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Abstract

In this paper we study the problem of approximating the distance of a function to convexity.
Namely, we are interested in randomized sublinear algorithms that approximate the Hamming
distance between a given function and the closest convex function. We present an efficient
constant factor approximation algorithm for functions f : [n] — R.

1 Introduction

This paper deals with the following type of approximation problems: For a predetermined property
P, given query access to a function f, we would like to approximate the distance between f and
a closest function that has a property P. Distance between functions is defined as the fraction
of points on which the functions differ. In other words, we would like to estimate the minimum
number of modifications (relative to the size of the domain) that must be made to the function f
so that it obtain the property P. We refer to this quantity as the distance to having the property
P. This notion of distance approzimation was first explicitly studied by Parnas et. al. [PRRO6]
together with the related notion of tolerant testing.! Both are natural extensions of (standard)
property testing [RS96, GGR9S].

We are interested in designing randomized distance approximation algorithms that have low
query complexity and running time. In particular we aim for sublinear (e.g., logarithmic) complex-
ity. Our focus in this work is on the property of convexity.

Definition 1 (Convexity) For a function f: D — R, we say that f is convex if for all z,y € D
and for all0 < p < 1 such that pr+(1—p)y € D, it holds that f(pz+(1—p)y) < pf(x)+(1—p)f(y).

We denote the distance of a function f : D — R from convexity by €qon(f). In particular we
consider the case that D = [n].

For this property there is a (standard) testing algorithm of Parnas et. al. [PRR03]. The query
complexity and running time of their algorithm is O(logn/e). There was no previously known
distance approximation algorithm for convexity. We show:

1A tolerant property testing algorithm is required (with high probability), to accept objects that are e;-close to
having a given property P and reject objects that are es-far from having property P, for some parameters 0 < 1 <
€2 < 1. Standard property testing refers to the special case of €1 = 0.



Theorem 1 (Distance Approximation to convexity for [n] — R functions) There is an
algorithm that, given access to a function f : [n] — R, and an additive error parameter 6 > 0,
outputs an estimate € such that with probability at least 2/3, %ec(m(f) — 6 < € < €on(f). The

expected query complexity and running time of the algorithm are 6(%)

Observe that Theorem 1 implies that, by setting § = 0 we can get a purely multiplicative error
(where the complexity depends on 1/€con(f))-

Techniques Convexity is closely related to monotonicity in the sense that a function is convex if
and only if the function defined by taking the difference between consecutive points, is monotone.
However, this characterization is not robust in the sense that the latter function might be very close
to monotone while the original function is very far from convex. This led Parnas et. al. [PRRO03] to
design a testing algorithm for convexity that is quite different from known testing algorithms for
monotonicity. However, when considering the extension of this problem to distance approximation
we have found that we are able to adapt ideas from the distance approximation algorithm for
monotonicity of one-dimensional functions [ACCLO04].

Specifically, a central notion in [ACCL04] (a variant of which appeared in [EKK100]) is 3-big
(or S-heavy) points. Roughly speaking these are points that have relatively many “partner” points
that together constitute evidence to non-montonicity. Furthermore, the relative number of such
points can be used to estimate the distance to monotonicity, and there is an efficient randomized
procedure for verifying (with high probability) whether a point is indeed (-big. In the context
of convexity, points are replaced by pairs of points, and evidence is in the form of quadruples of
points. While the high-level structure of our algorithm and analysis follow that of [ACCLO04], quite
a few technical issues arise in the adaptation to convexity given the more complex structure of this

property.

1.1 Other Related Work

As noted previously, tolerant property testing and distance approximation were first explicitly
studied by Parnas et. al. [PRRO06]. Following that work, there have been several results on dis-
tance approximation, both positive [ACCL04, GR05, FN05, MR06, FR07] and negative [FFO05].
These works considered properties of functions and strings [PRR06, ACCL04, FF05, GR05, FRO7],
ensembles of points [PRRO06], and graphs [FN05, MRO6].

2 Preliminaries

For d € Z let [d] = {1,2,...,d}. For two strings =,y € [n]¢, x = x129... 25 and y = y1¥2 . . . Yq, We
say that x < y if every i € [d] satisfies z; < y;, and that < y if © <y and there exists i such that
Ti < Y-

The additive and multiplicative Chernoff bounds which we use throughout the paper can be found
in Appendix A.

A property P of functions from domain D to range R is simply a subset of these functions. Therefore,
we use the term “function f has property P” and “f € P” interchangeably. Here we always assume



that the range D is finite. The distance between two functions f, g : D — R is the relative Hamming
distance between the two, that is,

dist(f,g) < ﬁ({az €D : f(x) # 9@} (1)

The distance of a function f to (having) a property P is the minimum distance between f and a
function g that has property P. We denote this distance by ep(f). Namely,

def . .
ep(f) = min{dist(f,g)} . (2)
geP
We say that f is e-far from having property P if ep(f) > €, otherwise it is e-close.

Definition 2 (Distance Approximation) An algorithm for approrimating the distance to a prop-
erty P (a distance approximation algorithm) is given query access to a function f, and outputs an
estimate ¢ of ep(f). We say that é is an (n,d)-estimate of ep(f) forn>1 and 0 <6 <1 if?

%ep(f) 5

IN

é<ep(f).

If for a fixed n and any given additive error parameter § and failure probability =y, given access to
any function f, an algorithm outputs an (n,d)-estimate of € p(f) with probability at least 1 —~, then
we say it s an n-approximation algorithm for property P. If n = 1 then we say it is a purely-additive
approximation algorithm. If v is not stated explicitly, then we assume that v = 1/3.

