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Abstract

We study efficient algorithms for solving the follow-
ing problem, which we call the switching distribu-
tionslearning problem. A sequence S = 0103 .. .05,
over a finite alphabet X is generated in the following
way. The sequence is a concatenation of K runs,
each of which is a consecutive subsequence. Each
run is generated by independent random draws from
a distribution p; over X, where p; is an element in a
set of distributions {p, ..., Pn}. The learning al-
gorithm is given this sequence and its goal is to find
approximations of the distributions p, . .., P, and
give an approximate segmentation of the sequence
into its constituting runs. We give an efficient algo-
rithm for solving this problem and show conditions
under which the algorithm is guaranteed to work with
high probability.

1 Introduction

Our work is motivated by the Hidden Markov Model (HMM).
The HMM is a model for the distribution of sequences over
a finite alphabet . An HMM consists of a finite number of
hidden states 7 € [1..N], each of which is associated with a
distribution p; over the alphabet 2. There is a transition proba-
bility g; ; associated with each pair of states. The HMM can be
seen as a model which generates infinite sequences as follows.
At each time step the model generates a single character from
Y} according to p; where ¢ is its current hidden state, it then
makes a transition to a new state j with probability g; ;.

HMMs are a popular model in the context of speech analysis.
One can view the hidden state as representing the state of the
vocal tract of the speaker, which is not directly observable but
controls the distribution of the observable sounds. The Baum-
Welch algorithm [2] is the predominant algorithm for learning
HMMs from examples and produces. In many real-world cases,
this algorithm produces accurate hypotheses after a small num-
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ber of iterations.? There is almost no theory for explaining why
Baum-Welch performs so well in some cases and badly in oth-
ers. The theoretical results regarding the problem of learning
HMMs of which we are aware are mostly negative, Abe and
Warmuth [1] and Gillman and Sipser [5] show that learning
HMMs is NP-hard under various conditions.

The model of sequences that we consider is similar to the HMM
with the restriction that the transition probabilities assign a very
high value to the transition from each hidden state to itself. In
other words, the model tends to stay at the same hidden state
for long periods of time and switch from state to state only
infrequently. Such an assumption can be justified in the context
of speech analysis because the time scale in which speech is
sampled is usually an order of magnitude smaller than the time
scale of changes in the vocal tract.

The assumption of the infrequent transitions lets us alleviate the
problem of estimating the transition probabilities and rephrase
the learning problem in a slightly different way. In our new
formulation the learning problem consists of two interdepen-
dent problems: the modeling problem, which is to estimate
the distributions p;, and the segmentation problem, which is
to partition the sequence into short runs that correspond to the
different distributions. Given a solution to the segmentation
problem the transition probabilities can be easily estimated.

We define the switching distributions learning problem as fol-
lows. The learning target consists of N distributions {p; }¥,,
and a segmentation sequence 17 = 71, ..., nas over the inte-
gers 1,..., N. The segmentation sequence is a concatenation
of K runseach of which is a repetition of a single index. The
element 7; is the index of the distribution that generates the
tth element of the sequence. We assume that we are given a
sequence S = 0103 ...0 over a finite alphabet . We as-
sume that N < K, i.e., that the same distribution is used in
many different runs. The learner receives a single sequence
S of length M, that is generated by the target, and its goal is
to generate a hypothesis segmentation and a set of hypothesis
distributions which are close to those of the target.

This problem is related to the problem of learning switching
concepts studied by Blum and Chalasani [3]. However, in their
setup the switching entities are concepts, i.e., mappings from
some domain to {0, 1}, while in our setup the switching enti-

! For an introduction on HMMs and their use in speech analysis and
the use of Hidden Markov Model see Rabiner and Juang [7].



ties are distributions over a single space. In this work we give
an efficient algorithm for learning switching distributions. We
describe several variants of the algorithm, each of which is guar-
anteed to succeed under slightly different conditions regarding
the process which is generating the sequence.

Our algorithm works in the following general way. It starts by
finding rough approximations of the distributions p1, . .., pn.
This is done by finding short subsequences of .S which, with
high probability, are generated mostly by a single distribution.
Starting with these approximations of the distributions, the al-
gorithm iterates the following two steps, which are very similar
to the “expectation” and “maximization” steps of the Baum-
Welch algorithm.

1. Using the approximate distributions, the algorithm finds
an approximate segmentation of the sequence.

2. From the approximate segmentation, the algorithm finds
new estimates of the distributions.

Our analysis shows that if the errors in the initial estimates of
the distributions are sufficiently small then the re-estimation
process described above converges rapidly. Specifically, if the
errors in the initial estimates are smaller than a constant factor of
the distance between the target distributions, then the number of
mistakes in the segmentation is, with high probability, smaller
than O(K log(N M)) and the error in the re-estimated distri-
butions is O(\/(K + D)log(NM)/M). In other words, if
the sequence is long enough with respect to the number of runs
(and other parameters of the source which we specify later),
then even rough initial estimates of the target distributions are
sufficient to achieve very accurate estimates within a single
iteration of the algorithm.

The paper is organized as follows. In the Section 2 we give
the exact statement of the switching distributions problem. In
Section 3 we describe the general algorithm that we use to
solve the problem. The details of the algorithm depend on the
number of distributions NV, and on the amount of information
given to the algorithm concerning the different parameters of
the problem. In Section 4 we present our main results. Our
strongest result is for V' = 2 and is given in Section 6. In
Section 7 we give a general algorithm for N > 2, and in
Section 8 we describe how to treat unspecified parameters.

