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Abstract

Property Testing is nowadays one of the central fields in Theoretical Computer Science. This concept played
a major role in the proof of the celebrated PCP theorem. A typical task in Property Testing is the following.
Given an object and a property, design an algorithm that decides whether the object possesses the property
or it is far from having it. Far means that the object should be modified in a non-negligible manner so as

to obtain the property. The algorithm should look only at a small (sub-linear or even constant) part of the
given object, and its decision should be correct with high probability. The aim is to characterize properties,
for which we can rule out quickly objects that are far from having the property. In this work we focus on the
testability of two fundamental families of objects, Graphs and Codes.

Graph Testing: A great body of works deals with properties of graphs that can be efficiently tested.
However, prior to the work described in this thesis, all known results apply to very dense graphs or very
sparse graphs. Some properties are dramatically harder to test for sparse graphs while others are harder in
the case of dense graphs. Our efforts were focused on understanding testalgétyeodlgraphs (with
general density). We describe our results, and discuss the phenomena that for some properties we obtain
a smooth transition between the sparse and the dense case, while in others a threshold-like behavior is
exhibited.

Code Testing: A code is a set of strings with typically large pairwise (Hamming) distance. Testing of
a code is the ability to perform few queries into an input string and decide if the string at hand belongs
to the code or it is far from every string in the code. The study of property testing was originally focused
on testability of codes. Our results show that some large families of codes that were not known to be
efficiently testable are indeed such. We describe our approaches for code testing and some connections to
and implications for Coding Theory.
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Chapter 1

Introduction

1.1 Property Testing.

Property testings the study of the following class of problems: Given the ability to perftooal queries
concerning a particular object (e.g. a function or a graph), the task is to determine whether the object has
a predefinedylobal property (e.g. linearity or bipartiteness), or is far from having the property. The task
should be performed by inspecting only a small (possibly constant) part of the whole object, where a small
probability of failure is allowed.

If the testing algorithm is required always to accept objects that possess the property theareis a
sided testerotherwise it is awo-sided tester A property testing algorithm ison-adaptivef it decides
about all its queries in advance, before getting any answers. Namely a query may not depend on answers to
previous queries. If a query may depend on previous answers then the tester is notaddpthe

The study of property testing was initiated by Rubinfeld and Sudan [66] who considered testing of
functions for some algebraic properties. The systematic study of testing combinatorial properties and in
particular graph properties was initiated by the celebrated paper of Goldreich, Goldwasser and Ron [37].

The complexityof a testing algorithm is measured by the number of queries it performs. The study of
property testing seeksub-linear algorithms There are problems, such asolorability, whose decision
version is NP-hard but they can be tested, in dense graphs, using a constant number of queries. Under-
standing which computational problems can be solved with sub-linear complexity is an important question
in the theory of computing. Moreover, studying the testability of objects may shed new light on them. For
example, in [51] the study of the testability of Generalized Reed Muller codes led to a new characterization
of short words that span these codes. Property testing is strongly related to other fields in computer science
such as Probabilistically Checkable Proofs (PCP), learning theory and approximation algorithms. Questions
concerning testing are relevant to many fields such as graph theory, coding theory, formal languages and
many more.

The concept of testing has algmactical implications Specifically, polynomial computation can become
non-feasible when massive data sets are considered. Hence, the possibility of applying sub-linear algorithms
with some error is appropriate in these cases.

This work focuses on thgap phenomenon in property testirgpecifically, it turns out that the complex-
ity of testing objects is highly influenced by their underlying structure. For example, téstinfprability
of dense graphs can be done using a constant number of queries, while there exists no sub-linear algorithm
for testingk-colorability of sparse graphs. In this work we try to understand how the testability of objects is
affected by their underlying structure. We deal mainly witbperty testing in graphs and codes



1.2 Property Testing of Graphs.

A great body of works, initiated by the seminal paper of Goldreich, Goldwasser and Ron [37], deals with
properties of graphs that can be efficiently tested. A partial list of these works includes [37, 6, 3, 2, 10,
42, 26, 39, 38, 25]. However, prior to the work described in this thesis, all known results apply to very
dense graphs or to very sparse graphs. Some properties are dramatically harder to test for sparse graphs,
while others are harder in the case of dense graphs. Our efforts were focused on understanding testability of
generalgraphs with arbitrary density. Specifically, we are interested in understanding the testing complexity

as a function of the graph density.

There are two main models for graph testing that were considered by various researchers. The first
model introduced in [37], fits dense graphs, while the second model introduced in [39] fits sparse bounded
degree graphs. A third model, suggested in [64], is appropriate for testing sparse graphs whose degree is not
bounded. We next describe the main models and show three fundamental graph properties that exhibit a gap
between the dense and the sparse cases. We then introduce a new model for testing general graphs and study
these properties in this new model. We observe a phenomena that for some properties we obtain a smooth
transition between the sparse and the dense case, while in others a threshold-like behavior is exhibited.

In the following subsections, we consider graphs oveertices andn = nd/2 edges, wherd denotes
the density of the graph, i.e. its average degree.

1.2.1 Models for Testing Graph Properties

The first model, introduced in [37], is tleeljacency-matrixnodel. In this model the algorithm may perform
gueries of the form: “Is there an edge between verticagdv in the graph?” That is, the algorithm may
probe the adjacency matrix representing the graph. We refer to such queviedeaspairqueries. The
notion of distance is also linked to this representation: a graph is saidetéelbérom having propertyP if

more tharen? edge modifications should be performed on the graph so that it obtains the property. In other
words,e measures the fraction of entries in the adjacency matrix of the graph that should be modified. This
model is most suitable falensegraphs in which the number of edgesd$n?). This model was studied
in[37, 6, 3, 2, 10, 42, 26].

The second model, introduced in [39], is t®unded-degree) incidence-listeodel. In this model, the
algorithm may perform queries of the form: “Who is 1 neighbor of vertex in the graph?” That s, the
algorithm may probe the incidence lists of the vertices in the graph, where it is assumed that all vertices have
degree at most for some fixed degree-bourld We refer to these queries agighborqueries. Here too the
notion of distance is linked to the representation: A graph is said tefé@efrom having property? if more
thanedn edge modifications should be performed on the graph so that it obtains the property. In this case
measures the fraction of entries in the incidence lists representation (amalgestries), that should be
modified. This model is most suitable for graphs with= O(dn) edges; that is, whose maximum degree
is of the same order as the average degree. In particular, this is trepdmegraphs that haveonstant
degree This model was studied in [39, 38, 25].

In [64] it was suggested to decouple the issues of representation and type of queries allowed from the
definition of distance to having a property. Specifically, it was suggested to measure the distance simply
with respect to the number of edges in the graph. Namely, a graph is said-fatfeom having a property,
if more thanem edge modifications should be performed so that it obtains the property.

1.2.2 The Gap Phenomena in Graph Property Testing

In the following we consider three fundamental properties of graphs that were studied quite extensively in
the context of property testing. We observe that these properties exhibit a large gap between testing results



obtained for dense graphs and for constant-degree graphs.

Testing Bipartiteness. A graph is bipartite if it is possible to partition its vertices into two parts such that
there are no edges with both endpoints in the same part. Bipartiteness can be tested in the dense model
usingpoly(1/¢€) queries [37, 6]. Thus, the complexity of this problem in the dense case is independent of
the number of vertices. The complexity of testing bipartiteness is significantly different when considering

the bounded-degree model. In [39] a lower bound2¢{/n) was established for this model. An almost
matching upper bound was shown in [38].

Testing k-Colorability. A graph isk-colorable if it is possible to partition its vertices inkoparts such

that there are no edges with both endpoints in the samefp@udlorability can be tested in the dense model
usingpoly(k/e€) queries [37, 6]. Thus, similarly to the previous case, the complexity of this problem in the
dense case is independent of the number of verticés [25] an{2(n) lower bound is presented for testing
this property in the sparse bounded-degree case.

Testing H-Freeness. A graph isH-free if it doesn’t contairH as a subgraph. The authors of [3] showed

that it is possible to test/-freeness in dense graphs using a number of queries thadépendentf n,

and is of tower-type behavior ih/e. Alon [2, 10] proved that a super-polynomial dependencé Gnis
necessary for testing subgraph-freeness of all non-bipartite subgraphs. When the subgraph is bipartite then
O(1/¢) queries suffice [2]. In the other extreme, as was observed in(89]/¢) queries suffice for testing

sparse bounded-degree graphs.

We observe that there exists a gap between testing results obtained for dense graphs, and those obtained
for constant-degree graphs. Bipartiteness/aedlorability are harder in the sparse case. WHildreeness
is harder for the sparse case. Note that the first two propertigf@el properties of a graph, while the
third is alocal property of a graph.

1.3 Our Results for Graph Testing

In the following we introduce a new model for testing general graphs and study the above properties in this
new model. We observe a phenomena that for bipartiteness-aalbrability properties we obtainsamooth
transitionbetween the sparse and the dense case, whilefireness threshold-likebehavior is exhibited.

1.3.1 A Model for Testing General Graphs.

We are interested in a model that may be useful for testing all types of graphs: dense, sparse, and graphs
that lie in-between the two extremes. Recall that a model for testing graph properties is defined by the
distance measure used and by the queries allowed. The model of [64] is suitable for all graphs in terms of
the distance measure used, since distance is measured with respect to the actual numbernofretiges

graph. Thus this notion of distance adapts itself to the density of the graph, and we shall use it in our work.
The focus in [64] was on testing properties that are of interest in sparse (but not necessarily bounded-degree)
graphs, and hence they allowed only neighbor queries. However, consider the case in which the graph is not
sparse (but not necessarily dense). In this case vertex-pair queries may become helpful. Hence, we allow
our algorithms to perform both neighbor queries and vertex-pair queries.



1.3.2 Testing Bipartiteness

The Main Result. As noted above, dense graphs can be tested for bipartiteness with constant complexity,
while the complexity of testing bounded-degree grapié(iyﬁ). In the result presented in Chapter 3 we
bridge the gap described above. In particular, we study the problem of testing bipartiteness in the model
that is suitable for all densities. We present a testing algorithm whose comple&ifynisi(1/7, n/d)) and

match it with an almost tight lower bound. Furthermore, the algorithm has a one-sided error, while the lower
bound holds also for two-sided error algorithms. Our result presesitsooth transitiotetween the known
results in the sparse and in the dense case.

n #vertices

d average degree

Query
Complexity Upper bound -
Lower bound I
Vn GO=========== X
O(/n) [GR]
0O(1/e?) [GGR], [AK]
o)

Average Degree
Smooth transition

Figure 1.1: Testing bipartiteness - results for general graphs presented in Chapter 3.

Our Techniques. We first design a testing algorithm for the case of expanding regular graphs. We then
show a reduction from regular graphs to expanding regular graphs. This reduction preserves the query
complexity of the testing algorithm and is in the spirit of a similar one from [38]. The reduction uses that
fact that for a regular non-expanding graph: one can remove a constant fraction of its edges, such that the
the remaining graph can be partitioned into small pieces where each is an expander. We further show a
deterministic reductiofrom graphs with varying degrees to regular graphs. This reduction again preserves
the query complexity of the testing algorithm. The latter reduction uses a construction of explicit expanders.

Sampling Edges Almost Uniformly in a Graph. As part of the analysis of the testing algorithm we

are required to samplkedgesuniformly in a graphG, usingO(min(+/n, n/d)) queries. This task in non-

trivial when the number of edges is significantly smaller thai. We provide a sampling procedure that
selects edges according to a distribution that approximates the desired uniform distribution on edges, and
has the desired complexity. The approximation is such that for all but a small fraction of dalges, the



probability of selecting an edge {3(1/m). This procedure may be of independent interest. There is a
subsequent work [40] that uses similar ideas.

1.3.3 Testing k-Colorablity

The Main Result. As was discussed above, dense graphs can be testéectidorability with constant
complexity, while the complexity of testing bounded-degree graphg(ig. In the result presented in
Chapter 4 we consider testirigcolorability in general graphs. We present an algorithm whose complexity
is O(min((n/d)?,n/d - v/n,nd)) < O(n%) whered is the avenge degree in the graph. We also present a
two-sided lower bouné(n/d). Thus, our upper bound is at most quadratic in the lower bound. Our result
presentsa smooth transitioletween the known results in the sparse and in the dense case.

Query
Complexity n #vertices
d average degree
ns/4
nd Upper bound -=--
Q) [BOT] Lower bound —

O(k2?/e*) [GGR], [AK]

o) nl/4 Vn n
Average Degree

Smooth transition

Figure 1.2: Testing:-colorability - results for general graphs presented in Chapter 4.

Our Techniques. We first design a testing algorithm for the case of regular graphs that is based on [6].
We further show grobabilistic reductionfrom regular graphs to graphs with varying degrees. This re-
duction preserves the query complexity of the testing algorithm. The reduction is quite general, it proved
to be helpful in the case of testing bipartiteness, and it might be proven to be useful for some other graph
properties.

1.3.4 TestingH-Freeness

The Main Result. As was mentioned above, testitg-freeness in dense graphs can be done using a
number of queries that imdependenof n, and is of tower-type behavior ih/e. Moreover, a super-
polynomial dependence alye is necessary for testing subgraph-freeness of all non-bipartite subgraphs.



Our main finding, presented in Chapter 5, is a lower boun@(@f'/?) on the number of queries required
for testing H-freeness of every non-bipartite subgrafih This bound holds foeveryd < n!=°(!). Since
whend = ©(n) the number of queries sufficient for testing does not depena, eve observe an abrupt,
threshold-likebehavior of the complexity of testing aroumd Additionally we provide sub-linear upper
bounds for the problem.

Query n #vertices
Complexity d average degree
nl/2 Lower bound ———
n2/s
nl’3
A tower of height
poly(1/€)
; : \[ADLRY]
o) nl/?3 nl2 n23 n4/5 nloM Average Degree

Sharp transition — Threshold-like phenomena

Figure 1.3: Testing-Freeness - results for general graphs presented in Chapter 5.

From 1-Sided to 2-Sided Lower Bound We provide a transformation from lower bounds for testhg
freeness using one-sided error algorithms to those for two-sided error algorithms; though the suggested
transformation carries some technical restrictions, it is general enough to capture a variety of lower bounds
of this sort.

The Edge Density of Random Cayley Graphs. We show that dense random Cayley graphs behave like
guasi-random graphs in the sense that relatively large subsets of vertices have the “correct” edge density.
The result for subsets of this size cannot be obtained from the known spectral techniques that only supply
such estimates for much larger subsets.

1.4 Property Testing of Codes

Codes and Dual Codes. A codeis a set of stringsqodewordy of equal length over a finite alphabet. A
code islinear if its codewords form a linear subspace. Thel codeto a given linear code is obtained by
taking all strings that are orthogonal to all the codewords of the considered codeeiitof a string is the
number of its non-zero coordinates. A codewordhsrtif its weight is small (e.g. a constant independent



of the length). Abasisof a linear code is a set of linearly independent codewords that span the code. A code
has ashort basigf it is spanned by short words. Tmainimal distanceof a code is the weight of its lightest
codeword.

Locally Testable Codes (LTC). A testerfor a code is a randomized algorithm that is given a sttirend

a distance parameter> 0. The tester is allowed to perform oracle queries about values of coordinates of
w. It should accept ifv is a codeword and reject with high probabilityif is e-far from every codeword.

The notione-far indicates that at leastfraction of the coordinates afr should be changed as to obtain

a codeword of the code. A code Iscally testableif it has a tester that performs a number of queries

that is a function of only, and is independent of the length of the code. The focus of this work is to
study testability of linear codes. Typically, a tester for a property may have two-sided error and it can be
adaptive. However, in [21] it was shown that for linear codes one-sided non-adaptive testers are as powerful
as two-sided adaptive testers. Hence, throughout this work we consider such testers. Our work is focused
on proving local testability of some well studied families of linear codes.

Related Research. Locally testable codes have been a subject of much research over the last years due
to their close relation tprobabilistically checkable proof$CP). The question of characterizing codes that

are locally testable is highly complex. For surveys on the issue see [36, 69]. A great deal of attention
was devoted to testingolynomial codesthat is, the codes whose codewords are evaluations of some (low
degree) polynomials over a finite field. Hence, for polynomial codes the question of the testability of a code
is equivalent to testing whether a given function is a low degree polynomial. In the latter case the testing
algorithm is given a query access to a functjpand a distance parameter- 0. The tester should accept

if fis alow-degree polynomial and reject with high probability ifliffers from every such polynomial on

more than am-fraction of the domain elements. Having in mind the equivalence between testing polynomial
codes and testing low degree polynomials we refer to them interchangeably throughout this work.

Various families of polynomial codes differ in the size of the field, the maximum degree of the polyno-
mials, and the number of variables. The study of testing polynomial codes was initiated by [24] who showed
that theHadamard codedased on multivariate linear functions over a binary field are locally testable. The
testability of the Hadamard codes was extensively studied in [15, 17, 18, 19, 24, 33, 68]. However, the
Hadamard codes are a special case of a much larger family of codes that is known as the Dual-BCH codes.
The question whether the general family is locally testable was open.

In works [12, 15, 14, 33, 34, 35, 66] the testabilityRdéed-Solomon codesdReed-Muller codewas
studied. These codes are based on univariate and multivariate low-degree polynomials over finite fields.
The results obtained show that these codes are locally testable when the polynomials are over fields that are
larger than the degree-bound, The question of testability of polynomial codes where the degree is greater
than the field size remained open. In this work we completely answer the two open questions mentioned
above.

A different series of works [20, 41], initiated by [41], attempts proving existence of locally testable
codes possessing good parameters (e.g. constant rate and linearly growing minimum distance).

1.5 Our Results for Code Testing

1.5.1 Testing Low Degree Polynomials over General Fields

We consider the problem of testing, for a given finite fiéldand degree-bound, whether a function
f: F" — F'is a multivariate polynomial of total degree at mdstver F'. As noted before, multivariate
low-degree polynomials over finite fields are known to be locally testabld fer2 < |F'|. The number



of queries required in this casepslynomialin d (and is independent of) [34, 66]. However, the case
thatd is larger than the field sizeK|) remained open. In the following we solve this case and show that
multivariate low-degree polynomials over finite fields are locally testablaliofields. Specifically, we
show the following.

Testing Reed Muller Codes. In the first result presented in Chapter 8, we study the tBse= 2 and

d > 2. We show that such polynomials are locally testable. The number of queries both necessary and
sufficient in this case isxponentialin d. Specifically, the query complexity i9(|F|®@) = O(20(@),

Hence, we encounter a velarge gapin terms of the dependence dibetween the query complexity when

|F'| > d and the query complexity whel#| = 2. The “gap phenomenon” that we observe here, is not
unique to testing polynomials. analogous gaps arise also in testing of graph properties, as we described in
Section 1.2.2. As codewords of the Reed Muller code are evaluations of low degree polynomials over binary
field (| F'| = 2), our results imply that the Reed Muller code is locally testable.

Testing Generalized Reed Muller (GRM) Codes. In the second result presented in Chapter 8, we bridge
the gap between the two cases mentioned above and shmwath transitiorbetween them. In particular,

we show that polynomials of degree at mésiver a general finite field® where2 < |F'| < O(d) are locally
testable. The number of queries both necessary and sufficient in this cage-i®(@/|1¥)). Observe that

as the field sizéF'| increases, the dependenceddecreases from being exponential to being polynomial.

As codewords of the Generalized Reed Muller code are evaluations of low degree polynomials over general
field, our results imply that the Generalized Reed Muller code is locally testable.

Query
Complexity d — polynomial degree
Upper bound -==
©(d229) = ~|Fl9 [AKKLR] Lower bound —
exp(d) C
®(rqzr+1) ) = ~|F|4/FI [KR]
20(d) = O(IFD) O(d) [RS], [FS]
poly(d) 3

IFI=2 IFl=d+2 Field Size - IFI

Smooth transition

Figure 1.4: Testing GRM Codes - results presented in Chapter 8.



Characterization of Degreed Polynomials over a General FieldE'. Inthe result presented in Chapter 8,

we show that a functiorf : F™ — F'is a polynomial of degree at mogt if and only if, its restriction to
every affine subspace of dimensibs- ©(d/|F|) is such. Moreover, this characterization is tight. Namely,
there exist polynomials of degree greater thiawhose restrictions to affine subspaces of dimension less
than/ are all degreet polynomials. Some partial versions of this characterization were previously obtained
by [24] for the case of linear functions, by [34, 66] for field size with cardinality greater than the degree, and
by [31] for prime fields.

Short Basis for Generalized Reed Muller Codes. The characterization of low degree polynomials pre-
sented Chapter 8 implies that there exists a short basis to the Generalized Reed Muller Codes. Every code-
word in such a basis has weight at most quadratic in the minimal weight of the code. The detailed description
of a short basis obtained for the Generalized Reed Muller Codes, appears in Chapter 9. The existence of
a short basis for this code was previously known only when the field size is prime [34], or is sufficiently
large, in which case the minimum weight codewords span the code. Short basis for a code implies that there
exists a total order of all codewords of the code, so that every two consecutive codewords differ only in few
coordinates.

Self-Correction Approach. The testing results for the Generalized Reed Muller codes, were all obtained
using theself-correction approachThe self-correction approach is very common in codes testing, and was
used in e.g. [4, 24, 50, 66]. This approach can be described as follows. We start by showing a characteriza-
tion for the code, which is a set of tests of constant cost, where a vector that passes them all must belong to
the code. The local testability of the code is obtained as follows: We consider an input yeCligarly, a

tester that invokes tests from the characterization set always accepts codewords. The crux of the proof is to
show that few such tests are required to reject a vettbat is far from the code. Indeed, we show that if

too many tests are required to rejgctthen f can becorrectedin few locations and become a codeword.
Hence,f is close to the code. We stress here that this approach is totally different than the approach we
develop in the next section, for code testing.

1.5.2 Testing Almost Orthogonal Linear Codes

As noted previously, the Hadamard codes which are based on multivariate linear functions over a binary

field, are locally testable. The testability of the Hadamard codes was extensively studied. However, the

Hadamard codes are a special case of a much larger family of codes that is known as the Dual-BCH codes.
The guestion whether the general family is locally testable remained open. In the result described in Chap-
ter 10, we solve this question and show that the Dual-BCH codes are locally testable. Our result is more

general and applies to a larger family of codes that contain the Dual-BCH codes.

Sufficient Condition for Local Testability. In the result described in Chapter 10, we provide a sufficient
condition for linear codes to be locally testable. Our condition is based on the weight distribution (spectrum)
of the code and of its dual.

Regular Testability implies Short Basis for the Dual Code. We define a notion akegularlocally testable

codes, covering most known locally testable codes. Roughly speaking, a regular tester is a tester that per-
forms several local tests where each local test involves a constant (independent of the error patgmeter (
number of queries into the given word. For example, in the linearity test of Blum, Luby and Rubinfeld [24]
every local test involve3 queries into the given word. Note that apriory a tester for a code is not necessarily
regular. We show that regular local testability of a linear code implies that the dual code is spanned by short
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(low weight) words. The opposite statement does not hold, as shown by [21]. That is, there exist non-locally
testable codes, whose dual is spanned by low weight codewords.

Testability of Almost Orthogonal Linear Codes. Codes of (large) length and minimum distancé —

©(y/n) have size which is at most polynomial in We call such codealmost orthogonal We use our
sufficient condition for testability to show that almost orthogonal codes are locally testable with a regular
tester. Hence, their dual codes can be spanned by low weight codewords.

Testability of the Dual-BCH Codes and Short Basis for the BCH codes. Dual-BCH(n, t) codes are
generalizations of the well studied Hadamard codes (1 is Hadamard). They can be defined as binary
trace images of evaluations of univariate polynomials of degreeer fields of size: + 1 and characteristic

2. The authors of [4] raised the question whether Dual-B&H) codes are locally testable for constant
As these codes are known to be almost orthogonal, we solve this question and show that DuaJBCH
codes are locally testable usiayt/e) queries. A lower bound on the number of queries for this problem
is Q(t + 1/¢). Since we describe a regular tester for the Dual-B&H) codes, we conclude that the
BCH(n,t) code is spanned by its almost lightest words, that is, by codewords of weight aRinps,
while the minimum weight i2¢ + 1.

The Spectra Approach. Consider a linear cod€'. For a given vectorf the codeC U f is the code
obtained by adding to the subspace af'. A vector f is e-far from C' if it differs from every codeword

of C on at leask-fraction of its coordinates. Our sufficient condition for local testability of a code can be
roughly stated as follows: A codg is locally testable if there exists a constansuch that for every vector

f thatise-far from C' the following holds. The number éfweight codewords in the code dual@uU f is
significantly smaller than the number lofweight codewords in the code dual@b

The results described above were all obtained using our new sufficient condition for local testability.
We used coding theory tools for analyzing the weight distributions of the relevant codes. We refer to this
approach for proving local testability of codes as$pectra approach

1.6 Organization

The thesis is organized as follows. It is divided into four parts.

Part 1 - Introduction and Definitions.
e Chapter 1 - Introduction.
e Chapter 2 - Preliminaries and relevant definitions being used throughout the thesis.

Part 2 - Property Testing of Graphs.
e Chapter 3 - deals with testing bipartiteness in general graphs.
e Chapter 4 - deals with testingcolorability in general graphs.
e Chapter 5 - deals with testing subgraph-freeness in general graphs.
e Chapter 6 - provides a procedure that efficiently selects a random edge from a sparse graph.
e Chapter 7 - provides bounds on the edge density of dense random Cayley graphs.
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Part 3 - Property Testing of Codes.
e Chapter 8 - deals with testing of Generalized Reed Muller codes.
e Chapter 9 - shows a characterization of low weight vectors that span a Generalized Reed Muller code.
e Chapter 10 - shows that every almost orthogonal linear code is locally testable.

Part 4 - Open Problems.
e Chapter 11 - deals with open problems arise from this thesis.

1.7 Bibliographic Notes

Chapter 3 is based on [46] that was co-authored with Michael Krivelevich and Dana Ron. Chapter 4 is
based on [47] that was co-authored with Michael Krivelevich and Dana Ron. Chapter 5 is based on [5] that
was co-authored with Noga Alon, Michael Krivelevich and Dana Ron. Chapter 6 is based on [46] that was
co-authored with Michael Krivelevich and Dana Ron. Chapter 7 is based on [5] that was co-authored with
Noga Alon, Michael Krivelevich and Dana Ron. Chapter 8 is based on [4, 50] that were co-authored with
Noga Alon, Michael Krivelevich, Simon Litsyn and Dana Ron, and with Dana Ron. Chapter 9 is based
on [50, 51] that were co-authored with Dana Ron. Chapter 10 is based on [48, 49] that were co-authored
with Simon Litsyn.
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Chapter 2

Preliminaries

2.1 Graph Definitions

Let G = (V, E) be an undirected graph with vertices labeled, - - -, n, and letm = m(G) = |E(G)|

be the total number of edges @ Unless stated otherwise, we assume thabntains no multiple edges.
For each vertex € V letI'(v) denote its set of neighbors, and deig(v) = |I'(v)| denote its degree. The
edges incident to are labeled from to deg(v). We make no assumption on the order of the neighbors of
a vertex. Note that each edge has two, possibly different, labels, one with respect to each of its end-points.
We hence view edges as quadruples. That is, if there is an edge betveeeh:, and it is thei-th edge
incident tov and thej-th edge incident ta:, then this edge is denoted Wy, v, 4, 7). When we want to
distinguish between the quadrugle v, 7, j) and the paifu, v) then we refer to the latter as adge-pair

We letdyax = dmax(G) denote the maximum degree in the graplandd,,, = dave(G) = d denote the
average degree in the graph (thatdsz= d...(G) = 2m(G)/n). For a graphG and a subset of vertices

U C V, we refer to the edges in the subgraplGothat is induced by/ as the edgespannedy U in G.

Distance to Having a Property. Consider a fixed graph properB. For a given grapky, letep(G) be the
minimum number of edges that should be adde@ tar removed fromG so that it obtains propert?. The
distance ofG to having propertyP is defined agp(G)/m(G). In particular, we say that gragh is e-far

from having the propertf for a given distance parame@K e < 1, if ep(G) > ¢-m(G). Otherwise, itis
e-closeto having propertyP. In some cases we may define the distance to having a property with respect to
an upper boundh,,,,x > m(G) on the number of edges in the graph (that is, the distance to having property
P is defined asp(G)/mmax). For example, if the graph is dense, so thei;) = Q(n?) then we set
mmax = 12, and alternatively, if the graph has some bounded degjrfeen we setny.. = d - n. (In the

latter case we could set.,.x = (d - n)/2, but for simplicity we set the slightly higher upper bound.) If
ep(G)/mmax > € then we shall say that the grapheigar from having property? with respect ton,ax.

Testing Algorithms. A testing algorithm for a graph proper® is required to accept with probability

at least2/3 every graph that has proper®y and to reject with probability at lea8/3 every graph that is

e-far from having property?, wheree is a given distance parameter. If the algorithm always accepts graphs
that have the property then it isome-sided erromlgorithm. The testing algorithm is given the number of
vertices in the graph, the number of edges in the graph, or an upper bound on this number, and itis provided
with query accesto the graph. Specifically, we allow the algorithm the following types of queries.

e The first type of queries amegreequeries. That is, for any vertaxof its choice, the algorithm can
obtaindeg(u).
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e The second type of queries areighborqueries. Namely, for every vertexand indexl < i < deg(u),
the algorithm may obtain theth neighbor of vertex.. If a vertexu has less than neighbors then the
answer is some special symbol.

e The third type of queries aneertex-pairqueries. Namely, for any pair of verticés, v), the algorithm
can query whether there is an edge betwgandv in G.

Note that degree queries can be easily implemented using neighbor queries with(E@stn.x) =
O(logn).

Bipartiteness Property. Let (V1,V53) be a partition oft’. We say that an edge:, v) € E is aviolating

edge with respect toV1, V»), if w andv belong to the same subsi, (for someb € {1,2}). A graph is
bipartite if it has a two-way partition. That is, there exists a partition of its vertices with respect to which
there are no violating edges. By definition, a grapkar from being bipartite if for every partition of its
vertices, the number of violating edges with respect to the partition is greater-thdnRecall that a graph

is bipartite if and only if it contains no odd cycles.

k-Colorability Property.  Let (V1,---, V) be a partition of”. We say that an edge:, v) € E is avio-
lating edge with respect toVy, - - -, V%), if uw andv belong to the same subdét, (for someb € {1,---,k}).

A graph isk-colorableif it has ak-way partition. That is, there exists a partition of its vertices with respect
to which there are no violating edges. By definition, a grapffer from beingk-colorable if for every
partition of its vertices, the number of violating edges with respect to the partition is greater- thén

Triangle Freeness Property. A graphG is said to beriangle-freeif for every three vertices, v, w in
G, at least one of the three vertex-pafts v), (v, w), or (w,u) is not an edge irG. A graphG is e-far
from (being) triangle-freéf it is necessary to remove more thannd edges fromG in order to obtain a
triangle-free graph.

2.2 Polynomial Definitions

Let F' be a field of cardinalityy and characteristip (that is,q = p® wherep is prime). Letw € F be a

generator of the field”, so thatF' = {0,w! = w,w?, ..., w72 Wi~ = 1}. We note that this order of the
elements inF in which 1 is represented by rather than.® will serve us better than the more standard
orderF = {0,w" = 1,w! = w,w?,..., w92}, In particular, using this order, for amy> 1 we consider a

one-to-one mapping betweén— 1]™ and F" (where[q — 1] def {0,1,...,¢q — 1}). Specifically, for each
B € [q¢ — 1], the pointz € F™ thatcorrespondgo (3 is defined as followsz; = 0 if 5; = 0 and otherwise
x; = W,

Consider the standard (and unique) representation of the funtasra polynomial oveF’ with degree
at mostg — 1 in each variable:

f(z) = Z ol .z where %= Hazf‘l (2.1)
a€lg—1]™ =1

Here C/ is the coefficients vecto(indexed by pointsy € [¢ — 1]™). If we view the functionf as aq"-
dimensional vectoyf (where for3 € [¢—1]", fzis the evaluation of on the point: € F™™ that corresponds

!Since the number of edges in the grapl{sisl) /2, the standard definition af-far would be that more thafend)/2 edges
should be removed so that the graph becomes triangle-free. In order to simplify the presentation we slightly modify the definition.
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to ), then we can write Equation (2.1) in the following equivalent form:
f=H, C' (2.2)

Here™H,, is theg™ x ¢" matrix whose entries are indexed by paisy € [¢ — 1]" whereH,, (53, «) is the
evaluation of the term® at the pointc € '™ that corresponds t8. By inverting’,, (which is non-singular)
we can represent the coefficients veattrin terms off as follows:

Cl=A,-f (2.3)

Both H,, and A,, can be defined recursively using tensor produéts; = H; ® H,_1 and A, =
A1 ® A,_1 where

1 0 0 0 —1 0 0 0
1 w w? 1 0 w1 w2 1
1 w? wt o1 0 w2 w4 1
H1 = : : : C A = (1) : .
1 wi2 22 0 w2 202 = 1
1 1 1 o1 1 1 1 R |
(2.4)

For our purposes, the important thing that should be noted is that every coeffidiefthe polynomial
representation of is some (easy to compute) linear combination of the valueg @h different domain
elements: € F. In particular, fora = (g — 1,...,q — 1), C4 = (=1)" - 3, c o f ().

Definition 2.2.1 Let POLY,, 4 denote the class of all functions : F* — F' that are polynomials of
total degree at mosi (where the degree in each variable is at mgst 1). Namely, if we consider the
representation of as defined in Equation (2.1), the®, = 0 for everya € l[¢g—1]" suchthaty " | a; > d.

Definition 2.2.2 For m > 1 and any choice of a poiny € F™ and m linearly independent points
Y1, Ym € F™, letS(yo, y1,-- -, ym) denote the affine subspace of dimensiothat contains all points
of the formyo + > | a;y;, whereay, ..., an, € F. Note thaty, has a different role from all othey,’s.

Observe that in the special case thats a linear combination of, . .., ym, thenS(yo, y1,...,ym) iS @
linear subspace of dimension.

Definition 2.2.3 For a functionf : F* — F, a pointyy € F", andm linearly independent points
Y1,---,Ym € F", we denote by, .. ...y the restriction off to the affine subspac&(yo, y1, - - -, Ym)-
Namely, fiyo.u1,..um) : F — F is defined as follows: for every € F™, fi(yo u1...um) () = flyo +

>t viyi). With slight abuse of notation (and for sake of succinctness), we shall sometimes use the no-
tation fs instead, where§ = S(yo,y1, - - -,ym) iS the subspace spanned by the points. In case the set of
points spanning the subspagés not explicitly stated, therfis is determined by some canonical choice of

a basis?

Definition 2.2.4 For any two functiong, g : F™* — F, letdist(f, g) = Pryern[f(y) # g(y)] (Wherey is
selected uniformly).

20ur interest lies in thelegreeof these functions (represented as polynomials). Since for any given subspace this degree is
invariant with respect to the choice of the basis, the particular choice of the basis is only a matter of convenience.
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Testing Algorithms. A testing algorithm is given query accessfto F'* — F and a parameter> 0. If

f is a polynomial of degree at mogthen the testing algorithm must accept. On the other harfddiffers
from every such polynomial on more than afraction of the domain elements, then the test should reject
with probability at leas/3.

2.3 Code Definitions

Codes and Dual Codes. A codeis a set of stringsdodeword¥ of equal length over a finite alphabet. The
(Hamming)distancebetween pair of codewords is the number of coordinates in which they differ. The
lengthof a code is the length of its codewords. Thaimum distancef a code is the minimum of pairwise
distances between its distinct codewords. A codmésar if its codewords form a linear subspace (here we
assume that the alphabet is endowed with the structure of a finite fieldyluBtheodeto a given linear code

is obtained by taking all strings that are orthogonal to the codewords of the considered codeidtitef

a string is the number of its non-zero coordinates. The minimum distance of a linear code coincides with
the minimum weight of a non-zero codeword. Informally, a codewosh@tif its weight is small (e.g. a
constant independent of the length)basisof a linear code is a set of linearly independent codewords that
span the code. A code has a short basis if it is spanned by short words. Hereby we assume that the length of
considered codes is large enough to justify all approximations.

Testing Algorithms. A testerfor a code is a randomized algorithm that is given a strirend a distance
parametere > 0. The tester is allowed to perform oracle queries about values of coordinates lof
should accept if: is a codeword and reject with probability at le@gs. if x is e-far from every codeword.
The notione-far indicates that at leastfraction of the coordinates af should be changed for obtaining a
codeword of the code. A codeliscally testabldf it has a tester that performs a number of queries that is a
function ofe only, and is independent of the length of the code.

Let = be a vector inF™ of weightw(z). For a linear cod€’ C F™ andv € F" such thaw ¢ C, the

v-cosetof C'is C' + v & {c+ v|c € C}. Note that|C' + v| = |C|. LetC Uwv ©ou (CH+v)={cce

CVce C+v}, |CUv| =2|C|. Thecovering radiusof C, R(C) is the maximum distance from the code
to a vector in the ambient space.

Claim 2.3.1 [Johnson Bound, see [58]] Consider a codgéof lengthn and distanced. The number of

. . . dn
words of weightz in C'is at mostm

Let C C F™ be a linear code. Thdistance distribution of”: B¢ = (B§,B{,---,BY) is: BS =
l{c € Clw(c) = i}|. The distance distributioBC ™ of the dual code&> is called thedual spectrunof C.

The following claim shows thaBC™ is uniquely determined bz

Claim 2.3.2 [MacWilliams transform [29]] For a linear binary cod€’ of lengthn, BjCL = ﬁ Yoo BZ-CP]T‘(Z'),

whereP;'(i) = >>7_,(=1)*(7) (7=} is the Krawtchouk polynomial of degrge

For a coseC + v BJ[.CJ”J]l o &1 Lo Bl pr ).

For properties of the Krawtchouk polynomials see e.g. survey [55]. The MacWilliams transform can be
stated also for non-binary linear codes. There, non-binary Krawtchouk polynomials are used. For simplicity
of presentation we stick to the binary case. However, our results apply to general linear codes as well.
Following is a useful simple bound on values of Krawtchouk polynomials.

. . n— Z'k;
Claim 2.3.3 Vk, Py(i) < 2220,
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Dual-BCH Codes (see [58])Let F;, be a finite field of sizgy = n + 1 = 2™, havinga as a primitive
element. LetF(z) be the set of polynomials of the forfi(x) = ajz + azaz® + - - - + ag 12~ with the
coefficients fromF,. Clearly|F(z)| = 2™ = (n+1)t. LetTr(z), Tr(z) = z42242¥ +22° +. . 422",
be the trace function linearly mapping elements fiBjiio 5. Then the collection of vectors ¢ € {0,1}",
with components; = Tr(f(a')),i = 1,---,2™ —1, andf running through#¥'(z), constitute the€ (1)
code.

For the reader familiar with the definition using the parity check matri€'gf.;(;), we note that both
definitions are equivalent. The reason we preferred the above one is that it relates the Dual-BCH codes to
the polynomial ones.

Claim 2.3.4 [Weil, Carlitz Uchiyama, see [58]]: For € Cypom():

n

. (t—l)\/ﬁgw(c)gg—i-(t—l)\/ﬁ

BCH Codes (see [58]) Cpc (i) code is the code dual 850 ;- Its minimum distance i8¢ + 1.

Claim 2.3.5 [54] In Cpcp(ry the number of codewords of WeightBiCBCH“), is:

CBcH(@#) (7;) l _L l
B T e O el O

)]

Throughout this work we consid&r'zc ;) and Cypop () codes wherg is constant and: is large
enough.
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Part |l

Testing of Graphs
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Chapter 3

Testing Bipartiteness in General Graphs

3.1 Introduction

One of the properties that has received quite a bit of attention in the context of property tediipgrtise-

ness Recall that a graph is bipartite if it is possible to partition its vertices into two parts such that there are
no edges with both endpoints in the same part. This property was first studied in [37] where it was shown
that bipartiteness can be tested in the adjacency-matrix model by a simple algorithrﬁ)@]sj@ queries.

This was improved in [6] t@)(1/¢2) queries. The best lower bound known in this modé?{s /¢! ®), due

to [26]. Thus the complexity of this problem in the adjacency-matrix model is independent of the number of
verticesn and is polynomial il /e. It is interesting to note that testing bipartiteness is considered implicitly
already in [27]. The result in [27] can be used to obtain a testing algorithm in the adjacency-matrix model
whose query complexity does not depend on the size of the graph, but whose dependeiscetover of

height polynomial int /e.

The complexity of testing bipartiteness is significantly different when considering the bounded-degree
incidence-lists model. In [39] a lower bound Qf \/n) was established in this model, for constarand
constantd (whered is the degree bound). An almost matching upper boun@(@f’n - poly(1/¢)) was
shown in [38]. Thus, in the case of bipartiteness there is a large gap between the results that can be obtained
for dense graphs and for constant-degree graphs. Here we venture into the land of graphs that are neither
necessarily sparse, nor necessarily dense, and study the complexity of testing bipartiteness. Other graph
properties exhibit similar (and sometimes even larger) gaps, and hence we believe that understanding the
transformation from sparse to dense graphs is of general interest.

3.1.1 Our Results

In this chapter we bridge the gap between the two cases mentioned above and show a smooth transition
between them. In particular, we present two complementary resultsvertex graphs having: edges:

e \We describe and analyze an algorithm for testing bipartiteness in general graphs whose query complexity
and running time ar®(min(y/n, n%/m) - poly(logn/e¢)). The algorithm has a one-sided error (i.e., it
always accepts bipartite graphs). Furthermore, whenever it rejects a graph it pexigtkrscehat the
graph is not bipartite in the form of an odd cyttaf lengthpoly (logn/e).

e We present an almost matching lower boundXfnin(y/n, n?/m)) (for a constank). This bound
holds for all testing algorithms (that is, for those that are allowed a two-sided error and are adaptive).
Furthermore, the bound holds for regular graphs.