3 On the Relation between Monotonicity and Convexity

Lemma 3.1, stated next, is quoted from [PRR03, Claim 1].

Lemma 3.1 A function f: [n] — R is convez if and only if every 2 < i <mn — 1 satisfies
f@) = fi—1) < fi+1) = f(i)

Let g : {2,...,n} — R be such that for every i, g(i) = f(i) — f(i — 1). Lemma 3.1 implies that
¢ is monotone if and only if f is convex. In other words, €.on(f) = 0 if and only if €,,0n(g) = 0.
Therefore, a natural question is whether there exist some tight relation between €05, (g) and €con(f)-
If there were such a relation, then the problem of approximating the distance to convexity over a
one-dimensional domains of size n could be easily reduced to the problem of approximating the
distance to monotonicity over a one-dimensional domain of size n — 1, for which there are efficient
algorithms.

Unfortunately, this is not the case, as was observed in [PRR03]. For example, let f : [n] — R
be defined as follows: f(i) = 1 for every 1 < i < n/2, and f(i) = 0 for every n/2 < i < n. By
this definition, €.on(f) = ©(1). Next consider the “difference” function g defined above. We have:
g(i) =0 for every 2 < i <n/2—1 and for every n/2+1 <i <n—1, and g(n/2) = —1. That is,
Emon(g) = ﬁ

Although there is no such simple relation between the distance to convexity and the distance
to monotonicity, the methods of [ACCLO04] for distance approximation to monotonicity can be
extended to distance approximation for convexity, as we show in this section.

*We have chosen a non-symmetric definition which allows the algorithm to underestimate €p(f) but not to over-
estimate it. It is of course possible to slightly modify the algorithm so as to fit variants of this definition that allow
for both an additive and a multiplicative error.



The high-level idea of the algorithm. A central notion, which is defined in the next subsection,
is co-convezity of pairs of consecutive pairs of points (i,7 + 1) in [n] with respect to a function f.
The first important observation is that if a function is convex then all pairs of consecutive pairs are
co-convex. On the other hand, if every two pairs in a collection of pairs of consecutive points are
co-convex with respect to a function f, then it is possible to modify f only on points not contained
in these pairs so as to obtain a convex function.

The next central notion, which we adapt from [ACCL04] (who in turn build on a similar notion
in [EKK™00]), is a 3-big consecutive pair. Roughly speaking, for such a pair there is an interval
that contains many pairs with which it is not co-convex. Our main lemma is that the number of (-
big pairs (for particular choices of ) implies upper and lower bounds on the distance to convexity.
Hence our algorithm tries to estimate the number of such consecutive pairs.

4 Pairs and the Co-convexity Property

In this subsection we define the notion of co-convexity and prove several claims concerning co-convex
pairs.

Definition 3 1. For1<i<n-—1, let C(i) = (i,i + 1) (i.e., C(i) is an ordered pair).

2. For1<i,j<n-—1,let { =min{i,j} and h = max{i,j}. C(i) and C(j) are co-convex (with
respect to f) if they satisfy the following

o Ifh <{l+1 then
fUe+1) = f(0) < f(h+1) = f(h)

o I[fh>/{+1 then

[ = fe+n) ) = S+
h—0—-1 h—¢—1

fil+1) = f() < < f(h+1) = f(n)

Note that co-convexity is symmetric. If C(i) and C(j) are co-convez, then we denote this by

C(i) — C(j). Otherwise, C(i) £ C(j).
3. Given a set of pairs X, let P(X) ={ken]| Ck)e X orC(k—1) € X}.
Definition 4 For a subset S C [n]:
o Let fg: S — R denote the restriction of f to S. Namely, fs(x) = f(x) for every x € S.
o Let S=[n]\S.
We first generalize Lemma 3.1.

Lemma 4.1 Let X C Z be a finite set. A function g : X — R is convex if and only if all i,j,0 € X
such that © < j < £ satisfy

9() —9() _ 9(0) = 9())
j—i o =)

As an immediate corollary we get:



Corollary 4.2 If f : [n] — R is a convex function then for every 1 <i < j <n—1, C(i) and C(j)
are co-convet.

Proof of Lemma 3.1. Assume g is convex and let o = %. Observe that 1 — a = % and so
ai + (1 — a)l = j. Therefore, g(j) < ag(i) + (1 — a)g(j). This implies that

(€ —=1i)g(j) < (€—3)g(i) + (5 —i)g(€) (3)
and so
(L =3)9() + (G —1)g(j) < (€—7)g(i) + (5 —i)g(£) (4)
and
9(d) —g(@) _ g(f) —g(4)
=i = (= (5)

For the other direction, assume that there exists o and i < £ such that ai + (1 — )¢ € X but

glai + (1 —a)l) > ag(i) + (1 — a)g(f). Denote j = ai + (1 — )¢ and observe that o = %. This

implies that

(€ —1i)g(j) > (£ —35)g(i) + (5 —)g(€) (6)
and so
(€ =3)9() + (G —1)g(j) > (€ —3)g(i) + (5 — i)g(£) (7)
and
9(j) —g) _ g(¥) —g(j)
=i (= )
|

Lemma 4.3 If Q C [n] is a set such that f@ 18 convex, then there exists a convexr function g :
[n] — R that agrees with f on every z € Q.
Observe that Lemma 4.3 implies that if fg is convex, then €.on(f) < ‘%‘

Proof: We assume here that |Q] > 2. Otherwise the proof is trivial. Let g : [n] — R be defined
as follows, where we later show that it is convex.

e For every k € Q, g(k) = fg(/@) = f(k).
e For other elements (i.e., elements of @), let g be defined as follows:

— Consider all k € @ such that there exist elements in @ that are smaller then k, and
elements in () that are larger than k. Let ¢ be the largest element in () that is smaller
than k, and j be the smallest element in @) that is larger than k. Let g(k) = g(i) +

9()—9() '
(k=)



— If there are k € Q such that there is no i € Q such that i < k, then let j be the smallest
element in @ that is larger than those k’s. That is, 1 < k < j. Observe that since |Q| > 2,
then there must be such j, that j <n—1, and that g(j + 1) is already defined. Let g(1)
be large enough so that g(]) ) < 9(7+1)—g(j), and let g(k) = g(1)+ g(]) ( ) (k—1)
for every such 1 < k < j.

