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Abstract

Property Testing is nowadays one of the central fields in Theoretical Computer Science. This concept played
a major role in the proof of the celebrated PCP theorem. A typical task in Property Testing is the following.
Given an object and a property, design an algorithm that decides whether the object possesses the property
or it is far from having it. Far means that the object should be modified in a non-negligible manner so as
to obtain the property. The algorithm should look only at a small (sub-linear or even constant) part of the
given object, and its decision should be correct with high probability. The aim is to characterize properties,
for which we can rule out quickly objects that are far from having the property. In this work we focus on the
testability of two fundamental families of objects, Graphs and Codes.

Graph Testing: A great body of works deals with properties of graphs that can be efficiently tested.
However, prior to the work described in this thesis, all known results apply to very dense graphs or very
sparse graphs. Some properties are dramatically harder to test for sparse graphs while others are harder in
the case of dense graphs. Our efforts were focused on understanding testability ofgeneralgraphs (with
general density). We describe our results, and discuss the phenomena that for some properties we obtain
a smooth transition between the sparse and the dense case, while in others a threshold-like behavior is
exhibited.

Code Testing: A code is a set of strings with typically large pairwise (Hamming) distance. Testing of
a code is the ability to perform few queries into an input string and decide if the string at hand belongs
to the code or it is far from every string in the code. The study of property testing was originally focused
on testability of codes. Our results show that some large families of codes that were not known to be
efficiently testable are indeed such. We describe our approaches for code testing and some connections to
and implications for Coding Theory.
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Chapter 1

Introduction

1.1 Property Testing.

Property testingis the study of the following class of problems: Given the ability to performlocal queries
concerning a particular object (e.g. a function or a graph), the task is to determine whether the object has
a predefinedglobal property (e.g. linearity or bipartiteness), or is far from having the property. The task
should be performed by inspecting only a small (possibly constant) part of the whole object, where a small
probability of failure is allowed.

If the testing algorithm is required always to accept objects that possess the property then it is aone-
sided tester, otherwise it is atwo-sided tester. A property testing algorithm isnon-adaptiveif it decides
about all its queries in advance, before getting any answers. Namely a query may not depend on answers to
previous queries. If a query may depend on previous answers then the tester is noted to beadaptive.

The study of property testing was initiated by Rubinfeld and Sudan [66] who considered testing of
functions for some algebraic properties. The systematic study of testing combinatorial properties and in
particular graph properties was initiated by the celebrated paper of Goldreich, Goldwasser and Ron [37].

Thecomplexityof a testing algorithm is measured by the number of queries it performs. The study of
property testing seekssub-linear algorithms. There are problems, such ask-colorability, whose decision
version is NP-hard but they can be tested, in dense graphs, using a constant number of queries. Under-
standing which computational problems can be solved with sub-linear complexity is an important question
in the theory of computing. Moreover, studying the testability of objects may shed new light on them. For
example, in [51] the study of the testability of Generalized Reed Muller codes led to a new characterization
of short words that span these codes. Property testing is strongly related to other fields in computer science
such as Probabilistically Checkable Proofs (PCP), learning theory and approximation algorithms. Questions
concerning testing are relevant to many fields such as graph theory, coding theory, formal languages and
many more.

The concept of testing has alsopractical implications. Specifically, polynomial computation can become
non-feasible when massive data sets are considered. Hence, the possibility of applying sub-linear algorithms
with some error is appropriate in these cases.

This work focuses on thegap phenomenon in property testing. Specifically, it turns out that the complex-
ity of testing objects is highly influenced by their underlying structure. For example, testingk-colorability
of dense graphs can be done using a constant number of queries, while there exists no sub-linear algorithm
for testingk-colorability of sparse graphs. In this work we try to understand how the testability of objects is
affected by their underlying structure. We deal mainly withproperty testing in graphs and codes.
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1.2 Property Testing of Graphs.

A great body of works, initiated by the seminal paper of Goldreich, Goldwasser and Ron [37], deals with
properties of graphs that can be efficiently tested. A partial list of these works includes [37, 6, 3, 2, 10,
42, 26, 39, 38, 25]. However, prior to the work described in this thesis, all known results apply to very
dense graphs or to very sparse graphs. Some properties are dramatically harder to test for sparse graphs,
while others are harder in the case of dense graphs. Our efforts were focused on understanding testability of
generalgraphs with arbitrary density. Specifically, we are interested in understanding the testing complexity
as a function of the graph density.

There are two main models for graph testing that were considered by various researchers. The first
model introduced in [37], fits dense graphs, while the second model introduced in [39] fits sparse bounded
degree graphs. A third model, suggested in [64], is appropriate for testing sparse graphs whose degree is not
bounded. We next describe the main models and show three fundamental graph properties that exhibit a gap
between the dense and the sparse cases. We then introduce a new model for testing general graphs and study
these properties in this new model. We observe a phenomena that for some properties we obtain a smooth
transition between the sparse and the dense case, while in others a threshold-like behavior is exhibited.

In the following subsections, we consider graphs overn vertices andm = nd/2 edges, whered denotes
the density of the graph, i.e. its average degree.

1.2.1 Models for Testing Graph Properties

The first model, introduced in [37], is theadjacency-matrixmodel. In this model the algorithm may perform
queries of the form: “Is there an edge between verticesu andv in the graph?” That is, the algorithm may
probe the adjacency matrix representing the graph. We refer to such queries asvertex-pairqueries. The
notion of distance is also linked to this representation: a graph is said to beε-far from having propertyP if
more thanεn2 edge modifications should be performed on the graph so that it obtains the property. In other
words,ε measures the fraction of entries in the adjacency matrix of the graph that should be modified. This
model is most suitable fordensegraphs in which the number of edges isΘ(n2). This model was studied
in [37, 6, 3, 2, 10, 42, 26].

The second model, introduced in [39], is the(bounded-degree) incidence-listsmodel. In this model, the
algorithm may perform queries of the form: “Who is thei’th neighbor of vertexv in the graph?” That is, the
algorithm may probe the incidence lists of the vertices in the graph, where it is assumed that all vertices have
degree at mostd for some fixed degree-boundd. We refer to these queries asneighborqueries. Here too the
notion of distance is linked to the representation: A graph is said to beε-far from having propertyP if more
thanεdn edge modifications should be performed on the graph so that it obtains the property. In this caseε
measures the fraction of entries in the incidence lists representation (among alldn entries), that should be
modified. This model is most suitable for graphs withm = Θ(dn) edges; that is, whose maximum degree
is of the same order as the average degree. In particular, this is true forsparsegraphs that haveconstant
degree. This model was studied in [39, 38, 25].

In [64] it was suggested to decouple the issues of representation and type of queries allowed from the
definition of distance to having a property. Specifically, it was suggested to measure the distance simply
with respect to the number of edges in the graph. Namely, a graph is said to beε-far from having a property,
if more thanεm edge modifications should be performed so that it obtains the property.

1.2.2 The Gap Phenomena in Graph Property Testing

In the following we consider three fundamental properties of graphs that were studied quite extensively in
the context of property testing. We observe that these properties exhibit a large gap between testing results
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obtained for dense graphs and for constant-degree graphs.

Testing Bipartiteness. A graph is bipartite if it is possible to partition its vertices into two parts such that
there are no edges with both endpoints in the same part. Bipartiteness can be tested in the dense model
usingpoly(1/ε) queries [37, 6]. Thus, the complexity of this problem in the dense case is independent of
the number of verticesn. The complexity of testing bipartiteness is significantly different when considering
the bounded-degree model. In [39] a lower bound ofΩ(

√
n) was established for this model. An almost

matching upper bound was shown in [38].

Testing k-Colorability. A graph isk-colorable if it is possible to partition its vertices intok parts such
that there are no edges with both endpoints in the same part.k-Colorability can be tested in the dense model
usingpoly(k/ε) queries [37, 6]. Thus, similarly to the previous case, the complexity of this problem in the
dense case is independent of the number of verticesn. In [25] anΩ(n) lower bound is presented for testing
this property in the sparse bounded-degree case.

TestingH-Freeness. A graph isH-free if it doesn’t containH as a subgraph. The authors of [3] showed
that it is possible to testH-freeness in dense graphs using a number of queries that isindependentof n,
and is of tower-type behavior in1/ε. Alon [2, 10] proved that a super-polynomial dependence on1/ε is
necessary for testing subgraph-freeness of all non-bipartite subgraphs. When the subgraph is bipartite then
O(1/ε) queries suffice [2]. In the other extreme, as was observed in [39],O(1/ε) queries suffice for testing
sparse bounded-degree graphs.

We observe that there exists a gap between testing results obtained for dense graphs, and those obtained
for constant-degree graphs. Bipartiteness andk-colorability are harder in the sparse case. WhileH-freeness
is harder for the sparse case. Note that the first two properties areglobal properties of a graph, while the
third is alocal property of a graph.

1.3 Our Results for Graph Testing

In the following we introduce a new model for testing general graphs and study the above properties in this
new model. We observe a phenomena that for bipartiteness andk-colorability properties we obtain asmooth
transitionbetween the sparse and the dense case, while inH-freeness athreshold-likebehavior is exhibited.

1.3.1 A Model for Testing General Graphs.

We are interested in a model that may be useful for testing all types of graphs: dense, sparse, and graphs
that lie in-between the two extremes. Recall that a model for testing graph properties is defined by the
distance measure used and by the queries allowed. The model of [64] is suitable for all graphs in terms of
the distance measure used, since distance is measured with respect to the actual number of edgesm in the
graph. Thus this notion of distance adapts itself to the density of the graph, and we shall use it in our work.
The focus in [64] was on testing properties that are of interest in sparse (but not necessarily bounded-degree)
graphs, and hence they allowed only neighbor queries. However, consider the case in which the graph is not
sparse (but not necessarily dense). In this case vertex-pair queries may become helpful. Hence, we allow
our algorithms to perform both neighbor queries and vertex-pair queries.
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1.3.2 Testing Bipartiteness

The Main Result. As noted above, dense graphs can be tested for bipartiteness with constant complexity,
while the complexity of testing bounded-degree graphs isΘ̃(

√
n). In the result presented in Chapter 3 we

bridge the gap described above. In particular, we study the problem of testing bipartiteness in the model
that is suitable for all densities. We present a testing algorithm whose complexity isÕ(min(

√
n, n/d)) and

match it with an almost tight lower bound. Furthermore, the algorithm has a one-sided error, while the lower
bound holds also for two-sided error algorithms. Our result presentsa smooth transitionbetween the known
results in the sparse and in the dense case.

Figure 1.1: Testing bipartiteness - results for general graphs presented in Chapter 3.

Our Techniques. We first design a testing algorithm for the case of expanding regular graphs. We then
show a reduction from regular graphs to expanding regular graphs. This reduction preserves the query
complexity of the testing algorithm and is in the spirit of a similar one from [38]. The reduction uses that
fact that for a regular non-expanding graph: one can remove a constant fraction of its edges, such that the
the remaining graph can be partitioned into small pieces where each is an expander. We further show a
deterministic reductionfrom graphs with varying degrees to regular graphs. This reduction again preserves
the query complexity of the testing algorithm. The latter reduction uses a construction of explicit expanders.

Sampling Edges Almost Uniformly in a Graph. As part of the analysis of the testing algorithm we
are required to sampleedgesuniformly in a graphG, usingÕ(min(

√
n, n/d)) queries. This task in non-

trivial when the number of edges is significantly smaller thann1.5. We provide a sampling procedure that
selects edges according to a distribution that approximates the desired uniform distribution on edges, and
has the desired complexity. The approximation is such that for all but a small fraction of them edges, the
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probability of selecting an edge isΩ(1/m). This procedure may be of independent interest. There is a
subsequent work [40] that uses similar ideas.

1.3.3 Testing k-Colorablity

The Main Result. As was discussed above, dense graphs can be tested fork-colorability with constant
complexity, while the complexity of testing bounded-degree graphs isΩ(n). In the result presented in
Chapter 4 we consider testingk-colorability in general graphs. We present an algorithm whose complexity
is Õ(min((n/d)2, n/d · √n, nd)) < Õ(n

5
4 ) whered is the avenge degree in the graph. We also present a

two-sided lower boundΩ(n/d). Thus, our upper bound is at most quadratic in the lower bound. Our result
presentsa smooth transitionbetween the known results in the sparse and in the dense case.

Figure 1.2: Testingk-colorability - results for general graphs presented in Chapter 4.

Our Techniques. We first design a testing algorithm for the case of regular graphs that is based on [6].
We further show aprobabilistic reductionfrom regular graphs to graphs with varying degrees. This re-
duction preserves the query complexity of the testing algorithm. The reduction is quite general, it proved
to be helpful in the case of testing bipartiteness, and it might be proven to be useful for some other graph
properties.

1.3.4 TestingH-Freeness

The Main Result. As was mentioned above, testingH-freeness in dense graphs can be done using a
number of queries that isindependentof n, and is of tower-type behavior in1/ε. Moreover, a super-
polynomial dependence on1/ε is necessary for testing subgraph-freeness of all non-bipartite subgraphs.
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Our main finding, presented in Chapter 5, is a lower bound ofΩ(n1/3) on the number of queries required
for testingH-freeness of every non-bipartite subgraphH. This bound holds foreveryd < n1−o(1). Since
whend = Θ(n) the number of queries sufficient for testing does not depend onn, we observe an abrupt,
threshold-likebehavior of the complexity of testing aroundn. Additionally we provide sub-linear upper
bounds for the problem.

Figure 1.3: TestingH-Freeness - results for general graphs presented in Chapter 5.

From 1-Sided to 2-Sided Lower Bound We provide a transformation from lower bounds for testingH-
freeness using one-sided error algorithms to those for two-sided error algorithms; though the suggested
transformation carries some technical restrictions, it is general enough to capture a variety of lower bounds
of this sort.

The Edge Density of Random Cayley Graphs. We show that dense random Cayley graphs behave like
quasi-random graphs in the sense that relatively large subsets of vertices have the “correct” edge density.
The result for subsets of this size cannot be obtained from the known spectral techniques that only supply
such estimates for much larger subsets.

1.4 Property Testing of Codes

Codes and Dual Codes. A codeis a set of strings (codewords) of equal length over a finite alphabet. A
code islinear if its codewords form a linear subspace. Thedual codeto a given linear code is obtained by
taking all strings that are orthogonal to all the codewords of the considered code. Theweightof a string is the
number of its non-zero coordinates. A codeword isshort if its weight is small (e.g. a constant independent
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of the length). Abasisof a linear code is a set of linearly independent codewords that span the code. A code
has ashort basisif it is spanned by short words. Theminimal distanceof a code is the weight of its lightest
codeword.

Locally Testable Codes (LTC). A testerfor a code is a randomized algorithm that is given a stringw and
a distance parameterε > 0. The tester is allowed to perform oracle queries about values of coordinates of
w. It should accept ifw is a codeword and reject with high probability ifw is ε-far from every codeword.
The notionε-far indicates that at leastε-fraction of the coordinates ofw should be changed as to obtain
a codeword of the code. A code islocally testableif it has a tester that performs a number of queries
that is a function ofε only, and is independent of the length of the code. The focus of this work is to
study testability of linear codes. Typically, a tester for a property may have two-sided error and it can be
adaptive. However, in [21] it was shown that for linear codes one-sided non-adaptive testers are as powerful
as two-sided adaptive testers. Hence, throughout this work we consider such testers. Our work is focused
on proving local testability of some well studied families of linear codes.

Related Research. Locally testable codes have been a subject of much research over the last years due
to their close relation toprobabilistically checkable proofs(PCP). The question of characterizing codes that
are locally testable is highly complex. For surveys on the issue see [36, 69]. A great deal of attention
was devoted to testingpolynomial codes, that is, the codes whose codewords are evaluations of some (low
degree) polynomials over a finite field. Hence, for polynomial codes the question of the testability of a code
is equivalent to testing whether a given function is a low degree polynomial. In the latter case the testing
algorithm is given a query access to a functionf and a distance parameterε > 0. The tester should accept
if f is a low-degree polynomial and reject with high probability iff differs from every such polynomial on
more than anε-fraction of the domain elements. Having in mind the equivalence between testing polynomial
codes and testing low degree polynomials we refer to them interchangeably throughout this work.

Various families of polynomial codes differ in the size of the field, the maximum degree of the polyno-
mials, and the number of variables. The study of testing polynomial codes was initiated by [24] who showed
that theHadamard codes, based on multivariate linear functions over a binary field are locally testable. The
testability of the Hadamard codes was extensively studied in [15, 17, 18, 19, 24, 33, 68]. However, the
Hadamard codes are a special case of a much larger family of codes that is known as the Dual-BCH codes.
The question whether the general family is locally testable was open.

In works [12, 15, 14, 33, 34, 35, 66] the testability ofReed-Solomon codesandReed-Muller codeswas
studied. These codes are based on univariate and multivariate low-degree polynomials over finite fields.
The results obtained show that these codes are locally testable when the polynomials are over fields that are
larger than the degree-bound,d. The question of testability of polynomial codes where the degree is greater
than the field size remained open. In this work we completely answer the two open questions mentioned
above.

A different series of works [20, 41], initiated by [41], attempts proving existence of locally testable
codes possessing good parameters (e.g. constant rate and linearly growing minimum distance).

1.5 Our Results for Code Testing

1.5.1 Testing Low Degree Polynomials over General Fields

We consider the problem of testing, for a given finite fieldF and degree-boundd, whether a function
f : Fn → F is a multivariate polynomial of total degree at mostd overF . As noted before, multivariate
low-degree polynomials over finite fields are known to be locally testable ford + 2 ≤ |F |. The number
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of queries required in this case ispolynomialin d (and is independent ofn) [34, 66]. However, the case
thatd is larger than the field size (|F |) remained open. In the following we solve this case and show that
multivariate low-degree polynomials over finite fields are locally testable forall fields. Specifically, we
show the following.

Testing Reed Muller Codes. In the first result presented in Chapter 8, we study the case|F | = 2 and
d ≥ 2. We show that such polynomials are locally testable. The number of queries both necessary and
sufficient in this case isexponentialin d. Specifically, the query complexity isO(|F |Θ(d)) = O(2Θ(d)).
Hence, we encounter a verylarge gapin terms of the dependence ond between the query complexity when
|F | > d and the query complexity when|F | = 2. The “gap phenomenon” that we observe here, is not
unique to testing polynomials. analogous gaps arise also in testing of graph properties, as we described in
Section 1.2.2. As codewords of the Reed Muller code are evaluations of low degree polynomials over binary
field (|F | = 2), our results imply that the Reed Muller code is locally testable.

Testing Generalized Reed Muller (GRM) Codes. In the second result presented in Chapter 8, we bridge
the gap between the two cases mentioned above and show asmooth transitionbetween them. In particular,
we show that polynomials of degree at mostd over a general finite fieldF where2 < |F | < O(d) are locally
testable. The number of queries both necessary and sufficient in this case isO(|F |Θ(d/|F |)). Observe that
as the field size|F | increases, the dependence ond decreases from being exponential to being polynomial.
As codewords of the Generalized Reed Muller code are evaluations of low degree polynomials over general
field, our results imply that the Generalized Reed Muller code is locally testable.

Figure 1.4: Testing GRM Codes - results presented in Chapter 8.
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Characterization of Degree-d Polynomials over a General FieldF . In the result presented in Chapter 8,
we show that a functionf : Fn → F is a polynomial of degree at mostd, if and only if, its restriction to
every affine subspace of dimension` = Θ(d/|F |) is such. Moreover, this characterization is tight. Namely,
there exist polynomials of degree greater thand whose restrictions to affine subspaces of dimension less
than` are all degree-d polynomials. Some partial versions of this characterization were previously obtained
by [24] for the case of linear functions, by [34, 66] for field size with cardinality greater than the degree, and
by [31] for prime fields.

Short Basis for Generalized Reed Muller Codes. The characterization of low degree polynomials pre-
sented Chapter 8 implies that there exists a short basis to the Generalized Reed Muller Codes. Every code-
word in such a basis has weight at most quadratic in the minimal weight of the code. The detailed description
of a short basis obtained for the Generalized Reed Muller Codes, appears in Chapter 9. The existence of
a short basis for this code was previously known only when the field size is prime [34], or is sufficiently
large, in which case the minimum weight codewords span the code. Short basis for a code implies that there
exists a total order of all codewords of the code, so that every two consecutive codewords differ only in few
coordinates.

Self-Correction Approach. The testing results for the Generalized Reed Muller codes, were all obtained
using theself-correction approach. The self-correction approach is very common in codes testing, and was
used in e.g. [4, 24, 50, 66]. This approach can be described as follows. We start by showing a characteriza-
tion for the code, which is a set of tests of constant cost, where a vector that passes them all must belong to
the code. The local testability of the code is obtained as follows: We consider an input vectorf . Clearly, a
tester that invokes tests from the characterization set always accepts codewords. The crux of the proof is to
show that few such tests are required to reject a vectorf that is far from the code. Indeed, we show that if
too many tests are required to rejectf , thenf can becorrected in few locations and become a codeword.
Hence,f is close to the code. We stress here that this approach is totally different than the approach we
develop in the next section, for code testing.

1.5.2 Testing Almost Orthogonal Linear Codes

As noted previously, the Hadamard codes which are based on multivariate linear functions over a binary
field, are locally testable. The testability of the Hadamard codes was extensively studied. However, the
Hadamard codes are a special case of a much larger family of codes that is known as the Dual-BCH codes.
The question whether the general family is locally testable remained open. In the result described in Chap-
ter 10, we solve this question and show that the Dual-BCH codes are locally testable. Our result is more
general and applies to a larger family of codes that contain the Dual-BCH codes.

Sufficient Condition for Local Testability. In the result described in Chapter 10, we provide a sufficient
condition for linear codes to be locally testable. Our condition is based on the weight distribution (spectrum)
of the code and of its dual.

Regular Testability implies Short Basis for the Dual Code. We define a notion ofregular locally testable
codes, covering most known locally testable codes. Roughly speaking, a regular tester is a tester that per-
forms several local tests where each local test involves a constant (independent of the error parameter (ε))
number of queries into the given word. For example, in the linearity test of Blum, Luby and Rubinfeld [24]
every local test involves3 queries into the given word. Note that apriory a tester for a code is not necessarily
regular. We show that regular local testability of a linear code implies that the dual code is spanned by short
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(low weight) words. The opposite statement does not hold, as shown by [21]. That is, there exist non-locally
testable codes, whose dual is spanned by low weight codewords.

Testability of Almost Orthogonal Linear Codes. Codes of (large) lengthn and minimum distancen2 −
Θ(
√

n) have size which is at most polynomial inn. We call such codesalmost orthogonal. We use our
sufficient condition for testability to show that almost orthogonal codes are locally testable with a regular
tester. Hence, their dual codes can be spanned by low weight codewords.

Testability of the Dual-BCH Codes and Short Basis for the BCH codes. Dual-BCH(n, t) codes are
generalizations of the well studied Hadamard codes (t = 1 is Hadamard). They can be defined as binary
trace images of evaluations of univariate polynomials of degree2t over fields of sizen+1 and characteristic
2. The authors of [4] raised the question whether Dual-BCH(n, t) codes are locally testable for constantt.
As these codes are known to be almost orthogonal, we solve this question and show that Dual-BCH(n, t)
codes are locally testable usingO(t/ε) queries. A lower bound on the number of queries for this problem
is Ω(t + 1/ε). Since we describe a regular tester for the Dual-BCH(n, t) codes, we conclude that the
BCH(n, t) code is spanned by its almost lightest words, that is, by codewords of weight at most2t + 2,
while the minimum weight is2t + 1.

The Spectra Approach. Consider a linear codeC. For a given vectorf the codeC ∪ f is the code
obtained by addingf to the subspace ofC. A vectorf is ε-far from C if it differs from every codeword
of C on at leastε-fraction of its coordinates. Our sufficient condition for local testability of a code can be
roughly stated as follows: A codeC is locally testable if there exists a constantk, such that for every vector
f that isε-far fromC the following holds. The number ofk-weight codewords in the code dual toC ∪ f is
significantly smaller than the number ofk-weight codewords in the code dual toC.

The results described above were all obtained using our new sufficient condition for local testability.
We used coding theory tools for analyzing the weight distributions of the relevant codes. We refer to this
approach for proving local testability of codes as thespectra approach.

1.6 Organization

The thesis is organized as follows. It is divided into four parts.

Part 1 - Introduction and Definitions.

• Chapter 1 - Introduction.

• Chapter 2 - Preliminaries and relevant definitions being used throughout the thesis.

Part 2 - Property Testing of Graphs.

• Chapter 3 - deals with testing bipartiteness in general graphs.

• Chapter 4 - deals with testingk-colorability in general graphs.

• Chapter 5 - deals with testing subgraph-freeness in general graphs.

• Chapter 6 - provides a procedure that efficiently selects a random edge from a sparse graph.

• Chapter 7 - provides bounds on the edge density of dense random Cayley graphs.
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Part 3 - Property Testing of Codes.

• Chapter 8 - deals with testing of Generalized Reed Muller codes.

• Chapter 9 - shows a characterization of low weight vectors that span a Generalized Reed Muller code.

• Chapter 10 - shows that every almost orthogonal linear code is locally testable.

Part 4 - Open Problems.

• Chapter 11 - deals with open problems arise from this thesis.

1.7 Bibliographic Notes

Chapter 3 is based on [46] that was co-authored with Michael Krivelevich and Dana Ron. Chapter 4 is
based on [47] that was co-authored with Michael Krivelevich and Dana Ron. Chapter 5 is based on [5] that
was co-authored with Noga Alon, Michael Krivelevich and Dana Ron. Chapter 6 is based on [46] that was
co-authored with Michael Krivelevich and Dana Ron. Chapter 7 is based on [5] that was co-authored with
Noga Alon, Michael Krivelevich and Dana Ron. Chapter 8 is based on [4, 50] that were co-authored with
Noga Alon, Michael Krivelevich, Simon Litsyn and Dana Ron, and with Dana Ron. Chapter 9 is based
on [50, 51] that were co-authored with Dana Ron. Chapter 10 is based on [48, 49] that were co-authored
with Simon Litsyn.
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Chapter 2

Preliminaries

2.1 Graph Definitions

Let G = (V, E) be an undirected graph withn vertices labeled1, · · · , n, and letm = m(G) = |E(G)|
be the total number of edges inG. Unless stated otherwise, we assume thatG contains no multiple edges.
For each vertexv ∈ V let Γ(v) denote its set of neighbors, and letdeg(v) = |Γ(v)| denote its degree. The
edges incident tov are labeled from1 to deg(v). We make no assumption on the order of the neighbors of
a vertex. Note that each edge has two, possibly different, labels, one with respect to each of its end-points.
We hence view edges as quadruples. That is, if there is an edge betweenv andu, and it is thei-th edge
incident tov and thej-th edge incident tou, then this edge is denoted by(u, v, i, j). When we want to
distinguish between the quadruple(u, v, i, j) and the pair(u, v) then we refer to the latter as anedge-pair.
We letdmax = dmax(G) denote the maximum degree in the graphG anddavg = davg(G) = d denote the
average degree in the graph (that is,d = davg(G) = 2m(G)/n). For a graphG and a subset of vertices
U ⊆ V , we refer to the edges in the subgraph ofG that is induced byU as the edgesspannedby U in G.

Distance to Having a Property. Consider a fixed graph propertyP. For a given graphG, leteP(G) be the
minimum number of edges that should be added toG or removed fromG so that it obtains propertyP. The
distance ofG to having propertyP is defined aseP(G)/m(G). In particular, we say that graphG is ε-far
from having the propertyP for a given distance parameter0 ≤ ε < 1, if eP(G) > ε ·m(G). Otherwise, it is
ε-closeto having propertyP. In some cases we may define the distance to having a property with respect to
an upper boundmmax ≥ m(G) on the number of edges in the graph (that is, the distance to having property
P is defined aseP(G)/mmax). For example, if the graph is dense, so thatm(G) = Ω(n2) then we set
mmax = n2, and alternatively, if the graph has some bounded degreed, then we setmmax = d · n. (In the
latter case we could setmmax = (d · n)/2, but for simplicity we set the slightly higher upper bound.) If
eP(G)/mmax > ε then we shall say that the graph isε-far from having propertyP with respect tommax.

Testing Algorithms. A testing algorithm for a graph propertyP is required to accept with probability
at least2/3 every graph that has propertyP and to reject with probability at least2/3 every graph that is
ε-far from having propertyP, whereε is a given distance parameter. If the algorithm always accepts graphs
that have the property then it is aone-sided erroralgorithm. The testing algorithm is given the number of
vertices in the graph, the number of edges in the graph, or an upper bound on this number, and it is provided
with query accessto the graph. Specifically, we allow the algorithm the following types of queries.

• The first type of queries aredegreequeries. That is, for any vertexu of its choice, the algorithm can
obtaindeg(u).
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• The second type of queries areneighborqueries. Namely, for every vertexu and index1 ≤ i ≤ deg(u),
the algorithm may obtain thei-th neighbor of vertexu. If a vertexu has less thani neighbors then the
answer is some special symbol.

• The third type of queries arevertex-pairqueries. Namely, for any pair of vertices(u, v), the algorithm
can query whether there is an edge betweenu andv in G.

Note that degree queries can be easily implemented using neighbor queries with costO(log dmax) =
O(log n).

Bipartiteness Property. Let (V1, V2) be a partition ofV . We say that an edge(u, v) ∈ E is aviolating
edge with respect to(V1, V2), if u andv belong to the same subsetVb, (for someb ∈ {1, 2}). A graph is
bipartite if it has a two-way partition. That is, there exists a partition of its vertices with respect to which
there are no violating edges. By definition, a graph isε-far from being bipartite if for every partition of its
vertices, the number of violating edges with respect to the partition is greater thanε ·nd. Recall that a graph
is bipartite if and only if it contains no odd cycles.

k-Colorability Property. Let (V1, · · · , Vk) be a partition ofV . We say that an edge(u, v) ∈ E is avio-
lating edge with respect to(V1, · · · , Vk), if u andv belong to the same subsetVb, (for someb ∈ {1, · · · , k}).
A graph isk-colorableif it has ak-way partition. That is, there exists a partition of its vertices with respect
to which there are no violating edges. By definition, a graph isε-far from beingk-colorable if for every
partition of its vertices, the number of violating edges with respect to the partition is greater thanε · nd.

Triangle Freeness Property. A graphG is said to betriangle-freeif for every three verticesu, v, w in
G, at least one of the three vertex-pairs(u, v), (v, w), or (w, u) is not an edge inG. A graphG is ε-far
from (being) triangle-freeif it is necessary to remove more thanε · nd edges fromG in order to obtain a
triangle-free graph.1

2.2 Polynomial Definitions

Let F be a field of cardinalityq and characteristicp (that is,q = ps wherep is prime). Letω ∈ F be a
generator of the fieldF , so thatF = {0, ω1 = ω, ω2, . . . , ωq−2, ωq−1 = 1}. We note that this order of the
elements inF in which 1 is represented byωq−1 rather thanω0 will serve us better than the more standard
orderF = {0, ω0 = 1, ω1 = ω, ω2, . . . , ωq−2}. In particular, using this order, for anyn ≥ 1 we consider a

one-to-one mapping between[q − 1]n andFn (where[q − 1] def= {0, 1, . . . , q − 1}). Specifically, for each
β ∈ [q − 1]n, the pointx ∈ Fn thatcorrespondsto β is defined as follows:xi = 0 if βi = 0 and otherwise
xi = ωβi .

Consider the standard (and unique) representation of the functionf as a polynomial overF with degree
at mostq − 1 in each variable:

f(x) =
∑

α∈[q−1]n

Cf
α · xα where xα =

n∏

i=1

xαi
i (2.1)

Here ~Cf is thecoefficients vector(indexed by pointsα ∈ [q − 1]n). If we view the functionf as aqn-
dimensional vector~f (where forβ ∈ [q−1]n, fβ is the evaluation off on the pointx ∈ Fn that corresponds

1Since the number of edges in the graph is(nd)/2, the standard definition ofε-far would be that more than(εnd)/2 edges
should be removed so that the graph becomes triangle-free. In order to simplify the presentation we slightly modify the definition.
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to β), then we can write Equation (2.1) in the following equivalent form:

~f = Hn · ~Cf (2.2)

HereHn is theqn × qn matrix whose entries are indexed by pairsβ, α ∈ [q − 1]n whereHn(β, α) is the
evaluation of the termxα at the pointx ∈ Fn that corresponds toβ. By invertingHn (which is non-singular)
we can represent the coefficients vector~Cf in terms of~f as follows:

~Cf = An · ~f (2.3)

Both Hn andAn can be defined recursively using tensor products:Hn = H1 ⊗ Hn−1 andAn =
A1 ⊗An−1 where

H1 =




1 0 0 . . . 0
1 ω ω2 . . . 1
1 ω2 ω4 . . . 1
...

...
...

...
...

1 ωq−2 ω2(q−2) . . . 1
1 1 1 . . . 1




A1 = (−1) ·




−1 0 0 . . . 0
0 ω−1 ω−2 . . . 1
0 ω−2 ω−4 . . . 1
...

...
...

...
...

0 ω−(q−2) ω−2(q−2) . . . 1
1 1 1 . . . 1




(2.4)
For our purposes, the important thing that should be noted is that every coefficientCf

α of the polynomial
representation off is some (easy to compute) linear combination of the values off on different domain
elementsx ∈ Fn. In particular, forα = 〈q − 1, . . . , q − 1〉, Cf

α = (−1)n ·∑x∈F n f(x).

Definition 2.2.1 Let POLYn,d denote the class of all functionsf : Fn → F that are polynomials of
total degree at mostd (where the degree in each variable is at mostq − 1). Namely, if we consider the
representation off as defined in Equation (2.1), thenCf

α = 0 for everyα ∈ [q−1]n such that
∑n

i=1 αi > d.

Definition 2.2.2 For m ≥ 1 and any choice of a pointy ∈ Fn and m linearly independent points
y1, . . . , ym ∈ Fn, let S(y0, y1, . . . , ym) denote the affine subspace of dimensionm that contains all points
of the formy0 +

∑m
i=1 aiyi, wherea1, . . . , am ∈ F . Note thaty0 has a different role from all otheryi’s.

Observe that in the special case thaty0 is a linear combination ofy1, . . . , ym, thenS(y0, y1, . . . , ym) is a
linear subspace of dimensionm.

Definition 2.2.3 For a functionf : Fn → F , a point y0 ∈ Fn, and m linearly independent points
y1, . . . , ym ∈ Fn, we denote byf|(y0,y1,...,ym) the restriction off to the affine subspaceS(y0, y1, . . . , ym).
Namely,f|(y0,y1,...,ym) : Fm → F is defined as follows: for everyv ∈ Fm, f|(y0,y1,...,ym)(v) = f(y0 +∑m

i=1 viyi). With slight abuse of notation (and for sake of succinctness), we shall sometimes use the no-
tation f|S instead, whereS = S(y0, y1, . . . , ym) is the subspace spanned by the points. In case the set of
points spanning the subspaceS is not explicitly stated, thenf|S is determined by some canonical choice of
a basis.2

Definition 2.2.4 For any two functionsf, g : Fn → F , let dist(f, g) = Pry∈F n [f(y) 6= g(y)] (wherey is
selected uniformly).

2Our interest lies in thedegreeof these functions (represented as polynomials). Since for any given subspace this degree is
invariant with respect to the choice of the basis, the particular choice of the basis is only a matter of convenience.
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Testing Algorithms. A testing algorithm is given query access tof : Fn → F and a parameterε > 0. If
f is a polynomial of degree at mostd then the testing algorithm must accept. On the other hand, iff differs
from every such polynomial on more than anε-fraction of the domain elements, then the test should reject
with probability at least2/3.

2.3 Code Definitions

Codes and Dual Codes. A codeis a set of strings (codewords) of equal length over a finite alphabet. The
(Hamming)distancebetween pair of codewords is the number of coordinates in which they differ. The
lengthof a code is the length of its codewords. Theminimum distanceof a code is the minimum of pairwise
distances between its distinct codewords. A code islinear if its codewords form a linear subspace (here we
assume that the alphabet is endowed with the structure of a finite field). Thedual codeto a given linear code
is obtained by taking all strings that are orthogonal to the codewords of the considered code. Theweightof
a string is the number of its non-zero coordinates. The minimum distance of a linear code coincides with
the minimum weight of a non-zero codeword. Informally, a codeword isshort if its weight is small (e.g. a
constant independent of the length). Abasisof a linear code is a set of linearly independent codewords that
span the code. A code has a short basis if it is spanned by short words. Hereby we assume that the length of
considered codes is large enough to justify all approximations.

Testing Algorithms. A testerfor a code is a randomized algorithm that is given a stringx and a distance
parameterε > 0. The tester is allowed to perform oracle queries about values of coordinates ofx. It
should accept ifx is a codeword and reject with probability at least2/3. if x is ε-far from every codeword.
The notionε-far indicates that at leastε-fraction of the coordinates ofx should be changed for obtaining a
codeword of the code. A code islocally testableif it has a tester that performs a number of queries that is a
function ofε only, and is independent of the length of the code.

Let x be a vector inFn of weightw(x). For a linear codeC ⊆ Fn andv ∈ Fn such thatv /∈ C, the

v-cosetof C is C + v
def= {c + v|c ∈ C}. Note that|C + v| = |C|. Let C ∪ v

def= C ∪ (C + v) = {c|c ∈
C ∨ c ∈ C + v}, |C ∪ v| = 2|C|. Thecovering radiusof C, R(C) is the maximum distance from the code
to a vector in the ambient space.

Claim 2.3.1 [Johnson Bound, see [58]] Consider a codeC of lengthn and distanced. The number of
words of weightx in C is at most dn

2x2−2nx+dn

Let C ⊆ Fn be a linear code. Thedistance distribution ofC: BC = (BC
0 , BC

1 , · · · , BC
n ) is: BC

i =
|{c ∈ C|w(c) = i}|. The distance distributionBC⊥ of the dual codeC⊥ is called thedual spectrumof C.

The following claim shows thatBC⊥ is uniquely determined byBC :
Claim 2.3.2 [MacWilliams transform [29]] For a linear binary codeC of lengthn, BC⊥

j = 1
|C|

∑n
i=0 BC

i Pn
j (i),

wherePn
j (i) =

∑j
`=0(−1)`

(
i
`

)(
n−i
j−`

)
is the Krawtchouk polynomial of degreej.

For a cosetC + v: B
[C+v]⊥
j

def= 1
|C|

∑n
i=0 B

[C+v]
i Pn

j (i).

For properties of the Krawtchouk polynomials see e.g. survey [55]. The MacWilliams transform can be
stated also for non-binary linear codes. There, non-binary Krawtchouk polynomials are used. For simplicity
of presentation we stick to the binary case. However, our results apply to general linear codes as well.
Following is a useful simple bound on values of Krawtchouk polynomials.

Claim 2.3.3 ∀k, Pk(i) ≤ |n−2i|k
k! .
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Dual-BCH Codes (see [58]): Let Fq be a finite field of sizeq = n + 1 = 2m, havingα as a primitive
element. LetF (x) be the set of polynomials of the formf(x) = a1x + a3x

3 + · · · + a2t−1x
2t−1 with the

coefficients fromFq. Clearly|F (x)| = 2mt = (n+1)t. LetTr(x), Tr(x) = x+x2+x22
+x23

+· · ·+x2m−1
,

be the trace function linearly mapping elements fromFq to F2. Then the collection of vectorsc, c ∈ {0, 1}n,
with componentsci = Tr(f(αi)), i = 1, · · · , 2m−1, andf running throughF (x), constitute theCdBCH(t)

code.
For the reader familiar with the definition using the parity check matrix ofCBCH(t), we note that both

definitions are equivalent. The reason we preferred the above one is that it relates the Dual-BCH codes to
the polynomial ones.

Claim 2.3.4 [Weil, Carlitz Uchiyama, see [58]]: Forc ∈ CdBCH(t):

n

2
− (t− 1)

√
n ≤ w(c) ≤ n

2
+ (t− 1)

√
n

BCH Codes (see [58]): CBCH(t) code is the code dual toCdBCH(t). Its minimum distance is2t + 1.

Claim 2.3.5 [54] In CBCH(t) the number of codewords of weighti, B
CBCH(t)

i , is:

B
CBCH(t)

i =

(
n
i

)

(n + 1)t
(1 + O(

1
n

))[=

(
n
i

)

|CdBCH(t)|
(1 + O(

1
n

))]

Throughout this work we considerCBCH(t) andCdBCH(t) codes wheret is constant andn is large
enough.
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Part II

Testing of Graphs
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Chapter 3

Testing Bipartiteness in General Graphs

3.1 Introduction

One of the properties that has received quite a bit of attention in the context of property testing, isbipartite-
ness. Recall that a graph is bipartite if it is possible to partition its vertices into two parts such that there are
no edges with both endpoints in the same part. This property was first studied in [37] where it was shown
that bipartiteness can be tested in the adjacency-matrix model by a simple algorithm usingÕ(1/ε3) queries.
This was improved in [6] tõO(1/ε2) queries. The best lower bound known in this model isΩ̃(1/ε1.5), due
to [26]. Thus the complexity of this problem in the adjacency-matrix model is independent of the number of
verticesn and is polynomial in1/ε. It is interesting to note that testing bipartiteness is considered implicitly
already in [27]. The result in [27] can be used to obtain a testing algorithm in the adjacency-matrix model
whose query complexity does not depend on the size of the graph, but whose dependence onε is a tower of
height polynomial in1/ε.

The complexity of testing bipartiteness is significantly different when considering the bounded-degree
incidence-lists model. In [39] a lower bound ofΩ(

√
n) was established in this model, for constantε and

constantd (whered is the degree bound). An almost matching upper bound ofÕ(
√

n · poly(1/ε)) was
shown in [38]. Thus, in the case of bipartiteness there is a large gap between the results that can be obtained
for dense graphs and for constant-degree graphs. Here we venture into the land of graphs that are neither
necessarily sparse, nor necessarily dense, and study the complexity of testing bipartiteness. Other graph
properties exhibit similar (and sometimes even larger) gaps, and hence we believe that understanding the
transformation from sparse to dense graphs is of general interest.

3.1.1 Our Results

In this chapter we bridge the gap between the two cases mentioned above and show a smooth transition
between them. In particular, we present two complementary results forn-vertex graphs havingm edges:

• We describe and analyze an algorithm for testing bipartiteness in general graphs whose query complexity
and running time areO(min(

√
n, n2/m) · poly(log n/ε)). The algorithm has a one-sided error (i.e., it

always accepts bipartite graphs). Furthermore, whenever it rejects a graph it providesevidencethat the
graph is not bipartite in the form of an odd cycle1 of lengthpoly(log n/ε).

• We present an almost matching lower bound ofΩ(min(
√

n, n2/m)) (for a constantε). This bound
holds for all testing algorithms (that is, for those that are allowed a two-sided error and are adaptive).
Furthermore, the bound holds for regular graphs.

1We use the term “odd cycle” as a shorthand for “odd-length cycle”.
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As seen from the above expressions, as long asm = O(n1.5), that is, the average degree isO(
√

n), the com-
plexity of testing (in terms of the dependence onn) is Θ̃(

√
n). Once the number of edges goes aboven1.5,

we start seeing a decrease in the query complexity, which in this case is at mostO((n2/m) ·poly(log n/ε)).
In terms of our algorithm, this is exactly the point where our algorithm starts exploiting its access to vertex-
pair queries. Our lower bound shows that this behavior of the query complexity is not only an artifact of our
algorithm but is inherent in the problem.

Notes:

1. Observe that even if the graph is sparse then we obtain a new result that does not follow from [38].
Namely, we have an algorithm with complexitỹO(

√
n · poly(1/ε)) for sparse graphs with varying

degrees.

2. We note that the algorithm does not actually require to be given the number of edges,m, in the graph,
but can instead compute an estimate of this number. Such an estimate can be obtained without increas-
ing the query complexity of the algorithm [32, 40], and we discuss this issue shortly in Section 3.3.

3. We assume thatm = Ω(n). Since our distance measure is with respect to the number of edges in the
graph, without such an assumption it would be impossible to distinguish between the following two
(families of) graphs: a graph that consists of many isolated edges and a single very small subgraph
that is far from bipartite (e.g., a clique), a graph that consists of many isolated vertices and a very
small bipartite subgraph. We discuss this issue shortly in Section 3.3 as well.

Figure 3.1: Testing bipartiteness - illustration of results for general graphs obtained in this chapter.
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3.1.2 Our Techniques

We present our algorithm in two stages. First we describe an algorithm that works for almost-regular graphs,
that is, graphs in which the maximum degree is of the same order as the average degree. The algorithm and
its analysis closely follow the algorithm and analysis in [38]. Indeed, as long as the degreed of the graph
is at most

√
n, we execute the algorithm described in [38]. The place where we depart from [38] is in the

usage of vertex-pair queries onced >
√

n. We refer to our first algorithm as Test-Bipartite-Reg.
In the second stage we show how to reduce the problem of testing bipartiteness of general graphs to

testing bipartiteness of almost-regular graphs. Namely, we show how, for every given graphG, it is possible
to define a graphG′ such that: (1)G′ has roughly the same number of vertices and edges asG, and its
maximum degree is of the same order as its average degree (which is roughly the same as the average degree
in G); (2) If G is bipartite then so isG′, and ifG is far from being bipartite then so isG′. We then show
how to emulate the execution of the algorithm Test-Bipartite-Reg onG′ given query access toG, so that we
may acceptG if it acceptsG′, and rejectG if it rejectsG′.

In the course of this emulation we are confronted with the following interesting problem: We would
like to sample vertices inG according to their degrees (which aids us in sampling vertices uniformly in
G′, a basic operation that is required by Test-Bipartite-Reg). The former is equivalent to samplingedges
uniformly in G. In order not to harm the performance of our testing algorithm, we are required to perform
this task usingÕ(min(

√
n, n2/m)) queries. Ifm is sufficiently large (once again, ifm ≥ n1.5), this can be

performed without increasing the complexity of our algorithm simply by sampling sufficiently many pairs of
vertices inG. However, we do not know how to perform this task exactly (in an efficient manner) when the
number of edges is significantly smaller thann1.5. Nonetheless, we use a sampling procedure that selects
edges according to a distribution that approximates the desired uniform distribution on edges. A detailed
description of this procedure appears in Chapter 6.

We establish our lower bound by describing, for every pairn, d (n even,d ≥ 64), two distributions over
d-regular graphs. In one distribution all graphs are bipartite by construction. For the other distribution we
prove that almost all graphs are far from being bipartite. We then show that every testing algorithm that
can distinguish between a graph chosen randomly from the first distribution (which it should accept with
probability at least2/3), and a graph chosen randomly from the second distribution (which it should reject
with probability at least2/3), must performΩ(min(

√
n, n/d)) = Ω(min(

√
n, n2/m) queries.