2 Description of the Problem

We are interested in the following problem. LetY = {1...D}
be an alphabet of size D. Letn = n(1)...n(M), n(i) €
[1..N] be the target segmentation sequence containing at most
K runs, where a runis a consecutive subsequence 7(%) . . .n(i+
s) consisting of s + 1 repetitions of a single index in [1..N].
Let {p; }j\;l be the set of target probability vectors where for
each j, 1 < j < N, p; is a D dimensional probability vector
defined over . We denote by 7 (o) the probability assigned
to o by 7; (i.e., the o coordinate of ;).

We assume that a single sequence S = ¢y . ..o of elements
from ¥ is generated, according to the target (1, {pj }j\;l), in
the following manner. For each 1 < 2 < M, the element o; is
chosen independently at random according to the distribution
defined by p;,(;). We are interested in algorithms which, given

such a sequence, construct a hypothesis (77, {5; };’V:l)’ where

7 is a hypothesis segmentation sequence and {7; }j»\;l is a set
of distributions. The error of a hypothesis (7, {5; }j\;l) with
respect to the target (7, {pj }5»\;1) is defined as follows

M

R det 1 - -
erra(n, {Pj}ie,) = Mzd(Pn(iJ’Pﬁ(i)) ;

i=1

where d(-, ) is a measure of divergence between distribution
vectors. We give results with respect to three divergence mea-
sures: di(Z,9) = ||Z — ¥l|l1, d2(Z, %) = || — ¥l|2, and
ds(Z,9) = || — #]|3. We use erry, errq, errs to denote
the errors of a hypothesis with respect to dy,ds and ds re-
spectively. As for any distribution vectors Z, ¥, d1(#,9) >
do2(Z,§) > d3(Z, §), erry is the most sensitive measure of the
error of the hypothesis and errs is the least sensitive measure.

Intuitively, a hypothesis with small error is one which defines a
sequence of distributions that is very similar to the one which
generated the sequence S. If the target distributions {7 }§V:1
are all far from each other, then the fact that the error of a
hypothesis is small implies that to each target distribution there
corresponds a hypothesis distribution which is close to it, and
that this hypothesis distribution is matched to it on most of
the sequence. This means that a hypothesis which has small
error solves both the segmentation and the modeling problems
described above.

A learning algorithm for the switching distributions problem
receives as input a single sequence .S, together with an accuracy
parameter ¢ > 0 and a reliability parameter 6 > 0. After
time polynomial in M, K, N, D, 1/¢, and log(1/4), the
algorithm outputs a hypothesis. We require that there exists
a polynomial ¢(K, N, D, 1/e,log(1/6)), such that if M >
q(K, N, D, 1/¢, log(1/6)), then, with probability at least 1 — &
the error of the hypothesis is smaller than e.

3 Thegeneral algorithm

In this section we describe an efficient algorithm for solving the
switching distributions learning problem. Some elements of the
algorithm are left unspecified. These elements are implemented
differently for the case of two target distributions (N = 2) and
for the general case of more than two distributions, and are
described in detail in the following sections. The reason for
the two different implementations is that we were able to derive
better results for the case N = 2 by using procedures which
exploit the fact that the sequence is generated by no more than
two distributions.

The algorithm is described in Figure 1. It consists of two parts.
In the first part the algorithm finds rough approximations of the
target distributions. This is implemented, as will be shown in
more detail in the following sections, by locating short subse-
quences that appear to be generated each by a single distribution.
The second part of the algorithm is an iterative part in which the
approximate distributions are used to generate an approximate
segmentation, and this segmentation is then used to re-estimate
the distributions. These two steps are repeated 7" times, for
some 7' > 1. On iteration ¢, a cost vector ¢t is associated
with each approximate distribution. This cost vector is used
to calculate a total cost for any hypothesis segmentation of the
sequence as defined in step 2b of the algorithm. The algorithm



General algorithm for learning switching distributions

Input: A sequence S = o1,02,...,0n and

2. Dofort=0,1,2,..., T —1:
(a) Set the cost vectors &%, .. .,
(b) Find the segmentation i* = 7*(1), ...

elements of S for which 7*(z) = j.

D - The size of the alphabet, N - The number of unknown distributions, K - the maximal number of runs, and v - the
minimal fraction of the sequence that corresponds to each distribution.

1. Initialization: Find initial approximations of the NV target distributions: 5, ..., %

& as functions of the distributions 77 , . . . , ply.
, 71" (M) which minimizes the total cost:

M
N ~
C ({5§}J=1,7lt, 5) = Zé’tfﬁ(i)(ai)
i=1
(c) Calculate the new estimates of the distributions. For j € [1, ...

3. Output the segmentation 7771, and the distributions p7 , . ..

, V] set ﬁ;"'l to the empirical distribution of the

~T
yPN-

Figure 1: The general learning algorithm.

selects the segmentation 77" that achieves the minimal cost. Us-
ing this segmentation the algorithm generates new estimates of
the distributions and the process repeats. Finally, after T such
iterations, the hypothesis (77 =, { ]5;T 5\7:1) is output. We were
not able to demonstrate that several iterations achieve substan-
tially better performance than a single one, and so our analysis
concentrates on the case 7' = 1. However, in practice it seems
likely that additional iterations would improve the accuracy of
the hypothesis. We return to this point at the end of Section 6.

Finding the segmentation with at most K runs that minimizes
the total cost for a given set of cost vectors can be performed
in time O(log(K)M?) using a dynamic programming tech-
nique, which is essentially the same as the well known Viterbi
algorithm [8].

