∈ {1, ..., 1

δ}

• If all labels in block(i, j) of f are 0, then all labels in block(i, j) of g are also 0.

• Else all labels in block(i, j) of g are 1.

Figure 2.2 illustrates such f and g.

Lemma 2.5.8 Function g as defined above is a monotone δ-block function.

Proof: Obviously, g is a δ-block function. We need to show that it is also monotone. Consider
some i1, j1 such that g(i1, j1) = 1, and some i2 ≥ i1 and j2 ≥ j1. There can be two cases for
i2, j2,

• If (i1, j1) and (i2, j2) are in the same block, then obviously g(i2, j2) = g(i1, j1) = 1.

• Else, (i2, j2) is in a block (name it block2) whose indexes are larger then the indexes of the
block of (i1, j1) (name it block1). This means that for every index in block1, there is an
index in block2 that is larger. Recall that by the definition of g, there must be an index
in block1 for which the label of f is 1. This means that there must be an index in block2

for which the label of f is also 1. This means that the labels of g in block2 are 1, and
therefore g(i2, j2) = 1.

The lemma follows.
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1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
3 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
4 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1
5 0 0 0 0 0 0 0 0 0 1 1 1 1 1 1
6 0 0 0 0 0 0 0 0 0 1 1 1 1 1 1
7 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1
8 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1
9 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1

10 0 0 0 0 0 0 1 1 1 1 1 1 1 1 1
11 0 0 0 0 0 0 1 1 1 1 1 1 1 1 1
12 0 0 0 0 0 0 1 1 1 1 1 1 1 1 1
13 0 0 0 0 0 1 1 1 1 1 1 1 1 1 1
14 0 0 0 0 0 1 1 1 1 1 1 1 1 1 1
15 0 0 0 0 0 1 1 1 1 1 1 1 1 1 1
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Figure 2.2: An illustration of a monotone function f : Σ2 7→ {0, 1} and a suitable g. In this case,
Σ = {1, ..., 15} and δ = 1/5. The labels of f are written in black. For example, f(5, 9) = 0 and
f(5, 10) = 1. The bold dotted line stresses the limit between the 0 label area and the 1 label area of f .
The labels of g are 0 in the gray areas of the domain, and 1 in the white areas of the domain.

Lemma 2.5.9 The functions f and g as defined above satisfy

dist(f, g) ≤ 2δ

Proof: It is easy to observe that for every i, j, if all labels of f in block(i, j) are 0, then all
labels of g in block(i, j) are 0, and if all labels of f in block(i, j) are 1, then all labels of g in
block(i, j) are 1. Therefore, we need to bound the number of blocks in which f ′s labels are not
all 0 and not all 1.

Consider some 1 ≤ i ≤ 1
δ . Let 0 ≤ j`(i) < jh(i) ≤ 1

δ + 1 be such that

• For every 1 ≤ j ≤ j`(i), the labels of block(i, j) of f are all 0 (if j`(i) = 0 then there is no
such j).

• For every 1/δ ≥ j ≥ jh(i), the labels of block(i, j) of f are all 1 (if jh(i) = 1/δ + 1 then
there is no such j).

• For every j`(i) < j < jh(i) the labels of block(i, j) of f are not all 0 and not all 1 (if
j`(i) = jh(i)− 1 then there is no such j).

Since f is monotone, then there is no loss of generality in the above notation. Also, the fact
that f is monotone implies that for every i < 1/δ we have that jh(i + 1) ≤ j`(i) + 2. Therefore.
the number of blocks in which the labels of f are not all 0 and not all 1 is at most

1/δ∑
i=1

jh(i)− j`(i)− 1 ≤
( 1/δ−1∑

i=1

jh(i)− (jh(i + 1)− 2)− 1

)
+ jh(1/δ)− j`(1/δ)− 1

= jh(1)− j`(1/δ) + (1/δ − 2)

≤ 2
δ
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Recall that the number of elements in every block is exactly δ2n2 and therefore dist(f, g) ≤ 2δ.

Lemma 2.5.10 For every monotone function f : Σ2 7→ {0, 1} there exists a δ−block monotone
function g : Σ2 7→ {0, 1} such that

dist(f, g) ≤ 2δ

Proof: Immediate from Lemmas 2.5.8 and 2.5.9.

2.5.3.3 The Algorithm

Consider the dynamic programing procedure BestSw (see page 44). It is given a matrix A of
size 1

δ2 . For every i, j cell (i, j) in A holds the number of 1 labels and 0 labels in block(i, j) of
f . It returns the distance between f and the δ-block monotone function that is closest to f .

It is based on the following recursive principle. Let

• f i,j : {(i− 1) · δn + 1, ..., n} × {1, ..., j · δn} 7→ {0, 1} be such that for every x ∈ {(i− 1) ·
δn + 1, ..., n} × {1, ..., j · δn}, f i,j(x) = f(x). (where i represents rows, and j represents
columns)

• gi,j : {(i − 1) · δn + 1, ..., n} × {1, ..., j · δn} 7→ {0, 1} be the closest δ-block monotone
function to f i,j .

Let k = 1
δ and i, j ∈ {1, ..., k}. For simplicity of notation, let |f i,j | be the size of the domain of

f i,j . Consider the following recursive equation (its correctness is explained right after):

dist(f i,j , gi,j) · |f i,j | =

min { dist(f i+1,j , gi+1,j) · |f i+1,j |+
j∑

q=1

A[i, q].ones,

dist(f i,j−1, gi,j−1) · |f i,j−1|+
k∑

p=i

A[p, j].zeros } (2.113)

An explanation:

• If the labels of gi,j are 0 on block(i, j) then

– For every q ≤ j, the labels of gi,j are 0 on block(i, q). This implies that the number of
different labels between gi,j and f i,j in

⋃j
q=1 block(i, q) is exactly

∑j
q=1 A[i, q].ones.

– For every p > i and q ≤ j, the labels of gi,j on block(p, q) may be 0 or 1. This implies
that the labels of gi,j on these blocks (which are optimal for minimizing dist(f i,j , gi,j)
s.t. g is δ-block and monotone), are equal to the labels of gi+1,j on these blocks.

• If the labels of gi,j are 1 on block(i, j) then

– For every p ≥ i, the labels of gi,j are 1 on block(p, j). This implies that the number of
different labels between gi,j and f i,j in

⋃k
p=i block(p, j) is exactly

∑k
p=i A[p, j].zeros.

42



1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
1
2
3
4
5
6
7
8
9

10
11
12
13
14
15

Create PDF with GO2PDF for free, if you wish to remove this line, click here to buy Virtual PDF Printer

Figure 2.3: Consider the case that Σ = {1, ..., 15} and δ = 1/5. The domain of f3,4 and g3,4 is in
gray. The domain of f3,3 and g3,3 is surrounded by a bold dotted line. The domain of f4,4 and g4,4 is
surrounded by a bold line. By the time the algorithm calculates dist(f3,4, g3,4) it has already calculated
dist(f3,3, g3,3) and dist(f4,4, g4,4).

– For every p ≥ i and q < j, the labels of gi,j on block(p, q) may be 0 or 1. This implies
that the labels of gi,j on these blocks (which are optimal for minimizing dist(f i,j , gi,j)
s.t. g is δ-block and monotone), are equal to the labels of gi,j−1 on these blocks.

We calculate this recursive equation in the following order: fk,1, fk,2, ..., fk,k, fk−1,1, ..., fk−1,k,
..., f1,1, ..., f1,k. Observe that f1,k = f . Figure 2.3 illustrates this process. The results of this
computation are saved in matrix D through the algorithm, so that at the end of the algorithm,
for every i, j, D[i, j] = dist(f i,j , gi,j) · |f i,j |.
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Procedure BestSw(A). Finding the Closest δ-block Monotone Function

Let k = 1
δ . A is a {1, ..., k} × {1, ..., k} matrix such that

• A[i, j].ones =the number of ones in block(i, j) of f .

• A[i, j].zeros =the number of zeros in block(i, j) of f .

• Let O and Z be {1, ..., k} × {1, ..., k} matrices such that

– For every i and j, O[i, j] =
∑j

q=1 A[i, q].ones

– For every i and j, Z[i, j] =
∑k

q=i A[q, j].zeros

• Let D be a {1, ..., k, k + 1} × {0, 1, ..., k} matrix (rows × columns), with initial value of 0
in every cell.

• for i = k downto 1

– for j = 1 to k

∗ D[i, j] = min{D[i + 1, j] + O[i, j] , D[i, j − 1] + Z[i, j]}

• Let ε̂ = D[1, k]/n2. Return ε̂.