Our lower bound proof implies the necessity of both neighbor queries and vertex-pair queries in obtain-
ing an upper bound whose dependence onn andm is Õ(min(

√
n, n2/m)). Specifically, if only neighbor

queries are allowed then our analysis implies a lower bound ofΩ(
√

n) for everym, which is higher than
Õ(n2/m)) whenm = ω(n1.5). If only vertex-pair queries are allowed then our analysis implies a lower
bound ofΩ(n2/m), which is above the upper bound ofÕ(

√
n) whenm = o(n1.5).

3.2 The Algorithm for the Almost-Regular Case

In this section we describe an algorithm that accepts every bipartite graph and that rejects with probability
at least2/3 every graph that isε-far from being bipartite with respect to an upper boundmmax = dmaxn
on the number of edges. Namely, this algorithm rejects (with probability at least2/3) graphs for which the
number of edges that need to be removed so that they become bipartite is greater thanε ·mmax = ε · dmaxn.
The query complexity and running time of this algorithm areO(min(

√
n, n/dmax) · poly(log n/ε)).

In the case where the graph is almost-regular, that is, the maximum degree of the graphdmax is of the
same order as the average degree,davg, then we essentially obtain a tester as desired (since in such a case
εdmaxn = O(εm)). However, in general,dmax may be much largerdavg (for example, it is possible that
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dmax = Θ(n) while davg = Θ(1)). To deal with the general case we show in the next section (Section 3.3)
how to reduce the problem in the general case to the special case ofdmax = O(davg).

A High Level Description of the Algorithm

Throughout this section letd = dmax. Our algorithm, whose pseudo-code appears in Figure 3.2, builds
on the testing algorithm for bipartiteness described in [38]. The query complexity of that algorithm is
O(
√

n · poly(log n/ε)) and it works with respect tommax = dn as well. In fact, as long asd ≤ √
n our

algorithm is the same as the algorithm in [38].
In particular, as in [38], our algorithm selectsΘ(1/ε) starting verticesand from each it performs several

random walks (using neighbor queries), each walk of lengthpoly(log n/ε). The exact form of these random
walks is described momentarily. Ifd ≤ √

n then the number of these random walks from each starting
vertexs is O(

√
n · poly(log n/ε)), and the algorithm simply checks whether an odd cycle was detected in

the course of these random walks. Specifically, the algorithm checks whether there exists some vertexv that
is reached at the end of two different walks froms, where one walk corresponds to a path in the graph with
even length, and one walk corresponds to a path with odd length. The existence of such a vertexv implies
an odd cycle that containss andv, and the algorithm rejects in such a case.

If d >
√

n then there are two important modifications as compared to the cased ≤ √
n (which, as noted

above, follows [38]). These modifications reduce the number of queries performed as the degree increases.

1. The number of random walks performed from each starting vertex is reduced toO(
√

n/d·poly(log n/ε))
(as compared toO(

√
n · poly(log n/ε)) walks for the cased ≤ √

n).

2. The algorithm still considers the vertices reached at the end of these walks, but now it performs an
additional step. It partitions these vertices into two subsets, denotedA0 andA1, according to the
parity of the lengths of the paths corresponding to the walks. The algorithm then performs vertex-pair
queries on each pair of vertices that belong to the same subset. If any edge(u, v) is detected for
u, v ∈ A0 or u, v ∈ A1, then the algorithm has evidence to an odd cycle that includeds (the starting
vertex),u andv, and it rejects. The total number of vertex-pair queries isO((n/d) · poly(log n/ε)).

On a very intuitive level, if a graph is far from being bipartite then many edges (and vertices) belong to many
odd cycles. The difference between the two cases described above is that ifd ≤ √

n then the algorithm tries
to reach the same vertex twice, once via an even-length path and once via an odd-length path. To this end it
performs about

√
n random walks (so as to “hit” the same vertex twice). In the cased >

√
n, the algorithm

performs much fewer walks and so we cannot expect to reach the same vertex twice. However, since the
edge-density is higher, we do expect to have an edge in the subgraph induced by the ending points of the
walk. In particular, as our analysis shows, we expect to see such an edge between vertices that are reached
via paths whose lengths have the same parity.

Random Walks and Paths in the Graph. The random walks performed are defined as follows: At each
step, if the degree of the current vertexv is d′ ≤ d, then the walkremainsatv with probability1− d′

2d ≥ 1
2 ,

and for eachu ∈ Γ(v), the walktraversesto u with probability 1
2d . The important property of the random

walk is that the stationary distribution it induces over the vertices is uniform.
To every walk (or, more generally, to any sequence of steps), there corresponds apath in the graph. The

path is determined by those steps in which an edge is traversed (while ignoring all steps in which the walk
stays at the same vertex). Such a path is not necessarily simple, but does not contain self loops. Note that
when referring to the length of a walk, we mean the total number of steps taken, including steps in which the
walk remains at the current vertex, while the length of the corresponding path does not include these steps.
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Test-Bipartite-Reg(n, dmax, ε)

• RepeatT = Θ(1
ε ) times:

1. Uniformly select a vertexs in V .

2. If Odd-Cycle(s) returnsfound then outputreject.

• In case no call to Odd-Cycle returnedfound then outputaccept.

Odd-Cycle(s)

1. If d = dmax ≤ √
n then letK

def= Θ
(√

n·log1/2(n/ε)
ε3

)
and L

def= Θ
(

log3(n/ε)
ε5

)
. Otherwise

(d >
√

n), let K
def= Θ

(√
n/d·log1/2(n/ε)

ε8

)
, andL

def= Θ
(

log6(n/ε)
ε8

)
.

2. PerformK random walks starting froms, each of lengthL.

3. Let A0 (A1) be the set of vertices that appear at the ends of the walks performed in the previous
step whose paths are of even (odd) length.

4. If d ≤ √
n then check whetherA0 ∩ A1 6= ∅. If the intersection is non-empty then returnfound,

otherwise returnnot-found.

5. Else (d >
√

n), perform vertex-pair queries between every pair of verticesu, v ∈ A0 (u, v ∈ A1).
If an edge is detected then returnfound, otherwise returnnot-found.

Figure 3.2:Algorithm Test-Bipartite-Reg for testing bipartiteness with respect to the upper boundmmax = dmax · n
on the number of edges, and the procedure Odd-Cycle for detecting odd cycles in the graphG.

Theorem 3.2.1 The algorithm Test-Bipartite-Reg accepts every graph that is bipartite, and rejects with
probability at least2/3 every graph that isε-far from being bipartite with respect tommax = dmaxn.
Furthermore, whenever the algorithm rejects a graph it outputs acertificateto the non-bipartiteness of
the graph in form of an odd cycle of lengthpoly(log n/ε). The query complexity and running time of the
algorithm areO (min(

√
n, n/dmax) · poly(log n/ε)).

Note that the algorithm can work whenG contains self-loops and multiple-edges. The latter will be of
importance in the next section.

As a direct corollary of Theorem 3.2.1 (usingm(G) = (ndavg(G))/2) we get:

Corollary 3.2.2 For a given graph G, let γ(G) def= dmax(G)/davg(G). Then Test-Bipartite-
Reg(n, dmax(G), ε/(2γ(G))) accepts every graph that is bipartite, and rejects with probability at least2/3
every graph that isε-far from being bipartite (with respect tom(G)).

The corollary below will become useful in the next section.

Corollary 3.2.3 If G is ε-far from being bipartite with respect tommax = dmaxn, thenΩ(ε)-fraction of its
verticess are such thatOdd-Cycle(s) returnsfound with probability at least23 .

The completeness part of Theorem 3.2.1 (i.e., showing that the algorithm accepts bipartite graphs) is
straightforward. We focus on proving the soundness of the algorithm (i.e., that graphs that areε-far from
being bipartite are rejected with probability23 ). What we eventually show (in Subsection 3.2.6) is the
contrapositive statement. Namely, that if the test acceptsG with probability greater than13 then there exists
anε-good partition ofG.
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Our analysis follows the analysis presented in [38] quite closely. In particular, whenever possible we
refer the reader to proofs given in [38]. Here we present what is necessary to establish the correctness of
our algorithm and in particular those proofs in which we diverge from [38]. Since the algorithm for the case
dmax ≤

√
n is fully analyzed in [38], from this point on we assumedmax >

√
n and analyze the algorithm

for this case.

3.2.1 Gaining Intuition: The Rapidly–Mixing Case

To gain some intuition, consider first the following “ideal” case: From each starting vertexs in G, and for
everyv ∈ V , the probability that a random walk of lengthL = poly((log n)/ε) ends atv is at least 1

2n and
at most2n – i.e., approximately the probability assigned by the stationary distribution. (Note that this ideal
case occurs whenG is an expander). Let us fix a particular starting vertexs. For each vertexv, let p0

v be the
probability that a random walk (of lengthL) starting froms, ends atv and corresponds to an even-length
path. Definep1

v analogously for odd paths. Then, by our assumption onG, for everyv, p0
v + p1

v ≥ 1
2n . We

consider two cases regarding the sumσ(G) def=
∑

v,u∈V

(v,u)∈E
(p0

vp
0
u + p1

vp
1
u).

In caseσ(G) is (relatively) “small”, we show that there exists a partition(V0, V1) of V that isε-good,
and soG is ε-close to being bipartite. Otherwise (i.e., when the sum is not “small”), we show that the
rejection probability is bounded away from zero. This implies that in caseG is accepted with probability at
least13 thenG is ε-close to being bipartite.

Consider first the case in whichσ(G) < c· εdn for some suitable constantc < 1. Let the partition(V0, V1)
be defined as follows:V0 = {v : p0

v ≥ p1
v} andV1 = {v : p1

v > p0
v}. Consider a particular vertexv ∈ V0.

By definition ofV0 and our rapid-mixing assumption,p0
v ≥ 1

4n .

σ(G) =
∑

v,u∈V

(v,u)∈E

(p0
vp

0
u + p1

vp
1
u)

≥
∑

v,u∈V0
(v,u)∈E

p0
vp

0
u +

∑

v,u∈V1
(v,u)∈E

p1
vp

1
u

≥
∑

v,u∈V0
(v,u)∈E

1
16n2

+
∑

v,u∈V1
(v,u)∈E

1
16n2

≥ 1
16n2

· (The number of violating edges w.r.t.(V0, V1)) . (3.1)

Thus, if there are more thanεdn violating edges with respect to(V0, V1), thenσ(G) > 1
16 · εd

n which
contradicts our case hypothesis concerningσ(G) assumingc ≤ 1/16.

We now turn to the second case,σ(G) ≥ c · εd
n . For every fixed pairi, j ∈ {1, · · · ,K}, (recall that

K = Θ(
√

n/d · poly(log n/ε)) is the number of walks taken froms), consider the 0/1 random variable
ηi,j that is 1 if and only if both thei-th and thej-th walks have path length with the same parity, and if the
end-points of the paths are verticesu, v such that(u, v) ∈ E. Then for every pairi, j,

Exp[ηi,j ] =
∑

u,v∈V,(u,v)∈E

(p0
vp

0
u + p1

vp
1
u) = σ(G) . (3.2)

Since there areK2 = Θ(n/d · poly(log n/ε)) such pairsi, j, the expected value of the sum over allηi,j ’s
is greater than some constantc′ > c. These random variables are not pairwise independent, nonetheless
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we can obtain a constant bound on the probability that the sum is 0 using Chebyshev’s inequality (cf., [11,
Sec. 4.3]).

Unfortunately, we may not assume in general that for every (or even some) starting vertex, all (or even
almost all) vertices are reached with probabilityΘ(1/n). However, roughly speaking, we are able to show
that every graph can be partitioned into parts such that within each part we can perform an analysis that
builds on the ideas presented above. Furthermore, the different parts are separated by small cuts so that if
each part is close to being bipartite, then so is the whole graph. An important component in the analysis is
the definition of the Markov ChainM`2

`1
(H), and we turn to this definition in the next subsection.

3.2.2 The Markov ChainM`2
`1

(H)

Let H be an induced subgraph ofG. For any given pair of lengths,̀1 and`2, we define a Markov Chain
M`2

`1
(H). Roughly speaking,M`2

`1
(H) captures random walks of length at most`1 · `2 in G that do not

exit H for (sub)walks of length̀2 or more. The states of the chain consist of the vertices ofH and some
additional auxiliary states. For vertices that do not have neighbors outside ofH, the transition probabilities
in M`2

`1
(H) are exactly as in walks onG. However, for verticesv that have neighbors outside ofH there

are two modifications: (1) For each vertexu, the transition probability fromv to u, denotedqv,u, is the
probability of a walk (inG) starting fromv and ending atu after less thaǹ2 steps (without passing through
any other vertex inH). Thus, walks of length less than`2 out ofH (and in particular the walkv− u in case
(v, u) ∈ E), are contracted into single transitions. Note that for everyu andv in H we havequ,v = qv,u.
(2) There is an auxiliary path of length̀1 emitting fromv. The transition probability fromv to the first
auxiliary vertex on the path equals the probability that a walk starting fromv exitsH and does not return in
less thaǹ 2 steps. From the last vertex on the auxiliary path there are transitions to vertices inH with the
corresponding conditional probabilities of reaching them after such a walk.
A more formal definition ofM`2

`1
(H) appears in the appendix, together with an illustration (see Figure A.1).

The following definition and lemma will be instrumental in our analysis.

Definition 3.2.1 We say that a vertexs is useful with respect toM`2
`1

(H) if the probability that a walk in

M`2
`1

(H) starting froms enters an auxiliary path after at most`1 steps, is at most2`1
`2
· n
|H| .

Lemma 3.2.1 Let H be a subgraph ofG, and let`1 and`2 be integers. Then at least half of the verticess
in H are useful with respect toM`2

`1
(H).

The proof of the lemma appears in [38].

3.2.3 Useful Vertices and Small Cuts

The following lemma can be viewed as presenting a “contrapositive statement” of the work of Mihail [62].
While Mihail showed that high expansion leads to fast convergence of random walks to the stationary distri-
bution, the lemma below shows that too slow of a convergence implies small cuts that have certain additional
properties. In particular, the vertices on one side of the cut can be reached with roughly the same, relatively
high probability from some vertexs (wheres need not necessarily be on the same side of the cut). In the
special case whereH = G andG is rapidly mixing, the setS will be all of V , but in the general case it
will be a subset of those vertices that are reached froms with probability that is not much smaller than that
assigned by the stationary distribution (ofM`2

`1
(H)).

For statesx andy in M`2
`1

(H) and an integert, let qx,y(t) denote the probability that a random walk in

M`2
`1

(H) that starts atx, ends aty aftert steps.
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Lemma 3.2.2 Let H be a subgraph ofG with at least ε
4n vertices, and let̀ 1 = Θ

((
log(n/ε)

ε

)3
)

, `2 =

Θ
(

`1
ε2

)
, andF = O

(
1
ε

)
. Then for every vertexs that isuseful with respect toM`2

`1
(H), there exists a subset

of verticesS in H, an integert, `1/2 ≤ t ≤ `1, and a valueβ = Ω
(

ε2

log(n/ε)

)
, such that:

1. The number of edges betweenS and the rest ofH is at mostε2 · d · |S|.
2. For everyv ∈ S, √

1
|S| ·

β

|H| ≤ qs,v(t) ≤ F ·
√

1
|S| ·

β

|H| .

The proof of the lemma appears in [38].

3.2.4 Sufficient Conditions for Good Partitions

In the next lemma we give sufficient conditions under which subsets of vertices can be partitioned without
having many violating edges. For eachb ∈ {0, 1} let qb

s,v(t) denote the probability inM`2
`1

(H) of a walk of
lengtht starting froms, ending atv, and corresponding to a path whose length has parityb. What the lemma
essentially requires is that for some fixed vertexs and subset of verticesS in H, there is a lower bound on
the probability that each vertex inS is reached froms (in t steps), and there aren’t too many verticesv in
the subset such that bothq0

s,v(t) andq1
s,v(t) are large (with respect to this lower bound).

Lemma 3.2.3 LetH be a subgraph ofG, s a vertex inH, S a subset of vertices inH and`1 and`2 integers.
Assume that for someα > 0, t < `1, the following holds inM`2

`1
(H):

1. For everyv ∈ S, qs,v(t) ≥ α;

2.
∑

v,u∈S,(v,u)∈E(q0
s,v(t)q

0
s,u(t) + q1

s,v(t)q
1
s,u(t)) < ε

c · d · |S| · α2 for some constantc.

Let (S0, S1) be a partition ofS, whereS0 = {v : q0
s,v(t) ≥ q1

s,v(t)}, andS1 = {v : q1
s,v(t) > q0

s,v(t)}.
Then the number of violating edges inG with respect to(S0, S1) is at mostεc · d · |S|.

Proof: Consider a vertexv and letv ∈ Sb, for b ∈ {0, 1}. By definition of the partition(S0, S1), qb
s,v(t) ≥

1
2qs,v(t) ≥ α

2 .
Assume, contrary to what is claimed in the lemma, that the number of violating edges with respect to

(S0, S1) is more thanε
c · d · |S|. Then

∑

v,u∈S,(v,u)∈E

(q0
s,v(t)q

0
s,u(t) + q1

s,v(t)q
1
s,u(t))

≥
∑

v,u∈S,(v,u)∈E,u,v∈S0

(q0
s,v(t)q

0
s,u(t)) +

∑

v,u∈S,(v,u)∈E,u,v∈S1

(q1
s,v(t)q

1
s,u(t)) (3.3)

≥
∑

v,u∈S,(v,u)∈E,u,v∈S0

α2

4
+

∑

v,u∈S,(v,u)∈E,u,v∈S1

α2

4
(3.4)

≥ α2

4
· ε

c
· d · |S| . (3.5)

But this contradicts the second hypothesis of the lemma.
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3.2.5 Sufficient Conditions for Detecting Odd Cycles

In the next lemma we describe sufficient conditions for “detecting” odd cycles when performing walks in
M`2

`1
(H) starting from some vertexs. What the lemma essentially requires is that there exists a subsetS of

vertices such that there are both lower and upper bounds on the probability that each vertex inS is reached
from s (in t < `1 steps), and there are many verticesv in S such that bothq0

s,v(t) andq1
s,v(t) are large (with

respect to the lower bound). As stated later in Corollary 3.2.4, these conditions are sufficient for detecting
odd cycles when performing random walks inG of length`1 · `2.

Lemma 3.2.4 LetH be a subgraph ofG, s a vertex inH, S a subset of vertices inH and`1 and`2 integers.
Assume that for someα > 0 andF = Θ(1

ε ) andt < `1, the following holds inM`2
`1

(H):

1. For everyv ∈ S, α ≤ qs,v(t) ≤ F · α;

2.
∑

v,u∈S,(v,u)∈E(q0
s,v(t)q

0
s,u(t) + q1

s,v(t)q
1
s,u(t)) ≥ ε

c · d · |S| · α2 for some constantc.

Suppose we performO

(
F 5

ε·α
√

d
√
|S|

)
random walks of lengtht starting froms in M`2

`1
(H). LetA0 (A1) be

the set of vertices that appear at the end of the walks whose corresponding paths have even (odd) length,
and letG0 (G1) be the subgraph induced byA0 (A1). Then with probability at least0.99 (taken over the
random walks), eitherG0 contains an edge orG1 contains an edge (i.e., the algorithm detects an odd cycle).

We note that when we apply Lemma 3.2.4, we setα = poly(ε/(log n))/
√
|S| · |H|, andF = O(1/ε), so

that the number of random walks that should be performed isO(
√

n/d · poly((log n)/ε)).

Proof: Let γ
def=

∑
v,u∈S,(v,u)∈E(q0

s,v(t)q
0
s,u(t) + q1

s,v(t)q
1
s,u(t)) so that by the second hypothesis of the

lemmaγ ≥ ε
c · d · |S| · α2. Considerm = O

(
F 5

ε·α·
√

d
√
|S|

)
random walks of lengtht starting froms.

For 1 ≤ i 6= j ≤ m, let ηi,j be a 0/1 random variable that is 1 if and only if both thei-th and thej-th walk
have path length with the same parity, and if the end-points of the paths are the verticesu, v ∈ S such that
(u, v) ∈ E.

Thus, we would like to bound the probability that
∑

i<j ηi,j = 0. The difficulty is that theηi,j ’s are
not pairwise independent. Yet, since the sum of the covariances of the dependentηi,j ’s is quite small,
Chebyshev’s Inequality is still very useful (cf., [11, Sec. 4.3]). Details follow. For everyi 6= j,

Exp[ηi,j ] =
∑

v,u∈S,(v,u)∈E

(q0
s,v(t)q

0
s,u(t) + q1

s,v(t)q
1
s,u(t)) = γ .

By Chebyshev’s inequality,

Pr


∑

i<j

ηi,j = 0


 ≤

Var
[∑

i<j ηi,j

]

(
Exp

[∑
i<j ηi,j

])2 <
Var

[∑
i<j ηi,j

]

((
m
2

) · γ)2 . (3.6)

We now bound Var[
∑

i<j ηi,j ]. Since theηi,j ’s are not pairwise independent, some care is needed: Let

η̄i,j
def= ηi,j − Exp[ηi,j ].

Var


∑

i<j

ηi,j


 = Exp





∑

i<j

η̄i,j




2

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=
∑

i<j

∑

k<`

Exp [η̄i,j · η̄k,`]

=
∑

i<j

Exp
[
η̄2

i,j

]
+ 4

∑

i<j<k

Exp [η̄i,j · η̄j,k] + 0

=
(

m

2

)
· Exp[η̄2

1,2] + 4 ·
(

m

3

)
· Exp [η̄1,2 · η̄2,3] . (3.7)

The factor of4 in the third equality is the number of possibilities that among the four elementsi, j, k, `
(wherei < j andk < `) exactly two are equal (namely:i = k < j < `; i < j = k < `; i < k < j = `; and
k < i = ` < j). The0 term is due to the fact that wheni, j, k, l are all distinct,

Exp [η̄i,j · η̄k,`] = Exp [ηi,j · ηk,`]− γ2

=
∑

i,j,k,`∈S,(i,j),(k,`)∈E

q0
s,i(t)q

0
s,j(t)q

0
s,k(t)q

0
s,`(t)

+
∑

i,j,k,`∈S,(i,j),(k,`)∈E

q0
s,i(t)q

0
s,j(t)q

1
s,k(t)q

1
s,`(t)

+
∑

i,j,k,`∈S,(i,j),(k,`)∈E

q1
s,i(t)q

1
s.j(t)q

0
s,k(t)q

0
s,`(t)

+
∑

i,j,k,`∈S,(i,j),(k,`)∈E

q1
s,i(t)q

1
s,j(t)q

1
s,k(t)q

1
s,`(t)− γ2

=


 ∑

(i,j)∈E(S)

q0
s,i(t)q

0
s,j(t) + q1

s,i(t)q
1
s,j(t)




2

− γ2 = γ2 − γ2 = 0 . (3.8)

We next bound each of the two terms in Equation (3.7).

Exp[η̄2
1,2] ≤ Exp[η2

1,2] = Exp[η1,2] = γ . (3.9)

Let vi be a random variable that represents the vertex that thei-th walk ends at.

Exp[η̄1,2 · η̄2,3] ≤ Exp[η1,2 · η2,3]

≤
∑

v1,v2,v3∈S,(v1,v2),(v3,v2)∈E

q0
s,v1

(t)q0
s,v2

(t)q0
s,v3

(t) + q1
s,v1

(t)q1
s,v2

(t)q1
s,v3

(t)

≤ (number of pairs of edges inS with a common vertex in S)· 2(max
v
{qs,v(t)})3

≤ 2 ·min(|S|2d, |S|d2) · F 3 · α3 (3.10)

Since by the lemma’s second hypothesisγ ≥ ε
c · d · |S| · α2, we can replaceα in Equation (3.10) with√

c·γ
ε·d·|S| and get

Exp[η̄1,2 · η̄2,3] ≤ 2 ·min(|S|2d, |S|d2) · F 3 · ( cγ

εd|S|)
3
2 (3.11)

Combining Equations (3.6)–(3.11) we get

Pr


∑

i<j

ηi,j = 0


 = O


m2 · γ + m3 ·min(|S|2d, |S|d2) · F 3 · ( γ

εd|S|)
3
2

m4 · γ2



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= O


 1

γ ·m2
+

F 3 min(
√

|S|
d ,

√
d
|S|)

m · ε 3
2 · √γ




= O

(
ε

F 10
+

1
F 2 · ε

)
= O(ε) (3.12)

As observed above, by the lemma’s hypothesis concerningγ, it holds thatα = O(
√

γ/(εd|S|)). Since

m = Ω
(

F 5

ε·α·
√

d
√
|S|

)
, we have thatm = Ω

(
F 5

√
1

ε·γ
)

, and the lemma follows.

Based on the construction ofM`2
`1

(H) we can map walks of length̀1 · `2 in G to walks of length̀ 1 in

M`2
`1

(H), and obtain as a corollary to Lemma 3.2.4:

Corollary 3.2.4 Let H be a subgraph ofG and letS, s, `1, `2, t, α andF be as in Lemma 3.2.4. Suppose

we performΘ
(

F 5

ε·α·
√

d
√
|S|

)
random walks of length̀1 · `2 starting froms in G. LetA0 (A1) be the set of

vertices that appear at the end of the walks whose corresponding paths have even (odd) length, and letG0

(G1) be the subgraph induced byA0 (A1). Then with probability at least0.99, eitherG0 contains an edge
or G1 contains an edge (i.e., the algorithm detects an odd cycle).

The proof of the corollary is similar to that of an analogous corollary that appears in [38].

3.2.6 Proof of Theorem 3.2.1

Recall that we need to show that if the test acceptsG with probability greater than13 thenG is ε-close to
being bipartite.

We say that a vertexs in G is good(for defining a partition) if the following holds. Suppose we takeK
random walks of lengthL in G starting froms. Then the probability that we reach two verticesu andv such
that(u, v) ∈ E and bothu andv appear at the ends of walks whose corresponding paths have lengths with
the same parity, is at most0.1. If a vertex is not good then it isbad. HereK andL are set in the algorithm.

Since the test rejectsG with probability less than23 , andT = Θ(1/ε), we know that, for an appropriate
constant in theΘ(·) notation above, the fraction of bad vertices inG is at most ε

16 . We now show that in
such a case we can find a partition of the graph vertices that has at mostεdn violating edges. We shall
do so in steps, where in each step we partition a new set of vertices, denotedS, until we are left with at
most ε

4n vertices. For each partitioned setS we show that: (1) there are few (at mostε
4d|S|) violating

edges with respect to the partition ofS; and (2) there are few (at mostε
2d|S|) edges betweenS and the yet

“unpartitioned” verticesR so that no matter how the vertices inR are partitioned, the number of violating
edges betweenS andR is small.

At each step, letD be the set of vertices we have already partitioned, and letH be the subgraph induced
by V \D. Initially, D = ∅, andH = G. Let `1 and`2 be as required by Lemma 3.2.2, and let the length

L of the walks we perform onG be `1 · `2. Since`1 = O

((
log(n/ε)

ε

)3
)

, and`2 = O
(

`1
ε2

)
, we get that

L = O
(

log6(n/ε)
ε8

)
. Let M def= M`2

`1
(H). While |H| ≥ ε

4n we do the following. We select any vertexs in H

that is bothgoodandusefulwith respect toM (see Definition 3.2.1). By Lemma 3.2.1, at least half of the
vertices inH areuseful. Since|H| ≥ ε

4n and the total number ofbad vertices is ε
16n < ε

8n, there exist at
least ε

16n vertices which aregoodanduseful.
We next apply Lemma 3.2.2 to determine a setS, and an integert, `1/2 ≤ t ≤ `1, with the properties

stated in the lemma. In particular, the number of edges betweenS and the rest ofH is at mostε2d|S|, and

for everyv ∈ S,
√

β
|S|·|H| ≤ qs,v(t) ≤ F ·

√
β

|S|·|H| , whereF = O
(

1
ε

)
, andβ = Ω

(
ε2

log(n/ε)

)
. We claim
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that it must be the case that
∑

v,u∈V,(v,u)∈E(p0
v(t)p

0
u(t) + p1

v(t)p
1
u(t)) ≤ ε·β·d

|H| . This claim, (which we

establish momentarily) implies that we can apply Lemma 3.2.3 (withα =
√

β
|S|·|H| ) to show thatS can be

partitioned so that there are at mostε
4d|S| violating edges with respect to this partition. The claim holds

since otherwise we could apply Corollary 3.2.4 and reach a contradiction. Specifically, by letting the number
of walks performed from each starting vertex be

O

(
F 5

ε · α ·
√

d ·
√
|S|

)
= O

( √
|H|

ε6 ·
√

d · √β

)
= O

(
log1/2(n/ε) ·

√
n/d

ε8

)
= K

(whereF , α andβ are as set above), we would obtain a contradiction to our assumption thats is good.
Thus, as long as|H| ≥ ε

4n, each setS contributed at mostε4 · |S| · d + ε
2 · |S| · d violating edges to the

partition. Since these sets are disjoint, all these violating edges sum up to3ε
4 · d · n. The finalH contributes

at mostε4 · n · d, and soG is ε-close to being bipartite.
Verifying that indeedT = O(1/ε), K = Θ(

√
n/d ·poly(log n/ε)), andL = poly((log n)/ε)), and that

the algorithm can be implemented usingO(K · L + K2) = O(n/d · poly(log n/ε)) queries, the theorem
follows. (Recall that ifd <

√
n then we obtain the bound ofO(

√
n · poly(log n/ε)).

3.3 The Algorithm for the General Case

In this section we build on the testing algorithm presented in the previous section and describe a one-sided
error testing algorithm for bipartiteness that works with respect to the actual number of edgesm = m(G).
Hence this algorithm is suitable for general graphs (for whichdmax may vary significantly fromdavg). The
query complexity and running time of the algorithm are of the same order of magnitude as for Test-Bipartite-
Reg, that is,O(min(

√
n, n2/m) · poly(log n/ε)). We note that once the graph becomes very dense, that

is m = Ω(n2/ logc n) (wherec is approximately 4), it is preferable to use the adjacency-matrix model
algorithm [37, 6] with distance parameterε/(n2/m).

A High Level Description of the Algorithm. The basic idea is to reduce the problem of testing with
respect to the actual number of edgesm to the problem of testing with respect to the upper boundmmax =
dmax · n. Specifically, for any graphG we show how to define a graphG′ overΘ(n) vertices that has the
following useful properties. First, the maximum degree inG′ is roughly the same as the average degree, and
furthermore, this degree is roughly the same as the average degree inG. In particular this implies that the
two graphs have roughly the same number of edges. Second,G′ approximately preserves the distance of
G to bipartiteness. More precisely, ifG is bipartite then so isG′, but if G is far from being bipartite with
respect tom(G), thenG′ is far from being bipartite with respect tommax = dmax(G′)n′. ThusG′ can be
viewed as a kind of “regularized-degree version” ofG.

If we had direct access toG′, then by the above we would be done: by running the algorithm Test-
Bipartite-Reg onG′ we could decide whetherG is bipartite or far from being bipartite. However, we only
have access toG. Nonetheless, given query access toG we can efficiently “emulate” queries inG′. This
would almost suffice for running Test-Bipartite-Reg onG′. One more issue is the uniform selection of
starting vertices inG′, required by Test-Bipartite-Reg. As we shall see, selecting a vertex uniformly from
G′ is (roughly) equivalent to uniformly selecting an edge inG.

While we do not know how to efficiently select a vertex inG′ uniformly, we describe a different selection
procedure that suffices for our purposes. Specifically, the selection procedure is such that for all but a small
fraction of then′ vertices inG′, the probability of selecting a vertexv is Ω(1/n′). With slight abuse of termi-
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nology we shall refer to this procedure as Sample-Vertices-Almost-Uniformly-in-G’.2 By Corollary 3.2.3,
this suffices for our purposes.

Multiple Edges and the Relation Betweenm and n. The analysis of the algorithm Test-Bipartite-Reg
did not require any assumptions on the actual number of edgesm in the graph, and it did not preclude the
existence of multiple edges. Here we consider graphs that do not contain any multiple edges and we assume
that the number of edgesm in G is Ω(n). To justify the assumption on the number of edges, consider a
graph that consists of a clique overk = o(

√
n) vertices, where all remaining vertices are isolated. This

graph hasm = Θ(k2) edges, and is clearly far from being bipartite. However, in order to distinguish it from
a graph that consists of a complete bipartite graph over2k vertices (where all remaining vertices are isolated
and is clearly bipartite), we needΩ(n/k) = ω(

√
N) queries. (Taking this to an extreme, ifk = Θ(1) then

we will needΩ(n) queries.) We note that we could replace this assumption by introducing to the complexity
of the algorithm a dependence onn/m. This would however make the analysis more cumbersome, without
much benefit.

Another alternative assumption would be that the algorithm has the ability to “ignore” isolated vertices
(that is, vertices that have no incident edges and are hence immaterial to the question of bipartiteness), and
sample uniformly from thenon-isolatedvertices. This would effectively imply that the algorithm is executed
on a subgraph induced by then′ ≤ n non-isolated vertices, where within this subgraph, the number of edges
m′ = m, is at leastn′/2.

For simplicity we assume from this point on thatm ≥ n.
We also note that we can actually deal with the case where there are multiple edges, but they do not

constitute more than a constant fraction of the total number of edges.3 However, in order to deal with this
case efficiently, we need to assume that there is a concise way to represent the sets of labels of multiple
edges that are incident to each vertex. (In particular this holds if the labels of multiple edges incident to each
vertex are consecutive). For simplicity we assume there are no multiple edges.

The main theorem of this subsection follows.

Theorem 3.3.1 For every graphG havingn vertices andm ≥ n edges, we can define a graphG′ having
n′ vertices andm′ edges for which the following holds:

1. n ≤ n′ ≤ 4n, m ≤ m′ ≤ 8m, anddmax(G′) ≤ 2davg(G).

2. If G is bipartite thenG′ is bipartite, and ifG is ε-far from being bipartite with respect tom, thenG′

is ε′-far being from bipartite with respect tommax(G′) = dmax(G′)n′ for ε′ = Θ(ε).

3. Given a starting verticess in G′, it is possible to emulate random walks inG′ starting froms, by per-
forming queries toG. The amortized cost of each random walk step isO(log2 n) (degree and neigh-
bor) queries inG. By emulating these random walks it is possible to execute a slight variant ofOdd-
Cycle(s) in G′ which we denoteOdd-Cycle’(s). This variant is such thatPr[Odd-Cycle’(s)=found] ≥
Pr[Odd-Cycle(s)=found], where if Odd-Cycle’(s) returnsfound, then we can obtain an odd cycle of
lengthpoly(log n/ε) in the original graph G.

2The reason we say that we abuse terminology is that the distribution on vertices inG′ induced by this procedure may be very
far from uniform according to any standard distance measure (e.g. statistical difference). However, it approximates the uniform
distribution in the sense of assigning relatively large weight to every sufficiently large subset.

3If the number of multiple edges is more than a constant fraction then it is possible to obtain a lower bound on the number
of queries that depends on the ratio between the number of multiple edges and the total number of edges. Specifically, consider a
graph that contains a small clique with many multiple edges, which is far from bipartite, but cannot be distinguished from a bipartite
graph that contains a small complete bipartite graph with many multiple edges.
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4. There exists a procedureSample-Vertices-Almost-Uniformly-in-G’that for any given parameter
0 < δ ≤ 1, performsÕ(min(

√
n/δ, n2/m)) queries inG and returns a vertex inG′ such that

the following holds: For all but at mostδn′ of the verticesx in G′, the probability thatx is selected
by the procedure isΩ(1/n′).

We note that for every graphG there is actually afamilyof graphsG′ with the above properties (all defined
over the same set of vertices). When we run algorithm Test-Bipartite-Gen, we construct one such (arbitrary)
graphG′ in the family as we go along. One difficulty that arises is that when the algorithm asks a neighbor
query of the form: ”Who is thei-th neighbor ofv”?, it gets a vertex nameu as an answer. However, the
algorithm lacks the information thatv is (say) thej-th neighbor ofu. This lack of knowledge makes the
emulation of random walks and Odd-Cycle(s) in G′ more complicated. Due to that, Item 3 of Theorem 3.3.1
is somewhat more involved.
As a corollary to Theorem 3.3.1 and Corollary 3.2.3 we obtain:

Corollary 3.3.2 Algorithm Test-Bipartite-Gen (see Figure 3.3) accepts every graphG that is bipartite, and
rejects with probability at least2/3 every graphG that isε-far from being bipartite (with respect tom(G)).
Furthermore, whenever the algorithm rejects a graph it outputs acertificateto the non-bipartiteness of the
graphG in form of an odd cycle of lengthpoly(log n/ε).
The query complexity and running time of the algorithm areO

(
min(

√
n, n2/m) · poly(log n/ε)

)
.

Test-Bipartite-Gen(n, davg, ε)

• RepeatT = Θ(1
ε ) times:

1. Setε′ = ε/144.

2. Select a vertexs in G′ by calling the procedure Sample-Vertices-Almost-Uniformly-in-G’ with
δ = ε′/c (wherec is a sufficiently large constant).

3. Apply Odd-Cycle’(s).

4. If Odd-Cycle’(s) returnsfound then outputreject.

• In case no call to Odd-Cycle’ returnedfound then outputaccept.

Figure 3.3:Algorithm Test-Bipartite-Gen for testing bipartiteness with respect to the actual number of edgesm =
m(G) in the graphG.

Note thatdavg, the average degree of the graph, is given as a parameter to the algorithm. Since the
algorithm does not actually need the exact value ofdavg it can instead estimate it. Specifically, Feige [32]
shows how to obtain an estimate that is within a factor of roughly2 of the true value by performing at most
O(

√
n/d0) degree queries whered0 is an apriori lower bound ondavg. Inspired by our procedure Sample-

Edges-Almost-Uniformly-in-G’, Goldreich and Ron [40] suggest an alternative procedure that improves on
the quality of the estimate. More importantly in our context, they observe that both in the case of their
procedure and in the case of Feige’s procedure, it is possible to eliminate the need of the lower bound
d0. That is, given’s Feige’s algorithm, it is possible to obtain a constant factor estimate by performing
O(

√
n/davg) ≤ O(min(

√
n, n2/m)) queries (but without any knowledge aboutdavg).

We now turn to proving Theorem 3.3.1.

3.3.1 DefiningG′ and Proving the First Two Items in Theorem 3.3.1

In all that follows, letd = davg(G), and letd′ = dmax(G′). We shall assume thatd is a sufficiently large
constant (d ≥ 1). If davg(G) is not sufficiently large then we still setd in the construction below to be
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sufficiently large, and run the algorithm withε set toε/(d/davg(G)).

The Idea. Recall that part of our goal is to haveG′ be a “regularized” version ofG in the sense that in
G′ all vertices have degree at most2d (while in G there may be vertices with degree much higher than the
average degreed). To this end, every vertex ofG with degree higher thand is represented inG′ by a subset
of vertices. Each such subset is partitioned into two equal parts: anexternalsubset (consisting ofexternal
vertices), and aninternalsubset (consisting ofinternalvertices). The edges between external vertices inG′

are determined by the edges ofG. Namely, if (u, v) is an edge inG, then inG′ there is an edge between
one of the vertices in the external subset ofu to one of the vertices in the external subset ofv. In addition,
for every vertexv (with degree greater thand) there is a bipartite subgraph between its internal and external
vertices. All vertices in the subgraph have degreed, and the subgraph has good expansion properties.

The role of these subgraphs between external and internal vertices is to ensure that ifG is far from being
bipartite then so isG′. To gain some intuition observe that for every partition(V1, V2) of G, there exists a
corresponding partition(V ′

1 , V
′
2) of G′ that has the same number of violating edges. Specifically, for every

vertexv ∈ V1 (v ∈ V2) we put inV ′
1 (V ′

2) all external vertices that correspond tov, and we put inV ′
2 (V ′

1) all
internal vertices that correspond tov. By this construction, there is a one-to-one mapping between the edges
in G that are violating with respect to(V1, V2) and the edges inG′ that are violating with respect to(V ′

1 , V
′
2)

(where all edges in the subgraphs between external and internal vertices are non-violating). Thus, ifG is far
from being bipartite, so that all partitions(V1, V2) of G have many violating edges, then this is also true of
all partitions(V ′

1 , V
′
2) as defined above. However, there are other partitions ofG′ that may split the external

vertices that correspond to the same vertex inG into different parts and possibly have fewer violating edges.
What we show is that such splits must introduce violating edges in the subgraphs between external and
internal edges, where this is due to the expansion properties of the subgraphs. Roughly speaking, if a
partition “avoids violations” between external vertices by splitting sets of external vertices, then it “pays”
by introducing violations between external and internal vertices.

The Construction of G′

For each vertexv in G such thatdeg(v) ≤ d, we have a single vertex inG′. For each vertexv in G such
thatdeg(v) > d the graphG′ contains a subgraph, denotedH(v). It is a bipartite graph over two subsets
of vertices, one denotedX(v), theexternalpart, and one denotedI(v), theinternal part. Both parts consist
of ddeg(v)/de vertices. Every vertex inX(v) is assigned up tod specific neighbors ofv according to some
fixed, but arbitrary partition of the neighbors ofv. As we shall see below, this assignment determines the
edges between pairs of external vertices inG′ that correspond to different vertices inG. We refer to the
vertices in the two subsets by{Xi(v)}ddeg(v)/de

i=1 and{Ii(v)}ddeg(v)/de
i=1 , respectively.

The edges inH(v) are determined as follows. In casedeg(v)/d < d then we havebd
2/deg(v)c

2 -multiple
edges between every internal vertex and every external vertex inH(v). It follows that the degree of every
vertex withinH(v) is

bd2/deg(v)c
2

· ddeg(v)/de ≤ d2

2 · deg(v)
· deg(v) + d

d
≤ d2

2 · deg(v)
· 2deg(v)

d
= d

In casedeg(v)/d ≥ d, denotes = ddeg(v)/de and letH(v) be a bipartite expander where each of its sides
hass vertices (s ≥ d). Each vertex inH(v) has degreed. All eigenvalues of the adjacency matrix ofH,
but the largest one and the smallest one (which are equal tod and−d, respectively), are at mostd/4 in their
absolute values. Explicit constructions of such expanders can be found, e.g., in [59, 57]. Furthermore, these
constructions allow the determination of thei-th neighbor of any given vertex in constant time.
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For sake of the presentation, whendeg(v) ≤ d, so thatv is represented by a single vertex, we letH(v)
be the subgraph that consists of this single vertex. This vertex is considered an external vertex, denoted
X1(v), and it is assigned all neighbors ofv.

We have described how vertices ofG are transformed into vertices ofG′ (some of which are connected
by edges). It remains to describe the relevant transformation to the edges ofG. Consider an edge(u, v) ∈
E(G) wherev is thei-th neighbor ofu andu is thej-th neighbor ofv. LetXk(u) andX`(v) be the external
vertices that are assigned thei-th neighbor ofu, and thej-th neighbor ofv, respectively. Then, there is
an edge(Xk(u), X`(v)) in G′. It directly follows that every vertex inG′ has degree at most2d and that
n′ = |V (G′)| ≤ ∑

v∈G 2ddeg(v)/de ≤ 4n, andm′ = m(G′) ≤ 4dn = 8m.
For an illustration of the construction ofG′, see Figure 3.4.

u3 H(u4)

H(u3)

H(u2)

H(u1)
u1

u2u4

Figure 3.4:An illustration for the construction ofG′. On the left are4 vertices inG and their induced subgraph.
On the right are the4 corresponding subgraphs inG′ and the edges between the external vertices in these subgraphs.
(The external vertices are marked in bold, and there are additional edges that do not appear in the figure, between the
external vertices in the figure and external vertices of other subgraphs.)

We have thus established the first item in Theorem 3.3.1, and we turn to the second item. From the
construction ofG′ it is obvious that ifG is bipartite, then so isG′. It remains to prove the following lemma.

Lemma 3.3.1 If G is ε-far from being bipartite (with respect tom = (dn)/2) thenG′ is ε′-far from being
bipartite with respect tod′n′, for ε′ = ε

144 .

In order to prove Lemma 3.3.1, we first prove the following proposition concerning bipartite expander
graphs. For any two (disjoint) subsets of vertices,A andB, we lete(A,B) denote the number of edges with
one end-point inA and another inB.

Proposition 3.3.3 LetG = (A∪B,E) be ad-regular bipartite graph with sidesA andB of sizes. Assume
that all eigenvalues of the adjacency matrix ofG, but the largest one and the smallest one, are at most
λ in their absolute values. Assume further thatλ ≤ d/4. Then for every two partitionsA = A1 ∪ A2,
B = B1 ∪B2, satisfying|A1| ≥ s/2,

e(A1, B1) + e(A2, B2) ≥ d|A2|
8

.
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Proof: It is well known that the larger is the “spectral gap” (i.e., the difference betweend andλ), the closer
the edge distribution inG approaches that of a truly random bipartite graph with sides of sizes and edge
probabilityd/s. Specifically, for everyA0 ⊆ A, B0 ⊆ B of sizes|A0| = a0, |B0| = b0,

∣∣∣∣e(A0, B0)− da0b0

s

∣∣∣∣ ≤ λ
√

a0b0 (3.13)

(see, e.g., Chapter 9 of [11]).
Let |A1| = a1, |A2| = a2 = s − a1, |B1| = b1, |B2| = b2 = s − b1. It is given thata1 ≥ s/2. We

may obviously assume thatb1 ≥ a2/2, as otherwise at least half of the edges incident toA2 have their other
endpoint outsideB1, implying e(A2, B2) ≥ da2/2.

Applying the bound in Equation (3.13) twice we get:

e(A1, B1) = d|B1| − e(A2, B1) ≥ db1 − da2b1

s
− λ

√
a2b1 =

da1b1

s
− λ

√
a2b1 , (3.14)

e(A2, B2) = d|A2| − e(A2, B1) ≥ da2 − da2b1

s
− λ

√
a2b1 =

da2b2

s
− λ

√
a2b1 . (3.15)

Consider first the caseb2 ≤ s/2. In this case it follows from Equation (3.14) that

e(A1, B1) ≥ da1b1

s
− λ

√
a2b1 ≥ d(s/2)(s/2)

s
− λ

√
(s/2)s

=
ds

4
− λs√

2
≥ ds

14
≥ da2

7
.

We thus assume thatb2 > s/2. If da2b2/s ≥ 2λ
√

a2b1, we obtain from Equation (3.15) that

e(A2, B2) ≥ da2b2

2s
≥ da2(s/2)

2s
=

da2

4
.