The cost vectors are chosen so that with high probability the seg-
mentation with the lowest total cost does not differ significantly
from the target segmentation. More specifically, our goal is to
select cost vectors that satisfy the following two properties: (1)
The expected cost of the target segmentation is smaller than the
expected cost of any other segmentation (with at most K runs).
(2) With high probability, the segmentation that minimizes the
cost on a sample sequence .S, has a small number of segmenta-
tion errors. Once the segmentation with the lowest total cost is
found, the N probability distributions are re-estimated, and the
process is repeated.

The key property of this iterative process, as we shall show
in the following sections, is that if the error of the initial esti-
mates of the distributions is smaller than some threshold, then
the iterative process increases the accuracy of the models very
rapidly. We shall show that this threshold need not depend on
the approximation parameter €, but rather is of the order of the
smallest distance between any pair of target distributions.

4 Summary of Results

Before we present our results, we add the following notation.

Forj € [1,..., N], weuse nj to denote the number of elements

in S corresponding to the distribution F;, and define et

min;(n;)/M. In other words, v is the minimal fraction of
elements in S corresponding to any single distributions. We
use L to denote the length of the shortest run in S.

We summarize our results in four theorems which correspond
to different variants of the algorithm described in Section 3.
In the first variant we assume that there are only two target
distributions, and that the algorithm receives as input K, and?
. The error of the algorithm’s hypothesis is measured with
respect to d1, which is the most sensitive distance measure we
use.

Theorem 1 (Main Theorem for the case of two distribu-
tions) There exists a switching distributions learning algo-
rithmsuch that for any target (1, {p1, p= }), defining sequences
whose length satisfies

M K- (D+log3) K+ D+logt
= max ,
max(A? e2) .y €2 .y

then the algorithm, when receiving a sequence S, generated
according to the target, together with X and v, outputs a hy-
pothesis (7, {p1, P2 }) such that with probability at least 1 — ¢,
erri(n, {p1, p2}) < €.

In the second variant, we remove the assumption that NV is at
most two, but we assume that the algorithm is given K and
L. We would like to note that we do not assume the algorithm
knows N. In this case we require that the target distributions are
well separated. We measure the separation between the target

distributions by A ! min; ;. ||Fj—pPj||2. Ourrequirements
on S are that v and A, are polynomially related to €, and that
L grows logarithmically with M. The error of the algorithm’s
hypothesis is measured with respect to ds.

2It actually suffices that the algorithm receive only an upper bound
on K and a lower bound on <. In such a case in the theorem below,
K and « are simply exchanged by these bounds. A similar statement
holds in the case of Theorem 2 where we may assume that the algorithm
receives only a lower bound on L (as well as an upper bound on K).



Theorem 2 (Main Theorem for general N) Thereexistsaswitch- 5 Useful Inequalities

ing distributions learning algorithm such that for any target
(n,{p; }j.V:l) defining sequences whose length satisfies

M _q KlogN—i—D—Hog%
log M ’

v min(e?, Ade)
and are a concatenation of runs of length at least
L logM—i—D—Hog%
logL A2 ’

then the algorithm, when receiving a sequence .S, generated
according to the target, together with K and L, outputs a
hypothesis(n, {p; };Vﬂ) such that with probability at least 1 —

b, erra(n, {ﬁj}j’vzl) <e

The third variant of our algorithm needs no input other than S
and makes only the assumption that N < 2. The error of the
algorithm’s hypothesis is measured with respect to ds.

Theorem 3 (Main Theorem for two distributions and un-
specified parameters) There exists a switching distributions
learning algorithmsuch that for any target (7, {71, F=}), defin-
ing sequences whose length satisfies

M K- (D+log3) K+ D+log s
= Q | max :
max(A? e2) .y €2y

then the algorithm, when receiving a sequence S generated
accordingto thetarget, outputsa hypothesis(#, {p1, f=}) such
that with probability at least 1 — &, errs(n, {p1,p2}) < €.

In our fourth variant we do not assume that the algorithm is
given any of the parameters of the problem. However we still
require the existence of a lower bound on L which grows loga-
rithmically with M, and thaty and A 5 are polynomially related
to €. The error of the algorithm’s hypothesis is measured with
respect to ds.

Theorem 4 (Main Theorem for general IN and unspecified
parameters) There exists a switching distributions learning
algorithm, such that for any target (n, {p; }j.V:l) defining se-
guences whose length satisfies

M _q KlogN—l—D—Hog%
logM v min(e2, Ade) ’

and are a concatenation of runs of length at least
L _q logM—i—D-Hog%
logL A2 ’

then the algorithm, when receiving a sequence .S, generated
accordingto thetarget, outputsa hypothesis(7, {p; }j.V:l) such

that with probability at least 1 — 8, errs(#, {5;}12;) < e

The theorems presented above result from an analysis of a
singleiteration of step 2 of the learning algorithm. It is natural
to ask whether by increasing the number of iterations, we could
significantly weaken the requirements on M. Our analysis does
not support such a claim, and we shall later discuss this question
briefly.

In the proofs of our theorems and lemmas we apply several well
known inequalities that are given here as lemmas. The firstis a
Chermoft/Hoeffding type bound, derived by Littlestone [6], and
the second is due to Sanov ([4],page 292).