Note that the time complexity of BestSw is O(k2) = O( 1
δ2 ). Now consider Algorithm 2.5.5:

Algorithm 2.5.5 Distance Approximation for Two Dimensions and {0, 1} Range
Based on Dynamic Programing

Given query access to a function f : Σ2 7→ {0, 1} and parameters 0 < δ ≤ 1, 0 < γ ≤ 1

• Let k = 1
δ and m = Θ( 1

δ2 log( 1
δ2γ ))

• for i = 1 to k

– for j = 1 to k

∗ take m samples of block(i, j) of f . Let Xi,j
r = f(i′, j′), where i′, j′ are the

coordinates of the rth sample.
∗ Ã[i, j].ones = 1

m · δ2n2 ·
∑m

r=1 Xi,j
r .

∗ Ã[i, j].zeros = δ2n2 − Ã[i, j].ones

• Let ε̂ = BestSw(Ã)

• return ε̂

Proof of Lemma 2.5.7: Let pij be the probability to find a 1 label when selecting uniformly
in block(i, j) of f . Note that pijδ

2n2 is the exact amount of 1 labels in block(i, j). For every
i, j ∈ {1, ..., 1

δ}, by the additive chernoff bound, with probability at least 1− γ · δ2,

∣∣∣ 1
m

m∑
r=1

Xi,j
r − pij

∣∣∣ ≤ δ (2.114)

Therefore, by the union bound, with probability at least 1− γ, this is true for all such i, j and
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so ∣∣∣∣∣
1/δ∑
i=1

1/δ∑
j=1

Ã[i, j].ones−
1/δ∑
i=1

1/δ∑
j=1

pijδ
2n2

∣∣∣∣∣ ≤
1/δ∑
i=1

1/δ∑
j=1

∣∣∣Ã[i, j].ones− pijδ
2n2

∣∣∣
≤ δn2 (2.115)

which means that with probability at least 1− γ,∑1/δ
i=1

∑1/δ
j=1 Ã[i, j].ones and

∑1/δ
i=1

∑1/δ
j=1 Ã[i, j].zeros are estimations of the number of 1 labels

and 0 labels (respectively) in f , with total error smaller than δn2. Assume that this is indeed
the case.

Let f̃ : Σ2 7→ {0, 1} be the closest function to f such that for every i, j ∈ {1, ..., 1/δ}, the number
of 1 labels in block(i, j) of f̃ is exactly Ã[i, j].ones, and the number of 0 labels is Ã[i, j].zeros.
Therefore, dist(f, f̃) ≤ δ.

Let g̃ be the δ-block monotone function such that dist(f̃ , g̃) = BestSw(Ã) = ε̂. Therefore,

εmon(f) ≤ dist(f, g̃)
≤ dist(f, f̃) + dist(f̃ , g̃)
≤ δ + dist(f̃ , g̃)
= δ + ε̂ (2.116)

Let f̃mon be the monotone function that is closest to f̃ . That is, εmon(f̃) = dist(f̃ , f̃mon).
Lemma 2.5.10 implies that there is a δ-block monotone function , name it g̃mon, such that
dist(f̃mon, g̃mon) ≤ 2δ. Recall that g̃ is the closest δ− block monotone function to f̃ . Therefore,

dist(f̃ , g̃) ≤ dist(f̃ , g̃mon)
≤ dist(f̃ , f̃mon) + dist(f̃mon, g̃mon)
≤ εmon(f̃) + 2δ (2.117)

Recall that dist(f, f̃) ≤ δ. Therefore, εmon(f̃) ≤ δ + εmon(f). And so,

ε̂ = dist(f̃ , g̃)
≤ δ + εmon(f) + 2δ (2.118)

and finally, equations (2.116) and (2.118) imply that

εmon(f)− δ ≤ ε̂ ≤ εmon(f) + 3δ (2.119)

2.6 An Improved Testing Algorithm for Σd 7→ {0, 1} Functions

[GGL+00] suggest a testing algorithm for Σd 7→ {0, 1} functions, based on dimension reduction.
[GGL+00, Theorem 14] implies that there is a testing algorithm for Σd 7→ {0, 1} functions with
time and query complexity of O

(
d·log n

ε

)
. We present here an improvement of that result for

the case of small d and large n.
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Let A(g, ε) be a 1-sided error testing algorithm for monotonicity of g : Σ 7→ {0, 1}. The
time and query complexity of A(g, ε) is T (ε). We present here, based on Lemma 2.3.1 (see
page 18) and algorithm A, a testing algorithm (Algorithm 2.6.1) for monotonicity of functions
Σd 7→ {0, 1} . The time and query complexity of Algorithm 2.6.1 is

O

(
log d

ε · d
ε

·
log d

ε∑
j=0

T (2−(j+1))
2j

)
(2.120)

Later we describe a simple algorithm A with query complexity of O
(

1
ε

)
and time complexity of

O
(

1
ε log 1

ε

)
(see Algorithm 2.6.2). This enables us to prove Theorem 1.2.3.

Proof of Theorem 1.2.3: Lemmas 2.6.1 and 2.6.2 imply that Algorithm 2.6.1 combined
with Algorithm 2.6.2 provides a 1-sided error testing algorithm for monotonicity of Σd 7→ {0, 1}
functions. The query complexity of the algorithm is O

(
d log2 d

ε
ε

)
. The time complexity of the

algorithm is O
(

d log3 d
ε

ε

)
.

Algorithm 2.6.1 Testing Monotonicity for d-dimensions and {0, 1} Range Using a
Dimension Reduction

Given query access to a function f : Σd 7→ {0, 1} and a parameter ε:
for j = 0 to ` = blog 4d

ε c:

• Repeat the following Θ( `·d
ε·2j ) times:

– Randomly and uniformly select i ∈ {1, ..., d}, α ∈ Σi−1, β ∈ Σd−i.

– if A(fi,α,β , 2−(j+1)) rejects, then reject.

If the algorithm ends without rejecting then accept.

Lemma 2.6.1 Algorithm 2.6.1 is a 1-sided error testing algorithm for monotonicity of Σd 7→
{0, 1} functions.

Proof: Since A is a 1-sided error tester, it is obvious that if εmon(f) = 0 then Algorithm 2.6.1
accepts. Assume ε < εmon(f). For every j ≥ 0 let

Bj = {(i, α, β) : 2−(j+1) < εmon(fi,α,β) ≤ 2−j} (2.121)

Therefore,

ε < εmon(f)
≤ 2d · Ei,α,β [εmon(fi,α,β)] (2.122)

=
2

nd−1

∑
i,α,β

εmon(fi,α,β)

≤ 2
nd−1

∞∑
j=0

|Bj | · 2−j
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=
2

nd−1

blog 4d
ε
c∑

j=0

|Bj | · 2−j +
2

nd−1

∞∑
j=dlog 4d

ε
e

|Bj | · 2−j

≤ 2
nd−1

blog 4d
ε
c∑

j=0

|Bj | · 2−j +
2

nd−1
· d · nd−1 · 2log ε

4d

=
2

nd−1

blog 4d
ε
c∑

j=0

|Bj | · 2−j +
ε

2

Inequality (2.122) is a result of Lemma 2.3.1. Therefore

ε · nd−1

4
<

blog 4d
ε
c∑

j=0

|Bj | · 2−j (2.123)

Recall that ` = blog 4d
ε c. Therefore, there exists j ≤ ` such that

|Bj | · 2−j ≥ ε · nd−1

4 · `
(2.124)

hence

|Bj |
d · nd−1

≥ ε · 2j

4 · ` · d
(2.125)

Which means that by randomly, uniformly , and independently selecting Θ( `·d
ε·2j ) triplets (i, α, β),

with high probability at least one of the selected triplets is in Bj . Which means that for this
triplet

εmon(fi,α,β) > 2−(j+1) (2.126)

and A(fi,α,β, 2−(j+1)) rejects with high probability.

We now give a very simple testing algorithm for monotonicity of Σ 7→ {0, 1} functions.

Algorithm 2.6.2 Testing Monotonicity for Σ 7→ {0, 1}Functions

Given query access to a function f : Σ 7→ {0, 1} and a parameter 0 < ε ≤ 1:

• Let M = {xi}m
i=1 be a set of m = Θ( 1

ε ) uniformly independently selected elements.

• Sort M (requires O( 1
ε log 1

ε ) time).

• If all i, j ∈ [m] satisfy

if xi < xj then f(xi) ≤ f(xj)

then accept. Else reject. Observe that since M is sorted then checking this condition can
be done in O( 1

ε ) time.