Hence we may assume thatda2b2/s ≤ 2λ
√

a2b1. If da1b1/s ≥ 2λ
√

a2b1, then it follows from Equa-
tion (3.14) that

e(A1, B1) ≥ da1b1

2s
≥ d(s/2)(a2/2)

2s
=

da2

8
,

as required. Hence we may assume thatda1b1/s ≤ 2λ
√

a2b1. It remains to check that the latter assumption
together withda2b2/s ≤ 2λ

√
a2b1 bring to a contradiction. Indeed, multiplying these inequalities we get:

d2a1a2b1b2/s2 ≤ 4λ2a2b1, or d2a1b2 ≤ 4λ2s2. Recalling thata1 ≥ s/2, b2 > s/2, it follows thatd < 4λ
– a contradiction to our assumption onλ.

Proof of Lemma 3.3.1: We shall show that the number of edges that should be removed fromG′ so as
to make it bipartite, is at most a constant factor smaller than the number of edges that should be removed
from G so as to makeG bipartite. Since the total number of edges inG and inG′ is of the same order, this
suffices to prove the lemma. To this end we prove the contrapositive statement. Specifically, supposeG′ is
ε′-close to being bipartite with respect tommax = d′n′. Namely, there exists a partitionP ′ = (V ′

0 , V
′
1) of

the vertices inG′ with respect to which there are at mostε′ · d′n′ violating edges inG′. We shall show how
to construct, based onP ′, a partitionP = (V0, V1) of the vertices inG with respect to which there are at
mostεdn/2 = εm violating edges inG, thus proving the lemma.

Consider a particular vertexv in G, and the subset of external verticesX(v) in G′ that correspond tov.
Let X0(v) = X(v) ∩ V ′

0 , and letX1(v) = X(v) ∩ V ′
1 . We refer to the larger subset as themajority subset

of v, and to the smaller subset as theminority subsetof v. We defineP = (V0, V1) by assigning each vertex
v in G according to its majority subset. Namely, if|X0(v)| ≥ |X1(v)| thenv is assigned toV0, otherwise it
is assigned toV1. In what follows it will be convenient to refer to0 and1 ascolors.
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Also, when we refer to edges inG′ as violating edges, we mean with respect toP ′, and when we refer
to edges inG as violating edges, we mean with respect toP . Note that the partitionP is defined only
according to the coloring of the external vertices inG′, ignoring the coloring of the internal vertices. Also
recall that there is a one-to-one mapping between edges inG and edges inG′ whose end-points are both
external vertices.

Since each vertexv in G is assigned the color of its majority subset, the violating edges inG′ between
pairs of vertices that both belong to majority subsets, or between pairs of vertices that both belong to minority
subsets, be violating edges inG. Similarly, non-violating edges inG′ between vertices in majority subsets,
or between vertices in minority subsets, become non-violating edges inG. It remains to deal with edges
between minority and majority subsets inG′. These edges can be non-violating inG′, but may become
violating inG.

We next show that the total number of vertices inG′ that belong to minority subsets can be bounded as
a function of the number of violating edges inG′. To this end we show that if there were many minority
vertices, then there would be many violating edges inG′ between internal and external vertices.

For each vertexv in G, consider the majority and minority subsets of (the external vertices of)v. Let
the majority subset ofX(v) beXα(v) and let the minority subset beXβ(v) (whereα, β ∈ {0, 1}).
Claim 3.3.1.1 For every vertexv in G, the number of violating edges inG′ between vertices inX(v) and
vertices inI(v) is at least

∣∣Xβ(v)
∣∣ · (d/8).

Proof: Similarly to our notation for external vertices, for the internal vertices ofv let I0(v) def= I(v) ∩ V ′
0

andI1(v) def= I(v) ∩ V ′
1 . Consider first the casedeg(v)

d < d. By construction ofG′, |X(v)| = |I(v)| =

ddeg(v)/de, and there arebd
2/deg(v)c

2 multiple edges between every pair of vertices(x, y) such thatx ∈
X(v) andy ∈ I(v). Hence the number of edges betweenX(v) andI(v) that are violating (with respect to
P ′) is

(
|Xα(v)||Iα(v)|+ |Xβ(v)||Iβ(v)|

)
· bd

2/deg(v)c
2

≥
(
|Xβ(v)||Iα(v)|+ |Xβ(v)||Iβ(v)|

)
· d2

4deg(v)
= |Xβ(v)| · d

4
.

Next consider the more interesting case wheredeg(v)
d ≥ d. In this case Claim 3.3.1.1 directly follows

from Proposition 3.3.3. ¦ (Proof of Claim 3.3.1.1.)

Thus we can conclude that if there arew external vertices that belong to minority subsets then they
contribute at leastw · d/8 violating edges inG′. Since the number of violating edges inG′ is at most
ε′n′d′ ≤ 8ε′nd, we have thatw ≤ 64ε′n. As noted previously, the total number of violating edges inG
is upper bounded by the number of violating edges inG′ plus the number of edges between minority and
majority (external) subsets. By the above discussion and the fact that every external vertex has at mostd
neighbors that are external vertices, the number of violating edges inG is at most8ε′nd+64ε′nd = 72ε′nd.
Sinceε′ = ε/144, andm = (nd)/2, the lemma follows.
We have completed proving the first two items of Theorem 3.3.1, and we now turn to the third item.

3.3.2 Establishing Item 3 in Theorem 3.3.1

Here we stress that if the neighbor and the vertex-pair queries would have returned more information, then
the proof of the current item would be significantly simpler. In particular, suppose that a neighbor query
(u, i) is answered with a pair(v, j) (instead of onlyv), which means thatv is thei-th neighbor ofu, and
u is thej-th neighbor ofv. Suppose also that when performing a vertex-pair query(u, v), the algorithm
is not only told whether(u, v) is an edge or not, but rather, in the former case it is also provided with pair
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(i, j), which means thatv is thei-th neighbor ofu, andu is thej-th neighbor ofv. With this additional
information, the structure ofG′ is implicitly given and, thus, the emulation of random walks in the execution
of the procedure Odd-Cycle onG′, is straightforward. Here we need to work harder to overcome the lack of
information.

Random-Walk Steps. We first shortly discuss the emulation of random walks. If the walk stays at the
current vertex, then clearly there is no need for any emulation. Hence, we only need to consider the case
in which we have to select a random neighbor. Recall that vertices inG′ are either of the formXi(v) (the
i-th external vertex corresponding to vertexv in G), or Ii(v) (the i-th internal vertex), where1 ≤ i ≤
ddeg(v)/de. Recall that we can obtaindeg(v) for anyv by a single degree query, and in particular use this
to find the degree of vertices inG′. For simplicity of the presentation, we assume from this point on that for
every vertexv in G, the degree of every vertexIi(v) in G′ is d (instead of being at mostd), and the degree
of everyXi(v) is 2d (instead of being at most2d).

Performing a random-walk step inG′ from an internal vertexIi(v) can be easily done by using the
explicit structure of the graphH(v) (which is either a complete bipartite graph with multiple edges, or an
explicitly constructible expander). In order to perform a random-walk step from an external vertex,Xi(v),
we first determine whether to take one of thed edges within the graphH(v), or whether to take one of the
d edges going fromXi(v) to another external vertex. In the first case we then select an internal neighbor
given the explicit structure ofH(v). It remains to deal with selecting an external neighbor. Note that in the
special, but easy, case in whichdeg(v) ≤ d and soH(v) is a single vertex, there is only the latter option.

As noted just following the statement of Theorem 3.3.1, we actually constructG′ as we go along. The
important thing to note is that the definition ofG′ allows us to assign the vertices inX(v) edges ofv in an
arbitrary manner (as long as eachXi(v) is assigned (at mostd) different edges). Hence, all we need to take
care of is to be consistent with previous choices, and to ensure the correct distribution in the choice of the
random walk step. To this end we may think of each external vertex as havingd “ports”, labeled1, · · · , d,
which are initially unassigned. As the algorithm proceeds, it puts a “link” between, say, thet’th port of
Xi(v) and the`’th port of Xj(u) (where(v, u) ∈ E(G)). When performing a random-walk step from
Xi(v) (to a vertex outside ofH(v)), we uniformly select a port. Let us denote the index of the port selected
by t. If port t of Xi(v) is already linked to another port, then we simply take this link to the port (and vertex)
at the other end. Otherwise, we first set the link, and then take it. In order to set the link properly, we need to
uniformly select a neighboru of v among the neighbors ofv that were not yet assigned(to any port of one
of the external vertices ofv). After doing so, and selecting a neighboru, we need to select a yet unassigned
port of one of the external vertices ofu. The above can be done, with the aid of sampling, at an amortized
cost ofO(log n) queries inG. Details follow.

For each external vertexXi(v), the algorithm keeps a vector of lengthd, Γi(v). Thek’th entry ofΓi(v)
contains thek’th neighbor ofXi(v), if it was determined, and is empty otherwise. Denote byfi(v) the
number of free entries in the vectorΓi(v). Also denote byA(v) the set of neighbors ofv that were already
assigned to external vertices ofv, and byNA(v) the vertices that were not assigned. When setting a link to
a yet-unassigned port (filling in a new entry inΓi(v)), we distinguish between two cases.

Case 1: If less than half of the neighbors ofv in G are inA(v), the algorithm repeats at most(log2 n)
times the following procedure: It chooses uniformly at random a neighbor ofv in G. If that neighbor
belongs toNA(v), then a desired neighbor is found. By repeating the above procedureO(log2 n) times,
the probability that the algorithm didn’t find a desired neighbor is at mosto(1/n). In this case we say
that the algorithm fails. Since the total number of queries that the algorithm performs is at mosto(n), the
total failure probability of the algorithm iso(1). Suppose that a desired neighbor ofv, with the nameu
is found. In that case the algorithm should move to one of the external vertices ofu. The selected vertex
Xk(u) is chosen with probability: fk(u)P

1≤j≤ddeg(u)/de fj(u) . According to the chosenXj(u), the algorithm sets
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Γi(v)[t] ← Xj(u). In addition, the algorithm chooses uniformly at random one of thefj(u) free entries in
the vectorΓj(u). Assume that the chosen index ist′, 1 ≤ t′ ≤ d, then, the algorithm setsΓj(u)[t′] ← Xi(v).
Case 2: If more than half of the neighbors ofv in G are inA(v), the algorithm reads all the neighbors
of v in G that belong toNA(v), and attaches them arbitrarily to the unoccupied entries inΓj(v), 1 ≤ j ≤
ddeg(v)/de. By doing this, the algorithm (at most) doubles the number of neighbor queries performed on
vertexv of G. Now, suppose that inΓi(v)[t] there is a name of a vertex ofG, sayu. In that case, the
algorithm should move to one of the external verticesXk(u), 1 ≤ k ≤ ddeg(u)/de, and this is done as in
the first case.

Modifying the procedure Odd-Cycle. The procedure Odd-Cycle’ is the same as Odd-Cycle in terms of
the performance of random walks, which are emulated as described above. The only modification is in the
last stage, where the procedure performs vertex-pair queries. Let(x, y) be the pair of vertices queried in
G′. We answer the query as follows. If(x, y) = (Xi(v), Ij(v)) for some vertexv in G, then we answer
according to the explicit construction of the subgraphH(v). If (x, y) = (Xi(v), Ij(u)) for u 6= v, then
the answer is always negative. If(x, y) = (Xi(u), Xj(v)) then we query the pair(u, v) in G. If there is
no edge between(u, v) in G, we answer that there is no edge betweenXi(u) andXj(v). Otherwise, we
give a positive answer. While this answer may be inconsistent with the construction ofG′ (since it would
correspond to having a complete bipartite subgraph inG′ between the external vertices ofu and the external
vertices ofv), it always provides evidence to an odd cycle in the input graphG. An explanation follows.

Consider two paths inG′, where both paths start at the same vertexx ∈ H(s), end at a pair of external
verticesXi(v) andXj(u), respectively, and whose lengths have the same parity (so thatXi(v) andXj(u)
both belong to the sameAb, b ∈ {0, 1}). By construction ofG′, such a pair of paths inG′ corresponds to a
pair of paths inG, which start ats, end atv andu respectively, and have the same parityb as well. But if
there is an edge inG betweenv andu, then there is an odd cycle inG.

3.3.3 Establishing Item 4 in Theorem 3.3.1

In this subsection we prove the last item in Theorem 3.3.1. Recall that we are interested in a procedure for
selecting a vertex inG′ so that there is a sufficiently high probability of hitting any fixed sufficiently large
subset of vertices inG′. In particular, ifG′ is far from being bipartite then we are interested in hitting the
subset of verticess for which Odd-Cycle(s) returnsfound with probability at least2/3.

Let V`(G) = {v ∈ V (G) : deg(v) ≤ d} and letVh(G) = {v ∈ V (G) : deg(v) > d}, where ‘̀ ’
stands forlow, and ‘h’ for high, and as before,d = davg(G) denotes the average degree of vertices inG.
We also define the corresponding sets inG′: V`(G′) = {x ∈ V (H(v)) : v ∈ V`(G)} andVh(G′) = {x ∈
V (H(v)) : v ∈ Vh(G)}. (Recall thatH(v) is the subgraph inG′ that corresponds tov, andV (H(v)) is its
set of vertices.) SinceV (G′) = V`(G′) ∪ Vh(G′), it follows that selecting a vertex uniformly inV (G′) can
be done by first deciding whether to pick a vertex fromV`(G′) or fromVh(G′) with probability proportional
to the size of each set (relative ton′ = |V (G′)|), and then picking a vertex uniformly from the selected set.

Recall that for everyv ∈ V`(G) we have|V (H(v))| = 1 while for everyv ∈ Vh(G), |V (H(v))| =
2ddeg(v)/de. Therefore, picking a vertex uniformly inV`(G′) corresponds to picking a vertex uniformly in
V`(G), while picking a vertex uniformly inVh(G′) corresponds to picking a vertex inVh(G) with probability
proportional to its degree.

Since we are not required to actually select every vertex inV (G′) with exactly equal probability, but
rather we are required to be able to select all butδn′ of the vertices inV (G′) with probability at least
Ω(1/n′), we may perform the above steps in an approximate manner. In particular, by taking a sam-
ple of Θ(1/δ2) vertices inG and querying their degrees, we may obtain an estimate, denotedµ̂(G′), of
|V`(G′)|/n′ = |V`(G)|/n′ such that if|V`(G′)|/n′ ≥ δ/2 then(1/8)|V`(G′)|/n′ ≤ µ̂(G′) ≤ 2(|V`(G′)|/n′)
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(recall thatn ≤ n′ ≤ 4n). In order to uniformly select a vertex inV`(G) (so as to obtain a uniformly selected
vertex inV`(G′)), we can simply take a sample of vertices fromV (G), query their degrees, and pick the first
vertex in the sample that belongs toV`(G), if such exists. If|V`(G′)|/n′ ≥ δ/2, so that|V`(G)|/n ≥ δ/2,
then a sample of sizeO(1/δ) suffices to ensure that with high constant probability, the sample will indeed
contain a vertex inV`(G).

The only step that is more involved is that of selecting a vertex inVh(G) with probability proportional
to its degree. Observe that selecting a vertex from all ofV (G) with probability proportional to its degree
can be performed by uniformly selecting anedgein E(G) and then selecting one of its two end-points with
equal probability.

In the following we use a procedure presented in Chapter 6 that performs a certain approximation to the
uniform selection of an edge inE(G).

Sampling Vertices inG′

We now return to selecting vertices inG′. As discussed earlier, we can easily obtain an estimate of
|V`(G′)|/n′ = |V`(G)|/n′, denoted̂µ = µ̂(G′), such that if|V`(G′)|/n′ ≥ δ/2 then(1/8)|V`(G′)|/n′ ≤
µ̂(G′) ≤ 2(|V`(G′)|/n′), and hence we assume that we indeed have such an estimate.

Sample-Vertices-Almost-Uniformly-in-G’(d, δ, µ̂)

1. Flip a coin with biaŝµ.

2. If the outcome is “heads” then do (select a vertex inV`(G′)):

(a) Uniformly selectΘ(1/δ) vertices inG and query their degrees.

(b) If some vertex in the sample belongs toV`(G) then letv be the first such vertex and output
the single vertexx ∈ V (H(v)). Otherwise, pick an arbitrary vertexv in the sample and
output an arbitrary vertexx ∈ V (H(v)).

3. Else (the outcome is “tails”) do (select a vertex inVh(G′)):

(a) If d >
√

δn then sample an edgee ∈ E(G) by running the procedure Sample-Edges-
Uniformly-in-G. In case the procedure fails, pick an arbitrary edgee in E(G).

(b) Else (d ≤
√

δn), sample an edgee ∈ E(G) by running the procedure Sample-Edges-Almost-
Uniformly-in-G(δ/2).

(c) Choose with equal probability one of the end-pointsv of the edgee.

(d) Choose uniformly at random one of the verticesx in V (H(v)).

Figure 3.5: A procedure for selecting a vertex inG′ so that all but at most aδ-fraction of the vertices are
selected with probabilityΩ(1/n′).

Proof of Item (4) in Theorem 3.3.1. We now show that the procedure Sample-Vertices-Almost-Uniformly-
in-G’ (see Figure 3.5), is as required in Item (4) of Theorem 3.3.1. Consider first the vertices inV`(G′). If
|V`(G′)|/n′ ≥ δ/2, then for each vertexx ∈ V`(G′), the probability that we selectx is µ̂(G′), times the
probability that the sample contains a vertex inV`(G′), times1/|V`(G′)|. Sinceγ̂ = Ω(|V`(G′)/n′) and the
sample contains a vertex fromV`(G) with constant probability, the probability that we selectx is Ω(1/n′) as
required. If|V`(G′)|/n′ < δ/2 then the probability that we obtain any vertex inV`(G′) may be very small,
but we are allowed to haveδn′ such vertices and we shall account for these at most(δ/2)n′ vertices.
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We now turn to the vertices inVh(G′). For an edgee ∈ E(G), let Ce denote the event thate is selected
by Sample-Edges-Uniformly-in-G in cased >

√
δn, or by Sample-Edges-Almost-Uniformly-in-G in case

d ≤
√

δn. For v ∈ V (G) let Cv denote the event thatv is selected in Step 3c of procedure Sample-
Vertices-Almost-Uniformly-in-G’. Forx ∈ V (G′) let Cx denote the event thatx is selected in Step 3d
of the procedure and letv(x) be such thatx ∈ H(v(x)). Recall that for everyv ∈ Vh(G), we have
|V (H(v))| = 2ddeg(v)/de. Therefore for everyx ∈ Vh(G′),

Pr[Cx] ≥ Pr[Cv(x)] ·
1

2ddeg(v(x))/de =
∑

e=(u,v(x))

1
2

Pr[Ce] · 1
2ddeg(v(x))/de (3.16)

If d >
√

δn thenPr[Ce] is only slightly smaller than1/m (since there is a probability that the procedure
Sample-Edges-Uniformly-in-G fails to output an edge), implying thatPr[Cx] = Ω(1/n′). If d ≤

√
δn,

thenPr[Ce] is determined by the procedure Sample-Edges-Almost-Uniformly-in-G. LetU0 be as defined in
Theorem 6.2.1, and consider first the case wherev(x) /∈ U0. Then for every edgee that is incident tov(x),
we have thatPr[Ce] ≥ 1/(64m) = 1/(32dn). By Equation (3.16), for each such vertexx we have that

Pr[Cx] ≥ 1
2
deg(v(x)) · 1

32dn
· 1
2ddeg(v(x))/de ≥

1
256n

≥ 1
256n′

(3.17)

as required. Next consider the case thatv(x) ∈ U0 but deg(v(x)) ≥ 2|U0|. In such a case for at least half
of the edgese incident tov(x) we have thatPr[Ce] ≥ 1/(32dn), and we can deduce thatPr[Cx] ≥ 1

512n′ .
It remains to show that the total number of verticesx such thatv(x) ∈ U0 anddeg(v) ≤ 2|U0|, is at
most (δ/2)n′. Using the fact that|U0| ≤

√
(δ/2)n/2 (recall that the procedure Sample-Edges-Almost-

Uniformly-in-G is called with its input parameter set toδ/2), and for every vertexv ∈ Vh(G), |V (H(v))| =
2ddeg(v)/de ≤ 2deg(v), we get:

∑

v∈U0: deg(v)≤2|U0|
|V (H(v))| ≤ 4|U0|2 ≤ (δ/2)n′ . (3.18)

The lemma follows.

3.4 A Lower Bound
In this section we present a lower bound on the number of queries necessary for testing bipartiteness. Sim-
ilarly to the lower bound presented in [39], this lower bound holds for testing algorithms that are allowed
a two-sided error, and the graphs used for the lower bound construction are regular graphs. However, the
lower bound ofΩ(

√
n) (for constantε) established in [39], holds for graphs having constant degree (e.g.,

degree 3), and when the algorithm is allowed only neighbor queries. Our lower bound is more general in
that it allows the algorithm to perform both neighbor queries and vertex-pair queries, and it is applicable to
all degrees. Indeed, the two families of graphs that we define below in our lower bound construction, can be
viewed as generalizing the two families presented in [39]. However, since we have to deal with any given
degreed and not only withd = 3, and since we have to deal with both types of queries, the analysis itself
does not follow as a straightforward generalization of the analysis in [39].

Theorem 3.4.1 Every algorithm for testing bipartiteness with distance parameterε ≤ 2−4 must perform
Ω(min(

√
n, n2/m)) queries.

The high-level structure of our proof is similar to other lower-bound proofs for testing, which can be
traced back to [70]. We present two distributions over graphs, where all graphs generated by one distribution
are bipartite (and hence should be accepted), while with very high probability a graph generated according
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to the other distribution is far from bipartite. We then show that any algorithm with query complexity below
the lower bound, cannot distinguish between the two distributions (and hence must have a large failure
probability).

Specifically, both distributions, denotedG(n, d), andG(n/2, n/2, d), are overd-regular graphs havingn
vertices, where we assume for simplicity thatn is even. A graph generated according toG(n, d) is obtained
by selecting, uniformly and independently,d perfect matchings between then vertices. A graph generated
according toG(n/2, n/2, d) is obtained by first randomly partitioning then vertices into two equal parts,
and then selecting, uniformly and independently,d perfect matchings between the two parts. By definition,
all graphs in the support ofG(n/2, n/2, d) are bipartite, and we prove that graphs generated according to
G(n, d) areε-far from being bipartite with high probability, forε ≤ 1/16 andd ≥ 64

We then show that the following two claims hold when a graph is generated either according toG(n, d)
or according toG(n/2, n/2, d): (1) Any algorithm that askso(n2/m) = o(n/d) queries, will not detect an
edge by any vertex-pair query with very high probability. (2) Any algorithm that askso(

√
n) queries will

not receive as an answer to any neighbor query, a vertex it has already observed in a previous query (with
very high probability as well). From this we can conclude that any algorithm that askso(min(

√
n, n2/m))

queries cannot distinguish between the two distributions, as desired. In the lower bound proof we show the
necessity of bothneighbor queriesandvertex-pair queries. Specifically, by using only one type of queries
the lower bound increases. A detailed description of the lower bound is quite technical and appears in [46].
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Chapter 4

Testingk-Colorability in General Graphs

4.1 Introduction

A graph isk-colorable if it is possible to partition its vertices intok parts such that there are no edges
with both endpoints in the same part.k-Colorability can be tested in the dense model usingpoly(k/ε)
queries [37, 6]. Thus, the complexity of this problem in the dense case is independent of the number of
verticesn. In [25] anΩ(n) lower bound is presented for testing this property in the sparse bounded-degree
case.

The Main Result. Dense graphs can be tested fork-colorability with constant complexity, while the com-
plexity of testing bounded-degree graphs isΩ(n). Here, we consider testingk-colorability in general graphs.
We present an algorithm whose complexity isÕ(min((n/d)2, n/d · √n, nd)) < Õ(n

5
4 ) whered is the av-

erage degree in the graph. We also present a two-sided lower bound ofΩ(n/d) for this problem. Thus, our
upper bound is at most quadratic in the lower bound. Our results presenta smooth transitionbetween the
known results in the sparse and in the dense case.

k-colorability is a generalization of the bipartiteness property. Indeed, if a graph isk-colorable for
k = 2, then it is bipartite. By adapting the techniques presented in Chapter 3, we could get a lower bound of
Õ(min(

√
n, n/d)) for testingk-colorability. However, the result of this chapter suggests a stronger lower

bound. A one-sided tester fork-colorability that rejects a graph, must provide an evidence that the input
graph is notk-colorable. Fork = 2 such an evidence is an odd cycle. However, for generalk, such
evidence may have much more complicated structure. This, could be the intuition explaining the reason
for the difficulty in designing an efficient tester fork-colorability. Indeed, the result we provide here is not
optimal in the sense that there exists a gap between the obtained lower and upper bounds.

Our Techniques. We first design a testing algorithm for the case of regular graphs that is based on [6]. We
further show aprobabilistic reductionfrom regular graphs to graphs with varying degrees. This reduction
preserves the query complexity of the testing algorithm. The reduction is quite general, it proved to be
helpful in the case of testing bipartiteness (see [46]), and it might be proven to be useful for some other
graph properties.

Some Useful Definitions. Given a graphG′ overn′ vertices andm′ edges, ad-blowup ofG′, is a graphG
obtained in the following manner. Every vertex ofG′ is transformed intod vertices inG. Thus, the number
of vertices inG is n = n′d. Every edge ofG′ is transformed intod2 edges inG that form a complete
bipartite graph between the sets of the corresponding vertices. Thus, the number of edges inG is m′d2.
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Figure 4.1: Testingk-colorability - illustration of results for general graphs obtained in this chapter.

Consider a graphG′ with n′ verticesv1, · · · , vn′ . Thed-blowup ofG′ is G and its set of vertices is labeled
v1,1, · · · , v1,d, · · · , vn′,1, · · · , vn′,d.

We denote byPn,s the set of all subsets of{1, · · · , n} = [n] that contain at mosts elements. Given a
graphG and a set of its verticesvi1 , · · · , vis , we denote byGvi1

,···,vis
, the subgraph ofG induced by these

vertices.

4.2 One-Sided Lower Bound

In this section we prove anΩ(n
d ) one-sided lower bound for testingk-colorability in general graphs, overn

vertices with average degree (density)d. We first prove a one-sided error lower bound, which follows from
a combinatorial analysis, and later show a two-sided error lower bound.

Theorem 4.2.1 Every one-sided error algorithm for testingk-colorability in graphs with average degree
(density)d overn vertices, requiresΩ(n

d ) queries.

The following lemma will be of use:

Lemma 4.2.1 There exists a graphG on n vertices with maximum degree bounded by a constant, that is
Θ(1)-far from beingk-colorable. Yet, there exist a constantα > 0, such that the induced subgraph on every
set ofαn vertices ofG is k-colorable.

Proof: We use a probabilistic argument for showing the existence of a graphG as required by the lemma.
The distribution of graphs noted asG(n, p), is a distribution of graphs overn vertices, such that there is an
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edge between a pair of vertices with probabilityp, and there is no-edge with probability1 − p. The edges
events are independent. Consider a graphG selected uniformly from the distributionG(n, p = 8k3/n). We
next show that suchG obeys the lemma conditions with positive probability and deduce that suchG exists.

Using known properties of graphs created by the distributionG(n, p = 8k3/n) (see [11]), with proba-
bility 1− o(1), G contains at least4k3n edges (half of the expected number of edges). Moreover, there are
at most a constant number of vertices with degreepoly(log n), and there are no vertices with higher degrees.

Next, we show thatG is far from beingk-colorable with probability1 − o(1). Consider ak-partition
P = V1, · · · , Vk of the vertices ofG. Clearly one of the parts has size at leastn/k. Assume without loss of
generality that|V1| ≥ n/k. Let XV1 be a random variable indicating the number of edges inV1.

As XV1 is a sum of|V1|2 ≥ n2/k2 independent Bernoulli random variables, each with expectation at
least8k3/n, it follows from standard bounds on the tails of binomial random variables (see, e.g., [11]) that

Pr[XV1 < 4kn] < e−kn ¿ k−n.

By taking the union bound over all possible partitionsP of the vertices ofG we get that forevery
partitionP = V1, · · · , Vk of the vertices ofG, the number of edges inG that are within a partition is at least
4kn with probability1− o(1).

Next, we show that with probability1 − o(1), every subset of vertices ofG of sizeαn is k-colorable,
for α < 1

k2e4

Note that a subset of verticesS ⊂ V (G) of minimal size that is notk-colorable must have minimal
degree at leastk. Hence, suchS must contain at leastk|S|/2 edges.

The probability that there exists a setS ⊂ V (G) of sizes ≤ αn − 1 that contains at leastks/2 edges
can be bounded from above by:

αn−1∑

s=4

(
n

s

)( (
s
2

)

ks/2

)
(8k3/n)ks/2

By standard bounds, the sum can be bounded by its last term, that is,

αn−1∑

s=4

(
n

s

)( (
s
2

)

ks/2

)
(8k3/n)ks/2 ≤ (

ne

αn
)αn · (e

k/2αnk/2

kk/2
)αn(

8k/2k3k/2

nk/2
)αn =

(
e

α
· ek/2αk/2nk/2

kk/2
· 8k/2k3k/2

nk/2
)αn < (e2kαk/2kk)αn = [e2α1/2k]αnk = o(1) (4.1)

From all the above a graphG selected uniformly fromG(n, p = 8k3/n) has with probability1 − o(1)
the following properties:

• G contains a linear number of edges.

• G is Θ(1)-far from beingk-colorable

• Every subset ofαn of the vertices ofG span ak-colorable graph.

• The total number of edges incident to vertices ofG with degree greater than a constant iso(n).
Hence, we can remove edges incident to vertices ofG with degree greater than a constant, and obtain a
graph that answers all requirements of the lemma. As a graph required by the lemma exists with positive
probability, the lemma follows.

Proof of Theorem 4.2.1: A one-sided tester fork-colorability can reject a graphG′ only if it finds a
subgraph ofG′ which is notk-colorable. Consider a graphG′ overn′ vertices that is promised to exist by
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Lemma 4.2.1. Such graph contains a linear number of edges, and its maximal degree is a constant (G′ is a
sparse graph). Moreover, it isΘ(1)-far from beingk-colorable, yet every set of linear number of vertices
is k-colorable. Clearly, a one-sided tester fork-colorability must rejectG′. However, it needs to provide a
witness for the nonk-colorability ofG′. By the properties ofG′, such a witness must containΘ(n′) vertices,
and hence we obtain a lower bound ofΩ(n′) for testingk-colorability in sparse graphs, with average degree
d = Θ(1).

In the following we deduce that there exists a one-sided lower bound for testingk-colorability in graphs
with densityd (i.e. average degreed) which isΩ(n/d). Consider a graphG overn = dn′ vertices obtained
by ad-blowup ofG′. Following the properties ofG′ and the definition of the blowup,G is Θ(1)-far from
beingk-colorable, yet every subset ofαn′ = αn/d vertices ofG spans ak-colorable graph. Clearly, a one-
sided tester fork-colorability must rejectG, however, since the smallest evidence for the nonk-colorability
of G, containsΘ(n/d) vertices, aΩ(n/d) lower bound for testingk-colorability by a one-sided tester is
obtained.

4.3 A Two-Sided Lower Bound

In this section we prove anΩ(n
d ) two-sided lower bound for testingk-colorability in general graphs, over

n vertices with average degree (density)d. Our proof is based on the two-sided lower bound for testing
k-colorability in constant degree graphs obtained in [25].

Theorem 4.3.1 Every two-sided error algorithm for testingk-colorability in graphs with average degree
(density)d overn vertices, requiresΩ(n

d ) queries.

Proof: The authors of [25] show that there exist two distributions ofd-regular graphs (for constantd) over
n′ vertices with the following properties. The first distribution, denoted asD′

3col contains graphs that are all
3-colorable. The second distribution, denoted asD′

3col-far contains graphs that are allΘ(1)-far from being
3-colorable with high probability. Moreover,|D′

3col-far| = |D′
3col| and the distributions are statistically

indistinguishable by a tester that has observedo(n′) vertices of the input graph.
Equivalently, one can say that for every graph ons′ = o(n′) verticesG′

s′ , the the probability that
G′

s′ appears as an induced subgraph of a graph created by the distributionD′
3col-far, is equal to the prob-

ability that G′
s′ appears as an induced subgraph of a graph created by the distributionD′

3col (that is,
PrD′3col-far

(G′
s′) = PrD′3col

(G′
s′)).

The fact that for everyG′
s′ on s′ = o(n′) vertices, PrD′3col-far

(G′
s′) = PrD′3col

(G′
s′) is equivalent to

the fact that there exists a bijection functionf ′ : D′
3col× Pn′,s′ → D′

3col-far× Pn′,s′ that is defined as
follows. For a pairG′ ∈ D′

3col and a setvi1 , · · · , vis′ of s′ of its vertices, consider the induced graph

Gvi1
,···,vis′

. The functionf ′ returns a graphG
′∗ ∈ D′

3col-far, and a set of its verticesui1 , · · · , uis′ , s.t.

G′
vi1

,···,vis′
= G

′∗
ui1

,···,uis′
.

In the following we use the distributionsD′
3col, D

′
3col-far to construct two distributions ofd-regular

graphs overn = n′d vertices whereΘ(1) ≤ d ≤ Θ(n), such that one distribution contains3-colorable
graphs and the other contains graphs that are allΘ(1)-far from being3-colorable with high probability, and
such that the two distributions are identical for a tester that have seeno(n/d) vertices of the input graph.

The proof of the last claim goes as follows. The two distributions denotedD3col, D3col-far, are created
by a d-blowup of every graph in the original distributionsD′

3col andD′
3col-far. Note that we get graphs

on n′d = n vertices, andn′d2/2 = nd/2 edges that ared-regular. The vertices of the graphs in the new
distributions are labeled byv1,1, · · · vn′,d such that for every vertex we keep track of its original name before
the blowup. Clearly from the properties of the original distributions and from the nature of a blowup, graphs
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in D3col are all3-colorable, and graphs inD3col-far are allΘ(1)-far from being3-colorable with high
probability.

It remains to show that the two distributions are indistinguishable unlesss = o(n/d) = o(n′) vertices
of the input graph were seen. Using similar arguments to those mentioned above, it is sufficient to show that
there exists a bijection functionf : D3col× Pn,s → D3col-far× Pn,s that is defined as follows. For a pair
G ∈ D3col and a setvi1,j1 , · · · , vis,js of s of its vertices, consider the induced graphGvi1,j1

,···,vis,js
. The

functionf returns a graphG∗ ∈ D3col-far, and a set of its verticesui1,j1 , · · · , uis,js , s.t. Gvi1,j1
,···,vis,js

=
G∗

ui1,j1
,···,uis,js

.
In what follows, we show that a required bijection functionf exists. Consider a graphG ∈ D3col,

whose original graph (before the blowup) isG′ ∈ D′
3col. Consider a set ofs = o(n′) = o(n/d) of the

vertices ofG, vi1,j1 , · · · vis,js Now f(G, vi1,j1 , · · · vis,js) is determined as follows. Consider the (possibly
multi) setvi1 , · · · vis . Remove repetitions from the last set and obtain the setvk1 , · · · vks′ , s′ ≤ s. Now
consider the value obtained byf ′(G′, vk1 , · · · , vks′ ) = uk∗1 , · · · , uk∗

s′
With a slight abuse of notation we

could use the notionfG′,vk1
,···vks′

(ki) = k∗i
The value off(G, vi1,j1 , · · · vis,js) is defined, now, as follows:

f(G, vi1,j1 , · · · vis,js) = ufG′,vk1
,···vks′

(i1),j1 , · · ·ufG′,vk1
,···vks′

(is),js

Clearly from the definition of the blowup and from the bijectively off ′ it follows that f is bijective and
hence the theorem follows.

Since the two original distributions presented in [25] could be adjusted to show two-sided lower bound
for testingk-colorability for constantk > 3, we can apply the same arguments and get our two-sided lower
bound for testingk-colorability fork ≥ 3.

4.4 An Upper Bound for Almost Regular Graphs

A graphG overn vertices with average degreed is almost regularif the maximum degree in the graph is
Θ(d). In this section we use arguments similar to the ones appear in [6] to obtain anO(min((n

d )2, n)) upper
bound for testingk-colorability in almost regular graphs with general densities.

Theorem 4.4.1 There exists a one-sided error algorithm that usesO(min((n
d )2, n) · poly(k/ε)) queries,

for testingk-colorability in almost regular graphs overn vertices with degreed.

We start with a high level discussion of the strategy used in the analysis. LetG be a graph onn vertices
that is ε-far from beingk-colorable. In the following we assume thatG is regular, and in the end we
explain that the result is obtained also for almost regular graphs. Suppose we are given a subsetS ⊂ V (G)
and itsk-partition φ : S → [k], our aim is to find with high probability inside the next several random
vertices a witness to the fact thatφ can not be extended to a proper coloring of the sample. If ak-coloring
c : V (G) → [k] of G is to coincide withφ on S, then for every vertexv ∈ V \ S, the colors of neighbors
of v in S underφ are forbidden forv in c. The rest of the colors are still feasible forv. It could be that
v has no feasible colors left at all. Such a vertex will be calledcolorlesswith respect toS andφ. If the
number of colorless vertices is large, then there is a decent chance that between the next few random sampled
vertices, there will be one such colorless vertexv∗. Clearly, addingv∗ to S provides the desired witness for
non-extendibility ofφ.

If the set of colorless vertices is small, then one can show that, asG is ε-far from beingk-colorable,
there is a relatively large subsetW of vertices (called restricting) such that adding any vertexv ∈ W to S
and coloring it by any feasible color with regard toφ excludes this color from the lists of feasible colors of
at leastΩ(εd) neighbors ofv. If suchv is caught in the next few vertices of the random sample, then adding

46



v to S and coloring it by any of its feasible colors reduces substantially the total length of the lists of feasible
colors for the vertices ofV , thus helping to approach the case when there are many colorless vertices.

The above described process can be represented by a tree in which every node corresponds to a colorless
or a restricting vertexv and each edge corresponds to a feasible color forv. As the degree of such a node
can be as large ask, the size of the tree grows quickly as we choose new sampled vertices. We therefore
will need the probability of success (the probability of catching a colorless/restricting vertex) along several
consecutive steps to be exponentially close to1.

Next we present the formal description of the above argument. First we introduce some notation. We
denote the set{1, · · · , k} by [k]. SupposeG = (V, E) is a graph onn vertices. Given a subsetS ⊂ V and
its k-partitionφ : S → [k], for everyv ∈ V − S let

Lφ(v) = [k] \ {1 ≤ i ≤ k : ∃u ∈ S ∩ Γ(v), φ(u) = i}
If S = ∅, we letLφ(v) = [k] for everyv ∈ V . If a k-coloringc : V (G) → [k] of G coincides withφ on
S, then for everyv ∈ V S the color ofv in c belongs toLφ(v). Hence,Lφ(v) is called thelist of feasible
colors for v. A vertexv ∈ V − S is calledcolorlessif Lφ(v) = ∅. We denote byU the set of all colorless
vertices under(S, φ). For every vertexv ∈ V − (S ∪ U) define

δφ(v) = min
i∈Lφ(v)

|{u ∈ Γ(v)− (S ∪ U) : i ∈ Lφ(u)}|.

Thus, coloringv by one of the colors fromLφ(v) and then adding it toS results in deleting this color
and thus shortening the lists of feasible colors of at leastδφ(v) neighbors ofv outsideS.

Lemma 4.4.1 For every setS ⊂ V and everyk-partition φ of S, the graphG is at mostd|S ∪ U | +∑
v∈V−(S∪U) δφ(v) edges far from beingk-colorable.

Proof: For everyv ∈ S, colorv according toφ(v). For everyv ∈ U , colorv in an arbitrary color from[k].
For everyv ∈ V − (S ∪ U), colorv in color i ∈ Lφ(v) for which δφ(v) = |{u ∈ Γ(v) − (S ∪ U) : i ∈
Lφ(u)}|.

Let us estimate the number of monochromatic edges under this coloring. The number of monochromatic
edges incident withS ∪ U is at mostd|S ∪ U |. Every vertexv ∈ V − (S ∪ U) has exactlyδφ(v) neighbors
u ∈ V − (S ∪ U), whose color listLφ(v) contains the color chosen forv. Therefore,v will have at most
δφ(v) neighbors inV − (S∪U) colored in the same color. Hence, the total number of monochromatic edges
is as claimed.

Corollary 4.4.2 If G is a graph onn vertices that isε-far from beingk-colorable, then for any pair(S, φ),
whereS ⊂ V (G), φ : S → [k], one has:

∑

v∈V−(S∪U)

δφ(v) > εnd− d(|S|+ |U |),

whereU is the set of colorless vertices for the pair(S, φ).

Given a pair(S, φ), a vertexv ∈ V − (S ∪ U) is calledrestricting if δφ(v) ≥ εd/2. We denote byW
the set of all restricting vertices.

Lemma 4.4.2 If G is a graph onn vertices that isε-far from beingk-colorable, then for every pair(S, φ),
whereS ⊂ V (G), φ : S → [k], one has:

|U ∪W | > εn/2− |S|.
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Proof: By Corollary 4.4.2,

εnd− d(|S|+ |U |) <
∑

v∈V−(S∪U)

δφ(v) ≤ d|W |+
∑

v∈V−(S∪U∪W )

δφ(v) < d|W |+ n · εd
2

.

This implies|S|+ |U |+ |W | ≥ εn/2. As U andW are disjoint, the result follows.
Let nowG be a graph onn vertices that isε-far from beingk-colorable. While choosing random vertices

r1, · · · , rs we construct an auxiliaryk-ary treeT . To distinguish between the vertices ofG and those ofT
we call the latternodes. Each node ofT is labeled either by a vertex ofG or by the special symbol#, whose
meaning is explained soon. If a nodet of T is labeled by#, thent is called aterminal node. The edges of
T are labeled by integers from[k].

Let t be a node ofT . Consider the path from the root ofT to t, not includingt itself. The labels of the
nodes along this path form a subsetS(t) of V (G). The labels of the edges along the path define ak-partition
φ(t) of S(t) in a natural way: the label of the edge following a nodet′ in the path determines the color of
its labelv(t′). The labeling of the nodes and edges ofT will have the following property: ift is labeled
by v andv has a neighbor ins(t) whose color inφ(t) is i, then the son ofv along the edge labeled byi is
labeled by#. This label indicates the fact that in this case colori is infeasible forv, given(S(t), φ(t)). At
each step of the construction ofT we will maintain the following: all leaves ofT are either unlabeled or are
labeled by#. Also, only leafs ofT can be labeled by#. We start the construction ofT from an unlabeled
single node, the root ofT .

Suppose thatj − 1 vertices ofT have already been chosen, and we are about to choose vertexrj .
Consider a leaft of T . If t is labeled by#, we do nothing for this leaf. (That is the reason such at is called
a terminal node; nothing will ever grow out of this node.) Assume now thatt is unlabeled. Define the pair
(S(t), φ(t)) as described above. Now, for the pair(S(t), φ(t)), we define the setU(t) of colorless vertices
and the setW (t) of restricting vertices as described above. Roundj is calledsuccessfulfor the nodet if the
random vertexrj satisfiesrj ∈ U(t) ∪W (t). If round j is indeed successful fort, then we labelt by rj ,
createk sons oft and label the corresponding edges by1, · · · , k. Now, if color i is infeasible forrj , given
(S(t), φ(t)), we label the son oft along the edge with labeli by #, otherwise we leave this son unlabeled.
Note that ifrj ∈ U(t), then none of the colors from[k] is feasible forrj , and thus all the sons oft will
be labeled by#. This completes the description of the process of constructingT . Next, we state some
properties ofT .

Lemma 4.4.3 The depth ofT is bounded from above by2kn
εd .

Proof: Let t∗ be a leaf ofT . Notice that if the label of a nodet of T belongs toU(t), then all sons oft in
T are labeled by# and are terminal nodes. Therefore, all nodes on the path from the root ofT to t∗, but
possibly the node immediately precedingt∗, have their labels in the corresponding setsW (t). Since each
vertex inW (t) is restricting with respect to(S(t), φ(t)), coloringv in any feasible color decreases the total
size of the lists of feasible colors for all vertices ofG by at leastεd/2. Therefore, each time when on the
path from the root ofT to t∗ we leave a nodet, whose label belongs toW (t), the total length of the list of
feasible colors shrinks by at leastεd/2. As initially all k colors are feasible for all vertices, we start with
lists of feasible colors of total lengthnk. Thus, we can not make more thannk/(εd/2) = 2nk

εd steps down
from the root ofT to t∗. This implies that the depth ofT is at most2nk

εd .

Lemma 4.4.4 If a leaf t∗ of T is labeled by#, thenφ(t∗) is not a properk-coloring ofS(t∗).

Proof: By the definition of the labeling procedure.

Lemma 4.4.5 If after roundj all leafs of the treeT are terminal nodes, then the subgraphG[{r1, · · · , rj}]
is notk-colorable.

48



Proof: Notice first that the labels of all nodes ofT are either# or vertices from{r1, · · · , rj}. Let c :
{r1, · · · , rj} → [k] be ak-partition of{r1, · · · , rj}. In order to show thatc creates some monochromatic
edges in the induced subgraph ofG on{r1, · · · , rj}, we start with the roott0 of T and traverseT guided by
c as follows: while at nodet of T , labeled byv(t) ∈ {r1, · · · , rj}, we move fromt to its son along the edge
of T labeled byc(v(t)). Once we reach a terminal nodet∗ of T , we have thenS(t∗) ⊆ {r1, · · · , rj} and
φ(t∗) coincides withc onS(t∗). As t∗ is a terminal node, it follows from lemma 4.4.4 thatc is not a proper
k-coloring ofS(t∗).

Lemma 4.4.6 If G is a graph onn vertices that isε-far from beingk-colorable, then afterΘ(k ln kε−2 n
d )

rounds, with probability at least1/2 all leafs ofT are terminal nodes.

Proof: As every non-leaf node ofT hask sons and by lemma 4.4.3,T has depth at most2kn/εd, it can
be embedded naturally in ak-ary treeTk, 2kn

εd
of depth2kn

εd . Moreover, this embedding can be prefixed even

before exposing the sampled vertices. Note that the number of vertices ofTk, 2kn
εd

is bounded byk
2kn
εd

+1.