We use the term “odd cycle” as a shorthand for “odd-length cycle”.
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As seen from the above expressions, as long as O(n!-), that is, the average degree&lé,/n), the com-
plexity of testing (in terms of the dependencergris ©(,/n). Once the number of edges goes aboVeé,

we start seeing a decrease in the query complexity, which in this case is abiasfm) - poly(logn/e)).

In terms of our algorithm, this is exactly the point where our algorithm starts exploiting its access to vertex-
pair queries. Our lower bound shows that this behavior of the query complexity is not only an artifact of our
algorithm but is inherent in the problem.

Notes:

1. Observe that even if the graph is sparse then we obtain a new result that does not follow from [38].
Namely, we have an algorithm with complexi®(\/n - poly(1/¢)) for sparse graphs with varying
degrees.

2. We note that the algorithm does not actually require to be given the number of eddeshe graph,
but can instead compute an estimate of this number. Such an estimate can be obtained without increas-
ing the query complexity of the algorithm [32, 40], and we discuss this issue shortly in Section 3.3.

3. We assume that = Q(n). Since our distance measure is with respect to the number of edges in the
graph, without such an assumption it would be impossible to distinguish between the following two
(families of) graphs: a graph that consists of many isolated edges and a single very small subgraph
that is far from bipartite (e.g., a clique), a graph that consists of many isolated vertices and a very
small bipartite subgraph. We discuss this issue shortly in Section 3.3 as well.

n #vertices

d average degree

Query
Complexity Upper bound -
Lower bound I
Vn G——=—========= X
O“n) [GR] '
O(1/e?) [GGR], [AK]
o)

Average Degree
Smooth transition

Figure 3.1: Testing bipartiteness - illustration of results for general graphs obtained in this chapter.
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3.1.2 Our Techniques

We present our algorithm in two stages. First we describe an algorithm that works for almost-regular graphs,
that is, graphs in which the maximum degree is of the same order as the average degree. The algorithm and
its analysis closely follow the algorithm and analysis in [38]. Indeed, as long as the degidee graph
is at most,/n, we execute the algorithm described in [38]. The place where we depart from [38] is in the
usage of vertex-pair queries on¢e- \/n. We refer to our first algorithm as Test-Bipartite-Reg.

In the second stage we show how to reduce the problem of testing bipartiteness of general graphs to
testing bipartiteness of almost-regular graphs. Namely, we show how, for every giver(graphpossible
to define a grapli:’ such that: (1)G’ has roughly the same number of vertices and edges, and its
maximum degree is of the same order as its average degree (which is roughly the same as the average degree
in GQ); (2) If G is bipartite then so i, and if G is far from being bipartite then so &’. We then show
how to emulate the execution of the algorithm Test-Bipartite-Reg'agiven query access 18, so that we
may accept if it acceptsG’, and reject; if it rejects G

In the course of this emulation we are confronted with the following interesting problem: We would
like to sample vertices id7 according to their degrees (which aids us in sampling vertices uniformly in
G’, a basic operation that is required by Test-Bipartite-Reg). The former is equivalent to sastyiies)
uniformly in G. In order not to harm the performance of our testing algorithm, we are required to perform
this task using) (min(+/n, n%/m)) queries. Ifm is sufficiently large (once again, if, > n'-%), this can be
performed without increasing the complexity of our algorithm simply by sampling sufficiently many pairs of
vertices inG. However, we do not know how to perform this task exactly (in an efficient manner) when the
number of edges is significantly smaller thah®. Nonetheless, we use a sampling procedure that selects
edges according to a distribution that approximates the desired uniform distribution on edges. A detailed
description of this procedure appears in Chapter 6.

We establish our lower bound by describing, for every pait (n even,d > 64), two distributions over
d-regular graphs. In one distribution all graphs are bipartite by construction. For the other distribution we
prove that almost all graphs are far from being bipartite. We then show that every testing algorithm that
can distinguish between a graph chosen randomly from the first distribution (which it should accept with
probability at leas2/3), and a graph chosen randomly from the second distribution (which it should reject
with probability at leas®/3), must perfornf2(min(y/n, n/d)) = Q(min(y/n, n?/m) queries.

Our lower bound proof implies the necessity of both neighbor queries and vertex-pair queries in obtain-
ing an upper bound whose dependencexamdm is O(min(y/n, n2/m)). Specifically, if only neighbor
queries are allowed then our analysis implies a lower bourfd(gfr) for everym, which is higher than
O(n?/m)) whenm = w(n'®). If only vertex-pair queries are allowed then our analysis implies a lower
bound of©2(n?/m), which is above the upper bound©f/n) whenm = o(n'?).

3.2 The Algorithm for the Almost-Regular Case

In this section we describe an algorithm that accepts every bipartite graph and that rejects with probability
at least2/3 every graph that is-far from being bipartite with respect to an upper boung,x = dyaxn
on the number of edges. Namely, this algorithm rejects (with probability at2¢asgraphs for which the
number of edges that need to be removed so that they become bipartite is greatemhan = € - dpmaxn.
The query complexity and running time of this algorithm @renin(y/n, n/dmax) - poly (logn/e)).

In the case where the graph is almost-regular, that is, the maximum degree of the ,grah of the
same order as the average degrkg,, then we essentially obtain a tester as desired (since in such a case
edmaxn = O(em)). However, in general),.x may be much larged,,, (for example, it is possible that
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dmax = ©(n) while d,y; = O(1)). To deal with the general case we show in the next section (Section 3.3)
how to reduce the problem in the general case to the special cdsg.0f= O(dayg).

A High Level Description of the Algorithm

Throughout this section let = dy,.x. Our algorithm, whose pseudo-code appears in Figure 3.2, builds
on the testing algorithm for bipartiteness described in [38]. The query complexity of that algorithm is
O(y/n - poly(logn/e)) and it works with respect tov,.x = dn as well. In fact, as long aé < \/n our
algorithm is the same as the algorithm in [38].

In particular, as in [38], our algorithm sele€g1/¢) starting verticesnd from each it performs several
random walks (using neighbor queries), each walk of lepgtk(log n/¢). The exact form of these random
walks is described momentarily. #f < /n then the number of these random walks from each starting
vertexs is O(y/n - poly(logn/e)), and the algorithm simply checks whether an odd cycle was detected in
the course of these random walks. Specifically, the algorithm checks whether there exists somethattex
is reached at the end of two different walks frepwhere one walk corresponds to a path in the graph with
even length, and one walk corresponds to a path with odd length. The existence of such a vepies
an odd cycle that containsandwv, and the algorithm rejects in such a case.

If d > \/n then there are two important modifications as compared to thelcasg¢'n (which, as noted
above, follows [38]). These modifications reduce the number of queries performed as the degree increases.

1. The number of random walks performed from each starting vertex is reduc¥dte/d-poly (log n/¢))
(as compared t®(/n - poly(log n/€)) walks for the casé < /n).

2. The algorithm still considers the vertices reached at the end of these walks, but now it performs an
additional step. It partitions these vertices into two subsets, demjezhd A, according to the
parity of the lengths of the paths corresponding to the walks. The algorithm then performs vertex-pair
queries on each pair of vertices that belong to the same subset. If any«edgds detected for
u,v € Ag oru,v € Ay, then the algorithm has evidence to an odd cycle that includéuk starting
vertex),u andv, and it rejects. The total number of vertex-pair querig3(&:/d) - poly(logn/e)).

On a very intuitive level, if a graph is far from being bipartite then many edges (and vertices) belong to many
odd cycles. The difference between the two cases described above isitkat . then the algorithm tries

to reach the same vertex twice, once via an even-length path and once via an odd-length path. To this end it
performs about/n random walks (so as to “hit” the same vertex twice). In the e¢ase,/n, the algorithm

performs much fewer walks and so we cannot expect to reach the same vertex twice. However, since the
edge-density is higher, we do expect to have an edge in the subgraph induced by the ending points of the
walk. In particular, as our analysis shows, we expect to see such an edge between vertices that are reached
via paths whose lengths have the same parity.

Random Walks and Paths in the Graph. The random walks performed are defined as follows: At each
step, if the degree of the current verteis d’ < d, then the walkemainsatv with probability1 — % > %
and for each: € T'(v), the walktraversego u with probabilityﬁ. The important property of the random
walk is that the stationary distribution it induces over the vertices is uniform.

To every walk (or, more generally, to any sequence of steps), there correspmattisrethe graph. The
path is determined by those steps in which an edge is traversed (while ignoring all steps in which the walk
stays at the same vertex). Such a path is not necessarily simple, but does not contain self loops. Note that
when referring to the length of a walk, we mean the total number of steps taken, including steps in which the

walk remains at the current vertex, while the length of the corresponding path does not include these steps.
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Test-Bipartite-Reg(n, dinax, €)
e Repeafl’ = ©(1) times:
1. Uniformly select a vertex in V.
2. If Odd-Cycle(s) returnsfound then outputeject.
e In case no call to Odd-Cycle returnémlind then outputaccept.
Odd-Cycle(s)
1.If d = dpax < /7 then letK def @(%/2("/6)) and . & @(logi#). Otherwise

€ n/d-log/?(n/e e og®(n/e
(d > /n), |eth—fe<v/f“g;2</>>,ande_f@(héﬁ</>>.

€ €8
2. PerformK random walks starting from, each of lengtH..

3. Let Ag (A1) be the set of vertices that appear at the ends of the walks performed in the previous
step whose paths are of even (odd) length.

4. If d < /n then check whethed; N 4; # (. If the intersection is non-empty then retdound,
otherwise returmot-found.

5. Else @ > /n), perform vertex-pair queries between every pair of verticesc A (u,v € Ay).
If an edge is detected then retdound, otherwise returmot-found.

Figure 3.2:Algorithm Test-Bipartite-Reg for testing bipartiteness with respect to the upper baynd = dy.x - 1
on the number of edges, and the procedure Odd-Cycle for detecting odd cycles in thé&'graph

Theorem 3.2.1 The algorithm Test-Bipartite-Reg accepts every graph that is bipartite, and rejects with
probability at least2/3 every graph that is-far from being bipartite with respect t01,ax = dmaxn.
Furthermore, whenever the algorithm rejects a graph it outputsedificateto the non-bipartiteness of
the graph in form of an odd cycle of lengthly(logn/€). The query complexity and running time of the
algorithm areO (min(y/n, n/dmax) - poly(logn/e)).

Note that the algorithm can work whe® contains self-loops and multiple-edges. The latter will be of
importance in the next section.

As a direct corollary of Theorem 3.2.1 (using G) = (ndave(G))/2) we get:

Corollary 3.2.2 For a given graph G, let v(G) % dmax(G)/dave(G).  Then Test-Bipartite-
Redn, dmax(G), €/(27(G))) accepts every graph that is bipartite, and rejects with probability at [2A3t
every graph that is-far from being bipartite (with respect ta(G)).

The corollary below will become useful in the next section.

Corollary 3.2.3 If G is e-far from being bipartite with respect t,ax = dmaxn, thenf(e)-fraction of its
verticess are such thatDdd-Cycle§) returnsfound with probability at Ieast%.

The completeness part of Theorem 3.2.1 (i.e., showing that the algorithm accepts bipartite graphs) is
straightforward. We focus on proving the soundness of the algorithm (i.e., that graphs thdamfiom
being bipartite are rejected with probabil@. What we eventually show (in Subsection 3.2.6) is the
contrapositive statement. Namely, that if the test aco@pisth probability greater thaé then there exists
ane-good partition ofG.
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Our analysis follows the analysis presented in [38] quite closely. In particular, whenever possible we
refer the reader to proofs given in [38]. Here we present what is necessary to establish the correctness of
our algorithm and in particular those proofs in which we diverge from [38]. Since the algorithm for the case
dmax < v/n is fully analyzed in [38], from this point on we assumig,. > /n and analyze the algorithm
for this case.

3.2.1 Gaining Intuition: The Rapidly—Mixing Case

To gain some intuition, consider first the following “ideal” case: From each starting veite&, and for
everyv € V, the probability that a random walk of length= poly((logn)/€) ends at is at Ieas% and

at most% —i.e., approximately the probability assigned by the stationary distribution. (Note that this ideal
case occurs whef is an expander). Let us fix a particular starting vegteKor each vertex, letp? be the
probability that a random walk (of length) starting froms, ends atv and corresponds to an even-length

path. Definep! analogously for odd paths. Then, by our assumptiogzofor everyv, pd + p! > 5-. We

consider two cases regarding the suf) % S, .oy (P2pY + plpl).

v,u)€

In caseo (G) is (relatively) “small”, we show that there exists a partitidry, V1) of V' that ise-good,
and soG is e-close to being bipartite. Otherwise (i.e., when the sum is not “small”), we show that the
rejection probability is bounded away from zero. This implies that in ¢ageaccepted with probability at
Ieast% thenG is e-close to being bipartite.

Consider first the case in whiet{G) < c- %l for some suitable constant< 1. Let the partitionVg, V1)
be defined as followsty = {v : p2 > pl} andVi = {v : pl > p0}. Consider a particular vertexe V;.
By definition of V; and our rapid-mixing assumptiop) > ﬁ.

o(G) = D 0% +pipl)
v, ucV
(vyu)eE
> >+ Y mm
v,ueVy v, u€Vq
(vyu)eE (vyu)eE
1 1
>
- Z 16n2 + Z 16n2
v,ueV v,ueVy
(vu)eE (vyu)eE
1 . .
62 (The number of violating edges w.r(fl, V1)) . (3.1)
n

Thus, if there are more thamin violating edges with respect 04, V1), theno(G) > 1 - < which
contradicts our case hypothesis concerri(g) assuming: < 1/16.

We now turn to the second casg(G) > ¢ - %. For every fixed paii,j € {1,---, K}, (recall that
K = O(y/n/d - poly(logn/e)) is the number of walks taken from), consider the 0/1 random variable
7,5 that is 1 if and only if both thé-th and thej-th walks have path length with the same parity, and if the
end-points of the paths are vertices such thatu, v) € E. Then for every pait, j,

Explni] = Y, 005 +pipy) = o(G). (3.2)
u,weV,(u,v)EE

Since there ar& = O(n/d - poly(log n/e)) such pairs, j, the expected value of the sum overmll’s
is greater than some constant> c. These random variables are not pairwise independent, nonetheless
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we can obtain a constant bound on the probability that the sum is 0 using Chebyshev’s inequality (cf., [11,
Sec. 4.3)).

Unfortunately, we may not assume in general that for every (or even some) starting vertex, all (or even
almost all) vertices are reached with probabifyl/n). However, roughly speaking, we are able to show
that every graph can be patrtitioned into parts such that within each part we can perform an analysis that
builds on the ideas presented above. Furthermore, the different parts are separated by small cuts so that if
each part is close to being bipartite, then so is the whole graph. An important component in the analysis is
the definition of the Markov Chaiij (H), and we turn to this definition in the next subsection.

3.2.2 The Markov Chain Mg (H)

Let H be an induced subgraph 6f. For any given pair of length€; and/,, we define a Markov Chain
Mﬁf(H). Roughly speakingMﬁf (H) captures random walks of length at mést- /> in G that do not
exit H for (sub)walks of lengttf; or more. The states of the chain consist of the vertice§ @nd some
additional auxiliary states. For vertices that do not have neighbors outsidetbe transition probabilities
in Mﬁj(H) are exactly as in walks o&'. However, for vertices that have neighbors outside éf there
are two modifications: (1) For each vertexthe transition probability from to «, denotedy, ,, is the
probability of a walk (inG) starting fromv and ending at: after less thars steps (without passing through
any other vertex irff). Thus, walks of length less thdn out of H (and in particular the walk — v in case
(v,u) € E), are contracted into single transitions. Note that for eveandv in H we haveg, , = gy u.
(2) There is an auxiliary path of length emitting fromwv. The transition probability fromv to the first
auxiliary vertex on the path equals the probability that a walk starting frexits H and does not return in
less thar?s steps. From the last vertex on the auxiliary path there are transitions to vertifewithn the
corresponding conditional probabilities of reaching them after such a walk.

A more formal definition oMﬁf (H) appears in the appendix, together with an illustration (see Figure A.1).
The following definition and lemma will be instrumental in our analysis.

Definition 3.2.1 We say that a vertex is useful with respect td\/Iﬁf(H) if the probability that a walk in
Mﬁf (H) starting froms enters an auxiliary path after at moét steps, is at mos"t%1 . ”@—‘

Lemma 3.2.1 Let H be a subgraph of7, and let/; and /5 be integers. Then at least half of the vertices
in H are useful with respect tI;* (H).

The proof of the lemma appears in [38].

3.2.3 Useful Vertices and Small Cuts

The following lemma can be viewed as presenting a “contrapositive statement” of the work of Mihail [62].
While Mihail showed that high expansion leads to fast convergence of random walks to the stationary distri-
bution, the lemma below shows that too slow of a convergence implies small cuts that have certain additional
properties. In particular, the vertices on one side of the cut can be reached with roughly the same, relatively
high probability from some vertex (wheres need not necessarily be on the same side of the cut). In the
special case wherH = G andG is rapidly mixing, the sefS will be all of V, but in the general case it

will be a subset of those vertices that are reached #rovith probability that is not much smaller than that
assigned by the stationary distribution Mﬁj (H)).

For states: andy in Mﬁj(H) and an integet, let ¢, ,(t) denote the probability that a random walk in
M (H) that starts at, ends ay aftert steps.

25



3
Lemma 3.2.2 Let H be a subgraph of~ with at least}n vertices, and let; = © <<1°g(”/6)) > by =

€

S) (i%) andF = 0O (%) Then for every vertexthat isuseful with respect td\/Iﬁf (H), there exists a subset

of verticesS in H, an integert, ¢1/2 < t < {1, and a valued = Q (@) such that:

1. The number of edges betwegmnd the rest of is at most5 - d - [S].

1 B 1 B
— < )< F =
VISt g = W =g
]

The proof of the lemma appears in [38].

2. Foreveryv € S,

3.2.4 Sufficient Conditions for Good Partitions

In the next lemma we give sufficient conditions under which subsets of vertices can be partitioned without
having many violating edges. For edck {0,1} let q?}v(t) denote the probability iMﬁf(H) of a walk of
lengtht starting froms, ending at, and corresponding to a path whose length has parilyhat the lemma
essentially requires is that for some fixed verteand subset of verticeS in H, there is a lower bound on

the probability that each vertex ifi is reached frons (in ¢t steps), and there aren’t too many verticeis

the subset such that bogfi,, (t) andq? , (t) are large (with respect to this lower bound).

Lemma 3.2.3 Let H be a subgraph of7, s a vertex inH, S a subset of vertices i and/; and/s integers.
Assume that for some > 0, t < ¢;, the following holds irMﬁj(H):

1. Foreveryv € S, ¢s.(t) > a;
2.3 ueswayer (@ (D0, (8) + 4, (t)gs (1) < &-d-|S|-a? for some constant

Let (So, S1) be a partition ofS, whereSy = {v : ¢f,(t) > ¢!, (t)}, and Sy = {v: ¢i,(t) > ¢f,(t)}.
Then the number of violating edgesGhwith respect tq.Sy, S1) is at mostt - d - [S].

Proof: Consider a vertex and letv € Sy, for b € {0, 1}. By definition of the partition(.Sy, S1), qgv(t) >

1 a
§QS,v(t) Z 9"

Assume, contrary to what is claimed in the lemma, that the number of violating edges with respect to
(S0, S1) is more thart. - d - |S|. Then

> (0,10, (1) + 4o (D)gs (1))

vu€S,(v,u)EE

> > (g9, (1) e, (1) + > (¢5,(t)gs, (1) (3.3)
v,u€S,(v,u)EER,u,vESy v,u€S,(v,u)EE,u,veES]
042 OZ2
> — — .
> > DS ] (3.4)
v,uES,(v,u)EE,u,vESH v, uES,(v,u)EEu,vES
2
> 2. 5.9, (3.5)
4 ¢

But this contradicts the second hypothesis of the lemnill.
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3.2.5 Sufficient Conditions for Detecting Odd Cycles

In the next lemma we describe sufficient conditions for “detecting” odd cycles when performing walks in
Mﬁj(H) starting from some vertex What the lemma essentially requires is that there exists a sHlusfet
vertices such that there are both lower and upper bounds on the probability that each v&riexdached

from s (in ¢ < £, steps), and there are many vertieds S such that both? ,(t) andq ,(t) are large (with
respect to the lower bound). As stated later in Corollary 3.2.4, these conditions are sufficient for detecting
odd cycles when performing random walksGiof length/; - /5.

Lemma 3.2.4 Let H be a subgraph of7, s a vertex inH, S a subset of vertices i and/; and/s integers.
Assume that for some > 0 and I’ = ©(1) andt < ¢;, the following holds nMif (H):

1. Foreveryv € S, a < ¢s,(t) < F-a

2. ZU,UES,(U,’[L)EE(qg,v(t)qg,u(t) + qg,v(t)q;,u(t)) > i “d- ‘S’ : a2 for some constant

Suppose we perford random walks of length starting froms in Mﬁf (H). LetAg (4;) be

F5
eavdy/|S|
the set of vertices that appear at the end of the walks whose corresponding paths have even (odd) length,
and letGy (G1) be the subgraph induced by, (A41). Then with probability at leas?.99 (taken over the
random walks), eithef?y contains an edge & contains an edge (i.e., the algorithm detects an odd cycle).

We note that when we apply Lemma 3.2.4, weset poly(e/(logn))/+/|S| - |H|, andF = O(1/¢), so

that the number of random walks that should be performéx(ign/d - poly((logn)/e€)).

Proof: Lety % Y v ues wawer (@0 (a0, () + ¢5,(t)g; (1)) so that by the second hypothesis of the

> €.d. .o, i — P ; .
lemmay > € -d-|S|- a®. Considermn @) <€.a‘ﬂ\/§ random walks of length starting froms

Forl <i # j < m, letn; ; be a 0/1 random variable that is 1 if and only if both k& and thej-th walk
have path length with the same parity, and if the end-points of the paths are the verticesS such that
(u,v) € E.

Thus, we would like to bound the probability thaf, 7, ; = 0. The difficulty is that they; ;'s are
not pairwise independent. Yet, since the sum of the covariances of the depgngsns quite small,
Chebyshev’s Inequality is still very useful (cf., [11, Sec. 4.3]). Details follow. For evetyj,

Exp[ni,j] = Z (qg,v(t)qg,u(t) + qg,v(t)q;,u(t)) = 7.
v,u€S,(v,u)ER

By Chebyshev’s inequality,
Var [Zi<j Th‘,j] _ Var [Zi<j 771)]’]
(B [Sima])” (@G

We now bound V) _,_; n;;]. Since then, ;'s are not pairwise independent, some care is needed: Let

(3.6)

1<j

Pr {Z Nij = 0] <

_ def
Mg = nij — Explni .

Var !; Wi,j] = Exp {(; m,j> ]
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= D Expii - e

1<j k<t
= > Exp[n;]+4 > Explii-mxl+0
i<j i<j<k
m _ m _ _
= (3) Bt +a- () Exolma-mal 3.7

The factor of4 in the third equality is the number of possibilities that among the four elemients, ¢
(wherei < j andk < /) exactly two are equal (hamely=k < j</{i<j=k</{li<k<j=1¢and
k < i=1{ < j). TheOterm is due to the fact that whenj, k, [ are all distinct,

Exp (i ke = Bxpnij-nmed —°
= > 09 (1), (D)ag k(D)5 (1)

Z7J7k7£€S7(,LﬂJ)7(k7£)EE

+ Z qg,i (t>qg,j (t)qsl,k (t)q;,z(t)
i7j7k7ees7(i’j)7(k7e)€E

- > a5 (D)as j(D)a2 . (£)gg (1)
i7j,k,€€S,(i7j)7(k,Z)EE

- > G5 (D)as j(D)as 1 (8)gs () — 7
i7j7k7Z€S7(i’j)7(k7€)€E

2
= > Qe + Q;,i(t)Q;,j(t)> —7=9-9"=0. (38)
(i) €E(S)

We next bound each of the two terms in Equation (3.7).

Exp[ii,] < Explnis] = Explma] = 7. (3.9)

Let v; be a random variable that represents the vertex thattthevalk ends at.

Exp[fi2-M23] < Exp[niz-n23]
0 0 0 1 1 1
> D500 (D)5 05 (D)5 0 () + @5 0 (D)5 0 (D)5 05 (F)

v1,v2,v3€8,(v1,v2),(v3,v2)EE

(number of pairs of edges ifi with a common vertex in S)2(max{gs . (t)})?

IA

IN

< 2-min(|S|%d, |S|d?) - F3 - o? (3.10)

Since by the lemma’s second hypothegis € - d - [S] - a?, we can replacer in Equation (3.10) with

\ /#‘VS‘ and get
Combining Equations (3.6)—(3.11) we get

m? -y +m?3 - min(|S|2d, |S|d?) - F3 - (= 3
Pr{Zm,jol — 0( (157, 151) (aals)

. C 3
Explijis 23] < 2 min(|S|2d, |S|d2) - F® - (Edlﬂ)% (3.11)

1.2
m .
i<j v
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a5/

2 §
€2

= 0

v-m

- 0 (Fio + F21 > = O(e) (3.12)

As observed above, by the lemma’s hypothesis concerpiitgholds thate = O(+//(ed|S])). Since

_ F5 _ 5 /1
m = Q <e-a.\/a\/|?> , we have thatn = <F ,/m>, and the lemma follows. l
Based on the construction Mﬁj (H) we can map walks of length - /5 in G to walks of length¥; in

Mﬁj(H), and obtain as a corollary to Lemma 3.2.4:

Corollary 3.2.4 Let H be a subgraph off and letsS, s, ¢, {5, t, « and F' be as in Lemma 3.2.4. Suppose

A

vertices that appear at the end of the walks whose corresponding paths have even (odd) lengthGGand let
(G1) be the subgraph induced b4y (A1). Then with probability at lead2.99, eitherGy contains an edge
or (G; contains an edge (i.e., the algorithm detects an odd cycle).

we performo < random walks of length, - ¢, starting froms in G. Let Ag (A1) be the set of

The proof of the corollary is similar to that of an analogous corollary that appears in [38].

3.2.6 Proof of Theorem 3.2.1

Recall that we need to show that if the test accé&ptsith probability greater thaé thend is e-close to
being bipartite.

We say that a vertexin G is good(for defining a partition) if the following holds. Suppose we tdke
random walks of lengtli in G starting froms. Then the probability that we reach two vertieeandv such
that(u,v) € E and bothu andv appear at the ends of walks whose corresponding paths have lengths with
the same parity, is at mo8tl1. If a vertex is not good then it isad Here K andL are set in the algorithm.

Since the test rejects with probability less thar%, andT' = ©(1/¢), we know that, for an appropriate
constant in thed(-) notation above, the fraction of bad vertices(inis at mosty;. We now show that in
such a case we can find a partition of the graph vertices that has akdnosgiolating edges. We shall
do so in steps, where in each step we partition a new set of vertices, dehatetl we are left with at
most {n vertices. For each partitioned sgtwe show that: (1) there are few (at mdgst|S|) violating
edges with respect to the partition 8f and (2) there are few (at mo$t/|S|) edges betweef and the yet
“unpartitioned” verticesRk so that no matter how the vertices ihare partitioned, the number of violating
edges betweef and R is small.

At each step, leD be the set of vertices we have already partitioned, anfl leé the subgraph induced
by V' \ D. Initially, D = 0, andH = G. Let¢; and/, be as required by Lemma 3.2.2, and let the length

3
L of the walks we perform ol be/; - ¢5. Sincel; = O ((W) ) andl; = O (f—%) we get that

L=0 (k’gi(ign/e)) LetM & Mﬁf(H). While |[H| > {n we do the following. We select any vertexn H
that is bothgood andusefulwith respect taVl (see Definition 3.2.1). By Lemma 3.2.1, at least half of the
vertices inH areuseful Since|H| > ¢n and the total number dfad vertices is{zn < ¢n, there exist at
least;5n vertices which argoodanduseful

We next apply Lemma 3.2.2 to determine a.Seaind an integet, ¢1/2 < t < ¢, with the properties
stated in the lemma. In particular, the number of edges betweasrd the rest off is at most$ , and

< gop(t) < F- whereF = O (1), andg = Q (log(n/ )> We claim

~ B8 B
foreveryv € S, /117 ERE
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that it must be the case th, v, .en(PO(OPL(1) + pi(H)py(t) < SE. This claim, (which we

establish momentarily) implies that we can apply Lemma 3.2.3 (with %) to show thatS can be

partitioned so that there are at mdgt|S| violating edges with respect to this partition. The claim holds
since otherwise we could apply Corollary 3.2.4 and reach a contradiction. Specifically, by letting the number
of walks performed from each starting vertex be

F> B VIH| B log'/?(n/e) - \/n/d B
O<6.a.\/g.m>_0<€6.\/g.\/g>_0( €3 )‘K

(whereF', o and are as set above), we would obtain a contradiction to our assumptianithgood

Thus, as long agf| > {n, each seb contributed at most - [S|-d + § - | S| - d violating edges to the
partition. Since these sets are disjoint, all these violating edges sum%ppdo n. The finalH contributes
at mostj - n - d, and soG is e-close to being bipartite.

Verifying that indeed” = O(1/¢), K = ©(y/n/d-poly(logn/e)), andL = poly((logn)/e€)), and that
the algorithm can be implemented usi@gk - L + K?) = O(n/d - poly(logn/¢)) queries, the theorem
follows. (Recall that ifd < /n then we obtain the bound 6i(\/n - poly(logn/e)).

3.3 The Algorithm for the General Case

In this section we build on the testing algorithm presented in the previous section and describe a one-sided
error testing algorithm for bipartiteness that works with respect to the actual number ofredges(G).

Hence this algorithm is suitable for general graphs (for whigh, may vary significantly fromi,,,). The

guery complexity and running time of the algorithm are of the same order of magnitude as for Test-Bipartite-
Reg, that isO(min(y/n,n?/m) - poly(logn/¢)). We note that once the graph becomes very dense, that
ism = Q(n?/logn) (wherec is approximately 4), it is preferable to use the adjacency-matrix model
algorithm [37, 6] with distance parametef(n?/m).

A High Level Description of the Algorithm. The basic idea is to reduce the problem of testing with
respect to the actual number of edgeso the problem of testing with respect to the upper boung.« =
dmax - . Specifically, for any grapliy we show how to define a graghf over ©(n) vertices that has the
following useful properties. First, the maximum degreé&inis roughly the same as the average degree, and
furthermore, this degree is roughly the same as the average degdrednrparticular this implies that the
two graphs have roughly the same number of edges. Sec8rapproximately preserves the distance of
G to bipartiteness. More precisely, @ is bipartite then so i&”, but if G is far from being bipartite with
respect tan(G), thenG’ is far from being bipartite with respect i0,,x = dmax(G’')n’. ThusG’ can be
viewed as a kind of “regularized-degree versionChf

If we had direct access t@’, then by the above we would be done: by running the algorithm Test-
Bipartite-Reg onZ’ we could decide whethé¥ is bipartite or far from being bipartite. However, we only
have access t6&'. Nonetheless, given query accesgzave can efficiently “emulate” queries i@’. This
would almost suffice for running Test-Bipartite-Reg 6  One more issue is the uniform selection of
starting vertices ir;’, required by Test-Bipartite-Reg. As we shall see, selecting a vertex uniformly from
G’ is (roughly) equivalent to uniformly selecting an edgein

While we do not know how to efficiently select a vertex@huniformly, we describe a different selection
procedure that suffices for our purposes. Specifically, the selection procedure is such that for all but a small
fraction of then’ vertices inG’, the probability of selecting a vertexs Q2(1/n’). With slight abuse of termi-
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nology we shall refer to this procedure as Sample-Vertices-Almost-Uniformly-th&y Corollary 3.2.3,
this suffices for our purposes.

Multiple Edges and the Relation Betweernm and n. The analysis of the algorithm Test-Bipartite-Reg
did not require any assumptions on the actual number of egdgesthe graph, and it did not preclude the
existence of multiple edges. Here we consider graphs that do not contain any multiple edges and we assume
that the number of edges in G is 2(n). To justify the assumption on the number of edges, consider a
graph that consists of a clique ovier= o(y/n) vertices, where all remaining vertices are isolated. This
graph hasn = ©(k?) edges, and is clearly far from being bipartite. However, in order to distinguish it from
a graph that consists of a complete bipartite graph Rkesertices (where all remaining vertices are isolated
and is clearly bipartite), we ned®(n/k) = w(v/N) queries. (Taking this to an extremejif= ©(1) then

we will needQ2(n) queries.) We note that we could replace this assumption by introducing to the complexity
of the algorithm a dependence apm. This would however make the analysis more cumbersome, without
much benefit.

Another alternative assumption would be that the algorithm has the ability to “ignore” isolated vertices
(that is, vertices that have no incident edges and are hence immaterial to the question of bipartiteness), and
sample uniformly from th@on-isolatedrertices. This would effectively imply that the algorithm is executed
on a subgraph induced by thé < n non-isolated vertices, where within this subgraph, the number of edges
m’ = m, is at least’ /2.

For simplicity we assume from this point on that> n.

We also note that we can actually deal with the case where there are multiple edges, but they do not
constitute more than a constant fraction of the total number of etlégesvever, in order to deal with this
case efficiently, we need to assume that there is a concise way to represent the sets of labels of multiple
edges that are incident to each vertex. (In particular this holds if the labels of multiple edges incident to each
vertex are consecutive). For simplicity we assume there are no multiple edges.

The main theorem of this subsection follows.

Theorem 3.3.1 For every graphGG havingn vertices andn > n edges, we can define a grapt having
n’ vertices andn’ edges for which the following holds:

1. n<n <dn,m <m' <8m, anddmax(G') < 2davg(G).

2. If G is bipartite thenG’ is bipartite, and ifG is e-far from being bipartite with respect ta, thenG’
is ¢’-far being from bipartite with respect @ ,.x(G’) = dmax(G')n’ for € = O(e).

3. Given a starting vertices in G, it is possible to emulate random walksGf starting froms, by per-
forming queries ta7. The amortized cost of each random walk ste (&g? n) (degree and neigh-
bor) queries inGG. By emulating these random walks it is possible to execute a slight variaDtdf
Cycle(s) in G’ which we denotédd-Cycle’). This variant is such thar[Odd-Cycle’s)=found] >
Pr[Odd-Cycle§)=found], where if Odd-Cycle’(s) returnsfound, then we can obtain an odd cycle of
lengthpoly(log n/¢) in the original graph G.

>The reason we say that we abuse terminology is that the distribution on vertiGésriduced by this procedure may be very
far from uniform according to any standard distance measure (e.g. statistical difference). However, it approximates the uniform
distribution in the sense of assigning relatively large weight to every sufficiently large subset.

%If the number of multiple edges is more than a constant fraction then it is possible to obtain a lower bound on the number
of queries that depends on the ratio between the number of multiple edges and the total number of edges. Specifically, consider a
graph that contains a small clique with many multiple edges, which is far from bipartite, but cannot be distinguished from a bipartite
graph that contains a small complete bipartite graph with many multiple edges.
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4. There exists a procedurBample-Vertices-Almost-Uniformly-in-Gthat for any given parameter
0 < § < 1, performsO(min(y/n/d,n%/m)) queries iNG and returns a vertex i’ such that
the following holds: For all but at mosin’ of the vertices: in G’, the probability thatr is selected
by the procedure i(1/n/).

We note that for every grap@ there is actually d&amily of graphsG’ with the above properties (all defined

over the same set of vertices). When we run algorithm Test-Bipartite-Gen, we construct one such (arbitrary)
graphG’ in the family as we go along. One difficulty that arises is that when the algorithm asks a neighbor
guery of the form: "Who is the-th neighbor ofv"?, it gets a vertex name as an answer. However, the
algorithm lacks the information thatis (say) thej-th neighbor ofu. This lack of knowledge makes the
emulation of random walks and Odd-Cyeclgin G’ more complicated. Due to that, Item 3 of Theorem 3.3.1

is somewhat more involved.

As a corollary to Theorem 3.3.1 and Corollary 3.2.3 we obtain:

Corollary 3.3.2 Algorithm Test-Bipartite-Gen (see Figure 3.3) accepts every géapat is bipartite, and
rejects with probability at least/3 every graph’z that ise-far from being bipartite (with respect ta.(G)).
Furthermore, whenever the algorithm rejects a graph it outputsrificateto the non-bipartiteness of the
graphG in form of an odd cycle of lengtholy (log n/¢).

The query complexity and running time of the algorithm@rémin(y/n, n*/m) - poly(log n/e)).

Test-Bipartite-Gen(n, dayg, €)
e Repeafl’ = ©(1) times:
1. Sete = ¢/144.

2. Select avertex in G’ by calling the procedure Sample-Vertices-Almost-Uniformly-in-G’ v
5 = €' /¢ (wherec is a sufficiently large constant).

3. Apply Odd-Cycle’).
4. If Odd-Cycle’(s) returnsfound then outputeject.

th

e In case no call to Odd-Cycle’ returnéolind then outputaccept.

Figure 3.3:Algorithm Test-Bipartite-Gen for testing bipartiteness with respect to the actual number ofradges
m(G) in the graph.

Note thatd,.,, the average degree of the graph, is given as a parameter to the algorithm. Since the
algorithm does not actually need the exact valudQf, it can instead estimate it. Specifically, Feige [32]
shows how to obtain an estimate that is within a factor of rougtdfthe true value by performing at most
O(y/n/dy) degree queries wherk is an apriori lower bound od,,,. Inspired by our procedure Sample-
Edges-Almost-Uniformly-in-G’, Goldreich and Ron [40] suggest an alternative procedure that improves on
the quality of the estimate. More importantly in our context, they observe that both in the case of their
procedure and in the case of Feige’s procedure, it is possible to eliminate the need of the lower bound
dy. That is, given’s Feige’s algorithm, it is possible to obtain a constant factor estimate by performing
O(\/n/davg) < O(min(y/n, n?/m)) queries (but without any knowledge abalt,).

We now turn to proving Theorem 3.3.1.

3.3.1 DefiningG’ and Proving the First Two Items in Theorem 3.3.1

In all that follows, letd = dav,(G), and letd’ = diax(G’). We shall assume thatis a sufficiently large
constant{ > 1). If d.w(G) is not sufficiently large then we still setin the construction below to be
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sufficiently large, and run the algorithm witrset toe/(d/dayvg (G)).

The Idea. Recall that part of our goal is to hav& be a “regularized” version off in the sense that in

G’ all vertices have degree at mast (while in G there may be vertices with degree much higher than the
average degred). To this end, every vertex @¥ with degree higher thaii is represented i’ by a subset

of vertices. Each such subset is partitioned into two equal partext@nnalsubset (consisting axternal
vertices), and amternal subset (consisting afternal vertices). The edges between external vertices'in
are determined by the edges@f Namely, if (u, v) is an edge i, then inG’ there is an edge between
one of the vertices in the external subset.db one of the vertices in the external subset ofn addition,

for every vertexy (with degree greater thai) there is a bipartite subgraph between its internal and external
vertices. All vertices in the subgraph have degfeand the subgraph has good expansion properties.

The role of these subgraphs between external and internal vertices is to ensuré€ tisdaiffrom being
bipartite then so i€¥’. To gain some intuition observe that for every partit{¢d, V5) of G, there exists a
corresponding partitioqVy, V) of G’ that has the same number of violating edges. Specifically, for every
vertexv € Vi (v € V3) we put inVy (V3) all external vertices that corresponditcand we put iy (V) all
internal vertices that correspondutoBY this construction, there is a one-to-one mapping between the edges
in G that are violating with respect {01, V») and the edges i6” that are violating with respect {377, V5)
(where all edges in the subgraphs between external and internal vertices are non-violating).d suiigrif
from being bipartite, so that all partitiori¥;, V5) of G have many violating edges, then this is also true of
all partitions(V/, V) as defined above. However, there are other partitiolds dfiat may split the external
vertices that correspond to the same verte imto different parts and possibly have fewer violating edges.
What we show is that such splits must introduce violating edges in the subgraphs between external and
internal edges, where this is due to the expansion properties of the subgraphs. Roughly speaking, if a
partition “avoids violations” between external vertices by splitting sets of external vertices, then it “pays”
by introducing violations between external and internal vertices.

The Construction of G/

For each vertex in G such thatdeg(v) < d, we have a single vertex i¢’. For each vertex in G such
thatdeg(v) > d the graphG’ contains a subgraph, denotét(v). It is a bipartite graph over two subsets
of vertices, one denotell (v), theexternalpart, and one denotedv), theinternal part. Both parts consist

of [deg(v)/d| vertices. Every vertex itX (v) is assigned up td specific neighbors of according to some
fixed, but arbitrary partition of the neighbors af. As we shall see below, this assignment determines the
edges between pairs of external verticeg:inthat correspond to different vertices @ We refer to the
vertices in the two subsets By<; (v) } 12/ and{T,(v)} /251 respectively.