The query complexity of Algorithm 2.6.2 is O
(

1
ε

)
. The time complexity of Algorithm 2.6.2 is

O
(

1
ε log 1

ε

)
.
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Lemma 2.6.2 Algorithm 2.6.2 is a 1-sided error testing algorithm for monotonicity of Σ 7→
{0, 1} functions.

Proof: It is obvious that if f is monotone than Algorithm 2.6.2 accepts. Therefore, assume
that εmon(f) > ε. Obviously S1[f ] is monotone, and so dist(f, S1[f ]) > ε. Let z(f) denote the
number of 0 labels in f (and in S1[f ]). Observe that

|{x ≤ z(f) : f(x) = 1}| = |{x > z(f) : f(x) = 0}|

=
dist(f, S1[f ]) · n

2
>

ε · n
2

(2.127)

Also observe that if x ∈ {x ≤ z(f) : f(x) = 1} and y ∈ {x > z(f) : f(x) = 0} then (x, y) is an
edge in Gviol(f). Therefore, the probability that there are no violations of monotonicity in M is
at most the probability that M∩{x ≤ z(f) : f(x) = 1} = ∅ or M∩{x > z(f) : f(x) = 0} = ∅,
which by Equation (2.127) is upper bounded by 2(1− ε/2)m < 1/3. The lemma follows.

2.7 Directions for Further Research

One approach for estimating εmon of Σd 7→ Ξ functions is the one implied by Lemmas 2.2.1
and 2.3.1 and presented in Section 2.4. That is, to estimate the average of the distance to
monotonicity of the induced k-dimensional cubes of f . Lemma 2.7.1 implies that the bounds
presented in Lemmas 2.2.1 and 2.3.1 are tight (in terms of d/k) which means that this approach
cannot achieve a tighter estimation than the one we present in Section 2.4. That is, better than
a
(
Θ( d

k ), δ
)
-estimate.

Lemma 2.7.1 Consider any k ∈ [d] such that d/k ∈ Z. For every εm < 1/2 (such that εmn is
an integer) there exist functions fu : Σd 7→ {0, 1} and f ` : Σd 7→ {0, 1} such that

εmon(fu) =
d

k
Eq,α,β[εmon(fu

q,α,β)] = εm

εmon(f `) ∼ Eq,α,β[εmon(f `
q,α,β)] ∼ εm/2

Where A ∼ B means limn→∞ A = limn→∞ B.

Proof: We begin with fu. Let it be defined as follows. For every x = (x`xh) ∈ Σd such that
x` ∈ Σ and xh ∈ Σd−1, if x` ≤ εm · n then fu(x) = 1, else fu(x) = 0. Figure 2.4 illustrates fu.

Observe the following.

• εmon(fu) = εm (By modifying all 1 labels to 0 labels, f becomes monotone. Also, there is
a matching of size εmnd in Gviol(fu)).

• Every 1 < q ≤ d/k and α ∈ Σ(q−1)k, β ∈ Σd−qk satisfy εmon(fu
q,α,β) = 0 (The labels of

fu
q,α,β are either all 0 or all 1).
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1 2 3 4 5 6 7 8 9
1 1 1 1 0 0 0 0 0 0
2 1 1 1 0 0 0 0 0 0
3 1 1 1 0 0 0 0 0 0
4 1 1 1 0 0 0 0 0 0
5 1 1 1 0 0 0 0 0 0
6 1 1 1 0 0 0 0 0 0
7 1 1 1 0 0 0 0 0 0
8 1 1 1 0 0 0 0 0 0
9 1 1 1 0 0 0 0 0 0
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Figure 2.4: An illustration of fu for the case of d = 2, Σ = {1, ..., 9} and εm = 1/3.

1 2 3 4 5 6 7 8 9
1 0 1 0 1 1 1 1 1 1
2 1 0 1 1 1 1 1 1 1
3 0 1 0 1 1 1 1 1 1
4 1 0 1 1 1 1 1 1 1
5 0 1 0 1 1 1 1 1 1
6 1 0 1 1 1 1 1 1 1
7 0 1 0 1 1 1 1 1 1
8 1 0 1 1 1 1 1 1 1
9 0 1 0 1 1 1 1 1 1
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Figure 2.5: An illustration of f ` for the case of d = 2, Σ = {1, ..., 9} and εm = 1/3.

• For the case of q = 1, every α ∈ Σ0 (i.e., α is an empty string) and every β ∈ Σd−k satisfy
εmon(fu

1,α,β) = εm.

Therefore,

Eq,α,β[εmon(fu
q,α,β)] =

k

d

(
Eα,β[εmon(fu

1,α,β)] +
d/k∑
q=2

Eα,β[εmon(fu
q,α,β)]

)
=

k

d
(εm + (d/k − 1) · 0)

=
k

d
εmon(fu)

We now turn to f `. Let it be defined as follows. Let par : Σd 7→ {0, 1} denote the parity
function. That is, let S(x) denote the the sum of elements in x ∈ Σd, if S(x) is odd then
par(x) = 1, else par(x) = 0. For every x = (x`xh) ∈ Σd such that x` ∈ Σ and xh ∈ Σd−1, if
x` ≤ εm · n then f `(x) = par(x), else f `(x) = 1. Figure 2.5 illustrates f `.

Observe the following.

• εmon(f `) ∼ εm/2.

• For every 1 < q ≤ d/k consider any α = (α`αh) ∈ Σ(q−1)k such that α` ∈ Σ and
αh ∈ Σ(q−1)k−1, and any β ∈ Σd−qk.
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– If α` ≤ εm · n then εmon(f `
q,α,β) ∼ 0.5.

– If α` > εm · n then εmon(f `
q,α,β) = 0.

• For the case of q = 1, every α ∈ Σ0, β ∈ Σd−k satisfy εmon(f `
1,α,β) ∼ εm/2.

Therefore,

Eq,α,β[εmon(f `
q,α,β)] =

k

d

(
Eα,β[εmon(f `

1,α,β)] +
d/k∑
q=2

Eα,β[εmon(f `
q,α,β)]

)

∼ k

d

(
εm/2 + (d/k − 1) ·

(εmnd−k · 0.5 + (1− εm)nd−k · 0
nd−k

))
= εm/2
∼ εmon(f `)

The lemma follows.

This of course does not mean that a tighter estimation can’t be obtained.

• For the case of Σd 7→ {0, 1} functions we present Algorithm 2.5.1 which is a (2, δ)-estimate

algorithm with time and query complexity of the form
(

d log d
δ

)d
. Does there exist a

(q(d), δ)-estimate algorithm (where q(d) = o(d)) for Σd 7→ {0, 1} functions (such as Algo-
rithm 2.5.1) with query and time complexity that is better than exponential in d?

• For the case of d = 2 we present a (1, δ)-estimate algorithm based on dynamic programing
(Algorithm 2.5.5). We failed to extend this algorithm to higher dimension, even in time
complexity that is exponential in d.

• A similar question is asked regarding Σd 7→ Ξ functions (where |Ξ| > 2). Distance
approximation algorithms for the case of d = 1 were presented by [PRR04] and [ACCL04].
Combined with our dimension reduction (Algorithm 2.4.1) they provide (efficiently) an
estimation that is no better than (Θ(d log |Ξ|), δ)-estimate. Is it possible to achieve a
tighter estimation?
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Chapter 3

Distance Approximation to
Convexity

In this chapter we prove Theorem 1.2.4 (see page 8).

3.1 On the Relation between Monotonicity and Convexity

Lemma 3.1.1 is quoted from [PRR03, Claim 1].

Lemma 3.1.1 A function f : {1, ..., n} 7→ < is convex if and only if every 2 ≤ i ≤ n − 1
satisfies

f(i)− f(i− 1) ≤ f(i + 1)− f(i) (3.1)

Let g : {2, ..., n} 7→ < be such that for every i, g(i) = f(i)− f(i− 1). Lemma 3.1.1 implies that
g is monotone if and only if f is convex. In other words, εcon(f) = 0 if and only if εmon(g) = 0.
Therefore an intuitive question is raised: Is there some tight relation between εmon(g) and
εcon(f)? If there was, then the problem of Distance Approximation to Convexity over domain
{1, ..., n} could be easily reduced to the problem of Distance Approximation to Monotonicity, for
which there already are some solutions. Unfortunately, there is no such relation. For example,
let f : {1, ..., n} 7→ < be defined as follows.

• For every 1 ≤ i ≤ 3n/4 let f(i) = 1.

• For every 3n/4 < i ≤ n let f(i) = 0.

Observe that εcon(f) = 0.25. Also observe that

• For every 2 ≤ i ≤ 3n/4, g(i) = 0.

