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Abstract

We consider the problem of approximating the support size of a distribution from a small number
of samples, when each element in the distribution appears with probability at least1

n . This problem is
closely related to the problem of approximating the number of distinct elements in a sequence of length
n. For both problems, we prove a nearly linear inn lower bound on the query complexity, applicable
even for approximation withadditiveerror.

At the heart of the lower bound is a construction of two positive integer random variables,X1 and
X2, with very different expectations and the following condition on the firstk moments:E[X1]/ E[X2] =
E[X2

1]/ E[X2
2] = . . . = E[Xk

1 ]/ E[Xk
2 ]. Our lower bound method is also applicable to other problems. In

particular, it gives a new lower bound for the number of samples needed to approximate the entropy of a
distribution. Another application of our lower bound is to the problem of approximating the compress-
ibility of a string according to the Lempel-Ziv compression scheme.
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1 Introduction

In this work we consider the following problem, which we call DISTRIBUTION-SUPPORT-SIZE (DSS):
Given access to independent samples from a distribution where each element appears with probability at
least 1

n , approximate the distribution support size.This problem is closely related to another natural prob-
lem, known as DISTINCT-ELEMENTS (DE): Given access to a sequence of lengthn, approximate the number
of distinct elements in the sequence.Both of these fundamental problems arise in many contexts and have
been extensively studied. In statistics,DSS is known as estimating the number of species in a population
(see the list of hundreds of references in [8]). Typically, the input distribution is assumed to come from a
specific family.DE arises in databases and data mining, for example in the design of query optimizers and
the detection of denial-of-service attacks (see [9, 1] and references therein). Because of the overwhelming
size of modern databases, a significant effort has focused on solvingDE with particular, efficient classes of
algorithms: streaming algorithms [2, 4, 11], which make a single pass through the data and use very little
memory, and sampling-based algorithms [9, 4], which query only a small number of positions in the input.

This paper looks at the complexity of sampling-based approximation algorithms forDSS and DE. To
the best of our knowledge, previous works consider only multiplicative approximations for these problems.
Charikaret al. [9] and Bar-Yossefet al. [4] prove that approximatingDE within multiplicative errorα
requiresΩ

(
n
α2

)
queries into the input sequence. This lower bound is tight [9]. Its proof boils down to the

observation that every algorithm requiresΩ
(

n
α2

)
queries to distinguish a sequence ofn identical elements

from the same sequence withα2 unique elements inserted in random positions. Stated in terms of the
DSS problem, the difficulty is in distinguishing a distribution with a single element in its support from a
distribution with support sizeα2, where all but one of the elements have weight1/n. A good metaphor for
the distinguishing task in this argument is finding a needle in a haystack.

This needle-in-a-haystack lower bound leaves open the question of the complexity ofDSS when the
support size is a non-negligible fraction ofn. In other words, is it possible to obtain efficientadditive
approximation algorithms forDSSandDE? This work gives a strong lower bound for the sample (and thus
time) complexity of such algorithms. Our techniques also lead to lower bounds on the sample complexity
of approximating the compressibility of a string and the entropy of a distribution. We describe our results in
more detail in the rest of this section.

1.1 An Almost Linear Lower Bound for Approximation with an Additive Error

First we discuss howDSS andDE are related. An instance ofDSS where all probabilities are multiples of
1
n is equivalent to aDE instance that can be accessed only by taking independent uniform samples with
replacement. Thus, the following problem is a special case ofDSS and a restriction ofDE: Givenn balls,
each of a single color, approximate the number of distinct colors by taking independent uniform samples of
the balls with replacement.

It turns out that this restriction ofDE can be made without loss of generality. In principle, an algorithm
for DE is allowed to make arbitrary adaptive queries to the input. However, Bar-Yossef [3] shows that algo-
rithms that (a) take uniform random samples with replacement and (b) see the input positions corresponding
to the samples, are essentially as good for solvingDE as general algorithms. We strengthen his result to
algorithms that sample uniformly with replacement but areobliviousto the input positions corresponding to
the samples. Hence, to obtain lower bounds for bothDSSand generalDE, it suffices to prove bounds for the
restriction ofDE above. From this point on we refer interchangeably to the two variants ofDE and use the
terms “balls” for the positions/samples and “colors” for distinct elements.
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Main lower bound. We prove that even if we allow an additive error, so that the multiplicative lower
bound [9, 4] does not apply, approximatingDE (and henceDSS) requires an almost linear number of queries.
Specifically,n1−o(1) queries are necessary to distinguish an input withn

11 colors from an input withn
d

colors, for anyd = no(1). In particular, obtaining additive errorn12 requiresn1−o(1) samples. In the above
statements and in all that follows, distinguishing meansdistinguishing with success probability at least2/3.

Such a strong lower bound for an additive approximation may seem surprising. It is easy to prove an
Ω (

√
n) bound on the query complexity of approximatingDE with an additive error (recall that we may

assume without loss of generality that the algorithm samples uniformly with replacement): with fewer
queries it is hard to distinguish an instance withn colors where each color appears once from an instance
with n

2 colors where each color appears twice. In both cases an algorithm takingo (
√

n) samples is likely
to see only unique colors (no collisions). WithΩ (

√
n) samples, 2-way collisions become likely even if all

colors appear only a constant number of times in the input. In general, withΩ
(
n1−1/k

)
samples,k-way

collisions become likely. Intuitively, it seems that one should be able to use statistics on the number of
collisions to efficiently distinguish an input withnd1

colors from an input withn
d2

colors, whered1 andd2

are different constants. Surprisingly, it turns out that in our case looking atk-way collisions, for constantk
(and evenk that is a slowly growing function ofn), does not help.