Recall that during the construction of the random sampleR and the treeT , a successful round for a leaft
of T results in creatingk sons ofT . Fix some nodet of Tk, 2kn

εd
. If after 36k ln kε−2 n

d roundst is a leaf of

T , then the total number of successful rounds for the path from the root ofT to t, is equal to the depth of
t. As S(t) ⊆ R and thus|S(t)| = O(n/d), by lemma 4.4.2, each round has probability of success at least
ε/3. Therefore, the probability thatt is non-terminal leaf ofT after 36k ln kε−2 n

d steps can be bounded
from above by the probability that the Binomial random variableB(36k ln kε−2 n

d , ε/3) is less than2kn
εd .

The latter probability is at most:

e
− ( 12k ln kn

εd
− 2kn

εd
)2

24k ln kn
εd < e

− ( 9k ln kn
εd

)2

24k ln kn
εd = e−

27k ln kn
8εd < k−

3kn
εd .

Thus, by a union bound we conclude that the probability that some node ofTk, 2kn
εd

, is a leaf ofT , non labeled

by #, is at most|V (Tk, 2kn
εd

)|k− 3kn
εd < 1/2

Proof of Theorem 4.4.1: From lemmas 4.4.5 and 4.4.6 it is clear that a sample of verticesR of size
Θ(k ln kε−2 n

d ) spans a non-k-colorable subgraph ofG with positive constant probability. Note that ifG is
almost regular, rather then being regular, this may affect the size ofR only by a constant factor, and hence
the size of the requiredR stays affectively the same. We can either ask all possible pair queries induced by
the sampled set, or ask all possibled neighbors from every vertex in the set. Hence we obtain an algorithm
with query complexityO(min((n

d )2, n) · poly(k/ε)).

4.5 An Upper Bound for General Graphs

In this section we use arguments similar to the ones that appear in Chapter 3 to obtain anO(min((n
d )2, n·√n

d , nd))
upper bound for testingk-colorability in general graphs overn vertices with average degreed.

Theorem 4.5.1 There exists a one-sided error algorithm that usesO(min((n
d )2, n·√n

d , nd) · poly(k/ε))
queries, for testingk-colorability in general graphs overn vertices with average degreed.

We start by proving few lemmas that show the following: for a given general graphG with average
degreed that is ε-far from k-colorability, we can construct a graphG′ that is a ”regular” version ofG
and it preserves the distance tok-colorability of G. Moreover, we can perform every query intoG′ by
performing a constant number of queries intoG. Lastly, we can select a random vertex ofG′ with a cost of
Õ(min(

√
n/δ, n/d)) queries intoG, for any given parameter0 < δ ≤ 1.
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Next we show that there exists a random graphG′ that preserves the number of edges and vertices ofG,
and the distance tok-colorability ofG, and such thatG′ is close to be regular.

Lemma 4.5.1 For every graphG havingn vertices andnd/2 edges, we can construct randomly a graphG′

havingn′ = Θ(n) vertices and the same number of edges with maximum degreed′ < 2d. Moreover, IfG
is k-colorable thenG′ is k-colorable, and ifG is ε-far from beingk-colorable, thenG′ is ε′-far being from
beingk-colorable forε′ = Θ(ε). All properties ofG′ apply w.h.p.

Proof: The Construction: every vertex ofG is transformed intoddeg(v)/de vertices. Denote byX(v)
the vertices inG′ related to a vertexv ∈ V (G). The vertices inX(v) are denoted byXi(v), 1 ≤ i ≤
ddeg(v)/de. Thus,n′ = |V (G′)| ≤ ∑

v∈Gddeg(v)
d e ≤ 2n. The edges ofG′ are determined as follows:

an edge(u, v) ∈ E(G) chooses independently uniformly at random a vertex fromX(v) and a vertex from
X(u). In G′ there will be an edge between these two randomly chosen vertices. Clearly,|E(G′)| =
|E(G)| = (nd)/2. The required properties ofG′ follows from the following set of claims.

Claim 4.5.2 For d = Ω(log n), the maximum degreed′ of G′ constructed above is2d with probability
1− o(1).

Proof: Let W i,j
v be an indicator random variable which is1, if the j-th induced edge ofv ∈ V (G) (1 ≤

j ≤ deg(v)), chooses vertexXi(v) ∈ V (G′). Let W i
v

def=
∑

1≤j≤deg(v) W i,j
v . W i

v is a sum ofj independent

indicator variables.Exp[W i
v] = deg(v) · 1/(deg(v)/d) = d. Let Xi

v be an indicator variable which is1, if
W i

v > 2Exp[W i
v] = 2d, and0 otherwise.

Using standard bounds on tails of sums of bounded random variables (see, e.g., [11]), for a specific
v ∈ V (G) and1 ≤ i ≤ ddeg(v)/de, it follows that Pr[Xi

v = 1] < e−cd. Using a union bound over allXi
v ’s

v ∈ V (G) and1 ≤ i ≤ ddeg(v)/de, we get that the probability that there exists a vertexv and an indexi
for which Xi

v = 1 is at mostn′ · e−cd = o(1), thus with probability1 − o(1), the maximum degree ofG′

constructed above is2d.

Claim 4.5.3 For a graphG with d > 16k4/ε the following holds: IfG is ε-far from beingk-colorable
(with respect to number of edges being:(dn)/2), then with probability1 − o(1), G′ is ε′-far from being
k-colorable with respect tod′n′, for ε′ = ε

16k3 .

Proof: Consider a fixedk-partition P ′ = (V ′
1 , · · · , V ′

k) of the vertices inG′. The partitionP ′ induces a
partition ofX(v) for everyv. Let us denote byXα(v) the majority subset ofX(v) induced byP ′. Consider
a partitionP = (V1, · · · , Vk) of the vertices ofG induced byP ′ in the following way. Forv ∈ V (G), if
Xα(v) ⊂ V ′

i for 1 ≤ i ≤ k, thenv ∈ Vi. SinceG is ε-far from beingk-colorable at least one of the subsets
V1, · · · , Vk contains 1

2k εnd edges. W.l.o.g. assume that|E(V1)| ≥ 1
2k εnd. Let H ′ be a subgraph ofG′,

defined as follows. The vertices ofH ′ are: ⋃

v∈V1

Xα(v)

The edges ofH ′ are the edges ofG′, induced byV (H ′). Thus,V (H ′) ⊂ V ′
1 andE(H ′) ⊂ E(V ′

1).
We next show the following forc > 1:

Pr[|E(H ′)| ≤ (1/4k3)εnd] < k−c·n (4.2)

Once we establish Equation 4.2, by taking a union bound over all possible partitionsP ′ of the vertices of
G′ we get that foreverypartitionP ′ = V ′

1 , · · · , V ′
k of the vertices ofG′, the number of violating edges inG′

is at least(1/4k3)εnd with probability1− o(1). Recall thatn′ ≤ 2n andd′ ≤ 2d with probability1− o(1).
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Thus, foreverypartition of the vertices ofG′, the number of violating edges is at leastε/16k3 · n′ · d′ with
probability1− o(1), as required.

Proof of 4.2: Consider an edgee = (u, v) ∈ E(G), and letφ(e) = (Xi(v), Xj(u)) be its corresponding
edge inE(G′). Fore ∈ E(V1), Pr[φ(e) ∈ E(H ′)] ≥ 1/k · 1/k = 1/k2. Thus,

Exp[|E(H ′)|] ≥ 1/k2|E(V1)|.

As |E(H ′)| is a sum of|E(V1)| independent Bernoulli random variables, each with expectation at least
1/k2, it follows from standard bounds on the tails of binomial random variables (see, e.g., [11]) that

Pr[X|E(V1)| < (1/4k3)εnd] < e−εnd/16k3

Thus, ford ≥ 16k4/ε we have
Pr[|E(H ′)| ≤ (1/4k3)εnd] < k−cn

for c > 1, and the claim is proved.
In the following we show that we can perform queries intoG′ by accessingG, where every query can

be performed using a constant number of queries intoG.

Lemma 4.5.4 Each of the possible queries intoG′ (degree, neighbor, vertex-pair queries) can be imple-
mented using a constant number of queries intoG.

Proof: We consider each of the possible queries intoG′.

Degree Queries. Here we assume that inG′ the maximum degree is2d. It was proved before to be true
with probability1 − o(1). Consider the following procedureAssign-Edges(v) wherev is a vertex ofG:
Find deg(v) by one query onG; for each edge-indexr ∈ {1, · · · , deg(v)}, choose one of the vertices
Xi(v) ∈ X(v) (1 ≤ i ≤ ddeg(v)/de), uniformly at random. Denote byQi(v) a vector of2d cells. This
vector contains the indices of edges that are assigned toXi(v). Finally, choose an empty cellt in the vector
Qi(v), and setQi(v)[t] := r. This procedure corresponds to the random construction ofG′.

Neighbor Queries. For each vertexXi(v), the algorithm keeps a vector (of length2d), Wi(v) that contains
an ordered list of all the vertices ofG′ s.t. the algorithm is committed to the existence of an edge between
them andXi(v). That is, ifWi(v)[t] = Xj(u), it means that there is an edge(Xi(v), Xj(u)) in G′. In this
caseWj(u)[t′] = Xi(v) for somet′, 1 ≤ t′ ≤ 2d. Note that the procedureAssign-Edges(v) assigns each
of the edges ofv independently to one of the verticesXi(v), 1 ≤ i ≤ ddeg(v)/de.

Suppose that the algorithm is located inXi(v) and it wishes to perform a neighbor query. Choose
uniformly at random, a numberk, 1 ≤ k ≤ 2d. Take an empty vectorQi(v) of length2d and copy into
it the vectorWi(v). By that the algorithm keeps its commitment about the edges which have already been
exposed. Then, apply the Assign-Edges(v) procedure only for edges ofv, that do not appear in one of the
Wi(v), 1 ≤ i ≤ ddeg(v)/de (i.e. to edges which were not exposed yet by the algorithm). IfQi(v)[k] is
empty then the walk remains atXi(v). If Qi(v)[k] contains a name of a vertex inG′, the walk moves to
that vertex, otherwise,Qi(v)[k] contains an index of a neighbor ofv in G. By performing a single neighbor
query onG, the algorithm determines the name of that neighbor (say)u in G. Then the walk needs to move
to one of the verticesXj(u), 1 ≤ j ≤ deg(u)/d. It chooses one of the verticesXj(u) uniformly at random.
For the chosenj setWi(v)[k] := Xj(u). Now choose a free cellk′, 1 ≤ k′ ≤ 2d, in Wj(v), and set
Wj(v)[k′] := Xi(v). The neighbor query returnXj(u).
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Vertex-Pair Queries. In order to answer a vertex-pair query(Xi(v), Xj(u)) in G′, perform a vertex pair
query(u, v) in G. If there is no edge between(u, v) in G, answer that there is no edge betweenXi(u) and
Xj(v), otherwise pick at random one of the copies (sayk) of u in G′, one of the copies (sayq) of v in G′.
Now if i = k andj = q answer ”yes”, otherwise answer ”no”.

In the following we show that we can select a vertex (almost) uniformly at random fromG′ with a cost
of Õ(min(

√
n/δ, n/d)) queries intoG, for any given parameter0 < δ ≤ 1.

Lemma 4.5.5 There exists a procedureSample-Vertices-Almost-Uniformly-in-G’that for any given para-
meter0 < δ ≤ 1, performsÕ(min(

√
n/δ, n/d)) queries inG and returns a vertex inG′ such that the

following holds: For all but at mostδn′ of the verticesx in G′, the probability thatx is selected by the
procedure isΩ(1/n′).

Proof: Hereby we describe the required procedure:

Sample-Vertices-Almost-Uniformly-in-G’(d, δ)

1. If d >
√

δn then sample an edgee ∈ E(G) by running the procedure Sample-Edges-Uniformly-
in-G (see Chapter 6). In case the procedure fails, pick an arbitrary edgee in E(G).

2. Else (d ≤
√

δn), sample an edgee ∈ E(G) by running the procedure Sample-Edges-Almost-
Uniformly-in-G(δ/2) (see Chapter 6).

3. Choose with equal probability one of the end-pointsv of the edgee.

4. Choose uniformly at random one of the verticesx in X(v).

Figure 4.2: A procedure for selecting a vertex inG′ so that all but at most aδ-fraction of the vertices are
selected with probabilityΩ(1/n′).

We now show that the procedure Sample-Vertices-Almost-Uniformly-in-G’ (see Figure 4.2) is as re-
quired by the lemma.

For an edgee ∈ E(G), let Ce denote the event thate is selected by Sample-Edges-Uniformly-in-G in
cased >

√
δn, or by Sample-Edges-Almost-Uniformly-in-G in cased ≤

√
δn. Forv ∈ V (G) let Cv denote

the event thatv is selected in Step 3 of procedure Sample-Vertices-Almost-Uniformly-in-G’. Forx ∈ V (G′)
let Cx denote the event thatx is selected in Step 4 of the procedure and letv(x) be such thatx ∈ X(x(v)).
Recall that|X(v)| = ddeg(v)/de. Therefore for everyx ∈ V (G′),

Pr[Cx] ≥ Pr[Cv(x)] ·
1

ddeg(v(x))/de =
∑

e=(u,v(x))

1
2

Pr[Ce] · 1
ddeg(v(x))/de . (4.3)

If d >
√

δn thenPr[Ce] is only slightly smaller than1/m (since there is a probability that the procedure
Sample-Edges-Uniformly-in-G fails to output an edge), implying thatPr[Cx] = Ω(1/n′). If d ≤

√
δn,

thenPr[Ce] is determined by the procedure Sample-Edges-Almost-Uniformly-in-G. LetU0 be as defined in
Theorem 6.2.1, and consider first the case wherev(x) /∈ U0. Then for every edgee that is incident tov(x),
we have thatPr[Ce] ≥ 1/(64m) = 1/(32dn). By Equation (4.3), for each such vertexx we have that

Pr[Cx] ≥ 1
2
deg(v(x)) · 1

32dn
· 1
ddeg(v(x))/de ≥

1
128n

≥ 1
128n′

. (4.4)

as required. Next consider the case thatv(x) ∈ U0 but deg(v(x)) ≥ 2|U0|. In such a case for at least half
of the edgese incident tov(x) we have thatPr[Ce] ≥ 1/(32dn), and we can deduce thatPr[Cx] ≥ 1

256n′ .
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It remains to show that the total number of verticesx such thatv(x) ∈ U0 anddeg(v) ≤ 2|U0|, is at
most (δ/2)n′. Using the fact that|U0| ≤

√
(δ/2)n/2 (recall that the procedure Sample-Edges-Almost-

Uniformly-in-G is called with its input parameter set toδ/2), and for every vertexv ∈ V (G), |X(v)| =
ddeg(v)/de ≤ deg(v), we get:

∑

v∈U0: deg(v)≤2|U0|
|X(v)| ≤ 2|U0|2 ≤ (δ/2)n′ . (4.5)

Thus, the lemma follows.
Proof of Theorem 4.5.1: First note thatnd is a trivial upper bound obtained by picking all possible
vertices and asking all possible neighbor queries from each of them. Given a general graphG to be tested
for k-colorability, we apply the algorithm from Theorem 4.4.1, onG′, which is the ”regularized” version
of G (described in Lemma 4.5.1). Recall that the algorithm from Theorem 4.4.1 selectsΘ(k ln kε−2 n

d )
vertices from the input graph (first stage) and then asks all vertex pair queries between then or all neighbor
queries that are relevant to them (second stage). By Lemma 4.5.5, the cost of the first stage of the algorithm
into G′ is O(min((n

d )2, n·√n
d ) · poly(k/ε)). By Lemma 4.5.4, the cost of the second stage of the algorithm

into G′ is O(min((n
d )2, n·d

d ) · poly(k/ε)). Thus, the total cost of the upper bound for the general case is

O(min((n
d )2, n·√n

d , nd) · poly(k/ε)).
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Chapter 5

Testing Subgraph-Freeness in General
Graphs

5.1 Introduction

In this chapter we consider the problem of testing subgraph-freeness, and in particular triangle-freeness, in
general graphs. Letn denote the number of vertices in the graph, letd denote the average degree, and let
dmax denote the maximum degree. Given a distance parameterε > 0, we would like to design an algorithm
that distinguishes with high probability between the case that the graph contains no triangles and the case
in which more thanε · nd edges should be removed so that no triangles remain. To this end we allow the
algorithm query access to the graph. In particular, for any vertex of its choice, the algorithm may ask for
the degree of the vertex, it may ask for any neighbor of the vertex, and it may ask whether there is an edge
between any two vertices.

Subgraph-freeness, and more specifically, triangle-freeness, is one of the most basic problems studied in
property testing. The interest in this problem is both due to the fact that triangle-freeness is a fundamental
and simple graph property, and it is due to the relation between triangle-freeness and the study of dense sets
of integers with no three-term arithmetic progression.

Dense graphs. Most of the focus in previous works was on testing triangle-freeness in dense graphs, that
is, whend = Θ(n). The authors of [3] showed that it is possible to test triangle-freeness in dense graphs
using a number of queries that isindependentof n, and is of tower-type behavior in1/ε. Alon [2] proved
that a super-polynomial dependence on1/ε is necessary for testing subgraph-freeness of all non-bipartite
subgraphs. When the subgraph is bipartite thenO(1/ε) queries suffice [2]. It is also observed in [2] that
the problem of testing triangle-freeness is intimately related to the famous (and very hard) problem of the
existence of dense sets of integers without a three-term arithmetic progression. Alon’s lower bound, which
was proved for one-sided error algorithms, was extended in [10] to two-sided error algorithms. Other related
results include [9].

Bounded-Degree graphs. In the other extreme, as was observed in [39], whendmax = O(1) thenO(1/ε)
queries suffice for testing triangle-freeness. More generally,O(dτ/ε) queries suffice for testingH-freeness
in graphs with maximum degreeO(d), whereτ is the diameter ofH.

General graphs. In this work we study the complexity of testing triangle-freeness of graphs that lie be-
tween the two extremes. Namely, we would like to understand the dependence of the query complexity on
the average degreed, and we do not want to necessarily assume thatdmax = O(d). In the latter aspect we
follows the work [64] on testing the diameter of sparse, but unbounded-degree, graphs, and in both aspects
we follows the work presented in Chapter 3, on testing bipartiteness of general graphs.
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Our contributions. The main contributions of this chapter, on a qualitative level, are as follows:

• We discover a threshold-type behavior in testingH-freeness, for every non-bipartite fixed graphH:
wheneverd = O(n1−o(1)), the number of queries that are necessary to testH-freeness isΩ(n1/3),
while, as discussed above, ford = Θ(n) the query complexity is a function ofε only. This is in
sharp contrast with the results of Chapters 3, 4, where a smooth behavior of the complexity of testing
bipartiteness andk-colorability as a function ofd were described;

• We provide a transformation from lower bounds for testingH-freeness using one-sided error algorithms
to those for two-sided error algorithms; though the suggested transformation carries some technical
restrictions, it is general enough to capture a variety of lower bounds of this sort;

• We give quantitative lower and upper bounds for testing triangle-freeness in general graphs;

• We show that the edge distribution in random Cayley graphs is close to that of truly random graphs
of the same edge density. This is proven by direct combinatorial and probabilistic arguments, without
relying on the eigenvalue machinery, which is incapable of proving such results for subsets that are too
small. Although we need this result for property testing purposes, we feel it is of enough independent
interest to be stated here.

5.1.1 A lower bound and a sharp threshold

Our main result is:

Theorem 5.1.1 There is a lower bound ofΩ(n1/3) for testing triangle-freeness in general graphs. The
lower bound holds for algorithms that are allowed two-sided error, and for everyd that is upper bounded
byn1−o(1). For some values ofd the lower bound reachesΩ(n1/2).

We note that the expression foro(1) in the theorem is the functionlog log log n+4
log log n . Theorem 5.1.1 is actually

the union of three lower bounds (whose one-sided error versions are stated in Lemmas 5.2.1, 5.3.1 and 5.4.1),
which are applied to different values ofd. The exact expression for the lower bound is

Ω
(
max

{√
n/d, min{d, n/d}, min

{√
d, n2/3/d1/3

}
· n−o(1)

})
(5.1)

For a schematic illustration see Figure 5.1.
Recall that whend = Θ(n) then testing can be performed using a number of queries that is independent

of n [3]. Thus we observe a sharp transition between our lower bound ofΩ(n1/3) that holds untild =
n1−o(1), and the upper bound atd = Θ(n), which does not depend onn. The exact behavior of the
complexity of testing triangle-freeness whenn1−o(1) ≤ d ≤ n remains open.

Using techniques that were previously applied in [2] it is possible to extend Theorem 5.1.1 to testing
subgraph-freeness of other non-bipartite subgraphs.

Theorem 5.1.2 There is a lower bound ofΩ(n1/3) for testing subgraph-freeness of non-bipartite subgraphs
in general graphs. The lower bound holds for algorithms that are allowed two-sided error, and for everyd
that is upper bounded byn1−o(1). For some values ofd the lower bound reachesΩ(n1/2).

We wish to note that the difference between the complexity of testing bipartite and non-bipartite graphs
is caused by the difference in the behavior of their Turán numbers – they are subquadratic for the former
and quadratic for the latter. A more detailed discussion can be found in [2].

5.1.2 Upper bounds
We show that for every graph density, there exists an algorithm for testing triangle-freeness whose query
complexity is sublinear inn. Furthermore, the upper bound is always at most quadratic in the corresponding
lower bound.
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Figure 5.1: TestingH-Freeness - illustration of results for general graphs obtained in this chapter. Notice
that the lower bound lies entirely above the horizontal line at heightn1/3.

Theorem 5.1.3 There is an upper bound ofO(n6/7) for testing triangle-freeness in general graphs for every
value ofd. The upper bound can go down toO(n1/2) for some values ofd. In all cases the upper bound is
at most quadratic in the lower bound that holds for that density. Ifdmax = O(d) then the upper bound is
O(n4/5) for all values ofd.

The exact expression for our upper bound isO
(
min

{√
nd/ε3/2, (n4/3/d2/3)/ε2

})
, where in the case that

dmax = O(d), the first term is replaced byd/ε.

Tight results

There are two cases in which our lower and upper bounds are tight. The first case is graphs in which
dmax = O(d) andd ≤ √

n. For this case the complexity isΘ(d) (for constantε). The second case is general
sparse graphs, that is, graphs for whichd = Θ(1). For these graphs the complexity isΘ(

√
n).

5.1.3 Our techniques
Behrend Graphs and Cayley graphs. In the proof of our third lower bound (Lemma 5.4.1), we build
on graphs that are known as Behrend graphs, which were previously used in the context of testing triangle-
freeness in [2]. Here we prove that random Behrend graphs have a certain property that we can exploit in
order to obtain our lower bound. Behrend graphs are variants of the well studied Cayley graphs, and our
proof concerning properties of random Behrend graphs extends to Cayley graphs. See Chapter 7 for relevant
results for Cayley graphs.
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A reduction from one-sided error lower bounds to two-sided error lower bounds. We obtain our two
main lower bounds by first establishing lower bounds that hold for one-sided error algorithms. We then
prove a transformation from one-sided error lower bounds to two-sided error lower bounds that hold under
certain assumptions, and apply it to obtain our two-sided error lower bounds. This transformation may be
of use in future lower bound proofs for subgraph freeness. We note that in [10] a transformation was given
in the case of dense graphs, but it is not applicable in general.

5.2 A lower bound ofΩ
(√

n/d
)

In this section we establish our first, and simplest lower bound.

Lemma 5.2.1 Every algorithm for testing triangle-freeness must performΩ(
√

n/d) queries. This lower
bound holds for two-sided error algorithms as well.

Proof: Consider the following two families of graphs overn vertices and with average degreed. Each
family is determined by a single graph, and consists of all possiblen! labelings of the vertices of the graph.
Hence it suffices to describe the two graphs (one per family). In one graph there is a clique of size

√
nd,

and in the other graph there is a complete bipartite graph between two sets of vertices, each of size
√

nd.
In addition, in both graphs the remaining set of vertices spans ad-regular triangle-free graph. The second
graph is clearly triangle-free, and it is not hard to verify that the first graph is(1/c)-far from being triangle-
free for some constantc. However, in order to distinguish between the two graphs (or more precisely, in
order to distinguish between graphs that are selected uniformly from each of the two families), the algorithm
must obtain a vertex in the clique / complete bipartite subgraph. To this end the algorithm must perform
Ω(n/

√
nd) = Ω(

√
n/d) queries.

5.3 A lower bound ofΩ (min{d, n/d})
Our next lower bound improves on the lower bound in Section 5.2 whend > n1/3.

Lemma 5.3.1 Every one-sided error algorithm for testing triangle-freeness must performΩ(min{d, n/d})
queries. This lower bound holds even whendmax = O(d).

The lower bound in Lemma 5.3.1 is extended to two-sided error algorithms in Section 5.5. We start by

considering the case thatd = c · √n for a particular constantc < 1. We later discuss how to deal with the
case thatd > c · √n and with the case thatd < c · √n. We prove the lemma by describing a distribution
on graphs such that the following holds: On one hand almost all of its support is on graphs that are far from
triangle free. On the other hand, every algorithm that uses neighbor and/or vertex-pair queries, must perform
Ω(min{d, n/d}) queries before it views a triangle (with sufficiently high constant probability). Since we
currently focus on testing algorithms that have one-sided error, this implies a lower bound on the query
complexity of such algorithms.

5.3.1 Definition of the lower-bound distribution

The graphs we consider below ared-regular, but may have multiple edges. At the end of this section we
discuss how to remove the multiple edges. LetD∆ be a distribution over graphs withn vertices and degree
d = 2

3

√
n/3 that is defined as follows. A graph is generated by first selecting a random3-way partition

of the vertices into equal-size subsets of sizen′ = n/3 denotedV1, V2, V3. Next, between each pair of
subsets,d′ = d/2 =

√
n′/3 random perfect matching are selected. In all that follows we assume thatn′ is

sufficiently large (n′ > 100 suffices).
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Lemma 5.3.2 With probability at least1−O(1/n′), a graph chosen uniformly according to the distribution
D∆ is Ω(1)-far from being triangle free.

Proof: We shall show that with high probability over the choice of a graph according toD∆, there are at
leastα · nd edge-disjoint triangles in the graph, for some constantα.

Consider first a fixed choice of a pair of verticesvi, vj . The probability that there is an edge betweenvi

andvj is 1 − (
1− 1

n′
)d′

which is at mostd
′

n′ and at leastd
′

n′ −
(
d′
2

) · 1
(n′)2 ≥ d′

n′ − 1
18n′ . Next consider any

choice of three verticesv1,i ∈ V1, v2,j ∈ V2 andv3,k ∈ V3. Let αi,j,k denote the0/1 random variable that
is 1 if and only if there is a triangle between the three vertices. Since the choice of the matchings between
V1 andV2 is independent of the choice of the matchings betweenV2 andV3 and the choice of the matching
betweenV1 andV3,

Pr[αi,j,k = 1] ≤
(

d′

n′

)3

(5.2)

and

Pr[αi,j,k = 1] ≥
(

d′ − 1/18
n′

)3

=
(

d′

n′

)3

·
(

1− 1
18d′

)3

(5.3)

Let βi,j,k denote a0/1 random variable that is1 if there isno triangle of the form(v′i, vj , vk), where
v′i 6= vi, or (vi, v

′
j , vk) wherev′j 6= vj , or (vi, vj , v

′
k) wherev′k 6= vk, and is0 if there is such a triangle. Then

Pr[αi,j,k = 1 andβi,j,k = 0] ≤
(

d′

n′

)3

· 3 · (n′ − 1) ·
(

d′ − 1
n′

)2

≤
(

d′

n′

)3

· 3(d′ − 1)2

n′
(5.4)

It follows that

Pr[αi,j,k = 1 andβi,j,k = 1]
= Pr[αi,j,k = 1]− Pr[αi,j,k = 1 andβi,j,k = 0] (5.5)

≥
(

d′ − 1/18
n′

)3

−
(

d′

n′

)3

· 3(d′ − 1)2

(n′)2
(5.6)

=
(

d′

n′

)3

·
((

1− 1
18d′

)3

− 3 ·
(

1− 1
d′

)2

· (d′)2

(n′)2

)
(5.7)

≥ 1
2
·
(

d′

n′

)3

=
1
54
· (n′)−3/2 (5.8)

where we have used our assumption thatn′ andd′ =
√

n′/3 are sufficiently large. Hence, the expected
number of triples(v1, v2, v3) that constitute a triangle that does not share an edge with any other triangle is
at least

(n′)3 · 1
54
· (n′)−3/2 =

1
54
· (n′)3/2 =

1
54
· n · d (5.9)

Next, we shall use Chebychev’s inequality to show that with sufficiently high probability, the number of
such triples is not much smaller than this expected value.

Let the vertices in each setV`, ` ∈ {1, 2, 3}, be denotedv`,1, . . . , v`,n′ . For each triplev1,i, v2,j , v3,k

let ηi,j,k be the0/1 random variable that is1 if and only if (v1,i, v2,j , v3,k) constitute a triangle, and there
is no other triangle that shares any of its edges. Using our previous notation we have thatPr[ηi,j,k = 1] =
Pr[αi,j,k = 1 andβi,j,k = 1]. Clearly,Pr[ηi,j,k = 1] ≤ Pr[αi,j,k = 1], which we have shown is upper
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bounded by
(

d′
n′

)3
. By Chebychev’s inequality,

Pr


∑

i,j,k

ηi,j,k <
1
2
Exp


∑

i,j,k

ηi,j,k





 ≤

4Var
[∑

i,j,k ηi,j,k

]

(
Exp

[∑
i,j,k ηi,j,k

])2 <
c′Var

[∑
i,j,k ηi,j,k

]

(n′)3
(5.10)

for c′ = 4 · 542. We would like to bound the variance of
∑

i,j,k ηi,j,k:

Var


∑

i,j,k

ηi,j,k


 = Exp





∑

i,j,k

ηi,j,k




2
−


Exp


∑

i,j,k

ηi,j,k







2

(5.11)

Now,

Exp





∑

i,j,k

ηi,j,k




2
 =

∑

i,j,k

∑

i′,j′,k′
Exp[ηi,j,k · ηi′,j′,k′ ] (5.12)

=
∑

i6=i′

∑

j 6=j′

∑

k 6=k′
Exp[ηi,j,k · ηi′,j′,k′ ]

+3 ·
∑

i

∑

j 6=j′

∑

k 6=k′
Exp[ηi,j,k · ηi,j′,k′ ]

+3 ·
∑

i,j

∑

k 6=k′
Exp[ηi,j,k · ηi,j,k′ ]

+
∑

i,j,k

Exp[η2
i,j,k] (5.13)

while

Exp


∑

i,j,k

ηi,j,k







2

=
∑

i,j,k

∑

i′,j′,k′
Exp[ηi,j,k] · Exp[ηi′,j′,k′ ] (5.14)

>
∑

i6=i′

∑

j 6=j′

∑

k 6=k′
Exp[ηi,j,k] · Exp[ηi′,j′,k′ ] (5.15)

Therefore,

Var


∑

i,j,k

ηi,j,k




≤
∑

i6=i′

∑

j 6=j′

∑

k 6=k′

(
Exp[ηi,j,k · ηi′,j′,k′ ]− Exp[ηi,j,k] · Exp[ηi′,j′,k′ ]

)

+3 ·
∑

i

∑

j 6=j′

∑

k 6=k′
Exp[ηi,j,k · ηi,j′,k′ ] + 3 ·

∑

i,j

∑

k 6=k′
Exp[ηi,j,k · ηi,j,k′ ] +

∑

i,j,k

Exp[η2
i,j,k] (5.16)

First observe that by definition ofη, for every i, j and k 6= k′, since if both (v1,i, v2,j , v3,k) and
(v1,i, v2,j , v3,k′) are triangles then they share an edge, we get that

ηi,j,k · ηi,j,k′ = 0 (5.17)
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Next observe that ∑

i,j,k

Exp[η2
i,j,k] =

∑

i,j,k

Exp[ηi,j,k] ≤ (n′)3 · (d′/n′)3 = (d′)3 (5.18)

As for the sum over triangles that share a (single) vertex,

Exp[ηi,j,k ·ηi,j′,k′ ] ≤ Exp[αi,j,k ·αi′,j′,k′ ] ≤
(

d′

n′
· d′ − 1

n′

)2

· d
′

n′
·
(

d′ − 1
n′

+
1

n′ − 1

)
≤ 2·

(
d′

n′

)6

(5.19)

and so ∑

i

∑

j 6=j′

∑

k 6=k′
Exp[ηi,j,k · ηi,j′,k′ ] ≤ (n′)5 · 2 · (d′)6

(n′)6
= 2

(d′)6

n′
(5.20)

To complete the proof we bound the difference betweenExp[ηi,j,k · ηi′,j′,k′ ] andExp[ηi,j,k] · Exp[ηi′,j′,k′ ]
(for i 6= i′, j 6= j′, andk 6= k′). By definition,

Exp[ηi,j,k · ηi′,j′,k′ ]− Exp[ηi,j,k] · Exp[ηi′,j′,k′ ]
= Pr[ηi,j,k = 1] · (Pr[ηi′,j′,k′ = 1|ηi,j,k = 1]− Pr[ηi′,j′,k′ = 1]

)
(5.21)

It can be verified that

Pr[ηi′,j′,k′ = 1|ηi,j,k = 1] =
(

1 + O

(
1
n′

))
· Pr[ηi′,j′,k′ = 1] (5.22)

and sincePr[ηi,j,k = 1] = Pr[ηi′,j′,k′ = 1] ≤
(

d′
n′

)3
, we get that

Exp[ηi,j,k · ηi′,j′,k′ ]− Exp[ηi,j,k] · Exp[ηi′,j′,k′ ] = O

(
(d′)6

(n′)7

)
(5.23)

Hence,

∑

i6=i′

∑

j 6=j′

∑

k 6=k′
Exp[ηi,j,k · ηi′,j′,k′ ]− Exp[ηi,j,k] · Exp[ηi′,j′,k′ ] = O

(
(n′)6 · (d′)6

(n′)7

)
= O

(
(d′)6

n′

)
(5.24)

By combining Equation (5.10) with Equations (5.16)–(5.24) we get that

Pr


∑

i,j,k

ηi,j,k <
1
2
Exp


∑

i,j,k

ηi,j,k





 =

O((d′)6/n′) + O((d′)3)
(n′)3

= o(1). (5.25)

The cased > 2

3
√

3

√
n. The distribution in this case is the same as described at the start of this section:

the graph vertices are partitioned into three equal partsV1, V2, andV3, and between every pairVi andVj

we putd/2 random perfect matchings. We would like to show that with high probability the resulting graph
contains at least1c · nd edge-disjoint triangles in the graph, for some constantc. To this end we think of

the matchings as being selected ink = 3
√

3
2 · d√

n
rounds, where in each roundd′ = 1

3
√

3
· √n matching are

selected between every pairVi, Vj , i 6= j. For each round we can apply Lemma 5.3.2 and get that with high
probability we have at least1c ·n ·d′ edge-disjoint triangles. Observe that the triangles created in the different
rounds are edge-disjoint. By applying a union bound we get that with probability at least1 − O(k/n) we
obtain 1

c · n · d edge-disjoint triangles.
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The cased < 2

3
√

3

√
n. In this case we first partition the vertices intok partsV 1, . . . , V k where|V i| =

27
4 d2. We then apply the construction described at the start of this section to eachV i. For smallk (i.e.,
k < log n) we can apply a union bound on the differentV i’s, and oncek is sufficiently large we can use
the fact that the different subgraphs are constructed independently. In either case we get that with high
probability, for at least a half of theV i’s there areΩ(|V i| · d) edge disjoint triangles within the subgraph
induced byV i.

5.3.2 The lower bound

Let A be any one-sided error algorithm for testing triangle freeness, whereA is allowed to perform both
neighbor queries and vertex-pair queries. IfA views a triangle in the tested graph then clearly it can reject
the graph. However, sinceA is a one-sided error algorithm, if it terminates before viewing a triangle, then
it must accept. Suppose we runA on a graph chosen according toD∆, with some (sufficiently small)
constantε. Since we have shown that with high probability such a graph isε-far from being triangle free,
the probability thatA terminates before viewing a triangle must be small. Hence it remains to prove the
following lemma.

Lemma 5.3.3 Any algorithm whose goal is to detect, with high constant probability, a triangle in a graph
selected according toD∆, must askΩ(min{d, n/d}) queries.

We note that the proof actually establishes the stronger statement:Ω(min{d, n/d}) queries are required to
detect a cycle of any length.
Proof: We first present the argument ford ≥ 2

3
√

3

√
n and later discuss the modifications required for

d < 2
3
√

3

√
n.

It will be convenient to view graphs in the support ofD∆ as being represented by “matchings over
tables”. Namely, there are 6 tables:T1,2, T1,3, T2,1, T2,3, T3,1, T3,2, two for each set of verticesVb, b ∈
{1, 2, 3}. Each tableTb,b′ is of size(n/3)× (d/2): there is a row for each vertexv in Vb, and each entry in
v’s row corresponds to one of thed/2 edges that are incident tov and to vertices inVb′ . An edge between
u ∈ Vb and v ∈ Vb′ is represented by a pair of entries(Tb,b′ [u][i], Tb′,b[v][j]). Hence thed/2 perfect
matchings betweenVb andVb′ correspond to a single perfect matching between the entries of the two tables
Tb,b′ andTb′,b.

Let ALG be an algorithm that performsQ = Q(n, d) queries and whose goal is to detect a triangle with
probability at least9/10. The probability is taken over the choice of the graphG in the support ofD∆ and the
coin flips of the algorithm. Namely ALG is a (possibly probabilistic) mapping fromquery-answer histories
〈(q1, t1), . . . , (qt, at)〉, to qt+1 for everyt < Q. A vertex-pair query is of the formqt = (u, v) whereu ∈ Vb

andv ∈ Vb′ for someb 6= b′, b, b′ ∈ {1, 2, 3}. The answer is eitherat = (1, i, j), which denotes that there is
an edge betweenu andv and it corresponds to the pair of entries(Tb,b′ [u][i], Tb′,b[v][j]), or at = 0, which
denotes that there is no edge betweenu andv. A neighbor query is of the formqt = (u, b′, i) whereu ∈ Vb,
b 6= b′. The answer is of the format = (v, j) wherev ∈ Vb′ denoting that there is an edge betweenu andv
and it corresponds to the pair of entries(Tb,b′ [u][i], Tb′,b[v][j]). We note that the mapping from query-answer
histories to queries needs to be defined only on histories that are consistent with some graph in the support
of D∆.

In what follows we define a process that answers the queries of the algorithm while generating a graph
according toD∆. At any timet, the queries of the algorithms and the answers it is provided with determine
theknowledge graphGt = (V t, Et, Ēt), whereV t are the vertices,Et are the edges and̄Et are the non-
edges. Namely,V t consists of all vertices that appeared in queries of the algorithm or in answers to neighbor
queries. SimilarlyEt consists of all pairsu, v such that either(u, v) was a vertex-pair query that was
answered positively, orv was an answer to a neighbor query involvingu, andĒt consists of all pairsu, v
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such that either(u, v) was a vertex-pair query that was answered negatively. For every edge(u, v) ∈ Et

the knowledge graph will include the indices of the entries in the tables by whichu andv are connected
(that is,(i, j) such thatTb,b′ [u][i] is matched toTb′,b[v][j]. Given a vertex-pair queryqt = (u, v) where
u ∈ Vb andv ∈ Vb′ , the process computes the probability, conditioned on the current knowledge graph, that
(u, v) is an edge. Namely, it considers all graphs in the support ofD∆ that are consistent withGt−1 and
answers positively with probability that is proportional to the number of these graphs in which there is an
edge betweenu andv. Let ut−1,b,b′ denote the number of unmatched entries inTb,b′ at timet (before the
t’th query). Note that this number equals the number of unmatched entries inTb′,b at the same time.

It is not hard to verify that the conditional probability that there is an edge betweenu andv is upper
bounded by:d/2 (the maximum number of unmatched entries inu’s row in Tb,b′), timesd/2 (the maximum
number of unmatched entries inv’s row inTb′,b), divided byut−1,b,b′ . Sinceut−1,b,b′ ≥ (n/3)·(d/2)−(t−1)
andt − 1 < Q = o(n/d) the probability iso(d/n). It follows that the probability that the algorithm gets a
positive answer foranyof the at mostQ = o(n/d) vertex-pair queries iso(1). But if the algorithm always
gets negative answers for its vertex-pair queries it clearly cannot close a triangle with such a query.

Given a neighbor query(u, b′, i) whereu ∈ Vb, the process gives an answer(v, j) wherev ∈ Vb′ ac-
cording to the conditional probability that the entriesTb,b′ [u, i] andTb′,b[v][j] are matched (where again, the
conditioning is on the current knowledge graphGt−1). Here we would like to upper bound the probability
thatv already belongs to the knowledge graph. Observe that the knowledge graphGt−1 contains at most2t
vertices and at mostt edges and non-edges. Hence the conditional probability thatTb,b′ [u, i] is matched to
Tb′,b[v, j] for somev ∈ V t−1

b′ = V t−1∩Vb′ andj ∈ {1, . . . , d/2}, is upper bounded by the following expres-
sion: (d/2)× (2t) (the maximum number of unmatched entriesTb′,b[v, j] for v ∈ V t−1

b′ ) divided by the total
number of unmatched entries inTb′,b that do not belong to rows of verticesu ∈ Vb′ such that(u, v) ∈ Ēt−1.
By our assumption onQ (wheret − 1 < Q), the numerator in the above expression iso(min{n, d2}) and
the denominator is at least(n/3) · (d/2) − (t − 1) · (d/2) = Ω(n · d). Hence, the probability that such an
event occurs in a given particular timet is o(min{(1/d), (d/n)}, and the probability that it occurs at any
t ≤ Q is o(1). But if the algorithm never gets a vertex in the knowledge graph as an answer to a neighbor
query, it clearly cannot close a triangle with such a query.

Finally we address the case thatd < 2
3
√

3

√
n. Recall that in this case we first partition the vertices into

k partsV 1, . . . , V k where|V i| = n′ = 27
4 d2. We then apply the construction to eachV i. By the argument

described above, here we can get a lower bound of the formΩ(min{d, n′/d}) = Ω(d). But for the current
setting ofd we also have thatmin{d, n/d} = d, and so the lower bound holds in this case as well.

A remark about multiple edges. The lower bound proof stated above is valid for graphs that may contain
multiple edges. In the distributionD∆ the probability of a multiple edge between a pair of vertices is
O( d2

n2 ). Thus, graphs created according to this distribution contain multiple edges with probability close to
1. However, with probability1 − o(1) there areO(d2) multiple edges in the graphs created according to
this distribution. We have shown in Lemma 5.3.2 that graphs created according to the distributionD∆ are
Ω(1)-far from being triangle free with probability1−o(1). Hence we can deduce that by removing multiple
edges from a graphG constructed according to the distributionD∆, the resulting graph isΩ(1)-far from
being triangle free with probability1− o(1). In addition, an algorithm ALG that interacts with the process
detects a multiple edge with probabilityo(1) due to the following reason: ALG doesn’t detect any edges
by vertex-pair queries with probability1− o(1). The probability of detecting a multiple edge in a neighbor
query is at most the probability that such a query is answered by a vertex in the knowledge graph. This
probability was shown in Lemma 5.3.2 to beo(1). Thus, at the end of the interaction with ALG, the process
can delete all the multiple edges from the resulting graph, so that the resulting graph contains no multiple
edges. The graph remainsΩ(1)-far from being triangle-free after the deletion, and its average degree is
d− o(1). As a conclusion we get that our lower bound is valid also for graphs with no multiple edges.
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5.4 An improved lower bound for high degrees
In this section we establish the following lemma, which improves on our previous lower bound of
min{d, n/d} when the degree of the graph is at leastn2/3+o(1).

Lemma 5.4.1 Every one-sided error testing algorithm for triangle-freeness must perform

Ω
(
min

{√
d, n2/3

d1/3

}
· n−g(n)

)
queries, whereg(n) = log log log n+4

log log n . This lower bound holds even

for d-regular graphs.

In order to prove the lemma, here too we define a distribution over graphs that are far from being triangle
free. We then prove a lower bound on the number of queries that are required in order to detect a triangle
with probability bounded away from zero in a graph that is generated according to the distribution. As we
shall see, it will actually be convenient to consider graphs over3n vertices and degree2d.

5.4.1 A variant of Behrend graphs

Our lower bound distribution builds on graphs that are variants of what are known asBehrend Graphs.
These graphs are defined by sets of integers that include no three-term arithmetic progression (abbreviated
as 3AP). Namely, these are setsX ⊂ {1, . . . , n} such that for every three elementsx1, x2, x3 ∈ X, if
x2−x1 = x3−x2 (i.e.,x1 +x3 = 2x2), then necessarilyx1 = x2 = x3. Below we describe a construction
of such sets that are large (relative ton), and later explain how such sets determine Behrend graphs. Our
construction ofX uses similar ideas to those used in known constructions [16, 67] and gives a slightly
weaker result. However, our alternative construction appears to be somewhat simpler, and the size of the
resulting set suffices for our purposes.

Lemma 5.4.2 For every sufficiently largen there exists a setX ⊂ {1, . . . , n}, |X| ≥ n
1− log log log n+4

log log n , such
thatX contains no three-term arithmetic progression.

Proof: Let b = log n andk = log n/ log b− 2. Sincelog n/ log b = log n/ log log n we have thatk < b/2
for everyn ≥ 8. We arbitrarily select a subset ofk different numbers{x1, . . . , xk} ⊂ {0, . . . , b/2 − 1}
and defineX =

{∑k
i=1 xπ(i)b

i : π is a permutation of{1, . . . , k}
}

. By the definition ofX we have that

|X| = k!. By usingz! > (z/e)z, we get that

|X| = k! = (log n/ log log n)! > n
1− log log log n+4

log log n (5.26)

Consider any three elementsu, v, w ∈ X such thatu + v = 2w. By definition ofX, these elements are
of the formu =

∑k
i=1 xπu(i)b

i, v =
∑k

i=1 xπv(i)b
i andw =

∑k
i=1 xπw(i)b

i ∈ X, whereπu, πv, πw are
permutations over{1, . . . , k}. Sincexi < b/2 for every1 ≤ i ≤ k, it must be the case that for eachi,
xπu(i) + xπv(i) = 2xπw(i) This implies that for everyi: x2

πu(i) + x2
πv(i) ≥ 2x2

πw(i) where the inequality is
strict unlessxπu(i) = xπv(i) = xπw(i). If we sum over alli’s and there is at least one indexi for which the

inequality is strict we get that
∑k

i=1 x2
πu(i) +

∑k
i=1 x2

πv(i) >
∑k

i=1 2x2
πw(i) which is a contradiction since

we took permutations of the same numbers. Thus, we get thatu = v = w.