The edges iffl (v) are determined as follows. In cades(v)/d < d then we have</E®) _myltiple
edges between every internal vertex and every external vert&Xan. It follows that the degree of every
vertex within H (v) is

|d?/deg(v)] d? deg(v) +d d? 2deg(v)
2 [deg(v)/d] < 2 deg(v) d = 2-deg(v)  d N

In casedeg(v)/d > d, denotes = [deg(v)/d] and letH (v) be a bipartite expander where each of its sides
hass vertices ¢ > d). Each vertex ind (v) has degred. All eigenvalues of the adjacency matrix &f,

but the largest one and the smallest one (which are eqdadnaol —d, respectively), are at mogy/4 in their

absolute values. Explicit constructions of such expanders can be found, e.g., in [59, 57]. Furthermore, these
constructions allow the determination of théh neighbor of any given vertex in constant time.
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For sake of the presentation, whésp(v) < d, so thatv is represented by a single vertex, we i&fv)
be the subgraph that consists of this single vertex. This vertex is considered an external vertex, denoted
X1(v), and it is assigned all neighborsaf

We have described how vertices@fare transformed into vertices 6f (some of which are connected
by edges). It remains to describe the relevant transformation to the edge<Cafnsider an edggeu, v) €
E(G) wherev is thei-th neighbor ofu andw is thej-th neighbor ofv. Let X} (u) and.X,(v) be the external
vertices that are assigned th¢h neighbor ofu, and thej-th neighbor ofv, respectively. Then, there is
an edge( Xy (u), X¢(v)) in G'. It directly follows that every vertex i’ has degree at mo&t! and that
n = |V(G")| <Y e 2[deg(v)/d] < 4n, andm’ = m(G’) < 4dn = 8m.

For an illustration of the construction 6f, see Figure 3.4.

- H(uy)

Uy U2

. H (uy)
H (u3)

Figure 3.4:An illustration for the construction of’. On the left aret vertices inG and their induced subgraph.

On the right are the corresponding subgraphs @ and the edges between the external vertices in these subgraphs.
(The external vertices are marked in bold, and there are additional edges that do not appear in the figure, between the
external vertices in the figure and external vertices of other subgraphs.)

We have thus established the first item in Theorem 3.3.1, and we turn to the second item. From the
construction of7 it is obvious that ifG is bipartite, then so i&". It remains to prove the following lemma.

Lemma 3.3.1If G is e-far from being bipartite (with respect taw = (dn)/2) thenG’ is ¢'-far from being
bipartite with respect ta'n’, for ¢ = ;.

In order to prove Lemma 3.3.1, we first prove the following proposition concerning bipartite expander
graphs. For any two (disjoint) subsets of verticésnd B, we lete( A, B) denote the number of edges with
one end-point iMd and another irB.

Proposition 3.3.3 LetG = (AU B, E) be ad-regular bipartite graph with sidedl and B of sizes. Assume
that all eigenvalues of the adjacency matrix@f but the largest one and the smallest one, are at most
A in their absolute values. Assume further that< d/4. Then for every two partitionsl = A; U Ao,
B = B; U By, satisfying|A;| > s/2,

d|As|

B(Al,Bl) + G(AQ,BQ) 2 T .
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Proof: Itis well known that the larger is the “spectral gap” (i.e., the difference betwesr )\), the closer
the edge distribution it approaches that of a truly random bipartite graph with sides ofssaed edge
probabilityd/s. Specifically, for everydy C A, By C B of sizes|Ay| = ag, |Bo| = bo,

dapb
(Ao, Bo) = =22 | < Av/aobo (3.13)

(see, e.g., Chapter 9 of [11]).

Let |A1| = al, |A2’ = ay = § — ai, ’B1| = by, |BQ| =by=s5—01. It is given thata1 > 8/2. We
may obviously assume that > a2 /2, as otherwise at least half of the edges incidentddave their other
endpoint outsideé3;, implying e(Asq, By) > dag /2.

Applying the bound in Equation (3.13) twice we get:

dasb daib
e(A1,B1) = d|Bi| - e(dy, By) > dby — —— — MWaghy = == — Wby, (3.14)

dagb dasb
G(AQ,BQ) = d|A2| — 6(A2,B1) Z da2 — z ! — )\ CLle = ; 2 — )\\/ CLle . (315)

Consider first the cage < s/2. In this case it follows from Equation (3.14) that

2)(s/2

(A1, By) > d‘”bl — \Waghy > S/ /2 /G2
@ A8 @ > daz

4 2T 1T T
We thus assume thag > s/2. If dagba/s > 2X\y/a2b1, we obtain from Equation (3.15) that
dasbs N das(s/2) _ day

2s — 25 4
Hence we may assume théisbs /s < 2Av/agbi. If dajbi/s > 2X\\/asb1, then it follows from Equa-
tion (3.14) that

e(Az, By) >

daiby S d(s/2)(az/2) _ das

2s 2s 8
as required. Hence we may assume thab, /s < 2A\/aqb;. It remains to check that the latter assumption
together withdasbs /s < 2Xv/agb; bring to a contradiction. Indeed, multiplying these inequalities we get:
d%ajasbiby/s? < 4X%asby, or d®aiby < 40252, Recalling thati; > s/2, by > s/2, it follows thatd < 4\
— a contradiction to our assumption an M

e(A1,By) >

Proof of Lemma 3.3.1: We shall show that the number of edges that should be removedGfao as
to make it bipartite, is at most a constant factor smaller than the number of edges that should be removed
from G so as to maké& bipartite. Since the total number of edgesdrand inG’ is of the same order, this
suffices to prove the lemma. To this end we prove the contrapositive statement. Specifically, skffpose
¢’-close to being bipartite with respectie,.. = d'n’. Namely, there exists a partitiaf’ = (V{], V) of
the vertices inG’ with respect to which there are at maeSt d'n’ violating edges irG’. We shall show how
to construct, based oR’, a partitionP = (1}, V1) of the vertices inG with respect to which there are at
mostedn /2 = em violating edges irGG, thus proving the lemma.

Consider a particular vertexin G, and the subset of external verticEgv) in G’ that correspond to.
Let XO(v) = X (v) N Vg, and letX!(v) = X (v) N V{. We refer to the larger subset as thajority subset
of v, and to the smaller subset as thaority subsebf v. We defineP = (14, V1) by assigning each vertex
v in G according to its majority subset. Namely| X°(v)| > | X! (v)| thenv is assigned t¢}, otherwise it
is assigned td/. In what follows it will be convenient to refer tvand1 ascolors
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Also, when we refer to edges @' as violating edges, we mean with respecfp and when we refer
to edges inG as violating edges, we mean with respectto Note that the partitiorP is defined only
according to the coloring of the external vertices3f; ignoring the coloring of the internal vertices. Also
recall that there is a one-to-one mapping between edgésand edges i’ whose end-points are both
external vertices.

Since each vertex in G is assigned the color of its majority subset, the violating edgés inetween
pairs of vertices that both belong to majority subsets, or between pairs of vertices that both belong to minority
subsets, be violating edgesdh Similarly, non-violating edges i’ between vertices in majority subsets,
or between vertices in minority subsets, become non-violating edg@s ihremains to deal with edges
between minority and majority subsets@i. These edges can be non-violatingGy but may become
violating inG.

We next show that the total number of verticegihthat belong to minority subsets can be bounded as
a function of the number of violating edges@H. To this end we show that if there were many minority
vertices, then there would be many violating edge&'iletween internal and external vertices

For each vertex in G, consider the majority and minority subsets of (the external vertices. dfpt
the majority subset ok (v) be X“(v) and let the minority subset b§°(v) (wherea, 8 € {0, 1}).

Claim 3.3.1.1 For every vertew in GG, the number of violating edges (# between vertices iX (v) and
vertices inl(v) is at least| X7 (v)| - (d/8).

Proof: Similarly to our notation for external vertices, for the internal vertices kaft 71°(v) of I(v)NV§

andI'(v) e I(v) NnV]. Consider first the cas%egdﬂ < d. By construction of¢’, | X (v)| = |I(v)| =

[deg(v)/d], and there ar dg/dgg(“” multiple edges between every pair of vertigesy) such thatr €
X (v) andy € I(v). Hence the number of edges betwe€é(v) and(v) that are violating (with respect to
P)is
o o d?/deg(v
(1K@ )]+ X )17 - L/
d2

> (FP@IP @I+ X)) - g = X0 §

Next consider the more interesting case wh%ﬁ% > d. In this case Claim 3.3.1.1 directly follows
from Proposition 3.3.3. ¢ (Proof of Claim 3.3.1.1.)

Thus we can conclude that if there areexternal vertices that belong to minority subsets then they
contribute at leastv - d/8 violating edges inG’. Since the number of violating edges @ is at most
e'n’d < 8€'nd, we have thatv < 64¢'n. As noted previously, the total number of violating edges+in
is upper bounded by the number of violating edge&irplus the number of edges between minority and
majority (external) subsets. By the above discussion and the fact that every external vertex hasiat most
neighbors that are external vertices, the number of violating edgeéssiat mos8¢'nd + 64¢'nd = 72¢'nd.
Sincee’ = ¢/144, andm = (nd)/2, the lemma follows. W
We have completed proving the first two items of Theorem 3.3.1, and we now turn to the third item.

3.3.2 Establishing Item 3 in Theorem 3.3.1

Here we stress that if the neighbor and the vertex-pair queries would have returned more information, then
the proof of the current item would be significantly simpler. In particular, suppose that a neighbor query
(u,1) is answered with a paifw, j) (instead of onlyv), which means that is thei-th neighbor ofu, and

u is the j-th neighbor ofv. Suppose also that when performing a vertex-pair query), the algorithm

is not only told whethefu, v) is an edge or not, but rather, in the former case it is also provided with pair
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(i,7), which means that is thei-th neighbor ofu, andu is the j-th neighbor ofv. With this additional
information, the structure af’ is implicitly given and, thus, the emulation of random walks in the execution
of the procedure Odd-Cycle @, is straightforward. Here we need to work harder to overcome the lack of
information.

Random-Walk Steps. We first shortly discuss the emulation of random walks. If the walk stays at the
current vertex, then clearly there is no need for any emulation. Hence, we only need to consider the case
in which we have to select a random neighbor. Recall that vertic€8 are either of the formX;(v) (the

i-th external vertex corresponding to vertexn G), or I;(v) (thei-th internal vertex), wheré < i <
[deg(v)/d]. Recall that we can obtaieg(v) for anyv by a single degree query, and in particular use this

to find the degree of vertices @&'. For simplicity of the presentation, we assume from this point on that for
every vertexv in G, the degree of every vertdx(v) in G’ is d (instead of being at mosgf, and the degree

of every X;(v) is 2d (instead of being at mos&ii).

Performing a random-walk step i’ from an internal vertex;(v) can be easily done by using the
explicit structure of the grap®/ (v) (which is either a complete bipartite graph with multiple edges, or an
explicitly constructible expander). In order to perform a random-walk step from an external v€rtex,
we first determine whether to take one of thedges within the grapH (v), or whether to take one of the
d edges going fromX;(v) to another external vertex. In the first case we then select an internal neighbor
given the explicit structure off (v). It remains to deal with selecting an external neighbor. Note that in the
special, but easy, case in whidhg(v) < d and soH (v) is a single vertex, there is only the latter option.

As noted just following the statement of Theorem 3.3.1, we actually congifugs we go along. The
important thing to note is that the definition @f allows us to assign the vertices ¥(v) edges ofv in an
arbitrary manner (as long as eadfi(v) is assigned (at mogl) different edges). Hence, all we need to take
care of is to be consistent with previous choices, and to ensure the correct distribution in the choice of the
random walk step. To this end we may think of each external vertex as havpayts”, labeledl, - - -, d,
which are initially unassigned. As the algorithm proceeds, it puts a “link” between, sagthhwort of
Xi(v) and thel'th port of X;(u) (where(v,u) € E(G)). When performing a random-walk step from
Xi(v) (to a vertex outside off (v)), we uniformly select a port. Let us denote the index of the port selected
by ¢. If port ¢ of X;(v) is already linked to another port, then we simply take this link to the port (and vertex)
at the other end. Otherwise, we first set the link, and then take it. In order to set the link properly, we need to
uniformly select a neighbar of v among the neighbors afthat were not yet assigngtb any port of one
of the external vertices af). After doing so, and selecting a neighbgmwe need to select a yet unassigned
port of one of the external vertices of The above can be done, with the aid of sampling, at an amortized
cost ofO(log n) queries inG. Details follow.

For each external verteX;(v), the algorithm keeps a vector of lengthl’;(v). Thek’th entry of I';(v)
contains thet’th neighbor of X;(v), if it was determined, and is empty otherwise. Denoteffly) the
number of free entries in the vectby(v). Also denote byA(v) the set of neighbors af that were already
assigned to external vertices@fand by N A(v) the vertices that were not assigned. When setting a link to
a yet-unassigned port (filling in a new entrylin(v)), we distinguish between two cases.

Case 1: If less than half of the neighbors ofin G are in A(v), the algorithm repeats at mogbg? n)
times the following procedure: It chooses uniformly at random a neighberinfG. If that neighbor
belongs toN A(v), then a desired neighbor is found. By repeating the above procéxlsg” n) times,
the probability that the algorithm didn't find a desired neighbor is at mostn). In this case we say
that the algorithm fails. Since the total number of queries that the algorithm performs is ai(mpghe
total failure probability of the algorithm is(1). Suppose that a desired neighborvpfwith the nameu
is found. In that case the algorithm should move to one of the external vertieesTdfe selected vertex
X (u) is chosen with probability'z Ji() 7 According to the choseX (), the algorithm sets

1<j< deg(u)/a i (v
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I';(v)[t] < X;(u). In addition, the algorithm chooses uniformly at random one offifie) free entries in
the vecto’; (u). Assume that the chosen index’isl < ¢’ < d, then, the algorithm sets; (u)[t'] — X;(v).

Case 2: If more than half of the neighbors efin G are in A(v), the algorithm reads all the neighbors

of v in G that belong taVA(v), and attaches them arbitrarily to the unoccupied entrigg(n), 1 < j <
[deg(v)/d]. By doing this, the algorithm (at most) doubles the number of neighbor queries performed on
vertexv of G. Now, suppose that ifr;(v)[t] there is a name of a vertex ¢f, sayu. In that case, the
algorithm should move to one of the external vertidggu), 1 < k < [deg(u)/d]|, and this is done as in

the first case.

Modifying the procedure Odd-Cycle. The procedure Odd-Cycle’ is the same as Odd-Cycle in terms of
the performance of random walks, which are emulated as described above. The only modification is in the
last stage, where the procedure performs vertex-pair querieg.xzL#} be the pair of vertices queried in
G'. We answer the query as follows. (if,y) = (X;(v), I;(v)) for some vertex in G, then we answer
according to the explicit construction of the subgrdptw). If (z,y) = (Xi(v), I;(u)) for u # v, then
the answer is always negative. (lf,y) = (X;(u), X;(v)) then we query the paitu, v) in G. If there is
no edge betweefu,v) in G, we answer that there is no edge betwégi) and X;(v). Otherwise, we
give a positive answer. While this answer may be inconsistent with the constructign(sihce it would
correspond to having a complete bipartite subgragh inetween the external verticeswofnd the external
vertices ofv), it always provides evidence to an odd cycle in the input gi@dpAn explanation follows.
Consider two paths i, where both paths start at the same ventex H(s), end at a pair of external
verticesX;(v) and X (u), respectively, and whose lengths have the same parity (sciftaj and X (u)
both belong to the samé;,, b € {0, 1}). By construction of7’, such a pair of paths i&’ corresponds to a
pair of paths inZ, which start ats, end atv andu respectively, and have the same pabitys well. But if
there is an edge i betweerv andu, then there is an odd cycle @.

3.3.3 Establishing Item 4 in Theorem 3.3.1

In this subsection we prove the last item in Theorem 3.3.1. Recall that we are interested in a procedure for
selecting a vertex id’ so that there is a sufficiently high probability of hitting any fixed sufficiently large
subset of vertices it’. In particular, ifG’ is far from being bipartite then we are interested in hitting the
subset of vertices for which Odd-Cyclef) returnsfound with probability at leasg/3.

Let Vo(G) = {v € V(G) : deg(v) < d} and letV},(G) = {v € V(G) : deg(v) > d}, where ¥’
stands follow, and %’ for high, and as beforej = d..;(G) denotes the average degree of vertice&§'in
We also define the corresponding set&in V,(G') = {z € V(H(v)) : v € V3(G)} andV,(G") = {z €
V(H(v)): v € V,(GQ)}. (Recall thatH (v) is the subgraph i’ that corresponds to, andV (H (v)) is its
set of vertices.) Sinc® (G') = V;(G') U V,(G), it follows that selecting a vertex uniformly i (G’) can
be done by first deciding whether to pick a vertex freiG’) or fromV},(G”) with probability proportional
to the size of each set (relativeto= |V (G")|), and then picking a vertex uniformly from the selected set.

Recall that for every € V;(G) we have|V (H (v))| = 1 while for everyv € V,,(G), |V(H(v))| =
2[deg(v)/d]. Therefore, picking a vertex uniformly ivi,(G’) corresponds to picking a vertex uniformly in
Vi(@), while picking a vertex uniformly i}, (G') corresponds to picking a vertexf (G) with probability
proportional to its degree.

Since we are not required to actually select every vertel) (i6”) with exactly equal probability, but
rather we are required to be able to select all &t of the vertices inV (G’) with probability at least
Q(1/n’), we may perform the above steps in an approximate manner. In particular, by taking a sam-
ple of ©(1/62) vertices inG and querying their degrees, we may obtain an estimate, depd@(d, of
[Ve(G)|/n" = [Ve(G)|/n” such that il Vi (G")[ /n’ > 6/2 then(1/8)[Vi(G")|/n" < i(G') < 2(|Ve(G)|/n)
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(recall thatn < n’ < 4n). In order to uniformly select a vertex Iy (G) (so as to obtain a uniformly selected
vertex inV;(G")), we can simply take a sample of vertices frdf(=), query their degrees, and pick the first
vertex in the sample that belongsWa(G), if such exists. IfV;(G’)|/n’ > §/2, so that|Vy(G)|/n > §/2,
then a sample of siz&(1/6) suffices to ensure that with high constant probability, the sample will indeed
contain a vertex iy (G).

The only step that is more involved is that of selecting a verté,ifG) with probability proportional
to its degree. Observe that selecting a vertex from all' ¢f/) with probability proportional to its degree
can be performed by uniformly selecting edigein £(G) and then selecting one of its two end-points with
equal probability.

In the following we use a procedure presented in Chapter 6 that performs a certain approximation to the
uniform selection of an edge iB(G).

Sampling Vertices inG”’

We now return to selecting vertices @&'. As discussed earlier, we can easily obtain an estimate of
IVo(G|/n' = |Ve(G)|/n/, denotedi = i(G"), such that ifiVy(G")|/n’ > §/2 then(1/8)|V,(G')|/n' <
a(G") < 2(|Ve(G")|/n’), and hence we assume that we indeed have such an estimate.

Sample-Vertices-Almost-Uniformly-in-G’(d, 4, [1)
1. Flip a coin with biasi.
2. If the outcome is “heads” then do (select a verteXifG")):

(a) Uniformly select®(1/4) vertices inG and query their degrees.

(b) If some vertex in the sample belongsitg ) then letv be the first such vertex and output
the single vertex: € V(H(v)). Otherwise, pick an arbitrary vertexin the sample and
output an arbitrary vertex € V(H (v)).

3. Else (the outcome is “tails”) do (select a verteXyin(G")):
(@) If d > /on then sample an edge € E(G) by running the procedure Sample-Edges-

Uniformly-in-G. In case the procedure fails, pick an arbitrary ed@eE(G).

(b) Else @ < v/6n), sample an edgec E(G) by running the procedure Sample-Edges-Almost-
Uniformly-in-G(3/2).

(c) Choose with equal probability one of the end-pointsf the edgee.
(d) Choose uniformly at random one of the vertiees V (H (v)).

Figure 3.5: A procedure for selecting a vertexdhso that all but at most é-fraction of the vertices are
selected with probability2(1/n').

Proof of ltem (4) in Theorem 3.3.1. We now show that the procedure Sample-Vertices-Almost-Uniformly-
in-G’ (see Figure 3.5), is as required in Item (4) of Theorem 3.3.1. Consider first the vertigg&:i. If
[Ve(G))|/n' > 6/2, then for each vertex € V,(G’), the probability that we seleat is /i(G’), times the
probability that the sample contains a verteXiG’), times1/|Vy(G’)|. Sincey = Q(|Vy(G’)/n’) and the
sample contains a vertex froM(G) with constant probability, the probability that we seleds 2(1/n’) as
required. If|V;(G")|/n’ < /2 then the probability that we obtain any vertexyifG’) may be very small,
but we are allowed to havi’ such vertices and we shall account for these at fi)»’ vertices.
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We now turn to the vertices i, (G’). For an edge € E(G), let C. denote the event thatis selected
by Sample-Edges-Uniformly-in-G in cage> /dn, or by Sample-Edges-Almost-Uniformly-in-G in case
d < V/én. Forv € V(G) let C, denote the event that is selected in Step 3c of procedure Sample-
Vertices-Almost-Uniformly-in-G'. Forz € V(G’) let C, denote the event that is selected in Step 3d
of the procedure and let(z) be such thatt € H(v(z)). Recall that for everw € V;,(G), we have
|V(H(v))| = 2[deg(v)/d]. Therefore for every: € V;,(G'),

1 1 1
Pric = Pl sty © 2 2P ey G

If d > v/én thenPr[C,] is only slightly smaller tharl /m (since there is a probability that the procedure
Sample-Edges-Uniformly-in-G fails to output an edge), implying theC,] = Q(1/7/). If d < Vén,
thenPr[C,] is determined by the procedure Sample-Edges-Almost-Uniformly-in-GUL.&k as defined in
Theorem 6.2.1, and consider first the case whérg ¢ Uy. Then for every edge that is incident ta(x),

we have thaPr[C.] > 1/(64m) = 1/(32dn). By Equation (3.16), for each such vertexve have that

1 1 1 1
32dn  2[deg(v(z))/d] — 256n — 256n’

Pr[C,] > %deg(v(m)) (3.17)
as required. Next consider the case that) € Uy butdeg(v(z)) > 2|Up|. In such a case for at least half
of the edges incident tov(z) we have thaPr[C.] > 1/(32dn), and we can deduce thBt[C,] > =5
It remains to show that the total number of vertiecesuch thatv(z) € U, anddeg(v) < 2|U|, is at
most (6/2)n’. Using the fact thatUy| < +/(0/2)n/2 (recall that the procedure Sample-Edges-Almost-
Uniformly-in-G is called with its input parameter setd2), and for every vertex € V,,(G), |V (H (v))| =
2[deg(v)/d] < 2deg(v), we get:

Z V(H®))| < 4|02 < (6/2)n" . (3.18)
veUp: deg(v)<2|Uop]|

The lemma follows.

3.4 A Lower Bound

In this section we present a lower bound on the number of queries necessary for testing bipartiteness. Sim-
ilarly to the lower bound presented in [39], this lower bound holds for testing algorithms that are allowed

a two-sided error, and the graphs used for the lower bound construction are regular graphs. However, the
lower bound ofQ2(y/n) (for constant) established in [39], holds for graphs having constant degree (e.g.,
degree 3), and when the algorithm is allowed only neighbor queries. Our lower bound is more general in
that it allows the algorithm to perform both neighbor queries and vertex-pair queries, and it is applicable to
all degrees. Indeed, the two families of graphs that we define below in our lower bound construction, can be
viewed as generalizing the two families presented in [39]. However, since we have to deal with any given
degreed and not only withd = 3, and since we have to deal with both types of queries, the analysis itself
does not follow as a straightforward generalization of the analysis in [39].

Theorem 3.4.1 Every algorithm for testing bipartiteness with distance parameter 2=% must perform
Q(min(y/n,n%/m)) queries.

The high-level structure of our proof is similar to other lower-bound proofs for testing, which can be
traced back to [70]. We present two distributions over graphs, where all graphs generated by one distribution
are bipartite (and hence should be accepted), while with very high probability a graph generated according
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to the other distribution is far from bipartite. We then show that any algorithm with query complexity below
the lower bound, cannot distinguish between the two distributions (and hence must have a large failure
probability).

Specifically, both distributions, denoté&dn, d), andG(n/2,n/2,d), are overd-regular graphs having
vertices, where we assume for simplicity thas even. A graph generated accordingit@, d) is obtained
by selecting, uniformly and independentliyperfect matchings between thevertices. A graph generated
according toG(n/2,n/2,d) is obtained by first randomly partitioning thevertices into two equal parts,
and then selecting, uniformly and independentiperfect matchings between the two parts. By definition,
all graphs in the support @(n/2,n/2,d) are bipartite, and we prove that graphs generated according to
G(n,d) aree-far from being bipartite with high probability, fer< 1/16 andd > 64

We then show that the following two claims hold when a graph is generated either accordifig &)
or according ta7(n/2,n/2,d): (1) Any algorithm that asks(n?/m) = o(n/d) queries, will not detect an
edge by any vertex-pair query with very high probability. (2) Any algorithm that a6is:) queries will
not receive as an answer to any neighbor query, a vertex it has already observed in a previous query (with
very high probability as well). From this we can conclude that any algorithm thaésks(/n, n?/m))
gueries cannot distinguish between the two distributions, as desired. In the lower bound proof we show the
necessity of botmeighbor querieandvertex-pair queries Specifically, by using only one type of queries
the lower bound increases. A detailed description of the lower bound is quite technical and appears in [46].
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Chapter 4

Testing k£-Colorability in General Graphs

4.1 Introduction

A graph isk-colorable if it is possible to partition its vertices inkoparts such that there are no edges
with both endpoints in the same part-Colorability can be tested in the dense model ugioty (k/¢)

queries [37, 6]. Thus, the complexity of this problem in the dense case is independent of the number of
verticesn. In [25] an{2(n) lower bound is presented for testing this property in the sparse bounded-degree
case.

The Main Result. Dense graphs can be tested fecolorability with constant complexity, while the com-
plexity of testing bounded-degree graphQis). Here, we consider testirigcolorability in general graphs.
We present an algorithm whose complexityigmin((n/d)?,n/d - /n,nd)) < O(n%) whered is the av-
erage degree in the graph. We also present a two-sided lower bo@ria 1) for this problem. Thus, our
upper bound is at most quadratic in the lower bound. Our results preasenooth transitiorbetween the
known results in the sparse and in the dense case.

k-colorability is a generalization of the bipartiteness property. Indeed, if a graptcasorable for
k = 2, then it is bipartite. By adapting the techniques presented in Chapter 3, we could get a lower bound of
O(min(y/n, n/d)) for testingk-colorability. However, the result of this chapter suggests a stronger lower
bound. A one-sided tester fércolorability that rejects a graph, must provide an evidence that the input
graph is notk-colorable. Fork = 2 such an evidence is an odd cycle. However, for generaluch
evidence may have much more complicated structure. This, could be the intuition explaining the reason
for the difficulty in designing an efficient tester fbfcolorability. Indeed, the result we provide here is not

optimal in the sense that there exists a gap between the obtained lower and upper bounds.

Our Techniques. We first design a testing algorithm for the case of regular graphs that is based on [6]. We
further show gorobabilistic reductionfrom regular graphs to graphs with varying degrees. This reduction
preserves the query complexity of the testing algorithm. The reduction is quite general, it proved to be
helpful in the case of testing bipartiteness (see [46]), and it might be proven to be useful for some other
graph properties.

Some Useful Definitions. Given a graph’ overn’ vertices andn’ edges, al-blowup ofG’, is a graphG
obtained in the following manner. Every vertex@fis transformed int@ vertices inG. Thus, the number
of vertices inG is n = n/d. Every edge of is transformed intal?> edges inG that form a complete
bipartite graph between the sets of the corresponding vertices. Thus, the number of edgesiifil?.
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Figure 4.1: Testing:-colorability - illustration of results for general graphs obtained in this chapter.

Consider a grapl’ with n’ verticesvy, - - -, v,,». Thed-blowup of G’ is G and its set of vertices is labeled
V1,1, V1,ds """ Un/ 15" " s Un/ d-
We denote byP, ; the set of all subsets dfl, ---,n} = [n] that contain at most elements. Given a

graphG and a set of its vertices;, , - - -, v;,, we denote byx,, ..., , the subgraph ofr induced by these
vertices.

4.2 One-Sided Lower Bound

In this section we prove af(%) one-sided lower bound for testikgcolorability in general graphs, over
vertices with average degree (densifyWe first prove a one-sided error lower bound, which follows from
a combinatorial analysis, and later show a two-sided error lower bound.

Theorem 4.2.1 Every one-sided error algorithm for testirigcolorability in graphs with average degree
(density)d overn vertices, require$)(%) queries.

The following lemma will be of use:

Lemma 4.2.1 There exists a grapliy on n vertices with maximum degree bounded by a constant, that is
©(1)-far from beingk-colorable. Yet, there exist a constant> 0, such that the induced subgraph on every
set ofan vertices ofG is k-colorable.

Proof: We use a probabilistic argument for showing the existence of a gragdirequired by the lemma.
The distribution of graphs noted &§n, p), is a distribution of graphs over vertices, such that there is an
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edge between a pair of vertices with probabifityand there is no-edge with probability— p. The edges
events are independent. Consider a gr@gelected uniformly from the distributio@(n, p = 8k%/n). We
next show that sucty obeys the lemma conditions with positive probability and deduce thatGutists.
Using known properties of graphs created by the distribution, p = 8k3/n) (see [11]), with proba-
bility 1 — o(1), G contains at leastk®n edges (half of the expected number of edges). Moreover, there are
at most a constant number of vertices with degree (log n), and there are no vertices with higher degrees.
Next, we show tha& is far from beingk-colorable with probabilityl — o(1). Consider a:-partition
P =1Vy,---,V; of the vertices of. Clearly one of the parts has size at leagk. Assume without loss of
generality thatVy| > n/k. Let Xy, be a random variable indicating the number of edgdsg in
As Xy, is a sum of|V1]? > n?/k? independent Bernoulli random variables, each with expectation at
least8k3 /n, it follows from standard bounds on the tails of binomial random variables (see, e.g., [11]) that

PiXy, < 4kn] < e F < k7.

By taking the union bound over all possible partitioRsof the vertices ofG we get that forevery
partition P = V4, - - -, V}, of the vertices ot7, the number of edges ifd that are within a partition is at least
4kn with probability 1 — o(1).

Next, we show that with probability — o(1), every subset of vertices 6 of sizean is k-colorable,
for o < 2

Note that a subset of verticeés C V(G) of minimal size that is nok-colorable must have minimal
degree at leagt. Hence, sucly must contain at leagt|S|/2 edges.

The probability that there exists a setC V(G) of sizes < an — 1 that contains at leagts/2 edges
can be bounded from above by:

ail (Z) (5/)2) (8K3 /n)ks/?

s=4
By standard bounds, the sum can be bounded by its last term, that is,

k2ank/2  gk/2p3k/2

ail CL) <k§/)2) (8k3/n)k8/2§(%)om'( ez ) )T =

s=4
e R20k/2pk/2  gk/213k/2

o Lk/2 L k2

)om < (€2k&k/2k‘k)om _ [€2a1/2k]ank _ 0(1) (4.1)

From all the above a graphi selected uniformly fron@(n, p = 8k3/n) has with probabilityl — o(1)
the following properties:

e ( contains a linear number of edges.

e (G is O(1)-far from beingk-colorable

e Every subset ofvn of the vertices of7 span a-colorable graph.

e The total number of edges incident to verticeg:olvith degree greater than a constani(is).

Hence, we can remove edges incident to vertice& afith degree greater than a constant, and obtain a
graph that answers all requirements of the lemma. As a graph required by the lemma exists with positive
probability, the lemma follows.

Proof of Theorem 4.2.1: A one-sided tester fok-colorability can reject a grapt’ only if it finds a
subgraph ofZ” which is notk-colorable. Consider a graghf overn’ vertices that is promised to exist by
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Lemma 4.2.1. Such graph contains a linear number of edges, and its maximal degree is a @@histant (
sparse graph). Moreover, it €(1)-far from beingk-colorable, yet every set of linear number of vertices
is k-colorable. Clearly, a one-sided tester fecolorability must rejecG’. However, it needs to provide a
witness for the noi-colorability of G’. By the properties of+’, such a witness must contai(n’) vertices,
and hence we obtain a lower bound¥(fn") for testingk-colorability in sparse graphs, with average degree
d=0(1).

In the following we deduce that there exists a one-sided lower bound for téstioprability in graphs
with densityd (i.e. average degred which isQ(n/d). Consider a grapt¥ overn = dn’ vertices obtained
by ad-blowup of G’. Following the properties off’ and the definition of the blowugy is ©(1)-far from
beingk-colorable, yet every subset af’ = an/d vertices ofG spans &-colorable graph. Clearly, a one-
sided tester fok-colorability must rejectz, however, since the smallest evidence for the hawolorability
of G, contains©(n/d) vertices, &2(n/d) lower bound for testing:-colorability by a one-sided tester is
obtained. W

4.3 A Two-Sided Lower Bound

In this section we prove afi(%) two-sided lower bound for testing-colorability in general graphs, over
n vertices with average degree (densitly) Our proof is based on the two-sided lower bound for testing
k-colorability in constant degree graphs obtained in [25].

Theorem 4.3.1 Every two-sided error algorithm for testingrcolorability in graphs with average degree
(density)d overn vertices, requires)(%) queries.

Proof: The authors of [25] show that there exist two distributiong-oégular graphs (for constad} over
n’ vertices with the following properties. The first distribution, denoteﬂ)%OI contains graphs that are all
3-colorable. The second distribution, denoted’¥s. | ¢,, CONtains graphs that are &l(1)-far from being
3-colorable with high probability. MoreoverDécol_far\ = |D’300|| and the distributions are statistically
indistinguishable by a tester that has obsemved) vertices of the input graph.

Equivalently, one can say that for every graph &n= o(n') verticesG,, the the probability that
G, appears as an induced subgraph of a graph created by the distriﬁlgt&ﬂfar is equal to the prob-
ability that G, appears as an induced subgraph of a graph created by the distritb))iot&rll (that is,

Pryy G/, = Pryy G/, .
DSCoI-far( o) D3CO|( )

The fact that for every?’, ons’ = o(n') vertices, P oLt (GY) = Prpg I(G;r) is equivalent to
col-far co
the fact that there exists a bijection functigh : Décol X Py g — Décol-far x P, ¢ that is defined as

follows. For a pairG’ € D3, and a set;,,---,v; , of s’ of its vertices, consider the induced graph
Gvil,...ﬂ,is/. The functionf’ returns a grapl’* Dlscol-far and a set of its vertices;,,---,u;,, S.t.
G, = G,

In the following we use the distribution@écol, Décol-far to construct two distributions af-regular
graphs ovem = n'd vertices whered(1) < d < ©(n), such that one distribution contaifiscolorable
graphs and the other contains graphs that ar@l)-far from being3-colorable with high probability, and
such that the two distributions are identical for a tester that havecgegn) vertices of the input graph.

The proof of the last claim goes as follows. The two distributions denbtgg, D3col-far are created
by ad-blowup of every graph in the original distribution]%Col and Dlacol-far Note that we get graphs
onn'd = n vertices, anch/d?/2 = nd/2 edges that aré-regular. The vertices of the graphs in the new
distributions are labeled by 1, - - - v,/ 4 such that for every vertex we keep track of its original name before
the blowup. Clearly from the properties of the original distributions and from the nature of a blowup, graphs
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in D3¢q) are all 3-colorable, and graphs il3qq.f4r are all©(1)-far from being3-colorable with high
probability.

It remains to show that the two distributions are indistinguishable urless(n/d) = o(n') vertices
of the input graph were seen. Using similar arguments to those mentioned above, it is sufficient to show that
there exists a bijection functiofi: D3.g) X Pns — D3cgl-far X Pn,s that is defined as follows. For a pair
G € D3zcgland a sev;, j,, -+ -, v;,,j, Of s of its vertices, consider the induced gra@lh, ; ..., ;- The
function f returns a grapli=* € D3¢q)-fan @nd a set of its vertices;, ;,,---,u;, j,, S.t. G =

*
ui17j1 7'“7u’i57 S

In what ‘?ollows, we show that a required bijection functiprexists. Consider a grapfi € D3¢q,
whose original graph (before the blowup)@$ € D5, Consider a set of = o(n') = o(n/d) of the
vertices ofG, v;, j,, - - vi, ;, Now f(G,v;, 4., - v, ;,) IS determined as follows. Consider the (possibly
multi) setv;,,---v;,. Remove repetitions from the last set and obtain thesget - - v;,, s' < s. Now
consider the value obtained (G’ vy, - - yUk,) = ugs, -, uge, With a slight abuse of notation we
could use the ”OtiOUYG’,vkl,mvks, (ki) =k )

The value off (G, v;, j,, - - vi, j,) is defined, now, as follows:

Vig,j10 " Vis,js

f(G, Uiy, g1y 'vis,js) = ufG’,vklv“wk , (41),310 " .ufG’,vklw-vk ,(is)vjs
S S

Clearly from the definition of the blowup and from the bijectively ffit follows that f is bijective and
hence the theorem follows.

Since the two original distributions presented in [25] could be adjusted to show two-sided lower bound
for testingk-colorability for constant > 3, we can apply the same arguments and get our two-sided lower
bound for testing:-colorability fork > 3. W

4.4 An Upper Bound for Almost Regular Graphs

A graphG overn vertices with average degrédds almost regularif the maximum degree in the graph is
©(d). In this section we use arguments similar to the ones appear in [6] to obt&ituain((%)?, n)) upper
bound for testing:-colorability in almost regular graphs with general densities.

Theorem 4.4.1 There exists a one-sided error algorithm that usgsnin((%)?,n) - poly(k/e)) queries,
for testingk-colorability in almost regular graphs over vertices with degred.

We start with a high level discussion of the strategy used in the analysié: beta graph om vertices
that is e-far from beingk-colorable. In the following we assume th@tis regular, and in the end we
explain that the result is obtained also for almost regular graphs. Suppose we are given & subsgt)
and itsk-partition¢ : S — [k], our aim is to find with high probability inside the next several random
vertices a witness to the fact thatcan not be extended to a proper coloring of the sample kttaloring
c: V(G) — [k] of G is to coincide withg on S, then for every vertex € '\ S, the colors of neighbors
of v in S under¢ are forbidden for in c. The rest of the colors are still feasible for It could be that
v has no feasible colors left at all. Such a vertex will be catletbrlesswith respect taS and ¢. If the
number of colorless vertices is large, then there is a decent chance that between the next few random sampled
vertices, there will be one such colorless vertéxClearly, adding* to S provides the desired witness for
non-extendibility ofe.

If the set of colorless vertices is small, then one can show thaf, issc-far from beingk-colorable,
there is a relatively large subsit of vertices (called restricting) such that adding any vertex W to S
and coloring it by any feasible color with regarddaxcludes this color from the lists of feasible colors of
at least(ed) neighbors ob. If suchv is caught in the next few vertices of the random sample, then adding
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v t0 S and coloring it by any of its feasible colors reduces substantially the total length of the lists of feasible
colors for the vertices of, thus helping to approach the case when there are many colorless vertices.

The above described process can be represented by a tree in which every node corresponds to a colorless
or a restricting vertex and each edge corresponds to a feasible colov.féks the degree of such a node
can be as large ds the size of the tree grows quickly as we choose new sampled vertices. We therefore
will need the probability of success (the probability of catching a colorless/restricting vertex) along several
consecutive steps to be exponentially closé.to

Next we present the formal description of the above argument. First we introduce some notation. We
denote the sefl, - - -, k} by [k]. Supposeér = (V, E) is a graph om vertices. Given a subsétC V and
its k-partition¢ : S — [k], for everyv € V — S let

Lo(w) = [\ {1<i<k: Jue SNT),du) =i}

If S =0, weletLy(v) = [k] for everyv € V. If a k-coloringc : V(G) — [k] of G coincides with¢ on
S, then for everyy € V' S the color ofv in ¢ belongs taL,(v). Hence,Ly(v) is called thdist of feasible
colorsfor v. A vertexv € V' — S'is calledcolorlessif L,(v) = (). We denote byJ the set of all colorless
vertices unde(sS, ¢). For every vertex € V — (S UU) define

dp(v) = ienlei,I(l'u) HueT'(v) = (SUU): i€ Lg(u)}.

Thus, coloringv by one of the colors fronL4(v) and then adding it t&' results in deleting this color
and thus shortening the lists of feasible colors of at I€58t) neighbors ok outsides.

Lemma 4.4.1 For every setS C V and everyk-partition ¢ of S, the graphG is at mostd|S U U| +
>_vev—(suu) 9s(v) edges far from being-colorable.

Proof: For everyv € S, colorv according tap(v). For everyv € U, colorv in an arbitrary color fromk]|.
For everyv € V — (SUU), colorv in colori € Lg(v) for whichy(v) = [{u € I'(v) = (SUU) : @ €
L(u)}].

Let us estimate the number of monochromatic edges under this coloring. The number of monochromatic
edges incident witty U U is at mostd|.S U U|. Every vertexw € V — (S U U) has exactly4(v) neighbors
u eV — (SuUU), whose color listL4(v) contains the color chosen for Thereforep will have at most
d4(v) neighbors i/ — (SUU) colored in the same color. Hence, the total number of monochromatic edges
is as claimed. W

Corollary 4.4.2 If G is a graph om: vertices that is-far from beingk-colorable, then for any paifS, ¢),
whereS C V(G), ¢ : S — [k], one has:

> 6s(v) > end — d(|S| + |U)),
veV—(SUU)

whereU is the set of colorless vertices for the p&ff, ¢).

Given a pair(S, ¢), a vertexv € V — (S U U) is calledrestrictingif ,4(v) > ed/2. We denote byV’
the set of all restricting vertices.