• g(3n/4 + 1) = −1

• For every 3n/4 < i ≤ n− 1, g(i) = 0.
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That is, εmon(g) = 1
n−1 .

Although there is no such simple relation, the methods of [ACCL04] for distance approxi-
mation to monotonicity can be extended and provide distance approximation to convexity, as
we do in this chapter.

3.2 Preliminaries

• Let X be any discrete domain. Let εcon(g) denote the (relative) distance of g : X 7→ <
from the class of convex functions, which is the minimum of dist(g, ḡ) = |{x ∈ X : g(x) 6=
ḡ(x)}|/|X| over all convex functions ḡ : X 7→ <.

• Let Σ = {1, 2, ..., n}, and for every d ∈ Z let [d] = {1, 2, ..., d}.

• Let f : Σ 7→ <.

• Let X ⊆ Σ be some set. Let fX : Σ \ X 7→ < be such that for every k ∈ Σ \ X,
fX(k) = f(k).

• For every 1 ≤ i ≤ n− 1, let C(i) = 〈i, i + 1〉 (i.e., C(i) is an ordered pair).

• Given a set of pairs X, let P (X) = {k ∈ Σ | C(k) ∈ X ∨ C(k − 1) ∈ X}. Observe that
|P (X)| ≤ 2 · |X|.

Definition 3.2.1 For every 1 ≤ i ≤ j ≤ n− 1, C(i) and C(j) are co-convex if they satisfy the
following

• If j ≤ i + 1 then

f(i + 1)− f(i) ≤ f(j + 1)− f(j) (3.2)

• If j > i + 1 we also ask that

f(i + 1)− f(i) ≤ f(j)− f(i + 1)
j − i− 1

and
f(j)− f(i + 1)

j − i− 1
≤ f(j + 1)− f(j) (3.3)

We also denote C(i) ^ C(j) if C(i) and C(j) are co-convex, and C(i) 6^ C(j) otherwise.
Observe that C(i) ^ C(j) is equivalent to C(j) ^ C(i).

Definition 3.2.2 Given 0 < β < 1/2 and i ∈ Σ, C(i) is β-big if there exists j > i such that∣∣∣{k : i < k ≤ j & C(i) 6^ C(k)
}∣∣∣ ≥ (1/2− β)(j − i + 1) (3.4)

or, similarly, j < i such that∣∣∣{k : j ≤ k < i & C(k) 6^ C(i)
}∣∣∣ ≥ (1/2− β)(i− j + 1) (3.5)

We say that j is a witness to C(i)’s β-bigness, and that C(i) is β-big with respect to j. Let
Bβ(f) denote the set of β-big pairs in f .

The additive and multiplicative chernoff bounds which we often use can be found in Appendix
A.
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3.3 Pairs and the Co-convexity Property

In this section we show that the co-convexity property is a transitive property, and show a
relation between the co-convexity of pairs and the convexity of the function.

Our discussion is not focused only on domains of the form {1, ..., n}, and we need to generalize
Lemma 3.1.1 (see page 51) to the following.

Lemma 3.3.1 Let X ⊂ Z be a finite set. A function g : X 7→ < is convex if and only if all
i, j, ` ∈ X such that i < j < ` satisfy

g(j)− g(i)
j − i

≤ g(`)− g(j)
`− j

Proof: If g is convex then let α = `−j
`−i and observe that αi + (1 − α)` = j. Therefore,

g(j) ≤ αg(i) + (1− α)g(j). This implies that

(`− i)g(j) ≤ (`− j)g(i) + (j − i)g(`) (3.6)

and so

(`− j)g(j) + (j − i)g(j) ≤ (`− j)g(i) + (j − i)g(`) (3.7)

and

g(j)− g(i)
j − i

≤ g(`)− g(j)
`− j

(3.8)

For the second direction, assume that there exists α and i < ` such that αi + (1− α)` ∈ X but
g(αi + (1 − α)`) > αg(i) + (1 − α)g(`). Denote j = αi + (1 − α)` and observe that α = `−j

`−i .
This implies that

(`− i)g(j) > (`− j)g(i) + (j − i)g(`) (3.9)

and so

(`− j)g(j) + (j − i)g(j) > (`− j)g(i) + (j − i)g(`) (3.10)

and

g(j)− g(i)
j − i

>
g(`)− g(j)

`− j
(3.11)

Lemma 3.3.2 If Q ⊆ Σ is a set such that fQ is convex, then there exists a convex function
g : Σ 7→ < that is equal to f for every x ∈ Σ \Q.

Observe that Lemma 3.3.2 implies that if fQ is convex, then εcon(f) ≤ |Q|
n .

Proof of Lemma 3.3.2: We assume here that |Σ \ Q| ≥ 2. Otherwise the proof is trivial.
Let g : Σ 7→ < be defined as follows, and later we show that it is convex.
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• For every k ∈ Σ \Q, g(k) = fQ(k) = f(k).

• For other elements (i.e., elements of Q), let g be defined as follows:

– Consider all k ∈ Q such that there exist elements in Σ \Q that are smaller then k,
and elements in Σ \Q that are larger than k. Let i be the largest element in Σ \Q
that is smaller than k, and j be the smallest element in Σ \Q that is larger than k.
Let g(k) = g(i) + g(j)−g(i)

j−i · (k − i).
– If there are k ∈ Q such that there is no i ∈ Σ \Q such that i < k, then let j be the

smallest element in Σ \Q that is larger than those k′s. That is, 1 ≤ k < j. Observe
that since |Σ \Q| ≥ 2, then there must be such j, that j ≤ n− 1, and that g(j + 1)
is already defined. Let g(1) be large enough so that g(j)−g(1)

j−1 ≤ g(j + 1)− g(j), and

let g(k) = g(1) + g(j)−g(1)
j−1 · (k − 1) for every such 1 < k < j.

– If there are k ∈ Q such that there is no j ∈ Σ \Q such that j > k, then let i be the
largest element in Σ \Q that is smaller than those k′s. That is, i < k ≤ n. Observe
that since |Σ \ Q| ≥ 2, then there must be such i, that i ≥ 2, and that g(i − 1) is
already defined. Let g(n) be large enough so that g(n)−g(i)

n−i ≥ g(i)− g(i− 1), and let

g(k) = g(i) + g(n)−g(i)
n−i · (k − i) for every such i < k < n.

We need to show that g is a convex function. Recall that fQ is convex. Therefore, Lemma 3.3.1
implies that for every i, j, ` ∈ Σ \Q such that i < j < `,

fQ(j)− fQ(i)

j − i
≤

fQ(`)− fQ(j)

`− j
(3.12)

Using this fact, a technical review over g would show that every 2 ≤ i ≤ n− 1 satisfies

g(i)− g(i− 1) ≤ g(i + 1)− g(i) (3.13)

and Lemma 3.1.1 (see page 51) implies that g is convex.

Lemma 3.3.3 shows the transitivity of the co-convexity property.

Lemma 3.3.3 For every 1 ≤ i < k < j ≤ n − 1, if C(i) ^ C(k), and C(k) ^ C(j), then
C(i) ^ C(j).

Proof: We assume that k > i + 1 and j > k + 1 (the case of k = i + 1 or j = k + 1 is easier).
Assume that C(i) ^ C(k) and C(k) ^ C(j). By the definition we have

f(i + 1)− f(i) ≤ f(k)− f(i + 1)
k − i− 1

≤ f(k + 1)− f(k) ≤ f(j)− f(k + 1)
j − k − 1

≤ f(j + 1)− f(j)

Therefore,

f(j)− f(i + 1)
j − i− 1

=

(
(j − k − 1)f(j)−f(k+1)

j−k−1

)
+
(
f(k + 1)− f(k)

)
+
(
(k − i− 1)f(k)−f(i+1)

k−i−1

)
j − i− 1

≥

(
(j − k − 1)(f(i + 1)− f(i))

)
+
(
f(i + 1)− f(i)

)
+
(
(k − i− 1)(f(i + 1)− f(i))

)
j − i− 1

= f(i + 1)− f(i) (3.14)
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and

f(j)− f(i + 1)
j − i− 1

=

(
(j − k − 1)f(j)−f(k+1)

j−k−1

)
+
(
f(k + 1)− f(k)

)
+
(
(k − i− 1)f(k)−f(i+1)

k−i−1

)
j − i− 1

≤

(
(j − k − 1)(f(j + 1)− f(j))

)
+
(
f(j + 1)− f(j)

)
+
(
(k − i− 1)(f(j + 1)− f(j))

)
j − i− 1

= f(j + 1)− f(j) (3.15)

and the lemma follows.