Remark. In fact, the set constructed above is also 3AP-free when all calculations are performed modulo
n. We will use this observation below.
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Behrend graphs. Given a setX ⊂ {1, . . . , n} with no three-term arithmetic progression we define the
Behrend graphBGX as follows. It has3n vertices that are partitioned into three equal parts:V1, V2, andV3.
For eachi ∈ {1, 2, 3} we associate with each vertex inVi a different integer in{0, . . . , n − 1}. The edges
of the graph are defined as follows:

• The edges betweenV1 andV2: For everyx ∈ X andj ∈ {0, . . . , n−1} there is an edge betweenj ∈ V1

and(j + x) mod n ∈ V2;

• The edges betweenV2 andV3: For everyx ∈ X andj ∈ {0, . . . , n − 1} there is an edge between
(j + x) mod n ∈ V2 and(j + 2x) mod n ∈ V3;

• The edges betweenV1 andV3: For everyx ∈ X andj ∈ {0, . . . , n−1} there is an edge betweenj ∈ V1

and(j + 2x) mod n ∈ V3.

We shall say that an edge betweenj ∈ V1 andj′ ∈ V2 or betweenj ∈ V2 andj′ ∈ V3 is labeledby x,
if j′ = (j + x) mod n, and we shall say that an edge betweenj ∈ V1 andj′ ∈ V3 is labeledby x, if
j′ = (j + 2x) mod n.

The graphBGX is 2|X|-regular and it contains3|X|n edges. For everyj ∈ {0, . . . , n− 1} andx ∈ X,
the graph contains a triangle(j, (j + x) mod n, (j + 2x) mod n) wherej ∈ V1, (j + x) mod n ∈ V2 and
(j + 2x) mod n ∈ V3. There aren · |X| such edge-disjoint triangles and every edge is part of one such
triangle. Moreover, it is not hard to verify (based on the assumption thatX is 3AP-free) that there are no
other triangles in the graph.

5.4.2 The edge density of large sets in random Behrend graphs

In this subsection we prove the following lemma, which is central to the proof of Lemma 5.4.1. We shall
use the following notation: For a subsetY ⊆ X and a subset of verticesC in BGY , we leteY (C) denote
the number of edges spanned byC in BGY .

Lemma 5.4.3 Let 0 < β < 1
2 and0 < α ≤ 1 be such thatα − 2β > 1

log log n , and letX ⊂ {1, . . . , n},
|X| ≥ nβ. Consider the random Behrend graphBGY obtained by choosing a random subsetY ⊆ X,

|Y | = d = |X|
nβ . With high probability over the choice ofY , for every subsetC of vertices inBGY where

|C| = nα, we haveeY (C) ≤ 90
α−2β

n2α

nβ edges.

The lemma states that for sufficiently large subsetsC (i.e., for |C| = nα, whereα − 2β is a constant), the
number of edgeseY (C) is close to its expected value. Note that the smaller we chooseβ (i.e., the larger we
chooseY ), the smaller canα be. That is, the lemma can be applied to sets with smaller size.

Before proving the lemma we introduce some notation and prove two claims. For a subsetW ⊆ V1∪V2,
|W | = s, consider the subgraph ofBGX induced byW . Let

∆(W ) = {(j2 − j1) mod n : j1 ∈ W1, j2 ∈ W2, (j2 − j1) mod n ∈ X} (5.27)

denote the set ofdifferencesin W . That is, it is the set of labels of the edges betweenW1 andW2 in BGX .
Obviously, |∆(W )| ≤ s2. For every differencex ∈ ∆(W ), we define themultiplicity of x in W as the
number of edges inBGX between vertices inW1 and vertices inW2 that are labeled byx.

Let k = 5
α−2β . For β andα that satisfy the condition of the lemma (α − 2β > 1

log log n ) we have that
k ≤ 5 log log n. We shall say thatW is goodif no difference in∆(W ) has multiplicity higher thank in W .

Claim 5.4.4 With high probability over the choice ofY ⊆ X, for every goodW such that|W | = s ≥
nβ log n, we have thateY (W ) ≤ 2ks2

nβ .

Claim 5.4.4 is easily established by using known bounds on the tail of the Hypergeometric distribution
(see, e.g., [44, Page 29]). We also need the following claim.
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Claim 5.4.5 Let C be a subset ofV1 ∪ V2, such that|C| = nα. Suppose we uniformly and independently
selectW ⊂ C, |W | = nβ log n. Then the probability thatW is not good is at most 1

nβ .

Proof: Note that by the definition of Behrend graphs, the edges between vertices inC that are labeled by a
specific difference, form a matching. When we choose a random subsetW ⊂ C, the probability that there
exists a single difference ofC (i.e. an element of∆(C)) that has multiplicity at leastk +1 in W is bounded

by |C|2|C|k+1
( |C|−(2k+2)
|W |−(2k+2)

)( |C|
|W |

)−1
. Now,

|C|2|C|k+1
( |C|−(2k+2)
|W |−(2k+2)

)
( |C|
|W |

) ≤ |C|2 · |C|k+1 ·
( |W |
|C|

)2k+2

≤ n2α

(
log2 n

nα−2β

) 5
α−2β

≤ 1
n2

(5.28)

The last expression is upper bounded by1
nβ as required. .

Proof of Lemma 5.4.3: Consider a setC of vertices ofBGY such that|C| = nα. Let Ci = C ∩ Vi

for 1 ≤ i ≤ 3, and letC = C1 ∪ C2. We will show that almost surely the number of edges betweenC1

andC2 is at most 30
α−2β

n2α

nβ . The argument for the number of edges betweenC2 andC3 and betweenC1

andC3 is analogous, and hence the lemma follows. We shall prove the claim for everyC1, C2 such that
|C1 ∪ C2| = nα. Clearly this implies that it holds for everyC1, C2, s.t. |C1 ∪ C2| ≤ nα.

By Claim 5.4.4, with high probability over the choice ofY the following holds. For every goodW ,
W ⊂ C, such that|W | = s ≥ nβ log n, the number of edges spanned byW in BGY is at most2ks2n−β.
Assume from now on that the selectedY has this property. We shall use Claim 5.4.5 to derive an upper
bound on the number of edges inBGY that are spanned by the vertices ofC.

By our assumption onY , if W is good and|W | = s ≥ nβ log n theneY (W ) ≤ 2ks2n−β. Clearly,
eY (W ) ≤ s2. If we uniformly and independently selectW ⊂ C, such that|W | = s thenExp[eY (W )] ≥
1
2 · eY (C) · s2

n2α . We stress that the expectation is taken only over the choice ofW and not over the choice
of Y . Now,

Exp[eY (W )]
= Exp[eY (W ) | W is good] · Pr[W is good] + Exp[eY (W ) | W is not good] · Pr[W is not good]
≤ 2ks2 · n−β + s2 · n−β = (2k + 1)s2 · n−β (5.29)

It follows thateY (C) ≤ (2k + 1) · 2|C|2 · n−β ≤ 5k|C|2 · n−β Sincek = 5
α−2β , the lemma follows.

As a corollary of Lemma 5.4.3 we get:

Corollary 5.4.1 Let 0 < β < 1
2 and X ⊂ {1, . . . , n} where|X| ≥ n1−g(n) for g(n) = log log log n+4

log log n .
Consider the random Behrend graphBGY obtained by choosing a random subsetY ⊆ X, |Y | = d =
|X|
nβ . With high probability over the choice ofY , for every subsetC of vertices inBGY such that|C| ≤
min

{√
d, n2/3

d1/3

}
· n−g(n), the following bound applies:|C| · eY (C) ≤ n1−g(n).

Proof: Note thatd = n1−g(n)−β, and so we need to bound the number of edges in setsC s.t.

|C| ≤ min
{

n
1−g(n)−β

2 , n
1+g(n)+β

3

}
· n−g(n) ≤ n2/5−g(n), (5.30)

wheren2/5−g(n) is obtained forβ = 1/5− g(n).
Consider first the case thatβ ≤ 1

5 − g(n). In this case we need to bound the number of edges in setsC,

s.t. |C| ≤ n2/3−g(n)

d1/3 = n
1−2g(n)+β

3 .
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Let α = 1−2g(n)+β
3 and observe thatα− 2β ≥ g(n) > 1

log log n . Hence we can apply Lemma 5.4.3 and
get that with high probability over the choice ofY , for every subsetC such that|C| = nα, we have that
eY (C) ≤ 90

α−2β · n2α

nβ . Clearly this upper bound holds also for every subsetC such that|C| ≤ nα. Hence,

|C| · eY (C) ≤ 90
α− 2β

· n3α

nβ
≤ 90

g(n)
· n1−2g(n) ≤ n1−g(n) (5.31)

Consider now the case thatβ > 1
5 − g(n). Note that we need to bound the number of edges in sets

C such that|C| ≤ n2/5−g(n). We have shown that the bound applies for the case thatβ = 1
5 − g(n), and

|C| = n2/5−g(n). Hence, forβ > 1
5 − g(n), the setsC for which |C| ≤ n2/5−g(n) are less dense and

therefore the previous bound applies.

5.4.3 The lower bound distributionBG(n, d)

Let X ⊂ [n] be a set with no three-term arithmetic progression, as constructed in Subsection 5.4.1, such
that|X| = n1−g(n) (whereg(n) = log log log n+4

log log n ). Consider the Behrend graph, denotedBGX , whose set of
generators isX. Recall thatBGX , which is a graph over3n vertices, contains|X|·n edge-disjoint triangles:
every edge belongs to exactly one triangle, and every triangle corresponds to somex ∈ X.

For each subsetY ⊂ X, such that|Y | = d we consider the subgraph ofBGX that contains all its
vertices but only the edges labeled by differencesy ∈ Y . This (sub-)graph containsn · |Y | = nd edge-
disjoint triangles and is henceε-far from being triangle free for any0 < ε < 1/3. Next we apply a
permutationπ on the names of the vertices. More precisely,π consists of 3 permutations,πb, b ∈ {1, 2, 3},
each over{0, . . . , n − 1}. If we denote each vertexv in BGX by a pair(b, i) whereb ∈ {1, 2, 3} is the
index of the subset that the vertex belongs to andi ∈ {0, . . . , n− 1}, thenπ(v) = π(b, i) = (b, πb(i)). We
denote the resulting graph byBGY,π.

A graph is generated according to the distributionBG(n, d) by uniformly selectingY andπ and out-
putting the resulting graphBGY,π. We also assume that the edges incident to a vertexv are ordered randomly
in the incidence list ofv. For the sake of simplicity, we do not include these random labelings in the notation.

5.4.4 Online generation of graphs according toBG(n, d)

Recall that we would like to show that any algorithm that is given query access to a graph generated ac-

cording toBG(n, d) must performΩ
(
min

{√
d, n2/3

d1/3

}
· n−g(n)

)
queries in order to detect a triangle with

sufficiently high constant probability. In order to prove this it will be convenient to define an online process,
denotedP , that answers the algorithm’s queries while generating a graph according toBG(n, d). The
processP will actually provide the algorithm with more information than required by neighbor and vertex-
pair queries. Namely, whenever the algorithm asks a query involving a vertexv ∈ {(1, 0), . . . , (3, n − 1)}
(in either type of query), the process will provide it withπ−1(v). This will also be the case when the process
answers a neighbor query(u, i) with a vertexv. Thus the algorithm is provided with the “identity” inBGX

of the vertices it has observed, and can also derive the labelsy ∈ Y of the edges it has observed.
Clearly, a lower bound on the number of queries of an algorithm that is provided with the additional in-

formation described above constitutes a lower bound on an algorithm that is not provided with this additional
information. It will actually be convenient to consider the following three types of queries:

1. Vertex queries: for any choice of a vertexv ∈ {(1, 0), . . . , (3, n− 1)} the algorithm is provided with
π−1(v);

2. Random neighbor queries: for any vertexv the algorithm has already observed, it may ask for a new
random neighboru of v (together withπ−1(u);
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3. Difference queries: for anyx ∈ X the algorithm can ask whetherx ∈ Y .

Note that a vertex-pair query can be performed by asking at most two vertex queries and one difference
query, and a neighbor query can be performed by asking a vertex query and a random neighbor query (recall
that the edges adjacent to a vertex are labeled randomly inBGY,π). It follows that any lower bound on an
algorithm that performs these types of queries implies a lower bound that is at most a factor of 3 smaller on
an algorithm that performs vertex-pair and neighbor queries.

Let ALG be an algorithm that performsQ = Q(n, d) queries of the above three types and whose goal
is to detect a triangle with probability at least9/10. The probability is taken over the choice of the graph
BGY,π and the coin flips of the algorithm. Namely ALG is a (possibly probabilistic) mapping fromquery-
answer histories〈(q1, t1), . . . , (qt, at)〉, to qt+1 for everyt < Q. The mapping needs to be defined only on
histories that are consistent with some graphBGY,π.

As described above, a vertex queryqt = (V Q, vt) for vt ∈ {(1, 0), . . . , (3, n− 1)} that has not yet been
observed is answered byπ−1(vt). A random neighbor queryqt = (NQ, vt, b

′) for vt = (b, i) that has been
observed is answered by a new random neighborut = (b′, j) of vt together withπ−1(ut). A difference
queryqt = (DQ, x) for x ∈ X is answered by ‘1’ (yes) or ‘0’ (no), indicating whetherx ∈ Y or not.

Any query-answer history of lengtht can be used to define theknowledge baseKt = (Vt, Yt, Ȳt, πt)
at timet, whereVt ⊂ {(1, 0), . . . , (3, n − 1)}, Yt, Ȳt ⊂ X andπt : Vt → {(1, 0), . . . , (3, n − 1)} (where
πt is one-to-one). Specifically,Vt consists of all vertices(b, j) such that(b, j) = π−1(v) for somev that
appeared either in one of the firstt queries of ALG or in one of the firstt answers. The setYt consists of
all x ∈ X such that for somet′ ≤ t there was either a queryqt′ = (DQ, x) that was answered by ‘1’, or a
queryqt′ = (NQ, vt, b

′) that was answered withut where the edge betweenπ−1(vt) andπ−1(ut) is labeled
by x. The setȲt consists of allx ∈ X such that for somet′ ≤ t there was a queryqt′ = (DQ, x) that was
answered by ‘0’. Finally, for every(b, j) ∈ Vt, πt(b, j) = v wherev is such thatπ−1(v) = (b, j).

Observe thatVt together withYt determine a subgraph ofBGX : the vertices of the subgraph are the
vertices ofVt, and the edges are all pairs(u, v), u, v ∈ Vt such that there is an edge betweenu andv in
BGX and this edge is labeled by somex ∈ Yt. For eachb ∈ {1, 2, 3} we letVt,b = {(b, j) : (b, j) ∈ Vt}.

Definition of the processP

Let R = R(n, d) denote the set of all graphsBGY,π in the support ofBG(n, d). For b ∈ {1, 2, 3} and
i, j ∈ {0, . . . , n− 1} let Rb,i,j ⊂ R denote the subset of graphsBGY,π ∈ R such thatπ(b, j) = (b, i). For
x ∈ X let Rx ⊂ R denote the subset of graphsBGY,π ∈ R such thatx ∈ Y , and letR¬x ⊂ R denote the
subset of graphsBGY,π ∈ R such thatx /∈ Y .

The processP answers ALG’s queries as follows, where we assume without loss of generality that ALG
does not ask any queryqt whose answer can be deduced from the knowledge baseKt−1. In particular, for
every vertex queryqt = (V Q, v) we have thatv /∈ Vt−1, and for every difference queryqt = (DQ, x) we
have thatx /∈ Yt−1 ∪ Ȳt−1. The processP initializesR0 = R, and in general, for anyt ≥ 0, we have that
Rt consists of all graphs inR that are consistent with the firstt queries.

• To answer a vertex queryqt = (V Q, v), wherev = (b, i), the process uniformly selects(b, j) ∈
{(b, 0), . . . , (b, n−1)}\Vt−1,b and setsRt = Rb,i,j∩Rt−1. Note that(b, j) is selected with probability
|Rb,i,j∩Rt−1|

|Rt−1| = |Rt|
|Rt−1| .

• Given a difference query(DQ,x), with probability d−|Yt−1|
|X|−|Yt−1|−|Ȳt−1| the process answers ‘1’ and

with probability 1 − d−|Yt−1|
|X|−|Yt−1|−|Ȳt−1| = |X|−d−|Ȳt−1|

|X|−|Yt−1|−|Ȳt−1| it answers ‘0’. In the former case it sets
Rt = Rx ∩Rt−1 and in the latter case it setsRt = R¬x ∩Rt−1. Note that here the answer is ‘1’ with
probability |Rx∩Rt−1|

|Rt−1| = |Rt|
|Rt−1| and is ‘0’ with probability1− |Rx∩Rt−1|

|Rt−1| = |R¬x∩Rt−1|
|Rt−1|

|Rt|
|Rt−1| .
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• To answer a random neighbor queryqt = (NQ, v, b′), the process performs two steps. First it selects
x ∈ X in the following manner. With probability|Yt−1|

d it selectsx uniformly from Yt−1, and with

probability1 − |Yt−1|
d it selectsx uniformly from X \ (Yt−1 ∪ Ȳt−1). In either case the choice ofx

(together withb′) determines the value ofj ∈ {0, . . . , n − 1} such that there is an edge labeledx
in BGX betweenπ−1(v) and(b′, j). If (b′, j) ∈ Vt−1 thenu = πt(b′, j) = π(b′, j) is known and
Rt = Rx ∩Rt−1. Otherwiseu = (b′, i) is selected uniformly in{(b′, 0), . . . , (3, n− 1)} \Vt−1,b′ and
Rt = Rx ∩Rb′,i,j ∩Rt−1.

OnceP completes answering theQ queries of ALG it uniformly selects a graph inRQ. The next lemma is
easily derived from the definition of the process.

Lemma 5.4.6 For every algorithm ALG, the processP , when interacting with ALG, uniformly generates
graphs inBG(n, d)

Proof: Consider a specific graphG in R0 = BG(n, d). The probability thatG is generated byP is

Pr[G ∈ R1] · Pr[G ∈ R2|G ∈ R1] · · ·Pr[G ∈ RQ|G ∈ RQ−1] · 1
|RQ|

=
R1

R0
· R2

R1
· · · · · RQ

RQ−1
· 1
|RQ| =

1
R0

(5.32)

and the lemma follows.

5.4.5 Proof of Lemma 5.4.1

Consider any algorithm ALG that interacts with the processP . We shall show that if ALG asksQ =
o
(
min

{√
d, n2/3

d1/3

}
· n−g(n)

)
queries, then the probability that it reveals a triangle iso(1). By Corol-

lary 5.4.1, with high probability over the choice ofY , |Y | = d, for every subsetU of vertices such that

|U | = o
(
min

{√
d, n2/3

d1/3

}
· n−g(n)

)
, we have|U | · e(U) = o(n1−g(n)), wheree(U) denote the number of

edges induced on the vertices ofU .
In what follows we assume that the graph generated byP in fact has this property, where we take into

account the probability ofo(1) that this is not the case. LetEt be the set of edges between vertices inVt

that are known to the algorithm at timet. That is,Et consists of all edges inBGX whose labels are in

Yt and are between vertices inVt. Therefore, for everyt = o
(
min

{√
d, n2/3

d1/3

}
· n−g(n)

)
we have that

t|Et| = o(n1−g(n)).
Recall that every edge(i, j) ∈ Et participates in exactly one triangle. There are two ways by which

ALG can close a triangle in itst’th query. If the query is either a vertex query or a random neighbor query,
the algorithm must receive as an answer one of the|Et−1| vertices that close triangles with (the known)
edges between vertices inVt−1. If the query is a difference query(DQ, x) (wherex /∈ Yt−1 ∪ Ȳt−1), then
there must be three vertices(1, i), (2, j), (3, k) ∈ Vt−1 that form a triangle inBGX whose edges are labeled
by x and the answer to the query is ‘1’ (i.e.,x ∈ Y ). For sake of simplicity we assume that whenever the
algorithm obtains a vertex that closes a triangle inBGX , then it is also told whether this triangle is inBGY,π

or not (i.e., it gets a difference query “for free”). We now turn to bounding the probability of each of the
above events by which a triangle is closed.

We first observe that since|Vt| ≤ t = o(n), whenever ALG asks a vertex query(V Q, v) wherev =
(b, i), the answer,(b, j), is uniformly distributed in a subset of sizeΘ(n). Since|Yt| + |Ȳt| ≤ t, whenever
ALG asks a random neighbor queryqt = (NQ, v, b′), with probability at least1− t

d we have that(b′, j) =
π−1(u) is uniformly distributed in a subset of size|X| − t. Since|X| = Ω(n1−g(n)), andt = o(

√
d), with
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probability 1 − o(1), for every neighbor query performed, the answer to the neighbor query is uniformly
distributed in a subset of sizeΩ(n1−g(n)). Let us assume from this point on that this is in fact the case
(where we take into account thato(1) probability that this is not the case).

Given the above, the probability that ALG closes a triangle in thet’th query when one of the edges of the
triangle is already inEt is |Et|/Ω(n1−g(n)). It remains to bound the probability that ALG closes a triangle
by obtaining a vertex(b, j) that closes a triangle in the subgraph ofBGX that is induced byVt−1, and that
the differencex /∈ Yt−1 ∪ Ȳt−1 corresponding to the triangle is determined to be inY . Since the number
of edges in the subgraph ofBGX that is induced byVt−1 is upper bounded by|Et|, the probability of the

above event is at most |Et|
Ω(n1−g(n) · d−t

Ω(n1−g(n) . Sincet = o
(
min{

√
d, n2/3/d1/3} · n−g(n)

)
, we know that

t|Et| = o(n1−g(n)) andt3 · d = o(n2(1−g(n))), Hence, the probability that one of the above events occurs
for anyt ≤ Q is o(1), as required.

5.5 A Reduction from One-Sided Error Lower Bounds to Two-Sided Error
Lower Bounds

In this section we establish that under certain conditions, a one-sided error lower bound for triangle-freeness
can be transformed into a two-sided error lower bound. Since these conditions hold for our one-sided error
lower bounds, we obtain two-sided error lower bounds.

Theorem 5.5.1 LetD∆ be a distribution over graphs withn vertices and average degreed, and letq(n, d)
be a function of these parameters. Assume the following holds:

1. With probability1− o(1) a graph selected according toD∆ is ε-far from being triangle-free for some
constantε.

2. One of the following two conditions holds:

• In all graphs in the support ofD∆, the triangles are edge-disjoint, and for any algorithmA, the
probability thatA reveals a triangle in a graph selected according toD∆ usingo(q(n, d)) queries
is less than2/3.

• For any algorithmA, the probability thatA reveals a cycle (of any length) in a graph selected
according toD∆ usingo(q(n, d)) queries is less than2/3.

Then any two-sided error algorithm for testing triangle-freeness that has success probability at least9/10
must performΩ(q(n/2, d)) queries.

Since the distributions that are defined for our one-sided error lower bounds, which are stated in Lem-
mas 5.3.1 and 5.4.1, are as required by Theorem 5.5.1, we get the following corollary.

Corollary 5.5.2 Any algorithm for testing triangle-freeness must perform

Ω
(
max

{
min{d, n/d}, min

{√
d, n2/3/d1/3

}
· n−g(n)

})

queries. This lower bound holds even if the algorithm is allowed two-sided error anddmax = O(d).

Here we prove Theorem 5.5.1 in two parts – Theorem 5.5.3 and Theorem 5.5.4 (depending on the
conditions on the lower-bound distributionD∆). The proofs use similar ideas, but the first one is simpler
and hence we present them separately. For the sake of simplicity, and since it suffices for our purposes, in
the first theorem we slightly strengthen the first condition onD∆.
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Theorem 5.5.3 LetD∆ be a distribution over graphs withn vertices and average degreed, and letq(n, d)
be a function of these parameters.

• Every graph in the support ofD∆ is ε-far from being triangle-free for some constantε.

• For every algorithmA, the probability thatA reveals a triangle in a graph generated according toD∆

usingo(q(n, d)) queries is less than2/3.

• In all graphs in the support ofD∆, the triangles are edge-disjoint.

Then any two-sided error algorithm for testing triangle freeness that has success probability at least5/6
must performΩ(q(n/2, d)) queries.

Proof: Given the distributionD∆ we define two distributions over graphs that haven′ = 2n vertices
and average degreed. One distribution, denotedD′

∆, generates graphs that areε-far from being triangle
free, and the other distribution, denotedD∆̄ generates graphs that are triangle free. Assume, contrary to
what is claimed in the theorem that there exists a two-sided error algorithmA′ for testing triangle free-
ness that performso(q(n′/2, d)) queries and has success probability at least5/6. Then, in particular, using
o(q(n′/2, d)) = o(q(n/d)) queries,A′ should be able to distinguish with sufficiently high probability be-
tween graphs generated byD′

∆ and graphs generated byD∆̄. We shall show that we can then useA′ to
obtain an algorithmA that performso(q(n, d)) queries and with probability at least2/3 reveals a triangle in
a random graph generated according toD∆.

Defining the two distributions. In both distributions, a graphG′ overn′ = 2n vertices is generated by first
selecting a graphG from D∆. Every vertexv in G is replaced by two vertices,v0 andv1. Every edge(u, v)
in G is replaced by two edges: either the two edges(u0, v0) and(u1, v1) (so that they are “in parallel”) or
the two edges(u0, v1) and(u1, v0) (so that they are “crossing”). Ifv is thej’th neighbor ofu andu is the
`’th neighbor ofv, then in both cases we maintain the ordering on neighbors. Namely, in the case of parallel
edges we have thatv0 is thej’th neighbor ofu0 andv1 is thej’th neighbor ofu1, u0 is the`’th neighbor of
v0 andu1 is the`’th neighbor ofv1 (an analogous correspondence holds for crossing edges). The difference
between the distributions is in the choice (distribution on the choice) between the above two options.

Recall that the triangles inG are edge-disjoint. Hence, for each triangle inG, the edges between the
corresponding vertices inG′ can be determined independently from the edges that belong to other triangles.
Consider a particular triangle(u, v, w) in G. There are23 = 8 ways to select the edges between the vertices
u0, u1, v0, v1, w0, w1 (depending on whether we select parallel or crossing edges). In4 of these ways we get
2 edge-disjoint triangles (e.g.,(u0, v0, w0) and(u1, v1, w1)), and in4 of these ways we get a single cycle of
length6 (e.g.(u0, v0, w0, u1, v1, w1)). The graph generated byD′

∆ simply selects one of the former4 ways
uniformly, and the graph generated byD∆̄ selects one of the latter4 ways uniformly.

The basic, but important observation is that for both distributions the following holds: If we consider any
edge that belongs to a particular triangle inG, then the probability that the corresponding pair of edges inG′

are parallel is equal to the probability that they are crossing. Moreover, this remains true if we condition on
any other (single) edge in the triangle being transformed to either parallel or crossing edges. Independence
breaks down only when we consider all3 edges in a triangle. We shall refer to this observation as the
Independence Observation.

Using a two-sided error algorithm to find triangles. Let A′ be a two-sided error algorithm for testing
triangle freeness that performso(q(n′/2, d)) queries when testing graphs overn′ = 2n vertices and has
success probability at least5/6. We next show how to use it in order to detect triangles in a graphG over
n vertices that is generated randomly according toD∆. The idea is that by performing queries toG and
flipping some coins, we shall actually be emulating the execution ofA′ on graphs generated by eitherD′

∆

or D∆̄. SinceA′ is supposed to test graphs overn′ = 2n vertices, we denote the vertices in the queries it
performs by{v1,0, v1,1, . . . , vn,0, vn,1}.
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Thus letG be a graph generated according toD∆. AlgorithmA (whose goal is to detect a triangle inG)
runsA′ as a subroutine and answers its queries by performing queries toG and transforming the answers
to the queries in an appropriate manner described below. In this processA maintains aknowledge graph,
denotedĜ, which contains all the edges it has observed inG as well as the “non-edges” (i.e., pairs(u, v)
that do not have an edge between them). In addition,A records all the answers it has already given toA′.

WheneverA′ performs a degree query for a vertexvi,b (b ∈ {0, 1}), algorithmA queries the degree
of vi and returns it as an answer. WheneverA′ performs a vertex-pair query(vi,b, vj,b′) (b, b′ ∈ {0, 1}), if
(u, v) is an edge or a non-edge in the knowledge graphĜ then the answer toA′ is determined. If this is
not the case thenA performs the vertex-pair query(vi, vj). If the answer is that there is no edge between
the two vertices, then the answer given toA′ is “no” as well. If the answer is that there is an edge, then
there are two cases. If this edge closes a triangle with two other edges inĜ thenA terminates successfully.
Otherwise, with probability1/2 A answers that there is an edge betweenvi,b andvj,b′ and with probability
1/2 it answers that there is no such edge. In addition, in the former caseA′ is provided with the information
concerning which neighbor isvj,b′ of vi,b.

WheneverA′ performs a neighbor query(vi,b, `) (that does not correspond to an edge already inĜ),
algorithmA performs the neighbor query(vi, `). Let the answer be(vj , t). Namely, there is an edge between
vi andvj , wherevj is the`’th neighbor ofvi, andvi is thet’th neighbor ofvj . Here too, if a triangle inG
is detected thenA terminates successfully. Otherwise it answers the query ofA′ in an analogous manner to
the way a vertex-pair query is answered. IfA′ terminates beforeA has found a triangle, thenA terminates
unsuccessfully.

Completing the proof. SinceA always terminates when or before it finds a triangle, by the Independence
Observation, the distribution on the answers it gives to the queries ofA′ is exactly the same the one we
would get if the queries ofA′ were answered by a graph that is selected either according toD′

∆ or according
to D∆̄. We claim that this implies that the probability thatA′ terminates beforeA finds a triangle (thus
causesA to terminate unsuccessfully) is less than1/3. Here the probability is taken over the choice ofG,
the coin flips ofA and the possible coin flips ofA′.

Assume, contrary to the claim, that the probability thatA′ terminates beforeA finds a triangle is at
least1/3. Consider the distribution over graphs that results from selecting with probability1/2 a graph
G′ according toD′

∆, and with probability1/2 a graphG′ according toD∆̄. By our counter assumption
(and the Independence Observation) the probability thatA′ terminates before it sees three edges of the form
(vi,b1 , vj,b2), (vj,b3 , vk,b4) and(vk,b5 , vi,b6) (whereb1, . . . , b6 ∈ {0, 1}) is greater than1/3. In such a case,
the distribution on the answers to the queries ofA′ (and hence on its queries conditioned on these answers)
is the same if the graphG′ is selected according toD′

∆ or according toD∆̄. Therefore, the probability that
A′ terminates with an incorrect output, is greater than1/6. But this contradicts our assumption onA′.

Since the number of queries performed byA before it terminates is upper bounded by the number of
queries performed byA′, the theorem follows.

We next turn to the alternative condition in Theorem 5.5.1.

Theorem 5.5.4 Let D∆ be a distribution graphs withn vertices and average degreed and letq(n, d) be a
function over these parameters. Assume the following holds:

• With probability1 − o(1) a graph selected according toD∆ is ε-far from being triangle-free for some
constantε.

• For every algorithmA, the probability thatA reveals a cycle (of any length) in a graph generated
according toD∆ usingo(q(n, d)) queries is less than2/3.

Then any two-sided error algorithm for testing triangle freeness that has success probability at least9/10
must performΩ(q(n/2, d)) queries.
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Before proving the theorem we introduce some notation and prove a few lemmas. Some of the notions
introduced are based on ideas used in the proof of Theorem 5.5.3. For any graphG overn vertices, consider
the family, denotedHG, of graphs over2n vertices that is defined as follows. For every vertexv in G there
are two vertices,v0 andv1 in eachG′ ∈ HG. For each edge(u, v) in G, every graphG′ ∈ HG has two
edges: either(u0, v0) and(u1, v1) (“parallel edges”) or(u0, v1) and(u1, v0) (“crossing edges”). The family
HG consists of all possible2|E(G)| graphs that obey the above constraints.

Lemma 5.5.1 LetG be a graph overn vertices and average degreed that isε-far from being triangle free.
With probability1− exp(−Ω(εnd)), a graph selected uniformly at random fromHG is at leastε/4-far from
being triangle free.

Proof: SinceG is ε-far from being triangle free, it contains at leastεnd edge-disjoint triangles. For each
such triangle, the probability that it is transformed into two triangles in the random graph inHG is 1/2.
By a multiplicative Chernoff bound, the probability that less than(εnd)/4 of the disjoint triangles inG are
transformed into a pair of triangles isexp(−Ω(εnd)).

Lemma 5.5.2 Let G be a graph overn vertices that hasC connected components. There exists a subset
HG,∆̄ ofHG that has size2n−C and such that every graphG′ ∈ HG,∆̄ is triangle-free.

Proof: We assume without loss of generality thatG is connected and show that|HG,∆̄| = 2n−1. (If G is not
connected then the lemma follows by applying the argument to each connected component.) Furthermore,
we prove the claim for the case of a clique overn vertices. Since every graph is a subgraph of the clique,
the lemma follows.

Consider a fixed ordering of the verticesv0, v1, . . . , vn−1. LetHKn,∆̄,1 consist of two subgraphs: one
contains the edges(v1,0, v0,0) and(v1,1, v0,1), and the other contains the edges(v1,0, v0,1) and(v1,1, v0,0).
In general,HKn,∆̄,j will consist of subgraphs over{v0,0, v0,1, . . . , vj,0, vj,1}. We shall prove by induction
on j that all subgraphs inHKn,∆̄,j−1 are triangle-free and that|HKn,∆̄,j | = 2 · |HKn,∆̄,j−1|.

The base case,j = 1, is easily established. Assume the claim holds forj−1 ≥ 1, we prove it forj. Con-
sider a fixed subgraphH ∈ HKn,∆̄,j−1. Recall thatH is over the vertices{v0,0, v0,1, . . . , vj−1,0, vj−1,1}.
We show how it is possible to extendH to two different subgraphs over{v0,0, v0,1, . . . , vj,0, vj,1}, such that
both subgraphs are triangle-free. In one subgraph, denotedHp (wherep stands for “parallel”), first we put
an edge betweenvj,0 andv0,0, and an edge betweenvj,1 andv0,1. In the other subgraph, denotedHc (where
c stands for “crossing”), we put an edge betweenvj,0 andv0,1, and an edge betweenvj,1 andv0,0. Next, we
consider every other pair of verticesvr,0 andvr,1 in H, r > 0, and put the two edges that connectvj,0 and
vj,1 to vr,0 andvr,1. We do so in the unique way so that there is no triangle between the6 verticesvj,0, vj,1,
vr,0, vr,1, v0,0 andv0,1. We claim that both resulting graphs are triangle-free.

Assume, contrary to the claim, that there is a triangle in one of the resulting graphs. Since by the
induction hypothesis there are no triangles inH, this triangle must containvj,b for b ∈ {0, 1}. Let vr,b′ and
vs,b′′ be the two other vertices in this triangle, wherer < s (and wherer 6= 0 by construction). In order to
simplify the notation, assume thatb = b′ = b′′ = 0. It will be easy to verify that the argument holds for any
other setting ofb, b′, b′′. By definition ofH, there is either an edge betweenvr,0 andv0,0 or an edge between
vr,0 andv0,1. Assume (once again without loss of generality) that the edge is betweenvr,0 andv0,0. Since
H is triangle-free, it contains the edge(vs,0, vr,1).

But now we reach a contradiction to the existence of the triangle(vj,0, vr,0, vs,0): If we are inHp then
vj,0 is connected tovr,0 and by construction we wouldn’t have the edge(vj,0, vr,0), and if we are inHc then
vj,0 is connected tovr,1 and by construction we wouldn’t have the edge(vj,0, vs,0).

We have thus established that all graphs inHKn,∆̄ = HKn,∆̄,n−1 ⊂ HKn are triangle free, and that
|HKn,∆̄| = 2n−1, as required.
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In what follows, for a fixed choice ofG andG′ ∈ HG, and for any edge(u, v) in G, we letσG′(u, v) = p
if G′ contains the edges(u0, v0) and(u1, v1) and we letσG′(u, v) = c if G′ contains the edges(u0, v1) and
(u1, v0).

Lemma 5.5.3 LetG be a graph and letT = {(u1, v1), . . . , (ut, vt)} be a subset of edges inG that contains
no cycles. Consider the distribution overσG′(u1, v1), . . . , σ(u|T |, v|T |) whenG′ is selected uniformly in

HG,∆̄. Then this distribution is uniform over{p, c}|T |.

Proof: Recall that in the proof of Lemma 5.5.2, the graphs inHKn,∆̄ (and hence inHG,∆̄) were constructed
by considering a fixed orderingv0, . . . , vn−1 of the vertices. Starting from the two possible subgraphs over
{v0,0, v0,1, v1,0, v1,1}, at each step every subgraph inHG,∆̄,j−1 was extended to two subgraphs inHG,∆̄,j .
This was done by selecting one of the two possible ways to connectvj,0 andvj,1 to v0,0 andv0,1, and then
adding the remaining edges in unique way that does not create triangles.

Now consider any choice of a “starting” vertexvi,0 and any sequence of vertex pairs
(vi1 , ui1), . . . , (vin−1 , uin−1) such thatuij 6= vij anduij ∈ {vi0 , vi1 , . . . , vij−1}, for every1 ≤ j ≤ n − 1.
(In particular we have thatui1 = vi0 .) Suppose we apply an analogous process to the one described in
Lemma 5.5.2. Namely, at each stepj of the process we can either add the edges(vij ,0, uij ,0) and(vij ,1, uij ,1)
or the edges(vij ,0, uij ,1) and(vij ,1, uij ,0), and this determines all other possible edges betweenvij ,0 and
vij ,1 andvi0,0, vi0,1, . . . , vij−1,0, vij−1,1. Clearly the argument given in Lemma 5.5.2 remains valid, and we
obtain2n−1 triangle-free graphs inHKn (and hence inHG).

We claim that all possible orderings give exactly the same set of triangle-free graphs. Assume contrary
to the claim that there exists a triangle-free graphG′ which is obtained according to one ordering, but
is not obtained according to another ordering. Let the latter ordering bevi0 , (vi1 , ui1), . . . , (vin−1 , uin−1).
Consider the first stepj such that in the process of adding the verticesvj,0 andvj,1 we do not obtain the
subgraph ofG′ that is induced byvi0,0, vi0,1, . . . , vij ,0, vij ,1. Let H be the subgraph ofG′ that is induced
by vi0,0, vi0,1, . . . , vij−1,0, vij−1,1, and letHp andHc be the subgraphs that result from connectingvij ,0 and
vij ,1 to uij ,0 anduij ,1 in parallel and crossing, respectively.

Suppose thatσG′(vij , uj) = p (the case thatσG′(vij , uj) = c is treated similarly). By the counter
assumption, there exists some vertexvir such thatσG′(vij , vir) 6= σHp(vij , vir). But by construction of
Hp, and sinceH is a subgraph of bothHp andG′, this implies thatG′ contains a triangle, and we reach a
contradiction.

Having established that all possible orderings result in the same set of triangle-free graphs, observe
that the process for constructing the set of triangle-free graphs can be transformed to selecting one of the
graphs uniformly: At each step we randomly select how to connectvij ,0 andvij ,1 to uij ,0 anduij ,1, which
determines all other edges betweenvij ,0 and vij ,1 and vi0,0, vi0,1, . . . , vij−1,0, vij−1,1. Now consider an
ordering that corresponds to a BFS onT (where all vertices that are not incident to edges inT are added
after the BFS). Then we see that for each edge(u, v) ∈ T , independently from the previous edges inT
that are traversed by the BFS,(u, v) is transformed into a parallel or crossing pair of edges inG′ with equal
probability.
Proof of Theorem 5.5.4: Similarly to the proof of Theorem 5.5.3, given the distributionD∆ we define two
distributions over graphs that haven′ = 2n vertices. One distribution, The distributionD′

∆ is defined by
selecting a graphG according toD∆ and then uniformly selecting a graphG′ in HG. The distributionD∆̄

is defined by selecting a graphG according toD∆ and then uniformly selecting a graphG′ in HG,∆̄. By
the premise of the theorem and Lemma 5.5.1,D′

∆ generates graphs that with high probability are(ε/4)-far
from being triangle free. By Lemma 5.5.2,D∆̄ generates graphs that are triangle-free.

Given Lemma 5.5.3, we can complete the proof of Theorem 5.5.4 in a manner that is very similar to the
proof of Theorem 5.5.4.
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5.6 Upper bounds

5.6.1 An upper bound ofO(
√

nd/ε3/2) for general graphs

Lemma 5.6.1 It is possible to test triangle-freeness by performingO(
√

nd/ε3/2) queries. Ifdmax = O(d)
thenO(d/ε) queries suffice.

Proof: Let G be a graph with average degreed overn vertices that isε-far from being triangle-free. By
definition,G must contain at leastεnd edges that belong to triangles. Ifdmax = O(d) then by uniformly
selectingΘ(1/ε) vertices and for each uniformly selecting an incident edge, with high probability we obtain
an edge that belongs to a triangle. Conditioned on this event, if we now perform allO(d) neighbor queries
to the end-points of each selected edge, we reveal a triangle.

If the maximum degree of the graph differs significantly from its average degree, then the above argu-
ment cannot be applied: First, the suggested edge selection process might not select with sufficiently high
probability an edge that belongs to a triangle. Second, even if we obtain such an edge, its end-points might
have a very high degree. To address these issues, we first introduce some notation.

We say that a vertex hashigh degreeif its degree is more thanc
√

nd (where we setc momentarily). We
shall say that an edge iscoveredby these high degree vertices, ifboth its end-points have high degree. But
the high-degree vertices can cover at most((1/c)

√
nd)2 = (1/c2)nd edges. Hence, among the edges that

belong to triangles, there are at least(ε − (1/c2))nd edges that have at least one end-point with degree at
mostc

√
nd. If we setc =

√
2/ε then we have at least(ε/2)nd such edges.

In order to obtain one of these edges, we would like to sample edges uniformly inG. In fact, it suffices
to sample edges “almost uniformly” as defined in Chapter 6. In Chapter 6 an algorithm is described that
usesÕ(

√
n/δ) queries to a graphG and for which the following holds: For all but at mostδ/4-fraction of

the edges ofG the probability that the edge is selected is at least1
32nd . We refer to this algorithm as “Edge-

Select”. By definition of the algorithm, if we setδ = ε, we get that there are at least(ε/4)nd edges that can
be returned by “Edge-Select” such that these edges belong to triangles and have at least one end-point with
degree at most

√
2/ε

√
nd. It follows that at a cost ofO(

√
n/ε3/2) queries we obtain such an edge with a

high constant probability. Thus the algorithm for detecting a triangle runs “Edge-Select”Θ(1/ε) times. For
each selected edge, if it has one end-point with degree less than

√
2/ε ·

√
nd then it asks all neighbor queries

for that vertex, and for each of them it asks all pair queries with the other end point. (If both end-points have
high degree then the algorithm does nothing).

5.6.2 An improved upper bound for relatively dense general graphs

Lemma 5.6.2 It is possible to test triangle-freeness by performingO
(
max

{
n4/3

ε2/3d2/3 , d2
max

ε2d2

})
queries.

Corollary 5.6.1 It is possible to test triangle-freeness of graphs with average degreed = Ω(
√

n) by per-

formingO
(

n4/3

d2/3ε2

)
queries.

Proof: Let G be a graph overn vertices with average degreed and maximum degreedmax that isε-far from

being triangle-free. We shall show that if we take a uniform sample ofΘ
(
max

{
n2/3

ε1/3d1/3 , dmax
εd

})
vertices

of G, and ask vertex-pair queries between all pairs in the sample, then a triangle is detected with probability
at least2/3.

SinceG is ε-far from being triangle-free, it must contain at leastεnd triples of vertices that form a
triangle. This lower bound on the number of triangles implies that the expected number of triangles in a set
of s uniformly selected vertices is at leasts3 · εnd

n3 . It follows that fors ≥ n2/3/(εd)1/3, the expected number
of triangles spanned by the sample is at least1. This unfortunately does not imply in general that a uniform
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sample ofs = Ω(n2/3/(εd)1/3) vertices spans a triangle with probability at least2/3. Rather, the size of
the sample should depend on the ratio betweendmax andd.

Let s = c · max
(

n2/3

(εd)1/3 , dmax
εd

)
, wherec > 0 is a sufficiently large constant. SinceG is ε-far from

being a triangle-free, it easily follows thatG must contain a familyT of (εnd)/3 pairwise edge-disjoint
triangles. Fix such a family, and for everyv ∈ V (G), let dT (v) be the number of triangles inT containing
v; obviously,dT (v) ≤ d(v)/2 ≤ dmax/2. We sample a setS of s vertices ofG uniformly at random.
Let X be the random variable counting the number of triangles ofT spanned byS. Due to the Chebyshev
inequality, it is enough to prove thatExp[X] is at least a large constant, and the ratioVar[X]/Exp2[X] is at
most a small enough constant. We will estimate both quantities.

Observe that each triangle ofT falls intoS with probability(1 + o(1))s3/n3. It follows that

Exp[X] = (1 + o(1))
s3

n3
|T | = Θ

(
εds3

n2

)
. (5.33)

Thus, takingc large enough, we get:Exp[X] is large enough, too. Also,

Var[X] ≤
∑

t,t′∈T
t∩t′ 6=∅

Pr[t, t′ ⊂ S] =
∑

v∈V (G)

(
dT (v)

2

)
(1 + o(1))s5

n5
(5.34)

(the latter estimate is due to the fact that, sinceT is pairwise edge-disjoint, for anyt, t′ ∈ T with t ∩ t′ 6= ∅,
the uniont ∪ t′ contains exactly five vertices). Recall thatdT (v) ≤ dmax. Due to convexity, we get:

Var[X] = O

(
εnd

dmax
· d2

max

)
s5

n5
. (5.35)

Using the assumptions = Ω
(

dmax
εd

)
, we derive:Var[X]/Exp2[X] is small enough, as required.
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Chapter 6

Sampling Edges Almost Uniformly from a
Graph

6.1 Introduction

In this chapter we describe and analyze a procedure that for an input graphG, computes a certain approx-
imation to the uniform selection of an edge inE(G). The input graphG is overn vertices with average
degreed. Our goal is to usẽO(min(

√
n/δ, n/d)) queries toG, for a givenδ > 0. We needed such a proce-

dure for the Bipartite tester, however we find it interesting by itself and there is a subsequent paper [40] that
uses ideas in the spirit of those presented here.