Lemma 4.4.2 If G is a graph om: vertices that is-far from beingk-colorable, then for every paifS, ¢),
whereS C V(G), ¢ : S — [k], one has:

UUW|> en/2—|8].
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Proof: By Corollary 4.4.2,

n-ed
end—d(|S|+U)) < Y dg(v) < dW[+ > 05(v) < dIW| + ——.
veV —(SUU) vEV —(SUUUW)

This implies|S| + |U| + |W| > en/2. AsU andW are disjoint, the result follows. l

Let now( be a graph om vertices that ig-far from beingk-colorable. While choosing random vertices
ry,- -+, Ts We construct an auxiliarg-ary treeT. To distinguish between the vertices@fand those of”
we call the lattenodes Each node of " is labeled either by a vertex 6f or by the special symbe#, whose
meaning is explained soon. If a notlef 7" is labeled by#, thent is called aterminal node The edges of
T are labeled by integers frofh|.

Lett be a node off. Consider the path from the root 6fto ¢, not includingt itself. The labels of the
nodes along this path form a subsgt) of VV(G). The labels of the edges along the path defikepartition
¢(t) of S(t) in a natural way: the label of the edge following a natlim the path determines the color of
its labelv(t'). The labeling of the nodes and edgesiofvill have the following property: ift is labeled
by v andv has a neighbor ir(t) whose color iny(¢) is i, then the son of along the edge labeled hyis
labeled by#. This label indicates the fact that in this case calsrinfeasible forv, given(S(¢), ¢(t)). At
each step of the construction’6fwe will maintain the following: all leaves of are either unlabeled or are
labeled by#. Also, only leafs ofl" can be labeled byt. We start the construction @f from an unlabeled
single node, the root of.

Suppose thay — 1 vertices of 7" have already been chosen, and we are about to choose vertex
Consider a leaf of T'. If ¢ is labeled by#, we do nothing for this leaf. (That is the reason suchsacalled
a terminal node; nothing will ever grow out of this node.) Assume nowitismtinlabeled. Define the pair
(S(t), ¢(t)) as described above. Now, for the pé#i(t), #(t)), we define the sdt/ (¢) of colorless vertices
and the selV () of restricting vertices as described above. Rogisgicalledsuccessfulor the node if the
random vertex; satisfiesr; € U(t) U W (¢). If roundj is indeed successful far then we labet by r;,
createk sons oft and label the corresponding edgeslby- -, k. Now, if color is infeasible forr;, given
(S(t), #(t)), we label the son of along the edge with labelby #, otherwise we leave this son unlabeled.
Note that ifr; € U(t), then none of the colors frort] is feasible forr;, and thus all the sons @fwill
be labeled by#. This completes the description of the process of construdfingNext, we state some
properties off".

Lemma 4.4.3 The depth of”" is bounded from above t?fdﬂ.

Proof: Lett* be a leaf ofl". Notice that if the label of a nodeof 7" belongs taJ(¢), then all sons of in

T are labeled by# and are terminal nodes. Therefore, all nodes on the path from the rdotof*, but
possibly the node immediately preceditig have their labels in the corresponding dét$t). Since each
vertex inW (t) is restricting with respect toS(t), ¢(t)), coloringv in any feasible color decreases the total
size of the lists of feasible colors for all vertices@fby at leastkd/2. Therefore, each time when on the
path from the root of” to ¢* we leave a node, whose label belongs @/ (¢), the total length of the list of
feasible colors shrinks by at least/2. As initially all & colors are feasible for all vertices, we start with
lists of feasible colors of total lengthk. Thus, we can not make more thah/(ed/2) = 2 steps down
from the root of" to t*. This implies that the depth @f is at most%. [

Lemma 4.4.4 If a leaft* of T'is labeled by#, then¢(t*) is not a properk-coloring of S(t*).
Proof: By the definition of the labeling procedure il

Lemma 4.4.5 If after round; all leafs of the tred” are terminal nodes, then the subgra@f{rq,---,7;}]
is notk-colorable.
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Proof: Notice first that the labels of all nodes @f are either# or vertices from{r,---,r;}. Letc :
{r1,---,r;} — [k] be ak-partition of {r1,---,7;}. In order to show that creates some monochromatic
edges in the induced subgraph@®bn {ry, - - -, r;}, we start with the root” of T" and traversd” guided by

c as follows: while at node of 7', labeled byv(t) € {r1,---,r;}, we move front to its son along the edge
of T labeled byc(v(t)). Once we reach a terminal nodteof 7', we have thers(t*) C {ry,---,r;} and
¢(t*) coincides withc on S(¢*). Ast* is a terminal node, it follows from lemma 4.4.4 thas not a proper
k-coloring of S(t*). M

Lemma 4.4.6 If G is a graph onn vertices that is-far from beingk-colorable, then afte© (k In ke—Q%)
rounds, with probability at least/2 all leafs ofT" are terminal nodes.

Proof: As every non-leaf node df' hask sons and by lemma 4.4.3; has depth at mofkn/ed, it can
be embedded naturally infaary treeT, k, 2kn of depth%—" Moreover, this embedding can be prefixed even

before exposing the sampled vertlces Note that the number of vern@sgm‘ is bounded by el

Recall that during the construction of the random sanipknd the tred’, a successful round for a leaf

of T results in creating sons ofT". Fix some nodée of T 2kn - If after 36k In ke‘zn roundst is a leaf of

T, then the total number of successful rounds for the path from the rdbttoft, is equal to the depth of

t. As S(t) C R and thugS(t)| = O(n/d), by lemma 4.4.2, each round has probability of success at least
¢/3. Therefore, the probability thatis non-terminal leaf ofl" after 36% In ke*Q% steps can be bounded
from above by the probability that the Binomial random variabBl@6k In ke~ 2%, ¢/3) is less thani%”.

The latter probability is at most:

<l2klnkn_2kn>2 (lenkn>2
ed ed

ed
- 24k In kn T T24klnkn _27klnkn _3kn
[& ed < e ed = e 8ed < ]{j ed

Thus, by a union bound we conclude that the probability that some nciC;C(?g%f, is a leaf ofT", non labeled
by #, is at mos{V' (T, 2kn)|k < 1/2 N

Proof of Theorem 4.4.1: From lemmas 4.4.5 and 4.4.6 it is clear that a sample of verfites size
O(kIn ke—Q%) spans a nor-colorable subgraph af with positive constant probability. Note thatdGf is
almost regular, rather then being regular, this may affect the siZzearfly by a constant factor, and hence

the size of the require® stays affectively the same. We can either ask all possible pair queries induced by
the sampled set, or ask all possibleeighbors from every vertex in the set. Hence we obtain an algorithm
with query complexityO(min((%)?,n) - poly(k/e)). W

4.5 An Upper Bound for General Graphs

In this section we use arguments similar to the ones that appear in Chapter 3 to oéiniaf(% )2, ”'f, nd))
upper bound for testing-colorability in general graphs oververtices with average degrde

Theorem 4.5.1 There exists a one-sided error algorithm that ug&@nin((2)?, ”\F ,nd) - poly(k/e))
queries, for testing:-colorability in general graphs ovet vertices with average degreﬂe

We start by proving few lemmas that show the following: for a given general gtaplith average
degreed that is e-far from k-colorability, we can construct a graghf that is a "regular” version of?
and it preserves the distance kecolorability of G. Moreover, we can perform every query inf8 by
performing a constant number of queries ittoLastly, we can select a random vertex@fwith a cost of
O(min(y/n/8,n/d)) queries intaG, for any given parameter < § < 1.
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Next we show that there exists a random gréftthat preserves the number of edges and verticés of
and the distance th-colorability of G, and such thaf:’ is close to be regular.

Lemma 4.5.1 For every graph havingn vertices anchd/2 edges, we can construct randomly a gragh
havingn’ = ©(n) vertices and the same number of edges with maximum dégree2d. Moreover, IfG

is k-colorable thenG’ is k-colorable, and ifG is e-far from beingk-colorable, then’ is ¢’-far being from
beingk-colorable fore’ = ©(¢). All properties ofG’ apply w.h.p.

Proof: The Construction: every vertex ofG is transformed intddeg(v)/d| vertices. Denote by (v)
the vertices inG’ related to a vertex € V(G). The vertices inX (v) are denoted byX;(v),1 < i <
[deg(v)/d]. Thus,n’ = |[V(G")| < ZUGG(de%l(”)l < 2n. The edges of¥ are determined as follows:
an edgdgu,v) € E(G) chooses independently uniformly at random a vertex ffdfw) and a vertex from
X (u). In G’ there will be an edge between these two randomly chosen vertices. Clégty,)| =
|E(G)| = (nd)/2. The required properties 6¥ follows from the following set of claims.

Claim 4.5.2 For d = Q(logn), the maximum degre€ of G’ constructed above i8d with probability
1—o(1).

Proof: Let Wf,"j be an indicator random variable whichlisif the j-th induced edge of € V(G) (1 <

j < deg(v)), chooses verteX;(v) € V(G'). Let W o >_1<j<deg(v) W, Wiis a sum ofj independent

indicator variablesExp[W/] = deg(v) - 1/(deg(v)/d) = d. Let X¢ be an indicator variable which is if
Wi > 2Exp|[W{] = 2d, and0 otherwise.

Using standard bounds on tails of sums of bounded random variables (see, e.g., [11]), for a specific
v e V(G)andl < i < [deg(v)/d], it follows that P{X? = 1] < e~“?. Using a union bound over a’s
v e V(G)andl < i < [deg(v)/d], we get that the probability that there exists a vertend an index
for which X! = 1 is at mostn’ - e~ = o(1), thus with probabilityl — o(1), the maximum degree @’
constructed above i&/. W

Claim 4.5.3 For a graph G with d > 16k*/¢ the following holds: IfG is e-far from beingk-colorable
(with respect to number of edges beingin)/2), then with probabilityl — o(1), G’ is ¢'-far from being

H ! !/
k-colorable with respect ta’'n’, for ¢’ = .

Proof: Consider a fixed:-partition P’ = (V/,---,V}/) of the vertices inG’. The partitionP’ induces a
partition of X (v) for everyv. Let us denote byX“(v) the majority subset ok (v) induced byP’. Consider
a partitonP = (V4,---, V) of the vertices of7 induced byP’ in the following way. Forv € V(G), if
X%w) c V/forl <i <k, thenv € V;. SinceG is e-far from beingk-colorable at least one of the subsets
Vi,-o, Vi containsiend edges. W.l.o.g. assume tha(V;)| > iend. Let H' be a subgraph of,
defined as follows. The vertices &F are:

U x°)

veVy

The edges off’ are the edges a@, induced byV' (H'). Thus,V(H') Cc V{ andE(H') C E(VY).
We next show the following fot > 1:

PH|E(H")| < (1/4k3)end] < k=" (4.2)

Once we establish Equation 4.2, by taking a union bound over all possible parfXiohthe vertices of
G’ we get that foeverypartition P’ = V/, - - -, V] of the vertices of5’, the number of violating edges G
is at leas{(1/4k3)end with probability1 — o(1). Recall that’ < 2n andd’ < 2d with probability1 — o(1).
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Thus, foreverypartition of the vertices of’, the number of violating edges is at leagt6k? - n’ - d’ with
probability 1 — o(1), as required.

Proof of 4.2: Consider an edge= (u,v) € E(G), and letp(e) = (X;(v), X;(u)) be its corresponding
edge inE(G"). Fore € E(V1), Pi¢(e) € E(H')] > 1/k-1/k = 1/k?. Thus,

Exp(| E(H")[] = 1/k*|E(V1)|-

As |E(H')| is a sum of|E(V;)| independent Bernoulli random variables, each with expectation at least
1/k2, it follows from standard bounds on the tails of binomial random variables (see, e.qg., [11]) that

PIX s < (1/4k%)end] < o—end/16k?

Thus, ford > 16k* /¢ we have
PH|E(H")| < (1/4k%)end] < k—"

for ¢ > 1, and the claim is proved. l H
In the following we show that we can perform queries i6toby accessing~, where every query can
be performed using a constant number of queries@hto

Lemma 4.5.4 Each of the possible queries in& (degree, neighbor, vertex-pair queries) can be imple-
mented using a constant number of queries &to

Proof: We consider each of the possible queries iiito

Degree Queries. Here we assume that i’ the maximum degree i&d. It was proved before to be true
with probability 1 — o(1). Consider the following procedurssign-Edges(v) wherew is a vertex ofG:
Find deg(v) by one query on; for each edge-index € {1,---,deg(v)}, choose one of the vertices
Xi(v) € X(v) (1 < < [deg(v)/d]), uniformly at random. Denote b§;(v) a vector of2d cells. This
vector contains the indices of edges that are assign&d(to). Finally, choose an empty celin the vector
Qi(v), and se);(v)[t] := r. This procedure corresponds to the random constructic#.of

Neighbor Queries. For each verteX;(v), the algorithm keeps a vector (of len@if), W;(v) that contains
an ordered list of all the vertices 6f s.t. the algorithm is committed to the existence of an edge between
them andX;(v). Thatis, if W;(v)[t] = X;(u), it means that there is an edg¥,(v), X;(v)) in G’. In this
caseW;(u)[t'] = X;(v) for somet’, 1 < ¢’ < 2d. Note that the procedurssign-Edges(v) assigns each
of the edges of independently to one of the vertic&5(v), 1 < i < [deg(v)/d].

Suppose that the algorithm is located Xp(v) and it wishes to perform a neighbor query. Choose
uniformly at random, a numbeér, 1 < k£ < 2d. Take an empty vectaR;(v) of length2d and copy into
it the vectoriV;(v). By that the algorithm keeps its commitment about the edges which have already been
exposed. Then, apply the Assign-Edg@g{rocedure only for edges of that do not appear in one of the
Wi(v), 1 <1 < [deg(v)/d]| (i.e. to edges which were not exposed yet by the algorithm; ()[%] is
empty then the walk remains &t;(v). If Q;(v)[k] contains a name of a vertex @&, the walk moves to
that vertex, otherwise);(v)[k] contains an index of a neighbor ein G. By performing a single neighbor
query onG, the algorithm determines the name of that neighbor (say)G. Then the walk needs to move
to one of the vertice&';(u), 1 < j < deg(u)/d. It chooses one of the verticés;(u) uniformly at random.
For the chosen setW;(v)[k] := X;(u). Now choose a free cel', 1 < k' < 2d, in W;(v), and set
W;(v)[K'] := X;(v). The neighbor query returli; (u).
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Vertex-Pair Queries. In order to answer a vertex-pair quety;(v), X;(v)) in G', perform a vertex pair
query(u,v) in G. If there is no edge betwedn, v) in G, answer that there is no edge betwééfiu) and
X;(v), otherwise pick at random one of the copies (5apf » in G’, one of the copies (say) of v in G'.
Now if ¢ = k andj = ¢q answer "yes”, otherwise answer "no”.ll

In the following we show that we can select a vertex (almost) uniformly at randomdomith a cost
of O(min(4/n/d,n/d)) queries inta&, for any given parametér < § < 1.

Lemma 4.5.5 There exists a proceduf@ample-Vertices-Almost-Uniformly-in-Ghat for any given para-
meter0 < § < 1, performsO(min(+/n/d,n/d)) queries inG and returns a vertex iii’ such that the
following holds: For all but at mosén’ of the verticesr in G’, the probability thatr is selected by the
procedure i(1/n').

Proof: Hereby we describe the required procedure:

Sample-Vertices-Almost-Uniformly-in-G'(d, §)

1. If d > v/on then sample an edgec E(G) by running the procedure Sample-Edges-Uniformly-
in-G (see Chapter 6). In case the procedure fails, pick an arbitraryeedge(G).

2. Else ¢ < V/én), sample an edge € E(G) by running the procedure Sample-Edges-Almpst-
Uniformly-in-G(9/2) (see Chapter 6).

3. Choose with equal probability one of the end-pointsf the edgee.

4. Choose uniformly at random one of the vertiaei® X (v).

Figure 4.2: A procedure for selecting a vertexdhso that all but at most é-fraction of the vertices are
selected with probability2(1/n').

We now show that the procedure Sample-Vertices-Almost-Uniformly-in-G’ (see Figure 4.2) is as re-
quired by the lemma.

For an edge € E(G), let C. denote the event thatis selected by Sample-Edges-Uniformly-in-G in
cased > /én, or by Sample-Edges-Almost-Uniformly-in-G in case v/on. Forv € V(G) let C, denote
the event that is selected in Step 3 of procedure Sample-Vertices-Almost-Uniformly-in-G'zFel/ (G')
let C; denote the event thatis selected in Step 4 of the procedure andlet) be such that € X (z(v)).
Recall thaf X (v)| = [deg(v)/d]. Therefore for every € V(G'),

1

Tdeg@y/a Y

1 1
Pr(Cy] > Pr[Cyy)] - Tdeg(v(@))/d] = e:(uzv:(m))QPf[Ce}

If d > v/én thenPr[C,] is only slightly smaller tharl /m (since there is a probability that the procedure
Sample-Edges-Uniformly-in-G fails to output an edge), implying thdC,] = Q(1/7/). If d < Vén,
thenPr[C,] is determined by the procedure Sample-Edges-Almost-Uniformly-in-GUt.&e as defined in
Theorem 6.2.1, and consider first the case wherg ¢ Uy. Then for every edge that is incident ta(x),

we have thaPr[C.] > 1/(64m) = 1/(32dn). By Equation (4.3), for each such vertexve have that

1 1 1 1
. . > > .
32dn  [deg(v(z))/d] — 128n — 128n/

Pr{Cy] > Jdes(v(x)) (4.4)

as required. Next consider the case that) € Uy butdeg(v(z)) > 2|Up|. In such a case for at least half

of the edges incident tov(z) we have thaPr[C.] > 1/(32dn), and we can deduce thBt[C,] > 5=
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It remains to show that the total number of verticesuch thatv(xz) € Uy anddeg(v) < 2|Up|, is at
most (4/2)n’. Using the fact thatUy| < +/(6/2)n/2 (recall that the procedure Sample-Edges-Almost-
Uniformly-in-G is called with its input parameter setd@2), and for every vertex € V(G), | X (v)| =
[deg(v)/d] < deg(v), we get:

Z X (v)] < 2|Uo* < (6/2)n. (4.5)
veUp: deg(v)<2|Up]|

Thus, the lemma follows. B

Proof of Theorem 4.5.1: First note thatad is a trivial upper bound obtained by picking all possible
vertices and asking all possible neighbor queries from each of them. Given a general-gmph tested

for k-colorability, we apply the algorithm from Theorem 4.4.1, @h which is the "regularized” version

of G (described in Lemma 4.5.1). Recall that the algorithm from Theorem 4.4.1 sélécia ke*2%)

vertices from the input graph (first stage) and then asks all vertex pair queries between then or all neighbor
gueries that are relevant to them (second stage). By Lemma 4.5.5, the cost of the first stage of the algorithm
into G’ is O(min((%)?, "'gl/ﬁ) -poly(k/e€)). By Lemma 4.5.4, the cost of the second stage of the algorithm

into G’ is O(min((%)?, "T'd) - poly(k/e)). Thus, the total cost of the upper bound for the general case is

O(min((2)2, Y2 nd) - poly(k/c)). W
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Chapter 5

Testing Subgraph-Freeness in General
Graphs

5.1 Introduction

In this chapter we consider the problem of testing subgraph-freeness, and in particular triangle-freeness, in
general graphs. Let denote the number of vertices in the graph detenote the average degree, and let

dmax denote the maximum degree. Given a distance parametdy, we would like to design an algorithm

that distinguishes with high probability between the case that the graph contains no triangles and the case
in which more thare - nd edges should be removed so that no triangles remain. To this end we allow the
algorithm query access to the graph. In particular, for any vertex of its choice, the algorithm may ask for
the degree of the vertex, it may ask for any neighbor of the vertex, and it may ask whether there is an edge
between any two vertices.

Subgraph-freeness, and more specifically, triangle-freeness, is one of the most basic problems studied in
property testing. The interest in this problem is both due to the fact that triangle-freeness is a fundamental
and simple graph property, and it is due to the relation between triangle-freeness and the study of dense sets
of integers with no three-term arithmetic progression.

Dense graphs. Most of the focus in previous works was on testing triangle-freeness in dense graphs, that
is, whend = ©(n). The authors of [3] showed that it is possible to test triangle-freeness in dense graphs
using a number of queries thatirdependendf n, and is of tower-type behavior itye. Alon [2] proved

that a super-polynomial dependencelgh is necessary for testing subgraph-freeness of all non-bipartite
subgraphs. When the subgraph is bipartite tb€ih/¢) queries suffice [2]. It is also observed in [2] that

the problem of testing triangle-freeness is intimately related to the famous (and very hard) problem of the
existence of dense sets of integers without a three-term arithmetic progression. Alon’s lower bound, which
was proved for one-sided error algorithms, was extended in [10] to two-sided error algorithms. Other related
results include [9].

Bounded-Degree graphs. In the other extreme, as was observed in [39], wiign. = O(1) thenO(1/e¢)
queries suffice for testing triangle-freeness. More gener@lly’ /¢) queries suffice for testing/ -freeness
in graphs with maximum degre@(d), wherer is the diameter of{.

General graphs. In this work we study the complexity of testing triangle-freeness of graphs that lie be-
tween the two extremes. Namely, we would like to understand the dependence of the query complexity on
the average degre and we do not want to necessarily assume dhat. = O(d). In the latter aspect we

follows the work [64] on testing the diameter of sparse, but unbounded-degree, graphs, and in both aspects
we follows the work presented in Chapter 3, on testing bipartiteness of general graphs.
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Our contributions.  The main contributions of this chapter, on a qualitative level, are as follows:

e We discover a threshold-type behavior in testifgfreeness, for every non-bipartite fixed grafh
wheneverd = O(n'~°(1)), the number of queries that are necessary to kefteeness i€2(n'/3),
while, as discussed above, fdr= ©(n) the query complexity is a function af only. This is in
sharp contrast with the results of Chapters 3, 4, where a smooth behavior of the complexity of testing
bipartiteness and-colorability as a function ofl were described;

e We provide a transformation from lower bounds for testtfigreeness using one-sided error algorithms
to those for two-sided error algorithms; though the suggested transformation carries some technical
restrictions, it is general enough to capture a variety of lower bounds of this sort;

e We give quantitative lower and upper bounds for testing triangle-freeness in general graphs;

e We show that the edge distribution in random Cayley graphs is close to that of truly random graphs
of the same edge density. This is proven by direct combinatorial and probabilistic arguments, without
relying on the eigenvalue machinery, which is incapable of proving such results for subsets that are too
small. Although we need this result for property testing purposes, we feel it is of enough independent
interest to be stated here.

5.1.1 Alower bound and a sharp threshold

Our main result is:

Theorem 5.1.1 There is a lower bound dR(n!/?) for testing triangle-freeness in general graphs. The
lower bound holds for algorithms that are allowed two-sided error, and for edehat is upper bounded
by n'=°(), For some values af the lower bound reache@(n'/?).

We note that the expression fofl) in the theorem is the functiok£[22%6242. Theorem 5.1.1 is actually
the union of three lower bounds (whose one-sided error versions are stated in Lemmas 5.2.1,5.3.1 and 5.4.1),

which are applied to different values @f The exact expression for the lower bound is

Q (max {\/’f%, min{d,n/d}, min {\/8, n2/3/d1/3} . nfo(l)}) (5.1)

For a schematic illustration see Figure 5.1. ) ] o
Recall that wher = ©(n) then tésting can be performed using a number of queries that is independent

of n [3]. Thus we observe a sharp transition between our lower bourst{of/3) that holds untild =
n'=°(), and the upper bound at = ©(n), which does not depend an The exact behavior of the
complexity of testing triangle-freeness wheh°(!) < ¢ < n remains open.

Using techniques that were previously applied in [2] it is possible to extend Theorem 5.1.1 to testing
subgraph-freeness of other non-bipartite subgraphs.

Theorem 5.1.2 There is a lower bound (ﬂ(nl/3) for testing subgraph-freeness of non-bipartite subgraphs
in general graphs. The lower bound holds for algorithms that are allowed two-sided error, and fordevery
that is upper bounded by' —°("). For some values af the lower bound reache®(n'!/2).

We wish to note that the difference between the complexity of testing bipartite and non-bipartite graphs
is caused by the difference in the behavior of their&funumbers — they are subquadratic for the former
and quadratic for the latter. A more detailed discussion can be found in [2].

5.1.2 Upper bounds

We show that for every graph density, there exists an algorithm for testing triangle-freeness whose query
complexity is sublinear im. Furthermore, the upper bound is always at most quadratic in the corresponding
lower bound.
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Figure 5.1: Testing?-Freeness - illustration of results for general graphs obtained in this chapter. Notice
that the lower bound lies entirely above the horizontal line at heighit

Theorem 5.1.3 There is an upper bound 6f(n%/7) for testing triangle-freeness in general graphs for every
value ofd. The upper bound can go down(ﬂinl/z) for some values af. In all cases the upper bound is
at most quadratic in the lower bound that holds for that densityl,\fy = O(d) then the upper bound is
O(n*/%) for all values ofd.

The exact expression for our upper bound)iémin {\/nd/e3/2, (n4/3/d2/3)/62}>, where in the case that
dmax = O(d), the first term is replaced by/e.

Tight results

There are two cases in which our lower and upper bounds are tight. The first case is graphs in which
dmax = O(d) andd < /n. For this case the complexity 8&(d) (for constant). The second case is general
sparse graphs, that is, graphs for whick ©(1). For these graphs the complexity@g./n).

5.1.3 Our techniques

Behrend Graphs and Cayley graphs. In the proof of our third lower bound (Lemma 5.4.1), we build

on graphs that are known as Behrend graphs, which were previously used in the context of testing triangle-
freeness in [2]. Here we prove that random Behrend graphs have a certain property that we can exploit in
order to obtain our lower bound. Behrend graphs are variants of the well studied Cayley graphs, and our
proof concerning properties of random Behrend graphs extends to Cayley graphs. See Chapter 7 for relevant
results for Cayley graphs.
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A reduction from one-sided error lower bounds to two-sided error lower bounds. We obtain our two

main lower bounds by first establishing lower bounds that hold for one-sided error algorithms. We then
prove a transformation from one-sided error lower bounds to two-sided error lower bounds that hold under
certain assumptions, and apply it to obtain our two-sided error lower bounds. This transformation may be
of use in future lower bound proofs for subgraph freeness. We note that in [10] a transformation was given
in the case of dense graphs, but it is not applicable in general.

5.2 Alower bound on( n/d)

In this section we establish our first, and simplest lower bound.

Lemma 5.2.1 Every algorithm for testing triangle-freeness must perfdéei/n/d) queries. This lower
bound holds for two-sided error algorithms as well.

Proof: Consider the following two families of graphs oververtices and with average degrée Each

family is determined by a single graph, and consists of all possildibelings of the vertices of the graph.
Hence it suffices to describe the two graphs (one per family). In one graph there is a clique dhdize

and in the other graph there is a complete bipartite graph between two sets of vertices, eack afisize

In addition, in both graphs the remaining set of vertices spafsegular triangle-free graph. The second
graph is clearly triangle-free, and it is not hard to verify that the first graph/is)-far from being triangle-

free for some constant However, in order to distinguish between the two graphs (or more precisely, in
order to distinguish between graphs that are selected uniformly from each of the two families), the algorithm
must obtain a vertex in the clique / complete bipartite subgraph. To this end the algorithm must perform

Q(n/vnd) = Q(y/n/d) queries. B

5.3 Alower bound of Q2 (min{d,n/d})

Our next lower bound improves on the lower bound in Section 5.2 whem!/3.

Lemma 5.3.1 Every one-sided error algorithm for testing triangle-freeness must perftmin{d, n/d})
queries. This lower bound holds even whign, = O(d).

The lower bound in Lemma 5.3.1 is extended to two-sided error algorithms in Section 5.5. We start by

considering the case thdt= ¢ - \/n for a particular constant < 1. We later discuss how to deal with the

case thatl > ¢ - \/n and with the case that < ¢ - /n. We prove the lemma by describing a distribution

on graphs such that the following holds: On one hand almost all of its support is on graphs that are far from
triangle free. On the other hand, every algorithm that uses neighbor and/or vertex-pair queries, must perform
Q(min{d,n/d}) queries before it views a triangle (with sufficiently high constant probability). Since we
currently focus on testing algorithms that have one-sided error, this implies a lower bound on the query
complexity of such algorithms.

5.3.1 Definition of the lower-bound distribution

The graphs we consider below atgegular, but may have multiple edges. At the end of this section we
discuss how to remove the multiple edges. Det be a distribution over graphs withvertices and degree

d = %\/n/?) that is defined as follows. A graph is generated by first selecting a ragdway partition

of the vertices into equal-size subsets of size= n/3 denotedV;, V5, V5. Next, between each pair of
subsetsd’ = d/2 = /n//3 random perfect matching are selected. In all that follows we assume’tsat
sufficiently large ¢’ > 100 suffices).
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Lemma 5.3.2 With probability at least — O(1/n'), a graph chosen uniformly according to the distribution
Dx is Q(1)-far from being triangle free.

Proof: We shall show that with high probability over the choice of a graph accordidgntpthere are at
leasta - nd edge-disjoint triangles in the graph, for some constant
Consider first a fixed choice of a pair of vertiegsv;. The probability that there is an edge betwegn

ando; is 1 — (1— %) which is at most, and at leasgl, — (%) - oy = % — 1. Next consider any
choice of three vertices; ; € Vi, vo; € Vo andvs, € V3. Leta, j, denote thé/1 random variable that
is 1 if and only if there is a triangle between the three vertices. Since the choice of the matchings between
V1 andV; is independent of the choice of the matchings betwiéeandV; and the choice of the matching

betweenl; and Vs,

d\?
Pr[ai’j’k = 1] S <n/) (52)
and 5 X 5
d —1/18 d 1
prioss =11 (T211)  (4) (12 L) 59

Let 3; ; , denote &/1 random variable that i$ if there isno triangle of the form(v}, v;, vy), where
v; # vj, or (v, v;, vg) wherev;- # vj, or (v;,v4, v;,) Wherev,. # vy, and isO if there is such a triangle. Then

d\’ d—1\* _(d\® 3(d—1)?

n n

It follows that

Pr[ai,j,k =1 andﬁw-,k = 1]

= Pr[aid’k = 1] — Pr[amyk =1 andﬁi,j,k = 0] (5.5)
/ 3 / 3 !
> (d —1/18) B (d) 3(d' —1)? (5.6)
n' n' (n/)2
d 3 1 3 1 2 (dl)Q
- (2)" ((1_ ) s (-8 W) )
1 [d\? 1
e e T N T4
= 3 <n'> =5 ()7 (8)

where we have used our assumption thiaandd’ = +/n//3 are sufficiently large. Hence, the expected
number of tripleq v, v2, v3) that constitute a triangle that does not share an edge with any other triangle is

at least

1 1

NS . = (32 — = (32— .
Next, we shall use Chebychev’s inequality to show that with sufficiently high probability, the number of

such triples is not much smaller than this expected value.

Let the vertices in each sé&f, ¢ € {1,2,3}, be denotedy ,...,ve, . For each triplev, ;,vs ;,v3 1
let n; ;. be the0/1 random variable that i$ if and only if (vy;, v2 j, v3 k) constitute a triangle, and there
is no other triangle that shares any of its edges. Using our previous notation we have{fhat = 1] =
Prlo; jr = 1andg;;, = 1]. Clearly,Pr[n; ;i = 1] < Pr[a; ;. = 1], which we have shown is upper

1
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N3
bounded by(%) . By Chebychev’s inequality,

4Var {Zi, ik m-,j,k} c'Var [Zi, ik ni,j,k}

1
Pr Zmrﬂ?k < iExp Zni,j,k < 5 < ()} (5.10)
ok ok (EXp [Zi,j,k m,j,k} )
for ¢ = 4 - 54%. We would like to bound the variance B, ik Wik
2 2
Var [ Y mige| =Exp | [ D 7k — [ Exp | D nijin (5.11)
i7j7k Z’7.j7k i7j7k
Now,
2
Exp | | D ik = D > Expligwnvgw] (5.12)
.5,k .5,k 4.5 K
= > D Explnigik - ni ]
i#i jFG kFER
+3:2 0 D Explmi vy
i A kAR
+3- Z Z Exp(i,jk - 1i.,k']
ij ktk!
+ Z EXP[U?,j,k] (5.13)
ZA7‘j7’€
while
2
Exp | i = > > Explnijsl - Explne jrw) (5.14)
.5,k .5,k 5"k
> 3> Explmigl - Explne o] (5.15)
i kAR
Therefore,
Var Zni,j,k
i"j’k
< 2D (EXP[m,j,k it g k] — Exp[ni k] 'EXP[W,J",k’D
i j#5 kAR
305 S gl 30 Y Y Explagsc ] + 3 Explaty) (.16
i j#j kK ij k#k! i.jk

First observe that by definition of, for everyi,j and k& # £/, since if both(vq,,v2;,v3%) and
(vi,4,v2,5,v3, ) are triangles then they share an edge, we get that

Nijk = Migk' =0 (5.17)
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Next observe that

> Expln;pl =D Explyige] < () (d'/n)? = (d)? (5.18)
0,5,k 0,5,k

As for the sum over triangles that share a (single) vertex,

d d—1\*>d (d-1 1 d\°
EXp[ni,j,k'ni,j’,k’] S EXp[ai,j,k"ai’,j’,k’] S ( . > . — ( + > S 2- <n,) (519)

n' n' n' n' n —1

and so

d 6 d' 6
SN Exphign - migw] < (0)°-2- (RI;G ol ,) (5.20)
N E
To complete the proof we bound the difference betwen|n; ; . - ni i ] andExp([n; j 1] - Exp[nir j7 /]
(fori #£ 4/, j # 4/, andk # k'). By definition,

Exp[nijk - i g0 k) — Explni k] - Explnir g x]
= Prlmijr =1 (Prlny e = Unijr =1 — Priny jpw = 1]) (5.21)

It can be verified that

1
Pr[m/7j/7k, = 1|771,_],k = 1] = <1 —|— O <n,>> . Pr[ni’,j’,k’ = 1] (522)

A\ 3
and sincePr(n; j 1 = 1] = Pr[ny ji i = 1] < (%) , we get that

d 6
EXP[Ui,j,k; . ni’,j’,k’] — EXp[T]Z‘J'k] . EXP[Th",j’,k’] =0 < )7) (523)

Hence,

ne  (d)° (d)°
>3 D Explnigk - mirgrw] — Expliigal - Explne o] = O ( (0)0 - 5 ) =0 (<= ) (5.24)
i1 j#§ k2K (n') n

By combining Equation (5.10) with Equations (5.16)—(5.24) we get that

Pr {Z Ni gk < %EXP {Z i,k

i7j7k: i7j7k

= =o(1). (5.25)

The cased > 3%\/5 The distribution in this case is the same as described at the start of this section:
the graph vertices are partitioned into three equal partd’, andVs, and between every paif; and V

we putd/2 random perfect matchings. We would like to show that with high probability the resulting graph
contains at Ieasg - nd edge-disjoint triangles in the graph, for some constario this end we think of

the matchings as being selectediip- % . % rounds, where in each rourd = ﬁ -y/n matching are
selected between every pair, V;, i # j. For each round we can apply Lemma 5.3.2 and get that with high
probability we have at Iea%t- n-d' edge-disjoint triangles. Observe that the triangles created in the different
rounds are edge-disjoint. By applying a union bound we get that with probability atlleas!(k/n) we

obtain? - n - d edge-disjoint triangles.
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The cased < 32%\/5 In this case we first partition the vertices irtgartsV'!, ..., V* where|V?| =

%dz. We then apply the construction described at the start of this section tol&adkor smallk (i.e.,

k < logn) we can apply a union bound on the differéfts, and oncek is sufficiently large we can use

the fact that the different subgraphs are constructed independently. In either case we get that with high
probability, for at least a half of th&’s there are2(|V| - d) edge disjoint triangles within the subgraph
induced byV*.

5.3.2 The lower bound

Let A be any one-sided error algorithm for testing triangle freeness, wheseallowed to perform both
neighbor queries and vertex-pair queriesAl¥iews a triangle in the tested graph then clearly it can reject
the graph. However, sincé is a one-sided error algorithm, if it terminates before viewing a triangle, then
it must accept. Suppose we ruhon a graph chosen according fon, with some (sufficiently small)
constant. Since we have shown that with high probability such a graphfés from being triangle free,

the probability thatd terminates before viewing a triangle must be small. Hence it remains to prove the
following lemma.

Lemma 5.3.3 Any algorithm whose goal is to detect, with high constant probability, a triangle in a graph
selected according t& A, must ask2(min{d, n/d}) queries.

We note that the proof actually establishes the stronger statefdénin{d,n/d}) queries are required to
detect a cycle of any length.

Proof: We first present the argument far > 3%/3\/% and later discuss the modifications required for
d< %\/ﬁ

It will be convenient to view graphs in the support bfx as being represented by “matchings over
tables”. Namely, there are 6 table$; 2,71 3,751,753, 131,132, two for each set of vertice®,, b €
{1,2,3}. Each tablel}, ;, is of size(n/3) x (d/2): there is a row for each vertexin V},, and each entry in
v’s row corresponds to one of th¥2 edges that are incident toand to vertices iV,,. An edge between
u € Vi, andv € Vy is represented by a pair of entri€s, , [u][i], Tiy y[v][j]). Hence thed/2 perfect
matchings betweel, andV}, correspond to a single perfect matching between the entries of the two tables
Tbe/ andTbe.

Let ALG be an algorithm that perfornt@ = Q(n, d) queries and whose goal is to detect a triangle with
probability at leas®/10. The probability is taken over the choice of the grépim the support oD and the
coin flips of the algorithm. Namely ALG is a (possibly probabilistic) mapping faurary-answer histories
{((q1,t1),- -, (qt,ar)), to ges 1 foOr everyt < Q. A vertex-pair query is of the forny = (u,v) whereu € V,
andv € V, for someb # b, b, 0’ € {1,2,3}. The answer is either; = (1,4, j), which denotes that there is
an edge between andv and it corresponds to the pair of entrigs, i [u][i], Ty »[v][j]), or a; = 0, which
denotes that there is no edge betweemdv. A neighbor query is of the formy. = (u, V', i) whereu € V},

b # V. The answer is of the forma, = (v, j) wherev € Vj, denoting that there is an edge betwessndv

and it corresponds to the pair of entri{d$ y [u][i], Ty »[v][j]). We note that the mapping from query-answer
histories to queries needs to be defined only on histories that are consistent with some graph in the support
of Da.

In what follows we define a process that answers the queries of the algorithm while generating a graph
according toD A . At any timet, the queries of the algorithms and the answers it is provided with determine
the knowledge grapitt’! = (V?, E', E'), whereV! are the verticesE! are the edges andl’ are the non-
edges. Namely/! consists of all vertices that appeared in queries of the algorithm or in answers to neighbor
queries. SimilarlyE® consists of all pairs:, v such that eithefu,v) was a vertex-pair query that was
answered positively, or was an answer to a neighbor query involvimgand E* consists of all pairs., v
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such that eithefu, v) was a vertex-pair query that was answered negatively. For every(edgg € E!

the knowledge graph will include the indices of the entries in the tables by whatd v are connected

(that is, (¢, j) such thatl} i [u][:] is matched tdl} ,[v][j]. Given a vertex-pair query, = (u,v) where

u € V, andv € Vy, the process computes the probability, conditioned on the current knowledge graph, that
(u,v) is an edge. Namely, it considers all graphs in the suppof?ofthat are consistent wittv*~! and
answers positively with probability that is proportional to the number of these graphs in which there is an
edge betweem andv. Letu;_;; denote the number of unmatched entrie§jp. at timet (before the

t'th query). Note that this number equals the number of unmatched entfigs,iat the same time.

It is not hard to verify that the conditional probability that there is an edge betwest v is upper
bounded by#/2 (the maximum number of unmatched entries®row in 7}, /), timesd/2 (the maximum
number of unmatched entriesuiis row in Ty, ), divided byu;_1 /. Sinceu_q 4y > (n/3)-(d/2)—(t—1)
andt — 1 < @ = o(n/d) the probability iso(d/n). It follows that the probability that the algorithm gets a
positive answer foany of the at most) = o(n/d) vertex-pair queries is(1). But if the algorithm always
gets negative answers for its vertex-pair queries it clearly cannot close a triangle with such a query.

Given a neighbor queryu, ', i) whereu € Vj,, the process gives an answet j) wherev € Vj, ac-
cording to the conditional probability that the entrigs, [u, i] andT}, ;[v][j] are matched (where again, the
conditioning is on the current knowledge graph!). Here we would like to upper bound the probability
thatv already belongs to the knowledge graph. Observe that the knowledgeG@apbontains at most
vertices and at mostedges and non-edges. Hence the conditional probabilitylifafu, i| is matched to
Ty plv, j] for somev € Vbt,_l =Vi=InVy andj € {1,...,d/2}, is upper bounded by the following expres-
sion: (d/2) x (2t) (the maximum number of unmatched entf#gs; v, 5] for v € V:~1) divided by the total
number of unmatched entriesTiy ;, that do not belong to rows of verticass V}y such tha(u, v) € Et1,

By our assumption o)) (wheret — 1 < @), the numerator in the above expression(isin{n, d*}) and

the denominator is at leagt/3) - (d/2) — (t — 1) - (d/2) = Q(n - d). Hence, the probability that such an
event occurs in a given particular timés o(min{(1/d), (d/n)}, and the probability that it occurs at any

t < Qiso(1). Butif the algorithm never gets a vertex in the knowledge graph as an answer to a neighbor
guery, it clearly cannot close a triangle with such a query.