— If there are k € @ such that there is no j € [n] \ @ such that j > k, then let ¢ be the
largest element in [n] \ @ that is smaller than those k’s. That is, ¢ < k < n. Observe
that since |[n] \ Q| > 2, then there must be such ¢, that ¢ > 2, and that g(i — 1) is
already defined. Let g(n) be large enough so that g(n) 9@ > g9(i) — g(i — 1), and let

n—1i

g(k) = g(i) + g(n) (l) - (k —1) for every such i < k < n.

We need to show that g is a convex function. Recall that f@ is convex. Therefore, Lemma 4.1
implies that for every i,j,¢ € [n] \ @ such that i < j < ¢,

fo(i) — fg(i) - fol) — fa(d)

9
e e ©

Using this fact, a technical review over g shows that every 2 <i <n — 1 satisfies
9(i) —g(i = 1) < g(i + 1) — g(i) (10)

and Lemma 3.1 (see page 3) implies that g is convex. W

Lemma 4.4 shows that the co-convexity property is transitive.

Lemma 4.4 For everyl <i<k<j<n-—1,if C(i) — C(k), and C(k) — C(j), then C(i) —
@)

Proof: We assume that £ > i+ 1 and j > k+ 1 (the case of k =i+ 1 or j = k+ 1 is easier).
Assume that C(i) — C(k) and C(k) — C(j). By the definition of co-convexity we have

1) fpy < SR =D $6) = £ +1)

< flk+1) = f(k) <

<fU+1)—-r0)

k—i—1 j—k—1
Therefore,
fG) = fGi+1)
j—i—1
(6= k= DIEED) & (Fk+ 1) = £(R) + (06— — LB
- J—i—1
(G=k=1DGG+D) = @) + (FG+1) = 16)) + (=i = DG +1) = £0)))
= j—i—1
= fG+1) - f0) (11)
and
fG) = fGi+1)
j—i—1



(6= k= DIDED) 4 (fh+1) = f(k)) + (6 — i — 1) LELED)
j—i—1
(G=k=DUG+D=1GN) + (FG+1) = 1) + (k=i = DUG + 1) = ()
j—i—1
= fO+1) =10 (12)
and the lemma follows. W

Recall that for a set of pairs X, P(X) ={k € [n] | C(k) € X or C(k — 1) € X}. Observe that
P(X)[ < 2-|X].

<

Lemma 4.5 Let X be a set of pairs. If every i,j such that C(i) ¢ X and C(j) ¢ X satisfy
C(i) — C(j) then fm is a convex function.

Proof: Assume by contradiction that fm is not a convex function. We show here that there

exist 4, j such that C(i) ¢ X, C(j) ¢ X and C(i) and C(j) are not co-convex.
Assuming fzry is not convex, Lemma 4.1 implies that there exist ¢ < j < £ such that i, j,¢ ¢

P(X)
P(X) and

fp(X)(j) - fp(X)(i) S fP(X)(E) - fm(ﬂ)

j—i (—j (13)
Therefore also
1) = 16) _ 10~ 10) "
j—i =7
Since i, j,¢ ¢ P(X) then also C(i),C(j),C(¢ — 1) ¢ X. Consider the following cases:
e The case that j = ¢ — 1, so that C(j) = C(¢ — 1). Equation (14) implies that
TS0 - s6+1-10) (15)
If C(i) — C(j) (We assume that j > i+ 1. The case that j =7+ 1 is easier.) then
f(i+1)—f(i)éwSf(j+1)—f(j) (16)
Which implies that
fG)—ra  FEHD) = fO)+ ((j—i—l)W)
j—i B j—i
; f(]]):zill'i‘l) + ((] —i— 1)f(]3:z—11+1))
< T
fG) = fi+1)
N j—i—1
< fU+1D) - f0) (17)

Which is a contradiction to Equation (15). Therefore C'(7) and C(j) are not co-convex.

7



e Now we may assume that j < £—1. We show here that it is not possible that both C'(7) — C(j)
and C(j) — C(£—1). Assume by contradiction that it is possible. The fact that C(i) — C(3)
and Equation (17) imply that

fG) — [ , :
FO=I0 < pg+-10) (18)

The fact that C'(j) — C(¢ —1) (We assume that £ —1 > j+ 1. The case that { —1=j+11is
easier.) implies that

fE-1) - FG+D) _

fG+1) - 1) < Tt <

fe) = f(e-1) (19)
Which implies that

o-rG) (PG =1G) + (-5 - 222 + (10 - pie- 1))
l—j t—j
(1G+1 =)+ (€=j=2GG+1) = £GD) + (FG+ 1D = 1)
—
= JG+D - 10) ’ (20)

Equations (18) and (20) contradict Equation (14). Therefore it is not possible that C(i) —
C(j) and C(j) — C(£ —1).

The lemma follows. W

5 (-bigness - An Indication to the Distance to Convexity

As noted previously, the notion of S-bigness, defined below, is an adaptation of a related notion
used in [EKKT00, ACCLO04] in the context of monotonicity. Lemma 5.1, which is the main lemma
in this subsection, builds on [ACCL04, Lemma 3].