6.2 The Sampling Algorithm

We consider two cases:d >
√

δn andd ≤
√

δn. The first case is easy since ifG contains sufficiently many
edges then we simply sampleΘ(n/d) = Θ(n2/m) pairs of vertices in order to obtain an edge.

Sample-Edges-Uniformly-in-G

RepeatΘ(n/d) times:

• Select two vertices inG uniformly and at random.

• Check if there is an edge between these two vertices (by performing a single vertex-pair query).
If the answer is positive then output this edge (and exit the repeat loop).

Figure 6.1:A procedure for sampling edges uniformly inG.

The straightforward procedure for this case is given in Figure 6.1. Clearly every edge inG has equal
probability of being selected by the procedure, and the query complexity of this procedure isΘ(n/d), which
for d >

√
δn is Θ(min(

√
n/δ, n/d) as required. (To be more precise, there is some probability that this

procedure fails to output an edge. However, the probability that this occurs can be made sufficiently small
so as to have a negligible effect on the success probability of our algorithm.)

In the second case, whereG contains fewer edges (d ≤
√

δn), we do not have an algorithm that selects
an edge uniformly fromG (using relatively few queries). However, we can show the following:

Theorem 6.2.1 There exists a procedureSample-Edges-almost-Uniformly-in-Gthat usesÕ(
√

n/δ) degree
and neighbor queries inG and for which the following holds: For all but(δ/4)m of the edgese in G, the
probability that the procedure outputse is at least1/(64m). Furthermore, there exists a subsetU0 ⊂ V (G),
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|U0| ≤ (δn/2), such that for all edgese = (u, v) that are output with probability less than1/(64m), we
haveu, v ∈ U0.

Sample-Edges-Almost-Uniformly-in-G(δ)

1. Let t = 2
√

n/δ · log m. Uniformly select a subset of verticesS ⊂ V (G), where|S| = t.

2. Partition the sampled vertices into subsets according to their degree:Si = {v ∈ S : deg(v) ∈
(2i−1, 2i]}.

3. Choose an indexi, 1 ≤ i ≤ log m with probability |Si|2iP
i |Si|2i .

4. Uniformly select a vertexv ∈ Si.

5. Uniformly select an edge incident tov.

Figure 6.2:A procedure for selecting an edge inG so that all but at most a(δ/4)-fraction of the edges are selected
with probabilityΩ(1/m).

The procedure referred to in Theorem 6.2.1 is described in Figure 6.2. Before proving Theorem 6.2.1
we provide some intuition concerning this procedure. We define the followinglog m “buckets”: for1 ≤ i ≤
log m,

Bi =
{
v ∈ V (G) : deg(v) ∈ (2i−1, 2i]

}
. (6.1)

Thus, in each bucket, all vertices have approximately the same degree. Suppose we had a way to pick
an indexi with probability proportional to|Bi| · 2i, which is approximately the same as pickingi with
probability proportional to the number of edges incident to vertices inBi. Further assume that for eachi we
could uniformly select a vertex inBi. Then we could select an edge almost uniformly by selected an indexi
as described above, uniformly selecting a vertexv ∈ Bi, and then uniformly selected an edge incident tov.

The procedure Sample-Edges-Almost-Uniformly-in-G can be viewed as approximating this “ideal” pro-
cedure. Assume first that all buckets are relatively large (i.e.,|Bi| = Ω(

√
n) for every1 ≤ i ≤ log m).

Then, by taking a uniformly selected sample ofΘ̃(
√

n) vertices inG, we can obtain a good estimate of
|Bi| (and by that, of|Bi| · 2i), for everyi, and we can uniformly select a vertexv ∈ Bi for any giveni.
Unfortunately, if some buckets are small, then we might not sample from them at all.

To illustrate the seeming difficulty with such a case, suppose the graph is a star, so that there is one
vertex, denotedv∗ with degreen− 1, and all other vertices have degree1. In terms of our buckets we have
|B0| = n− 1 so that|B0| · 20 = n− 1, and|Blog n| = 1, so that|Blog n| · 2log n = n. The “ideal” procedure
would select each of the two buckets roughly with equal probability, and if it selects the bucketBlog n then
it picks v∗. In other words, it picksv∗ with probability roughly1/2. But if we take a sample of̃Θ(

√
n)

vertices then the probabilityv∗ falls in the sample is extremely small. However, this turns out to be almost
immaterial to the analysis since we are interested in the end result of the distribution onedges. In the case
of the star graph, every edge incident tov∗ is also incident to one of the degree-1 vertices, and hence will be
selected with equal probability.

In general, as we shall see in detail in the proof of Theorem 6.2.1, we can lower bound the probability of
selecting each edge that has both end-points in sufficiently large buckets. On the other hand, we can upper
bound the total number of edges that have both end-points is small buckets. Details follow.
Proof of Theorem 6.2.1: Let the subsets (“buckets”)Bi be as defined in Equation (6.1). Note that in the
procedure Sample-Edges-Almost-Uniformly-in-G (Figure 6.2), the subsamplesSi are simplySi = S ∩Bi.
Next we define a set of indicesI0, that includes indices of all bucketsBi that have “few” elements. More
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precisely,

I0 =

{
i : 1 ≤ i ≤ log m and|Bi| ≤

√
δn

2 log m

}
. (6.2)

Let U0 be the set of vertices that belong to buckets with “few” elements:U0 =
⋃

i∈I0
Bi.

Consider any fixed vertexv /∈ U0, and leti(v) be the index of the bucket thatv belongs to, that is,
v ∈ Bi(v). We denote byCv the event thatv is selected in the Step 4 of the sampling algorithm. Then, for a
vector(s1, · · · , slog m) we can estimate:

Pr[Cv : |S1| = s1, · · · , |Slog m| = slog m] =
si(v)

|Bi(v)|
· si(v)2i(v)

∑
i si2i

· 1
si(v)

(6.3)

(first require thatv falls in Si(v), then choose the bucketSi(v), and then choosev insideSi(v)). Thus the
above conditional probability is:

si(v)

|Bi(v)|
· 2i(v)

∑
i si2i

≥ si(v)deg(v)
|Bi(v)|

∑
i si2i

. (6.4)

The random variablesi(v) is hypergeometrically distributed with parametersn, |Bi(v)| and t. It thus has
meant|Bi(v)|/n, and using known bounds on the tails of the hypergeometric distribution and our assumption
onv (v 6∈ U0 and thereforeBi(v) is large), we can get:

Pr
[

si(v)

|Bi(v)|
≥ t

2n

]
≥ 3

4
.

Consider the sum
∑t

i=1 si2i. We have:

Exp

[∑

i

|Si|2i

]
=

∑

i

|Bi|
n

· t · 2i

=
t

n
·
∑

i

|Bi|2i

≤ t

n
·
∑

i

∑

v∈Bi

(2deg(v)) ≤ 4 · t ·m
n

.

By Markov’s inequality, the probability that
∑

i |Si|2i > 16tm
n is less than1/4. It thus follows that

Pr

[(
si(v)

|Bi(v)|
≥ t

2n

)
&

(∑

i

si2i ≤ 16tm

n

)]
≥ 1

2
. (6.5)

Consider only such vectors(s1, · · · , st). From Equation (6.4) we obtain:

Pr[Cv] ≥ 1
2
· t

2n
· deg(v)

16tm
n

=
deg(v)
64m

. (6.6)

Finally, for an edgee ∈ E(G), let us denote byCe the event thate is selected in the fourth step of
the procedure Sample-Edges-Almost-Uniformly-in-G. LetE(U0) denote the set of edges between pairs of
vertices inU0, that is,E(U0) = {(u, v) ∈ E(G) : u, v ∈ U0}. By definition ofU0, |U0| ≤

√
δn/2, and

hence|E(U0)| ≤ (δn)/4. Therefore, for all but at most(δn)/4 ≤ δm/4 of the edges inE(G), at least one
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of their end-points isnot in U0. (Note that here we have used the assumption thatm ≥ n.) For each such
edge(u, v) whereu /∈ U0 (or v /∈ U0), we have

Pr[Ce] ≥ Pr[Cu] · 1
deg(u)

≥ deg(u)
64m

· 1
deg(u)

=
1

64m
. (6.7)
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Chapter 7

Bounds on the Edge Density of Dense
Random Cayley Graphs

7.1 Introduction

In this chapter we consider Random Cayley graphs. We show that for dense random Cayley graphs the
edge density in relatively large induced subgraphs is close to the edge density of the whole graph. It was
previously shown [8] that random Cayley graphs are expanders and hence have the property that the density
of every induced subgraph on sufficiently many vertices is very close to the density of the graph. However,
the known techniques for proving this property are based on estimating the second eigenvalue of the graph’s
adjacency matrix, and do not supply any informative bounds for sets of vertices that are much smaller than
the number of vertices divided by the square root of the degree. For more details on estimating the edge
density of a graph using the spectral technique, the reader should refer to [11]. Our techniques are somewhat
reminiscent of those of [7, 43].

7.2 The Bounds

In the following we consider random Cayley graphs. Using methods that were introduced in Subsec-
tion 5.4.2, we get bounds on the edge density of random Cayley graphs with large sets of generators. We
start with a definition of Cayley graphs. For simplicity we consider only Cayley graphs over Abelian groups,
but all arguments apply to the non-Abelian case as well.

Let H be a finite Abelian group. A setX ⊆ H is symmetricif X = −X, where−X = {−x : x ∈ X}.
The Cayley graphoverH with respect to a symmetric setX, denotedCGX , hasH as its vertex set and
distinct verticesa, b ∈ H are connected by an edge if and only ifa− b (hence alsob− a) is in X. We shall
say in such a case that the edgecorrespondsto x = a − b. All operations involving vertices are performed
in H. A differenceof a setT ⊆ H is an elementa − b such thata, b ∈ T . We let∆(T ) denote the set
{a− b : a, b ∈ T} of differences ofT . By definition∆(T ) contains at most|T |(|T | − 1) nonzero elements.
Themultiplicity in T of a differencex ∈ ∆(T ) is |{(a, b) : a, b ∈ T anda−b = x}|. Clearly, the differences
that correspond to edges that are incident to a specific vertex are all distinct. It follows that the multiplicity
in T of any specific difference in∆(T ) is at most|T |. Moreover, if we consider the complete graph overH,
then the edges that correspond to a specific difference form a set of cycles that coverH.

In what follows, we show that for dense random Cayley graphs the edge density in relatively large
induced subgraphs is close to the edge density of the whole graph. It was previously shown [8] that random
Cayley graphs are expanders and hence have the property that the density of every induced subgraph on
sufficiently many vertices is very close to the density of the graph. However, the known techniques for
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proving this property are based on estimating the second eigenvalue of the graph’s adjacency matrix, and
do not supply any informative bounds for sets of vertices that are much smaller than the number of vertices
divided by the square root of the degree.

We shall use the following notation: ForX, C ⊆ H, we leteX(C) denote the number of edges in the
subgraph ofCGX that is induced byC.

We now describe the result of this section. For simplicity we consider only Cayley graphs over Abelian
groups, but all arguments apply to the non-Abelian case as well.

Theorem 7.2.1 Let 0 < β < 1
2 and0 < α ≤ 1 satisfyα − 2β > 1

log log n , and letH be an Abelian group
where|H| = n. LetX ⊂ H, X = −X, be determined as follows: Every pairx,−x is chosen independently
with probabilityp(n) = 1

nβ to be inX. With high probability over the choice ofX, for every subsetC of

nα vertices inCGX , we have thateX(C) ≤ 90
α−2β

n2α

nβ .

Similarly to Lemma 5.4.3, Theorem 7.2.1 shows that for sufficiently large subsetsC (i.e., for |C| = nα,
whereα− 2β is a constant), the number of edges spanned byC in CGX is close to its expected value. Here
too, the smaller we chooseβ (i.e., the larger we chooseX), the smaller canα be. That is, the theorem can
be applied to sets with smaller size. The proof of Theorem 7.2.1 is similar to the proof of Lemma 5.4.3. The
difference lies in the proof of Claim 7.2.2, which is analogous to Claim 5.4.4. Here too we letk = 5

α−2β and
note that forβ andα as required in the theorem,k ≤ 5 log log n. We shall say thatW is goodif no difference
in ∆(W ) has multiplicity higher thank in W . Theorem 7.2.1 follows from the next two claims using the
same arguments that were applied in showing that Lemma 5.4.3 follows from Claims 5.4.4 and 5.4.5.

Claim 7.2.1 With high probability over the choice ofX, for every goodW such that|W | = s ≥ nβ log n,
we have thateX(W ) ≤ 2ks2

nβ .

Proof: Consider a fixed choice of a goodW such that|W | = s = nβ log n. By definition, |∆(W )| ≤
|W |2 = s2. SinceW is good, for everyx ∈ ∆(W ), if x ∈ X, then the number of edges labeled byx in the
subgraph ofCGX induced byW is at mostk. Since eachx ∈ ∆(W ) is chosen to be inX independently
with probabilityn−β, the expected size of∆(W ) ∩ X is |∆(W )| · n−β ≤ s2 · n−β. By a multiplicative
Chernoff bound, the probability that|∆(W )| ∩X > 2 · s2 ·n−β is upper bounded byexp

(−s2 · n−β
)
. The

claim follows by taking a union bound over all choices ofW of sizes.

Claim 7.2.2 Let C ⊂ H satisfy |C| = nα. Suppose we uniformly and independently selectW ⊂ C,
|W | = nβ log n. Then the probability thatW is not good is at most 1

nβ .

Proof: Consider any fixed differencex ∈ ∆(C), where there are at most|C|2 such differences. Recall that
there are at most|C| edges in the subgraph ofCGH induced byC that correspond tox. We denote this
set of edges byEx(C). SinceEx(H) is a union of disjoint cycles,Ex(C) is a union of disjoint cycles and
paths. Therefore, every choice ofk + 1 edges inEx(C) is a union ofr1 (sub)paths andr2 cycles where
1 ≤ r1 ≤ k + 1 andr2 ≤ (k + 1 − r1)/3 (the second inequality follows from the fact that the length of a
cycle is at least3). Note that whenr1 = k + 1 then thek + 1 edges constitute a matching, as was the case
in the proof of Claim 5.4.5. In this case the number of vertices incident to them is2(k + 1).

More generally, the number of incident vertices isk + 1 + r1. For each pair(r1, r2), the number of
choices ofk + 1 edges that constituter1 paths andr2 cycles is at most|C|r1(k + 1)r1 · |C|r2 . Namely, to
determine each of ther1 paths, we select a starting vertex (out of|C| vertices) and a length (between1 and
k + 1). To determine each of ther2 cycles, we select a vertex (that belongs to the cycle). Once the edges
are selected, the number of choices of the remaining|W | − (k + 1 + r1) vertices inW is

( |C|−(k+1+r1)
|W |−(k+1+r1)

)
.
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Therefore, for each fixed choice ofr1 and r2, the probability thatW spansk + 1 edges inEx(C) that
constituter1 paths andr2 cycles is at most

|C|r1(k + 1)r1 |C|r2
( |C|−(k+1+r1)
|W |−(k+1+r1)

)
( |C|
|W |

) ≤ |C|r1(k + 1)r1 |C|r2 ·
( |W |
|C|

)k+1+r1

(7.1)

= (k + 1)r1 · |W |k+1+r1

|C|k+1−r2
(7.2)

< (k + 1)r1
|W |k+1+r1

|C|(2/3)(k+1)+(1/3)r1
(7.3)

The expression in Equation (7.3) is maximized when the ratio between|W | and|C| is maximized (i.e.,β is
maximized with respect toα) andr1 is maximized (i.e.,r1 = k + 1). In this case we get an upper bound
of (k + 1)k+1(log n)2(k+1)n(2β−α)(k+1). Substitutingk = 5

α−2β , wherek ≤ 5 log log n, summing over all

r1, r2 and taking a union bound over the at most|C|2 = n2α ≤ n2 choices ofx ∈ ∆(C), the claim follows.

It is worth noting that the technique here can be applied with other parameters as well. In particular,
it can be shown, for example, that with high probability, in random Cayley graphs over groups of sizen
in which the number of generators is(1 + o(1))n

2 , every setX of at least somepoly log(n) vertices spans

(1 + o(1))1
2

(|X|
2

)
edges. We omit the details.
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Part III

Testing of Codes
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Chapter 8

Testing Polynomials over General Fields

8.1 Introduction

In this chapter we consider the problem of testing, for a given finite fieldF and degree-boundd, whether a
functionf : Fn → F is a multivariate polynomial of total degree at mostd overF . Specifically, the testing
algorithm is given query access tof and a parameterε > 0. If f is a polynomial of degree at mostd then
the testing algorithm must accept. On the other hand, iff differs from every such polynomial on more than
anε-fraction of the domain elements, then the test should reject with probability at least2/3.

The problem of testing multivariate low-degree polynomials over finite fields has been studied exten-
sively, mainly due to its applications to Probabilistically Checkable Proofs systems (PCPs). This is true both
for the special case of linear functions (degree-1 polynomials) [24, 15, 33, 18, 19, 17, 68] and for the more
general case of degree-d polynomials [15, 14, 35, 33, 66, 34, 12]. However, all these results apply only to
testing polynomials over fields that arelarger than the degree-bound,d. In particular, when the field size
|F | is at leastc · d, for some sufficiently large constantc, then a number of queries that is linear ind is suffi-
cient [65, 34], and whend + 2 ≤ |F | < c · d then the dependence ond is known to be polynomial [34, 66].
In [4] we studied the same property for the case|F | = 2 and ford ≥ 2. Namely, we considered the case in
which the degree-bound may be (much) larger than the field size, but this result holds only forF = GF(2).
The number of queries both necessary and sufficient in this case isexponentialin d. Hence we encounter a
very large gap in terms of the dependence ond between the query complexity when|F | > d and the query
complexity when|F | = 2.

Our Main Result. In the following we bridge the gap between the two cases mentioned above and show
a smooth transition between then. In particular, we prove the following theorem.

Theorem 8.1.1 There exists a testing algorithms for polynomials of degree at mostd over finite fields of
cardinalityq where2 ≤ q = O(d). The algorithm performsO

(
` · q2`+1 + 1/ε

)
queries, where for primeq,

` =
⌈

d+1
q−1

⌉
, and more generally, whenq is a power of a primep then` =

⌈
d+1

q−q/p

⌉
.

Observe that as the field sizeq increases, the dependence ond decreases from being exponential, to being
polynomial. We note that this query complexity (whenq = O(d)) is almost tight: for prime fields (and
constantε) Ω(q`−1) queries are necessary, and for non-prime fieldsΩ

(
qd`/2e−1

)
queries are necessary. As

we discuss in more detail subsequently, the “gap phenomenon” that we observe, is not unique to testing
polynomials: analogous gaps arise in other property testing problems. We do not provide an explicit proof
for the case ofF = GF (2) that we obtained in [4], since this case is covered by the result for general fields
that we obtained in [50].
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Figure 8.1: Testing low degree polynomials - illustration of results obtained in this chapter.

Characterization of Degree-d Polynomials overGF(q). One of the building blocks of our analysis is
a characterization of (total) degree-d multivariate polynomials over finite fields. In particular, we prove the
following theorem.

Theorem 8.1.2 Let F = GF(q) whereq = ps andp is prime. Letd be an integer, and letf : Fn → F .
Thenf is a polynomial of degree at mostd, if and only if its restriction to every affine subspace of dimension

` =
⌈

d+1
q−q/p

⌉
is a polynomial of degree at mostd.

Theorem 8.1.2 generalizes the characterization result of Friedl and Sudan [34] that refers to the caseq −
q/p ≥ d + 1 (that is,` = 1). We also note that this value,`, of the dimension of the considered subspaces,
is tight. Namely, there exist polynomials of degree greater thand whose restrictions to affine subspaces of
dimension less thaǹare all degree-d polynomials.

A Unifying Approach to Testing Low-Degree Polynomials. The testing algorithm presented in this work
utilizes the characterization in Theorem 8.1.2 (which is shown to berobust in the sense defined in [66]).
Specifically, the algorithm selects random affine subspaces (of dimension` as defined in the theorem), and
checks that the restriction of the input functionf to each of the selected subspaces is indeed a polynomial of
degree at mostd. Such a check is implemented by verifying that various linear combinations of the values
of f on the subspace sum to0. Observe that when the size of the fieldF is sufficiently larger than the
degree boundd then` = 1. That is, when the field is sufficiently large, then the algorithm checks whether
the univariate polynomials that correspond to restrictions of the functionf to randomlines in Fn all have
degree at mostd. But this is essentially the original low-degree test of Rubinfeld and Sudan [66].1

1The reason we say “essentially” is that when|F | > d then it is not necessary to queryf on all points on a selected line, but
rather it suffices to interpolate usingd + 1 points and check that the resulting degree-d polynomial agrees with a random point on
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On the other hand, whenq = 2 then the test in our work presented in [4], works by uniformly selecting
d+1
q−1 = d + 1 points inGF(2)n and verifying that the sum of the values off taken over all sums of subsets
of these points is0. This too can be shown to amount to checking whether the restriction off to the(d+1)-
dimensional subspace spanned by the selected points is a polynomial of degree at mostd. Thus our test
suggests a uniform view of all these tests for low-degree polynomials.

Relation to Coding. TheGeneralized Reed-Muller(GRM) code of rankd overGF(q), which we denote
by GRMq(d, n), consists of all words of lengthqn that correspond to the evaluations of degree-d poly-
nomials overGF(q)n. (Whenq = 2 then the code is simply referred to asReed-Muller(RM).) Hence, an
equivalent view of our main result, from a coding-theory perspective, is that GRM codes are locally testable.
See Chapter 9 for detailed results for GRM codes.

The paper of Jutla et al. [45]. Independently from our work, Jutla, Patthak, Rudra, and Zuckerman [45]
studied the problem of testing low-degree polynomials and described a testing algorithm that has the same
query complexity as our algorithm. However, their algorithm works only for prime fields.

8.2 The Characterization

In this section we prove Theorem 8.1.2, which was stated in the introduction, and that provides a character-
ization of polynomials of total degree at mostd over finite fields.

We also show that Theorem 8.1.2 is tight. Namely,

Theorem 8.2.1 For any givend and q = ps, let ` be as defined in Theorem 8.1.2. Then there exists a
functionf : Fn → F such that for every affine subspaceS of Fn having dimension less thaǹ, the function
f restricted toS is a degree-d polynomial,but f is not a degree-d polynomial.

Proof: Let f = x
(p−1)ps−1

1 · x(p−1)ps−1

2 · · ·x(p−1)ps−1

` , so that the degree off is ` · (p − 1)ps−1, which is
at leastd + 1. On the other hand, consider any choice of` pointsy0, y1, . . . , y`−1 (wherey1, . . . , y`−1 are
linearly independent). Then

f|(y0,y1,...,y`−1)(z1, . . . , z`−1) =
∏̀

j=1

(
y0,j +

`−1∑

i=1

zi · yi,j

)(p−1)ps−1

=
∏̀

j=1

(
yps−1

0,j +
`−1∑

i=1

(
yps−1

i,j · zps−1

i

))p−1

(8.1)

(where we have used the fact that(a+ b)p = ap + bp in a fieldF with characteristicp). If we group together
all terms that correspond to the same monomial in thezi’s, then we get a sum of terms of the following
form:

C ·
`−1∏

i=1

zps−1·Ai
i (8.2)

where
∑`−1

i=1 Ai ≤ `(p − 1) andC is a coefficient that is a function of theyi,j ’s. Recall thatzq
i = zi for

everyzi ∈ F . We claim that this implies that the total degree of each of the monomials in Equation (8.2) is
at most(`− 1) · (p− 1)ps−1.

the line.
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To verify this, consider any choice ofA = A1, . . . , A`−1 such that
∑`−1

i=1 Ai ≤ `(p − 1), and letDA

denote the degree of the corresponding monomial. That is

DA =
`−1∑

i=1

(
(ps−1 ·Ai) mod (q − 1)

)
(8.3)

Note that each summand in the above sum is computed moduloq − 1, but the sum is then taken over the
integers. Let us fix any choice ofA = A1, . . . , A`−1 and show thatDA ≤ (` − 1)(p − 1)ps−1. Assume,
without loss of generality thatA1 = max1≤i≤`−1{Ai}. If A1 ≤ p−1 then clearlyDA ≤ (`−1)(p−1)ps−1.
Otherwise,A1 = (p− 1) + a where0 < a ≤ (`− 1)(p− 1) and

∑`−1
i=2 Ai ≤ (`− 1)(p− 1)− a. Now

DA ≤ (ps−1 ·A1) mod (q − 1) +
`−1∑

i=2

ps−1 ·Ai (8.4)

≤ (ps−1 · (p− 1 + a)) mod (q − 1) + ps−1 ·
(
(`− 1)(p− 1)− a

)
(8.5)

= (`− 1)(p− 1)ps−1 − aps−1 + ((p− 1 + a)ps−1) mod (q − 1) (8.6)

< (`− 1)(p− 1)(p− 1)ps−1 (8.7)

We have thus established that the monomial with the highest degree has degree at most(`−1) · (p−1)ps−1.
But now,

(`− 1) · (p− 1)ps−1 =
(⌈

d + 1
(p− 1)ps−1

⌉
− 1

)
· (p− 1)ps−1 < d + 1 (8.8)

and since(`− 1) · (p− 1)ps−1 is an integer, we are done.

Proof of Theorem 8.1.2

As noted in the introduction, our proof of Theorem 8.1.2 generalizes the proof of the special case of` = 1,
which is presented in [34]. We prove Theorem 8.1.2 by induction. Namely, we prove that for everym ≥ `
and every affine subspaceS of Fn having dimensionm, if for every affine subspaceS′ of S that has
dimensioǹ , we havef|S′ ∈ POLY`,d, thenf|S ∈ POLYm,d. Theorem 8.1.2 follows by settingm = n.
The base case,m = ` clearly holds, and so we turn to the induction step.

Assume the induction claim holds for everym ≥ `, we prove it form+1. Namely, we take any(m+1)-
dimensional subspaceT of Fn and consider the functionh = f|T : Fm+1 → F . We then use the induction
hypothesis by which for every affine subspacesS of Fm+1 having dimensionm (which is isomorphic to an
affine subspace ofT having dimensionm), the restriction ofh = f|T to S is a degree-d polynomial.

Let the coefficients of the polynomial representation ofh be denoted by{Ch
α}α∈[q−1]m+1 . Our goal is to

show that for eachα ∈ [q − 1]m+1 such that
∑m+1

i=1 αi > d, we have thatCh
α = 0. Let us fix any suchα,

denote it byα∗ and prove thatCh
α∗ = 0. We break the proof into three cases.

Case 1: There exists a subsetR ⊂ {1, . . . , m + 1}, where|R| = m, such that
∑

i∈R α∗i > d.

Assume, without loss of generality (since the variables ofh, and the correspondingα∗i ’s can be re-
ordered), thatR = {1, . . . , m}, and assume, contrary to the claim, thatCh

α∗ 6= 0. We will show that this
implies that there existy0, y1, . . . , ym ∈ Fm+1 andγ = γ1, . . . , γm whereγi ∈ [q − 1], and

∑m
i=1 γi > d,

such that for the affine subspace ofS = S(y0, y2, . . . , ym) of dimensionm we haveC
h|S
γ 6= 0, contradicting

the induction hypothesis.
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Specifically, letyi = ei for i = 1, . . . , m, whereei is the i’th unit vector, and for eachb ∈ F , let
y0(b) = b · em+1. Let gb = h|(y0(b),y1,...,ym) (so thatgb : Fm → F ). Then for each choice ofb ∈ F we have

gb(z1, . . . , zm) = h(z1, . . . , zm, b)

=
∑

α∈[q−1]m+1

Ch
α ·

m∏

i=1

zαi
i · bαm+1 (8.9)

Consider the coefficient of the termz
α∗1
1 · zα∗2

2 · · · z
α∗m
m in gb, that is,Cgb

α∗1,...,α∗m
(where recall thatα∗ satisfies∑m+1

i=1 α∗i > d, as well as the premise of this case). This coefficient has the following form:

Cgb
α∗1,...,α∗m

=
q−1∑

j=0

Ch
α∗1,...,α∗m,j · bj (8.10)

Namely, it is the evaluation, atb, of the univariate polynomial:
∑q−1

j=0 Ch
α∗1,...,α∗m,j · xj . Note that forj =

α∗m+1, the coefficient ofxj in this polynomial isCh
α∗ , which is non-zero by our counter-assumption. Hence,

this polynomial is a non-zero polynomial of degree at mostq − 1 overF . This implies that for at least one
value ofb, this polynomial attains a non-zero value. But this means that for some choice ofb, Cgb

α∗1,...,α∗m
6= 0.

Since
∑m

i=1 α∗i > d, we have reached a contradiction, and hence completed the proof for this case.

Case 2: There exist a pair of indicesi, j ∈ {1, . . . , m + 1} such thatα∗i , α
∗
j 6= 0 andα∗i + α∗j < q.

Assume, without loss of generality, thati = m andj = m + 1. Here too we assume, contrary to the
claim, thatCh

α∗ 6= 0, and reach a contradiction to the induction hypothesis.
Let y0 be the all-0 vector, letyi = ei for i = 1, . . . , m − 1, and for eachb ∈ F , let ym(b) =

〈0, . . . , 0, 1, b〉 (recall thaty0, . . . , ym ∈ Fm+1). Here too we denotegb = h|(y0,...,ym(b)). Then for each
choice ofb ∈ F we have

gb(z1, . . . , zm) = h(z1, . . . , zm, b · zm)

=
∑

α∈[q−1]m+1

Ch
α ·

m−1∏

i=1

zαi
i · zαm

m · (zm · b)αm+1

=
∑

α∈[q−1]m+1

Ch
α ·

m−1∏

i=1

zαi
i · zαm+αm+1

m · bαm+1 (8.11)

Consider the coefficient of the termz
α∗1
1 · · · z

α∗m−1

m−1 · zα∗m+α∗m+1
m in gb (recall thatα∗m + α∗m+1 < q). This

coefficient has the following form:

Cgb
α∗1,...,α∗m−1,α∗m+α∗m+1

=
∑

j,k∈[q−1]2

j+k=α∗m+α∗m+1

Ch
α∗1,...,α∗m−1,j,k · bk (8.12)

That is, it is the evaluation, atb, of the univariate polynomial:

q−1∑

k=0

Ch
α∗1,...,α∗m−1,α∗m+α∗m+1−k,k · xk (8.13)

Note that fork = α∗m+1, the coefficient ofxk in this polynomial isCh
α∗ , which is non-zero by our counter-

assumption. Hence, this polynomial is a non-zero polynomial of degree at mostq − 1 over F , which
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implies that for at least one value ofb it attains a non-zero value. But this means that for some choice ofb,
Cgb

α∗1,...,α∗m−1,α∗m+α∗m+1
6= 0 and the proof of this case follows.

We observe that if̀ =
⌈

2(d+1)
q

⌉
then either Case 1 or Case 2 must hold. This implies that Theorem 8.1.2

is established forq that is a power of2 (since in this caseq−q/p = q/2). It also follows that for any value of
q, a variant of Theorem 8.1.2, which takes` to be at most a factor of 2 larger than that stated in the theorem,

is established as well. In order to get the tighter result, which holds for` =
⌈

d+1
q−(q/p)

⌉
and anyq, we need

to analyze the third and final case.

Case 3 (neither Case 1 nor Case 2 hold):For every subsetR ⊂ {1, . . . ,m + 1}, |R| = m, we have that∑
i∈R α∗i ≤ d, and for every pair of indicesi, j ∈ {1, . . . , m + 1} we have thatα∗i + α∗j ≥ q.

Our proof of this case is similar in its general structure to the proofs of Cases 1 and 2, but is somewhat
more involved since we take into account a larger set ofm-dimensional affine subspaces. In what follows,
when we writet · a, wherea ∈ F andt is an integer, we mean the suma + a + . . . + a︸ ︷︷ ︸

t

in the fieldF . For

every choice ofa1, . . . , am, b each inF , let y0 = b · em+1, and fori = 1, . . . , m, let yi = ai · ei + em+1.
Consider the functionga1,...,am,b = h|(y0(b),y1(a1),...,ym(am)) : Fm → F . By definition:

ga1,...,am,b(z1, . . . , zm)

= h
(
a1 · z1, . . . , am · zm,

m∑

i=1

zi + b
)

=
∑

α∈[q−1]m+1

Ch
α ·

m∏

i=1

(ai · zi)αi ·
(

m∑

i=1

zi + b

)αm+1

=
∑

α∈[q−1]m+1

∑

δ∈[q−1]mPm
i=1 δi≤αm+1

(
αm+1

δ1, . . . , δm

)
· Ch

α ·
m∏

i=1

aαi
i · bαm+1−

P
δi ·

m∏

i=1

zαi+δi
i (8.14)

Roughly speaking, for eachα ∈ [q − 1]m+1, the exponentαm+1 “gets distributed” among the differentzi’s
(i = 1, . . . ,m), andb. Note that ifαi + δi = q thenzαi+δi

i = zi, and more generally, ifαi + δi ≥ q then

zαi+δi
i = z

(αi+δi) mod (q−1)
i . In what follows we use the shorthand(j)q to denote(j mod (q − 1)).

For any choice ofγ = γ1, . . . , γm, γi ∈ [q − 1], we consider the coefficient of the term
∏m

i=1 zγi
i

in the representation ofga1,...,am,b(z1, . . . , zm) as a polynomial of degree at mostq − 1 in each variable
(that is,C

ga1,...,am,b
γ ). It follows from Equation (8.14) that this coefficient is the evaluation of the following

multivariatepolynomial,

Hγ(x1, . . . , xm+1)

=
∑

α∈[q−1]m+1

αm+1≥
Pm

i=1(γi−αi)q

(
αm+1

(γ1 − α1)q, . . . , (γm − αm)q

)
· Ch

α ·
m∏

i=1

xαi
i · xαm+1−

Pm
i=1(γi−αi)q

m+1 (8.15)

at the pointx1 = a1, . . . , xm = am, xm+1 = b.
As in Cases 1 and 2, we would like to show that under the assumption thatCh

α∗ 6= 0 for α∗ such that∑m+1
i=1 α∗i > d, we can get the following. There exista1, . . . , am andb in F andγ1, . . . , γm ∈ [q − 1]

such that
∑m

i=1 γi > d and the coefficient of the term
∏m

i=1 zγi
i in the representation ofga1,...,am,b as a

polynomial of degree at mostq − 1 (in each variable) is non-zero. Since we want to exploit the existence of
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α∗ ∈ [q − 1]m+1 as stated above, we shall considerγ1, . . . , γm of the formγi = α∗i + δi whereδ1, . . . , δm

(δi ∈ [q − 1]) obey the following conditions:

C1.
∑m

i=1 δi ≤ α∗m+1;

C2. α∗i + δi (= γi) ≤ q − 1 for everyi, 1 ≤ i ≤ m;

C3.
∑m

i=1(α
∗
i + δi) > d (that is,

∑m
i=1 γi > d).

C4.
( α∗m+1

δ1,...,δm

)
is not divisible byp. (If q is prime, that is,q = p, then this condition follows from condition

C1, but this is not true in general.)

Suppose we have a setting of theδi’s that satisfies conditions C1–C4 (where we later show how to obtain
such a setting). Letγ = γ1, . . . , γm be such thatγi = α∗i + δi. By condition C3,

∑m
i=1 γi > d, and

by condition C2 we have thatγi ≤ q − 1 andδi = (γi − α∗i )q. We claim thatHγ (which is defined in
Equation (8.15)) includes at least one non-zero coefficient. To verify this first note that by condition C1
(and sinceδi = (γi − α∗i )q), the sum in Equation (8.15) includesα = α∗. By our counter assumption,

Ch
α∗ 6= 0. Combining this with condition C4 we get that

( α∗m+1

δ1,...,δm

) ·Ch
α∗ is a non-zero coefficient of the term

∏m
i=1 x

α∗i
i · xα∗m+1−

Pm
i=1 δi

m+1 in the polynomialHγ , so thatHγ is a non-zero polynomial. That is, there exists
a choice ofa1, . . . , am andb on which the value ofHγ is non-zero. But by definition ofHγ this means that
C

ga1,...,am,b
γ 6= 0 for γ that satisfies

∑m
i=1 γi > d, in contradiction to the induction hypothesis.

It remains to show how we find a setting of theδi’s that satisfies conditions C1–C4.
Subcase 1: q is prime. Consider first the case thatq is prime. That is,q = p. In this casem ≥
` =

⌈
d+1
q−1

⌉
. Let δ1 = q − 1 − α∗1, and recall that, by the premise of this case, for everyi, j we have

α∗i + α∗j ≥ q, so that necessarilyδ1 < α∗m+1. Next letδ2 = min{q − 1− α∗2, α
∗
m+1 − δ1}, and in general,

δi = min{q − 1 − α∗i , α
∗
m+1 −

∑
j<i δj}. Conditions C1 and C2 directly follow from the definition of the

δi’s, and condition C4 is implied by C1 (sinceq is prime). It remains to verify that condition C3 holds. If
there exists an indexi such thatδi = α∗m+1 −

∑
j<i δj then

m∑

i=1

(α∗i + δi) =
m+1∑

i=1

α∗i > d (8.16)

Otherwise,δi = q − 1− α∗i for every1 ≤ i ≤ m and so

m∑

i=1

(α∗i + δi) = m · (q − 1) ≥ ` · (q − 1) ≥ d + 1 (8.17)

Subcase 2: q is not prime. Whenq is not a prime number, so thatq = ps for s > 1, then the setting of
theδi’s is a bit more involved because condition C4 does not follow from any of the other conditions, and
we have to attend to is separately. Since

(
α∗m+1

δ1, . . . , δm

)
=

(
α∗m+1

δ1

)
·
(

α∗m+1 − δ1

δ2

)
. . .

(
α∗m+1 −

∑
j<i δj

δi

)
. . .

(
α∗m+1 −

∑
j<m δj

δm

)
(8.18)

it suffices to show that each term in the above product is not divisible byp. Let us hence rewrite condition
C4:

C4. For every1 ≤ i ≤ m,
(α∗m+1−

P
j<i δj

δi

)
is not divisible byp.
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We shall use the following notation: For eachα∗i , letki,j for j ∈ [p− 1] be such thatα∗i =
∑s−1

j=0 ki,jp
j .

That is, in the representation ofα∗i in basisp, ki,j is the coefficient ofpj . Let us assume without loss of
generality thatα∗m+1 is the smallestα∗i and thatα∗1 ≤ α∗2 ≤ . . . ≤ α∗m (we may re-order the variables to get
that). We know thatα∗1 < (p− 1)ps−1 (or else

∑m
i=1 α∗i ≥ (p− 1)ps−1 · ` ≥ d + 1). Since, by the premise

of this case,α∗i + α∗1 ≥ q = ps for everyi > 1, necessarilyα∗i > ps−1 for i > 1. Similarly, α∗1 > ps−1

(sinceα∗1 + α∗m+1 ≥ q). Hence for eachα∗i we have that1 ≤ ki,s−1 ≤ p− 1.

For 1 ≤ i ≤ m, let ti
def= p − 1 − ki,s−1 (for technical purposest0

def= 0). That is,ti indicates the
maximum number that can be added to the coefficientki,s−1 of ps−1. Recall thatα∗1, . . . , α

∗
m are in non-

decreasing order, and so theti’s are in non-increasing order. In particular, ifti = 0 thenti′ = 0 for every
i′ > i > 0. We shall use the following technical claim that was given in [34], and whose proof is provided
here for completeness.

Claim 8.2.1 Let q = ps for a prime numberp and an integers, and letr and t be integers that satisfy
0 < r ≤ t ≤ q − 1. If r = kps−1 for some integerk then

(
t
r

)
is not divisible byp.

Proof: For any positive integerj, the largest power ofp that dividesj! is

bj/pc+ bj/p2c+ bj/p3c+ . . . .

But for r = kps−1, the identitybn/pic = br/pic + b(n − r)/pic holds. Thus the largest power ofp that
dividesn! is ∞∑

i=1

bn/pic =
∞∑

i=1

(br/pic+ b(n− r)/pic) .

Thereforen! andr!(n− r)! are divisible by exactly the same power ofp.

The setting of the δi’s. We now show how to set theδi’s so that conditions C1–C4 hold. We start with an
informal description of how to “distribute” the weight ofα∗m+1 between theδi’s. Consider the representation
of α∗m+1 in basisp as described above. The highest coefficient in the representation iskm+1,s−1. That is

α∗m+1 =
s−1∑

j=0

km+1,jp
j = km+1,s−1p

s−1 +
s−2∑

j=0

km+1,jp
j . (8.19)

We view α∗m+1 as havingkm+1,s−1 “units of ps−1” to distributed, and some “left-over”. Note that this
left-over,

∑s−2
j=0 km+1,jp

j , is strictly smaller thanps−1.
Starting fromδ1, eachδi in its turn will be assigned the maximum possible integer multiple ofps−1.

Namely, as long as the number of remaining “ps−1 units” is more than the number of such units that can
still be added toα∗i (i.e., ti) and ti > 0, thenδi is assignedti units of ps−1. For thesei’s we get that
ki,s−1p

s−1 + δi = (p − 1)ps−1. If we reach an indexi such thatti = 0, then we stop distributing what is
left of α∗m+1. Alternatively, if we reach an indexi for which the number ofps−1 units that can be added to
it (i.e., ti) is bigger than the amount ofps−1 units that remain to be distributed, then we assignδi the rest of
the weight ofα∗m+1 that was not distributed yet.

We now turn to a more formal definition. We initializei to 1 and do the following:

1. While i ≤ m and0 < ti ≤ km+1,s−1 −
∑

j<i tj :

Setδi = tip
s−1, and increasei by 1.

2. If i ≤ m:

(a) If ti = 0 then for everyi′, i ≤ i′ ≤ m, setδi = 0. (Recall that theti’s are non-increasing so that
if ti = 0 then for everyi′ > i we also haveti′ = 0.)
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(b) Else (ti > km+1,s−1 −
∑

j<i tj), setδi = α∗m+1 −
∑

j<i δj , and for everyi′ > i setδi′ = 0.
Note that

δi =
(
km+1,s−1 −

∑

j<i

tj

)
ps−1 +

s−2∑

j=0

km+1,jp
j < tip

s−1

We next verify that conditions C1–C4 hold for this setting of theδi’s. Condition C1 (
∑m

i=1 δi ≤ α∗m+1)
directly follows from the above process. By the definition of theδi’s, for every1 ≤ i ≤ m, δi ≤ ti · ps−1.
Sinceti = p− 1− ki,s−1, we get that

α∗i + δi ≤ (p− 1) · ps−1 +
s∑

`=2

ki,s−`p
s−` < q (8.20)

and so condition C2 holds.
We next verify that condition C3 holds, that is,

∑m
i=1(α

∗
i + δi) > d. Let i0 be the index reached at the

end of Step 1 in the process. Observe that for everyi < i0, δi = ti ·ps−1. By definition ofti this implies that

α∗i + δi ≥ (p− 1)ps−1. If i0 > m then, sincem ≥ ` =
⌈

d+1
(p−1)ps−1

⌉
, we get that

∑m
i=1(α

∗
i + δi) ≥ d + 1,

as required. Ifi0 ≤ m, then there are two cases. In caseti0 = 0 (so that for everyi′ ≥ i0 we have
ti′ = 0), thenα∗i ≥ (p − 1)ps−1 for everyi ≥ i0, so again we get that

∑m
i=1(α

∗
i + δi) ≥ d + 1. In case

ti0 > km+1,s−1 −
∑

j<i tj , then we setδi0 = α∗m+1 −
∑

j<i0
δj , so that

m∑

i=1

(α∗i + δi) =
m+1∑

i=1

α∗i > d . (8.21)

Finally, we verify that condition C4 holds. That is, for every1 ≤ i ≤ m,
(α∗m+1−

P
j<i δj

δi

)
is not divisible

by p. Let i0 be as defined above in our verification of condition C3. Since for everyi < i0 we have that
δi = tip

s−1, by Claim 8.2.1,
(α∗m+1−

P
j<i δj

δi

)
is not divisible byp. If i0 > m then we are done. Otherwise

there are two cases. In the first caseδi = 0 for everyi ≥ i0, so clearly the condition holds. In the second
case,δi0 = α∗m+1 −

∑
j<i0

δj andδi = 0 for everyi > i0. Thus condition C4 holds in this case too. We
have thus completed the proof of Case 3 (Subcase 2), and hence of Theorem 8.1.2.

8.3 The Test

In this section we present and analyze our testing algorithm for degree-d polynomials over fields of cardi-
nality q = O(d).

Algorithm 1 Testing Algorithm for Degree-d Polynomials

1. Let ` = `(q, d) =
⌈

d+1
q−q/p

⌉
and repeat the followingt = Θ

(
` · q`+1 + 1

ε·q`

)
times:

(a) Uniformly and independently select` linearly independent pointsy1, . . . , y` ∈ Fn, and a
pointy0 ∈ Fn.

(b) If f|(y0,y1,...,y`) /∈ POLY`,d then outputreject.

2. If no step caused rejection then outputaccept.

Recall that checking whetherf|S /∈ POLY`,d (whereS = S(y0, y1, . . . , y`)) can be done by querying
f on all points in the subspaceS and verifying that all linear constraints corresponding to the coefficients
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C
f|S
α such that

∑`
i=1 αi > d, hold. Hence the total number of queries performed by the algorithm is

O(t · q`) = O(` · q2`+1 + 1
ε ) (where theq` term is due to the number of points in each affine subspace.)

As noted in the introduction, whenq is sufficiently larger thand so that̀ = 1 (the subspaces are lines),
then it is not necessary to queryf on all points on the line, but ratherd+2 points suffice. We note that these
checks involvingd+2 points on a line can be interpreted as selecting minimum-weight words from the dual
GRM code and checking that they are orthogonal to the word defined byf . Our test can be modified so that
instead of checking a set of constraints (several small-weight words in the dual code) in each step, it also
selects one random constraint (one small-weight word in the dual code) in each step.2 However, this will
not reduce the query complexity in our case.

Given Algorithm 1, Theorem 8.1.1, which was stated in the introduction, follows from the next lemma.

Lemma 8.3.1 If f ∈ POLYn,d then Algorithm 1 accepts with probability1, and ifdist(f, POLYn,d) > ε
then Algorithm 1 rejects with probability at least2/3.

Lemma 8.3.1 shall be proved using the “self-correcting approach”, which has been applied in the analy-
sis of many previous low-degree tests. Namely, given the functionf we define another functiong based on
certain “majority votes” off . We then show that iff passes the test with sufficiently high probability, then
g is close tof andg is a polynomial of degree at mostd. Bounding the distance betweenf andg follows
easily from the definition ofg, and hence the analysis is focused on showing thatg is a polynomial of degree
at mostd. The analysis can be viewed as generalizing both the analysis in [66] (where the subspaces con-
sidered by the test are lines) and the analysis in [4] (where the subspaces are larger but the field isGF (2),
and the analysis relies on the fact that the field isGF (2)).