Lemma5 For m > 0, let X1, X5,...X,, be m indepen-
dent random variables where a; < X; < b;. Letp =
> E[X;]/m. Then, for w > 0,

< 2w?
exr —_—— .
AN SN RE

Lemma 6 (Sanov’'s I nequality) For an alphabet X of size D,
let 7’be a D dimensional probability vector defined over X. Let
T be arandom sample of size m generated according to p, and
let X7, the type of 1", be a D dimensional probability vector
defined as follows: the d’th coordinate of )?T is the relative
frequency of the symbol d inT". Then, for any a > 0,

Pr iXi > pm+ w

i=1

Pr DKL[XT||]3] > a] < (m+1)P2-em

where D [ X7 || isthe Kullback Leibler (KL ) divergence
between the distributions and is defined as follows:

Xr(o)
plo)

d def d
Dgr|Xr||p] = ZXT(O') log
gEY

One more useful inequality is the following:

Lemma7 Letp; and ps be two probability vectors, then;

1 1
Dir[1||pa] > ——||p1 — §a||? > ——||p1 — 7=]|?
kL [P1|p2] > 21I12||Pl Palli > 21I12||Pl Pall5

6 TheCaseof Two Distributions

In this section we consider the case in which there are two target
probability distributions p and ps over an alphabet Y. of size
D. The L, distance between the two vectors, ||F1 — Pa||1, plays
an important role in our analysis, and is denoted by A;. We
assume that the algorithm knows K, the number of switches
in the sequence, and 7y, the minimum between the fraction of
elements in the target sequence, 77, generated by py, and the
fraction generated by ps. As noted in Section 4, it suffices
that the algorithm have only an upper bound on K and a lower
bound on . In Section 8 we give bounds on the additional error
incurred when we remove this assumption

In Figure 2 we describe how we get initial approximations p°
and p of p; and - respectively, and we define the pair of cost
vectors ¢ and ¢, given approximations p¢ and p% of pj and
P

The initial approximation procedure is based on the following
two facts. The first is that by definition of K and 7, both
for p1 and for ps there exists a subsequence of S of length
yM /K that was generated solely according to that probability
distribution. The second fact is that, in expectation, the distance
between pairs of empirical distributions defined based on pairs



Initial estimates for two distributions.
1. Setl = M/K.
(If L, the minimum length of any runin S, is known, set £ = max(yM /K, L)).
2. For each 1 € [1,...,M — ¢ + 1] and eash o€ ,...,D
. 0i4¢—1 which are equal to . Let f; denote the vector {fi(1), fi(2), ...

], let fi(o) be the fraction of the elements in
 fi(D)).

— f;2 |l1 is maximized.

Oi0i41 - .

3. Find the pair of indices 1 < 11 < 12 < M — £ + 1, for which ||jE:1

4. Setp} = fiy and p e fis-
Choice of cost vectors for two distributions

1. Givenestimates p} and p5, let 31 def {oex:

2. Let d* be defined as follows:

P5(21) + p5(21)

Yo € X, c?(a): 2

3. Setdt =db, & =0.

~ ~ - . def ~
pi(o) > p5(o)}, andforj € {1, 2},letp (El) = Eoezlp§(0)~

_1,

P4 (21) + 55 (21) .

Vo e X —Y, d'(o) = 5

Figure 2: The initialization procedure and the choice of the cost vectors for the case of two distributions.

of subsequences is maximized when one of the subsequences
was generated according to p; and the second according to ps.
Using these two facts we show that the pair of distributions
chosen are good initial approximations of p and ps.

Our main result for the case of two distributions is stated in
Theorem 1 whose proof is divided into three lemmas. We use
the following notation. Similar to the definition of n;, which is
used with respect to the target segmentation, we use n;(7’) to
denote the number of sequence locations for which (i) = j,
and n; j+(n') to denote the number of sequence locations for
which n(¢) = j and n'(i) = j'.

Observe that the definition of the distribution of sample se-
quences is invariant under renaming of the target distribution.
It is thus clear that the hypothesis generated by any learning
algorithm can be close to the target only up to an arbitrary
permutation of the distributions. This issue is side-stepped by
our definition of the error of a hypothesis but the lemmas that
constitute the proof of Theorem 1 refer to the one-to-one map-
ping which defines this permutation. However, as the proofs
are identical for any permutation, we shall refer to this mapping
only in the statements of the lemmas and otherwise consider
only the case in which the names given to the distributions by
the target and by the hypothesis are identical.

First, we show that if M, the length of the sequence, is large
enough, then the initial estimates p¢ and 53 of py and po are
guaranteed to have small error.

Lemma8 (Initialization error for two distributions) If for
some p, 0 < p < Ay/2, the length M of the sequence S
satisfies

M 2-K(D+1n %)
>
InM — P2y ’
then with probability at least 1 — 6, there exists a one-to-
one mapping ¢ : {1,2} — {1,2} such that for j € {1, 2},
||p25(j) =Bl < 3p-
Proof:

For a given index ¢ € [1,...,M — £+ 1], let

def
Siite—1 = 0;...0;4¢—1, and let a; be such that the frac-

tion of symbols in .S; ;4;—1 that were generated by 5 and 75
are (1 — «;) and «; respectively. We say that a vector f; is
pure if either &; = 0 or o; = 1. For every pair of indices
1<y <ig < M — £+ 1, let €iria — ”le f22||1

is not hard to show that the expected value of €ivig achleves

the maximal value of A; for a pair of pure vectors f“ and fZ2
satisfying a;;, = 0 (1) and o, = 1 (0).

We shall show that for some p < A; / 2, (which we set subse-
quently), and for every ¢,

i = (1= a)fy + csfia) |1 < p - (1)

Let ﬁa and f;b be the pair of vectors for which e;_;, is max-
imized. Without loss of generality we assume that «;, <
(1 — ozib). Based on our choice of £, there must exist a pair
of pure vectors f:;l and f_l-; having o;; = 0, and o;, = 1.
Since for this pure pair e;,;, > A; — 2p, for the maximizing
pair, f:;a and ﬁa, €i i, > A1 — 2p as well. It follows that
i = 71111 < 3pand||fi, — ol < 3p.