Finally we address the case thibk 3%/3\/5 Recall that in this case we first partition the vertices into

k partsV!, ..., V¥ where|V?| = n' = %d? We then apply the construction to ealch By the argument
described above, here we can get a lower bound of the ffumin{d, n’/d}) = Q(d). But for the current
setting ofd we also have thahin{d, n/d} = d, and so the lower bound holds in this case as welll

A remark about multiple edges. The lower bound proof stated above is valid for graphs that may contain
multiple edges. In the distributio® the probability of a multiple edge between a pair of vertices is
O(i—i). Thus, graphs created according to this distribution contain multiple edges with probability close to
1. However, with probabilityl — o(1) there areD(d?) multiple edges in the graphs created according to
this distribution. We have shown in Lemma 5.3.2 that graphs created according to the distribuytene
Q(1)-far from being triangle free with probability— o(1). Hence we can deduce that by removing multiple
edges from a grapt¥ constructed according to the distributiém, the resulting graph i€(1)-far from

being triangle free with probability — o(1). In addition, an algorithm ALG that interacts with the process
detects a multiple edge with probability1) due to the following reason: ALG doesn't detect any edges

by vertex-pair queries with probability— o(1). The probability of detecting a multiple edge in a neighbor
query is at most the probability that such a query is answered by a vertex in the knowledge graph. This
probability was shown in Lemma 5.3.2 to b ). Thus, at the end of the interaction with ALG, the process
can delete all the multiple edges from the resulting graph, so that the resulting graph contains no multiple
edges. The graph remaif¥1)-far from being triangle-free after the deletion, and its average degree is

d — o(1). As a conclusion we get that our lower bound is valid also for graphs with no multiple edges.
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5.4 Animproved lower bound for high degrees

In this section we establish the following lemma, which improves on our previous lower bound of
min{d, n/d} when the degree of the graph is at least’+°(1).

Lemma 5.4.1 Every one-sided error testing algorithm for triangle-freeness must perform
Q(mm{\/ﬁ, d1/3}-n—9(”)) queries, whereg(n) = ™%25081%1  This lower bound holds even
for d-regular graphs.

In order to prove the lemma, here too we define a distribution over graphs that are far from being triangle
free. We then prove a lower bound on the number of queries that are required in order to detect a triangle
with probability bounded away from zero in a graph that is generated according to the distribution. As we
shall see, it will actually be convenient to consider graphs 8xerertices and degre.

5.4.1 A variant of Behrend graphs

Our lower bound distribution builds on graphs that are variants of what are knoBetaend Graphs

These graphs are defined by sets of integers that include no three-term arithmetic progression (abbreviated
as 3AP). Namely, these are seéfs C {1,...,n} such that for every three elements, x2, 23 € X, if

ro —x1 = x3 — x2 (I.€.,21 + x3 = 2x5), then necessarily; = zo = x3. Below we describe a construction

of such sets that are large (relativerth and later explain how such sets determine Behrend graphs. Our
construction ofX uses similar ideas to those used in known constructions [16, 67] and gives a slightly
weaker result. However, our alternative construction appears to be somewhat simpler, and the size of the
resulting set suffices for our purposes.

Lemma 5.4.2 For every sufficiently large there exists aseX C {1,...,n}, | X| > nk%, such

that X contains no three-term arithmetic progression.

Proof: Letb =logn andk = logn/logb — 2. Sincelogn/logb = logn/loglogn we have that < b/2
for everyn > 8. We arbitrarily select a subset éfdifferent number§z,,...,z;} € {0,...,b/2 — 1}
and defineX = {Zle :::,r(i)bi : 7 is a permutation of1, .. ., k}}. By the definition ofX we have that
| X| = k!. By usingz! > (z/e)?, we get that

1_ logloglogn+4

|X| = k! = (logn/loglogn)! > n°  Toelen (5.26)

Consider any three elemenisv, w € X such that, + v = 2w. By definition of X, these elements are
of the formu = 2% | xm(i)b", v=0 an @b andw = S @ )b € X, wherer,, 7, 7, are

permutations ovefl,...,k}. Sincex; < b/2 for everyl <1 < k, it must be the case that for each
Tro (i)t Try(i) = 2%x,(s) This implies that for every: g: W) T :c W) = 2:1; (i) where the inequality is
strict unlesse,, () = Zr (i) = Tr,(;)- |If we sum over allzs and there is at Ieast one indéefor which the

inequality is strict we get thaf."_, a2 )+ Sk z? @) > Sk 2 z? ;) which is a contradiction since
we took permutations of the same numbers Thus We getthat = w I

Remark. In fact, the set constructed above is also 3AP-free when all calculations are performed modulo
n. We will use this observation below.
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Behrend graphs. Given a setX C {1,...,n} with no three-term arithmetic progression we define the
Behrend graptBG x as follows. It hagin vertices that are partitioned into three equal pdrisVs, andVs.

For eachi € {1,2,3} we associate with each vertex¥ a different integer if0,...,n — 1}. The edges

of the graph are defined as follows:

e The edges betwedn andVs: For everyr € X andj € {0,...,n—1} there is an edge betwegre V;
and(j + x) mod n € Va;

e The edges betweevh, and V3: For everyz € X andj € {0,...,n — 1} there is an edge between
(j +x) mod n € Vo and(j + 2x) mod n € Vs;

e The edges betwedn andVs: For everyr € X andj € {0,...,n— 1} there is an edge betwegre V;
and(j + 2z) mod n € Va.

We shall say that an edge betwegre V7 andj’ € V; or betweenj € V, andj’ € V3 is labeledby z,
if 7/ = (j + «) mod n, and we shall say that an edge betwgea V; andj’ € Vj is labeledby z, if
' = (j + 2z) mod n.
The graphBGx is 2| X |-regular and it contain3| X |» edges. For every € {0,...,n—1} andz € X,
the graph contains a triangl¢, (j + =) mod n, (j + 2x) mod n) wherej € V1, (j + ) mod n € V5 and
( + 2x) mod n € V3. There aren - | X| such edge-disjoint triangles and every edge is part of one such
triangle. Moreover, it is not hard to verify (based on the assumptionXhat 3AP-free) that there are no
other triangles in the graph.

5.4.2 The edge density of large sets in random Behrend graphs

In this subsection we prove the following lemma, which is central to the proof of Lemma 5.4.1. We shall
use the following notation: For a subSétC X and a subset of vertic&s in BGy, we letey (C') denote
the number of edges spanned®@yn BGy .

Lemma5.4.3Let0 < 8 < 1 and0 < o < 1 be such thaty — 23 > m, and letX c {1,...,n},
|X| > n®. Consider the random Behrend graghGy obtained by choosing a random sub3etC X,

Y|=d= 5{7‘ With high probability over the choice af, for every subsef’ of vertices inBGy where
|C| = n®, we haveey (C) < aﬁgﬁ%’ edges.

The lemma states that for sufficiently large subgeis.e., for|C| = n®, wherea — 2 is a constant), the
number of edgesy (C) is close to its expected value. Note that the smaller we chédse., the larger we
chooseY’), the smaller cam be. That is, the lemma can be applied to sets with smaller size.

Before proving the lemma we introduce some notation and prove two claims. For aBulgséf, U V5,
|W| = s, consider the subgraph &G x induced byiV'. Let

A(W) = {(]2 —jl) mod n : j1 S Wl, jg € WQ, (]2 —jl) mod n € X} (5.27)

denote the set dlifferencesn W. That is, it is the set of labels of the edges betwBgnandV; in BG x.
Obviously,|A(W)| < s2. For every differencec € A(W), we define thenultiplicity of z in W as the
number of edges iIBG x between vertices i, and vertices il that are labeled by.

Letk = 5. For3 anda that satisfy the condition of the lemma ¢ 23 > m) we have that
k < 5loglogn. We shall say thall is goodif no difference inA (1) has multiplicity higher thar in .

Claim 5.4.4 With high probability over the choice &f C X, for every goodV such thatiW| = s >
nPlogn, we have thaty (W) < Q’Tj—f

Claim 5.4.4 is easily established by using known bounds on the tail of the Hypergeometric distribution
(see, e.g., [44, Page 29]). We also need the following claim.
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Claim 5.4.5 Let C be a subset of; U V5, such thaiC| = n®. Suppose we uniformly and independently
selectiV ¢ C, |W| = n®logn. Then the probability thakl is not good is at mostniﬁ.

Proof: Note that by the definition of Behrend graphs, the edges between vertiCethat are labeled by a
specific difference, form a matching. When we choose a random subsetC', the probability that there
exists a single difference @f (i.e. an element of\(C)) that has multiplicity at least + 1 in W is bounded

by [CIICI ([ B2 (5 Now,

[W|—(2k+2)/ \|W|

]C|2\C]k+1(Hg,“féiﬁ))) ) . W 2k+2 o 10g2n Py 1
(D <iopior (i) s (FE) T < e
W]

The last expression is upper bounded;}gyas required. .

Proof of Lemma 5.4.3: Consider a se€’ of vertices of BGy such thaC| = n®. LetC; = C NV
for1 < i < 3,andletC = C; U Cy. We will show that almost surely the number of edges between
and(Cs is at mostaf—%ﬁ%‘. The argument for the number of edges betwégrand C3 and betweer;
and (s is analogous, and hence the lemma follows. We shall prove the claim for €yerys such that
|Cy U Cy] = n®. Clearly this implies that it holds for every,, Cs, s.t.|C1 U Co| < n®.

By Claim 5.4.4, with high probability over the choice Bf the following holds. For every good’,
W c C, such thatW| = s > n”logn, the number of edges spannedbyin BGy is at mostks?n 5.
Assume from now on that the select&dhas this property. We shall use Claim 5.4.5 to derive an upper
bound on the number of edgesitGy that are spanned by the vertices(af

By our assumption o, if T is good andW| = s > n®logn theney (W) < 2ks>n=?. Clearly,
ey (W) < s2. If we uniformly and independently seleldt C C, such thaiiV| = s thenExpley (W)] >
% ey (C) - n% We stress that the expectation is taken only over the choi€g ahd not over the choice

of Y. Now,

Expley (W)]
= Expley (W) | Wis good] - Pr[IV is good] + Exp[ey (W) | W is not good - Pr[W is not good
< 2%s?nP4stonP = (2k+1)s2-nF (5.29)

It follows thatey (C) < (2k + 1) - 2|CJ* - ™7 < 5k[C|* - n~7 Sincek = ;253, the lemma follows. W
As a corollary of Lemma 5.4.3 we get:

Corollary 5.4.1 Let0 < 8 < 3 and X C {1,...,n} where|X| > n!=9(") for g(n) = 18250801,

Consider the random Behrend gragh’yy obtained by choosing a random sub3étC X, |Y| = d =

'T;X—,J. With high probability over the choice af, for every subse€ of vertices inBGy such that|C| <

min {f, Zf—f;’} -n~9() the following bound appliesC| - ey (C) < n'=9("),

Proof: Note thatd = n'~9(™~8 and so we need to bound the number of edges insts

’C| < min {nl_g(;)_ﬁ , nl+g(;)+6 } . n—g(n) < n2/5—9(n)’ (530)

wheren?/°-9(") is obtained for3 = 1/5 — g(n).
Consider first the case that< % — g(n). In this case we need to bound the number of edges inCsets

2/3—g(n) 1-2g(n)+B
SI‘C’ S n d1/3 = 3
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Leta = % and observe that — 25 > g(n) > W. Hence we can apply Lemma 5.4.3 and
get that with high probability over the choice b, for every subse€ such thaiC| = n“, we have that
2

ey (C) < 3255 - "5 Clearly this upper bound holds also for every suli$stich thatC| < n®. Hence,

3a
90 n-" < 90 .pl—29(n) < 1-g(n) (5.31)

Clev(C) S =55 77 < o <

Consider now the case that > % — g(n). Note that we need to bound the number of edges in sets

C such thatC| < n?/5-9("), We have shown that the bound applies for the casethat: — g(n), and
|C| = n?/5=9(")_ Hence, for3 > % — g(n), the setsC for which |C| < n?/5-9(") are less dense and
therefore the previous bound appliedll

5.4.3 The lower bound distribution BG(n, d)

Let X C [n] be a set with no three-term arithmetic progression, as constructed in Subsection 5.4.1, such
that|X| = n'~9(") (whereg(n) = '&[2%8112) Consider the Behrend graph, denofed x, whose set of
generators i{. Recall thatBG x, which is a graph ovedn vertices, containgX | -n edge-disjoint triangles:
every edge belongs to exactly one triangle, and every triangle corresponds te soiie

For each subseét’ C X, such thatY| = d we consider the subgraph &fG x that contains all its
vertices but only the edges labeled by differenges Y. This (sub-)graph contains - |Y| = nd edge-
disjoint triangles and is hencefar from being triangle free for ang < ¢ < 1/3. Next we apply a
permutationr on the names of the vertices. More preciselgonsists of 3 permutations?, b € {1,2, 3},
each over{0,...,n — 1}. If we denote each vertexin BGx by a pair(b,i) whereb € {1,2,3} is the
index of the subset that the vertex belongs to aad{0, . .., n — 1}, thenr(v) = m(b,4) = (b, 7°(7)). We
denote the resulting graph 3Gy .

A graph is generated according to the distributi®&'(n, d) by uniformly selectingt” and= and out-
putting the resulting grapBGy .. We also assume that the edges incident to a veréeg ordered randomly
in the incidence list of. For the sake of simplicity, we do not include these random labelings in the notation.

5.4.4 Online generation of graphs according tdBG(n, d)

Recall that we would like to show that any algorithm that is given query access to a graph generated ac-

cording toBG(n, d) must performt (min {\f, Zf—;;} . n—g(")) queries in order to detect a triangle with
sufficiently high constant probability. In order to prove this it will be convenient to define an online process,
denotedP, that answers the algorithm’s queries while generating a graph accordiBg:te,d). The
processP will actually provide the algorithm with more information than required by neighbor and vertex-
pair queries. Namely, whenever the algorithm asks a query involving a verek(1,0),...,(3,n — 1)}
(in either type of query), the process will provide it with ! (v). This will also be the case when the process
answers a neighbor quefy, i) with a vertexv. Thus the algorithm is provided with the “identity” BG x
of the vertices it has observed, and can also derive the Igkel¥ of the edges it has observed.

Clearly, a lower bound on the number of queries of an algorithm that is provided with the additional in-
formation described above constitutes a lower bound on an algorithm that is not provided with this additional
information. It will actually be convenient to consider the following three types of queries:

1. Vertex queries: for any choice of a vertexc {(1,0),..., (3,n — 1)} the algorithm is provided with
7w

2. Random neighbor queries: for any verteihe algorithm has already observed, it may ask for a new
random neighbou of v (together withr ! (u);
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3. Difference queries: for any € X the algorithm can ask whethere Y.

Note that a vertex-pair query can be performed by asking at most two vertex queries and one difference
guery, and a neighbor query can be performed by asking a vertex query and a random neighbor query (recall
that the edges adjacent to a vertex are labeled randoni®(in ). It follows that any lower bound on an
algorithm that performs these types of queries implies a lower bound that is at most a factor of 3 smaller on
an algorithm that performs vertex-pair and neighbor queries.

Let ALG be an algorithm that perform@ = Q(n, d) queries of the above three types and whose goal
is to detect a triangle with probability at leggst10. The probability is taken over the choice of the graph
BGy, and the coin flips of the algorithm. Namely ALG is a (possibly probabilistic) mapping troeny-
answer histories(qi,t1), ..., (¢, ar)), t0 g1 for everyt < Q. The mapping needs to be defined only on
histories that are consistent with some grapiy ..

As described above, a vertex query= (VQ, v;) for v, € {(1,0),...,(3,n— 1)} that has not yet been
observed is answered hy ! (v;). A random neighbor query, = (NQ, v, ') for v, = (b,14) that has been
observed is answered by a new random neighhoe (¥, 5) of v, together withr—!(u;). A difference
queryq; = (D@, x) for x € X is answered by ‘1’ (yes) or ‘0’ (no), indicating whether Y or not.

Any query-answer history of lengthcan be used to define th@owledge basé’; = (V;,Y;, Yy, ;)
at timet, whereV; C {(1,0),...,(3,n — 1)}, Y;,¥; C X andm; : V; — {(1,0),...,(3,n — 1)} (where
7, is one-to-one). Specificallyy; consists of all verticeb, j) such that(b, j) = =~ (v) for somev that
appeared either in one of the firsueries of ALG or in one of the firgtanswers. The sét; consists of
all z € X such that for somé < ¢ there was either a query: = (D@, x) that was answered by ‘1’, or a
queryqy = (NQ, v, b') that was answered witty where the edge betweer ! (v;) andr ! (w,) is labeled
by z. The setY; consists of al: € X such that for somé < ¢ there was a query, = (DQ, =) that was
answered by ‘0’. Finally, for evergh, j) € Vi, m:(b, j) = v wherew is such thatr—1(v) = (b, j).

Observe thaV; together withY; determine a subgraph &G x: the vertices of the subgraph are the
vertices ofV;, and the edges are all paifs, v), u,v € V; such that there is an edge betweeandv in
BGx and this edge is labeled by some= Y;. For eachb € {1,2,3} we letV;, = {(b,j) : (b,j) € V;}.

Definition of the processP

Let R = R(n,d) denote the set of all graplBGy . in the support ofBG(n,d). Forb € {1,2,3} and
i,j €{0,...,n—1} let Ry, ; C R denote the subset of grapBs+y . € R such thatr(b, j) = (b,4). For
x € X let R, C R denote the subset of grapB%+y . € R such thatr € Y, and letR-, C R denote the
subset of graph8Gy . € R such that: ¢ Y.

The proces® answers ALG’s queries as follows, where we assume without loss of generality that ALG
does not ask any query whose answer can be deduced from the knowledge Kase In particular, for
every vertex query; = (V@Q,v) we have thav ¢ V;_1, and for every difference query = (DQ, z) we
have thatr ¢ Y;_1 U Y;_1. The proces® initializes Ry = R, and in general, for any > 0, we have that
R, consists of all graphs iR that are consistent with the firsgueries.

e To answer a vertex query = (VQ,v), wherev = (b,1), the process uniformly selects, j) €
{(0,0),...,(b,n=1)}\V;_1, and setk; = Ry ; ;N R;—1. Note that(b, ;) is selected with probability

|RpijORe—1] _ | R
[Re—1] [Re—1]
e Given a difference queryDQ, z), with probability% the process answers ‘1’ and

. - . d—|Yi—1|_ IX\—d—IYt_}\ . ‘A .
with probability 1 Vo] = RV it answers ‘0’. In the former case it sets

R; = R, N R;_1 and in the latter case it sels = R-,, N R;_1. Note that here the answer is ‘1" with

HH ‘RIﬂRt_l‘ _ ‘Rt| Py . HH _ |RzﬁRt_1| _ ‘RﬁmﬂRt_ﬂ ‘Rt|
probability ==+ = = and is ‘0" with probability1 Foal T Rl Rl
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e To answer a random neighbor quegy= (NQ, v,b’), the process performs two steps. First it selects

z € X in the following manner. With probabilit}%l‘ it selectsz uniformly from Y;_q, and with

probability 1 — \Ythll it selectsz uniformly from X \ (Y;_; U Y;_1). In either case the choice of

(together witht') determines the value gf € {0,...,n — 1} such that there is an edge labeled
in BG x betweenr—!(v) and (¥, j). If (v/,j) € V;—1 thenu = m(V,5) = =(¥/, ;) is known and
Ry = R, N R;—;. Otherwiseu = (¥',7) is selected uniformly if (¢, 0),...,(3,n—1)}\ V,_1» and

Ri= R, N Rb’,i,j NRi_1.

OnceP completes answering th@ queries of ALG it uniformly selects a graph Ry. The next lemma is
easily derived from the definition of the process.

Lemma 5.4.6 For every algorithm ALG, the proced3, when interacting with ALG, uniformly generates
graphs inBG(n, d)

Proof: Consider a specific grapgh in Ry = BG(n, d). The probability that7 is generated by is

1
Pr[G € R:1] - Pr[G € Ry|G € Ry]---Pr|G € Rg|G € Rg-1] - m
Q

Ri Ry Rg 1 1
. = 5.32
Ry Ry Ro-1 |Rol R (5-32)

and the lemma follows.

5.4.5 Proof of Lemma5.4.1
Consider any algorithm ALG that interacts with the procéss We shall show that if ALG ask§) =

2/3

0 (min{ d, ZW} -n_g(”)) queries, then the probability that it reveals a triangle(is). By Corol-

lary 5.4.1, with high probability over the choice Bf, |Y'| = d, for every subset/ of vertices such that
|U| = o (min{ d, Zf—f;’} -n*g(”)), we havelU| - e(U) = o(n'~9(), wheree(U) denote the number of
edges induced on the verticeslof

In what follows we assume that the graph generated iy fact has this property, where we take into
account the probability of(1) that this is not the case. Léf; be the set of edges between verticed/jn
that are known to the algorithm at tinte That is, E; consists of all edges iBG x whose labels are in

Y; and are between vertices I3. Therefore, for every = o (min {\/& ﬂ} -n—g(”)) we have that

)y qi/3
t|Ey| = o(n!=9().

Recall that every edg@, j) € E, participates in exactly one triangle. There are two ways by which
ALG can close a triangle in itsth query. If the query is either a vertex query or a random neighbor query,
the algorithm must receive as an answer one of|f)e | vertices that close triangles with (the known)
edges between vertices ¥#)_;. If the query is a difference queDQ, ) (wherez ¢ Y; 1 UY; 1), then
there must be three verticék i), (2, 7), (3, k) € V;_; that form a triangle iBBG x whose edges are labeled
by z and the answer to the query is ‘1’ (i.e.,€ Y). For sake of simplicity we assume that whenever the
algorithm obtains a vertex that closes a triangI&if x, then it is also told whether this triangle isBGy -
or not (i.e., it gets a difference query “for free”). We now turn to bounding the probability of each of the
above events by which a triangle is closed.

We first observe that sind®;| < ¢ = o(n), whenever ALG asks a vertex quefy @, v) wherev =
(b, i), the answer(b, j), is uniformly distributed in a subset of sign). Since|Y;| + |Y;| < t, whenever
ALG asks a random neighbor quegy= (NQ, v, V'), with probability at least — g we have thatt', j) =
7~ 1(u) is uniformly distributed in a subset of siz&| — t. Since|X| = Q(n'~9(), andt = o(+/d), with
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probability 1 — o(1), for every neighbor query performed, the answer to the neighbor query is uniformly
distributed in a subset of siz@(n'~9("). Let us assume from this point on that this is in fact the case
(where we take into account thatl ) probability that this is not the case).

Given the above, the probability that ALG closes a triangle irt'thequery when one of the edges of the
triangle is already irE; is | E;|/Q(n!~9("). It remains to bound the probability that ALG closes a triangle
by obtaining a vertexb, j) that closes a triangle in the subgraphif x that is induced by;_;, and that
the differencer ¢ Y;_; U Y;_; corresponding to the triangle is determined to b&inSince the number

of edges in the subgraph &G x that is induced by/;_; is upper bounded by, |, the probability of the
above event is at mo% : ﬁ. Sincet = o (min{\/a, n?/3 /3 . n_g(")), we know that
t|Ey| = o(n'=9)) andt? - d = o(n?(1-9(™)), Hence, the probability that one of the above events occurs
foranyt < @ iso(1), as required. ®

5.5 A Reduction from One-Sided Error Lower Bounds to Two-Sided Error
Lower Bounds

In this section we establish that under certain conditions, a one-sided error lower bound for triangle-freeness
can be transformed into a two-sided error lower bound. Since these conditions hold for our one-sided error
lower bounds, we obtain two-sided error lower bounds.

Theorem 5.5.1Let D be a distribution over graphs with vertices and average degrdeand letq(n, d)
be a function of these parameters. Assume the following holds:

1. With probabilityl — o(1) a graph selected according 0, is e-far from being triangle-free for some
constante.

2. One of the following two conditions holds:
e In all graphs in the support aD A, the triangles are edge-disjoint, and for any algoritbdnthe

probability thatA reveals a triangle in a graph selected according@ usingo(q(n, d)) queries
is less thar2/3.

e For any algorithmA, the probability thatA reveals a cycle (of any length) in a graph selected
according toDa usingo(q(n, d)) queries is less tha/3.

Then any two-sided error algorithm for testing triangle-freeness that has success probability &/[Bast
must perform2(q(n/2,d)) queries.

Since the distributions that are defined for our one-sided error lower bounds, which are stated in Lem-
mas 5.3.1 and 5.4.1, are as required by Theorem 5.5.1, we get the following corollary.

Corollary 5.5.2 Any algorithm for testing triangle-freeness must perform
Q (max {min{d, n/d}, min {\/E’ n2/3/d1/3} .p—9() })

queries. This lower bound holds even if the algorithm is allowed two-sided errof,and= O(d).

Here we prove Theorem 5.5.1 in two parts — Theorem 5.5.3 and Theorem 5.5.4 (depending on the
conditions on the lower-bound distributidna). The proofs use similar ideas, but the first one is simpler
and hence we present them separately. For the sake of simplicity, and since it suffices for our purposes, in
the first theorem we slightly strengthen the first condition’ Q.
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Theorem 5.5.3 Let D be a distribution over graphs with vertices and average degrdeand letq(n, d)
be a function of these parameters.

e Every graph in the support dP, is e-far from being triangle-free for some constant

e For every algorithmA, the probability thatA reveals a triangle in a graph generated according¥a
usingo(q(n, d)) queries is less than/3.

e In all graphs in the support oD, the triangles are edge-disjoint.

Then any two-sided error algorithm for testing triangle freeness that has success probability &t/least
must perform2(q(n/2,d)) queries.

Proof: Given the distributionDA we define two distributions over graphs that have= 2n vertices

and average degree One distribution, denoted’,, generates graphs that aréar from being triangle
free, and the other distribution, denotéy; generates graphs that are triangle free. Assume, contrary to
what is claimed in the theorem that there exists a two-sided error algorithfor testing triangle free-
ness that performs(q(n’/2, d)) queries and has success probability at 646t Then, in particular, using
o(q(n'/2,d)) = o(q(n/d)) queries,A’ should be able to distinguish with sufficiently high probability be-
tween graphs generated B/, and graphs generated iyz. We shall show that we can then udéto
obtain an algorithmi that performs(q(n, d)) queries and with probability at leaat3 reveals a triangle in

a random graph generated accordingig.

Defining the two distributions. In both distributions, a grapi’ overn’ = 2n vertices is generated by first
selecting a graplr from Da. Every vertexv in G is replaced by two verticesy andv;. Every edggu, v)
in G is replaced by two edges: either the two ed@es vo) and(u,v1) (So that they are “in parallel”) or
the two edgesug, v1) and(u,vg) (So that they are “crossing”). if is thej'th neighbor ofu andw is the
£'th neighbor ofv, then in both cases we maintain the ordering on neighbors. Namely, in the case of parallel
edges we have tha is thej’th neighbor ofuy andw, is thej’th neighbor ofuq, ug is thel’th neighbor of
vo andu is thef’'th neighbor ofv; (an analogous correspondence holds for crossing edges). The difference
between the distributions is in the choice (distribution on the choice) between the above two options.

Recall that the triangles it are edge-disjoint. Hence, for each triangleiinthe edges between the
corresponding vertices i¥’ can be determined independently from the edges that belong to other triangles.
Consider a particular triangle, v, w) in G. There ar@?® = 8 ways to select the edges between the vertices
ug, u1, Vg, v1, wo, w1 (depending on whether we select parallel or crossing edgeshfithese ways we get
2 edge-disjoint triangles (e.dwo, vo, wp) and(uy,v1,wy)), and in4 of these ways we get a single cycle of
length6 (e.g. (uo, vo, wo, u1,v1, w1)). The graph generated iy, simply selects one of the formémways
uniformly, and the graph generated by, selects one of the lattdrways uniformly.

The basic, butimportant observation is that for both distributions the following holds: If we consider any
edge that belongs to a particular trianglé€inthen the probability that the corresponding pair of edge€s'in
are parallel is equal to the probability that they are crossing. Moreover, this remains true if we condition on
any other (single) edge in the triangle being transformed to either parallel or crossing edges. Independence
breaks down only when we consider alledges in a triangle. We shall refer to this observation as the
Independence Observation

Using a two-sided error algorithm to find triangles. Let A’ be a two-sided error algorithm for testing
triangle freeness that performgq(n’/2,d)) queries when testing graphs ovér = 2n vertices and has
success probability at least6. We next show how to use it in order to detect triangles in a gramver

n vertices that is generated randomly accordindt@. The idea is that by performing queries@and
flipping some coins, we shall actually be emulating the executiof’ @ graphs generated by eith®f,

or D5. SinceA’ is supposed to test graphs ovér= 2n vertices, we denote the vertices in the queries it
performs by{vi o, v1.1,...,Un0,Vn1}
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Thus letG be a graph generated according?@. Algorithm A (whose goal is to detect a triangled)
runs A’ as a subroutine and answers its queries by performing quer@satw transforming the answers
to the queries in an appropriate manner described below. In this prdcessntains &knowledge graph
denoted(, which contains all the edges it has observedias well as the “non-edges” (i.e., pairs, v)
that do not have an edge between them). In additibrecords all the answers it has already givenito

WheneverA’ performs a degree query for a vertey, (b € {0,1}), algorithm A queries the degree
of v; and returns it as an answer. WheneMéperforms a vertex-pair query; »,v; ) (b,b" € {0,1}), if
(u,v) is an edge or a non-edge in the knowledge grapten the answer tal’ is determined. If this is
not the case thed performs the vertex-pair quefy;, v;). If the answer is that there is no edge between
the two vertices, then the answer given4bis “no” as well. If the answer is that there is an edge, then
there are two cases. If this edge closes a triangle with two other edgeghn A terminates successfully.
Otherwise, with probabilityl /2 A answers that there is an edge betwegnandv;;; and with probability
1/2 it answers that there is no such edge. In addition, in the former4&’@serovided with the information
concerning which neighbor is; ;» of v; 5.

WheneverA’ performs a neighbor querfy; ;, ¢) (that does not correspond to an edge alreadgi)in
algorithmA performs the neighbor que(y;, ¢). Letthe answer bgv;,t). Namely, there is an edge between
v; andv;, wherev; is the/’th neighbor ofv;, andv; is thet’th neighbor ofv;. Here too, if a triangle i
is detected thenl terminates successfully. Otherwise it answers the quer/ af an analogous manner to
the way a vertex-pair query is answered Alfterminates beforel has found a triangle, theaA terminates
unsuccessfully.

Completing the proof. SinceA always terminates when or before it finds a triangle, by the Independence
Observation, the distribution on the answers it gives to the queries & exactly the same the one we
would get if the queries aft’ were answered by a graph that is selected either accordib§ tor according
to D5. We claim that this implies that the probability that terminates beforel finds a triangle (thus
causesA to terminate unsuccessfully) is less thigf3. Here the probability is taken over the choice(if
the coin flips ofA and the possible coin flips of’.

Assume, contrary to the claim, that the probability tHatterminates befored finds a triangle is at
least1/3. Consider the distribution over graphs that results from selecting with probabjtty graph
G’ according toD'y, and with probabilityl /2 a graphG’ according toDs. By our counter assumption
(and the Independence Observation) the probability h&trminates before it sees three edges of the form
(Vib1> Vjiba)s (Vjbss Vi by) AN (Vi s, Vi) (Whereby, ..., bg € {0,1}) is greater thari/3. In such a case,
the distribution on the answers to the queriesibfand hence on its queries conditioned on these answers)
is the same if the grapfi’ is selected according tb’, or according taD 5. Therefore, the probability that
A’ terminates with an incorrect output, is greater tihaé. But this contradicts our assumption dn

Since the number of queries performed Mybefore it terminates is upper bounded by the number of
queries performed by’, the theorem follows. H

We next turn to the alternative condition in Theorem 5.5.1.

Theorem 5.5.4 Let DA be a distribution graphs with vertices and average degréeand letq(n, d) be a
function over these parameters. Assume the following holds:

e With probabilityl — o(1) a graph selected according © is e-far from being triangle-free for some
constant.

e For every algorithmA, the probability thatA reveals a cycle (of any length) in a graph generated
according toDx usingo(q(n, d)) queries is less thad/3.

Then any two-sided error algorithm for testing triangle freeness that has success probability &/[Hast
must perform2(q(n/2,d)) queries.
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Before proving the theorem we introduce some notation and prove a few lemmas. Some of the notions
introduced are based on ideas used in the proof of Theorem 5.5.3. For anyfoaphn vertices, consider
the family, denoted{, of graphs ovegn vertices that is defined as follows. For every ventér G there
are two verticesyy andv; in eachG’ € Hg. For each edgéu, v) in G, every graphG’ € Hg has two
edges: eithefug, vg) and(uy,v1) (“parallel edges”) ofug, v1) and(uy, vo) (“crossing edges”). The family
H consists of all possibl2lZ(&)l graphs that obey the above constraints.

Lemma 5.5.1 Let G be a graph oven vertices and average degrddhat ise-far from being triangle free.
With probabilityl — exp(—(end)), a graph selected uniformly at random frdtf; is at leaste /4-far from
being triangle free.

Proof: SinceG is e-far from being triangle free, it contains at least! edge-disjoint triangles. For each
such triangle, the probability that it is transformed into two triangles in the random graghh iis 1/2.
By a multiplicative Chernoff bound, the probability that less tlian?) /4 of the disjoint triangles irz are
transformed into a pair of trianglesdsp(—Q(end)). W

Lemma 5.5.2 Let G be a graph over vertices that hag” connected components. There exists a subset
He A Of He that has siz&"~¢ and such that every grapfi’ € He A is triangle-free.

Proof: We assume without loss of generality tidats connected and show that; x| = 2. (If G is not
connected then the lemma follows by applying the argument to each connected component.) Furthermore,
we prove the claim for the case of a clique owevertices. Since every graph is a subgraph of the clique,
the lemma follows.

Consider a fixed ordering of the verticeg v1, ..., vn,—1. Let Hy, x ; consist of two subgraphs: one
contains the edge® 0, v0,0) and (v 1,v0,1), and the other contains the eddes, vo,1) and (v 1,v0,0).

In general,H . A ; will consist of subgraphs oveo o, o1, - - -, 50,51} We shall prove by induction
onj that all subgraphs ifi ;. A ;_, are triangle-free and thgkl ;. A ;| =2 [Hg, A1l

The base casg,= 1, is easily established. Assume the claim holdgifed > 1, we prove it forj. Con-
sider a fixed subgrapl € Hy, A ;_;. Recall thatt is over the verticeguvoo, vo,1, - - -, vj-1,0,Vj—1,1}-

We show how it is possible to exterd to two different subgraphs ovéeg o, vo 1, - - ., vj0,vj,1}, such that
both subgraphs are triangle-free. In one subgraph, deddjgadvherep stands for “parallel”), first we put
an edge betweem; ; andvy o, and an edge between; andv ;. In the other subgraph, denotéti (where
c stands for “crossing”), we put an edge betweenandv 1, and an edge between; andvgo. Next, we
consider every other pair of verticesy andv,; in H, » > 0, and put the two edges that connegt and
vj1 to v, o andv, ;. We do so in the unique way so that there is no triangle betweeth\tagicesv; o, v;. 1,
vr,0, Ur,1, V0,0 @ndug 1. We claim that both resulting graphs are triangle-free.

Assume, contrary to the claim, that there is a triangle in one of the resulting graphs. Since by the
induction hypothesis there are no triangleddnthis triangle must contain; , for b € {0,1}. Letv,;y and
vs v be the two other vertices in this triangle, where: s (and where- # 0 by construction). In order to
simplify the notation, assume thiat= b" = b” = 0. It will be easy to verify that the argument holds for any
other setting ob, v', b". By definition of H, there is either an edge betwegn andv, o or an edge between
vro andwg 1. Assume (once again without loss of generality) that the edge is betwgeandv o. Since
H is triangle-free, it contains the edge, o, v,1).

But now we reach a contradiction to the existence of the triaqgle, v,o, vs,0): If we are inH), then
vj0 is connected ta,. o and by construction we wouldn't have the edgeo, v.¢), and if we are ind, then
vj,0 is connected t@, ; and by construction we wouldn’t have the edggo, vs0).

We have thus established that all graph$dp, x = Hy, A,-1 C Hk, are triangle free, and that
My, al =2"1, asrequired. W
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In what follows, for a fixed choice af andG’ € H;, and for any edgéu, v) in G, we letogr (u,v) = p
if G’ contains the edgg$, vg) and(uy,v1) and we letv (u, v) = ¢ if G’ contains the edggs, v1) and
(ul, Uo).

Lemma 5.5.3 LetG be a graph and leT” = {(u1,v1),. .., (u, v) } be a subset of edges@ithat contains
no cycles. Consider the distribution oveg: (u1,v1),...,o(ur),vr)) WhenG’ is selected uniformly in

He.a- Then this distribution is uniform ovep, c}/71.

Proof: Recall thatin the proof of Lemma 5.5.2, the graph®(ip x (and hence ift{; ) were constructed

by considering a fixed ordering,, . . ., v,_1 Of the vertices. Starting from the two possible subgraphs over
{v0,0,v0,1,v1,0,v1,1}, at each step every subgraph’fifg;’&jf1 was extended to two subgraphsﬁtb,ﬁ,j.

This was done by selecting one of the two possible ways to conngendv;; to vy o andvg 1, and then
adding the remaining edges in unique way that does not create triangles.

Now consider any choice of a “starting” vertex;, and any sequence of vertex pairs
(Vig, Wiy )y -+ s (Vip_y» Wi,y ) SUCh thatu;, # v;; andu;; € {vig, iy, ..., vi;_, }, foreveryl < j <n —1.

(In particular we have that;, = v;,.) Suppose we apply an analogous process to the one described in
Lemma 5.5.2. Namely, at each stepf the process we can either add the edges), u;; o) and(v;; 1, ui; 1)

or the edgeswv;, o, u;;1) and(v;; 1,u;; 0), and this determines all other possible edges betwgenand

vi; 1 andwig 0, vig 1, - -+, Vi;_, 0, Vi;_y 1. Clearly the argument given in Lemma 5.5.2 remains valid, and we
obtain2"~! triangle-free graphs ifi -, (and hence ift{s).

We claim that all possible orderings give exactly the same set of triangle-free graphs. Assume contrary
to the claim that there exists a triangle-free graphwhich is obtained according to one ordering, but
is not obtained according to another ordering. Let the latter ordering b&v;, , w;, ), ..., (vi, ,,wi,_,)-
Consider the first step such that in the process of adding the vertiegs andv; ; we do not obtain the
subgraph of7’ that is induced by, o, vig 1, - - - ,Vi;0,i;,1- Let H be the subgraph af’ that is induced
by vig 0, Vig,15 -+ Vi;_1,05Vi;_,,1, @nd |letH;, and H. be the subgraphs that result from connectifg and
vi; 1 10wy, 0 andu;; 1 in parallel and crossing, respectively.

Suppose thatg/(vi;, uj) = p (the case that (vi;,u;) = c is treated similarly). By the counter
assumption, there exists some vertgxsuch thatog (v;;, vi,) # om,(vi;, v, ). But by construction of
H,, and since is a subgraph of botl,, andG’, this implies thatz’ contains a triangle, and we reach a
contradiction.

Having established that all possible orderings result in the same set of triangle-free graphs, observe
that the process for constructing the set of triangle-free graphs can be transformed to selecting one of the
graphs uniformly: At each step we randomly select how to connggtandv;; 1 to u;; o andu;; 1, which
determines all other edges between, andv;, 1 andv;, o, viy,1;- - -, vi;_1,0,i;_;,1. NOW consider an
ordering that corresponds to a BFS Br(where all vertices that are not incident to edged’iare added
after the BFS). Then we see that for each efige)) € T, independently from the previous edgesTin
that are traversed by the BF&, v) is transformed into a parallel or crossing pair of edge&’iwith equal
probability. H
Proof of Theorem 5.5.4: Similarly to the proof of Theorem 5.5.3, given the distributiop we define two
distributions over graphs that haxé = 2n vertices. One distribution, The distributid, is defined by
selecting a grapl’ according taDa and then uniformly selecting a gragh in H. The distributionD 5
is defined by selecting a graggh according toDA and then uniformly selecting a grajgH in Hea- By
the premise of the theorem and Lemma 5.8}, generates graphs that with high probability &rét)-far
from being triangle free. By Lemma 5.5.25 generates graphs that are triangle-free.

Given Lemma 5.5.3, we can complete the proof of Theorem 5.5.4 in a manner that is very similar to the
proof of Theorem 5.5.4. W
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5.6 Upper bounds
5.6.1 An upper bound ofO(v/nd/e*?) for general graphs

Lemma 5.6.1 It is possible to test triangle-freeness by performing,/nd/e%/?) queries. lfdyax = O(d)
thenO(d/¢) queries suffice.

Proof: Let G be a graph with average degré®vern vertices that is-far from being triangle-free. By
definition, G must contain at leastd edges that belong to triangles. df,.x = O(d) then by uniformly
selectingd(1/¢) vertices and for each uniformly selecting an incident edge, with high probability we obtain
an edge that belongs to a triangle. Conditioned on this event, if we now perfoéidlneighbor queries

to the end-points of each selected edge, we reveal a triangle.

If the maximum degree of the graph differs significantly from its average degree, then the above argu-
ment cannot be applied: First, the suggested edge selection process might not select with sufficiently high
probability an edge that belongs to a triangle. Second, even if we obtain such an edge, its end-points might
have a very high degree. To address these issues, we first introduce some notation.

We say that a vertex hasgh degreef its degree is more tham/nd (where we set momentarily). We
shall say that an edge t®veredby these high degree verticeshibthits end-points have high degree. But
the high-degree vertices can cover at m@sfc)v/'nd)*> = (1/c%)nd edges. Hence, among the edges that
belong to triangles, there are at leést- (1/c?))nd edges that have at least one end-point with degree at
mostcv/nd. If we sete = /2/e then we have at leagt/2)nd such edges.