Definition 5 Given 0 < 3 < 1/2 and i € [n], C(i) is 3-big if there exists j > i such that

Hk : i<k§j&0(z’)7l/0(k:)}‘2(1/2—5)(j—z’+1) (21)
or, similarly, j < i such that

{risk<icomw colfza2-mi-j+1) (22)

We say that j is a witness to C(i)’s 3-bigness, and that C(i) is ($-big with respect to j. Let Bg(f)
denote the set of B-big pairs in f.

Lemma 5.1 Let f: [n] — R.

1. |Bo(f)] > o5n.



2 |Ba(N)] <121 + 1255)écon (/).

In order to prove the lemma we introduce a few more definitions and prove some claims. For
each (-big pair C(i), we choose a unique (arbitrary) witness j; to its (-bigness. If j; > i then C(4)
is called right-big. If j; < i then C(i) is called left-big. That is, if C(7) is right-big then

{k i<k <i&ch) £ eml|=za2-006-i+1) (23)

and if C(7) is left-big then

H/-c:j¢§k<i&0(k)>1/0(z’)}‘2(1/2—5)(1’—3}-%—1) (24)

Let RB and LB denote the set of right-big pairs and left-big pairs, respectively. Observe that RB
and LB are disjoint sets and that Bg(f) = RBU LB.

Let T be a set of minimum size such that fz is convex. Lemma 4.3 implies that there exists a
convex function that agrees with f on every x ¢ T, and that |T| = €on(f)n. Let

T = {k(k—mTorkeTorkHeT}
cT' = {C(k)(kgn—mndkeT’} (25)

Observe that |CT'| < |T'| < 3|T).

Consider the Crediting Procedure that appears in Figure 1. Each pair is assigned credit. We
denote by o(C/(i)) the credit that C(7) is assigned in the algorithm. Initially, each pair in RBNCT"’
is assigned 1 credit, and all other pairs are assigned 0 credit. Each C(i) € RB \ CT’ among
C(n—1),...,C(1) in this order, spreads one credit among all pairs C(¢) such that i <t < j; and
C(t) £ C(i). The word spread means that the credit always goes to whoever has the least credit
among those pairs.

Consider the following two claims, which we prove subsequently.

Claim 5.2 Only pairs in CT' are assigned credit during the crediting procedure.
Claim 5.3 At the end of the crediting procedure all k € [n — 1] satisfy o(C(k)) <2+ 45/(1 — 20)

Proof of Lemma 5.1.

Item 1. Let S be a set of minimum size of pairs such that fm is convex. Lemma 4.3 implies that
€con(f)n < |P(S)|. Consider some i,j € [n] such that C(i) and C(j) are not co-convex (if there
are no such 7, j then Lemma 4.5 implies that f is a convex function and %n = |Bo(f)| = 0).
Without loss of generality suppose that ¢ < j. Lemma 4.4 implies that for every k such that
i < k <j,either C(i) £ C(k) or C(k) £ C(j).

Therefore, by the definition of 0-big, at least C(i) or C(j) or both are 0-big. This implies
that the set of 0-big pairs in f satisfies the property that if for some i and j, C(i) and C(j) are
both not 0-big, then C'(i) — C(j). Lemma 4.5 implies that fm is a convex function. Therefore
S| < |Bo(f)] and all together: €con(f)n < [P(S)] < 2-[S] <2+ [Bo(f)]-

Item 2. Observe that each pair in RB N CT’ spreads exactly 1 credit on itself and no credit on
other pairs. Also observe that each pair in RB \ CT’ spreads exactly 1 credit on other pairs, and



Crediting Procedure
For every i € [n — 1]

e If C(i) € RBNCT' then o(C(i)) = 1.
e Else o(C(1)) = 0.
For i =n — 1 down-to 1 do

e If C(i) € RB\ CT'

1. L= {C(t) ( i<t<j and C(i) £ C(t)}
2. a=1
3. While(a > 0)
(a) C(k) = argmin, (C(t))L
() @={cw e |aCw) =o(Ck)}
(c) C(K') = argmingcy) (L \ Q)
(@) A=min{g, o(C(K)) - o(Ck)}
)
)

(e) For every C(t) € Q, o(C ()) a(C(t))+A
() a=a—-|Q-A

C

Figure 1: Crediting Procedure

no credit on itself. In other words, every pair in RB spreads exactly 1 credit. Therefore at the end

of the crediting procedure,

RBI< S o(C())

jE[n—1]

Also, Claims 5.2 and 5.3 imply that

Y o(C() < |CT'| - (2+4B/(1 - 28))

jeln—1]
Equations (26) and (27) imply that
[RB| < |CT'|- (2+45/(1 - 2))
A similar (and symmetric) analysis shows that
ILB| < [CT'| - (2 +48/(1 - 20))
Therefore

|Bs(f)| = |RB| + [LB| < (4 +85/(1 — 28))|CT"|

10
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Recall that |CT'| < |T'"| < 3-|T| = 3 - €con(f)n and the second part of the lemma follows. W

It remains to prove Claims 5.2 and 5.3.