We start by introducing several notations.

Definition 8.3.1 Let
η = η(f, d) def= Pr

y0,y1,...,y`

[
f|(y0,y1,...,y`) /∈ POLY`,d

]
(8.22)

where the probability is taken overy0, y1, . . . , y` such thaty1, . . . , y` are linearly independent.

By definition of Algorithm 1,η is the probability that a single step of the algorithm causesf to be rejected.
That is, it is the probability that the restriction off to a random affine subspace of dimension` is not a
polynomial of degree at mostd.

Definition 8.3.2 For eachα ∈ [q − 1]`, y ∈ Fn, and linearly independent pointsy1, . . . , y` ∈ Fn, let
Cf

α(y0, y1, . . . , y`) denote the coefficientCα of the polynomial representation off|(y0,y1,...,y`). We shall

use the notationBf (y0, y1, . . . , y`) as a shorthand for the coefficientCf
〈q−1,...,q−1〉(y0, y1, . . . , y`). That

is, Bf (y0, y1, . . . , y`) denotes the coefficient of the highest-degree monomialxq−1
1 · xq−1

2 · · ·xq−1
` in the

polynomial representation off|(y0,y1,...,y`). Recall that this coefficient equals(−1)` times the sum of the
values off taken over all points in the subspace.
We denote byV f (y; y1, . . . , y`) the value thatf(y) “should have” so thatBf (y, y1, . . . , y`) = 0. That is,

V f (y; y1, . . . , y`) = −
∑

b1,...,b`∈F

∃i s.t. bi 6=0

f
(
y +

∑̀

i=1

bi · yi

)
. (8.23)

We refer toV f (y; y1, . . . , y`) as thevote of (y1, . . . , y`) on the value assigned toy.
For succinctness of the notation, we shall removef from the last two notations (i.e.,B(·) = Bf (·) and

V (·) = V f (·)).
2In caseq is prime then, as shown in [45], it suffices to consider a single constraint per affine subspace.
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Note that forη as in Definition 8.3.1,

η ≥ Pr
y,y1,...,y`

[V (y; y1, . . . , y`) 6= f(y)] (8.24)

where the probability is taken overy1, . . . , y` that are linearly independent. This is true since the test checks
thatall coefficientsCf

α(y, y1, . . . , y`) for which
∑`

i=1 αi > d are0.
In our analysis, we shall sometimes have to address the case thaty1, . . . , y` are linearly dependent and

we shall use the notationV (y; y1, . . . , y`) (as defined in Equation (8.23)), in this case as well. This is despite
the fact that it no longer has the same meaning of a “vote” on the value off(y) (or at least not an “objective
vote”). We show:

Lemma 8.3.2 For everyy ∈ Fn and fory1, . . . , y` ∈ Fn that are linearly dependent,V (y; y1, . . . , y`) =
f(y).

Proof: Sincey1, . . . , y` are linearly dependent, we can writey` as a linear combination of the other points.
That is,y` =

∑`−1
i=1 aiyi, wherea1, . . . , a`−1 ∈ F . By definition ofV (·),

V (y; y1, . . . , y`) = −
∑

b1,...,b`∈F

f
(
y +

∑̀

i=1

bi · yi

)
+ f(y) (8.25)

Sincey` =
∑`−1

i=1 aiyi,

∑

b1,...,b`∈F

f
(
y +

∑̀

i=1

bi · yi

)
=

∑

b1,...,b`∈F

f
(
y +

`−1∑

i=1

bi · yi + b`

`−1∑

i=1

aiyi

)
(8.26)

=
∑

b`∈F

∑

b1,...,b`−1∈F

f
(
y +

∑̀

i=1

(bi + b` · ai)yi

)
(8.27)

= |F | ·
∑

c1,...,c`−1∈F

f
(
y +

∑̀

i=1

ciyi

)
(8.28)

= 0 (8.29)

In the above sequence of equalities, Equation (8.28) follows from the fact that for eachb` ∈ F , and for
every choice ofc1, . . . , c`−1 ∈ F , there exists a choice ofb1, . . . , b`−1 ∈ F such thatci = bi + b` · ai (i.e.,
bi = ci − b` · a).

We are now ready to define theself correctedversion off , denotedg.

Definition 8.3.3 Letg be aplurality function that is defined as follows. For eachy ∈ Fn,

g(y) = argmaxa∈F

{
Pr

y1,...,y`∈F n
[V (y; y1, . . . , y`) = a]

}
(8.30)

The next lemma readily follows from the definition ofg.

Lemma 8.3.3 For any functionf and forη and g as defined in Equations (8.22) and (8.30) respectively,
dist(f, g) ≤ 2η.
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Proof: First observe that if the test selects pointsy0, y1, . . . , y` ∈ Fn such thatf(y0) 6= V (y0; y1, . . . , y`),
then this means thatB(y0; y1, . . . , y`) 6= 0 (whereB(·) is as defined in Definition 8.3.2), which causes the
test to reject. Recall that the test selectsy1, . . . , y` that are linearly independent. Ify1, . . . , y` are linearly
dependent then by Lemma 8.3.2,V (y0; y1, . . . , y`) = f(y0). Let U ⊆ Fn consist of all (“bad”) points
y ∈ Fn such thatPry1,...,y`∈F n [f(y) 6= V (y; y1, . . . , y`)] > 1/2. By definition ofη (and Lemma 8.3.2) we
know that|U |/qn < 2η. But for everyx ∈ Fn \ U , by definition ofg we have thatf(x) = g(x), and the
lemma follows.

In the next series of lemmas we prove that ifη is sufficiently small theng is a polynomial of total
degree at mostd. In the first, and central lemma, we show that for everyy, the value ofg(y), which by
Definition 8.3.3 is the “plurality vote” ofV (y; y1, . . . , y`), taken over ally1, . . . , y`, equals the vote of a
large fraction of thè-tuplesy1, . . . , y` (assumingη is sufficiently small).

Lemma 8.3.4 For any fixedy ∈ Fn, let

γ(y) def= Pr
y1,...,y`

[
V (y; y1, . . . , y`) = g(y)

]
(8.31)

Thenγ(y) ≥ 1− 2q`η.

In order to prove Lemma 8.3.4 it will actually be more convenient to work with another measure of
“correctness” (or “consistency”) of a pointy.

Lemma 8.3.5 For any fixedy ∈ Fn, let

δ(y) = Pr
y1,...,y`,z1,...,z`

[
V (y; y1, . . . , y`) = V (y; z1, . . . , z`)

]
(8.32)

and letγ(y) be as defined in Equation (8.31). Thenγ(y) ≥ δ(y).

Proof: Let βa(y) = Pry1,...,y`
[V (y; y1, . . . , y`) = a] (so that in particular,

∑
a∈F βa(y) = 1). By definition

of γ(y) we have thatγ(y) = maxa βa(y), and by definition ofδ(y) we have that,δ(y) =
∑

a∈F (βa(y))2.
By convexity,maxa βa(y) ≥ ∑

a∈F (βa(y))2, and the claim follows.

An Auxiliary “Voting Graph”. In order to show thatδ(y) is large (and henceγ(y) is large), it will be
useful to consider the following auxiliary graph. The definition of this graph was inspired by the way
Shpilka and Wigderson used Cayley graphs in their work [68] and can also be viewed as formalizing and
generalizing part of the analysis in [4]. Each vertex in this graph is labeled by a subset (multiset) of`
points,{y1, . . . , y`}, yi ∈ Fn. The neighbors of{y1, . . . , y`} are of the form{y2, . . . , y`+1}. Each vertex
corresponds tò points that can “vote” on the value off(y) for any giveny and hence we refer to it as the
voting graph.

For a fixed pointy ∈ Fn, we say that an edge between{y1, . . . , y`} and{y2, . . . , y`+1} is good with
respect toy if V (y; y1, . . . , y`) = V (y; y2, . . . , y`+1).

Recall that for linearly independenty1, . . . , y`, B(y0, y1, . . . , y`) denotes the coefficient
C〈q−1,...,q−1〉(y0, y1, . . . , y`), of the restriction off to the `-dimensional affine subspace determined

by y0, y1, . . . , y`. That is,B(y0, y1, . . . , y`) = (−1)` ·
∑

b1,...,b`∈F

f
(
y +

∑̀

i=1

yi

)
.

Lemma 8.3.6 For any choice ofy, y1, . . . , y`+1 ∈ Fn such thaty1, . . . , y`+1 are linearly independent,

V (y; y1, . . . , y`)− V (y; y2, . . . , y`+1)

= (−1)`


 ∑

a∈F, a6=0

B(y + a · y`+1, y1, . . . , y`)−
∑

a∈F, a 6=0

B(y + a · y1, y2, . . . , y`+1)



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Proof: By definition ofV (y; ·) we have:

V (y; y1, . . . , y`)− V (y; y2, . . . , y`+1)

= −
∑

b1,...,b`∈F

b1 6=0

f
(
y +

∑̀

i=1

bi · yi

)
+

∑

b2,...,b`+1∈F

b`+1 6=0

f
(
y +

`+1∑

i=2

bi · yi

)
(8.33)

= −
∑

b1,...,b`∈F

b1 6=0

f
(
y +

∑̀

i=1

bi · yi

)
−

∑

b1,...,b`+1∈F

b1,b`+1 6=0

f
(
y +

`+1∑

i=1

bi · yi

)

+
∑

b2,...,b`+1∈F

b`+1 6=0

f
(
y +

`+1∑

i=2

bi · yi

)
+

∑

b1,...,b`+1∈F

b1,b`+1 6=0

f
(
y +

`+1∑

i=1

bi · yi

)
(8.34)

= −
∑

b1,...,b`+1∈F

b1 6=0

f
(
y + b1 · y1 +

`+1∑

i=2

bi · yi

)
+

∑

b1,...,b`+1∈F

b`+1 6=0

f
(
y + b`+1 · y`+1 +

∑̀

i=1

bi · yi

)
(8.35)

= (−1)`


 ∑

a∈F, a 6=0

B(y + a · y`+1, y1, . . . , y`)−
∑

a∈F, a6=0

B(y + a · y1, y2, . . . , y`+1)


 (8.36)

Proof of Lemma 8.3.4: Given Lemma 8.3.5, it suffices to show that for everyy ∈ Fn, δ(y) ≥ 1−2q`η. For
any (random) choice ofy1, . . . , y` andz1, . . . , z`, and for each0 ≤ i ≤ ` let vi = {y1, . . . , yi, zi+1, . . . , z`},
where we viewvi as a vertex in the voting graph. In particular,v` = {y1, . . . , y`} andv0 = {z1, . . . , z`}.
Sincey1, . . . , y`, z1, . . . , z` are selected uniformly and random, eachvi is a random variable. Consider
the pathv`, . . . , v0 betweenv` andv0. In what follows we shall use the shorthandV (y; vi) for the vote
V (y; y1, . . . , yi, zi+1, . . . , z`). Recall that an edge(vi, vi−1) is good ifV (y; vi) = V (y; vi−1).

We next show that the probability (taken over the choice ofy1, . . . , y`, z1, . . . , z`) that an edge(vi, vi−1)
on the path is not good is at most2qη. By taking a union bound it follows that the probability that all the
edges on the path are good is at least1−2q`η. That is, with probability at least1−2q`η, V (y; y1, . . . , y`) =
V (y; y1, . . . , y`−1, z`) = . . . = V (y; z1, . . . , z`), and the lemma follows.

Consider any edge(vi, vi−1). We say thatV (y; vi) is anindependent votefor y if y1, . . . , yi, zi+1, . . . , z`

are linearly independent points, otherwise we say thatV (y; vi) is adependent votefor y. If both votes fory
are dependent then by Lemma 8.3.2,V (y; vi) = f(y) andV (y; vi−1) = f(y) so thatV (y; vi) = V (y; vi−1)
and the edge is good. If one of the votes is a dependent vote and the other is an independent vote then the
probability that the edge is not good is the probability that an independent vote fory differs from f(y),
which isη.

We next show that if bothV (y; vi) andV (y; vi−1) are independent votes fory then the edge(vi, vi−1)
is not good with probability at most2qη. Indeed, by Lemma 8.3.6 such an edge is good if

∑

a∈F,a6=0

B(y +a · yi, y1, . . . , yi−1, zi, . . . , z`)−
∑

a∈F,a 6=0

B(y +a · zi, y1, . . . , yi, zi+1, . . . , z`) = 0 (8.37)

Sincey1, . . . , yi, zi+1, . . . , z` andy1, . . . , yi−1, zi, . . . , z`. are two sets of linearly independent vectors se-
lected uniformly at random, each of theB(·)’s in the above summation is non-zero with probability at most
η. Hence, by applying a union bound, the probability that(vi, vi−1) is not good is at most2qη as claimed.
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We next show that ifη is sufficiently small theng ∈ POLYn,d. This is obtained by showing that the
restriction ofg to every affine subspace of dimension` results in a polynomial of degree at mostd. By
applying Theorem 8.1.2 we conclude that in such a caseg is indeed inPOLYn,d. In order to show that the
restriction ofg to every affine subspace of dimension` is a polynomial of degree at mostd, we generalize the
proof technique applied in [4] for the case ofF = GF (2). Roughly speaking, we show that the high degree
coefficients in the polynomial representation of the restriction ofg to anyfixedsubspace, can be expressed
as linear combinations of these coefficients in the restriction off to randomsubspaces.

Lemma 8.3.7 If η < 1
2(`+1)q`+1 theng ∈ POLYn,d.

Proof: Consider any fixed set of pointsy0, y1, . . . , y` ∈ Fn such thaty1, . . . , y` are linearly independent.
We shall show thatg|(y0,y1,...,y`) ∈ POLY`,d. Lemma 8.3.7 follows by applying Theorem 8.1.2. We start by
describing the high-level idea of the proof. By using a probabilistic argument we shall show that there exists
a choice of a subset of elements, denoted{zi,j}, for which the following conditions hold. First, every point
w in the subspaceS(y0, y1, . . . , y`) equals the vote onw of a set,Tw, of ` points that are linear combinations
of thezi,j ’s. Next, for each of these sets of pointsTw, the restriction off to the affine subspace defined byw
andTw, is a polynomial of degree at mostd. That is, all high degree coefficients in each of these restrictions
are0. We then show that each high degree coefficient in the restriction ofg to the subspaceS(y0, y1, . . . , y`)
is a linear combinations of the high degree coefficients in the abovementioned restrictions off , and is hence
0. A formal proof follows.

Each point in the affine subspaceS(y0, y1, . . . , y`) is of the formy0 +
∑`

i=1 biyi, wherebi ∈ F . Now
consider(` + 1) · ` elements inFn, denoted{zi,j}j=1,...,`

i=0,...,` . Suppose that for every choice ofb1, . . . , b` ∈ F ,

g
(
y0 +

∑̀

i=1

bi · yi

)
= V

(
y0 +

∑̀

i=1

bi · yi ; z0,1 +
∑̀

i=1

bi · zi,1, . . . , z0,` +
∑̀

i=1

bi · zi,`

)
(8.38)

If we select the elements{zi,j} uniformly and at random, then by Lemma 8.3.4, this event occurs with
probability at least1− 2q`η · q`. We assume from this point on that Equation (8.38) holds for every choice
of b1, . . . , b` ∈ F .

In order to show thatg|(y0,y1,...,y`) ∈ POLY`,d we need to show that for everyα ∈ [q − 1]` such that∑`
i=1 αi > d, we have thatCg

α(y0, y1, . . . , y`) = 0. Let us fix any suchα, and letRα denote the row
vectorA`(α, ·). Recall that the coordinates ofRα are indexed by stringsβ ∈ [q − 1]` (where we denote the
corresponding coordinate byRβ

α ∈ F ). In what follows we use the notation:ex(βi) = ωβi if βi 6= 0, and
ex(βi) = 0 if βi = 0. Consider the structure ofA` presented in Section 2. We need to show that

∑

β∈[q−1]`

Rβ
α · g

(
y0 +

∑̀

i=1

ex(βi) · yi

)
= 0 (8.39)

For any fixedβ ∈ [q − 1]`, by our assumption that Equation (8.38) holds, and by definition ofV (·) we
have:

g
(
y0 +

∑̀

i=1

ex(βi) · yi

)

= −
∑

γ∈[q−1]`

γ 6=(0,0,...,0)

f

(
y0 +

∑̀

i=1

ex(βi) · yi +
∑̀

j=1

ex(γj) ·
(
z0,j +

∑̀

i=1

ex(βi) · zi,j

))
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= −
∑

γ∈[q−1]`

γ 6=(0,0,...,0)

f

(
y0 +

∑̀

j=1

ex(γj) · z0,j +
∑̀

i=1

ex(βi) ·
(
yi +

∑̀

j=1

ex(γj) · zi,j

))
(8.40)

This implies (by switching the order of summations) that

∑

β∈[q−1]`

Rβ
α · g

(
y0 +

∑̀

i=1

ex(βi) · yi

)
(8.41)

= −
∑

γ∈[q−1]`

γ 6=(0,0,...,0)

∑

β∈[q−1]`

Rβ
α · f

(
y0 +

∑̀

j=1

ex(γj) · z0,j +
∑̀

i=1

ex(βi) ·
(
yi +

∑̀

j=1

ex(γj) · zi,j

))

But for any given choice ofγ = γ1, . . . , γ`,

∑

β∈[q−1]`

Rβ
α · f

(
y0 +

∑̀

j=1

ex(γj) · z0,j +
∑̀

i=1

ex(βi) ·
(
yi +

∑̀

j=1

ex(γj) · zi,j

))
(8.42)

= Cf
α

(
y0 +

∑̀

j=1

ex(γj) · z0,j , y1 +
∑̀

j=1

ex(γj) · z1,j , . . . , y` +
∑̀

j=1

ex(γj) · z`,j

)

Consider the event that for every choice ofγ1, . . . , γ` that are not all0, y1+
∑`

j=1 ex(γj)·z1,j , . . . , y`+∑`
j=1 ex(γj) · z`,j are linearly independent. This event occurs with probability at least1 − q` · q`−n. In

what follows we shall assume that this is indeed the case. Sinceγ1, . . . , γ` are not all0, then we know that
for each setting ofγ1, . . . , γ`, with probability at mostη over the choice of thezi,j ’s, for everyα such that∑`

i=1 αi > d,

Cf
α

(
y0 +

∑̀

j=1

ex(γj) · z0,j , y1 +
∑̀

j=1

ex(γj) · z1,j , . . . , y` +
∑̀

j=1

ex(γj) · z`,j

)
6= 0 (8.43)

By taking a union bound over allγ1, . . . , γ`, adding the probability that we have at least one linearly depen-
dent combination, and adding the probability that Equation (8.38) does not hold for someβ ∈ [q − 1]`, we
get that with probability at least

1− q`η − 2q`ηq` − q2`−n (8.44)

there existzi,j ’s that satisfy all required constraints. Note that our algorithm performsΘ
(
`q2`+1 + 1/ε

)

queries, so that we may assume that`q2`+1 < qn (or else the algorithm would simply query allqn points).
Therefore, the expression in Equation (8.44) is greater than0 and the lemma follows.

By combining Lemmas 8.3.3 and 8.3.7 we obtain that iff is Ω
(

1
`q`

)
-far from POLYn,d, thenη =

Ω
(

1
`q`

)
, and so the algorithm rejectsf with sufficiently high constant probability.

The next lemma, which will help us deal with the case in whichη is small, is a variant of a very similar
lemma that was proved in [4].

Lemma 8.3.8 Let ζ
def= 1−q`·dist(f,g)

1+q`·dist(f,g)
· q` · dist(f, g). If we uniformly and independently select

y0, y1, . . . , y` ∈ Fn wherey1, . . . , y` are linearly independent, then the probability that forexactly one

choice ofb1, . . . , b` ∈ F , we have thatf
(
y0 +

∑`
i=1 bi · yi

)
6= g

(
y0 +

∑`
i=1 bi · yi

)
, is at leastζ.
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Proof: For eachβ = β1, . . . , β`, βi ∈ [q − 1] let Xβ be the indicator random variable whose value is1 if

and only iff
(
y0 +

∑`
i=1 ex(βi)yi

)
6= g

(
y0 +

∑`
i=1 ex(βi)yi

)
. ThusPr[Xβ = 1] = dist(f, g) for everyβ.

It is not difficult to verify that the random variablesXβ are pairwise independent. This is true since for any

two distinctβ1, β2, the points
(
y0+

∑`
i=1 ex(β1

i )yi

)
and

(
y0+

∑`
i=1 ex(β2

i )yi

)
attain each pair of distinct

values inFn with equal probability. It follows that the random variableX =
∑

β Xβ, which counts the

number of pointsv =
(
y0 +

∑`
i=1 ex(βi)yi

)
in whichf(v) 6= g(v), has expectationE[X] = q` ·dist(f, g)

and varianceVar[X] = q` · dist(f, g) · (1 − dist(f, g)) ≤ E[X]. Our objective is to lower bound the
probability thatX = 1. We need the well known fact that for a random variableX that attains nonnegative,
integer values,

Pr[X > 0] ≥

(
E[X]

)2

E[X2]
. (8.45)

Indeed, ifX attains the valuei with probabilityνi for i > 0, then, by Cauchy-Schwartz,

(
E[X]

)2
=

( ∑

i>0

iνi

)2
=

(∑

i>0

i
√

νi
√

νi

)2
≤

( ∑

i>0

i2νi

)
·
(∑

i>0

νi

)
= E[X2] · Pr[X > 0]. (8.46)

In our case, this implies

Pr[X > 0] ≥

(
E[X]

)2

E[X2]
≥

(
E[X]

)2

E[X] +
(
E[X]

)2 =
E[X]

1 + E[X]
. (8.47)

Therefore

E[X] ≥ Pr[X = 1] +
( E[X]

1 + E[X]
− Pr[X = 1]

)
· 2 =

2E[X]
1 + E[X]

− Pr[X = 1], (8.48)

implying that

Pr[X = 1] ≥ E[X]− (E[X])2

1 + E[X]
. (8.49)

Substituting the value ofE[X], the desired result follows.
We are now ready to wrap-up the proof of Lemma 8.3.1 (and hence Theorem 8.1.1).

Proof of Lemma 8.3.1: As we have noted previously, iff is in POLYn,d, then by Theorem 8.1.2 the
tester accepts (with probability 1). We next show that iff is ε-far fromPOLYn,d, then the tester rejects with
probability at least23 .

Suppose thatdist(f, POLYn,d) > ε. We shall show thatη ≥ min
{

1
2q`ε, 1

2(`+1)q`+1

}
. Sinceη is the

probability that a single iteration of the algorithm causesf to be rejected, and the algorithm performsΘ(1/η)
iterations, the theorem follows. Ifη ≥ 1

2(`+1)q`+1 then we are done. Hence, assume thatη < 1
2(`+1)q`+1 .

We shall show that in such a caseη ≥ 1
2 · q` · dist(f, g) > 1

2 · q` · ε. To verify this, first note that by
Lemma 8.3.7 we have thatg ∈ POLYn,d (sinceη < 1

2(`+1)q`+1 ). Next observe that iff andg disagree on

exactly one point in a subspaceS of dimensioǹ , thenf|S /∈ POLY`,d. It follows from Lemma 8.3.8 and
the definition ofη thatη ≥ ζ (whereζ is as defined in Lemma 8.3.8). In particular, since by Lemma 8.3.3
dist(f, g) ≤ 2η ≤ 1

(`+1)q`+1 where` ≥ 1 andq ≥ 2, we get that

η ≥ 1− q` · dist(f, g)
1 + q` · dist(f, g)

· q` · dist(f, g) (8.50)
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≥
1− 1

q(`+1)

1 + 1
q(`+1)

· q` · dist(f, g) (8.51)

≥ 1− 1/4
1 + 1/4

· q` · dist(f, g) (8.52)

>
1
2
· q` · dist(f, g) (8.53)

as claimed.

8.4 A Lower Bound

Theorem 8.4.1 Every algorithm for testingPOLYn,d with distance parameterε must perform
Ω

(
max{1

ε , q
`−1}) queries whenq is prime, andΩ

(
max{1

ε , q
d`/2e−1}) queries otherwise.

In order to establish Theorem 8.4.1, we consider the relation between polynomials and codes. Specif-
ically, recall that the familyPOLYn,d over a fieldF = GF(q) = GF(ps), corresponds to the General-
ized Reed-Muller (GRM) codeGRMq(d, n). Namely, each codeword (having lengthqn) is determined
by the evaluation of a polynomial inPOLYn,d on all points in the domainFn. The minimum distance,
∆(GRMq(d, n)), of the code is the following (cf. [31]): If d = r(q − 1) + t, where0 ≤ t < q − 1, andr
is an integer, then∆(GRMq(d, n)) = (q − t)qn−r−1. The dual code of∆(GRM(d, n)) is the GRM code

GRMq(n(q− 1)− (d + 1), n), so that it has distanceΩ
(
q

l
d+1
q−1

m
−1

)
. Let us denote the distance of the dual

code by∆(GRMq(d, n), and let` =
⌈

d+1
q−q/p

⌉
be as in our previous notation. Hence, ifq is prime then

∆(GRMq(d, n)) = Ω
(
q`−1

)
, and for non-primeq we can say that∆(GRMq(d, n)) = Ω

(
qd`/2e−1

)
.

Theorem 8.4.1 follows by applying the theorem below, which is a straightforward generalization of a
similar theorem proved in [4] for binary codes.

Theorem 8.4.2 LetF be any family of functionsf : Fn → F that corresponds to a linear codeC. Let
∆(C) denote the minimum distance of the codeC and let∆(C) denote the minimum distance of the dual
code ofC.

Every testing algorithm for the familyF must performΩ(∆(C)) queries, and if the distance parameter
ε is at most∆(C)/(2qn), thenΩ(1/ε) is also a lower bound for the necessary number of queries.

Theorem 8.4.2LetF be any family of functionsf : Fn → F that corresponds to a linear codeC. Let∆(C)
denote the minimum distance of the codeC and let∆(C) denote the minimum distance of the dual code of
C.

Every testing algorithm for the familyF must performΩ(∆(C)) queries, and if the distance parameter
ε is at most∆(C)/(2qn), thenΩ(1/ε) is also a lower bound for the necessary number of queries.
Proof: We start by showing thatΩ(∆(R(d, n))) queries are necessary. A well known fact from coding
theory (see [58, Chap. 1,Thm. 10]) states the following: for every linear codeC whose dual code has
distance∆(C), if we examine a sub-word having length∆′, where∆′ < ∆(C), of a uniformly selected
codeword inC, then the resulting sub-word is uniformly distributed inF∆′ . Hence it is not possible to
distinguish between a random codeword inC and a random word inFn (which with high probability is far
from any codeword) using less than∆ queries.

We now turn to the caseε < ∆/2qn . To prove the lower bound here, we apply, as usual, the Yao
principle by defining two distributions, one of positive instances, and the other of negative ones, and then
showing that in order to distinguish between those distributions any algorithm must performΩ(1/ε) queries.
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The positive distribution has all its mass at the zero vector0̄ = (0, . . . , 0). To define the negative distribution,
partition the set of all coordinates randomly intot = 1/ε nearly equal partsI1, . . . , It and give weight1/t
to each of the characteristic vectorswi of Ii, i = 1, . . . , t. (Observe that indeed̄0 ∈ C due to linearity,
anddist(wi, C) = ε due to the assumption on the minimum distance ofC). Finally, a random instance
is generated by first choosing one of the distributions with probability1/2, and then generating a vector
according to the chosen distribution.

Consider the two distributions that were defined. LetA be a deterministic testing algorithm with query
complexity s (wheres is a function ofε). We need to show that ifA gives an incorrect answer with
probability at most1/3, it must be thats > 1/(3ε) . If A is incorrect on̄0 (that is, it does not accept it), then
it is already incorrect with probability at least1/2. OtherwiseA should accept the input if all thes queried
bits are0. Therefore it accepts as well at leastt − s (wheret = 1/ε is as defined above) of the inputswi.
This shows thatA gives and incorrect answer with probability at least(t− s)/2t. for this to be smaller than
1/3 it must be the case thats > 1/(3ε).
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Chapter 9

A Characterization of Low-Weight Words
that Span Generalized Reed Muller Codes

9.1 Introduction

The generalized Reed Muller codeRFq(ρ,m) consists of all words of lengthqm that correspond to the
evaluations ofm-variate polynomials of total degree at mostρ overFm

q . We denote byp the characteristic
of the fieldFq, so thatp is prime, andq = pt for an integert ≥ 1.

In the work of Delsarte, Goethals and MacWilliams [30] the minimum weight words of these codes are
characterized (see also [13, Thm. 5.25]). These words have weight(q− s)qm−r−1 whereρ = r(q− 1) + s,
and each is a sum of multiples of incidence vectors of(q− s) parallel affine subspaces (flats) of dimensions
(m − r − 1) that are contained in an(m − r)-dimensional affine subspace. Delsarte et. al. also show that
these words span the code in the case thatq is prime.

Ding and Key [31] consider general fields, and ask under what conditions do the minimum weight words
span the code. They show that the minimum weight words span the code ifand only if one of the following
conditions holds: (1)m = 1; (2) q is prime; (3)ρ < p; (4) ρ > (m − 1)(q − 1) + pt−1 − 2. We note that
the fourth condition was also shown to be sufficient by Friedl and Sudan [34], in the context of their work
on testing low-degree polynomials.

9.2 The Characterization

In the following we show that for all generalized Reed-Muller codes (and in particular for those codes that
arenot spanned by their minimum-weight words), there exists a subset of words that span the code whose
weight is at most quadratic in the weight of the minimum-weight words. More precisely:

Theorem 9.2.1 LetRFq(ρ,m) denote theq-ary generalized Reed Muller code of orderρ and lengthqm,
whereq = pt, p is prime,t ≥ 1, andq ≤ ρ ≤ m(q − 1). Then there is a set of words of weight at most

q

l
m(q−1)−ρ

q−q/p

m
that spanRFq(ρ,m).

In particular, whenq is prime (so thatq = p) andρ is divisible byq−1, then we obtain the minimum-weight
words of the code. Ifq is not prime, then the weight of the words spanning the code is roughly the minimum
weight of words inRFq(ρ,m) taken to the power ofp/(p− 1).

Our analysis works by proving a characterization of (total) degree-ρ multivariate polynomials over the
field Fq. This characterization takes the form of linear constraints on the evaluation of the polynomials
taken over points that belong to affine subspaces of low dimension. Since the generalized Reed-Muller
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code of orderρ, RFq(ρ,m), is determined by polynomials of degreeρ over Fm
q , these linear constraints

corresponds to low-weight words that are orthogonal to the words of the code. The characterization implies
that these words span the dual code. Because the dual code ofRFq(ρ,m) is the generalized Reed-Muller
codeRFq(m(q − 1)− (ρ + 1), q), we can obtain Theorem 9.2.1.

Theorem 9.2.1 follows from the following theorem presented in Chapter 8.
Theorem 8.1.2 Let F = GF(q) whereq = ps andp is prime. Letd be an integer, and letf : Fn → F .
Thenf is a polynomial of degree at mostd, if and only if its restriction to every affine subspace of dimension

` =
⌈

d+1
q−q/p

⌉
is a polynomial of degree at mostd.

9.2.1 Proof of the Theorem

As stated in the introduction, our characterization of low-weight words that span generalized Reed-Muller
codes, referred to in Theorem 9.2.1, is derived from Theorem 8.1.2. We next show how Theorem 9.2.1
follows from Theorem 8.1.2.

Recall that Theorem 8.1.2 says that a functionf : Fm → F is a polynomial of degree at mostρ if and
only if its restriction to every affine subspace of dimension` = d ρ+1

q−q/pe is a polynomial of degree at most
ρ. Theorem 8.1.2 can be restated equivalently as follows:f ∈ POLYρ,m if and only if there exists a subset
of vectorsW ⊂ F qm

, such that for each~w ∈ W we have:

1. ~w · ~f = 0;

2. The non-zero coordinates of~w are all indexed by points that belong to some affine subspace of di-
mensioǹ in Fm.

Sincef ∈ POLYρ,m if and only if ~f ∈ RFq(ρ,m), the first item implies that the subset of vectorsW spans
the code dual toRFq(ρ,m), which isRFq(m(q−1)− (ρ+1),m). The second item implies that the weight

of every ~w ∈ W is at mostq` = q
d ρ+1

q−q/p
e. Theorem 9.2.1 follows by a simple substitution of variables.
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Chapter 10

Almost Orthogonal Linear Codes are
Locally Testable

10.1 Introduction

In this work we study the testability of some families of linear codes.

Locally Testable Codes (LTC) and Regular Testers. A testerfor a code is a randomized algorithm that
is given a stringw and a distance parameterε > 0. The tester is allowed to perform oracle queries about
values of coordinates ofw. It should accept ifw is a codeword and reject with high probability ifw is ε-far
from every codeword. The notionε-far indicates that at leastε-fraction of the coordinates ofw should be
changed for obtaining a codeword of the code. A code islocally testableif it has a tester that performs a
number of queries that is a function ofε only, and is independent of the length of the code.

A local testfor w is a selection of a codewordw′ from the dual code, and verification thatw′ is orthog-
onal tow. Such verification requires several queries intow. The number of queries is equal to the weight
of w′. If w′ is not orthogonal tow then this implies thatw is not a codeword. In such case aviolation is
detected. This leads to the following definition of a regular tester. Roughly speaking, a regular tester is a
tester that performs several local tests intow, such that each local test involvek queries intow, wherek is
independent ofε.

Definition 10.1.1 A (k, δ)-regular tester for a code is a tester that, givenw and ε, selectsO
(

1
δ

)
random

codewords of weightk from the dual code (δ = δ(k, ε) > 0). Then it performs the corresponding local tests.
If a violation occurs the tester rejects, otherwise it accepts. The probability that a single local test rejects is
denotedRej(ε).

Note that most of the known testers for linear codes are regular.

Related Research. Locally testable codes have been a subject of much research over the last years due
to their close relation toprobabilistically checkable proofs(PCP). The question of characterizing codes that
are locally testable is highly complex. For surveys on the issue see [36, 69]. A great deal of attention was
devoted to testing polynomial codes, that is, the codes whose codewords are evaluations of some polyno-
mials over a finite field. Various families of polynomial codes differ in the size of the field, the maximum
degree of the polynomials, and the number of variables. The study of testing polynomial codes was initiated
by [24] who considered theHadamard codes, based on multivariate linear functions over a binary field.
Other relevant works include [15, 17, 18, 19, 24, 33] and references therein. In [9, 15, 14, 33, 34, 66] it
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was shown thatReed-Solomon codesandReed-Muller codesare locally testable. These codes are based
on univariate and multivariate low-degree polynomials overlarge finite fields. Recently [4, 45, 50] proved
that Reed-Muller codes over general fields, including small and even binary fields are locally testable. Most
testers for polynomial codes use theself-correction approach. A different series of works [20, 41], initiated
by [41], attempt proving existence of locally testable codes possessing good parameters (e.g. constant rate
and linearly growing minimum distance).

10.1.1 Our Results for General Codes

A Sufficient Condition for Local Testability of Linear Codes. In this work we present a sufficient con-
dition for local testability of linear codes. Let anε-far coset of a code be the code obtained by adding to
every codeword a vector that isε-far from the code. The condition is somewhat combinatorial. It is based on
counting the number of fixed weight codewords in the dual code to the union of the code and itsε-far coset.
If this number is substantially smaller than the number of the fixed length codewords in the dual of the code
itself, we claim that the code is locally testable. Hence, the approach we present here is different from the
self-correction approach(presented in e.g. [4, 24, 50, 66]). Note that there exist linear codes that can not be
locally tested, as shown by Ben-Sassonet al. [21].

Regular Local Testability Implies Short Basis for the Dual Code. We show that local testability of a
code by a regular tester implies that the dual code is spanned by short codewords. Note that the opposite
does not hold. That is, there exist codes [21] whose dual is spanned by short (length 3) words, which are not
locally testable. Note that in the works on testing codes that used the self-correction approach, there was a
need, prior to the construction of a tester, to prove an existence of a short basis of the dual code (noted as
“characterization” in works using the self-correction approach). Here we avoid this complication, since the
local testability of the primary code implies the existence of a short basis for the dual code.

Our Main Result: Almost Orthogonal Linear Codes are Locally Testable. We say that a codeC of
lengthn is almost orthogonalif the minimum distance ofC is n

2 −Θ(
√

n). It follows from upper bounds on
the size of codes as a function of the minimum distance (see e.g. [56]) that the size of such codes is at most
polynomial inn. We use our sufficient condition for testability to show that the almost orthogonal linear
codes are locally testable. Moreover, we show that their dual codes are spanned by words of fixed weights.
Specifically we show the following:

Theorem 10.1.1For a linear codeC, if the distance ofC is at leastn2 −
√

tn thenC is locally testable
usingO(t/ε) queries. Moreover,C⊥, the dual toC, is spanned by its words of weight at mostt + 2.

10.1.2 Our Results for Dual-BCH Codes and the BLR Test

Dual-BCH Codes. Dual-BCH(n, t) codes (denotedCdBCH(t)) are generalizations of the well studied
Hadamard codes (t = 1 is Hadamard). They can be defined as binary trace images of evaluations of
univariate polynomials of degree2t over the finite fields of size(n+1) and characteristic 2. The motivation
for the current work stems from an open problem raised in [4]. Alonet al. asked whetherCdBCH(t) are
locally testable for constantt. Notice thatCdBCH(t) are generalizations of codes defined by linear functions
(Hadamard codes). They have been used extensively for derandomization and construction of epsilon-
biased sets (see e.g. [1, 63]). Recently Khot [52] used them to obtain better inapproximability results for
SVP. TheCdBCH(t) codes for constantt are known (by the A. Weil-Carlitz-Uchiyama theorem) to be almost
orthogonal. Hence, we conclude that these codes are locally testable. Their dual codes are the conventional
BCH(n, t) codes (denotedCBCH(t)).
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Results for Dual-BCH and BCH Codes.

• CdBCH(t) are locally testable. They can be tested usingO(t/ε) queries by a regular tester such that
Rej(ε) ≥ ε. The lower bound for this problem isΩ(1

ε + t). The regular tester uses codewords of
CBCH(t) of weight2t + 3. The lower bound follows from the minimum distance ofCBCH(t).

• CBCH(t) is spanned by its almost shortest words, that is, by words of weight at most2t + 2, while the
shortest are of weight2t + 1. Here, we do believe that the code is spanned by its shortest words.

• ExtendedCBCH(t) code,CeBCH(t), obtained by appending all-coordinates parity-check to each code-
word, is spanned by its shortest words of weight2t + 2.

• There is an explicit procedure that generates a random codeword of constant weight fromCBCH(t)

with complexityO(poly(t log n)).

Note that our results implies local testability of Goppa codes [23] and trace subcodes of algebraic-geometric
codes.

Back to the BLR Test. The Hadamard test of Blum, Luby, and Rubinfeld [24] is given a binary vectorv of
length2m−1. The test selects uniformly at randomx, y ∈ {0, 1}m and verifies thatv(x)+v(y) = v(x+y).
Note thatx, y, x + y describe the non-zero coordinates of a random3-weight codeword from the code dual
to the Hadamard code (Hamming code). In various papers [17, 18, 24, 53] the following question was
addressed: What is the lower bound onRej(ε) of the BLR test [24].Rej(ε) is important since it is related
to the hardness of approximation of some NP-hard problems, see [17] for a relevant discussion. The best
known bounds are described in [17, 53], showing thatRej(ε) ≥ ε−O( 1

n), for everyε. The result of [17] is
based on Fourier transform, the one of [53] is based on discrete Fourier transform and a use of Krawtchouk
polynomials. In this work we re-prove the boundRej(ε) ≥ ε−O( 1

n). Our proof is somewhat simpler than
the previous ones, and uses our general techniques.

10.1.3 Our Techniques

We use tools from coding theory to bound thespectra(weight distributions) of the code and its dual. We do
that by using a linear programming approach based on theMacWillams transform. This transform relates
the weight distribution of a code to the one of its dual. We prove ageneralization of the Johnson Bound
which provides us with a tool to obtain an upper bound on the distribution of the number of codewords in
a Hamming sphere and its moments. An essential point in our analysis is use of theKaramata inequality
allowing extending of inequalities for the first moments of the distribution to higher ones. An orthonormal
matrix is norm preserving. This is expressed in the Parseval identity, and is useful in our analysis of the
Hadamard tester. For the case of general almost orthogonal codes, we prove ageneralized Parseval inequal-
ity, namely, we show that when the vectors are almost orthogonal, the matrix is norm preserving up to an
explicitly derived multiplicative constant.

The techniques we employ are quite different form the ones used earlier. We believe that they might be
useful for proving local testability of other codes.

10.2 The Approach Applied in This Work

In this section we describe the approach applied in this work and provide a sufficient condition for local
testability of linear codes. LetC be a linear code whose dual code isC⊥. Consider all codewords ofC⊥

of weightk, denotedC⊥
k . Their number isBC⊥

k . The codewordsC⊥
k imply local tests of sizek overC.

Hence, in order to show that a codeC is locally testable it is sufficient to show that there exists a constant
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k such that for a vectorw that isε-far from C and forc′ selected uniformly fromC⊥
k , the probability that

〈w, c′〉 6= 0, is a constantδ(ε) that depends only onε. In such case the codeC is testable usingΘ( k
δ(ε))

queries.
Consider a codewordw that isε-far fromC, that is,w = c + vεn, such thatc ∈ C andvεn is ε-far from

any codeword inC. Suppose that we could show that at leastδ(ε)-fraction of codewords inC⊥
k are such that

their inner product withvεn is non-zero. Then we would get that by taking uniformly at randomc′ ∈ C⊥
k ,

with probabilityδ(ε), 〈c′, w〉 6= 0. That is, with probabilityδ(ε) the tester rejects. Hence we conclude that
C is testable usingΘ(k/δ) queries.

In order to show that at leastδ(ε)-fraction of words inC⊥
k are such that their inner product withvεn

is non-zero, we could equivalently show that for at most(1 − δ(ε))-fraction of the codewords inC⊥
k , their

inner product withvεn is zero. The last could be shown using the following approach.
The codewords ofC⊥ that are orthogonal both toC and tovεn are codewords that are orthogonal to the

codeC ∪ vεn. That is, these are the weightk words of[C ∪ vεn]⊥ (denoted[C ∪ vεn]⊥k ). Their number is

denoted asB[C∪vεn]⊥
k . In order to find how many such weightk words exist in[C∪vεn]⊥, we need the study

the weight distribution of[C ∪ vεn]⊥. Following, is a definition capturing the properties discussed above.

Definition 10.2.1 Consider a linear codeC of lengthn, such that its dual isC⊥. The codeC has(k, δ)-
Coset-Property if for every 1

n ≤ ε ≤ R(C)
n , there exist non-decreasingδ = δ(ε, k) > 0, such that for every

vectorvεn at distanceεn fromC, B
[C+vεn]⊥
k ≤ (1− 2δ)BC⊥

k .

Note that for a vectorvεn /∈ C, its distance fromC is between1 to R(C). Thus,ε is chosen to cover all
possible distances ofvεn from C.

In the following we provide our sufficient condition for local testability of linear codes.

Theorem 10.2.1A sufficient condition for local testability: Consider a linear codeC of lengthn, such
that its dual isC⊥. If C has (k, δ)-Coset-Property then it is testable usingΘ(k

δ ) queries. Hence, ifk is a
constant independent ofn then the code is locally testable.

Proof: We show that the conditionB[C+vεn]⊥
k ≤ (1− 2δ)BC⊥

k impliesB
[C∪vεn]⊥
k ≤ (1− δ)BC⊥

k .
Recall that,

B
[C∪vεn]⊥
k =

1
|C ∪ vεn|

n∑

i=0

BC∪vεn
i Pk(i) =

1
2|C|

n∑

i=0

BC
i Pk(i)+

1
2|C|

n∑

i=0

BC+vεn
i Pk(i) =

BC⊥
k

2
+

B
[C+vεn]⊥
k

2

It remains to show that the conditionB[C∪vεn]⊥
k ≤ (1 − δ)BC⊥

k implies thatC is testable usingΘ(k
δ )

queries. The last can be verified easily by the definitions. The details of the proof follows.
Assume that for codeC and its dualC⊥ the condition applies. In the following we use the condition to

construct a one-sided tester for the codeC where its query complexity isΘ(k
δ ), for k,δ as specified in the

theorem. Given a wordc the algorithm should accepts ifc ∈ C, and it should rejects w.h.p ifc is in distance
of at leastεn from any word inC.

Test-C-Algorithm ( c)

1. Repeat the following checkΘ(1
δ ) times:

(a) Uniformly and independently select a wordw of lengthk from C⊥.

(b) Verify whether< c, w >= 0. If not then the checkfailed.

2. If any of the above checks failed thanreject, otherwiseaccept.
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Following we prove that the algorithmTest-C-Algorithm ( c) is a one-sided tester for the codeC with
query complexityΘ(k

δ ). We need to show that ifc is at distance at leastεn from C, then the algorithm
rejects with probability at least2/3.

Supposec is ε′-far from the code, whereε′ ≥ ε. In this casec can be presented asc = a + vε′n, where
a ∈ C, andvε′n is at distanceε′n from C. Given a randomk-weightw ∈ C⊥, 〈c, w〉 = 〈a, w〉+ 〈vε′n, w〉 =
〈vε′n, w〉. By the assumed conditions of the theorem, Prob(〈vε′n, w〉 6= 0) = δ(ε′) ≥ δ(ε). Thus, the
probability to reject in a single round of the algorithm is at leastδ(ε). Hence, afterΘ(1

δ ) trials c is rejected
with probability at least23 . Note that the query complexity of the described algorithm isΘ(k

δ ) as required.

Next we show that the coset-property ofC implies thatC⊥ is spanned by short words.
Theorem 10.2.2Consider a codeC with dualC⊥. If C has (k, δ)-Coset-Property thenC⊥ is spanned by
words of weightk.

Proof: (k, δ)-Coset-Propertyimplies that for every1n ≤ ε ≤ R(C)
n , there exists a non-decreasing sequence

δ = δ(ε, k) > 0, such that for every vectorvεn being at distanceεn from C, B
[C∪vεn]⊥
k ≤ (1 − δ)BC⊥

k .
Assume that the weightk codewordsC⊥

k do not spanC⊥. Then, there existsC∗ that containsC⊥
k and some

other codewords fromC⊥, such that its size is half of the size ofC⊥. Hence, we conclude thatC∗⊥, that is
dual toC∗, is C∗⊥ = C ∪ vεn, wherevεn ∈ C⊥. However, due to the(k, δ)-Coset-Propertywe know that
the number of words of weightk in C∗ = [C ∪ vεn]⊥ is at most(1 − δ)BC⊥

k , and this contradicts the fact

thatC∗ containsBC⊥
k words of weightk. Hence,C⊥ is spanned by its weightk words.