In order to obtain one of these edges, we would like to sample edges unifordlylmfact, it suffices
to sample edges “almost uniformly” as defined in Chapter 6. In Chapter 6 an algorithm is described that
usesO(y/n/8) queries to a grapt and for which the following holds: For all but at magt4-fraction of
the edges of~ the probability that the edge is selected is at I%;sl,&g. We refer to this algorithm as “Edge-
Select”. By definition of the algorithm, if we sét= ¢, we get that there are at legsf4)nd edges that can
be returned by “Edge-Select” such that these edges belong to triangles and have at least one end-point with
degree at most/2/ev/nd. It follows that at a cost 0D (/n/€%?) queries we obtain such an edge with a
high constant probability. Thus the algorithm for detecting a triangle runs “Edge-Selétcte) times. For
each selected edge, if it has one end-point with degree lesstBaa- v/nd then it asks all neighbor queries
for that vertex, and for each of them it asks all pair queries with the other end point. (If both end-points have
high degree then the algorithm does nothingll

5.6.2 An improved upper bound for relatively dense general graphs

2
7L4/3 dm «

Lemma 5.6.2 It is possible to test triangle-freeness by perforrm]?@max {W’ ﬁ}) queries.

Corollary 5.6.1 It is possible to test triangle-freeness of graphs with average degjree2(/n) by per-

. 4/3 .
formingO (C{;/—SGQ queries.

Proof: Let G be a graph oven vertices with average degrédeand maximum degre#,, .. that ise-far from

being triangle-free. We shall show that if we take a uniform sampte <7fnax {%, drgf vertices
of G, and ask vertex-pair queries between all pairs in the sample, then a triangle is detected with probability
at least2/3.

SinceG is e-far from being triangle-free, it must contain at leastl triples of vertices that form a
triangle. This lower bound on the number of triangles implies that the expected number of triangles in a set
of s uniformly selected vertices is at least <%. It follows that fors > n%/3/(ed)'/3, the expected number

of triangles spanned by the sample is at ldadthis unfortunately does not imply in general that a uniform
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sample ofs = Q(n?/3/(ed)'/?) vertices spans a triangle with probability at le2gs. Rather, the size of
the sample should depend on the ratio betwggn andd.

n2/3

Let s = ¢ - max (W’ %), wherec > 0 is a sufficiently large constant. Sin€eis e-far from

being a triangle-free, it easily follows th&t must contain a familyT" of (end)/3 pairwise edge-disjoint
triangles. Fix such a family, and for everye V (G), letdr(v) be the number of triangles ifi containing
v; obviously,dr(v) < d(v)/2 < dmax/2. We sample a sef of s vertices of G uniformly at random.
Let X be the random variable counting the number of triangl€g spanned bys. Due to the Chebyshev
inequality, it is enough to prove thakp[X] is at least a large constant, and the ratio[ X /Exp?[X] is at
most a small enough constant. We will estimate both quantities.

Observe that each triangle Bffalls into S with probability (1 + o(1))s3/n3. It follows that

s3 eds®
Exp[X] = (1 +0(1))$]T| =0 ( 3 > . (5.33)
Thus, taking: large enough, we geExp[X] is large enough, too. Also,
/ _ dr(v)\ (1 +o0(1))s®
Var[X] < ) Prt,t' € S)= ) ( o )T (5.34)
i vV

(the latter estimate is due to the fact that, sificis pairwise edge-disjoint, for anyt’ € T with t Nt' # 0,
the uniont U ¢ contains exactly five vertices). Recall thgt(v) < d.x. Due to convexity, we get:

end

2 s°
cdi s — - (5.35)
n

varlx] = 0 (

dmax

Using the assumption= Q (%z2x), we derive:Var[X|/Exp?[X] is small enough, as required i
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Chapter 6

Sampling Edges Almost Uniformly from a
Graph

6.1 Introduction

In this chapter we describe and analyze a procedure that for an input@rag@mputes a certain approx-
imation to the uniform selection of an edge #{G). The input graptG is overn vertices with average
degreel. Our goal is to us€ (min(+/n/8,n/d)) queries ta3, for a givens > 0. We needed such a proce-

dure for the Bipartite tester, however we find it interesting by itself and there is a subsequent paper [40] that
uses ideas in the spirit of those presented here.

6.2 The Sampling Algorithm

We consider two cased: > v/ dn andd < v/dn. The first case is easy since(dfcontains sufficiently many
edges then we simply sampBn/d) = ©(n?/m) pairs of vertices in order to obtain an edge.

Sample-Edges-Uniformly-in-G
Repea®(n/d) times:
e Select two vertices i uniformly and at random.

e Check if there is an edge between these two vertices (by performing a single vertex-pair|query).
If the answer is positive then output this edge (and exit the repeat loop).

Figure 6.1:A procedure for sampling edges uniformlydh

The straightforward procedure for this case is given in Figure 6.1. Clearly every edgbas equal
probability of being selected by the procedure, and the query complexity of this proce(re/i$), which
for d > /én is ©(min(y/n/d,n/d) as required. (To be more precise, there is some probability that this
procedure fails to output an edge. However, the probability that this occurs can be made sufficiently small
so as to have a negligible effect on the success probability of our algorithm.)

In the second case, whefecontains fewer edged (< v/dn), we do not have an algorithm that selects
an edge uniformly frond= (using relatively few queries). However, we can show the following:

Theorem 6.2.1 There exists a proceduample-Edges-almost-Uniformly-in4Bat uses) (,/n/d) degree
and neighbor queries i’ and for which the following holds: For all but/4)m of the edges in G, the
probability that the procedure outputds at leastl /(64m). Furthermore, there exists a subggt C V (G),
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|Us| < (6n/2), such that for all edges = (u,v) that are output with probability less thaty (64m), we
haveu, v € Uy.

Sample-Edges-Almost-Uniformly-in-G¢)
1. Lett = 24/n/d - logm. Uniformly select a subset of verticésC V (G), where|S| = t.

2. Partition the sampled vertices into subsets according to their defyee:{v € S : deg(v) €
(21,27}

| S;]2°
Do lSif2er

3. Choose an index 1 < i < log m with probability

4. Uniformly select a vertex € S;.

5. Uniformly select an edge incident to

Figure 6.2:A procedure for selecting an edgedhso that all but at most & /4)-fraction of the edges are selected
with probability Q(1/m).

The procedure referred to in Theorem 6.2.1 is described in Figure 6.2. Before proving Theorem 6.2.1
we provide some intuition concerning this procedure. We define the followgng “buckets™ forl < i <
log m,
B;={veV(GQ) : deg(v) € (271,27} . (6.1)

Thus, in each bucket, all vertices have approximately the same degree. Suppose we had a way to pick
an indexi with probability proportional tdB;| - 2¢, which is approximately the same as pickingvith
probability proportional to the number of edges incident to verticds; irFurther assume that for eactve

could uniformly select a vertex iB;. Then we could select an edge almost uniformly by selected an index

as described above, uniformly selecting a vertex B;, and then uniformly selected an edge incideni.to

The procedure Sample-Edges-Almost-Uniformly-in-G can be viewed as approximating this “ideal” pro-
cedure. Assume first that all buckets are relatively large (i8], = Q(y/n) for everyl < i < logm).
Then, by taking a uniformly selected sample@;ﬁ\/ﬁ) vertices inG, we can obtain a good estimate of
|B;| (and by that, of B;| - 2¢), for everyi, and we can uniformly select a vertexc B; for any given.
Unfortunately, if some buckets are small, then we might not sample from them at all.

To illustrate the seeming difficulty with such a case, suppose the graph is a star, so that there is one
vertex, denote@* with degreen — 1, and all other vertices have degredn terms of our buckets we have
|Bo| = n—1sothatBy|-2° =n — 1, and| Biogn| = 1, SO that| Bjog | - 21°8™ = n. The “ideal” procedure
would select each of the two buckets roughly with equal probability, and if it selects the liBigkgtthen
it picks v*. In other words, it picks* with probability roughly1/2. But if we take a sample o®(,/n)
vertices then the probability* falls in the sample is extremely small. However, this turns out to be almost
immaterial to the analysis since we are interested in the end result of the distributtnlyes In the case
of the star graph, every edge incidenttois also incident to one of the degree-1 vertices, and hence will be
selected with equal probability.

In general, as we shall see in detail in the proof of Theorem 6.2.1, we can lower bound the probability of
selecting each edge that has both end-points in sufficiently large buckets. On the other hand, we can upper
bound the total number of edges that have both end-points is small buckets. Details follow.

Proof of Theorem 6.2.1: Let the subsets (“bucketsF; be as defined in Equation (6.1). Note that in the
procedure Sample-Edges-Almost-Uniformly-in-G (Figure 6.2), the subsarfiplee simplyS; = S N B;.
Next we define a set of indicdsg, that includes indices of all buckefs; that have “few” elements. More
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precisely,

(6.2)

Vo
Igz{i:lgiglogmandwi\g i }

2logm

Let Uy be the set of vertices that belong to buckets with “few” elemeiigs= |, ;, B

Consider any fixed vertex ¢ Uy, and leti(v) be the index of the bucket thatbelongs to, that is,
v € By(,). We denote by, the event that is selected in the Step 4 of the sampling algorithm. Then, for a
vector(sy, - - -, Slogm) WE can estimate:

Siw)  Siw2™ 1
|Biw)l 225820 i)

(first require thaw falls in S;(,, then choose the buckst,), and then choose inside S;(,)). Thus the
above conditional probability is:

PI‘[CU : |Sl| =81, ", |Slogm| = Slogm] = (63)

Si(v) 22(1]) > Si(v)deg(v)
1Biw)l 22828 T Byl 2oy 820
The random variable,, is hypergeometrically distributed with parameters B;,y| andt. It thus has

meant| B;,|/n, and using known bounds on the tails of the hypergeometric distribution and our assumption
onwv (v € Up and thereforeB; ., is large), we can get:

i 5 ]
P Gy = 3

(6.4)

»Mco

Consider the sufd_!_, ;2. We have:

Exp

, B; ;
Z|Si|2Z] = Z'n’-ta
= %.Z‘Biygi
< %.ZZ@deg(v)) < 4;’”

% ’UEBi

By Markov’s inequality, the probability that, |5;|2" > 1847 is |ess tharl /4. It thus follows that

Si(v) t > 16tm 1
Pr — 2t < > (6.5)
(= me) (o< ) 25
Consider only such vectofsy, - - -, s;). From Equation (6.4) we obtain:
1t deg(v) deg(v)
> . = . :
PriG) =5 5, I6m ~ “64m (6.6

Finally, for an edgee € E(G), let us denote by, the event that is selected in the fourth step of
the procedure Sample-Edges-Almost-Uniformly-in-G. E&U,) denote the set of edges between pairs of
vertices inly, that is, E(Up) = {(u,v) € E(G) : u,v € Up}. By definition of Uy, |Uy| < v/én/2, and
hence E(Up)| < (dn)/4. Therefore, for all but at mogbn)/4 < dm/4 of the edges irE'(G), at least one

78



of their end-points isiotin Uy. (Note that here we have used the assumptionsthat n.) For each such
edge(u, v) whereu ¢ Uy (orv ¢ Up), we have

Pr[CL] > Pr[Cy] - — s deglw) 1 _ 1

- deg(u) = 64m  deg(u) 64m (6.7)
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Chapter 7

Bounds on the Edge Density of Dense
Random Cayley Graphs

7.1 Introduction

In this chapter we consider Random Cayley graphs. We show that for dense random Cayley graphs the
edge density in relatively large induced subgraphs is close to the edge density of the whole graph. It was
previously shown [8] that random Cayley graphs are expanders and hence have the property that the density
of every induced subgraph on sufficiently many vertices is very close to the density of the graph. However,
the known techniques for proving this property are based on estimating the second eigenvalue of the graph’s
adjacency matrix, and do not supply any informative bounds for sets of vertices that are much smaller than
the number of vertices divided by the square root of the degree. For more details on estimating the edge
density of a graph using the spectral technique, the reader should refer to [11]. Our technigues are somewhat
reminiscent of those of [7, 43].

7.2 The Bounds

In the following we consider random Cayley graphs. Using methods that were introduced in Subsec-
tion 5.4.2, we get bounds on the edge density of random Cayley graphs with large sets of generators. We
start with a definition of Cayley graphs. For simplicity we consider only Cayley graphs over Abelian groups,
but all arguments apply to the non-Abelian case as well.

Let H be a finite Abelian group. A set C H issymmetridf X = —X,where—X = {—z: z € X}.
The Cayley graphover H with respect to a symmetric séf, denotedC'G x, hasH as its vertex set and
distinct vertices:, b € H are connected by an edge if and only if- b (hence als® — «) is in X. We shall
say in such a case that the edmgresponddo x = a — b. All operations involving vertices are performed
in H. A differenceof a setl” C H is an element. — b such thata,b € T. We let A(T) denote the set
{a—b:a,be T} of differences ofl". By definitionA(T") contains at most’|(|T'| — 1) nonzero elements.
Themultiplicity in 7" of a differencer € A(T) is |{(a,b) : a,b € T'anda—0b = z}|. Clearly, the differences
that correspond to edges that are incident to a specific vertex are all distinct. It follows that the multiplicity
in 7" of any specific difference i\ (7") is at most7’|. Moreover, if we consider the complete graph oker
then the edges that correspond to a specific difference form a set of cycles thaktlcover

In what follows, we show that for dense random Cayley graphs the edge density in relatively large
induced subgraphs is close to the edge density of the whole graph. It was previously shown [8] that random
Cayley graphs are expanders and hence have the property that the density of every induced subgraph on
sufficiently many vertices is very close to the density of the graph. However, the known techniques for
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proving this property are based on estimating the second eigenvalue of the graph’s adjacency matrix, and
do not supply any informative bounds for sets of vertices that are much smaller than the number of vertices
divided by the square root of the degree.

We shall use the following notation: Fof, C' C H, we letex(C') denote the number of edges in the
subgraph ofCG x that is induced by’

We now describe the result of this section. For simplicity we consider only Cayley graphs over Abelian
groups, but all arguments apply to the non-Abelian case as well.

Theorem 7.2.1Let0 < § < j and0 < a < 1 satisfya — 23 > ., and letH be an Abelian group
where|H| = n. LetX C H, X = — X, be determined as follows: Every pair—z is chosen independently
with probability p(n) = niﬁ to be in X. With high probability over the choice df, for every subset’ of

n® vertices inCGx, we have that x (C') < a?%g%?-

Similarly to Lemma 5.4.3, Theorem 7.2.1 shows that for sufficiently large subsgs., for|C| = n?,
wherea — 2 is a constant), the number of edges spanne@ byC'Gx is close to its expected value. Here
too, the smaller we chooge(i.e., the larger we choos¥), the smaller cam be. That is, the theorem can
be applied to sets with smaller size. The proof of Theorem 7.2.1 is similar to the proof of Lemma 5.4.3. The
difference lies in the proof of Claim 7.2.2, which is analogous to Claim 5.4.4. Here too Wedeatf’—?ﬂ and
note that fors anda as required in the theorer < 5log log n. We shall say thatl” is goodif no difference
in A(WW) has multiplicity higher thark in W. Theorem 7.2.1 follows from the next two claims using the
same arguments that were applied in showing that Lemma 5.4.3 follows from Claims 5.4.4 and 5.4.5.

Claim 7.2.1 With high probability over the choice &, for every goodV such thatWW| = s > n®logn,
we have thatx (W) < 25,

Proof: Consider a fixed choice of a god#i such that V| = s = n’logn. By definition, |A(W)| <
|W|? = s2. SinceW is good, for everyr € A(W), if € X, then the number of edges labeledzbin the
subgraph ofC'G x induced bylV is at mostk. Since eaclr € A(W) is chosen to be itX independently
with probability n=?, the expected size ak (W) N X is |[A(W)| - n=# < s% - n~F. By a multiplicative
Chernoff bound, the probability thah (W)|NX > 2-s?-n~7 is upper bounded byxp (—s* - n 7). The
claim follows by taking a union bound over all choicedtfof sizes. WM

Claim7.2.2 Let C C H satisfy|C| = n®. Suppose we uniformly and independently seléctc C,
[W| = nflogn. Then the probability thak is not good is at most.1;.

Proof: Consider any fixed difference € A(C), where there are at mogt|? such differences. Recall that
there are at mostC| edges in the subgraph 6fGy induced byC' that correspond te. We denote this
set of edges by, (C). SinceE,(H) is a union of disjoint cyclesk,.(C) is a union of disjoint cycles and
paths. Therefore, every choice bft 1 edges inE,(C) is a union ofr; (sub)paths and, cycles where
1<ri <k+1landry, < (k+1—r1)/3 (the second inequality follows from the fact that the length of a
cycle is at leasB). Note that whem; = k + 1 then thek + 1 edges constitute a matching, as was the case
in the proof of Claim 5.4.5. In this case the number of vertices incident to thefi is 1).

More generally, the number of incident verticestis- 1 + r;. For each paifry,r2), the number of
choices oft + 1 edges that constitutg paths and- cycles is at mostC|™ (k + 1) - |C|"2. Namely, to
determine each of theg paths, we select a starting vertex (out@f vertices) and a length (betweérand
k + 1). To determine each of the cycles, we select a vertex (that belongs to the cycle). Once the edges

are selected, the number of choices of the remaifiig— (k + 1 + r;) vertices inWW is (HS/"’_((’ZTJF’;}I))).
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Therefore, for each fixed choice of andrs, the probability thail” spansk + 1 edges inE,(C) that
constituter; paths and- cycles is at most

‘C|T1(k+1)T1’C|T2 |C|:(k+1+7;1) W k41471
6 lvi-tesin) |O|’“1<k+1>“|0\”'(’|c|> 7y
(jw)
e
= (k+1)™- [CF+T-72 (7.2)
k+1+4+7r1
< k1) —"V1 (7.3)

|O| (2/3)(k+1)+(1/3)r1

The expression in Equation (7.3) is maximized when the ratio betyi&€éand|C| is maximized (i.e.J is
maximized with respect ta) andr; is maximized (i.e.r1 = k + 1). In this case we get an upper bound
of (k + 1)1 (log n)2*+1nE0=e)k+1) " Substitutingk = 5555, wherek < 5loglogn, summing over all
71,79 and taking a union bound over the at mgs{? = n2* < n? choices ofr € A(C), the claim follows.
|
It is worth noting that the technique here can be applied with other parameters as well. In particular,
it can be shown, for example, that with high probability, in random Cayley graphs over groups ef size
in which the number of generators(is + o(1)) 5, every setX of at least somgoly log(n) vertices spans
(14 0(1))1 (%) edges. We omit the details.
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Chapter 8

Testing Polynomials over General Fields

8.1 Introduction

In this chapter we consider the problem of testing, for a given finite fietthd degree-bound, whether a
function f : F'™ — F'is a multivariate polynomial of total degree at mdsiver F'. Specifically, the testing
algorithm is given query access foand a parameter > 0. If f is a polynomial of degree at mogtthen
the testing algorithm must accept. On the other hanf differs from every such polynomial on more than
ane-fraction of the domain elements, then the test should reject with probability atl&ast

The problem of testing multivariate low-degree polynomials over finite fields has been studied exten-
sively, mainly due to its applications to Probabilistically Checkable Proofs systems (PCPs). This is true both
for the special case of linear functions (degtegelynomials) [24, 15, 33, 18, 19, 17, 68] and for the more
general case of degrekepolynomials [15, 14, 35, 33, 66, 34, 12]. However, all these results apply only to
testing polynomials over fields that deeger than the degree-bound, In particular, when the field size
|F'| is at least - d, for some sufficiently large constantthen a number of queries that is lineakirs suffi-
cient [65, 34], and wher + 2 < |F| < ¢ - d then the dependence dnis known to be polynomial [34, 66].
In [4] we studied the same property for the caB8é= 2 and ford > 2. Namely, we considered the case in
which the degree-bound may be (much) larger than the field size, but this result holds dfily-foIF(2).
The number of queries both necessary and sufficient in this caspidmentiain d. Hence we encounter a
very large gap in terms of the dependenceldretween the query complexity whéf| > d and the query
complexity when F'| = 2.

Our Main Result. In the following we bridge the gap between the two cases mentioned above and show
a smooth transition between then. In particular, we prove the following theorem.

Theorem 8.1.1 There exists a testing algorithms for polynomials of degree at mhoser finite fields of
cardinality g where2 < ¢ = O(d). The algorithm performé® (¢ - ¢***! + 1/¢) queries, where for prime,

= {%W , and more generally, wheapis a power of a prime then/ = {q‘ﬂ;}pw :

Observe that as the field sizencreases, the dependenceddecreases from being exponential, to being
polynomial. We note that this query complexity (when= O(d)) is almost tight: for prime fields (and
constank) Q(¢‘~1) queries are necessary, and for non-prime fié]c(aWﬂ—l) gueries are necessary. As

we discuss in more detail subsequently, the “gap phenomenon” that we observe, is not unique to testing
polynomials: analogous gaps arise in other property testing problems. We do not provide an explicit proof
for the case of" = GF(2) that we obtained in [4], since this case is covered by the result for general fields
that we obtained in [50].
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Query

Complexity d — polynomial degree

Upper bound -—-
©O(d229) = ~|F|19 [AKKLR] Lower bound —
exp@

®(rqzr+l) ) = ~|F|4/F [KR]

2 O(d) = O(IFD O(d) [RS], [FS]
poly(d) =

IFl= 2 IFl=d+2 Field Size - IFI
Smooth transition
Figure 8.1: Testing low degree polynomials - illustration of results obtained in this chapter.

Characterization of Degreed Polynomials overGF(q). One of the building blocks of our analysis is
a characterization of (total) degrdemultivariate polynomials over finite fields. In particular, we prove the
following theorem.

Theorem 8.1.2Let FF = GF(q) whereq = p*® andp is prime. Letd be an integer, and lef : F" — F.
Thenf is a polynomial of degree at mastif and only if its restriction to every affine subspace of dimension

{= qui—g}p—‘ is a polynomial of degree at magt

Theorem 8.1.2 generalizes the characterization result of Friedl and Sudan [34] that refers to the case
q/p > d+ 1 (thatis,/ = 1). We also note that this valué, of the dimension of the considered subspaces,
is tight. Namely, there exist polynomials of degree greater thatose restrictions to affine subspaces of
dimension less thafiare all degreet polynomials.

A Unifying Approach to Testing Low-Degree Polynomials. The testing algorithm presented in this work
utilizes the characterization in Theorem 8.1.2 (which is shown tmbastin the sense defined in [66]).
Specifically, the algorithm selects random affine subspaces (of dimehasdefined in the theorem), and
checks that the restriction of the input functigmo each of the selected subspaces is indeed a polynomial of
degree at mosi. Such a check is implemented by verifying that various linear combinations of the values
of f on the subspace sum @ Observe that when the size of the fiditis sufficiently larger than the
degree bound then? = 1. That is, when the field is sufficiently large, then the algorithm checks whether
the univariate polynomials that correspond to restrictions of the fungtimrandomlinesin F™ all have
degree at most. But this is essentially the original low-degree test of Rubinfeld and Sudart [66].

The reason we say “essentially” is that whé#| > d then it is not necessary to quefyon all points on a selected line, but
rather it suffices to interpolate usinig+ 1 points and check that the resulting degtepelynomial agrees with a random point on
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On the other hand, whaen= 2 then the test in our work presented in [4], works by uniformly selecting
% = d + 1 points inGF(2)™ and verifying that the sum of the values pfaken over all sums of subsets
of these points i8. This too can be shown to amount to checking whether the restrictipicothe (d + 1)-
dimensional subspace spanned by the selected points is a polynomial of degree @t Muss our test

suggests a uniform view of all these tests for low-degree polynomials.

Relation to Coding. The Generalized Reed-MulldGRM) code of rankd over GF(¢q), which we denote

by GRM,(d,n), consists of all words of lengtl* that correspond to the evaluations of degde@sly-
nomials overGF(q)". (Wheng = 2 then the code is simply referred to Beed-MullerRM).) Hence, an
equivalent view of our main result, from a coding-theory perspective, is that GRM codes are locally testable.
See Chapter 9 for detailed results for GRM codes.

The paper of Jutla et al. [45]. Independently from our work, Jutla, Patthak, Rudra, and Zuckerman [45]
studied the problem of testing low-degree polynomials and described a testing algorithm that has the same
guery complexity as our algorithm. However, their algorithm works only for prime fields.

8.2 The Characterization

In this section we prove Theorem 8.1.2, which was stated in the introduction, and that provides a character-
ization of polynomials of total degree at makbver finite fields.

We also show that Theorem 8.1.2 is tight. Namely,

Theorem 8.2.1 For any givend and ¢ = p®, let ¢ be as defined in Theorem 8.1.2. Then there exists a
functionf : F™ — F such that for every affine subspag®f F” having dimension less thahthe function
f restricted toS is a degreed polynomial,but f is not a degreet polynomial.

Proof: Let f = x%”‘””s_l : xé”_l)ps_l o xﬁp_l)ps_l, so that the degree ¢fis ¢ - (p — 1)p*!, which is
at leastd + 1. On the other hand, consider any choice @ointsyo, y1, ..., y¢—1 (Wherey;, ..., y,_1 are
linearly independent). Then

-1

¢ (p=1)p*~!
o) (Z1o - zee1) = 1 (yo,j +) ym)
=1
¢

=1

1 1 1 1 p_l
T ) @
=1

J=1

(where we have used the fact tifat+- b)? = a? + b? in a field F with characteristig). If we group together
all terms that correspond to the same monomial inzfg then we get a sum of terms of the following

form:
-1

c-I[ (8.2)

i=1

wherez‘f_l1 A; < {(p—1)andC is a coefficient that is a function of thg ;'s. Recall thatz! = z; for

1=

everyz; € F. We claim that this implies that the total degree of each of the monomials in Equation (8.2) is
atmost(/ — 1) - (p— 1)p* L.

the line.
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To verify this, consider any choice of = Aq,..., A;_; such thatzf;% A; < {l(p—1),and letDy
denote the degree of the corresponding monomial. That is

/-1
Dy = ((p*~' - 4;) mod (g — 1)) (8.3)

i=1

Note that each summand in the above sum is computed maduld, but the sum is then taken over the
integers. Let us fix any choice of = Ay,..., A, and show thaD 4 < (¢ — 1)(p — 1)p*~!. Assume,
without loss of generality that; = max;<;<,_1{A;}. If Ay <p—1thenclearlyDs < ({—1)(p—1)p*~L.
Otherwise,A; = (p — 1) + awhered < a < ({ —1)(p — 1) and> ‘"2 A; < (£ — 1)(p — 1) — a. Now

-1

Dy < (p ' A)mod(¢g—1) + Zps_l <A (8.4)
1=2

< (@' (p-14a)mod(g—1) +p* " ((5 ~p-1) - a) (8.5)

= ((=D-p —ap* +((p—1+a)p* ') mod (¢ — 1) (8.6)

< (t=1)(p-1)p@-1p! (8.7)

We have thus established that the monomial with the highest degree has degree(atmostp —1)p*~ 1.

But now,
d+1

-0t = (|

and sincg? — 1) - (p — 1)p*~! is an integer, we are done .l

1 - 1) (p-1p ! < d+1 (8.8)

Proof of Theorem 8.1.2

As noted in the introduction, our proof of Theorem 8.1.2 generalizes the proof of the special éasd pf
which is presented in [34]. We prove Theorem 8.1.2 by induction. Namely, we prove that fomevery
and every affine subspace of F" having dimensionn, if for every affine subspacg’ of S that has
dimension/, we havef s, € POLY, 4, thenfs € POLY,, 4. Theorem 8.1.2 follows by setting = n.
The base case, = /¢ clearly holds, and so we turn to the induction step.

Assume the induction claim holds for every > ¢, we prove it form+ 1. Namely, we take anym +1)-
dimensional subspa& of F"* and consider the functiol = f7 : Fm+l . F. We then use the induction
hypothesis by which for every affine subspasesf F*! having dimensiomn. (which is isomorphic to an
affine subspace df having dimensiom:), the restriction of. = f| to S is a degreet polynomial.

Let the coefficients of the polynomial representatioih e denoted b){Cf;}ae[q_umH. Our goal is to
show that for eachx € [¢ — 1]™*! such thay_"*! a; > d, we have thaC!* = 0. Let us fix any suct,
denote it byo* and prove tha€”, = 0. We break the proof into three cases.

Case 1. There exists a subsé& C {1,...,m + 1}, where|R| = m, such tha _,_, a; > d.

Assume, without loss of generality (since the variable ,0énd the corresponding;’s can be re-
ordered), thal? = {1,...,m}, and assume, contrary to the claim, tddt. # 0. We will show that this
implies that there exislo, y1, . .., ym € F™ ™ andy = y1,...,ym Wherey; € [¢ — 1], and>_ " | v > d,
such that for the affine subspace®t S(yo, y2, - - -, ym) Of dimensionn we haveCi”S # 0, contradicting
the induction hypothesis.
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Specifically, lety; = e; fori = 1,...,m, wheree; is thei'th unit vector, and for each € F, let
Yo(b) = b- emt1. Letgy = hy(yy () y1,....ym) (SO thatg, : F™ — F). Then for each choice é¢fc F we have

921,y 2m) = h(z1,...,2m,b)
— Z ch- H o pamt (8.9)
q 1m+1
Consider the coefﬂmentoftheterf@ . O"*" in gp, that is, Cgb . (where recall thatv* satisfies

Zm“ a; > d, as well as the premise of this case). This coefﬂment has the following form:

q—1
., .
Cf};, G Cas,atni v (8.10)
=0
Namely, it is the evaluation, @ of the univariate ponnomiaIZj;é Cﬁ; ..... ox ;- @7 Note that forj =

ay, .1, the coefficient ofs7 in this polynomial isC”., which is non-zero by our counter—assumptlon. Hence,
this polynomial is a non-zero polynomial of degree at mpost1 over F. This implies that for at least one
value ofb, this polynomial attains a non-zero value. But this means that for some chcbi,o@'féilfm o 7 0.

Sincezzi1 a; > d, we have reached a contradiction, and hence completed the proof for this case.

Case 2: There exist a pair of indices j € {1,...,m + 1} such that}, o #0andaj +af <gq.

Assume, without loss of generality, that= m andj = m + 1. Here too we assume, contrary to the
claim, thatC”. # 0, and reach a contradiction to the induction hypothesis.

Let yo be the all® vector, lety; = ¢; fori = 1,...,m — 1, and for eachh € F, let y,,(b) =
(0,...,0,1,b) (recall thatyy, ...,y € F™1). Here too we denotg, = hy( Then for each
choice ofb € F we have

yOv"'7y’"l(b))-

a(z1, .-y 2m) = h(z,... zm,b-zm)
— >ooah H 205 Z0m (  b)OmH
aglg—1]mt1
— Z Cg H Z . Oém+a7n+1 bam+1 (811)
aglg—1]m+t
Consider the coefficient of the tergfl -+ 22751 . 2o "+ in g, (recall thata, + o, , < q). This
coefficient has the following form:
g _ h k
Call’ ’arn 1,0( +am+1 - Z Calv ) ’m,lvjyk b (812)
J.k€la—1)2

Jtk=ag, a1y

That s, it is the evaluation, &t of the univariate polynomial:

Z ;kn 1’am+am+1 k7k ' .'Ifk (813)

Note that fork = o, ,, the coefficient ofc* in this polynomial isC*., which is non-zero by our counter-
assumption. Hence, this polynomial is a non-zero polynomial of degree atgmest over F', which
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implies that for at least one value bft attains a non-zero value. But this means that for some choitg of

Cogjia agtat # 0 and the proof of this case follows.
We observe that if = @ then either Case 1 or Case 2 must hold. This implies that Theorem 8.1.2

is established fog that is a power o2 (since in this case—q/p = ¢/2). It also follows that for any value of
¢, a variant of Theorem 8.1.2, which také® be at most a factor of 2 larger than that stated in the theorem,

is established as well. In order to get the tighter result, which holdé f@r{q_d(j;}p)w and anyq, we need
to analyze the third and final case.

Case 3 (neither Case 1 nor Case 2 hold): For every subseR C {1,...,m + 1}, |R| = m, we have that
> icr @ < d, and for every pair of indices j € {1,...,m + 1} we have thaty; + o > q.

Our proof of this case is similar in its general structure to the proofs of Cases 1 and 2, but is somewhat
more involved since we take into account a larger set.afimensional affine subspaces. In what follows,
when we writet - a, wherea € F andt is an integer, we mean the sum+ a + . .. + a in the field F. For

~—_———

t
every choice ofi1,...,a,,beachinF, letyg = b-epy1,and fori = 1,... m, lety; = a; - e; + emt1.

Consider the functioBy, ,....a,..6 = |(yo(b).y1(a1),...ym(am)) * £ — F. By definition:

gal,..‘,am,b(zly L] Zm)

m
= h<a1-zl,...,am-zm,Zzi+b>
i=1

m m AUm+1
= D | (CREDRE <Z zi + b)
i=1

ae[q,uerl =1

- XX (&finilém)'CQE“Z%'bam“_zg’“HZ?’*‘” (8.14)

aglg—1]m+t1 S€[g—1]m i=1
M 0i<am41

Roughly speaking, for eaah € [¢ — 1]™*!, the exponenty,,, 11 “gets distributed” among the different’s
(: =1,...,m), andb. Note that ifa;; + §; = ¢ thenz,f‘i*‘si = z;, and more generally, ify; + §; > ¢ then
pattn — leatonmod (4=1) 1 \what follows we use the shorthangl), to denote(j mod (g — 1)).

For any choice ofy = ~1,...,7m, % € [¢ — 1], we consider the coefficient of the terpj;” , 2
in the representation af,, .. .. 4(%1,--.,2m) as a polynomial of degree at masgt- 1 in each variable
(that is,Cﬁal’“‘"‘m”’). It follows from Equation (8.14) that this coefficient is the evaluation of the following

multivariatepolynomial,

H’Y(xb s 7:Em+1)
m
_ Z QOm+1 ) oh. Hxai 'xam+1*2£1(7i*ai)Q(8 15)
- _ _ «a 7 m+1 :
aclg—1m+1 <(71 1)g;-- (m = @m)q i=1
am+122g1(%*ai)q
atthe pointzy = a1, ..., Zm = Gm, Tme1 = b.
As in Cases 1 and 2, we would like to show that under the assumptio@'fhag 0 for o* such that
Z;’:[l al > d, we can get the following. There exist, ..., a,, andbin F and~y,..., v, € [¢ — 1]

such thatzzr;1 ~v; > d and the coefficient of the terrﬁ[ﬁ1 z] in the representation qf,, . 4., as a
polynomial of degree at most— 1 (in each variable) is non-zero. Since we want to exploit the existence of
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a* € [¢ — 1]™*! as stated above, we shall consider. . . , v,,, of the formv; = o + §; wheresy, ..., o,
(0; € [¢ — 1]) obey the following conditions:

Cl. Em 6 < am—i—l’
C2. of +6; (=) <q—1foreveryi, 1 <i<m,;
C3. Y% (o +0;) > d (thatis,> " | v > d).

C4. ( '"+51 ) is not divisible byp. (If ¢ is prime, that isq = p, then this condition follows from condition
Cl but this is not true in general.)

Suppose we have a setting of thés that satisfies conditions C1-C4 (where we later show how to obtain
such a setting). Ley = ~,...,7v» be such that; = o + ¢;. By condition C3,>""",~; > d, and

by condition C2 we have that; < ¢ — 1 andé; = (v; — a]),. We claim thatf,, (which is defined in
Equation (8.15)) includes at least one non-zero coefficient. To verify this first note that by condition C1
(and sinced; = (v; — a),), the sum in Equation (8.15) includes= «*. By our counter assumption,

Ch. # 0. Combining this with condition C4 we get th@tlo‘Wélm) -C™, is a non-zero coefficient of the term

* ak —STm 6. . . . . .
| J ~:cm"jj11 2= in the polynomialf,,, so thatfl,, is a non-zero polynomial. That is, there exists

=13

a choice ofal, ...,amy, andbon Which the value off, is non-zero. But by definition off, this means that

It remains to show how we find a settlng of thefs that satisfies conditions C1-C4.
Subcase 1: ¢ is prime. Consider first the case thatis prime. That is,q = p. In this casem >

(= [f}lf—ﬂ Letd; = ¢ — 1 — «f, and recall that, by the premise of this case, for evefywe have
aj +aj > g, so that necessarilfy < o, ;. Nextletd; = min{g — 1 — a3, a5, — 1}, and in general,

6; = min{g — 1 —«af, a5,y — >, 0;}. Conditions C1 and C2 directly follow from the definition of the
0;'s, and condition C4 is implied by C1 (singeis prime). It remains to verify that condition C3 holds. If

there exists an indexsuch thab; = o, ; —>_,_; d; then

m m—+1
> (of +6:) = Za >d (8.16)
=1
Otherwiseg; = ¢ — 1 — o for everyl < i < m and so
e +d)=m-(g-1)>C-(q—1)>d+1 8.17)

=1

Subcase 2: ¢ is not prime. Wheng is not a prime number, so that= p® for s > 1, then the setting of
thed;’s is a bit more involved because condition C4 does not follow from any of the other conditions, and
we have to attend to is separately. Since

! _ (@mn . g1 = 01 Wi — Zj<i 0; Wi — Zj<m 0;

it suffices to show that each term in the above product is not divisible hyet us hence rewrite condition
C4:

C4. For everyl <i <m, (a;+1*62j<i5j) is not divisible byp.
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We shall use the following notation: For eagh, letk; ; for j € [p — 1] be such that] = Zj;(l) ki jp’.
That is, in the representation of in basisp, k; ; is the coefficient of’. Let us assume without loss of
generality thaty;, _, is the smallest; and thain] < a3 < ... < a5, (We may re-order the variables to get
that). We know thatv} < (p — 1)p*~! (orelsed ", o > (p — 1)p*~1 - £ > d + 1). Since, by the premise
of this casep? + af > ¢ = p® for everyi > 1, necessarilyy} > p*~! fori > 1. Similarly, o} > p*~!
(sinceat + ay, . > q). Hence for each; we have thal < k; 1 <p— 1.

Forl < i < m,lett def p — 1 — k; s—1 (for technical purposes, def 0). That is,t; indicates the

maximum number that can be added to the coefficignt; of p*~!. Recall thatn}, ..., are in non-
decreasing order, and so thés are in non-increasing order. In particulartif= 0 thent;; = 0 for every

i >4 > 0. We shall use the following technical claim that was given in [34], and whose proof is provided
here for completeness.

Claim 8.2.1 Let ¢ = p* for a prime numbep and an integers, and letr and ¢ be integers that satisfy
0<r<t<gq-— 1 Ifr=kp*for some integek then(’) is not divisible byp.

Proof: For any positive integef, the largest power gf that divides;! is

/ol + /%] + 1i/p2] + ... .

But for r = kp*~!, the identity|n/p’| = |r/p'] + |(n — r)/p’| holds. Thus the largest power ptthat
dividesn! is

o0 [e.9]

/o'l =Y (/P + [(n=1)/p]) -

=1 =1
Thereforen! andr!(n — r)! are divisible by exactly the same powerpof W
The setting of the §;'s. We now show how to set thg’s so that conditions C1-C4 hold. We start with an

informal description of how to “distribute” the weight af;, . ; between thé,’s. Consider the representation
of a;, . | in basisp as described above. The highest coefficient in the representatign is,_1. That is

s—1 5—2
g = Z ki1 0 = kmi1s—1p" 1+ Z Femt1,0 - (8.19)
j=0 Jj=0

We view oy | as havingk,, 1,1 “units of p*~1” to distributed, and some “left-over”. Note that this
left-over, z;;g km+1.5p7, is strictly smaller thap*~1.

Starting fromd;, eachd; in its turn will be assigned the maximum possible integer multiplg*of.
Namely, as long as the number of remaining™! units” is more than the number of such units that can
still be added tax} (i.e., t;) andt; > 0, thend; is assigned; units of p*~!. For thesei’s we get that
kis—1p*~1 4+ 8; = (p — 1)p*~L. If we reach an index such that; = 0, then we stop distributing what is
left of a7, , ;. Alternatively, if we reach an indeixfor which the number of*~! units that can be added to
it (i.e., ;) is bigger than the amount pf ~! units that remain to be distributed, then we assigtie rest of
the weight ofa;, that was not distributed yet.

We now turn to a more formal definition. We initializeo 1 and do the following:
1. Whilei <mand0 < t; < k‘m+17571 — Z

Setd; = t;p°~ !, and increaseby 1.
2. 1f i <m:

(a) If t; = 0 then for every’, i < 7' < m, setd; = 0. (Recall that the;’s are non-increasing so that
if ¢; = 0 then for everyi’ > i we also have; = 0.)

j<i by’
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(b) Else ¢; > kmt1,5-1 — ng t;), setd; = ag, 4 — Z]Q d;, and for everyi’ > i setd; = 0.