It remains to show that the selection of p assumed in Equation 1
exists. Applying Lemma 6 and using the bound on the KL
divergence given in Lemma 7, we have that for every 1 < ¢ <

M—f04+1,
Prg [ fi — (1 — a))py + aiﬁz)Hl > P]

< (L4 1)Pexp (—%pzf) . 2

There are at most M such vectors, and hence, by setting M as
in the statement of the lemma, we find that, with probability at
least 1 — — ((1 = a;)p1 + a;p2)||1 < p, for every i, as
required. W

Secondly, we show that if the errors of the estimates ﬁﬁ and
ph are not too large then, with high probability, only a small
number of mistakes exist in the segmentation with the lowest
cost, defined using the corresponding cost vectors.



Lemma9 (Segmentation error for two distributions) Let

. st
p_nzplnjgi);}npw(]) P]Hl’

where rangesover the (two) one-to-one mappingsfrom{1, 2}

to {1,2}. Let ¢ be a mapping that achieves the minimum. If

p < +Ay, thenwith probability at least 1 — 6

32(In(1/6) + K In(2M))
(Ay = 6p)? ’

1 5(2)(M°) 4 na,61) (1) <

where ! isthe t'th hypothesis segmentation.

Proof: Assume, without loss of generality, that ¢ is the identity

mapping. By our definition of the cost vectors ¢¢ and ¢4, we

have that for any given segmentation 7,

Es [C ({6, 8}, m,5) — C({&,&}.7',9)]

= nia(n )P - d —naa(n)pa-d', (3)
where d! = ¢t — % is as defined in Figure 2. We first verify that

P - d* < 0and Pa - d* > 0, and hence for every segmentation
n' #m. Bs [C ({8, &), m,5)] < Es [C({¢, &}, ', )]
For j € {1,2}.let & = pt — ;. thus [|€[|y < p (< 2[|ph —
Pa||1), and we get

R 4)
_ ph (1) + ph(%
oEX,
~t =1
Lo P1(E) + p5(E) 7
+ Z pi(g)%_eﬁ.d
oceX—3
- ph (1) + ph(%
= A (p—l( e 1)—1) ©
pt (% By (% -
b gy BELHRED 1);“( U_g.d
55 (31) — pi(2 -
_ P5(X1) . p1 (%) et %)
Loy 4
< —Z||P1—P2||1 +p ®)
1 3
< A4l .
< gt gr < 0 ©))
Similarly 1 3
pood 2 gA—5p>0 . (10)

It remains to bound the probability that C' ({c%, ¢4}, 7, 9) <
C ({é,4},m, S) for a segmentation i)’ such that nq »(n’) +

n2,1(77/) > San(l(/i)ltlépl)ng@M)). The difference in the total

cost, C ({5111 32}) ’r’lv S) -C ({5111 EtZ}a , S)’ is a sum of the
contributions of the elements of S for which n(7) # 7(¢). These
contributions are independent, and the difference between the
two values that are possible for each element is exactly 1. Thus,
applying Lemma 5, the probability that the total cost of 7 is
smaller than that of 7 is upper bounded by

Prs [C({&1,6),7',S) < C ({é1,&},m,9)]

- N
(n1,2171 d' - n2,152 : dt) an
ex —
P 2(n1,2 +n21)

= exp (—7711’2 + N2 DZ) ; (12)

INA

2
where D is a weighted average of p - d' and —pa - dt:
n1 2 L 7 n21 L7
D=|—22 5.4 —7’p2~d) . (13)
<n1,2+n2,1 ni2+nai

From our assumption on the size of n1 2 + ns 1, and by sub-

stituting our bounds on ﬁlcﬁ and ]5'252%, the probability above is
bounded by 6/((2M)%). Since the total number of possible
segmentation containing at most KX runs, is at most M K 9K
we get the statement of the lemma. W

In the third lemma we show that if the segmentation 7' has a
small number of errors, then good new estimates of p; and ps
can be computed using 7"

Lemma 10 (Reevaluation error for two distributions) Sup-
pose¢ : [1,2] — [1, 2] isa one to one mapping such that

B = max(n1 g(2)(0"), n2,6(1)(1")) /M
and 8 < . Thenfor j € {1,2}

_ . g
||P;E'1) —pilli £ mAl + var

where
var \/Q K1n(2M) + DIn(M + 1) + In(1/6)
a (v - B)M '

Proof: Assume, without loss of generality, that ¢ is the identity
mapping. For a given segmentation 7)’, for j € {1, 2}, let ]5;7
be the empirical distribution of the elements ¢; in S for which
1'(i) = j. We define the deviation, e;(n’), Ofﬁ]n from its
mean as follows:

7 _ (”1,1(’7')15'1 + nz,j(n')ﬁz)
! ni (') + nzi (')

def
ej(n') =

(14)

1
We show that there exists p < 1 (which is set subsequently),
such that for every 7', having max(n1,2(n’), n2,1(n'))/M <

B,e1(n'), e2(n’) < p. Thus, in particular, e1 (%), e2(R') < p
and

~fN = ~fN =
o n ()P +noa(n)pe
p1—pilh < - = —pi—| +p
” 1 || n2,1(nt)+n1,1(nt) .
~1
n
_ ~t2,1(77) A4 (15)
n11(n') +n21(n°)
~1
< MAl +p (16)
ny — 711,2(77 )
< 2 Aty 17)
v— 8

where the last inequality follows from our assumptions on
71271(’;]1) and n;. The same bound on ||p} — Pa||1 is obtained

analogously.