Lemma 3.3.4 Let X be a set of pairs. If every i, j such that C(i) /∈ X and C(j) /∈ X satisfy
C(i) ^ C(j) then f

P (X)
is a convex function.

Proof: Assume by contradiction that f
P (X)

is not a convex function. We show here that
there exist i, j such that C(i) /∈ X and C(j) /∈ X and C(i) and C(j) are not co-convex.

Assuming f
P (X)

is not convex, Lemma 3.3.1 implies that there exist i < j < ` such that
i, j, ` /∈ P (X) and

f
P (X)

(j)− f
P (X)

(i)

j − i
>

f
P (X)

(`)− f
P (X)

(j)

`− j
(3.16)

Therefore also

f(j)− f(i)
j − i

>
f(`)− f(j)

`− j
(3.17)

Since i, j, ` /∈ P (X) then also C(i), C(j), C(`− 1) /∈ X. Consider the following cases:

• The case that j = `− 1, so that C(j) = C(`− 1). Equation (3.17) implies that

f(j)− f(i)
j − i

> f(j + 1)− f(j) (3.18)

If C(i) ^ C(j) (We assume that j > i + 1. The case that j = i + 1 is easier.) then

f(i + 1)− f(i) ≤ f(j)− f(i + 1)
j − i− 1

≤ f(j + 1)− f(j) (3.19)

Which implies that

f(j)− f(i)
j − i

=
f(i + 1)− f(i) +

(
(j − i− 1)f(j)−f(i+1)

j−i−1

)
j − i

≤
f(j)−f(i+1)

j−i−1 +
(
(j − i− 1)f(j)−f(i+1)

j−i−1

)
j − i

=
f(j)− f(i + 1)

j − i− 1
≤ f(j + 1)− f(j) (3.20)

Which is a contradiction to Equation (3.18). Therefore C(i) and C(j) are not co-convex.
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• Now we may assume that j < ` − 1. We show here that it is not possible that both
C(i) ^ C(j) and C(j) ^ C(`− 1). Assume by contradiction that it is possible. The fact
that C(i) ^ C(j) and Equation (3.20) imply that

f(j)− f(i)
j − i

≤ f(j + 1)− f(j) (3.21)

The fact that C(j) ^ C(`− 1) (We assume that `− 1 > j +1. The case that `− 1 = j +1
is easier.) implies that

f(j + 1)− f(j) ≤ f(`− 1)− f(j + 1)
`− j − 2

≤ f(`)− f(`− 1) (3.22)

Which implies that

f(`)− f(j)
`− j

=

(
f(j + 1)− f(j)

)
+
(
(`− j − 2)f(`−1)−f(j+1)

`−j−2

)
+
(
f(`)− f(`− 1)

)
`− j

≥

(
f(j + 1)− f(j)

)
+
(
(`− j − 2)(f(j + 1)− f(j))

)
+
(
f(j + 1)− f(j)

)
`− j

= f(j + 1)− f(j) (3.23)

Equations (3.21) and (3.23) contradict Equation (3.17). Therefore it is not possible that
C(i) ^ C(j) and C(j) ^ C(`− 1).

The lemma follows.

Lemma 3.3.5 If f : Σ 7→ < is a convex function then for every 1 ≤ i < j ≤ n − 1, C(i) and
C(j) are co-convex.

Proof: The lemma follows directly from Lemma 3.3.1.

3.4 β-bigness - An Indication to the Distance to Convexity

The result of this section is presented in Lemma, 3.4.1. The proof of Lemma 3.4.1 builds on
[ACCL04, Lemma 3].

Lemma 3.4.1 Let f : Σ 7→ <.

1. εcon(f)
2 n ≤ |B0(f)|

2. |Bβ(f)| ≤ 12(1 + 2β
1−2β )εcon(f)n

Proof:
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Item 1. Let S be a set of minimum size of pairs such that f
P (S)

is convex. Lemma 3.3.2
implies that εcon(f)n ≤ |P (S)|. Consider some i, j ∈ Σ such that C(i) and C(j) are not co-
convex (if there are no such i, j then Lemma 3.3.4 implies that f is a convex function and
εcon(f)

2 n = |B0(f)| = 0). Without loss of generality suppose that i < j. Lemma 3.3.3 implies
that for every k such that i < k ≤ j, either C(i) 6^ C(k) or C(k) 6^ C(j).

Therefore, by the definition of 0-big, at least C(i) or C(j) or both are 0-big. This implies
that the set of 0-big pairs in f satisfies the property that if for some i and j, C(i) and C(j)
are both not 0-big, then C(i) ^ C(j). Lemma 3.3.4 implies that f

B0(f)
is a convex function.

Therefore |S| ≤ |B0(f)| and all together: εcon(f)n ≤ |P (S)| ≤ 2 · |S| ≤ 2 · |B0(f)|.

Item 2. For each β-big pair C(i), we choose a unique witness ji to its β-bigness. If ji > i
then C(i) is called right-big. If ji < i then C(i) is called left-big. That is, if C(i) is right-big
then ∣∣∣{k : i < k ≤ ji & C(i) 6^ C(k)

}∣∣∣ ≥ (1/2− β)(ji − i + 1) (3.24)

and if C(i) is left-big then∣∣∣{k : ji ≤ k < i & C(k) 6^ C(i)
}∣∣∣ ≥ (1/2− β)(i− ji + 1) (3.25)

Let RB and LB denote the set of right-big pairs and left-big pairs respectively. Observe that
RB and LB are disjoint sets and that Bβ(f) = RB ∪ LB.

Let T be a minimum set such that fT is convex. Lemma 3.3.2 implies that there exists a
convex function that is equal to f for every x /∈ T , and that |T | = εcon(f)n. Let

T ′ =
{
k
∣∣∣ k − 1 ∈ T ∨ k ∈ T ∨ k + 1 ∈ T

}
CT ′ =

{
C(k)

∣∣∣ k ≤ n− 1 ∧ k ∈ T ′
}

(3.26)

Observe that |CT ′| ≤ |T ′| ≤ 3|T |.

Consider the following Crediting Procedure. Each pair is assigned credit. We define
σ(C(i)) to be the credit that C(i) is being assigned in the algorithm. Initially, each pair in
RB ∩CT ′ is assigned 1 credit, and all other pairs are assigned 0 credit. Each C(i) ∈ RB \CT ′

among C(n−1), ..., C(1) in this order, spreads one credit among all pairs C(t) such that i < t ≤ ji

and C(t) 6^ C(i). The word spread means that the credit always goes to whoever has the least
credit among those pairs.
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Crediting Procedure
For every i ∈ [n− 1]

• If C(i) ∈ RB ∩ CT ′ then σ(C(i)) = 1.

• Else σ(C(i)) = 0.

For i = n− 1 downto 1 do

• If C(i) ∈ RB \ CT ′

– L =
{

C(t)
∣∣∣ i < t ≤ ji ∧ C(i) 6^ C(t)

}
– α = 1

– While(α > 0)

∗ C(k) = argminσ(C(t))L

∗ Q =
{

C(t) ∈ L
∣∣∣ σ(C(t)) = σ(C(k))

}
∗ C(k′) = argminσ(C(t))(L \Q)

∗ ∆ = min
{

α
|Q| , σ(C(k′))− σ(C(k))

}
∗ For every C(t) ∈ Q, σ(C(t)) = σ(C(t)) + ∆
∗ α = α− |Q| ·∆

Consider the following two claims, which we later prove.

Claim 3.4.1 Only pairs in CT ′ are assigned credit during the crediting procedure.

Claim 3.4.2 At the end of the crediting procedure all k ∈ [n−1] satisfy σ(C(k)) ≤ 2+4β/(1−
2β)

Before we proceed, consider the following notation. Let Ti′ denote the time in the crediting
procedure when i is assigned the value i′. Also let Li′ denote the value of L when Ti′−1.
For every pair C(j) let σi′(C(j)) denote the value of σ(C(j)) when Ti′−1. Observe that i is
decreasing, and so Ti′ denotes the end of the iteration in which i = i′ + 1 and the beginning
of the iteration in which i′ = i. Also observe that Li′ and σi′(C(j)) denote the values of L
and σ(C(j)), respectively, at the end of the iteration in which i = i′. Let us now formalize the
notion of spread.

• For every j1 6= j2, the credit that pair C(j1) spreads on pair C(j2) is the credit that pair
C(j2) is assigned after Tj1 and before Tj1−1. That is, σj1(C(j2))− σj1+1(C(j2)).

• For every j, the credit that pair C(j) spreads on itself is the credit that it is assigned
before Tn−1. That is, σn(C(j)).