Note that 9
s
0; = (karl,sfl - th>295_1 + D kmrgy < tp®!
§=0

j<i

We next verify that conditions C1-C4 hold for this setting of this. Condition C1 5~ 6; < o, )
directly follows from the above process. By the definition of &kis, for everyl < i < m, §; < t; - p* .
Sincet; = p — 1 — k; s—1, we get that

a+6i < (p—1)-p* 1+kaep < g (8.20)

and so condition C2 holds.
We next verify that condition C3 holds, that ;" | (af + d;) > d. Leti be the index reached at the
end of Step 1 in the process. Observe that for evetyig, J; = t; - p*~'. By definition oft; this implies that

o +6; > (p—1)p*~L. If ig > m then, sincen > ¢ = Lp_‘ﬂ%} ,we getthad " (o + ;) > d+1,
as required. Ifip < m, then there are two cases. In cage= 0 (so that for everyi’ > i, we have
ty = 0), thena} > (p — 1)p*~! for everyi > iy, so again we get thdt ™", (o + 6;) > d + 1. In case

tig > km+1,6-1 — Z]—Q t;, then we seb;, = a;, | — ZKiO d;, so that

m—+1

zmja + ;) Za >d. (8.21)
=1

Finally, we verify that condition C4 holds. That is, for evdng i < m, ( 1 ZN J) is not divisible
by p. Letiy be as defined above in our verification of condition C3. Since for ewetyio we have that
8 = tip*~1, by Claim 8.2.1,("m+1 5ZJ<Z 7) is not divisible byp. If iy > m then we are done. Otherwise
there are two cases. In the first case= 0 for everyi > i,, so clearly the condition holds. In the second
casedi, = Q1 — 2 i<, 95 andd; = 0 for everyi > 4. Thus condition C4 holds in this case too. We
have thus completed the proof of Case 3 (Subcase 2), and hence of Theorem l1.2.

8.3 The Test

In this section we present and analyze our testing algorithm for debpeémomials over fields of cardi-
nality ¢ = O(d).

Algorithm 1 Testing Algorithm for Degree-d Polynomials

1. Letl = {(q,d) = {q‘f&}pw and repeat the following = 6(6 g+ - ) times:

(a) Uniformly and independently sele€tinearly independent pointg;,...,y, € F", and a
pointyy, € F™.

®) W fiyo.n,...) & POLY 4 then outputeject.

2. If no step caused rejection then outaicept.

Recall that checking whethgfis ¢ POLY, 4 (whereS = S(yo,v1,---,y¢)) can be done by querying
f on all points in the subspaceand verifying that all linear constraints corresponding to the coefficients
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Cﬁ‘s such thath:1 «o; > d, hold. Hence the total number of queries performed by the algorithm is
O(t-¢") = O(¢- ¢! + 1) (where they’ term is due to the number of points in each affine subspace.)

As noted in the introduction, whenis sufficiently larger tham so that! = 1 (the subspaces are lines),
then it is not necessary to quefyon all points on the line, but rathér- 2 points suffice. We note that these
checks involvingl + 2 points on a line can be interpreted as selecting minimum-weight words from the dual
GRM code and checking that they are orthogonal to the word defingd Gwr test can be modified so that
instead of checking a set of constraints (several small-weight words in the dual code) in each step, it also
selects one random constraint (one small-weight word in the dual code) in ea¢hHtepever, this will
not reduce the query complexity in our case.

Given Algorithm 1, Theorem 8.1.1, which was stated in the introduction, follows from the next lemma.

Lemma 8.3.11f f € POLY,, 4 then Algorithm 1 accepts with probability and if dist(f, POLY,, 4) > €
then Algorithm 1 rejects with probability at leat3.

Lemma 8.3.1 shall be proved using the “self-correcting approach”, which has been applied in the analy-
sis of many previous low-degree tests. Namely, given the fungtime define another functiopbased on
certain “majority votes” off. We then show that if passes the test with sufficiently high probability, then
g is close tof andg is a polynomial of degree at mogt Bounding the distance betwegrandg follows
easily from the definition of, and hence the analysis is focused on showinggiea polynomial of degree
at mostd. The analysis can be viewed as generalizing both the analysis in [66] (where the subspaces con-
sidered by the test are lines) and the analysis in [4] (where the subspaces are larger but thé figlt) is
and the analysis relies on the fact that the fiel@'#5(2)).
We start by introducing several notations.

Definition 8.3.1 Let
def

n=n(fd) = ymyli}f.yw fiwowr o) & POLY g (8.22)
where the probability is taken oves, y1, . . ., ys such thaty, ..., y, are linearly independent.

By definition of Algorithm 1,y is the probability that a single step of the algorithm caysasbe rejected.
That is, it is the probability that the restriction @gfto a random affine subspace of dimensiois not a
polynomial of degree at most

Definition 8.3.2 For eacha € [¢ — 1], y € F™, and linearly independent pointg, ...,y, € F", let
Céj(yo,yl,...,yg) denote the coefficient’, of the polynomial representation ¢fi,, ,......,)- We shall
use the notatiom3/ (yo, y1, ..., y¢) as a shorthand for the coefficier’17t<’;_1 q_1>(y0,y1, ...,Y¢). That

is, B/ (yo,y1, . . .,y) denotes the coefficient of the highest-degree monarffid - 23" --- 2/ " in the
polynomial representation ofj,, ., ,....,,)- Recall that this coefficient equals-1)¢ times the sum of the
values off taken over all points in the subspace.

We denote by / (y; 1, . . ., y¢) the value thatf (y) “should have” so thatB/ (y, y1, ..., y,) = 0. Thatis,

¢
Vi, u) = — Y f(erZbi'yi) - (8.23)
by,...,bpEF =1
3 S.1 b;#0

We refer toV/ (y; y1, . . ., y¢) as thevote of (yy,. .., y,) on the value assigned tp
For succinctness of the notation, we shall remgvieom the last two notations (i.eB(-) = B/(-) and
V() =VI().

2In casey is prime then, as shown in [45], it suffices to consider a single constraint per affine subspace.
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Note that forp as in Definition 8.3.1,

n> Pr [V(yiy,...,y) # f(y)] (8.24)

T YL Ye

where the probability is taken ovey, . . ., y, that are linearly independent. This is true since the test checks
thatall coefﬁcientsOé(y, Y1, -, Yye) for which Zle o; > d are0.

In our analysis, we shall sometimes have to address the cagg that, 3, are linearly dependent and
we shall use the notatiori(y; y1, . . ., y¢) (as defined in Equation (8.23)), in this case as well. This is despite
the fact that it no longer has the same meaning of a “vote” on the valfig,0for at least not an “objective
vote”). We show:

Lemma 8.3.2 For everyy € F" and fory,...,y, € F™ that are linearly dependen¥/ (y; y1,...,y¢) =
f(y).

Proof: Sincey,...,y, are linearly dependent, we can writeas a linear combination of the other points.
Thatis,y, = 3" a;y:, whereas, ..., a,_1 € F. By definition of V(-),

¢

Vg m) = — > F(y+dbiew) +/®) (8.25)

b1,...,.by€F =1

Sincey, = Zf;ll aiYi,

l

> f(y+zbi'yi) = ) f(y+§bi'yi+b£§aiyi) (8.26)
i=1 i=1

bi,...,bg€F =1 b1,...,byEF
¢
- Z Z f(y + Z(bi + by - ai)yi) (8.27)
beeF by, by 1EF i=1
¢
= |F- > f(y + ZQ%) (8.28)
ClyeeCo—1EF =1
~ 0 (8.29)

In the above sequence of equalities, Equation (8.28) follows from the fact that fobgach, and for
every choice of4,...,¢,_1 € F, there exists a choice &f,...,b,_; € F such that; = b; + by - a; (i.e.,
bi:Ci—bg'a). .

We are now ready to define tiself correctedrersion of f, denoted;.

Definition 8.3.3 Letg be aplurality function that is defined as follows. For eaglke F™,

g(y)zargmaxaeF{ Pr [V(y;yl,u-,ye):a]} (8.30)

Yl Y EF™

The next lemma readily follows from the definition @f

Lemma 8.3.3 For any functionf and forn and g as defined in Equations (8.22) and (8.30) respectively,
dist(f,g) < 2.
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Proof: First observe that if the test selects poinsys, - . ., y¢ € F™ such thatf(yo) # V(yo; y1,- - -, Ye),
then this means tha®(yo; v1, ..., y¢) # 0 (whereB(:) is as defined in Definition 8.3.2), which causes the
test to reject. Recall that the test selegts. . ., y, that are linearly independent. if, ..., y, are linearly
dependent then by Lemma 8.32(yo; y1,...,y¢) = f(yo). LetU C F™ consist of all (“bad”) points
y € F" suchthatry,  ,,ecrn[f(y) # V(y;y1,...,y¢)] > 1/2. By definition ofn (and Lemma 8.3.2) we
know that|U|/q™ < 2n. But for everyz € F™ \ U, by definition ofg we have thaff (z) = g(x), and the
lemma follows. W

In the next series of lemmas we prove thaypifs sufficiently small thery is a polynomial of total
degree at mosi. In the first, and central lemma, we show that for evegryhe value ofg(y), which by

Definition 8.3.3 is the “plurality vote” oV (y; v1,...,y¢), taken over ally, ..., y,, equals the vote of a
large fraction of the/-tuplesyy, . . ., y, (assuming, is sufficiently small).
Lemma 8.3.4 For any fixedy € F™, let
def
V)= ProV--u0) = 9(y) (8.31)

Theny(y) > 1 — 2q/n.

In order to prove Lemma 8.3.4 it will actually be more convenient to work with another measure of
“correctness” (or “consistency”) of a point

Lemma 8.3.5 For any fixedy € F™, let

é(y) = Pr [V(y;yl, s ye) = V(Y 21, 20) (8.32)

Yoo Yl521 500,20

and lety(y) be as defined in Equation (8.31). Thefy) > §(y).

Proof: Let3,(y) = Pry,... 4 [V (y;v1,...,y¢) = a] (so thatin particulary” . » 8.(y) = 1). By definition
of v(y) we have thaty(y) = max, S.(y), and by definition of(y) we have thatj(y) = 3" e (Ba(y))*.
By convexity,max, 3,(y) > Y ,cr(8a(y))?, and the claim follows. W

An Auxiliary “Voting Graph”. In order to show tha#(y) is large (and hence(y) is large), it will be
useful to consider the following auxiliary graph. The definition of this graph was inspired by the way
Shpilka and Wigderson used Cayley graphs in their work [68] and can also be viewed as formalizing and
generalizing part of the analysis in [4]. Each vertex in this graph is labeled by a subset (multiéet) of
points,{y1,...,ye}, yi € F". The neighbors ofy,,...,y,} are of the form{ys,...,y,+1}. Each vertex
corresponds t@ points that can “vote” on the value ¢fy) for any giveny and hence we refer to it as the
voting graph

For a fixed pointy € F™, we say that an edge betweén, ..., y,} and{ys,...,y,1} is good with
respect tay if V(y;y1,...,u0) = V(¥ 92, Yey1)-

Recall that for linearly independent,...,ys,, B(yo,v1,-..,y¢) denotes the coefficient
Cig—1,..a-1) (W0, Y1, - - -, ye), of the restriction off to the /-dimensional affine subspace determined

y4
byy()vyla“'vyf' ThatiS’B(y()?ylw”?yZ):(_1)6' Z f(y+zyl>
b1,...,by€F i=1

Lemma 8.3.6 For any choice ofy, y1, ..., yer1 € F™ such thaty, ..., y..1 are linearly independent,

V(yiyr, - y0) = V(yiy2, - Yer1)

= (1)€< Z B(y_‘_a'yf-‘rlayla"'ayﬁ)_ Z B(y+a'y1?y27"'7yf+1))

a€F, a#0 a€F, a#0
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Proof: By definition of V (y; -) we have:

V(y7 Y1, .- 7y€) - V(y7y27 ... 7y5+1)

¢ l+1
= = > X ew) s Y f(y+ Y obew) (8.33)
bYyeees byEF =1 bo,bpp1 EF =2
b1#0 bey17£0
0 l+1
= - ) f<y+zbi~yi)— > f<y+zbi-yi>
b1, sbpEF i=1 by,...;bpp 1 EF 1=1
b1#0 b1,be4 170

41 I+1

D DI CED SIR) D DRI CR D ST (8.34)
i=2 1=1

by,esbpy €F

be17£0 b1,bg 4170
{+1 l
= - ) f<y+b1'y1+zbi'yi>+ > f<y+bzz+1'yz+1+zbi'yz’) (8.35)
b1seesbpp €F =2 b,.-bpy 1 EF i=1
b17#0 be17#0

= (_1)( Z B(y+a'y€+17y1a"'7y€)_ z B(y—i_a'ylay%"'ayé-‘rl) (836)

a€F, a#0 a€F, a#0
|
Proof of Lemma 8.3.4: Given Lemma 8.3.5, it suffices to show that for every F™, §(y) > 1—2q¢n. For
any (random) choice afy, ..., ysandz, ..., z;,, and foreacld) < i < lletv; = {y1,...,Yi, Zit1,---, 20},
where we view; as a vertex in the voting graph. In particular,= {y1,...,y¢} andvy = {z1,..., z¢}.
Sinceyy, ...,y 21,...,2¢ are selected uniformly and random, eaghis a random variable. Consider
the pathuy, ..., vy betweenv, andvy. In what follows we shall use the shorthabdy; v;) for the vote

V(y;y1s---,Yi, Zit1, - - -, 20). Recall that an edg@;, v;—1) is good if V (y; v;) = V (y; vi—1).

We next show that the probability (taken over the choicgof . . , ys, 21, . . ., z¢) that an edgév;, v;_1)
on the path is not good is at madxsjn. By taking a union bound it follows that the probability that all the
edges on the path are good is at ldastq/¢n. That is, with probability at least—2¢¢n, V (y; y1, ..., ye) =
V(y;yis- ooy Yo—1,2¢) = ... =V(y;21,...,2), and the lemma follows.

Consider any edg@;, v;—1). We say thal/ (y; v;) is anindependent votr y if y1,. .., v, zit1,-- -, 2¢
are linearly independent points, otherwise we say ¥at v;) is adependent votfor y. If both votes fory
are dependent then by Lemma 8.32y; v;) = f(y) andV (y;v;—1) = f(y) sothatV (y;v;) = V (y;vi—1)
and the edge is good. If one of the votes is a dependent vote and the other is an independent vote then the
probability that the edge is not good is the probability that an independent votediffiers from f(y),
which isn.

We next show that if botlv (y; v;) andV (y; v;—1) are independent votes fgrthen the edgév;, v;_1)
is not good with probability at mogygn. Indeed, by Lemma 8.3.6 such an edge is good if

Y By+a-yiny, Ytz 2)— Y, Bly+a-ziyn.o vz 2) = 0 (837)
a€F,a#0 a€F,a#0

Sinceyy, ..., Yi, Zit1,---,2ze @ndyy, ... yi—1, 2, ..., 2. are two sets of linearly independent vectors se-
lected uniformly at random, each of tih¥-)’s in the above summation is non-zero with probability at most
1. Hence, by applying a union bound, the probability thgtv;_,) is not good is at mostgn as claimed.

|
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We next show that if) is sufficiently small thery € POLY,, 4. This is obtained by showing that the
restriction ofg to every affine subspace of dimensiébmesults in a polynomial of degree at maekt By
applying Theorem 8.1.2 we conclude that in such a gasendeed inPOLY,, 4. In order to show that the
restriction ofg to every affine subspace of dimensibis a polynomial of degree at magtwe generalize the
proof technique applied in [4] for the caseBf= GF'(2). Roughly speaking, we show that the high degree
coefficients in the polynomial representation of the restriction wf anyfixed subspace, can be expressed
as linear combinations of these coefficients in the restrictightofrandomsubspaces.

L theng € POLY,, 4.

Lemma 8.3.7 If n < W

Proof: Consider any fixed set of pointg, 1, ...,y € F™ such thaty, ..., y, are linearly independent.
We shall show thag,, ,1....,,) € POLY, 4. Lemma 8.3.7 follows by applying Theorem 8.1.2. We start by
describing the high-level idea of the proof. By using a probabilistic argument we shall show that there exists
a choice of a subset of elements, dendteg }, for which the following conditions hold. First, every point
w in the subspack(yo, y1, - - - , ye) €quals the vote ow of a set,T,,, of £ points that are linear combinations
of thez; ;'s. Next, for each of these sets of poifits, the restriction off to the affine subspace defineddy
andT,, is a polynomial of degree at mast That is, all high degree coefficients in each of these restrictions
are0. We then show that each high degree coefficient in the restrictignathe subspac&(yo, y1, - - -, y¢)
is a linear combinations of the high degree coefficients in the abovementioned restrictiprasdfis hence
0. A formal proof follows.

Each point in the affine subspas¢yo, y1, - - -, ye) |s of the formyg + Z -1 biyi, whereb; € . Now
consider({ + 1) - ¢ elements inf™, denoted{zw}] 1’ ’ . Suppose that for every choiceif ..., b, € F,

¢ ¢ ¢ ¢
9<y0 +) b yi) = V(yo +) bicyis 200+ > biczigs. . 200+ Y bi- 2¢,@> (8.38)
=1 =1 =1 =1

If we select the elementg; ;} uniformly and at random, then by Lemma 8.3.4, this event occurs with
probability at least — 2¢/n - ¢°. We assume from this point on that Equation (8.38) holds for every choice
ofby,...,by € F.

In order to show thay(,, 4,,...,,) € POLY,4 we need to show that for every € [q — 1]¢ such that
Zle a; > d, we have thaC%(yo,y1,...,y¢) = 0. Let us fix any suchy, and letR, denote the row
vector.A,(a, -). Recall that the coordinates &, are indexed by strings € [¢ — 1]° (where we denote the
corresponding coordinate b‘% € F). In what follows we use the notatiomz(3;) = w” if 8; # 0, and
ex(p;) = 0if B; = 0. Consider the structure of, presented in Section 2. We need to show that

¢
>, R (yo + Y ex(f)- y) =0 (8.39)
=1

Belg—1]*

For any fixeds3 € [q — 1], by our assumption that Equation (8.38) holds, and by definitidri(ef we
have:

g(yo - Zgz ex(fB;) - Z/i)
=1
=1

velg—1]¢

'Y#(O 0,..., )
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¢
= - Z f (yo + Z ex(v;) - 20 + Z ex(5;) - <yl + Z ex(v;) - zi,j)> (8.40)
ve[g—1]¢ Jj=1

7#(0,0,...,0)

This implies (by switching the order of summations) that

¢
S RS 9w+ ex() ui) (8.41)
Belg—1]¢ i=1
¢ ¢ ¢
= - ) > RE f(yo +) ex(yy) 205 + Y ex(B) - (yz +) ea(y;) - zzy))
velg—-11¢  Belg—1]¢ j=1 i=1 j=1

7#(010770)

But for any given choice of = ~1, ..., 7,

¢ ¢ ¢
Z RS <yo + Z ex(v;) - 205 + Z ex(5;) - (y, + Z ex(v;) - Zm‘)) (8.42)
j=1 i=1

Belg—1)* j=1

14 V4 14
= Cﬁ(yoJrZeﬂf(’Yj)'zo,j, yi+ > ex(yy) - 21 oo ye+zeﬂf(%)'%,j>

J=1 J=1 Jj=1

Consider the event that for every choiceyf. . . | v, that are not al0, y1+2§:1 ex(vj)-z14, -+ 5 Yot

Z§:1 ex(v;) - z¢; are linearly independent. This event occurs with probability at leasi - ¢=". In
what follows we shall assume that this is indeed the case. Since. , v, are not allo, then we know that
for each setting ofyy, . .., v, with probability at most; over the choice of the; ;'s, for everya such that

Yo @i > d,

l J4 l
CL(vo+ D ea() - 2050y + 3 ex(y) 21, oyt D ew(y;) - 25) 0 (8.43)
j=1 j=1 j=1
By taking a union bound over aik, . . ., v,, adding the probability that we have at least one linearly depen-

dent combination, and adding the probability that Equation (8.38) does not hold for®sene — 1]¢, we
get that with probability at least

1—q'n —2qtng" — " (8.44)
there existz; ;'s that satisfy all required constraints. Note that our algorithm perfc@réég%*1 + 1/e>
queries, so that we may assume thgft! < ¢" (or else the algorithm would simply query all points).
Therefore, the expression in Equation (8.44) is greater @rerd the lemma follows. Bl

By combining Lemmas 8.3.3 and 8.3.7 we obtain thaf i Q( ) -far from POLY,, 4, thenn =

Q(W , and so the algorithm rejecfswith sufficiently high constant probability.

The next lemma, which will help us deal with the case in whjék small, is a variant of a very similar
lemma that was proved in [4].

Lemma 8.3.8 Let ( def %m - ¢* - dist(f,g). If we uniformly and independently select
Yo, Y1,---,Y¢ € F" wherey,...,y, are linearly independent, then the probability that foractly one

choice ofby, ..., b, € F, we have thaf (yo + Zle b; - yl> %+ g(yo + Zle b; - yl> is at least(.
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Proof: For eachd = f1,..., 8¢, 0 € [¢ — 1] let X3 be the indicator random variable whose valug i
and only if f (yo +Zf:1 ew(ﬁi)yi> # g<y0+zle ex(ﬂi)yZ). ThusPr[Xs = 1] = dist(f, g) for everyp.

It is not difficult to verify that the random variable§s are pairwise independent. This is true since for any
two distinct3!, 52, the points(yoJer:1 ex(ﬁil)yi> and (yo +3 ex(ﬂ?)y,) attain each pair of distinct
values inF™ with equal probability. It follows that the random variabte = > ; X3, which counts the
number of pointy = (yo + Zle ea:(ﬂi)yi) in which f(v) # g(v), has expectatio®[X] = ¢° - dist(f, g)

and variance&Var[X] = ¢’ - dist(f,g) - (1 — dist(f,g)) < E[X]. Our objective is to lower bound the
probability thatX = 1. We need the well known fact that for a random variakl¢hat attains nonnegative,
integer values,

2
Pr|X > 0] > <E X]) 8.45
0= T (649
Indeed, ifX attains the valué with probability; for ¢ > 0, then, by Cauchy-Schwartz,

(E[X]>2 - (Zm)Q - (Zzﬁﬁf < (Zﬁui) . (ZV) = E[X?]-Pr[X >0]. (8.46)
>0 >0 >0 >0

In our case, this implies

2 )
E[X E[X
Pr[X > 0] > (E{X]Z? . E[X§ +[ <2[X])2 - - f[éf&] (8.47)
Therefore
E[X] > Pr[X = 1] + (1 f[g[]X] —Pr[X =1]) -2 = 125[9)[()](] CPrX =1],  (8.48)
implying that
PriX =1] > E Pi: E(EE)[()](DQ (8.49)

Substituting the value aF'[ X ], the desired result follows. H
We are now ready to wrap-up the proof of Lemma 8.3.1 (and hence Theorem 8.1.1).

Proof of Lemma 8.3.1: As we have noted previously, jf is in POLY,, 4, then by Theorem 8.1.2 the
tester accepts (with probability 1). We next show thatis e-far from POLY,, 4, then the tester rejects with
probability at least.

Suppose thadist(f, POLY,, 4) > e. We shall show thay > min{%qee, W} Sincen is the

probability that a single iteration of the algorithm cauges be rejected, and the algorithm perforé@l /7)
iterations, the theorem follows. #f > -—L - then we are done. Hence, assume that 57 1

2(£+1)q +1)gt T
We shall show that in such a cage> 1 - ¢* - dist(f,g) > 3 - ¢ - e. To verify this, first note that by

Lemma 8.3.7 we have thgte POLY,, 4 (sincen < W). Next observe that if andg disagree on
exactly one point in a subspageof dimensior/, thenfs ¢ POLY, 4. It follows from Lemma 8.3.8 and
the definition ofy thatn > ¢ (where( is as defined in Lemma 8.3.8). In particular, since by Lemma 8.3.3
dist(f,g) <2n < W where? > 1 andg > 2, we get that
1 —¢"-dist(f,9)

¢ 1.
T o dist(f. g) -q" - dist(f, g) (8.50)
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1

1
> Dt dist(f, g) (8.51)
(s
1-1/4 , .
> gt .
> 1o ) (8.52)
> %-q@ -dist(f, g) (8.53)

as claimed. W

8.4 A Lower Bound

Theorem 8.4.1 Every algorithm for testingPOLY,, ; with distance parametere must perform
Q (max{1,¢*"1}) queries when is prime, and (max{2, ¢[*/21-1}) queries otherwise.

In order to establish Theorem 8.4.1, we consider the relation between polynomials and codes. Specif-
ically, recall that the familyPOLY,, ; over a fieldF' = GF(q) = GF(p®), corresponds to the General-
ized Reed-Muller (GRM) codéRM,(d,n). Namely, each codeword (having length) is determined
by the evaluation of a polynomial iROLY,, ; on all points in the domai#™. The minimum distance,
A(GRM,(d,n)), of the code is the followingef. [31]): If d = r(¢ — 1) + ¢, where0 < ¢ < ¢ — 1, andr
is an integer, thet (GRM,(d,n)) = (¢ — t)g" "~. The dual code oA (GRM(d, n)) is the GRM code

da
GRMy(n(q—1) — (d+1),n), so that it has distand@(Jﬁw _1) . Let us denote the distance of the dual

code byA(GRM,(d,n), and let? = [qﬁ}pw be as in our previous notation. Hencegifs prime then

A(GRMy(d,n)) = Q(qf—l), and for non-prime we can say thaf\ (GRM,(d,n)) = Q(qWﬂ—l).
Theorem 8.4.1 follows by applying the theorem below, which is a straightforward generalization of a
similar theorem proved in [4] for binary codes.

Theorem 8.4.2 Let F be any family of functiong : F™ — F that corresponds to a linear code Let
A(C) denote the minimum distance of the c@tand letA(C) denote the minimum distance of the dual
code ofC.

Every testing algorithm for the famil must perforn2(A(C)) queries, and if the distance parameter
eisat mostA(C)/(2¢™), then)(1/e) is also a lower bound for the necessary number of queries.

Theorem 8.4.2Let F be any family of functiong : F — F that corresponds to a linear code LetA(C)
denote the minimum distance of the cadand letA(C) denote the minimum distance of the dual code of
C.

Every testing algorithm for the famil must perfornf2(A(C)) queries, and if the distance parameter
eisat mostA(C)/(2¢™), thenQ(1/e) is also a lower bound for the necessary number of queries.
Proof: We start by showing tha®(A(R(d,n))) queries are necessary. A well known fact from coding
theory (see [58, Chap. 1,Thm. 10]) states the following: for every linear Codleose dual code has
distanceA(C), if we examine a sub-word having lengtX{, where A’ < A(C), of a uniformly selected
codeword inC, then the resulting sub-word is uniformly distributed it . Hence it is not possible to
distinguish between a random codewordiand a random word i#"™ (which with high probability is far
from any codeword) using less thanqueries.

We now turn to the case < A/2¢™ . To prove the lower bound here, we apply, as usual, the Yao
principle by defining two distributions, one of positive instances, and the other of negative ones, and then

showing that in order to distinguish between those distributions any algorithm must pérfayia) queries.
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The positive distribution has all its mass at the zero vetter(0, . . ., 0). To define the negative distribution,
partition the set of all coordinates randomly irtte= 1/€ nearly equal parté,, ..., I; and give weight /¢

to each of the characteristic vectars of I;, i = 1,...,t. (Observe that indee@l € C due to linearity,
anddist(w;,C) = e due to the assumption on the minimum distanc&)f Finally, a random instance
is generated by first choosing one of the distributions with probahili; and then generating a vector
according to the chosen distribution.

Consider the two distributions that were defined. Udie a deterministic testing algorithm with query
complexity s (wheres is a function ofe). We need to show that ifl gives an incorrect answer with
probability at most /3, it must be that > 1/(3¢) . If Aisincorrect ord (that is, it does not accept it), then
it is already incorrect with probability at leakt2. OtherwiseA should accept the input if all thequeried
bits are0. Therefore it accepts as well at least s (wheret = 1/¢ is as defined above) of the inputs.
This shows that! gives and incorrect answer with probability at le@st s)/2¢. for this to be smaller than
1/3 it must be the case that> 1/(3¢). N
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Chapter 9

A Characterization of Low-Weight Words
that Span Generalized Reed Muller Codes

9.1 Introduction

The generalized Reed Muller coder, (p, m) consists of all words of length™ that correspond to the
evaluations ofn-variate polynomials of total degree at mesbver F"*. We denote by the characteristic
of the field F,, so thatp is prime, and; = p' for an integert > 1.

In the work of Delsarte, Goethals and MacWilliams [30] the minimum weight words of these codes are
characterized (see also [13, Thm. 5.25]). These words have weight)q™ "~ wherep = r(q — 1) + s,
and each is a sum of multiples of incidence vectorg;ef s) parallel affine subspaces (flats) of dimensions
(m —r — 1) that are contained in appn — r)-dimensional affine subspace. Delsarte et. al. also show that
these words span the code in the casedgliaprime.

Ding and Key [31] consider general fields, and ask under what conditions do the minimum weight words
span the code. They show that the minimum weight words span the calé dnly if one of the following
conditions holds: (1)n = 1; (2) q is prime; (3)p < p; (4) p > (m — 1)(¢ — 1) + p'~! — 2. We note that
the fourth condition was also shown to be sufficient by Friedl and Sudan [34], in the context of their work
on testing low-degree polynomials.

9.2 The Characterization

In the following we show that for all generalized Reed-Muller codes (and in particular for those codes that
arenot spanned by their minimum-weight words), there exists a subset of words that span the code whose
weight is at most quadratic in the weight of the minimum-weight words. More precisely:

Theorem 9.2.1Let Rf, (p, m) denote thej-ary generalized Reed Muller code of ordeand lengthg™,

whereq = p', pis prime,t > 1, andq < p < m(q — 1). Then there is a set of words of weight at most
m(g—1)—p
q[ a—a/v W that spanR g, (p, m).

In particular, whery is prime (so thay = p) andp is divisible byq — 1, then we obtain the minimum-weight
words of the code. If is not prime, then the weight of the words spanning the code is roughly the minimum
weight of words inR ¢, (p, m) taken to the power gf/(p — 1).

Our analysis works by proving a characterization of (total) degremsltivariate polynomials over the
field F,. This characterization takes the form of linear constraints on the evaluation of the polynomials
taken over points that belong to affine subspaces of low dimension. Since the generalized Reed-Muller
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code of orderp, R, (p,m), is determined by polynomials of degrpeover £, these linear constraints
corresponds to low-weight words that are orthogonal to the words of the code. The characterization implies
that these words span the dual code. Because the dual cddg, G, m) is the generalized Reed-Muller
codeRp,(m(q — 1) — (p + 1), q), we can obtain Theorem 9.2.1.

Theorem 9.2.1 follows from the following theorem presented in Chapter 8.
Theorem 8.1.2 Let I = GF(q) whereq = p® andp is prime. Letd be an integer, and lef : F" — F.
Thenf is a polynomial of degree at mastif and only if its restriction to every affine subspace of dimension

(= Lﬁ%}pl is a polynomial of degree at mogt

9.2.1 Proof of the Theorem

As stated in the introduction, our characterization of low-weight words that span generalized Reed-Muller
codes, referred to in Theorem 9.2.1, is derived from Theorem 8.1.2. We next show how Theorem 9.2.1
follows from Theorem 8.1.2.

Recall that Theorem 8.1.2 says that a functfonF"™ — F'is a polynomial of degree at mogtf and
only if its restriction to every affine subspace of dimensioa (q”_;lpl is a polynomial of degree at most
p. Theorem 8.1.2 can be restated equivalently as follgivs:POLY , ,,, if and only if there exists a subset
of vectors)V ¢ F4", such that for eacl € ¥V we have:

1.1 f=0;
2. The non-zero coordinates af are all indexed by points that belong to some affine subspace of di-
mension? in F™.

Sincef € POLY, ,, if and only iffe RF,(p,m), the first item implies that the subset of vectdysspans
the code dual t®R 1, (p, m), which isR r, (m(q — 1) — (p+ 1), m). The second item implies that the weight

[

of everyw € W is at most’ = ¢ -a/»|. Theorem 9.2.1 follows by a simple substitution of variables.
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Chapter 10

Almost Orthogonal Linear Codes are
Locally Testable

10.1 Introduction

In this work we study the testability of some families of linear codes.

Locally Testable Codes (LTC) and Regular Testers. A testerfor a code is a randomized algorithm that
is given a stringw and a distance parameter- 0. The tester is allowed to perform oracle queries about
values of coordinates ab. It should accept itv is a codeword and reject with high probability.ifis e-far
from every codeword. The notionfar indicates that at leastfraction of the coordinates af should be
changed for obtaining a codeword of the code. A codedally testableif it has a tester that performs a
number of queries that is a function ©bnly, and is independent of the length of the code.

A local testfor w is a selection of a codeword’ from the dual code, and verification that is orthog-
onal tow. Such verification requires several queries intoThe number of queries is equal to the weight
of w’. If w’ is not orthogonal tav then this implies thatv is not a codeword. In such caseialation is
detected. This leads to the following definition of a regular tester. Roughly speaking, a regular tester is a
tester that performs several local tests itosuch that each local test invol¥equeries intow, wherek is
independent of.

Definition 10.1.1 A (k, §)-regular tester for a code is a tester that, given ande, selectsD (%) random
codewords of weighi from the dual codeX = é(k, €) > 0). Then it performs the corresponding local tests.

If a violation occurs the tester rejects, otherwise it accepts. The probability that a single local test rejects is
denotedRej ().

Note that most of the known testers for linear codes are regular.

Related Research. Locally testable codes have been a subject of much research over the last years due
to their close relation tprobabilistically checkable proofCP). The question of characterizing codes that

are locally testable is highly complex. For surveys on the issue see [36, 69]. A great deal of attention was
devoted to testing polynomial codes, that is, the codes whose codewords are evaluations of some polyno-
mials over a finite field. Various families of polynomial codes differ in the size of the field, the maximum
degree of the polynomials, and the number of variables. The study of testing polynomial codes was initiated
by [24] who considered theladamard codesbased on multivariate linear functions over a binary field.
Other relevant works include [15, 17, 18, 19, 24, 33] and references therein. In [9, 15, 14, 33, 34, 66] it
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was shown thaReed-Solomon codesd Reed-Muller codeare locally testable. These codes are based

on univariate and multivariate low-degree polynomials dagge finite fields. Recently [4, 45, 50] proved

that Reed-Muller codes over general fields, including small and even binary fields are locally testable. Most
testers for polynomial codes use wwlf-correction approachA different series of works [20, 41], initiated

by [41], attempt proving existence of locally testable codes possessing good parameters (e.g. constant rate
and linearly growing minimum distance).

10.1.1 Our Results for General Codes

A Sufficient Condition for Local Testability of Linear Codes. In this work we present a sufficient con-
dition for local testability of linear codes. Let arfar coset of a code be the code obtained by adding to
every codeword a vector thatddar from the code. The condition is somewhat combinatorial. It is based on
counting the number of fixed weight codewords in the dual code to the union of the code afat iteset.

If this number is substantially smaller than the number of the fixed length codewords in the dual of the code
itself, we claim that the code is locally testable. Hence, the approach we present here is different from the
self-correction approacfpresented in e.g. [4, 24, 50, 66]). Note that there exist linear codes that can not be
locally tested, as shown by Ben-Sassbml. [21].

Regular Local Testability Implies Short Basis for the Dual Code. We show that local testability of a

code by a regular tester implies that the dual code is spanned by short codewords. Note that the opposite
does not hold. That is, there exist codes [21] whose dual is spanned by short (length 3) words, which are not
locally testable. Note that in the works on testing codes that used the self-correction approach, there was a
need, prior to the construction of a tester, to prove an existence of a short basis of the dual code (noted as
“characterization” in works using the self-correction approach). Here we avoid this complication, since the
local testability of the primary code implies the existence of a short basis for the dual code.

Our Main Result: Almost Orthogonal Linear Codes are Locally Testable. We say that a cod€’ of

lengthn is almost orthogonaif the minimum distance of’ is § — ©(y/n). It follows from upper bounds on

the size of codes as a function of the minimum distance (see e.g. [56]) that the size of such codes is at most
polynomial inn. We use our sufficient condition for testability to show that the almost orthogonal linear
codes are locally testable. Moreover, we show that their dual codes are spanned by words of fixed weights.
Specifically we show the following:

Theorem 10.1.1For a linear codeC, if the distance of”' is at leasts — Vtn thenC is locally testable
usingO(t/¢) queries. Moreover+, the dual toC, is spanned by its words of weight at most 2.

10.1.2 Our Results for Dual-BCH Codes and the BLR Test

Dual-BCH Codes. Dual-BCH(n,t) codes (denoted’;pc (1)) are generalizations of the well studied
Hadamard codes (= 1 is Hadamard). They can be defined as binary trace images of evaluations of
univariate polynomials of degré over the finite fields of sizén + 1) and characteristic 2. The motivation

for the current work stems from an open problem raised in [4]. Adbal. asked whethe€;pcp () are

locally testable for constant Notice thatC,; g (1) are generalizations of codes defined by linear functions
(Hadamard codes). They have been used extensively for derandomization and construction of epsilon-
biased sets (see e.g. [1, 63]). Recently Khot [52] used them to obtain better inapproximability results for
SVP. TheCypc (1) codes for constarttare known (by the A. Weil-Carlitz-Uchiyama theorem) to be almost
orthogonal. Hence, we conclude that these codes are locally testable. Their dual codes are the conventional
BCH(n, t) codes (denote@pcr(4))-
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Results for Dual-BCH and BCH Codes.

e Cypcn are locally testable. They can be tested ugiHg/¢) queries by a regular tester such that
Rej(e) > e. The lower bound for this problem (1 + ¢). The regular tester uses codewords of
Cpcr () Of weight2t + 3. The lower bound follows from the minimum distance(®t o ;)-

e Cpcr(y) Is spanned by its almost shortest words, that is, by words of weight ahest, while the
shortest are of weigt#t + 1. Here, we do believe that the code is spanned by its shortest words.

e Extended”zc () codeCepcr(r), Obtained by appending all-coordinates parity-check to each code-
word, is spanned by its shortest words of weigiht- 2.

e There is an explicit procedure that generates a random codeword of constant weightfrgmy,
with complexityO (poly(tlogn)).

Note that our results implies local testability of Goppa codes [23] and trace subcodes of algebraic-geometric
codes.

Back to the BLR Test. The Hadamard test of Blum, Luby, and Rubinfeld [24] is given a binary veocbér
length2™ — 1. The test selects uniformly at randamy € {0, 1} and verifies that(z) +v(y) = v(z+y).

Note thatz, y, x + y describe the non-zero coordinates of a randeweight codeword from the code dual

to the Hadamard code (Hamming code). In various papers [17, 18, 24, 53] the following question was
addressed: What is the lower bound Baj(¢) of the BLR test [24].Rej(¢€) is important since it is related

to the hardness of approximation of some NP-hard problems, see [17] for a relevant discussion. The best
known bounds are described in [17, 53], showing Reaf(e) > ¢ — O(%), for everye. The result of [17]is

based on Fourier transform, the one of [53] is based on discrete Fourier transform and a use of Krawtchouk
polynomials. In this work we re-prove the bouRdj(e) > ¢ — O(%). Our proof is somewhat simpler than

the previous ones, and uses our general techniques.

10.1.3 Our Techniques

We use tools from coding theory to bound 8pectra(weight distributions) of the code and its dual. We do
that by using a linear programming approach based oMid&\illams transform This transform relates
the weight distribution of a code to the one of its dual. We progeieralization of the Johnson Bound
which provides us with a tool to obtain an upper bound on the distribution of the number of codewords in
a Hamming sphere and its moments. An essential point in our analysis is usek#rmata inequality
allowing extending of inequalities for the first moments of the distribution to higher ones. An orthonormal
matrix is norm preserving. This is expressed in the Parseval identity, and is useful in our analysis of the
Hadamard tester. For the case of general almost orthogonal codes, we pemeralized Parseval inequal-
ity, namely, we show that when the vectors are almost orthogonal, the matrix is norm preserving up to an
explicitly derived multiplicative constant.

The techniques we employ are quite different form the ones used earlier. We believe that they might be
useful for proving local testability of other codes.

10.2 The Approach Applied in This Work

In this section we describe the approach applied in this work and provide a sufficient condition for local
testability of linear codes. Le&f' be a linear code whose dual codels. Consider all codewords af+

of weight k, denotedC;-. Their number isBS". The codewords);- imply local tests of size: over C.
Hence, in order to show that a codkis locally testable it is sufficient to show that there exists a constant
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k such that for a vectow that ise-far from C' and forc’ selected uniformly froanL, the probability that
(w, ) # 0, is a constand(e) that depends only oa In such case the codg is testable usin@(%)
queries.

Consider a codeword that ise-far from C, that is,w = ¢ + v.,, such that € C andv,, is e-far from
any codeword irC. Suppose that we could show that at |Ie¥s}-fraction of codewords ilc’Ckl are such that
their inner product with,,, is non-zero. Then we would get that by taking uniformly at random C;-,
with probability d(e), (¢, w) # 0. That is, with probabilityi(¢) the tester rejects. Hence we conclude that
C'is testable usin®(k/J) queries.

In order to show that at leaste)-fraction of words inCi- are such that their inner product with,
is non-zero, we could equivalently show that for at mdst- §(¢))-fraction of the codewords it';-, their
inner product withv.,, is zero. The last could be shown using the following approach.

The codewords of' that are orthogonal both 0 and tov,,, are codewords that are orthogonal to the
codeC U v,. That s, these are the weightwords of[C' U v,]* (denotedC U ven},ﬁ)- Their number is

denoted asB[CU””‘] In order to find how many such weightvords exist ifC' Uwv,,]*, we need the study
the weight dlstnbutlon ofC U v, ]-. Following, is a definition capturing the properties discussed above.

Definition 10.2.1 Consider a linear cod€' of lengthn, such that its dual i€"+. The codeC' has(k, )-
Coset-Propertyif for every% <e< R(C) , there exist non-decreasing= J(¢, k) > 0, such that for every

vectoruv,, at distancen from C, B[OJ”’E”] <(1 26)BCL
Note that for a vectoo,,, ¢ C, its distance fronC' is betweenl to R(C). Thus,e is chosen to cover all

possible distances of,, from C.
In the following we provide our sufficient condition for local testability of linear codes.