Proof of Claim 5.2. Let k < n be such that o(C(k)) > 0 at the end of the crediting procedure.
If C(k) spreads 1 credit on itself at the beginning of the procedure, then necessarily C(k) € CT"'.
Otherwise, there exists j < k such that C(j) spreads credit on C(k). Therefore, C(j) € RB\ CT’
and C(j) ¥ C(k). The fact that C(j) ¢ CT’" and j < n implies that j ¢ T'. Therefore j ¢ T,
and 7+ 1 ¢ T. Lemma 4.3 implies that there is a function, name it g : [n] — R, that is convex
and equal to f on every element in [n]\ 7. Corollary 4.2 implies that every two pairs in g are
co-convex. Therefore, the fact that C(j) and C(k) are not co-convex and j,j + 1 ¢ T implies that
g(k) # f(k) or g(k+1) # f(k+1). That is, k € T or k+ 1 € T. Therefore k € T’, which means
that C(k) e CT. N

Proof of Claim 5.3. We first introduce some more notation. Let 7;; denote the time in the
crediting procedure when 7 is assigned the value i’. Also let L; denote the set L at time 7;,_1. For
every pair C(j) let o(C(j)) denote the value of o(C(j)) at time 7;7_1. Observe that ¢ is decreasing,
and so 7, corresponds to the end of the iteration in which ¢ = i’ +1 and the beginning of the iteration
in which ¢/ = i. Also observe that Ly and o;(C(j)) denote L and o(C(j)), respectively, at the end
of the iteration in which ¢ = ¢’. Let us now formalize the notion of spread.

e For every j; # jo, the credit that pair C(j1) spreads on pair C(j2) is the credit that pair
C(j2) is assigned after 7;, and before 75, _1. That is, 0;,(C(j2)) — 05, 4+1(C(j2)).

e For every j, the credit that pair C'(j) spreads on itself is the credit that it is assigned before
Tn—1. That is, 0,,(C(j)).

Assume, contrary to the claim, that after the crediting procedure ends, some pair C'(k) satisfies
o(C(k)) > 2+43/(1-20). Let i’ be the value of i when o(C(k)) becomes larger than 2+43/(1—203).
Recall that i is decreasing. Therefore, 0;41(C(k)) < 2+43/(1—-20) and o (C(k)) > 2+45/(1—-205)
(we may also say that C(i’) is the right-big pair that causes o(C(k)) to reach over 2+ 43/(1—20)).
Observe that according to the crediting procedure, every pair C(j) € L satisfies o (C(j)) >
2+443/(1 — 2f3). Therefore,

Lol - (2+48/(1-28)) < Y 0a(C())) (31)
C@)ELy
Since C(i") is right-big, then |Ly| > (1/2 — 8)(ji — i’ + 1). Therefore,
Jo—i+1 = (1/2=P)(r — i +1)(2+46/(1 - 28))
< [Lvl- (24+48/(1 - 20)) (32)

Let D(i') = {C("),C(i" +1),...,C(jir)}. We wish to bound the value of > cpery o (C(7))-
Observe the following.

e Every C(j') € D(i') satisfies:

— Either C(j') € RB N CT’, which means that it spreads 1 credit on itself, and does not
spread any credit on other pairs. Therefore it contributes at most 1 to the value of

ZC(j)GD(i’) oy (C(7))-
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— Or C(j') € RB\ CT’, which means that it does not spread credit on itself, and that
it spreads at most 1 credit on pairs in D(i'). Therefore it contributes at most 1 to the

value of > yep(iny o (C(7))-
— Or else, C(j') does not spread credit at all. Therefore it contributes 0 to the value of
ZC(j)GD(z") o (C(7))-

That is, each C(j') € D(i') contributes at most 1 to the value of 3 e p(ry o7 (C(4))-
e For every C(j') ¢ D(i'):

— If j/ < i’ then C(j') spreads credit only after 7;;_;. Therefore it has no affect on o.

— If j/ > jy then C(j") does not spread credit on pairs in D(i’). Therefore it has no affect
on {7 (C(#), 00 (C(0 + 1), ..., 7 (C i)}

That is, each C(j) ¢ D(i') contributes 0 to the value of > ;ep(r) o (C(J))-
Hence,
> ox(CH) <D =gy —i' +1 (33)
C(j)eD()
Observe that Ly C D(i'). Therefore
D (el6)) B 1 (el () (34)
C(j)ELy C(H)eD()

Equations (31), (33), and (34) contradict Equation (32). Therefore, the assumption that leads to
Equation (31) is not correct. That is, when the crediting procedure ends, all k satisfy o(C'(k)) <
2+43/(1-23). M

6 Procedures for Determining (3-bigness

The first procedure, which appears in Figure 2, is given as input points ¢ and j as well as a “bigness”
parameter 0 and a failure probability ~. It distinguishes with probability at least 1 — + between
the case that C(7) is g—big with respect to j and the case that C(7) is not 5-big with respect to j.
We later use this procedure in order to distinguish (with high probability) between the case that
C'(i) is O-big (with respect to some j) and the case that C'(4) is not 0-big.

Lemma 6.1 For every i,j € [n] such that i # j.

1. If C(i) is g—big with respect to j then Big-testl(i, 7, 3,v) returns 1 with probability at least
1—7.

2. If C (1) is not B-big with respect to j then Big-test1(i, j, 3,) returns 0 with probability at least
1—7.

12



Procedure Big-test1(i, j,3,7)
1,j <n-—1satisfyi #j. 0<~,6<1.

1. Let m = @(% log(%)), and TH = (1/2 — 38/4)m.

2. (a) If (j > i) let M = {kg};~; be a set of uniformly independently selected
elements from the set {i +1,...,7}.

(b) If (j < 4) let M = {kg}yy be a set of uniformly independently selected
elements from the set {j,...,7 — 1}.

3. For every ¢ € [m], let X, =1 if C(i) £ C(q) and X, = 0 otherwise.

4. Let R = 227’:1 X, If R>TH return 1. Else return 0.

Figure 2: Procedure Big-testl for distinguishing between the case that C(i) is g—big with respect
to j and the case that C'(i) is not (-big with respect to j.

Proof: Assume without loss of generality that j > i.