Before we prove Claims 3.4.1 and 3.4.2, let us complete the proof of the lemma. Observe that
each pair in RB ∩ CT ′ spreads exactly 1 credit on itself and no credit on other pairs. Also
observe that each pair in RB \ CT ′ spreads exactly 1 credit on other pairs, and no credit on
itself. In other words, every pair in RB spreads exactly 1 credit. Therefore at the end of the
crediting procedure,

|RB| ≤
∑

j∈[n−1]

σ(C(j)) (3.27)
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Also, Claims 3.4.1 and 3.4.2 imply that∑
j∈[n−1]

σ(C(j)) ≤ |CT ′| · (2 + 4β/(1− 2β)) (3.28)

Equations (3.27) and (3.28) imply that

|RB| ≤ |CT ′| · (2 + 4β/(1− 2β)) (3.29)

A similar (and symmetrical) analysis would show that

|LB| ≤ |CT ′| · (2 + 4β/(1− 2β)) (3.30)

Therefore

|Bβ(f)| = |RB|+ |LB| ≤ (4 + 8β/(1− 2β))|CT ′| (3.31)

Recall that |CT ′| ≤ |T ′| ≤ 3 · |T | = 3 · εcon(f)n and the second part of the lemma follows.

It is left to prove Claims 3.4.1 and 3.4.2.

Proof of Claim 3.4.1: Let k < n be such that σ(C(k)) > 0 in the end of the crediting
procedure. Therefore,

• Either C(k) spreads 1 credit on itself at the beginning of the procedure, so that necessarily
C(k) ∈ CT ′.

• Or there exists j < k such that C(j) spreads credit on C(k). Therefore, C(j) ∈ RB \CT ′

and C(j) 6^ C(k). The fact that C(j) /∈ CT ′ and j < n implies that j /∈ T ′. Therefore
j /∈ T , and j + 1 /∈ T . Lemma 3.3.2 implies that there is a function, name it g : Σ 7→ <,
that is convex and equal to f on every element in Σ \ T . Lemma 3.3.5 implies that every
two pairs in g are co-convex. Therefore, the fact that C(j) and C(k) are not co-convex
and j, j + 1 /∈ T implies that g(k) 6= f(k) or g(k + 1) 6= f(k + 1). That is, k ∈ T or
k + 1 ∈ T . Therefore k ∈ T ′, which means that C(k) ∈ CT ′.

In both cases, C(k) ∈ CT ′.

Proof of Claim 3.4.2: Suppose by contradiction that after the crediting procedure ends,
some pair C(k) satisfies σ(C(k)) > 2+4β/(1−2β). Let i′ be the value of i when σ(C(k)) becomes
larger than 2+4β/(1−2β). Recall that i is decreasing. Therefore, σi′+1(C(k)) ≤ 2+4β/(1−2β)
and σi′(C(k)) > 2 + 4β/(1 − 2β) (we may also say that C(i′) is the right-big pair that causes
σ(C(k)) to reach over 2 + 4β/(1 − 2β)). Observe that according to the crediting procedure,
every pair C(j) ∈ Li′ satisfies σi′(C(j)) > 2 + 4β/(1− 2β). Therefore,

|Li′ | · (2 + 4β/(1− 2β)) <
∑

C(j)∈Li′

σi′(C(j)) (3.32)

Since C(i′) is right-big, then |Li′ | ≥ (1/2− β)(ji′ − i′ + 1). Therefore,

ji′ − i′ + 1 = (1/2− β)(ji′ − i′ + 1)(2 + 4β/(1− 2β))
≤ |Li′ | · (2 + 4β/(1− 2β)) (3.33)

Let D(i′) = {C(i′), C(i′ + 1), ..., C(ji′)}. We wish to bound the value of
∑

C(j)∈D(i′) σi′(C(j)).
Observe the following.
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• Every C(j′) ∈ D(i′) satisfies:

– Either C(j′) ∈ RB ∩ CT ′, which means that it spreads 1 credit on itself, and does
not spread any credit on other pairs. Therefore it contributes at most 1 to the value
of
∑

C(j)∈D(i′) σi′(C(j)).

– Or C(j′) ∈ RB \CT ′, which means that it does not spread credit on itself, and that
it spreads at most 1 credit on pairs in D(i′). Therefore it contributes at most 1 to
the value of

∑
C(j)∈D(i′) σi′(C(j)).

– Or else, in which case C(j′) does not spread credit at all. Therefore it contributes 0
to the value of

∑
C(j)∈D(i′) σi′(C(j)).

That is, each C(j′) ∈ D(i′) contributes at most 1 to the value of
∑

C(j)∈D(i′) σi′(C(j)).

• For every C(j′) /∈ D(i′):

– If j′ < i′ then C(j′) spreads credit only after Ti′−1. Therefore it has no affect on σi′ .

– If j′ > ji′ then C(j′) does not spread credit on pairs in D(i′). Therefore it has no
affect on {σi′(C(i′)), σi′(C(i′ + 1)), ..., σi′(C(ji′)}.

That is, each C(j′) /∈ D(i′) contributes 0 to the value of
∑

C(j)∈D(i′) σi′(C(j)).

Therefore, ∑
C(j)∈D(i′)

σi′(C(j)) ≤ |D(i′)| = ji′ − i′ + 1 (3.34)

Observe that Li′ ⊆ D(i′). Therefore∑
C(j)∈Li′

σi′(C(j)) ≤
∑

C(j)∈D(i′)

σi′(C(j)) (3.35)

Equations (3.32), (3.34), and (3.35) contradict equation (3.33). Therefore, the assumption that
leads to Equation (3.32) is not correct. That is, when the crediting procedure ends, all k satisfy
σ(C(k)) ≤ 2 + 4β/(1− 2β).

(Lemma 3.4.1)

3.5 A Distance Approximation Algorithm

The result of this section is presented in the following Lemma.

Lemma 3.5.1 • At the end of Algorithm 3.5.2, with high probability,

min{εcon(f)/25, εcon(f)− δ} ≤ ε̂ ≤ εcon(f)

• Let α = max(εcon(f), δ). The expected time and query complexity of Algorithm 3.5.2 is

O

(
log n

α
· log

1
α
· log log

1
α
· log

log n

α

)
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Proof of Theorem 1.2.4 (see page 8): Observe that

εcon(f)/25− δ ≤ min{εcon(f)/25, εcon(f)− δ}

Theorem 1.2.4 is immediate from Lemma 3.5.1.

The algorithms in this section are given a query access to a function f : Σ 7→ <. Observe that
for every i, j, determining whether C(i) ^ C(j) or not requires O(1) computations. Consider
the following procedure.

Procedure β-big-test2(i, j, β, γ)
i, j ≤ n− 1 satisfy i 6= j. 0 < γ, β ≤ 1.

• Let m = Θ( 1
β2 log( 1

γ )), and TH = (1/2− 3β/4)m.

• – If (j > i) let M = {kq}m
q=1 be a set of uniformly independently selected elements

from the set {i + 1, ..., j}.
– If (j < i) let M = {kq}m

q=1 be a set of uniformly independently selected elements
from the set {j, ..., i− 1}.

• For every q ∈ [m], let Xq = 1 if C(i) 6^ C(q) and Xq = 0 otherwise.

• Let R =
∑m

q=1 Xq. If R ≥ TH return 1. Else return 0.

Lemma 3.5.2 The following is correct for every i, j ∈ Σ such that i 6= j.

1. If C(i) is β
2 -big with respect to j then β-big-test2(i, j, β, γ) returns 1 with probability at

least 1− γ.

2. If C(i) is not β-big with respect to j then β-big-test2(i, j, β, γ) returns 0 with probability
at least 1− γ.

Proof: Assume without loss of generality that j > i.

Item 1. If C(i) is β
2 -big with respect to j then∣∣∣{i < k ≤ j | C(i) 6^ C(k)

}∣∣∣ ≥ (1/2− β/2)(j − i + 1) (3.36)

and the additive chernoff bound implies that with probability at least 1− γ

R =
1
m

m∑
q=1

Xq ≥ (1/2− β/2)− β/4 = TH (3.37)

Item 2. If C(i) is not β-big with respect to j then∣∣∣{i < k ≤ j | C(i) 6^ C(k)
}∣∣∣ < (1/2− β)(j − i + 1) (3.38)

and the additive chernoff bound implies that with probability at least 1− γ

R =
1
m

m∑
q=1

Xq < (1/2− β) + β/4 = TH (3.39)

The lemma follows.
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Lemma 3.5.3 Let 1 ≤ i ≤ n− 1. For every 0 < β ≤ 1/2

1. If C(i) is 0-big then there exists k ∈ Z such that C(i) is β
2 -big with respect to j =

i±
⌊(

1 + β
4

)k⌋
.