It remains to bound p. Applying Lemma 6 and using the bound
on the KL divergence given in Lemma 7, we have that with
probability at least 1 — &, for every segmentation 1’ having
max(ni 2(n'), n21(n"))/M < B, and for j € {1, 2},

o KIn(2M) + Dln(M + 1) + In(1/6)
6](n)§\/2 =M

. (18)

Proof Sketch of Theorem 1: In order to show that
err1(n, {p1,p2}) < €

we separate our argument into three parts, according to the
values of y and A;.

First, we consider the case in which both y and A are greater
than ¢/8. In this case we show that the segmentation error
is O(e/A1) and that the estimation error is O(e). It is not
hard to verify that for the right choice of constants the total
error is then bounded by ¢. The condition on the length of the
sequence, M, together with Lemma 8 guarantee that, with high
probability, the initialization procedure generates estimates, ﬁ? ,
whose error is smaller than A; /12. Using this in Lemma 9 we
get that the segmentation error, 7)°, is O((¢?7)/A?). From
our assumption on A; we have that this expression is upper
bounded by O(e/A;) as desired. Using our assumption on
v and the bound in Lemma 10, we get that the error of the
re-estimated probabilities, ]5]1», is O(€) as required.

If v < ¢/8 then it is not hard to verify that under our as-
sumption on the size of M, with probability at least 1 — ¢
the hypothesis which constitutes of a single run, together with
the corresponding probability distribution (defined based on the
complete sequence), has error bounded by €. As 7 is part of the
input to the algorithm, the algorithm checks for this condition
and output the single-run hypothesis.

If Ay < ¢/8 then the single-run hypothesis has small error as
well. However, as A; is not part of the input, the algorithm
cannot check for this condition. Nonetheless, it is easy to
check that in this situation, any hypothesis segmentation n’,
for which min(ni(n’), na(n')) > vM/2 (together with the
corresponding estimated probability distributions), has error at
most €. Thus, as a last step of the algorithm we check if
min(n; (7°), na(7°)) > yM/2. If this condition holds then
we simply output 71°. Otherwise, we output the single-run
hypothesis. It follows from the first part of this proof that if
A > ¢/8 then the condition holds with high probability. H

Theorem 1 summarizes the convergence properties of the al-
gorithm when step 3 of the algorithm is executed once. It
is interesting to consider the convergence properties that are
implied by Lemmas 9 and 10 in a little more detail.

According to Lemma 9, if the errors of the estimates of p; and
Pa are smaller than a constant fraction of Ay = ||p1 — Fal|1.
then the number of segmentation errors can be decreased to an
arbitrarily small fraction of M by increasing M, this, in turn,
decreases the error of the new estimates of the distributions that
result from the segmentation. Intuitively, this means that there
is a “basin of attraction” of the estimates of the distributions,
whose “size” is proportional to the distance A ;. If the algorithm
starts with an estimate of the distribution that is within this

basin of attraction then the estimate it gives in the following
iteration is very accurate. On the other hand, our analysis
predicts that iterating the algorithm more than once will not
significantly improve the segmentation error. This is because
even if the estimates of the distributions are perfect, there will
be segmentation errors as a result of the randomness of the
sequence .S.

Next we consider the error in the estimates of the distributions.
From our analysis we see that, given our lower bound on the
length of the sequence, the estimation error after the initializa-
tion step is® O(ey/K D/(K + D)) and the error after a single
re-estimation step is O(e).

7 A General Number of Distributions

In this section we consider the case in which there are N > 2
target probability distributions p1, ..., py. In this case the
problem of finding good cost vectors to be associated with the
different distributions is more complicated. We have to choose
N cost vectors, one per distribution, but we also have to satisfy
(J;f ) sets of requirements, because each pair of distributions
has to be distinguished well by the corresponding pair of cost
vectors. The choice of the cost vectors that we have found
is described in Figure 3. This choice is a generalization of the
squared loss in the binary case (1) = 2), and allows us to bound
the error of the algorithm according to errs (which is weaker,
i.e., less sensitive, than erry).

The initialization procedure that is used in the two-distribution
case cannot be applied to the general case. The initialization
procedure that we suggest requires that the segmentation se-
quence 77 is such that all of the runs in 7 are longer than some
integer parameter L. This allows the algorithm to assume that
in each segment of S of length L there is at most one switch be-
tween distributions. Consequently, it can identify if both parts
were generated almost solely by the same probability distribu-
tion. The initialization procedure is described in Figure 3.

We assume that the algorithm receives the parameters X and L
as input. This assumption is removed (at some additional cost)
in the next section.

The Proof of Theorem 2 is very similar to the proof of Theorem 1
and follows from the lemmas given below.

Lemmall (Initialization error for general N) If for some
p < Ay /14, theminimal length L of runsin S satisfies

L S 4(lnM+D+ln%)
InL = P2 ’
then, with probability at least 1 — 6, the initialization proce-
dure described in Figure 3 generates a set of estimates B =
{p?,...,p% } whichapproximates{p, . .., pn } inthefollow-

ing sense. There exists a one-to-one mapping ¢ from 1..N to
1..Nsuchthatforall 1 < j < N

17 — Pgjyll2 < 6p

Proof: The initialization procedure starts by considering
all pairs of windows of the form o;, 0441, ...,0:4¢—1 and

*Ignoring the dependence on 6.



Initial estimates of the distributions. (general case)
1. Set{=3L.

2. Setf =

\/2(111 M+DIn(£+1)+1n 1)
2 7 .