Item 1. If C(7) is g—big with respect to j then
{i<k<ilcw+cem)| =a2-8/2)G-i+1) (35)

and the additive Chernoff bound implies that with probability at least 1 — ~

R=

NE

S Xy 2 (/2 /2) - B/A=TH (36)
1

q

Item 2. If C(i) is not 3-big with respect to j then

{i<k=ilct rem}|<arz-pgG-i+1 (37)
and the additive Chernoff bound implies that with probability at least 1 — ~
1 m
= X 1/2 — 4=TH
R m; < (1/2=8)+p/ (38)

The lemma follows. W

Lemma 6.2 Let 1 <i<n—1. Forevery0 < <1/2

1. If C(i) is 0-big then there exists k € Z such that C(i) is g—big with respect to j where

e (o) o o 2) )

2. If C(i) is not B-big then there is no j such that C(i) is B-big with respect to j.

13



Proof: The second item directly follows from the definition of 5-big. We turn to the first item.
Let j; be the witness to C'(i)’s 0-bigness. Assume that j; > i. There exists a k € Z such that:

z’+<1+§)k_1§jigz'+K1+§)kJ (39)
Let j =1+ Kl + %)kJ (if i+ L(l + %)kJ > n then let j = n) Therefore
(Gi-na+ D +1) = (5-i+1) (40)
The fact that C(i) is 0-big with respect to j; implies that
{i<i<jilom+om)] =2 (41)
Also observe that
S5 (12 82) (G- + D) +1) (42)

(it is equivalent to %52 + (1 +3(ji — Z))B > (0 which is correct for every 0 < § < 1/2). Equations
(40), (41) and (42) imply that

{i<t<ilcw£cml|zar2-8206-i+1) (43)
The proof for the case of j; < i is similar. W

Consider some pair C'(i). Lemma 6.2 implies that by going over all k and checking whether
j=ix[(1+ g)kj is a witness to C(4)’s g—bigness, we can distinguish between the case that C'(7)
is #-big and the case that C() is not 0-big. This is done in Procedure Big-test2 (see Figure 3).

logn logn

Observe that the query complexity and running time of Big-test2(i, 3,7) are O (ﬁT log( e ))

Lemma 6.3 Let 1 <1 <n-—1.
1. If C(i) is 0-big then Pr[Big-test2(i, 3,v) = 1] > 1 —~.
2. If C(i) is not (3-big then Pr[Big-test2(i, 3,7) =0] > 1 —~.
Proof:
ltem 1. If C(i) is O-big then the first item of Lemma 6.2 implies that there exists k& € Z such
that C(7) is g—big with respect to j = i + Kl + %)kJ The first item of Lemma 6.1 implies

that Big-test2(i, j, 3, %y) returns 1 with probability at least 1 —
Big-test2(i, 3,7) returns 1 with probability at least 1 —~.

STogn) > 1—7 Therefore,

Item 2. If C(i) is not (-big, the second item of Lemma 6.2 and the second item of Lemma 6.1
k
imply that for every k and j = i+ Kl + %) J , the probability that Big-test1(i, j, 3, %’y) returns

1 is at most
most

STogn V- Observe that the number of times that Big-testl is called in Big-test2 is at

8logn

1 —1i)+1 —1)4+2 < 44
0y, o (0 — ) +logy (i 1) +2 < (44)

The second part of the lemma follows from this and the union bound. W
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Procedure Big-test2(i, 3,7)
v and 3 satisfy 0 <y <1 and 0 < < 1/2.

o Fork=1to [1og1+g(n—z')}
4
k
— Letj:min{n, v+ Kl—i—%) J}
— If Big-test1(s, j, 8, ﬁ’y) =1 return 1.
e For k=1 to {logHg(i - 1)—‘
4

- Letj:max{l, i — Kl—l—%)k”.

— If Big-test1(i, j, 8, %’y) =1 return 1.

e If the algorithm has not returned 1 so far, then return 0.

Figure 3: Procedure Big-test2 that distinguishes between the case that C'(¢) is 5-big and the case
that C(7) is not 0-big.

7 A Distance Approximation Algorithm

In this subsection we present Algorithm 2 for approximating the distance to convexity. Theorem 1
follows directly from Lemma 7.1, stated next.

Lemma 7.1 At the end of Algorithm 2, with high probability,

min{€econ(f)/25, €con(f) — 0} < & < €con(f)

Let « = max(econ(f),0). The expected query complexity and running time of Algorithm 2 are
O (logn) )
(0%

We first describe a tolerant testing algorithm for convexity. A tolerant testing algorithm is an
algorithm that distinguishes with high probability between the case that the input is e;-close from
having a property (e.g., convexity), and the case that it is eo-far from having the property, for some
€1 < €2. We later use the tolerant testing algorithm as a subroutine of the distance approximation
algorithm. The idea of the tolerant testing algorithm is simple: Using Big-test2 we can distinguish
between the case that there are many 0-big pairs and the case that there are not too many [3-big
pairs. Combining this with Lemma 5.1 establishes the correctness of the tolerant testing algorithm

described in Figure 4.
Observe that the query complexity and running time of Algorithm 1 are

log 1 log
@(%log§ -1og(6'°ﬁ7.17)) (45)

Lemma 7.2 1. If €con(f) > 2€ then Algorithm 1 returns O with probability at least 1 — .
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Algorithm 1 (Tolerant Testing Convezity)
Given query access to a function f : [n] — R and parameters e, 0 < <1/6, 0 <~y < 1:

1. Let m = @(ﬁ log %) and M = {ig}gt, be a multi-set of uniformly and indepen-

dently selected elements in [n].