2. If C(i) is not β-big then there is no j such that C(i) is β-big with respect to j.

Proof: The second item directly follows from the definition of β-big.

We turn to the first item. Let ji be the witness to C(i)’s 0-bigness. Assume that ji > i.
There exists a k ∈ Z such that:

i +
⌊(

1 +
β

4

)k⌋
≥ ji ≥ i +

(
1 +

β

4

)k−1
(3.40)

Let j = i +
⌊(

1 + β
4

)k⌋ (
if i +

⌊(
1 + β

4

)k⌋
> n then let j = n

)
. Therefore(

(ji − i)(1 +
β

4
) + 1

)
≥
(
j − i + 1

)
(3.41)

The fact that C(i) is 0-big with respect to ji implies that∣∣∣{i < t ≤ ji | C(t) 6^ C(i)
}∣∣∣ ≥ ji − i + 1

2
(3.42)

Also observe that
ji − i + 1

2
≥
(
1/2− β/2

)(
(ji − i)(1 +

β

4
) + 1

)
(3.43)

(it is equivalent to ji−i
4 β2 +

(
1 + 3

4(ji − i)
)
β ≥ 0 which is correct for every 0 < β ≤ 1/2).

Equations (3.41), (3.42) and (3.43) imply that∣∣∣{i < t ≤ j | C(t) 6^ C(i)
}∣∣∣ ≥ (1/2− β/2)(j − i + 1) (3.44)

The proof for the case of ji < i is similar.

Consider some pair C(i). Lemma 3.5.3 implies that by going over all k and checking whether
j = i±b(1 + β

4 )kc is a witness to C(i)’s β
2 -bigness, we could tell if C(i) is not 0-big, and if C(i)

is β-big. Therefore, we do the following.

Procedure β-big-test1(i, β, γ)
γ and β satisfy 0 < γ ≤ 1 and 0 < β ≤ 1/2.

• For k = 1 to
⌈

log1+ β
4
(n− i)

⌉
– Let j = min

{
n , i +

⌊(
1 + β

4

)k⌋}
.

– If β-big-test2(i, j, β, β
8 log nγ) = 1 return 1.

• For k = 1 to
⌈

log1+ β
4
(i− 1)

⌉
– Let j = max

{
1 , i−

⌊(
1 + β

4

)k⌋}
.

– If β-big-test2(i, j, β, β
8 log nγ) = 1 return 1.

• If the algorithm has not returned 1 so far, then return 0.
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Observe that the time and query complexity of β-big-test1(i, β, γ) is O
(

log n
β3 log( log n

β·γ )
)
.

Lemma 3.5.4 Let 1 ≤ i ≤ n− 1.

1. If C(i) is 0-big then Pr[β-big-test1(i, β, γ) = 1] ≥ 1− γ.

2. If C(i) is not β-big then Pr[β-big-test1(i, β, γ) = 0] ≥ 1− γ.

Proof:

Item 1. If C(i) is 0-big then the first item of Lemma 3.5.3 implies that there exists k ∈ Z
such that C(i) is β

2 -big with respect to j = i ±
⌊(

1 + β
4

)k⌋
. The first item of Lemma 3.5.2

implies that β-big-test2(i, j, β, β
8 log nγ) returns 1 with probability at least 1 − β

8 log nγ > 1 − γ.
Therefore, β-big-test1(i, β, γ) returns 1 with probability at least 1− γ.

Item 2. If C(i) is not β-big, the second item of Lemma 3.5.3 and the second item of Lemma

3.5.2 imply that for every k and j = i±
⌊(

1+β
4

)k⌋
, the probability that β-big-test2(i, j, β, β

8 log nγ)

returns 1 is at most β
8 log nγ. Observe that the number of times that β-big-test2 is called in β-

big-test1 is at most

log
1+β

4
(n− i) + log

1+β
4
(i− 1) + 2 ≤ 8 log n

β
(3.45)

The second part of the lemma follows from this and the union bound.

Using β-big-test1, we can now distinguish between the case that there are many 0-big pairs
and the case that there are not too many β-big pairs. This and Lemma 3.4.1 (see page 56)
provide the following tolerant testing algorithm.

Algorithm 3.5.1 Tolerant Testing Convexity

Given query access to a function f : Σ 7→ < and parameters ε, 0 < β ≤ 1/6, 0 < γ ≤ 1:

• Let m = Θ
(

1
ε·β2 log 1

γ

)
and M = {iq}m

q=1 be a set of uniformly independently selected
elements in {1, ..., n− 1}.

• For every q ∈ [m] let X̂q = β-big-test1(iq, β, γ
2m ).

• If 1
m

∑m
q=1 X̂q > (1− β)ε return 0. Else return 1.

Observe that the time and query complexity of Algorithm 3.5.1 is

Θ
( log n

ε · β5
log

1
γ
· log(

log n

ε · β · γ
)
)

(3.46)

Lemma 3.5.5 1. If εcon(f) > 2ε then Algorithm 3.5.1 returns 0 with probability at least
1− γ.

2. If εcon(f) ≤ ε
12(1− 6β) then Algorithm 3.5.1 returns 1 with probability at least 1− γ.

Proof:
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Item 1. Assume that εcon(f) > 2ε. Lemma 3.4.1 implies that |B0(f)|/n > ε. For every
q ∈ [m] let Xq = 1 if C(iq) is 0-big, and Xq = 0 otherwise. The multiplicative chernoff bound
implies that with probability at least 1− γ/2

1
m

m∑
q=1

Xq > (1− β)ε (3.47)

Lemma 3.5.4 implies that for every q ∈ [m], if Xq = 1 then X̂q = 1 with probability at least
1− γ

2m . Therefore, by the union bound, with probability at least 1− γ/2, for every q ∈ [m], if
Xq = 1 then X̂q = 1. Hence,

1
m

m∑
q=1

X̂q ≥
1
m

m∑
q=1

Xq (3.48)

Summing up the probabilities that Equations (3.47) and (3.48) are not correct, we have that
with probability at least 1− γ Algorithm 3.5.1 returns 0.

Item 2. Assume that εcon(f) ≤ ε
12(1 − 6β). Lemma 3.4.1 and the fact that β ≤ 1/6 imply

that

|Bβ(f)| ≤ 12εcon(f) ·
(

1 +
2β

1− 2β

)
· n

< ε · (1− 6β) · (1 + 4β) · n
< ε(1− 2β) · n (3.49)

Now, for every q ∈ [m] let Xq = 1 if C(iq) is β-big, and Xq = 0 otherwise. Observe that
(1 + β)(1− 2β) < 1− β. Therefore

Pr
[ 1
m

m∑
q=1

Xq > (1− β)ε
∣∣∣ |Bβ(f)| < ε(1− 2β) · n

]

≤ Pr
[ 1
m

m∑
q=1

Xq > (1 + β)(1− 2β)ε
∣∣∣ |Bβ(f)| < ε(1− 2β) · n

]

≤ Pr
[ 1
m

m∑
q=1

Xq > (1 + β)(1− 2β)ε
∣∣∣ |Bβ(f)| = ε(1− 2β) · n

]

= Pr
[ 1
m

m∑
q=1

Xq > (1 + β)
|Bβ(f)|

n

∣∣∣ |Bβ(f)| = ε(1− 2β) · n
]

(3.50)

Equations (3.49), (3.50) and the multiplicative chernoff bound imply that with probability at
least 1− γ/2.

1
m

m∑
q=1

Xq ≤ (1− β)ε (3.51)

Lemma 3.5.4 implies that for every q ∈ [m], if Xq = 0 then X̂q = 0 with probability at least
1− γ

2m . Therefore, by the union bound, with probability at least 1− γ/2, for every q ∈ [m], if
Xq = 0 then X̂q = 0. Hence,

1
m

m∑
q=1

X̂q ≤
1
m

m∑
q=1

Xq (3.52)
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Summing up the probabilities that Equations (3.51) and (3.52) are not correct, we have that
with probability at least 1− γ Algorithm 3.5.1 returns 1.

For simplicity we set β = 1
294 , which means that 1−6β

12 = 1
12.25 (see Lemma 3.5.5 for the

meaning of that value). Also, the time and query complexity of Algorithm 3.5.1 in this case is

Q′
3.5.1(ε, γ) = Θ

( log n

ε
log

1
γ
· log(

log n

ε · γ
)
)

(3.53)

Algorithm 3.5.2 Distance Approximation to Convexity

Given query access to a function f : Σ 7→ < and a parameter 0 ≤ δ ≤ 1:
First define the following procedure:
Estimate-Iter(L,H, δ, ν) {

• If H < 25L or H − L < δ then return L.