Clearly from definitions, ifC has a(k, δ)-regular tester, then it has(k, δ)-Coset-Property. It was shown
in Theorem 10.2.2 that if a codeC has the(k, δ)-Coset Property, then its dualC⊥, is spanned by words of
weightk. Hence the following theorem is established:

Theorem 10.2.3 If C has a (k, δ)-regular tester then its dualC⊥ is spanned by words of weightk.

10.3 A Tester for the Dual-BCH Code - First Try

In this section we show thatCdBCH(t) is locally testable usingO( t log t
ε ) queries. However the tester we

describe uses local tests of weights varying withε. That is, in order to test if a given vector isε-far from
CdBCH(t), the tester employs local tests that useO( t log t

ε ) queries on the vector. Note that each local test
performs number of queries that is dependent ofε. Thus, the tester is not regular and does not imply a proof
that theCBCH(t) is spanned by short words. In the next section we show a way to improve our analysis and
get a regular tester. Our analysis shows thatRej(ε) ≥ ε−O( 1

n) in the case of the BLR test [24].

Theorem 10.3.1CdBCH(t) is locally testable usingO( t log t
ε ) queries. Moreover, there exists a regular-

tester for the code that uses local tests of weightO( t log t
ε ) such thatRej(ε) ≥ 1

2 .

Proof: ConsiderCdBCH(t), ε > 0. Letk = t log t
ε , k being an odd integer. We next show that for a vectorvεn

which is at distanceεn from CdBCH(t), B
[CdBCH(t)+vεn]⊥

k ≤ 1
2B

CBCH(t)

k . This suffice by Theorem 10.2.1.
Recall, that using the MacWilliams transform

B
[CdBCH(t)+vεn]⊥

k =
n∑

i=0

B
CdBCH(t)+vεn

i Pk(i)

Hence, we need to show that
n∑

i=0

B
CdBCH(t)+vεn

i Pk(i) ≤ 1
2
B

CBCH(t)

k · |CdBCH(t)| (10.1)
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In the following we bound the left-hand side of the last inequality.
By [29] the covering radius ofCdBCH(t) is bounded from above byn2 −

√
tn. This bound on the

covering radius can be proved using estimates on the minimum zero of a Krawtchouk polynomial, and the
minimum distance of the dual code. We use this bound to conclude that any vector is at distance at most
(1
2 −

√
t√
n
)n from CdBCH(t). Thus, we may assume that1 ≤ εn ≤ n

2 −
√

tn. This will be useful in what
follows.

Consider CdBCH(t) + vεn. Since vεn is at distanceεn from CdBCH(t), the shortest word in
CdBCH(t) + vεn is of weight εn. Recall thatk is odd, and note that the Krawtchouk polynomialPk(i)
is negative fori > n

2 +
√

tn. Using these observations and the bound from Claim 2.3.3 we get:

n∑

i=0

B
CdBCH(t)+vεn

i Pk(i) ≤
n
2
+
√

tn∑

i=εn

B
CdBCH(t)+vεn

i Pk(i) ≤
n
2
+
√

tn∑

i=εn

BCdBCH(t)+vεn
|n− 2i|k

k!

Note that forεn ≤ i ≤ n
2 +

√
tn, we have|n− 2i| ≤ (1− 2ε)n. Thus,

n∑

i=0

B
CdBCH(t)+vεn

i Pk(i) ≤
n
2
+
√

tn∑

i=εn

BCdBCH(t)+vεn
|n− 2i|k

k!
≤ (1− 2ε)k−2tnk−2t

k!

n
2
+
√

tn∑

i=εn

B
CdBCH(t)+vεn

i |n−2i|2t

In Claim 10.3.1 we will prove that
∑n

2
+
√

tn

i=εn B
CdBCH(t)+vεn

i |n− 2i|2t ≤ nt|CdBCH(t)| (2t)!
2tt! . By showing

that we get

n∑

i=0

B
CdBCH(t)+vεn

i Pk(i) ≤
(1− 2ε)k−2tnk−2t · nt|CdBCH(t)| (2t)!

2tt!

k!
≤ 1

2
B

CBCH(t)

k · |CdBCH(t)|.

The last inequality follows from Claim 2.3.5 which asserts thatB
CBCH(t)

k = (n
k)

(n+1)t (1 + O( 1
n)). Hence

equation (10.1) follows.

Claim 10.3.1 Generalized Parseval Bound:For a linear codeC of lengthn and minimum dual distance
2t + 1, and a vectorvεn being at distanceεn fromC,

n∑

i=εn

BC+vεn
i (n− 2i)2t ≤ nt|C|(2t)!

2tt!
(1 + o(1))

Note that fort = 1 we derive an inequality following from the Parseval identity up to a factor of(1 + o(1)).
Since the dual ofCdBCH(t) is CBCH(t) and its distance is2t + 1, the lemma can be applied, and the proof
of Theorem 10.3.1 follows.

Proof: [of Claim 10.3.1] Note the if the distance ofC⊥ is 2t + 1, then the distance of[CdBCH(t) ∪ vεn]⊥

is at least2t + 1.
Consider a polynomialf of degree at most2t. Since the Krawtchouk polynomials form an orthogonal basis,
f can be written as:

f(i) =
2t∑

k=0

αkPk(i)

Let BC+vεn
0 , · · · , BC+vεn

n be the weight distribution ofC + vεn.
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Hence,

n∑

i=0

BC+vεn
i f(i) =

n∑

i=0

BC+vεn
i

2t∑

k=0

αkPk(i) =
2t∑

k=0

αk

n∑

i=0

BC+vεn
i Pk(i) = α0|C + vεn|

The last equality is derived from the MacWilliams Transform. Recall that,

n∑

i=0

BC+vεn
i Pk(i) = |C + vεn|(2B

[CdBCH(t)∪vεn]⊥

k −BC⊥
k )

As we know that the minimum distance ofC⊥ is at least2t + 1, we get that
∑n

i=0 BC+vεn
i Pk(i) = 0 for

k = 1, · · · , 2t.
By takingf = (n− 2i)2t and using the fact from the Fourier Analysis that:

α0 =
1
2n

n∑

i=0

(
n

i

)
f(i)

we get that,

n∑

i=εn

BC+vεn
i (n− 2i)2t ≤ α0|C + vεn| = 1

2n

n∑

i=0

(
n

i

)
(n− 2i)2t|C + vεn|

Note that|C + vεn| = |C|. Hence, in order to complete the proof it is sufficient to show that

1
2n

n∑

i=0

(
n

i

)
(n− 2i)2t ≤ nt (2t)!

2tt!
(1 + o(1))

Since the binomial distribution converges to the normal one we deduce that:

1
2n

n∑

i=0

(
n

i

)
(n− 2i)2t ≤ 1

2n

n∑

i=−n

2n

√
2πn

e−
i2

2n i2t ≤ 1√
2πn

∫ ∞

x=−∞
x2te−

x2

2n dx(1 + o(1))

The last integral is the2t-th central moment of the normal distribution which is known (see e.g. Dwight,
Tables of Integrals, 860.16):

∫ ∞

−∞
x2te−r2x2

dx =
√

π
1 · 3 · 5... · (2t− 1)

2tr2t+1
.

Noticing that

1 · 3 · 5... · (2t− 1) =
(2t)!
2tt!

we obtain the claimed bound.
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10.3.1 Back to the BLR Test

Following the same lines of the proof of Theorem 10.3.1, and using the fact that orthogonal matrix preserves
norm, instead of using the Generalized Parseval Bound from above, we provide a simple alternative proof
for the following theorem. The first proofs for this theorem appear in [17, 53]. The detailed proof follows.

Theorem 10.3.2 In the BLR test [24]Rej(ε) ≥ ε−O( 1
n).

Proof: Note that by [29] the covering radius ofC is n
2 −

√
n, hence ann length vector is at distance at

most(1
2 − 1√

n
)n from C. Recall that it is sufficient to show that

n∑

i=0

BC+vεn
i P3(i) ≤ (1− 2ε + O(

1
n

))BC
3 · |C|

In the following we bound the first term in the above equation.
Consider the codeC + vεn. Sincevεn is at distanceεn from C, the shortest word in the codeC + vεn is of
weightεn. Moreover, all words inC but the ”zero” word are of weight exactlyn2 . Hence the heaviest word
in C + vεn is of weight at mostn2 + εn, Thus:

n∑

i=0

BC+vεn
i P3(i) =

n
2
+εn∑

i=εn

BC+vεn
i P3(i)

By Claim 2.3.3:

n∑

i=εn

B
n
2
+εn

i P3(i) ≤
n
2∑

i=εn

BC+vεn
i

|n− 2i|3
6

Since the Krawtchouk polynomialP3(i) gets negative values fori > n
2 +

√
n, and since forεn ≤ i ≤ n

2 +εn,
|n− 2i| ≤ (1− 2ε)n, we get the following:

n∑

i=0

BC+vεn
i P3(i) ≤

n
2
+εn∑

i=εn

BC+vεn
i

|n− 2i|3
6

≤ (1− 2ε)n
6

n
2
+εn∑

i=εn

BC+vεn
i |n− 2i|2

We next show that
∑n

2
+εn

i=εn BC+vεn
i |n− 2i|2 = n2.

Note that if this is indeed the case
∑n

i=0 BC+vεn
i P3(i) ≤ (1−2ε)n3

6 , and the lemma follows. The last is true
due to the following. Recall that we needed to show

n∑

i=0

BC+vεn
i P3(i) ≤ (1− 2ε + O(

1
n

))BC
3 · |C|

However by lemma 2.3.5BC⊥
3 · |C| = n3

6 (1−O( 1
n)). Thus,

n∑

i=0

BC+vεn
i P3(i) ≤ (1− 2ε)n3

6
≤ (1− 2ε + O(

1
n

))BC⊥
3 · |C|

as required. Thus, it remains to show the following claim:

Claim 10.3.2 Parseval Identity: For an n length binary codeC. and a vectorvεn at distanceεn from C,
the following holds:

∑n
i=εn BC+vεn

i |n− 2i|2 = n2.
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Proof: Consider the weight distribution ofC + vεn. Denote byv′ the1,−1 vector obtained from a binary
vectorv where every0 is transformed into1, and every1 is transform into−1. Forc ∈ C andvεn, We mark
by 〈c′, vεn

′〉 the inner products of the corresponding vectors. Note that,n− 2w(c + vεn) = 〈c′, vεn
′〉. Thus,

n∑

i=εn

BC+vεn
i |n− 2i|2 =

∑

c∈C

< c′, vεn
′ >2

Note that it remains to show that
∑

c∈C < c′, vεn
′ >2= n2.

Recall that if we consider the words of the Hadamard code written in a matrix where every0 is transformed
into 1, and every1 is transform into−1, we get the Hadamard matrixHn of ordern · n. SinceHn is
orthogonal it is norm preserving. Thus, for a1,−1 vectorv′, |v′|22 = 1

n |Hn · v′|22 = n.
Hence,

∑

c∈C

< c′, vεn
′ >2= |Hn · vεn

′|22 = n2.

10.4 Improved Tester for Dual-BCH Code

In this section we show thatCdBCH(t) is locally testable usingO( t
ε) queries. Moreover, we describe a

regular-tester that uses local tests each of weight2t + 3. Hence, we conclude thatCBCH(t) is spanned
by weight2t + 3 words. We provide our analysis forCdBCH(t) codes. However, in the end of the proof
we observe that this proof actually applies to every almost orthogonal code. We next show that the coset-
property holds in the case ofCdBCH(t) and codewords of weight2t + 3 of its dual. The idea we use is as
follows. By arguments similar to those used in the previous section it is sufficient to show that for a vector
vεn that isε-far fromCdBCH(t):

n
2
+
√

tn∑

i=εn

B
CdBCH(t)+vεn

i P2t+3(i) ≤ (1− 2ε)

n
2
+
√

tn∑

i=0

B
CdBCH(t)

i P2t+3(i)

The intuition behind the last claim follows. As all non-zero codewords ofCdBCH(t) are of weight close to
n
2 , and as the corresponding Krawtchouk polynomial has values close to zero aroundn

2 , we conclude that the
zero word contributes significantly to the summation above, while other codewords have negligible effect.
The zero word does not appear in the coset ofCdBCH(t) + vεn since the shortest word ofCdBCH(t) + vεn

is of weightεn. Since the rest of codewords do not contribute much to the summation we obtain the desired
property.

In order to bound the left-hand side expression we use the following strategy. We partition it into two
sums that we address as head (first sum) and tail (second sum).

n
2
+
√

tn∑

i=εn

B
CdBCH(t)+vεn

i P2t+3(i) =

n
2
−a∑

i=εn

B
CdBCH(t)+vεn

i P2t+3(i) +

n
2
+
√

tn∑

i=n
2
−a

B
CdBCH(t)+vεn

i P2t+3(i)

Herea, to be defined in the proof, is close ton
2 −

√
n. Hence, we immediately conclude that the contribution

of the tail is negligible. To deal with the head we use some generalization of the Johnson Bound, to estimate∑n
2
−a

i=εn B
CdBCH(t)+vεn

i . Then we use the Karamata inequality to deduce a bound on the head. The Karamata
inequality is of help when one starts from an inequality and wishes it to be preserved under application of
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a convex function to both sides (in our case the convex function is(n− 2i)2t+3 appearing in the bound for
P2t+3(i)).

We consider the caset > 1. Note that fort = 1 , CdBCH(t) corresponds to linear functions, and it is
known to be testable by its shortest words.

10.4.1 Useful Lemmas for the Improved Tester

Lemma 10.4.1 [A Generalization of Johnson Bound]: ConsiderCdBCH(t) + vεn. Let a = n
1
2
+ 1

4(2t+3) .
Let ci for i = 1, · · · , (n + 1)t, be the codewords ofCdBCH(t) + vεn. Let xi = n − 2w(ci). Assume that

x1 ≥ x2 ≥ · · · ≥ x(n+1)t . DenoteQ =
∑n

2
−a

εn B
CdBCH(t)+vεn

i . Under the given conditions the following
holds:

Q ≤ n
1− 1

2(2t+3) (1 + o(1)).

For s ≤ Q, such thats ≤ n
1
2
− 1

100 ,
∑s

i=1 xi ≤ n
√

s(1 + o(1)).

For s ≤ Q, such thats ≥ n
1
2
+ 1

100 ,
∑s

i=1 xi ≤ n
3
4 s(1 + o(1)).

For s ≤ Q, such thatn
1
2
− 1

100 ≤ s ≤ n
1
2
+ 1

100 ,
∑s

i=1 xi ≤ n1+ 1
100
√

s(1 + o(1)).

The following claim will be used in the proof of Lemma 10.4.1.

Claim 10.4.2 Consider a codeC of lengthn with distanced and weight distributionB0, B1, · · · , Bn. Let

a < n
2 . Letj = n− 2d. Letm =

∑n
2
−a

i=0 Bi. For such code the following holds:

m =

n
2
−a∑

i=0

Bi ≤ dn

2(n
2 + a)2 − 2n(n

2 + a) + dn
(10.2)

(

n
2
−a∑

i=0

Bi(n− 2i))2 ≤ nm((m− 1)j + n) (10.3)

This claim enables us to get bounds on
∑n

2
−a

i=0 Bi(n− 2i), while we have bounds on
∑n

2
−a

i=0 Bi.

Proof: Consider the codeC ′ that is complement to the codeC in a way that the codewords ofC ′ are the
codewords ofC after the transformation where0’s are replaced by1’s and1’s are replaced by0’s. Let
B′

0, B
′
1, · · · , B′

n be the weight distribution ofC ′.
Let m′ =

∑n
n
2
+a B′

i. Clearly from the definition ofC ′ it follows that the distance ofC ′ is d = n−j
2 and

m′ = m. Note thatm′ can be bounded from above by the maximum possible words of weightn
2 + a in a

code with distanced. Hence, by using Claim 2.3.1,m = m′ ≤ dn
2(n

2
+a)2−2n(n

2
+a)+dn

, and equation (10.2) is

established.
Note that from the definition ofC ′ it follows that(

∑n
2
−a

i=0 Bi(n− 2i))2 = (
∑n

n
2
+a B′

i(2i− n))2. Hence
for proving equation (10.3) it is sufficient to show that

(
n∑

n
2
+a

B′
i(2i− n))2 ≤ nm′((m′ − 1)j + n) = nm((m− 1)j + n) (10.4)
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Consider the matrixV +− that its rows contain the codewords ofC ′ of weight at leastn2 + a, with zero’s
replaced by−1’s. The number of rows ofV +− is m′ = m. Let v1, · · · , vm denote the rows ofV +−. For
1 ≤ i ≤ n, denote bygi the number of1′s in the i-th column ofV +−. Let g be the average number of1’s
in the columns ofV +−. For1 ≤ j ≤ m, denote byrj the number of1′s in thej-th column ofV +−. Let r
be the average number of1’s in the rows ofV +−. By definition,

g =
1
n

n∑

i=1

gi =
1
n

n∑

k=n
2
+a

kB′
k (10.5)

Recall that the distance between every two rows ofV +− is d = n−j
2 , hence the usual scalar product of

any two distance rows is at leastn− 2d = j, therefore:

S =
m∑

i=1

m∑

k=1

(vi, vk) ≤ m(m− 1)j + mn (10.6)

On the other hand,

S =
n∑

i=1

(g2
i + (m− gi)2 − 2gi(m− gi)) =

n∑

i=1

(2gi −m)2 (10.7)

By Jensen inequality,S =
∑n

i=1(2gi −m)2 ≥ n(2g −m)2, therefore we get

n2(2g −m)2 ≤ nm((m− 1)j + n) (10.8)

However,

n2(2g −m)2 = n(2
∑n

i=1 gi

n
−m)2 = (2

n∑

i=1

gi −mn)2

= (2
m∑

i=1

ri −mn)2 = (2
m∑

i=1

(ri − n))2 = (
n∑

n
2
+a

B′
i(2i− n))2 (10.9)

Hence we get that(
∑n

n
2
+a B′

i(2i− n))2 ≤ nm((m− 1)j + n) and equation (10.3) is established.

Proof of Lemma 10.4.1: Note that the distanced of theCdBCH(t) code obeysn2 − (t − 1)
√

n ≤ d ≤
n
2 + (t − 1)

√
n, by Claim 2.3.4. Hence we can get the same bounds on the distance between every two

words in a coset of the code. Thus, the first equation of the lemma follows directly from the bound on
the distance ofCdBCH(t) + vεn and application of equation (10.2) in Claim 10.4.2. The second and third
equations follow from equation (10.3) in Claim 10.4.2, wherem is assigned the values, andj is assigned
the value2(t− 1)

√
n.

Lemma 10.4.3 [Karamata Inequality, see [60]]: Letx1, · · · , xs, y1, · · · ys be two non-negative sequences,
such that for everyq < s,

∑q
i=1 xi ≤

∑q
i=1 yi, and such that

∑s
i=1 xi =

∑s
i=1 yi. If f(·) is a convex

function then,
∑s

i=1 f(xi) ≤
∑s

i=1 f(yi).
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10.4.2 The Improved Tester

Theorem 10.4.1CdBCH(t) is locally testable usingO( t
ε) queries. Moreover, there exists a regular-tester

for the code that uses local tests of length2t + 3 such thatRej(ε) ≥ ε.

Proof: For t = 1, CdBCH(t) is the Hadamard code and hence the proof is known. ConsiderCdBCH(t),
t > 1, ε > 0.

We next show that for a vectorvεn that is at distanceεn from CdBCH(t).

B
[CdBCH(t)+vεn]⊥

2t+3 ≤ (1− 2ε)B
CBCH(t)

2t+3 .

Thus, by Theorem 10.2.1 the proof of the current theorem applies. Similarly to the arguments used in the
proof of Theorem 10.3.1 it is sufficient to show that:

n
2
+
√

tn∑

i=εn

B
CdBCH(t)+vεn

i P2t+3(i) ≤ (1− 2ε)B
CBCH(t)

2t+3 |CBCH(t)|.

Note that due the the minimum distance ofCdBCH(t):

B
CBCH(t)

2t+3 |CBCH(t)| ≤
n
2
+
√

tn∑

i=0

B
CdBCH(t)

i P2t+3(i) =
n2t+3

(2t + 3)!
+ O(n2t+2).

Hence, it is sufficient to show that:

n
2
+
√

tn∑

i=εn

B
CdBCH(t)+vεn

i P2t+3(i) ≤ (1− 2ε)
n2t+3

(2t + 3)!
+ O(n2t+2) (10.10)

In the following we bound the left-hand side. Choosea = n
1
2
+ 1

4(2t+3) . Note thata2t+3 = o(nt+2). By the
bound from Claim 2.3.3, and by the bound on the number of codewords inCdBCH(t) the following is true:

n
2
+
√

tn∑

i=εn

B
CdBCH(t)+vεn

i P2t+3(i) ≤
n
2
−a∑

i=εn

B
CdBCH(t)+vεn

i P2t+3(i) + (n + 1)t max
n
2
−a<i≤n

(P2t+3(i))

≤ 1
(2t + 3)!

(

n
2
−a∑

i=εn

B
CdBCH(t)+vεn

i (n− 2i)2t+3 + (2a)2t+3(n + 1)t)

(10.11)

In the following we present two properties, whose validity is sufficient for the bound (10.10) to hold:

Head Bound:
∑n

2
−a

i=εn B
CdBCH(t)+vεn

i (n− 2i)2t+3 ≤ (1− 3ε)n2t+3 + O(n2t+2).

Tail Bound : (2a)2t+3 · (n + 1)t ≤ 1
2(εn2t+3 + O(n2t+2)).

We provide different proofs for different values ofε. We deal with two cases:

Case 1: 1
4 ≤ ε ≤ 1

2 . Case 2: 1
n ≤ ε ≤ 1

4 .
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Note that by the bounds on the covering radius of the code (see e.g. [29]),ε is at most12 . Hence, the two
cases cover the possible values ofε. Both cases are proved along the same lines. The proof is based on the
Karamata inequality presented in Lemma 10.4.3. In either of the cases we shall show that theHead Bound
andTail Bound apply.

In the proof of the first case we use the fact that using claims 2.3.1 and 2.3.4, the number of words of weight
exactlyεn in CdBCH(t) + vεn is at most

dn

2(εn)2 − 2n(εn) + dn
≤ 1

(1− 2ε)2
(1 + o(1))

.
In the second case we use the fact that there can be only one wordci in CdBCH(t) + vεn of weightεn. The
rest of the words ofCdBCH(t) + vεn are of weight at least(1

2 − ε)n. By Claims 2.3.1 and 2.3.4 the number
of words of weight(1

2 − ε)n in this code is at most

dn

2(1
2 − ε)2 − 2n(1

2 − ε) + dn
≤ 1

(2ε)2
(1 + o(1)).

The complete proofs of case 1 and case 2 follow.

10.4.3 Proof of Case 1 in Theorem 10.4.1

Let a = n
1
2
+ 1

4(2t+3) , for t > 1. Consider theCdBCH(t) + vεn. Let ci for i = 1, · · · , (n + 1)t be the
codewords of theCdBCH(t) + vεn code. Letxi = n − 2w(ci) and assume thatx1 ≥ x2 ≥ · · · ≥ x(n+1)t .
Recall that we need to show that the following two bounds apply for the case that1

4 ≤ ε ≤ 1
2 :

Head Bound:
∑n

2
−a

i=εn B
CdBCH(t)+vεn

i (n− 2i)2t+3 ≤ (1− 3ε)n2t+3 + O(n2t+2).

Tail Bound : (2a)2t+3 · (n + 1)t ≤ 1
2(εn2t+3 + O(n2t+2)).

Proof of Case 1,14 ≤ ε ≤ 1
2 : In order to bound the head sum we use a generalization of Johnson Bound to

bound the sum of codewords
∑n

2
−a

i=εn B
CdBCH(t)+vεn

i .

That is, LetQ =
∑n

2
−a

εn B
CdBCH(t)+vεn

i . Using Lemma 10.4.1,

Q ≤ n
1− 1

2(2t+3) (1 + o(1)) (10.12)

Here we have got bound on
∑n

2
−a

εn B
CdBCH(t)+vεn

i . However, we need to bound

n
2
−a∑

i=εn

B
CdBCH(t)+vεn

i (n− 2i)2t+3.

For this we will be using the Karamata Inequality which is of help when one has some inequalities and one
needs them to be preserved under a convex function that is applied to their both sides (which is our case is
(n− 2i)2t+3).

Recall that we need to bound
∑n

2
−a

i=εn B
CdBCH(t)+vεn

i (n− 2i)2t+3 =
∑Q

i=1 x2t+3
i .
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In the following we defineyi’s. i = 1, · · · , (n + 1)t, such that for everys ≤ Q:
∑s

i=1 xi ≤
∑s

i=1 yi, and
such that

∑Q
i=1 xi =

∑Q
i=1 yi.

We then use the Karamata Inequality and deduce that
∑Q

i=1 x2t+3
i ≤ ∑Q

i=1 y2t+3
i . Theyi’s are defined in

some way that enables us to upper bound the sum
∑Q

i=1 y2t+3
i , that is, to bound the head sum as required.

In the following we define theyi’s. i = 1, · · · , (n + 1)t:

For1 ≤ i ≤ s = 1
(1−2ε)2

: yi
def= (1− 2ε)n.

Note that the shortest words inCdBCH(t) + vεn are of weightεn. Using Claims 2.3.1 and 2.3.4, the number
of words of weightεn in CdBCH(t) + vεn is at most dn

2(εn)2−2n(εn)+dn
≤ 1

(1−2ε)2
(1 + o(1)). Hence we get

that for1 ≤ i ≤ s = 1
(1−2ε)2

, xi ≤ yi = (1− 2ε)n.

For 1
(1−2ε)2

≤ i ≤ s = n
1
2
− 1

100 such thats ≤ Q: yi
def= n(

√
i−√i− 1). Using Lemma 10.4.1, we get that

in this regionxi ≤ yi ≤ n√
i
.

For n
1
2
− 1

100 < i ≤ n
1
2
+ 1

100 : yi
def= 2n

3
4
+ 1

100 . Using Lemma 10.4.1, we get that in this regionxi ≤ yi ≤
2n

3
4
+ 1

100 .

Forn
1
2
+ 1

100 < i ≤ Q: yi
def= 2n

3
4 . Using Lemma 10.4.1, we get that in this regionxi ≤ yi ≤ 2n

3
4 .

Hence by the definition ofyi: For i = 1, · · · , Q we get that
∑Q

i=1 xi ≤
∑Q

i=1 yi. Let W be the biggest
number such that

∑W
i=1 yi ≤

∑Q
i=1 xi. For1 ≤ i ≤ W the value ofyi remains as it was defined. We next

assign new values toyW+1. · · · , yQ.

yW+1 =
Q∑

i=1

xi −
W∑

i=1

yi, yW+2 = yW+3 = · · · = yQ = 0.

Thus we have
Q∑

i=1

xi =
Q∑

i=1

yi.

In the following we shall show that theHead Boundholds: That is:

n
2
−a∑

i=εn

B
CdBCH(t)+vεn

i (n− 2i)2t+3 ≤ (1− 3ε)n2t+3 + O(n2t+2).

Consider the definition ofxi’s andyi’s for i = 1, · · ·Q. Note that for everys < Q,
∑s

i=1 xi ≤
∑s

i=1 yi and
that

∑Q
i=1 xi =

∑Q
i=1 yi. Hence, by the Karamata Inequality of Lemma 10.4.3 we can conclude that

Q∑

i=1

x2t+3
i ≤

Q∑

i=1

y2t+3
i .

We use this last inequality in the following equation.
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n
2
−a∑

i=εn

B
CdBCH(t)+vεn

i (n− 2i)2t+3 =
Q∑

i=1

x2t+3
i ≤

Q∑

i=1

y2t+3
i (10.13)

Hence,

n
2
−a∑

i=εn

B
CdBCH(t)+vεn

i (n−2i)2t+3 ≤
Q∑

i=1

y2t+3
i ≤ n2t+3(1− 2ε)2t+3

(1− 2ε)2
+

√
n∑

i= 1
(1−2ε)2

n2t+3

√
i
2t+3 +

Q∑

i=
√

n

(2n
3
4 )2t+3+n

6t+12
4 ≤

n2t+3(1−2ε)2t+1+n2t+3

∫ ∞

i= 1
(1−2ε)2

dx

x
2t+3

2

+42t+3n
1− 1

2(2t+2) n
3(2t+3)

4 = n2t+3(
2t + 3
2t + 1

(1−2ε)2t+1)+42t+3n
6t+13

4
− 1

2(2t+2)

Note that for constantt and 1
4 ≤ ε ≤ 1

2 , the last term is bounded by(1 − 3ε)n2t+3 + O(n2t+2). Hence,
Head Boundholds.

In the following we prove that theTail Bound holds: That is:

(2a)2t+3 · (n + 1)t ≤ 1
2
ε(n2t+3 + O(n2t+2)).

Recall that14 ≤ ε ≤ 1
2 , a = n

1
2
+ 1

4(2t+3) , andt is constant.

Thus,(2a)2t+3 · (n + 1)t ≤ 1
2ε(n2t+3 + O(n2t+2)), and theTail Bound holds.

10.4.4 Proof of Case 2 in Theorem 10.4.1

Let a = n
1
2
+ 1

4(2t+3) , for t > 1. Consider theCdBCH(t) + vεn. Let ci for i = 1, · · · , (n + 1)t be the
codewords of theCdBCH(t) + vεn code. Letxi = n − 2w(ci) and assume thatx1 ≥ x2 ≥ · · · ≥ x(n+1)t .
Recall that we need to show that the following two bounds apply for the case that1

n ≤ ε ≤ 1
4 :

Head Bound:
∑n

2
−a

i=εn B
CdBCH(t)+vεn

i (n− 2i)2t+3 ≤ (1− 3ε)n2t+3 + O(n2t+2).

Tail Bound : (2a)2t+3 · (n + 1)t ≤ 1
2(εn2t+3 + O(n2t+2)).

Proof of Case 2,1n ≤ ε ≤ 1
4 : Here we follow the same line of proof as in the first case. The only difference

is the following. For1n ≤ ε ≤ 1
4 , there can be only one wordci in CdBCH(t) + vεn with weightεn. The rest

of the codewords inCdBCH(t) + vεn are of weight at least(1
2 − ε)n. By using Claims 2.3.1 and 2.3.4, the

number of words of weight(1
2 − ε)n in this code is at most

dn

2(1
2 − ε)2 − 2n(1

2 − ε) + dn
≤ 1

(2ε)2
(1 + o(1)).

Hence we defineyi’s. i = 1, · · · , (n + 1)t in the following way:

For i = 1: y1
def= (1− 2ε)n, hencex1 ≤ y1.
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For2 ≤ i ≤ s = 1
(2ε)2

: yi
def= 2εn, hence in this region,xi ≤ yi = (2ε)n.

For 1
(2ε)2

≤ i ≤ s = n
1
2
− 1

100 : yi
def= n(

√
i − √

i− 1). Using Lemma 10.4.1, we get that in this region
xi ≤ yi ≤ n√

i
.

For n
1
2
− 1

100 < i ≤ n
1
2
+ 1

100 : yi
def= 2n

3
4
+ 1

100 . Using Lemma 10.4.1, we get that in this regionxi ≤ yi ≤
2n

3
4
+ 1

100

Forn
1
2
+ 1

100 < i ≤ Q: yi
def= 2n

3
4 . Using Lemma 10.4.1, we get that in this regionxi ≤ yi ≤ 2n

3
4

We then update theyi’s similarly as before, and get that for everys < Q,

s∑

i=1

xi ≤
s∑

i=1

yi.

and that
Q∑

i=1

xi =
Q∑

i=1

yi

.

Hence, by the Karamata Inequality of Lemma 10.4.3 we can conclude that

Q∑

i=1

x2t+3
i ≤

Q∑

i=1

y2t+3
i .

We use this last inequality in the following equation.

n
2
−a∑

i=εn

B
CdBCH(t)+vεn

i (n− 2i)2t+3 =
Q∑

i=1

x2t+3
i ≤

Q∑

i=1

y2t+3
i (10.14)

Hence,
∑n

2
−a

i=εn B
CdBCH(t)+vεn

i (n− 2i)2t+3 is at most

Q∑

i=1

y2t+3
i ≤ n2t+3(1− 2ε)2t+3 +

n2t+3(2ε)2t+3

(2ε)2
+

√
n∑

i= 1
(2ε)2

n2t+3

√
i
2t+3 +

Q∑

i=
√

n

(2n
3
4 )2t+3 + n

6t+12
4

≤ n2t+3(1− 2ε)2t+3 + n2t+3(2ε)2t+1 + n2t+3

∫ ∞

i= 1
(2ε)2

dx

x
2t+3

2

+ 42t+3n
1− 1

2(2t+3) n
3(2t+3)

4

= n2t+3(1− 2ε)2t+3 + n2t+3(
2t + 3
2t + 1

(2ε)2t+1) + 42t+3n
6t+13

4
− 1

2(2t+3) (10.15)

Note that for constantt and 1
n ≤ ε ≤ 1

4 , the last term is at most(1 − 3ε)n2t+3 + O(n2t+2), and hence the
Head Bound follows.

In the following we prove that theTail Bound holds: That is:

(2a)2t+3 · (n + 1)t ≤ 1
2
(εn2t+3 + O(n2t+2)).
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Recall that1n ≤ ε ≤ 1
4 , a = n

1
2
+ 1

4(2t+3) , andt is constant.

Thus,(2a)2t+3 · (n + 1)t ≤ 1
2(εn2t+3 + O(n2t+2)), and theTail Bound holds.

As an immediate corollary from Theorem 10.4.1 and Theorem 10.2.2 we get:

Theorem 10.4.2Consider a constantt ≥ 1. TheCBCH(t) code is spanned by its words of weight2t + 3.
(where its shortest words are of weight2t + 1).

10.4.5 Local Testability of Almost Orthogonal Codes

The proof of Theorem 10.4.1 used only two facts aboutCdBCH(t): the first is that its distance is at least
n
2 − (t − 1)

√
n and the second is that the number of its codewords isO(nt). Note that by a known bound

from [56], a codeC with minimum distancen
2 −

√
tn, contains at mostO(nt) codewords. Hence, we

could repeat the previous proof for general almost orthogonal codes. We then need to use Krawtchouk
polynomialPt+2 instead ofP2t+3 that was used forCdBCH(t). All the rest works the same and the proof of
Theorem 10.1.1 is obtained.

10.4.6 TheCBCH(t) is Spanned by its Codewords of Weight at most2t + 2

ExtendedCBCH(t) code,CeBCH(t), obtained by appending all-coordinates parity-check to each codeword
of CBCH(t). The codeCedBCH(t) is doubly transitive. The shortest words ofCeBCH(t) are of weight2t+2.
Using the techniques presented in the the proof of Theorem 10.4.1 and using the fact that the Krawtchouk
polynomialP2t+2(i) is symmetric aroundn2 we obtain the following theorem:

Theorem 10.4.3TheCedBCH(t) is locally testable usingO( t
ε) queries. Moreover there exist a regular-

tester for the code that uses local tests of weight2t + 2, such thatRej(ε) ≥ ε.

Hence by the definition of the extended code, ifCeBCH(t) is spanned by codewords of weight exactly2t+2
thenCBCH(t) is spanned by codewords of weight at most2t + 2. This leads to the following theorem.

Theorem 10.4.4Consider a constantt ≥ 1. CBCH(t) is spanned by its words of weight at most2t + 2.

10.5 Efficient Construction of a Random Short Codeword ofCBCH(t)

In the BLR test (i.e. Hadamard test) [24], there is a procedure that usesO(log n) bits operation to find a
random3 length word from theCBCH(t) code wheret = 1. This procedure, in the case of BLR, does the
following. It selects uniformly at randomx, y ∈ {0, 1}log n. Then, it computesx + y usingO(log n) bits
operations. In [24] it is shown that the weight 3 codeword that has1’s in coordinatesx, y, x + y is a random
codeword of weight3 selected uniformly from the dual code (dual to the Hadamard code). Since the BLR
test works inO(1

ε ) rounds, it needs overallO((log n)/ε) bits operations.
In the following we show that there exists a procedure that usesO(poly(t log n)) bits operations for

selecting a random word of length2t + 3 from CBCH(t). Hence, we show that theCdBCH(t)-tester can be
implemented usingO(poly(t log n)/ε) bits operations.

Our procedure could be used for finding any random fixed weight codeword efficiently.

Theorem 10.5.1There exists a random procedure that usesO(poly(t log n)) bits operations and finds a
random word of length2t + 3 fromCBCH(t) with a constant probability.
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Proof: The proof of the theorem follows from the following claim.

Claim 10.5.1 Considert + 3 vectorsx1, · · · , xt+3 ∈ {0, 1}log n. There exists a procedure Fast-BCH-
decoding that receives these vectors and does the following. Consider ann length binary vectoru, such
that u has1’s in the locations determined byx1, · · · , xt+3, and all other coordinates are zero. If there
exists a codewordc ∈ CBCH(t) at distancet fromu, then the non-zero coordinates ofc can be found using
O(poly(t log n)) bits operations. Fast-BCH-decoding(x1, · · · , xt+3) finds the2t + 3 non-zero coordinates
of suchc if exists.

Proof: Note that the distance ofCBCH(t) is 2t + 1, hence, a decoding algorithm forCBCH(t), if succeeds,
returns a codeword of weight at most2t+3. A decoding algorithm forCBCH(t) has three stages (for details
see [58]): First isSyndrome calculation. Second isKey-equation solution. Third is Finding the roots of
the locater polynomial. We note here that when working in a field of sizen every operation in the field
can be performed usingO(log n) bits operations. Consider a lengthn binary vectoru, such thatu has1’s
in the locations determined byx1, · · · , xt+3, and all other coordinates ofu are zeros. Next we show that
for suchu, the decoding algorithm can be performed usingO(poly(t log n)) bits operations. Sinceu is of
weightt + 3, Syndrome calculation involvesO(t2) operations in the field. Key-equation solution using the
Berlekamp Massey Algorithm [22, 61] requires(t2 log t) operations in the field. Finding the roots can be
implemented using fast factorization since the polynomial at hand is of degree at most2t + 3 (where the
degree is independent of the size of the field). Fast factorization as described in [28] can be implemented
usingpoly(t log n) operations in the field. Hence, overall the2t+3 non zero coordinates ofc (c as described
above) can be found usingO(poly(t log n)) bits operations.

Based on theFast-BCH-decoding (x1, · · · , xt+3) we describe a randomized procedureFind-Random-
Codeword, that returns the non zero locations of a codeword of length2t + 3 uniformly selected from the
CBCH(t) code. The procedure described succeeds to find such a word with a constant probability.

Find-Random-Codeword

1. RepeatΘ(t!) times:

(a) Uniformly and independently selectt + 3 vectorsx1, · · · , xt+3 ∈ {0, 1}log n.

(b) If Fast-BCH-decoding (x1, · · · , xt+3) returns2t + 3 vectors exit and return these vectors.

2. If this point is reached outputfail.

The correctness of the theorem stems from the following set of claims.

Claim 10.5.2 The2t+3 codewords ofCBCH(t) that are obtained by the Find-Random-Codeword algorithm
are uniformly distributed in the set of2t + 3 length codewords ofCBCH(t).

Proof: Note that if we consider somet + 3 coordinates of ann length vector, then there can be only one
CBCH(t) codeword of length2t + 3 that has1’s in all these coordinates. The reason for that is that if there
were two such words then by the linearity ofCBCH(t) we get that theCBCH(t) contains a word of weight2t
which is a contradiction. Hence, everyt+3 coordinates may belong to at most one weight2t+3 codeword.
Thus, the probability to find each of the weight2t + 3 codewords is identical.

Claim 10.5.3 The probability that a single round is successful is at least1+o(1)
t! .
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Proof: Note that by the definition of the procedure, the decoding succeeds only if it finds a codeword of
length2t + 3 that has1’s in the givent + 3 coordinates. Note that by Claim 2.3.5, the number of words of

length2t+3 in CBCH(t) is
( n
2t+3)

(n+1)t (1+ o(1)), while the number of sets oft+3 coordinates is
(

n
t+3

)
. Hence,

the probability that the decoding procedure succeeds is

( n
2t+3)

(n+1)t (1 + o(1)) · (2t+3
t+3

)
(

n
t+3

) =
1 + o(1)

t!

Claim 10.5.4 The number of steps performed in a single round ofFind-Random-Codewordalgorithm is
poly(t log n)

Proof: Clearly follows from 10.5.1.
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Part IV

Open Problems
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Chapter 11

Further Research

It would be interesting to further understand thetestability nature of graph properties, when the underlying
graphs are not promised to have certain pre-defined densities. The goal is to understand the specific impact
that the density of the graph has on the ability to test it for various properties. It this work we considered
testing of several graph properties in the general case. Some of our results are not tight and there exists a
gap between the known upper and lower bounds. Closing those gaps may shed some light on testing general
graph properties.

There are several known techniques forproving lower bounds in property testing. Among them areYao’s
principle, methods based onadditive number theory, constructions ofgap-preserving local reductionsand
constructions ofobjects with local view different than their global view(e.g. a graph that is notk-colorable
but each of its subgraphs of linear size isk-colorable). It seems that lower bounds for testing graphs with
varying densities require some new lower bounds techniques.

There are well studied connections betweengraph testing and sub-linear approximation algorithms
for graphs for the case of dense graphs. Specifically, given an NP-hard problem, suppose that instead
of approximating it using polynomial algorithms (such as Semi-Definite Programming), we are willing to
”invest” only sub-linear queries. Could we get reasonable approximation in that case? Some positive results
are known for the case that the graph are dense. It would be interesting to understand similar connections
for graphs with general densities.

The fact that the Hadamard code is locally testable played a major role in the proof of the PCP theorem.
Since the dual-BCH code is a generalization of the Hadamard code, it could be the case the local testability
of the dual-BCH code may have some broader implications. A more general question in codes testing is the
following. What is thecharacterization of linear codes that can be testedusing query complexity which is
independent of the code length?
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Appendix A

A formal definition of M
`2
`1

(H)

For every vertexv in H we have a statev in M`2
`1

(H). For simplicity, we shall continue referring to these
states as vertices. Let theborder of H, denotedB(H), be the set of vertices inH that have at least one
neighbor inG that is not inH. Then, for every vertexv ∈ B(H), we have a setav,1, · · · , av,`1 of auxiliary
states. LetpH

v,u(t) denote the probability of a walk of lengtht that starts atv and ends atu without passing
through any other vertex inH. Namely, it is the sum over all such walksw, of the product, taken over all
steps inw, of the transition probabilities of these steps. In particular,pH

v,v(1) ≥ 1
2 (where equality holds in

casev has degreed), and for everyu ∈ Γ(v), pH
v,u(1) = 1

2d (here we assume that we can choose a random

neighbor of a vertex with in time which isO(1)). The transition probabilities,qx,y, in M`2
`1

(H) are defined
as follows:

• For everyv andu in H, qv,u =
∑`2−1

t=1 pH
v,u(t).

Thus,qv,u is a sum ofpH
v,u(1) and

∑`2−1
t=2 pH

v,u(t). The first term implies that for everyv in H, qv,v ≥ 1
2

and for every pair of neighborsv andu, qv,u ≥ 1
2d . The second term, which we refer to as theexcess

probability is due to walks of length less than`2 (from v to u) passing through vertices outside ofH,
and can be viewed ascontractionof these walks.

Hence, for every pair of verticesv andu, qv,u = qu,v.

• For everyv ∈ B(H), qv,(av,1) =
∑

u∈H

∑
t≥`2

pH
v,u(t); for every`, 1 ≤ ` < `1, q(av,`),(av,`+1) = 1;

and for everyu ∈ H, q(av,`1
),u = 1

qv,(av,1)
· ∑t≥`2

pH
v,u(t). (The parentheses added in the notation

above (e.g.,q(av,`),(av,`+1)) are only for sake of readability.)

In other words,qv,(av,1) is the probability that a random walk inG that starts fromv takes at least̀2
steps outside ofH before returning toH, andq(av,`1

),u is the conditional probability of reachingu in

such a walk. Thus, the auxiliary states form auxiliary paths inM`2
`1

(H), where these paths correspond
to walks of length at least̀2 outside ofH.

We shall restrict our attention to walks of length at most`1 in M`2
`1

(H), and hence any walk that starts at
a vertex ofH and enters an auxiliary path never returns to vertices ofH.

For any two statesy, z in M`2
`1

(H) let qy,z(t) be the probability that a walk of lengtht starting from
y ends atz. In particularqy,z ≡ qy,z(1), and for any two verticesu andv and any integert, we have
qu,v(t) = qv,u(t). We further let the parity of the lengths of paths corresponding to walks inG be carried
on to M`2

`1
(H). That is, each transition between verticesv andu that corresponds to walks outside ofH

consists of two transitions – one due to even-length paths corresponding to walks fromv to u outside ofH,
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and one to odd-length paths. For any two vertices inH we letqb
v,u(t) denote the probability inM`2

`1
(H) of a

walk of lengtht starting fromv, ending atu, and corresponding to a path whose length has parityb.
In all that follows we assume thatG is connected. Our analysis can easily be modified to deal with the

case in whichG is not connected, simply by treating separately each of its connected components. Under
the assumption thatG is connected, for everyv andu in H, there exists at such thatqu,v(t) > 0, and hence
M`2

`1
(H) is irreducible. Furthermore, because for eachv ∈ H qv,v ≥ 1

2 , M`2
`1

(H) is also aperiodic. Thus it
has a unique stationary distribution.

v
1/(2d)

1 - | Γ( v)| /(2d)
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Figure A.1: The structure ofM`2
`1

(H). The states corresponding to vertices ofH are depicted as black dots,
and the auxiliary states as white ones. Herep̃x,y denotes the transition probability between any two vertices
x, y ∈ B(H), which equals

∑`2−1
t=1 pH

x,y(1), p̄u denotes the probability of entering an auxiliary path starting
from u ∈ B(H), which equals

∑
z∈H

∑
t≥`2

pH
u,z(t), andp̄u|z denotes the probability of returning from the

last state on this auxiliary path toz ∈ B(H), which equals1
p̄u
·∑t≥`2

pH
u,z(t).
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