2. For every q € [m] let Xq = B-big-testy(iq, B, 5= ).

5. If L D gt X, > (1 — B)e return 0. Else return 1.

Figure 4: Algorithm 1 for tolerant testing of convexity.

2. If econ(f) < 15(1 — 60) then Algorithm 1 returns 1 with probability at least 1 — -y

Proof:

ltem 1. Assume that €.on(f) > 2¢. Lemma 5.1 implies that |Bo(f)|/n > e. For every g € [m] let
X, = 1if C(iy) is 0-big, and X, = 0 otherwise. The multiplicative Chernoff bound implies that
with probability at least 1 — /2

S X, > (1-B)e (46)
q=1

Lemma 6.3 implies that for every ¢ € [m], if X, = 1 then Xq = 1 with probability at least 1 — L.
Therefore, by the union bound, with probability at least 1 — /2, for every ¢q € [m], if X, = 1 then
X, = 1. Hence,

1 = .4 1 &
EZXqZEZXq (47)
q=1 q=1

Summing up the probabilities that Equations (46) and (47) are not correct, we have that with
probability at least 1 —~ Algorithm 1 returns 0.

ltem 1. Assume that €.on(f) < 15(1 —6/3). Lemma 5.1 and the fact that 3 < 1/6 imply that
2p
12€con(f) - <1 + T 25) n
e-(1-608)-(1+45)-n
€(1—-28)n (48)

Now, for every ¢ € [m] let X, = 1if C(i4) is 5-big, and X, = 0 otherwise. Observe that (14 3)(1—
283) < 1 — . Therefore

IN

[ Bs(f)]

VANVAY

Pr{%ixq > (1= B)e | 1B < (1~ 28) -

1 m
< Pr{E;Xq> 1+ B)(1—28)e \Bg(f)|<e(1—2ﬁ)-n]
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Algorithm 2 (Distance Approzimation to Convezity)

Given query access to a function f : [n] — R and a parameter 0 < 6 < 1:
First define the following procedure:

Estimate-Iter(L, H,0,v) {

o [fH <25L or H— L < then return L.

e Run Algorithm 1 with e = 245/% and v = GL
L11223H 5
)

If it accepts return Estimate-Iter(L, =551

Else return Estimate-Iter( 12252%1'}] H v+ 1

}

Return € =Estimate-Iter(0,1, 4, 1)

Figure 5: Algorithm 2 for approximating the distance to convexity.

< Pr[%ZXq > (1+8)(1—28)e ‘ 1Bs(f)] = e(1 — 28) n]
q=1
= e[S x, > @ )P i) = 1 - 28) ) (49)

Q
Il
—

Equations (48), (49) and the multiplicative Chernoff bound imply that with probability at least
1—~/2.

%qu < (1-P)e (50)
q=1

Lemma 6.3 implies that for every ¢ € [m], if X, = 0 then X = 0 with probability at least 1 — 5=
rJ;herefore, by the union bound, with probability at least 1 — /2, for every ¢ € [m], if X; =0 then
X4 = 0. Hence,

1 & 1 &
E;XqSE;Xq (51)

Summing up the probabilities that Equations (50) and (51) are not correct, we have that with
probability at least 1 —~ Algorithm 1 returns 1. W

For simplicity of the presentation, we set § = ﬁ (rather than keeping it as a parameter),

which means that 1= 65 = 12%25 (see Lemma 7.2 for the meaning of that value). Also, the query

complexity and runmng time of Algorithm 1 in this case are

Ol(en) -6 <logn : log(l/’y))

€

Proof of Lemma 7.1 . The probability that Algorithm 1 gives a wrong answer depends on v at

the time it is called and is W Note that v increases each time. Therefore, by the union bound,
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the probability that Algorithm 1 gives a wrong answer at least once is at most
> e
62
— 6v

Now assume that Algorithm 1 gives a correct answer each time it is called. Let €,,L,, H,
be the value of ¢, L and H respectively in iteration v. We show by induction that for every v
we have L, < €con(f) < H,. Obviously this is correct for v = 1. Assume that for some v,
L, < €con(f) < Hy. Recall that 25L,, < H,. Which means that

(52)

wl

1 1 L,+H, _ 1223L, +H,
12257 = 1225 2+1/12.25 1224
2(L,+ H,) L,+1223H,
2, = 53
v 3 t1/1225 © 1224 (53)

There are three cases for the relation between €., (f) and €,:

1. Tl%e,, < €con(f) < 2€,. Therefore €0, (f) satisfies,

1223L, + H, 1 L,+H, €
Lu—i-l > < : =
1224 12.25 2+1/12.25 12.25
< 6con(f)
< 2
2(L, + H,) _L,+1223H,
= < < H,.(b4
2+1/1225 = 1224  — v+54)
2. €con(f) > 2¢,, and then L, = % and Hy,11 = H, and so €., (f) satisfies,
1223L, + H,
Lu—i-l = <2, < econ(f) <H,= Hu—i-l (55)

1224

3. €con(f) < ﬁey, and then L, 1 = L, and H,,11 = % and so €qon (f) satisfies,

1 < L, +1223H,

LI/ = Ly < con < v > = HI/
+1 €con(f) 205¢ 1991 +1 (56)
Therefore, for every v
L, < 6con(f) <H, (57)
Assume that Algorithm 2 performs v/ steps. That is, € = L.
e If H, — L, < ¢ then L, satisfies
Econ(f) -0<H,-0<L,< Econ(f) (58)
e Else if H,» < 25L, then L, satisfies
con Hy’
Conld) My p ) (59)

25 T 25
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Therefore, at the end of Algorithm 2 we have

min{econ (f)/25, €con(f) — 0} < € < €con(f) (60)

The first part of the lemma follows.
For the second part of the lemma, we start by analyzing the complexity (time and query) in
the case that Algorithm 1 gives a correct answer each time it is called. We need to upper bound

1
H,—L, €y’
e By the definition of 4, it is always smaller than the size of H,—L,. Also, the stopping condition
of Algorithm 2 implies that H, > 25L,, which means that 24H < ggec(m(f) < H,—-L,.
Hence, ﬁ = 0O(1/a).