3. Foreachi € 1... M —{+1andeacho €[1,...,
which are equal to . Let f; denote the vector {fi(1), fi(2), ...

D], let fi (o) be the fraction of the elements in o5, 07441, . . .
, fi(D)).
4. Let A be the set of vectors (f; + f_;+()/2 foralll < ¢ < M — £ such that ||f_;

5. Start with B as an empty set and repeat the following until A becomes empty:

, Oigte—1
— firel2 < 0.

e Select an element f from A and add it to B.
e Remove from A all elements § such that || £ — |> < 36.

6. Output the set B as the set of initial distribution estimates.

Choice of cost vectors. (general case)

e With each estimate ]33 associate the cost vector

ol#o

> F)) + (1= 55(0) = D> (#(

) +1 = 255(o)

ol=1

Figure 3: The initialization procedure and the choice of the cost vectors for the general case

Oite, Oite41;---,0i42¢0—1. The assumption on the minimal
length of runs in 77 implies that each such pair overlaps with at
most one switch between runs in 77. We concentrate on some
pamcular pair of windows, whose corresponding estimates are

fZ and fz+£ and assume, without loss of generality, that the
switch is in the second window. Let g, be the distribution
which generates the elements before the switch and pj be the
distribution after the switch. Then the expected value of ﬁ is
Pa and the expected value of ﬁ+g is (1 — «)fq + ;s for
some 0 < o; < 1. Using Lemma 6 and our requirement on L

we show that, for all 1 < ¢ < M — £, the actual value of ﬁ
which is associated with each window is close to its expected
value. Specifically, with probability at least 1 — &, the Lo dis-

tance between each estimate f; and its expected value is at most

p = 0/2. We thus get that the pair f;, ﬁ+z is added to the set
A only if

0> |Ifi — firellz > illFe

26

@ < oo
Hpa - pb||2
This implies that the estimate that is added to the set A in this
case satisfies

(fi + fize)/2 = Fall2 < (@i/2)||Fa —

Thus the estimates in the set B are all within (3/2)6 of actual
target distributions.

—DBll2—0, (19

so that
(20)

30
Prllz+0/2 < 5

On the other hand, we are guaranteed that each run contains at
least one pair of estimates that are both pure, and it is easy to
check that the accuracy of the estimates f: guarantees that this
pair will be accepted into A. Thus each target distribution has
a least one representative in A.

The goal of step 4 of the initialization procedure is to find a
single representative for each target distribution. Simple argu-

ments show that the distance between two different represen-
tatives of the same distribution is at most 36 and the distance
between two representatives of two different distributions is at
least ||y — Pb |2 — 30. From the requirement on L in the state-
ment of the lemma we get that ||§; — Pp||2 — 360 > 46. Thus
step 4 generates a set of distributions with one representative per
target distribution, as required in the statement of the lemma.
|

Lemmal12 (Segmentation error for general IV) Let

) » g
= min max =5 ’
g Y je[l,...,N]pr(J) Djll2

where ) ranges over all one-to-one mappingsfrom[1, ..., N]
to[l,..., N]. Assumethat ¢ isthe mapping that achieves the
minimum. If p < A2/14 then with probability at least 1 — 6
the segmentation 7" that minimizes the total cost satisfies

5 8(1n ++ KIn(NM))
Z nj (') < EA —2p)
$(5)#i! 2

Proof: Assume, without loss of generality, that ¢ is the identity
mapping. Assume some element in the sequence S is generated
by the distribution F; and then assigned a cost ¢ from the cost
vector 5}, which corresponds to the approximated distribution

]5},. Define € = ]55»,

3 5i(0)E (o)
3 {@(a) (Z (B (o) +1 - 215;«0)) }

o=

— pj. Then the expected value of ¢ is

—_

Il
]
S
~~
Q
SN—’



o=1
D D
= 1= "(i(0)* + > é(o)’
o=1 o=1
= L— 153115 + el - Q1)

Thus the expected contribution of any element to the total cost
is a sum of two terms. The first term depends only on the
underlying target distribution, and the second term depends on
the L norm of the approximation error ﬁ}, — pj.

Similarly to the analysis in the proof of Lemma 9 we now
consider the difference between the total costs, corresponding
to the approximate cost vectors, of two different segmentations.
The first is the correct segmentation and the second is the best
segmentation which minimizes the total cost on S. Clearly,
only the elements on which 1 and 7} differ contribute to the
difference in the total cost. From Equation (21) we get that the
expected total difference is

Es [C ({Ej}j\lean: S) -C <{Ej}§\f=1’n/a5)]

= D iy (185 — Bl — IS —75112) - @2)
J'#]

Thus if [|p}, — Pjll2 > (|5} — Pjll2 for all j* # j, then the
expected cost difference is guaranteed to be negative. Using the
triangle inequality for the L» norm we find that the conditions
on the minimal separation and on the maximal error imply that,
Vi' £, |]5§’ _15}'”2 - ||]5§ - @Hz > Ay — 2p. We thus get
that the expected total difference in costs is bounded by

Es [C <{Ej}§\f:1ana S) -C ({E}»};\f:l,n/,S)]

< —(A0=2p)" ) mjy. (23)
J'#]

We want to bound the probability that a segmentation with many
errors has a total cost which is smaller than that of the correct
segmentation. The cost difference is a sum of the cost differ-
ences in the places where the segmentations disagree. These
are independent random variables. It is easy to check that the
coordinates of any cost vector are bounded in the range [0, 1]
and thus the cost difference is bounded in [—1, 1]. We can thus
apply Lemma 5 and get that for any individual segmentation,
the probability that the segmentation achieves smaller total cost
than the correct segmentation is upper bounded by