• Run Algorithm 3.5.1 with ε = H+L
2+1/12.25 and γ = 1

6·ν2 .
If it accepts return Estimate-Iter(L, L+1223H

1224 , δ, ν + 1).
Else return Estimate-Iter( 1223L+H

1224 ,H, δ, ν + 1) }

Return ε̂ =Estimate-Iter(0, 1, δ, 1)

Proof of Lemma 3.5.1 (see page 60): The probability that Algorithm 3.5.1 gives a wrong
answer depends on ν at the time it is called and is 1

6ν2 . Note that ν increases each time.
Therefore, by the union bound, the probability that Algorithm 3.5.1 gives a wrong answer at
least once is at most

∞∑
ν=1

1
6ν2

<
1
3

(3.54)

Now assume that Algorithm 3.5.1 gives a correct answer each time it is called. Let εν , Lν ,Hν

be the value of ε, L and H respectively in iteration ν. We show by induction that for every
ν we have Lν ≤ εcon(f) ≤ Hν . Obviously this is correct for ν = 1. Assume that for some ν,
Lν ≤ εcon(f) ≤ Hν . Recall that 25Lν < Hν . Which means that

1
12.25

εν =
1

12.25
· Lν + Hν

2 + 1/12.25
>

1223Lν + Hν

1224

2εν =
2(Lν + Hν)
2 + 1/12.25

<
Lν + 1223Hν

1224
(3.55)

There are three cases for the relation between εcon(f) and εν :

• 1
12.25εν ≤ εcon(f) ≤ 2εν . Therefore εcon(f) satisfies,

Lν+1 ≤
1223Lν + Hν

1224
≤ 1

12.25
· Lν + Hν

2 + 1/12.25
=

εν

12.25
≤ εcon(f)

≤ 2εν =
2(Lν + Hν)
2 + 1/12.25

≤ Lν + 1223Hν

1224
≤ Hν+1
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• εcon(f) ≥ 2εν , and then Lν+1 = 1223Lν+Hν
1224 and Hν+1 = Hν and so εcon(f) satisfies,

Lν+1 =
1223Lν + Hν

1224
< 2εν ≤ εcon(f) ≤ Hν = Hν+1 (3.56)

• εcon(f) ≤ 1
12.25εν , and then Lν+1 = Lν and Hν+1 = Lν+1223Hν

1224 and so εcon(f) satisfies,

Lν+1 = Lν ≤ εcon(f) ≤ 1
12.25

εν ≤
Lν + 1223Hν

1224
= Hν+1 (3.57)

Therefore for every ν

Lν ≤ εcon(f) ≤ Hν (3.58)

Assume that Algorithm 3.5.2 performs ν ′ steps. That is, ε̂ = Lν′ .

• If Hν′ − Lν′ < δ then Lν′ satisfies

εcon(f)− δ ≤ Hν′ − δ ≤ Lν′ ≤ εcon(f) (3.59)

• Else if Hν′ < 25Lν′ then Lν′ satisfies

εcon(f)
25

≤ Hν′

25
≤ Lν′ ≤ εcon(f) (3.60)

Therefore at the end of Algorithm 3.5.2 we have

min{εcon(f)/25, εcon(f)− δ} ≤ ε̂ ≤ εcon(f) (3.61)

The first part of the lemma follows.

For the second part of the lemma, we start by analyzing the complexity (time and query)
in the case that Algorithm 3.5.1 gives a correct answer each time it is called. We need to upper
bound 1

Hν−Lν
and 1

εν
.

• By the definition of δ, it is always smaller than the size of Hν − Lν . Also, the stopping
condition of Algorithm 3.5.2 implies that Hν > 25Lν , which means that Hν−Lν > 24

25Hν ≥
24
25εcon(f). And so 1

Hν−Lν
= O(1/α).

• Equation (3.58) implies that εν = Lν+Hν
2+1/12.25 > Hν

3 ≥ εcon(f)
3 . Also, εν = Lν+Hν

2+1/12.25 ≥
Hν−Lν

2+1/12.25 ≥
δ

2+1/12.25 . Therefore, 1
εν

= O(1/α).

Therefore, the query and time complexity in case Algorithm 3.5.1 is always correct is at most

Q′(δ) = O

(
log

1
α
·Q′

3.5.1

(
α,

1
log2 1

α

))
= O

(
log

1
α
· log n

α
· log log

1
α
· log

log n

α

)

= Õ

(
log n

α

)

Now, assume Algorithm 3.5.1 may give an incorrect answer. As long as Lν ≤ εcon(f) ≤ Hν the
above analysis still holds. Assume this is not the case. First we observe that

if ν1 > ν2 then Lν2 ≤ Lν1 < Hν1 ≤ Hν2 (3.62)
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Therefore, if for some ν ′, εcon(f) ≤ Lν′+1 (i.e. ν ′ is the smallest such one), then for every ν > ν ′,

εcon(f) ≤ Lν ≤ Hν (3.63)

and the above complexity analysis still holds.

The second case is that for some ν ′, εcon(f) ≥ Hν′+1 (i.e. ν ′ is the smallest such one).
Therefore, for every ν ≤ ν ′ we have εcon(f) ≤ Hν , and for every ν > ν ′ we have εcon(f) ≥ Hν .
Let ν ′′ be the smallest ν such that ν > ν ′ and for which Algorithm 3.5.1 gives a correct answer.
Since εcon(f) ≥ Hν′′ ≥ εν′′ , then

Lν′′+1 =
1223Lν′′ + Hν′′

1224
≥ Hν′′

1224
and Hν′′+1 = Hν′′ (3.64)

Recall that for every ν ′ ≤ ν < ν ′′, Algorithm 3.5.1 gives a wrong answer. Therefore, for every
ν ′ ≤ ν < ν ′′, we have that

Hν+1 =
Lν + 1223Hν

1224
≥ 1223Hν

1224
(3.65)

Therefore, for every ν ≥ ν ′′ + 1, εν satisfies

εν ≥ Lν ≥ Lν′′+1 ≥
1

1224
Hν′′ ≥

1
1224

·
(1223
1224

)ν′′−ν′

Hν′ ≥
1

1224
·
(1223
1224

)ν′′−ν′

εcon(f)

εν =
Hν + Lν

2 + 1/12.25
≥ δ

2 + 1/12.25
(3.66)

That is, 1
εν

= O
((

1224
1223

)ν′′−ν′
1
α

)
. Also, the stopping condition of Algorithm 3.5.2 implies that

Hν − Lν ≥ 24
25

Hν >
24
25

Lν ≥
24
25

· 1
1224

·
(1223
1224

)ν′′−ν′

· εcon(f)

Hν − Lν ≥ δ (3.67)

That is, 1
Hν−Lν

= O
((

1224
1223

)ν′′−ν′
1
α

)
. Equations (3.66) and (3.67) imply that the query and

time complexity in this case is at most

O((1224/1223)ν′′−ν′ · Poly(ν ′′ − ν ′) ·Q′(δ)) (3.68)

The probability that for all ν such that ν ′ ≤ ν < ν ′′ Algorithm 3.5.1 indeed gives a wrong
answer is at most ( 1

6ν ′2

)ν′′−ν′

< (1222/1224)ν′′−ν′ (3.69)

Therefore, the average complexity is at most

Q′(δ) +
∞∑

n=0

(1222
1224

)n
·
((1224

1223

)n
· Poly(n) ·Q′(δ)

)
= Q′(δ) (3.70)

The lemma follows.
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Appendix A

Chernoff Bounds

Let χ1, . . . , χm be m independent random variables where χi ∈ [0, 1] for every 1 ≤ i ≤ m. Let
p

def= 1
m

∑
i Exp[χi]. (A special case, which occurs quite often, is when χi ∈ {0, 1} (Bernoully

random variables), and Pr[χi = 1] = p for every i (i.e., the random variables are equally
distributed).) Then, for every γ ∈ (0, 1], the following bounds hold:

• (Additive Form)

Pr

[
1
m
·

m∑
i=1

χi > p + γ

]
< exp

(
−2γ2m

)
and

Pr

[
1
m
·

m∑
i=1

χi < p− γ

]
< exp

(
−2γ2m

)
• (Multiplicative Form)

Pr

[
1
m
·

m∑
i=1

χi > (1 + γ)p

]
< exp

(
−γ2pm/3

)
and

Pr

[
1
m
·

m∑
i=1

χi < (1− γ)p

]
< exp

(
−γ2pm/2

)
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