Lu"l‘Hu Hu 650’”( ) LU+HV HV_LV
31/12.95 > 3 2 Also, €, = 32477555 2 24171295 =

Therefore, é = 0O(1/a).

e Equation (57) implies that €, =

0
2+1/12.25
Therefore, the query and time complexity in case Algorithm 1 is always correct is at most

lg = a o« a o}
[ logn

Now, assume Algorithm 1 may give an incorrect answer. As long as L, < €.o(f) < H, the above
analysis still holds. Assume this is not the case. First we observe that

if vn>vy then L,, <L, <H, <H, (61)
Therefore, if for some v/, €con(f) < Lyry1 (ie. ' is the smallest such one), then for every v > v/,
6con(f) <L,<H, (62)

and the above complexity analysis still holds.

The second case is that for some v/, €.on(f) > Hyr1q (i.e. V' is the smallest such one). Therefore,
for every v < v/ we have e.on(f) < H,, and for every v > v/ we have €.on(f) > H,. Let v’
be the smallest v such that v > v/ and for which Algorithm 1 gives a correct answer. Since
6con(f) > Hy” > €y,

1223L,» + Hyn > H,
1224 — 1224

Recall that for every v/ < v < v”, Algorithm 1 gives a wrong answer. Therefore, for every
V' < v <V’ we have that

Lu”-i-l = and HV”—i—l = H,,// (63)

L, +1223H, S 1223H,

H, | = 64
vl 1224 = 1224 (64)
Therefore, for every v > v" + 1, €, satisfies
1 1 1223\~ 1 1223\~
> L, > Ly > ——Hyu >—(_) >_( )
v = 1= Tooq Y = 1924 "\ 1224 v = 1994 "\ 1224 €con(f)
H,+ L )
o = wtiv o (65)

2+1/12.25 = 2+ 1/12.25
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11 /

—v
That is, é = O((%) é) Also, the stopping condition of Algorithm 2 implies that

24 24 24 1 1223\~
_ > 2 il S e .
Hy =L, 2 oeHy > ooly 2 50 1507 (1224) con(f)
H,—L, > § (66)

Iy
That is, ﬁ = O((%) é) Equations (65) and (66) imply that the query and time
complexity in this case is at most

0((1224/1223)"" " . poly(v" — V') - Q'(9)) (67)

The probability that for all v such that v/ < v < v” Algorithm 1 indeed gives a wrong answer is at
most

1 v = Py
(W> < (1222/1224) (68)
Therefore, the average complexity is at most

QO+ (Z2Y" (22" oty - @) = Q0 (69)

n=0

The lemma follows. W

References

[ACCL04] N. Ailon, B. Chazelle, S. Comandur, and D. Liue. Estimating the distance to a monotone
function. In Proceedings of the Eight International Workshop on Randomization and
Computation (RANDOM), pages 229236, 2004.

[EKK'00] F. Ergun, S. Kannan, S. R. Kumar, R. Rubinfeld, and M. Viswanathan. Spot-checkers.
Journal of Computer and System Sciences, 60(3):717-751, 2000.

[FFO05] E. Fischer and L. Fortnow. Tolerant versus intolerant testing for boolean properties. In
Proceedings of the 20th IEEE Conference on Computational Complezity, 2005.

[FNO5] E. Fischer and I. Newman. Testing versus estimation of graph properties. In Proceedings
of the Thirty-Sixth Annual ACM Symposium on the Theory of Computing (STOC),
pages 138-146, 2005.

[FROT] S. Fattal and D. Ron. Approximating the distance to monotonicity in high dimensions.
Available from..., 2007.

[GGRI8] O. Goldreich, S. Goldwasser, and D. Ron. Property testing and its connection to learning
and approximation. Journal of the ACM, 45(4):653-750, 1998.

[GRO5] V. Guruswami and A. Rudra. Tolerant locally testable codes. In Proceedings of the
Ninth International Workshop on Randomization and Computation (RANDOM), pages
306-317, 2005.

20



S. Marko and D. Ron. Distance approximation in bounded-degree and general sparse
graphs. In Proceedings of the Tenth International Workshop on Randomization and

M. Parnas, D. Ron, and R. Rubinfeld. On testing convexity and submodularity. STAM

M. Parnas, D. Ron, and R. Rubinfeld. Tolerant property testing and distance approxi-
mation. Journal of Computer and System Sciences, 72(6):1012-1042, 2006.

[MRO6]
Computation (RANDOM), 2006.
[PRRO3]
Journal on Computing, 32(5):1158-1184, 2003.
[PRROG]
[RS96]

A Chernoff Bounds

Let X1s5---

D def % > Exp[xi]. (A special case, which occurs quite often, is when x; € {0,1} (Bernoulli random
variables), and Pr[y; = 1] = p for every i (i.e., the random variables are equally distributed).) Then,

for every « € (0, 1], the following bounds hold:

e (Additive Form)

and
e (Multiplicative Form)
Pr
and
Pr

Pr

Xi > p+y

3=

.
Il
—
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, Xm be m independent random variables where x; € [0,1] for every 1 < i < m. Let

< exp (—272m)

< exp (—Z'me)

< exp (—72pm/3)

< exp (—72pm/2)