Prs [C ({& 1o n', 8) < C({& 150 m, 9)]

1 4
< exp —g(AQ - 2p) Z: njj | . (24
J'#i
There are less than M % N segmentations with K runs. Com-
bining this with the last equation we get the statement of the
lemma. W

Lemma 13 (Reevaluation error for general IN) Suppose
¢ :[l,...,N] — [1,...,N]is a one to one mapping such
that -
maxy(j)z (nj ;' (%))

p= u

If 8 < v, then with probability at least 1 — &, there exists a
one-to-one mapping ¢ : [1,..., N] — [1,..., N], such that
foreveryj € [1,..., N]

- . B
||P;E1) —pill2 < mAz + var ,

where
var — 20K In(NM)+ DIn(M + 1) +1In(1/6)
a \/ (y - B)M '

The Proof of Lemma 13 is the same as the proof of Lemma 10
except for the use of the L, norm in place of the L1 norm.

8 Treating Unspecified parameters

So far we have assumed that our learning algorithms receive as
input parameters that describe properties of the sequence S. In
the two distribution case the algorithm receives as input X and
7, and in the multiple distribution case the algorithm receives
K and L. In this section we show that these assumptions can
be removed, with some increase in the error, if we measure the
error of the hypothesis with errs. Recall that errs is always
smaller than err; and erra, thus, the bounds we previously got
for cases where the algorithm receives additional input, can be
used here.

The idea is to try all possible settings of the unknown param-
eters, and then select the best resulting hypothesis. While the
different algorithms receive as input different subsets of 7y, K,
and L, the only variable that is controlled by these parameters
is £, the length of the segments that are used for initialization.
As there are at most M possible settings for £, we need to run
the algorithm M times and then compare the hypotheses. The
different hypotheses are compared in terms of the total cost de-
fined in Figure 3 and the hypothesis with the minimal total cost
is selected.

More formally, assume that we have m hypotheses
~ ~ N m
{(TIT7 {pf,j }jzl)}rzl .
Foreach 1 < r < m we calculate the total cost

c ({87‘,] }‘;\lea ;f’ra S)

according to the cost vectors {¢; ; }j»vzl as defined in Figure 3
for the case of more than two distributions. We then select the
hypothesis with the minimal total cost as our final hypothesis.

The following lemma shows that the error of the selected hy-
pothesis is, with high probability, only slightly larger than that
of the best hypothesis in the set.

Lemmal4 Let S be a sequence generated according to the
segmentation n and the distributions 7, . . ., py. Let

{(f’r’ {ﬁf‘,j }‘;'Vzl)}:nzl
beaset of hypothesesandlet u = argmin, C({c, ; }}_,,%,,5).
Then, with probability at least 1 — ¢ with respect to the distri-

bution of S
67’7’3('?’1“ {ﬁu,]}j\le) S rI:nllnm 670703(’;,7" {ﬁT,j }‘AyNzl) + var 3
where
\/21nm +1In(1/86)4+ KInN + KIn M

var = .

AM




Proof: We first consider the expected value of the total cost of
the sequence S for some fixed hypothesis (7, {5; }j»vzl). Let o;
be the ¢th elementin S. Thus o; is generated by the distribution
Py(s) and then assigned a cost ¢(7) according to the cost vector
C(i) which corresponds to the approximated distribution p; ;).
Define €; = pi(;) — Pj(;)- Then similarly to Equation (21), the
expected value of ¢(4) is

Ele(d)] = 1= |[Fyoll5 + &[5 - (25)

Summing the expected value of ¢(¢) over i = 1...n, we get
that the expected total cost of S'is A + > ||€;||3. Where A
is a constant independent of the hypothesis. The range of all of
the ¢(i)’s is [0, 1] and they are independent random variables.
Thus the deviation of the cost of the sequence from its expected
value can be bounded using Lemma 5 as follows

Pr ic(i) - E(:z:c(i)) >a| <exp <_%) .

We now return to the set of m hypotheses. As each of these
hypotheses is selected from a set of at most (N M )K segmenta-

tions, we find that by setting a tobe \/(M/2) In(m(N M )X /§)
we get that with probability at least 1 — ¢ the total costs of all
m(NM )K possible hypotheses are within a of their respective
expected values. Thus the expected total cost of the segmenta-
tion that appears to be best is within 2a of the expected value
of the actual best segmentation. Which gives the statement of
the lemma. W

Applying Lemma 14 to Theorem 1 we get Theorem 3. In this
case we add to the M candidate hypotheses that correspond to
the choices of ¢ the hypothesis (1, 1., {P}), Where 11, ;.
consists of a single run, and p is the empirical distribution of
the sequence. This hypothesis is accurate if either v or A; are
smaller than ¢ /8, and thus we can remove any assumption on -y
and A;. Applying Lemma 14 to Theorem 2 we get Theorem 4.
In this case we still need to assume a lower bound on L in order
to assure that at least one of the executions of the algorithm
succeeds.

In both cases the requirement on M that we have to make in
order that the extra error be smaller than ¢, is

M =Q(1/(K In N + In(1/6)))

. This requirement is subsumed by the requirements in Theo-
rems 1 and 2.

9 Open Problems

It is clear that improvements in our upper bounds should be
possible. In addition it would be interesting to search
for matching lower bounds, since no lower bounds on the
achievable error are known.

It would be interesting to show whether our bounds can be
improved if we use the likelihood cost as done in the
Baum-Welch algorithm rather than the costs we invented.

A natural scaling of the parameters is to fix K /M, the switch-
ing rate, and to let M — oco. Our analysis breaks down
in this case.
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