Theorem 10.2.1 A sufficient condition for local testability: Consider a linear cod€' of lengthn, such
that its dual isC*. If C has {, §)-Coset-Property then it is testable usi@j%) queries. Hence, ik is a
constant independent afthen the code is locally testable.

Proof: We show that the conditioB!C )" < (1 — 25)BC" implies BICV"")" < (1 - §)BS™ |
Recall that,

l C €En l
plCUvelt _ Z BCYen p (i) = 1 Zn: Z BOtvan p( BC _|_Bl[c Foend
k ’CUUen’ 2|C] = 2[0\ 2

It remains to show that the Condltldﬁ[cuv‘"] <(1- cS)B,?L implies thatC is testable usin@® (%)

gueries. The last can be verified easily by the definitions. The details of the proof follows.

Assume that for cod€ and its dualC'* the condition applies. In the following we use the condition to
construct a one-sided tester for the cadevhere its query complexity i@(%), for k,6 as specified in the
theorem. Given a wordthe algorithm should acceptsdfe C, and it should rejects w.h.pdfis in distance
of at leastn from any word inC'.

Test-C-Algorithm ( ¢)

1. Repeat the following cheo®(3) times:

(a) Uniformly and independently select a wardof lengthk from C-.
(b) Verify whether< ¢, w >= 0. If not then the checkailed.

2. If any of the above checks failed thagject, otherwiseaccept.
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Following we prove that the algorithifest-C-Algorithm ( ¢) is a one-sided tester for the co@ewith
query complexity@(%). We need to show that if is at distance at least from C, then the algorithm
rejects with probability at leagt/3.

Suppose: is ¢/-far from the code, wheré > ¢. In this case: can be presented as= a + v./,,, where
a € C, andv,,, is at distance’n from C. Given a randonk-weightw € C, (c,w) = (a, w) + (Verp, w) =
(ven,w). By the assumed conditions of the theorem, Pfob,, w) # 0) = d(¢’) > d(e). Thus, the
probability to reject in a single round of the algorithm is at leds). Hence, afte@(%) trials c is rejected
with probability at Ieas%. Note that the query complexity of the described algorithr@@%) as required.
|

Next we show that the coset-property@fimplies thatC- is spanned by short words.

Theorem 10.2.2 Consider a cod& with dual C*. If C has {, §)-Coset-Property thed' is spanned by
words of weight.

Proof: (k,§)-Coset-Propertymplies that for every}L < e < 29 there exists a non-decreasing sequence

5 = d0(e, k) > 0, such that for every vectar,,, being at distancen from C, BLCUUG"]L < (1- 6)B,§L.
Assume that the weigtit codeword<;- do not sparC. Then, there exist§* that containg”;- and some
other codewords fror’*, such that its size is half of the size ©f-. Hence, we conclude that**, that is
dual toC*, is C**+ = C U ve,, Wherev,,, € C+. However, due to thék, §)-Coset-Propertyve know that
the number of words of weighitin C* = [C U v,,]* is at most(1 — 6)B£L, and this contradicts the fact
thatC* containsB,g,JL words of weightk. Hence C is spanned by its weighitwords. W

Clearly from definitions, iiC has &k, §)-regular tester then it hagk, §)-Coset-Propertylt was shown
in Theorem 10.2.2 that if a cod has the(k, §)-Coset Propertythen its dualC'*, is spanned by words of
weightk. Hence the following theorem is established:

Theorem 10.2.31f C has a ¢, §)-regular tester then its dual'* is spanned by words of weight

10.3 A Tester for the Dual-BCH Code - First Try

In this section we show that;zcp (s is locally testable using)(“OTgt) queries. However the tester we
describe uses local tests of weights varying withiThat is, in order to test if a given vectordsgar from
CapcH(t), the tester employs local tests that l@é@) gueries on the vector. Note that each local test
performs number of queries that is dependerit dfhus, the tester is not regular and does not imply a proof
that theC'pop(4) IS spanned by short words. In the next section we show a way to improve our analysis and
get a regular tester. Our analysis shows fRaf(e) > ¢ — O(2) in the case of the BLR test [24].

; ; tlogt ; ;
Theorem 10.3.1Cypcpy(y) is locally testable using)(—2=) queries. Moreover, there exists a regular-
tester for the code that uses local tests of wei@ht'%2") such thatRe;(e) > 3.

tlogt
€

Proof: ConsidelCypcp (1), € > 0. Letk = , k being an odd integer. We next show that for a veetgr

1
which is at distancen from Cypcp 1), B,ECdBCH(”ﬂ‘”} < %BkCBCH(”. This suffice by Theorem 10.2.1.

Recall, that using the MacWilliams transform

n
[CdBCH(t)JF'Uen]l CaBcH(t)TVen .
By, = E :Bi Py (i)
i=0
Hence, we need to show that

n

eEn . 1
S BT p ) < §Bkc P Capen (10.1)
=0
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In the following we bound the left-hand side of the last inequality.

By [29] the covering radius of’;zcp (s is bounded from above b§ — Vtn. This bound on the
covering radius can be proved using estimates on the minimum zero of a Krawtchouk polynomial, and the
minimum distance of the dual code. We use this bound to conclude that any vector is at distance at most
(% — %)n from Cypcr(y- Thus, we may assume that< en < 5 — Vtn. This will be useful in what
follows.

Consider Cypcp () + ven-  SiNCe v, is at distanceen from Cypcp(y), the shortest word in
CapcH(t) + Ven 1S Of weighten. Recall thatk is odd, and note that the Krawtchouk polynomigl(i)

is negative for > 5 + V/tn. Using these observations and the bound from Claim 2.3.3 we get:

S+Vin 5+Vin

n _ -k
Z BiC’dBCH(t)‘f‘”Uen Pk. (Z) S Z deBCH(t) +'UenPk (Z) S Z BCdBCH(t>+UETL ‘n k'QZ‘
=0 1—=€en 1=€n ’
Note that foren < i < § + /tn, we haven — 2i| < (1 — 2¢)n. Thus,
n s +Vin _ 9k o yk—2t, kot 21V
S ety < 3 pamonyta 2 (2208 AT iyt
i=0 i=en ’ ) i=en
: : +Vin LCapcH(t)+ven 12t t (2t)! :
0. o ; - = H(t) | 5FT -
In Claim 10.3.1 we will prove tha} > =~ B, In —2i|* < n'|Cypore |5y BY showing
that we get
n 1 — 2e)k—2tpk=2t . pt|C (@t)! 1
ZBiCdBCHmﬂmPk(’i) < ( ) %l Cancn < §BISBCH(t) | Capcrwl-

i=0
The last inequality follows from Claim 2.3.5 which asserts tﬂngCH“) = %(1 + O(%)). Hence

equation (10.1) follows.

Claim 10.3.1 Generalized Parseval Bound:For a linear codeC of lengthn and minimum dual distance
2t + 1, and a vecton,,, being at distancen from C,

(2t)!
211]

i1=€en

(1+0(1))

Note that fort = 1 we derive an inequality following from the Parseval identity up to a factdt &f o(1)).
Since the dual o€ypc (1) is Cpcon(ry @and its distance i8t + 1, the lemma can be applied, and the proof
of Theorem 10.3.1 follows.

Proof: [of Claim 10.3.1 Note the if the distance af- is 2¢ + 1, then the distance d€yc () U ven] ™

is at leas®t + 1.

Consider a polynomiaf of degree at mosit. Since the Krawtchouk polynomials form an orthogonal basis,
f can be written as:

2t
F) =" arPy(i)
k=0
Let BS™en ... BOtven be the weight distribution of' + vc,.
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Hence,

2t

Z Bc+v5n Z Bc+vm Z ap Py (i) Z ag i BZ.CJ”*" Pi (i) = ap|C + vep|

k=0 1=0

The last equality is derived from the MacWilliams Transform. Recall that,
- o+ . [Capc ) Yven]® c+
> BT P(i) = |C + ven| (2B, — BY)

As we know that the minimum distance 6f- is at leas®t + 1, we get thaty "7, BE ™ Py.(i) = 0 for
k=1,---,2t.
By taking f = (n — 2i)?! and using the fact from the Fourier Analysis that:

1 < /n .
a0:2n23<i>f(z)
we get that,
C+Uen 2t N\ 2t
ZBi (n —20)*" < ap|C + ven| = 2"Z<i>(n_2l) |C' + Ven|

i=en =0

Note that|C' + ve,| = |C|. Hence, in order to complete the proof it is sufficient to show that

1 &< (n , (2t)!
— ) (n—2i)% < nt (14 0(1))
2 i=0 ( ) ’

Since the binomial distribution converges to the normal one we deduce that:

1 < /n 1 — 27 ;2
— n—2)% < — e am it / r2te 2nda: 1+o0(1
2n i=0 (7/)( ) o 2n _Z vV 27TTL - \/ 27Tn ——00 ( ( ))

1=—

The last integral is th@t-th central moment of the normal distribution which is known (see e.g. Dwight,
Tables of Integrals, 860.16):

o
o —p2z2 B 1-3-5...-(2t—1)
/_Oox e " de = /7 5t 24T

Noticing that

1-3-5..-(2t—1) =

we obtain the claimed bound.
H N
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10.3.1 Back to the BLR Test

Following the same lines of the proof of Theorem 10.3.1, and using the fact that orthogonal matrix preserves
norm, instead of using the Generalized Parseval Bound from above, we provide a simple alternative proof
for the following theorem. The first proofs for this theorem appear in [17, 53]. The detailed proof follows.

Theorem 10.3.2In the BLR test [24]Rej(e) > € — O(2).

Proof: Note that by [29] the covering radius 6f is § — /n, hence am length vector is at distance at

most (3 — %)n from C. Recall that it is sufficient to show that

n
S BEBy) < (1 26+ O()BS - [C
i=0
In the following we bound the first term in the above equation.
Consider the cod€' 4+ v,,. Sincewv,,, is at distancen from C, the shortest word in the code + v,,, is of
weighten. Moreover, all words irC' but the "zero” word are of weight exactly. Hence the heaviest word
in C + v, is of weight at most; + en, Thus:

n 5ten
ZBiC'+v6nP3(i) _ Z BiC'-i-venPg(Z')
=0 i=en

By Claim 2.3.3:

n

"\ nien : In — 2i3
2 € y C+ en —
E B T P3(i) < E By 5

i=en i=en
Since the Krawtchouk polynomidk (i) gets negative values for> 5 +-/n, and since foen <i < G 4-en,
|n — 2i] < (1 — 2¢)n, we get the following:

g O porna =2 (=290 KT
ZBZ-CW"PW) < Z B ven n - U< : em Z BEtven |y, — 242
=0 i=en i1=€en

n
§+En

We next show thal" 2" B+ | — 2i|? = n?.
Note that if this is indeed the ca3€!" , BE ™" Py (i) < (1_266)”3, and the lemma follows. The last is true
due to the following. Recall that we needed to show

n

5" BEF Py < (1- 2+ 0()BS - [C
=0

However by lemma 2.3.8S" - |C| = (1 — O()). Thus,

(1 —2¢)n3

< (-2 + 0B - (O

- 1
E BiC—i-UenPS(Z') < -
; n
=0
as required. Thus, it remains to show the following claim:

Claim 10.3.2 Parseval Identity: For ann length binary code&”. and a vecton,,, at distanceen from C,
the following holds:>>7"__ BEFven|n — 242 = n2.

1—=€en
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Proof: Consider the weight distribution @f + v.,,. Denote by’ the1, —1 vector obtained from a binary
vectorv where every) is transformed intd, and everyi is transform into-1. Forc € C andv,,,, We mark
by (¢, ve,') the inner products of the corresponding vectors. Note that2w(c + ve,) = (¢, ven'). Thus,

n
Z B?+U€7L|n _ 2,L|2 — Z < C/,’Uen/ >2

i=en ceC

Note that it remains to show thaf . < ¢, ven/ >?= n?.

Recall that if we consider the words of the Hadamard code written in a matrix where(eigaransformed
into 1, and everyl is transform into—1, we get the Hadamard matrii,, of ordern - n. Since H,, is
orthogonal it is norm preserving. Thus, fot a-1 vectory’, |[v/|3 = 2|H,, - v'|3 = n.

Hence,

/ 12 112 2
E < Ve >%=|Hy - ven' |5 = n”.
ceC
H N

10.4 Improved Tester for Dual-BCH Code

In this section we show that;zcp () is locally testable using)(g) queries. Moreover, we describe a
regular-tester that uses local tests each of weght 3. Hence, we conclude thétpc ;) is spanned

by weight2¢ + 3 words. We provide our analysis f6f;pc ;) codes. However, in the end of the proof

we observe that this proof actually applies to every almost orthogonal code. We next show that the coset-
property holds in the case 6f;zc () and codewords of weigl®t + 3 of its dual. The idea we use is as
follows. By arguments similar to those used in the previous section it is sufficient to show that for a vector
ven thatise-far from Cypcop py:

24Vin S+vin
C en - C y
S BT i) < (120 3 B Ryt
i=en =0

The intuition behind the last claim follows. As all non-zero codeword€'gfc ;) are of weight close to
5, and as the corresponding Krawtchouk polynomial has values close to zero grouadonclude that the
zero word contributes significantly to the summation above, while other codewords have negligible effect.
The zero word does not appear in the coset'gbcr(r) + ven Since the shortest word &ypo(s) + ven
is of weighten. Since the rest of codewords do not contribute much to the summation we obtain the desired
property.

In order to bound the left-hand side expression we use the following strategy. We partition it into two
sums that we address as head (first sum) and tail (second sum).

S+Vin 5—a %Jr\/%
C +ven . C +Ven ) c Hren )
Z BZ» 4BCH(t) TV P2t+3(2) _ Z Bi dBCH(t) TV P2t+3(z) + Z Bi dBCH (1) TV P2t+3(l)

i=en i=en z:%—a

Herea, to be defined in the proof, is closeo- \/n. Hence, we immediately conclude that the contribution

of the tail is negligible. To deal with the head we use some generalization of the Johnson Bound, to estimate
ng C en . ,
21 B O™ Then we use the Karamata inequality to deduce a bound on the head. The Karamata

inequality is of help when one starts from an inequality and wishes it to be preserved under application of
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a convex function to both sides (in our case the convex function is 2i)2+3 appearing in the bound for

Pot+3(7)).
We consider the cage> 1. Note that fort = 1, Cypcp ;) corresponds to linear functions, and it is
known to be testable by its shortest words.

10.4.1 Useful Lemmas for the Improved Tester

1 1
Lemma 10.4.1 [A Generalization of Johnson Bound]: ConsiderCypcp (i) + ven- Leta = n? ey
Letc; fori = 1,---,(n + 1)!, be the codewords Fypom ) + Ven- LEtT; =1 — 2w(¢;). Assume that

Ty > 29 > o0 > T(,yq)e. DenoteQ = 32" BiCdBCH(”JrUE". Under the given conditions the following
holds: )
Q < n'TTE (14 0(1)).

1

Fors < @, suchthats <nz-10, S5 2; < ny/s(1+o(1)).
For s < Q, such thats > nz+100 Yo < ngS(l +o(1)).
For s < @, such that2 10 < s <nztio, S5 2 < n't1o./s(1+ o(1)).

The following claim will be used in the proof of Lemma 10.4.1.

Claim 10.4.2 Consider a cod€’ of lengthn with distanced and weight distributionBy, By, - - -, B,. Let
a<g.Letj=mn—2d Letm = S°2," B;. For such code the following holds:

0|3
|
Q

dn
m= 2 B; < 2(2 +a)? — 2n(% +a) +dn (10.2)
(QZ Bi(n — 2i))2 <nm((m—1)j +n) (10.3)
1=0

a

This claim enables us to get bounds@f:_oa B;(n — 2i), while we have bounds oy 2 ;" B;.

Proof: Consider the cod€” that is complement to the codein a way that the codewords 61’ are the
codewords ofC' after the transformation whef®s are replaced by's and1’s are replaced by’'s. Let
B|, B, -, B, be the weight distribution of”.

Letm/ = Z%m B!. Clearly from the definition of" it follows that the distance af” is d = "5/ and
m’ = m. Note thatn’ can be bounded from above by the maximum possible words of wgight: in a
code with distancé. Hence, by using Claim 2.3.1p = m/ < 2(ﬂ+a)2_§:(ﬁ+a)+dn, and equation (10.2) is

2 2

established. .

Note that from the definition of” it follows that(3"2 " B;(n — 2i))? = (354 Bi(2i - n))2. Hence
for proving equation (10.3) it is sufficient to show that

(> Bi(2i —n))* < nm/((m' = 1)j +n) = nm((m — 1)j + n) (10.4)

n
zTa
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Consider the matri¥/*~ that its rows contain the codewords ©f of weight at Ieasle + a, with zero's
replaced by-1's. The number of rows oVt~ is m’ = m. Letwvy,---,v,, denote the rows of *—. For
1 < i < n, denote byy; the number ofl’s in thei-th column of V™ ~. Let g be the average number v
in the columns of/*~. For1 < j < m, denote byr; the number ofl’s in the j-th column of V *~. Letr
be the average number 0 in the rows ofl/ *~. By definition,

- %Zgi — % > kB, (10.5)
=1

k=%+a

Recall that the distance between every two row¥df is d = “;Z, hence the usual scalar product of
any two distance rows is at least- 2d = j, therefore:

S = ZZ Vg, Vg —1)j+mn (10.6)
=1 k=1
On the other hand,
S= (g7 + (m—g)° —2g:(m —g;)) = > _(2g: — m)” (10.7)

i=1 =1

By Jensen inequalityy = Y"1 | (2g; — m)? > n(2g — m)?, therefore we get

n2(2g —m)? < nm((m —1)j +n) (10.8)

However,

n?(2g —m)? = n(272?:1 gi _ m)? = (Zigi — mn)?

n =1
= (2) ri—mn)®=2) (ri—n)?= (> Bj2i-n))? (10.9)
i=1 i=1 2+ta

Hence we get tha(tZ%+a BI(2i —n))? < nm((m — 1)j + n) and equation (10.3) is establishedl
Proof of Lemma 10.4.1: Note that the distancé of the Cypc () code obeysy — (t —1)y/n < d <
5 + (t — 1)y/n, by Claim 2.3.4. Hence we can get the same bounds on the distance between every two
words in a coset of the code. Thus, the first equation of the lemma follows directly from the bound on
the distance o€C;zc (1) + ven @and application of equation (10.2) in Claim 10.4.2. The second and third
equations follow from equation (10.3) in Claim 10.4.2, wherds assigned the value andj is assigned
the value2(t — 1)y/n. N

Lemma 10.4.3 [Karamata Inequality, see [60]]: Letz1, - - -, x5, 41, - - - ys D€ tWO nOn-negative sequences,

such that for every < s, >°7 ;2; < >7 ,y;, and such thab~; | o; = >0, v If f(-) is a convex
function then)"? | f(x:) < >0, f(vi).
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10.4.2 The Improved Tester

Theorem 10.4.1Cypcn () is locally testable using (%) queries. Moreover, there exists a regular-tester
for the code that uses local tests of len@tht 3 such thatRej(e) > e.

Proof: Fort = 1, Cypon( is the Hadamard code and hence the proof is known. Conélggs ).,
t>1,¢>0.

We next show that for a vecteg,, that is at distancen from Cypop 1).-

[Capcm @) tvenlt CeoH(t)
Byiis < (1—2€)By 3.

Thus, by Theorem 10.2.1 the proof of the current theorem applies. Similarly to the arguments used in the
proof of Theorem 10.3.1 it is sufficient to show that:

Z4+Vin . c
+ €n .
Z B, POHOTIN Py, s (i) < (1= 26)Byts™ [Crem|.
i=€en

Note that due the the minimum distance(Qfz o (1)

CecH(t) gl CapcH(t) n2ts 2¢+2
By, 13 ‘CBCH(t)‘ < Z B, Py i3(i) = m +O(n * )-
i=0 )
Hence, it is sufficient to show that:
5+Vin
= CapoH () tven . n?ts 26+2
> B Py 3(i) < (1 — ze)m + O(n*1?) (10.10)

1=€n

In the following we bound the left-hand side. Choaese: 2t i@ | Note thata2 3 — o(n**2). By the
bound from Claim 2.3.3, and by the bound on the number of codewo@ggh ;) the following is true:

F+Vin . 270
+ en . + €N . )
Z Blwenotep, L) < Z B PCHOTEN Py Lo (i) 4 (n 4 1)} max (Pat43(4))

n A
5 —a<i<n

N

i=en i=en
n

1 3 en
I (Z BiCdBC’H(t)‘H) (n— 2i)2t+3 + (2a)2t+3(n + 1)t)

IN

i=en

(10.11)

In the following we present two properties, whose validity is sufficient for the bound (10.10) to hold:

Head Bound Z%_a plaBcH e (n — 20)243 < (1 — 36)n2+3 1+ O(n2t+2).

i=en 1
Tail Bound : (20)23 - (n + 1) < §(en®*3 + O(n?+2)).
We provide different proofs for different values ofWe deal with two cases:

Casel: 1 <e<l Case2:d<e<

1 1
n 4°
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Note that by the bounds on the covering radius of the code (see e.g.{29pt most%. Hence, the two
cases cover the possible valuesoBoth cases are proved along the same lines. The proof is based on the
Karamata inequality presented in Lemma 10.4.3. In either of the cases we shall show HedadBound
andTail Bound apply.

In the proof of the first case we use the fact that using claims 2.3.1 and 2.3.4, the number of words of weight
exactlyen in Cypcr(t) + Ven IS at most

dn < 1
2(en)? —2n(en) +dn — (1 — 2¢)?

(1+0(1))

In the second case we use the fact that there can be only oneewior@ ;g (1) + ven Of weighten. The
rest of the words o ¢ () + ven are of weight at Ieas(t% — ¢)n. By Claims 2.3.1 and 2.3.4 the number
of words of weight(1 — €)n in this code is at most

dn <
2(3 —€)2—2n(3 —€) +dn ~ (2¢)?

(1+0(1)).
The complete proofs of case 1 and case 2 follow.

10.4.3 Proof of Case 1 in Theorem 10.4.1

1 1
Leta = n271@+3, fort > 1. Consider theCapcr () + Ven- Lete fori = 1,--- (n + 1)! be the
codewords of th&';pc (1) + ven COdE. Letr; = n — 2w(c;) and assume that; > z2 > -+ > T4yt
Recall that we need to show that the following two bounds apply for the cas§ that < %:
Head Bound 7% B BCHOTn () _ 972048 < (1 — 3¢)n2+3 4 O(n2+2),

1—=€n
Tail Bound : (2a)2*3 - (n +1)! < §(en® 3 4+ O(n*12)).

Proof of Case 1 <e < = 1n order to bound the head sum we use a generalization of Johnson Bound to

C +ven
bound the sum of codewon[: dBCH(?)

ZETL

That is, LetQ = Zm plaBcH®Tven . Using Lemma 10.4.1,

7,

Q < n'" 7@ (1 4 o(1)) (10.12)

CdBCH(t)+'Uen

Here we have got bound oﬁ . However, we need to bound

5—a

Z BCdBCH(t)+Uen( 21-)215—&-3‘

1=€n

For this we will be using the Karamata Inequality which is of help when one has some inequalities and one
needs them to be preserved under a convex function that is applied to their both sides (which is our case is
(n _ 2i)2t+3).

Recall that we need to bourid 2" B *PCHO Ty 95)2643 Y cand

7,671
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In the following we defingy’s. i = 1,---, (n + 1)*, such that for every < Q: >°7_, z; < >°7 | y;, and
such thalz LT = 2?:1 Yi.

We then use the Karamata Inequality and deducem%t th“ < ZZ L Y; 23 Thewy,’s are defined in
some way that enables us to upper bound thegl?n1 y; 2t+3 that is, to bound the head sum as required.

In the following we define thg;’s. i = 1,---, (n + 1)&

. def
Forlgzgs:ﬁ:yi = (1 - 2¢)n.

Note that the shortest words g (1) + ven are of weighien. Using Claims 2.3.1 and 2.3.4, the number
of words of weighten in Cypcpr(r) + ven is at mostz(m)z_gg(m)wn < (1_125)2 (1 4+ o(1)). Hence we get
thatforl <i <s= ==, 2; <y; = (1 — 2¢)n.

1
(1—2¢)

N[

Form < i< s=n2"10 suchthat < Q: y; = n(vi — Vi — 1). Using Lemma 10.4.1, we get that

in this regionz; < y; <

o

-

Fornz o < i < nz + 100 ; Yi L onito. Using Lemma 10.4.1, we get that in this region< y; <

3
2n1+100_

[=}

1

Forn2*1o < i <Q: yl X oni. Using Lemma 10.4.1, we get that in this region< y; < ot

Hence by the definition of;: Fori = 1,---,Q we get thatz Tir < 2?21 y;. Let W be the biggest
number such thazivz1 Yy < Z?Zl x;. Forl < i < W the value ofy; remains as it was defined. We next
assign new values @y 1. - -, yo.

Yw+1 = Zﬂfz - Zyi,yww =yw+s = =yg =0.
Thus we have
Q Q
Se=3u
i=1 i=1
In the following we shall show that thdead Boundholds: That is:

5—a
Z BCdBCH(t)""”en( 2i)2t+3 < (1 _ 36)n2t+3 + O(n2t+2).

i—=en

Consider the definition of;’s andy;’s for i = 1, - - - Q. Note that for every < Q, Y7, z; < >°7 , y; and
thatzZ 1T = ZZ.Q:l y;. Hence, by the Karamata Inequality of Lemma 10.4.3 we can conclude that

Z l’2t+3 < Z y2t+3

We use this last inequality in the following equation.
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5—a

Z BCdBCH(t)"'UE'ﬂ( 2t+3 Z $2t+3 < Z y2t+3 (1013)

i=en

Hence,

5—a

2t+3 2t+3 Vn 2t+3 Q
C, +vm 1 2¢e n 6t+12
Z B dBCH (t) n 2t+3 <§ :y2t+3 ( )

ot ) (1) <

(1 —2¢)?
i=en 6) Z':(1712@2 \ﬁ i=v/n
o0 .
23 (1-9¢) 201 | 2043 iﬂis g2t 1 sy, 2O 2t+3<2t+3(1 % )2t+1)+42t+3n@—m
=1 _x 2 2t+1
(1—2¢)2
Note that for constantand} < e < 1, the last term is bounded bt — 3¢)n? 3 + O(n?**+2). Hence,

Head Boundholds.
In the following we prove that th&ail Bound holds: That is:

(2a)2t+3 X (n + 1)t < 6(n2t+3 + O(n2t+2)).

DN |

1
Recall thatl <e< 1,a=n2"1

1
4(2t+3) | andt is constant.

Thus,(2a)?"3 - (n 4+ 1)! < Ze(n?+3 + O(n?**2)), and theTail Bound holds.

10.4.4 Proof of Case 2 in Theorem 10.4.1

1
Leta = n5+4<2t1+3>, fort > 1. Consider theCypcp (i) + ven. Lete; fori = 1,---,(n + 1) be the
codewords of th&€ ;o (1) + ven COde. Letr; = n — 2w(c;) and assume thaty > z9 > -+ > T(nq1)t-
Recall that we need to show that the following two bounds apply for the casg that <
Head Bound S° 2% BEBCH®Ten () 9132043 < (1 _ 36)p2+3 4 O(n20+2),

1= en
Tail Bound : (2a)2+% - (n + 1)t < §(en?*3 + O(n?+2)).

Proof of Case 2,% <e< %: Here we follow the same line of proof as in the first case. The only difference
is the following. For% <e< i there can be only one wordin Cypcp(r) + ven With weighten. The rest

of the codewords i;pc (1) + ven are of weight at Ieas(t% — €)n. By using Claims 2.3.1 and 2.3.4, the
number of words of weight; — €)n in this code is at most

dn

2= —an(l = dn = et W)

Hence we defing;’s. i = 1,-- -, (n + 1)t in the following way:

Fori=1: 1 o (1 — 2¢)n, hencer; < y;.
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For2 <i<s= 2i >0 Ui def 2en, hence in this region;; < y; = (2¢)n.

—~
~

For (2&)2 <i<s=niTo:y n(vi — /i — 1). Using Lemma 10.4.1, we get that in this region
T <y < \%
Forns~mo < i < n3tmo: y; & 2ni+ms. Using Lemma 10.4.1, we get that in this region< y; <
3 1
2nZ+W

Forn2Tio < < Q:y; e oni. Using Lemma 10.4.1, we get that in this region< y; < i

We then update thg's similarly as before, and get that for everyx Q,

S S
PIEEDW
i=1 i=1
and that

Q Q
Z Ty = Z Yi
i=1 i=1
Hence, by the Karamata Inequality of Lemma 10.4.3 we can conclude that

Z x2t+3 < Z y2t+3

We use this last inequality in the following equation.

5—a

Z BC’dBCH(t)‘H’en( 2t+3 _ Z$Qt+3 < Zy2t+3 (10.14)

i—=€en

C +Ven . Q.
Hence > 2 B, PO (1 — 2)2443 s at most

1—€en

243 (0, \2t+3 Vi at43 Q

. n 2

Zy2t+3 < p2T3(1 - 2¢)2 3 (2(6)62) L }: 2n4 ot+3 012
i=—1 \/fz i=yn

T (29)2

dz

) 1 2t+3
1= (2672 x

44243, 1- 2(2t+3)n3(2i1+3>

< n2t+3(1 _ 26)2t+3 + n2t+3(2€)2t+1 + n2t+3

n20H3 (1 — 2¢)2+8 4 n2t+3(§z j: il)) (26)241) 4 42043, "5~ i (10.15)

Note that for constantandl < e < 1, the last term is at mogtt — 3¢)n?*3 + O(n?'*2), and hence the

— 4!
Head Bound follows.
In the following we prove that th&ail Bound holds: That is:

(2a)2t+3 X (’I’L + 1)t § (€n2t+3 + O(n2t+2)).

DN |
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1

1 .
Recall thatl < e < 1,4 =n2"179, andt is constant.

Thus,(2a)?*3 - (n 4+ 1)" < 3(en? 3 + O(n?**2)), and theTail Bound holds.
|

As an immediate corollary from Theorem 10.4.1 and Theorem 10.2.2 we get:

Theorem 10.4.2Consider a constant > 1. TheCpc (i) code is spanned by its words of weight+ 3.
(where its shortest words are of weidgit+ 1).

10.4.5 Local Testability of AImost Orthogonal Codes

The proof of Theorem 10.4.1 used only two facts ab@gcrr(;): the first is that its distance is at least

2 — (t — 1)y/n and the second is that the number of its codeword3(is’). Note that by a known bound

from [56], a codeC' with minimum distanceZ — +/tn, contains at mosf(n') codewords. Hence, we

could repeat the previous proof for general almost orthogonal codes. We then need to use Krawtchouk
polynomial P, » instead ofPs;, 5 that was used fo€;gc (1) - All the rest works the same and the proof of
Theorem 10.1.1 is obtained.

10.4.6 TheCpcu () is Spanned by its Codewords of Weight at moskt +- 2

ExtendedCpcp(r) code,Cepom (i), Obtained by appending all-coordinates parity-check to each codeword

of Cpcr - The codeCeypon (4 is doubly transitive. The shortest words@fpc (1) are of weightt +- 2.

Using the techniques presented in the the proof of Theorem 10.4.1 and using the fact that the Krawtchouk
polynomial Py 12(7) is symmetric around we obtain the following theorem:

Theorem 10.4.3The C.qpc (1) is locally testable using?(ﬁ) queries. Moreover there exist a regular-
tester for the code that uses local tests of welght 2, such thatRej(e) > .

Hence by the definition of the extended codé/if;c () is spanned by codewords of weight exaciy: 2
thenCpcp ) is spanned by codewords of weight at mist- 2. This leads to the following theorem.

Theorem 10.4.4Consider a constart> 1. Cgcp ) Is spanned by its words of weight at mostt- 2.

10.5 Efficient Construction of a Random Short Codeword olC oy ;)

In the BLR test (i.e. Hadamard test) [24], there is a procedure thatdegn) bits operation to find a
random3 length word from the”'z () code wheré = 1. This procedure, in the case of BLR, does the
following. It selects uniformly at random, y € {0, 1}°¢™, Then, it computes + y usingO(log n) bits
operations. In [24] it is shown that the weight 3 codeword thatlfgis coordinates:, y, x + y is a random
codeword of weigh8 selected uniformly from the dual code (dual to the Hadamard code). Since the BLR
test works inO(1) rounds, it needs overal}((log n)/¢) bits operations.

In the following we show that there exists a procedure that u¥esly(tlogn)) bits operations for
selecting a random word of leng# + 3 from Cpc(y). Hence, we show that th€; ¢ () -tester can be
implemented usin@ (poly(tlog n)/e) bits operations.

Our procedure could be used for finding any random fixed weight codeword efficiently.

Theorem 10.5.1There exists a random procedure that us&®oly(tlogn)) bits operations and finds a
random word of lengtRt + 3 from Cgc () With a constant probability.
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Proof: The proof of the theorem follows from the following claim.

Claim 10.5.1 Considert + 3 vectorszy,---,x4,3 € {0,1}°6", There exists a procedure Fast-BCH-
decoding that receives these vectors and does the following. Considetesngth binary vectom, such
that v has1’s in the locations determined by, - - -, x;13, and all other coordinates are zero. If there

exists a codeword € Cgop(y) at distancet fromw, then the non-zero coordinateso€an be found using
O(poly(tlogn)) bits operations. Fast-BCH-decoding( - - - , z++3) finds the2¢t + 3 non-zero coordinates
of suche if exists.

Proof: Note that the distance dfzcp (4 IS 2t + 1, hence, a decoding algorithm fOl (), if succeeds,
returns a codeword of weight at mast+ 3. A decoding algorithm foC'c () has three stages (for details
see [58]): First isSSyndrome calculatianSecond iKey-equation solution Third is Finding the roots of
the locater polynomial We note here that when working in a field of sizesvery operation in the field
can be performed using(logn) bits operations. Consider a lengthbinary vectoru, such that: has1’s
in the locations determined by, - - -, z;13, and all other coordinates af are zeros. Next we show that
for suchu, the decoding algorithm can be performed usingoly(tlogn)) bits operations. Since is of
weightt + 3, Syndrome calculation involve8(¢2) operations in the field. Key-equation solution using the
Berlekamp Massey Algorithm [22, 61] requir@€ log t) operations in the field. Finding the roots can be
implemented using fast factorization since the polynomial at hand is of degree a2imps$t (where the
degree is independent of the size of the field). Fast factorization as described in [28] can be implemented
usingpoly(t log n) operations in the field. Hence, overall tt¥e+- 3 non zero coordinates of(c as described
above) can be found usin@(poly(tlogn)) bits operations. W

Based on thd-ast-BCH-decodingafy, - - -, x;4+3) we describe a randomized proced&iad-Random-
Codeword that returns the non zero locations of a codeword of leggth 3 uniformly selected from the
CpcH(y code. The procedure described succeeds to find such a word with a constant probability.

Find-Random-Codeword
1. Repea(t!) times:

(@) Uniformly and independently selett- 3 vectorsey, - - -, zy43 € {0,187,
(b) If Fast-BCH-decodinga, - - -, x4+3) returns2t + 3 vectors exit and return these vectors.

2. If this point is reached outpdiil.

The correctness of the theorem stems from the following set of claims.

Claim 10.5.2 The2t+3 codewords of 'z () that are obtained by the Find-Random-Codeword algorithm
are uniformly distributed in the set @t + 3 length codewords af'pc (1)

Proof: Note that if we consider some+ 3 coordinates of am length vector, then there can be only one
Cpcu(y codeword of lengtt2t + 3 that hasl’s in all these coordinates. The reason for that is that if there
were two such words then by the linearity@g o () We get that th€'p () contains a word of weight
which is a contradiction. Hence, every 3 coordinates may belong to at most one weijht 3 codeword.
Thus, the probability to find each of the weight+ 3 codewords is identical. B

Claim 10.5.3 The probability that a single round is successful is at Iéé%@.
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Proof: Note that by the definition of the procedure, the decoding succeeds only if it finds a codeword of
length2t 4 3 that hasl’s in the givent + 3 coordinates. Note that by Claim 2.3.5, the number of words of

length2t +3in Cpepy is ((jf:f’))t (1+0(1)), while the number of sets of+ 3 coordinates i, }',). Hence,

the probability that the decoding procedure succeeds is

bhal (14 001))- () 14001)

('s) t

Claim 10.5.4 The number of steps performed in a single rouné&iaotl-Random-Codewordalgorithm is
poly(tlogn)

Proof: Clearly follows from 10.5.1. i H
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Part IV

Open Problems
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Chapter 11

Further Research

It would be interesting to further understand thstability nature of graph propertiegshen the underlying

graphs are not promised to have certain pre-defined densities. The goal is to understand the specific impact
that the density of the graph has on the ability to test it for various properties. It this work we considered
testing of several graph properties in the general case. Some of our results are not tight and there exists a
gap between the known upper and lower bounds. Closing those gaps may shed some light on testing general
graph properties.

There are several known techniquesgayving lower bounds in property testingmong them ar&ao’s
principle, methods based aadditive number theoryconstructions ofjap-preserving local reductiorend
constructions obbjects with local view different than their global vi¢e:g. a graph that is nétcolorable
but each of its subgraphs of linear size:igolorable). It seems that lower bounds for testing graphs with
varying densities require some new lower bounds techniques.

There are well studied connections betwagaph testing and sub-linear approximation algorithms
for graphsfor the case of dense graphs. Specifically, given an NP-hard problem, suppose that instead
of approximating it using polynomial algorithms (such as Semi-Definite Programming), we are willing to
"invest” only sub-linear queries. Could we get reasonable approximation in that case? Some positive results
are known for the case that the graph are dense. It would be interesting to understand similar connections
for graphs with general densities.

The fact that the Hadamard code is locally testable played a major role in the proof of the PCP theorem.
Since the dual-BCH code is a generalization of the Hadamard code, it could be the case the local testability
of the dual-BCH code may have some broader implications. A more general question in codes testing is the
following. What is thecharacterization of linear codes that can be testisthg query complexity which is
independent of the code length?
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Appendix A

A formal definition of Mﬁz(H)
1

For every vertex in H we have a state in Mgf (H). For simplicity, we shall continue referring to these
states as vertices. Let therder of H, denotedB(H), be the set of vertices i that have at least one
neighbor inG that is not inH. Then, for every vertex € B(H ), we have a sel, 1, - - -, a, ¢, Of auxiliary
states. Lep{f{u(t) denote the probability of a walk of lengththat starts at and ends ai without passing
through any other vertex iil. Namely, it is the sum over all such walks of the product, taken over all
steps imw, of the transition probabilities of these steps. In particqjgy,(l) > % (where equality holds in

casev has degred), and for everyu € T'(v), p{ju(l) = 2—1d (here we assume that we can choose a random

neighbor of a vertex with in time which 9(1)). The transition probabilitiegy, ,, in Mgf (H) are defined
as follows:

e Foreveryv anduin H, g, = Zfi}lva,u(t)-

Thus,q,,. is asum op/, (1) and3";25" pil, (¢). The first term implies that for everyin H, q,,, > 1
and for every pair of neighborsandu, ¢, > ﬁ. The second term, which we refer to as éxeess
probability is due to walks of length less than(from v to u) passing through vertices outsideiéf
and can be viewed a®ntractionof these walks.

Hence, for every pair of verticasandu, ¢y, = qu,v-

o Foreveryv € B(H), qu (a,1) = 2ouch Dot>t pfju(t); foreveryl, 1 < ¢ < {1, q(a, ) (apesr) = L
and for everyu € H, q = % - Y isp, PEL(E). (The parentheses added in the notation
. >

av,ll)’u qu(av

above (€.9.¢(a, ,),(a, 1)) @re only for sake of readability.)

In other wordsg, (4, ,) is the probability that a random walk @ that starts from takes at least;
steps outside off before returning td?, andq(%’zlm is the conditional probability of reachingin

such a walk. Thus, the auxiliary states form auxiliary pathfijl(H ), where these paths correspond
to walks of length at leagt, outside ofH.

We shall restrict our attention to walks of length at mQsin Mif (H), and hence any walk that starts at
a vertex ofH and enters an auxiliary path never returns to verticed of

For any two stateg, z in Mﬁf(H) let ¢, .(t) be the probability that a walk of lengthstarting from
y ends atz. In particularg, . = ¢,.(1), and for any two vertices andv and any integet, we have
quwv(t) = quu(t). We further let the parity of the lengths of paths corresponding to walksle carried
on to Mﬁf(H). That is, each transition between vertieeand u that corresponds to walks outside &f
consists of two transitions — one due to even-length paths corresponding to walkstwonoutside ofH,
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and one to odd-length paths. For any two verticeH ive Ietqgvu(t) denote the probability |M§f (H)ofa
walk of lengtht starting fronw, ending atu, and corresponding to a path whose length has péarity

In all that follows we assume thét is connected. Our analysis can easily be modified to deal with the
case in whichG is not connected, simply by treating separately each of its connected components. Under
the assumption tha¥ is connected, for every andu in H, there exists asuch thay, ,(t) > 0, and hence
Mﬁ"l’(H) is irreducible. Furthermore, because for each H g, > 3, ng(H) is also aperiodic. Thus it
has a unique stationary distribution.

Figure A.1: The structure d‘f/[ﬁj (H). The states corresponding to verticedbhare depicted as black dots,
and the auxiliary states as white ones. Hgre denotes the transition probability between any two vertices
x,y € B(H), which equalst"‘:’l1 pi{y(l), Py denotes the probability of entering an auxiliary path starting
fromu € B(H), whichequal$ ;> 5y, p{;fz(t), andp,. denotes the probability of returning from the
last state on this auxiliary path toc B(H), which equals)- - 3=, p{’.(t).
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