1.2 Techniques

Moment conditions and frequency variables. To prove our lower bound, we construct two input in-
stances that are hard to distinguish, where the inputs haven

d1
and n

d2
colors, respectively, andd2 � d1.

The requirements on the number of colors imply that, unlike in the “needle in a haystack” lower bound
of [9, 4], the instances being distinguished must have linear Hamming distance. Previous techniques do
not apply here, and we need a more subtle argument to show that they are indistinguishable. At the heart
of the construction are two positive integer random variables,X1 andX2, that correspond to the two input
instances. These random variables have very different expectations (which translate to different numbers of

colors) and manyproportional moments, that is E[X1]
E[X2] = E[X2

1]

E[X2
2]

= · · · = E[Xk−1
1 ]

E[Xk−1
2 ]

, for somek = ω(1). The

construction of these random variables proceeds by formulating the problem in terms of polynomials and
bounding their coefficients, and it is the most technically delicate step of our lower bound (see Section 4).

Let F` be the number of̀-way collisions, that is the number of colors that appear exactly` times in
the sample. As explained in the discussion of the main lower bound, computingF` for small ` gives a
possible strategy for distinguishing twoDE instances. Intuitively, we will ensure that this strategy fails for
the instances we construct, by requiring that the expected value ofF` is the same for both instances. To
this end, for each instance ofDE we define itsfrequency variableto be the outcome of a mental experiment
where we choose acolor uniformly at random and count how many times it occurs in the instance. We prove
that the expectation ofF` is the same for two instances if their frequency variablesX1 andX2 have at least
` proportional moments. Thus, the construction mentioned above leads to a pair of instances whereF` has
the same expectation for small values of`.

Instances with frequency variables with proportional moments are indistinguishable. Our second
technical contribution is to show that constructing frequency variables with proportional moments is suf-
ficient for proving lower bounds on sample complexity: namely, the corresponding instances are indistin-
guishable given few samples. (This gives a general technique for proving lower bounds on sample complex-
ity: if the quantity to be approximated can be expressed in terms of the distribution of an input’s frequency
variable, then it is sufficient to construct two integer variables with proportional moments for which the
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quantity differs significantly. We illustrate this generality by also deriving bounds for entropy estimation,
discussed in the next subsection.)

To prove a lower bound, it suffices to consider algorithms that have access only to thehistogram
(F1,F2,F3, . . . ) of the selected sample. That is, the algorithm is only given the number of colors in the
sample that appear once, twice, thrice, etc. The restriction to histograms was also applied in [7, 6]. The
difficulty of proving indistinguishability based on proportional moments lies in translating guarantees of
equal expectationsof the variablesF`, to a guarantee ofclose distributionson the vectors(F1,F2,F3, . . . ).
The main idea is to show that (a) the variablesF1, ...,Fk−1 can each be faithfully approximated by a Poisson
random variable with the same expectation, and (b) they are close to being independent. The explanation
for the latter, counter-intuitive statement comes from the following experiment: consider many independent
rolls of a biasedk-sided die. If one side of the die appears with probability close to 1, then the variables
counting the number of times each of the other sides appears are close to being independent. In our scenario,
side` of the die (for0 ≤ ` < k) occurs when a particular color appears` times in the sample. Any given
color is most likely not to appear at all, so side 0 of the die is overwhelmingly likely and the counts of the
remaining outcomes are nearly independent.

The proofs use a technique calledPoissonization[14], in which one modifies a probability experiment
to replace a fixed quantity (e.g. the number of samples) with a variable one which follows a Poisson distri-
bution. This breaks up dependencies between variables, and makes the analysis tractable.

1.3 Results for Other Problems

As shown in [13],DE is closely related to the problem of approximating the compressibility of a string
according to the Lempel-Ziv compression scheme (the version in [16]). By applying the reduction in [13],
the lower bound we give forDE implies a lower bound on the complexity of approximating compressibility
according to this scheme. The resulting lower bound for compressibility shows that the algorithm given
in [13] cannot be significantly improved.

Furthermore, our lower bound method can be extended to other problems where one needs to compute
quantities invariant under the permutation of the balls and the colors. In particular, as we show in Section 7,

our method gives a lower bound ofΩ
(

n
2

6α2−3+o(1)

)
on approximating the entropy of a distribution overn

elements to within a multiplicative factor ofα. In particular, whenα is close to1, this bound is close to

Ω(n2/3). It can be combined with theΩ
(
n

1
2α2

)
bound in [5] to giveΩ

(
n

max
n

1
2α2 , 2

6α2−3+o(1)

o)
.

2 Main Result

As noted in the introduction,DE with algorithms that sample uniformly with replacement is a special case
of DSSwhere all probabilities are integer multiples of1

n . Hence, Theorem 2.1, stated next, directly implies
a lower bound forDSSas well.

Theorem 2.1 For every sufficiently largen and for everyB ≤ n1/4/
√

log n, the following holds fork =

k(n, B) =
⌊√

log n

log B+ 1
2

log log n

⌋
. Every algorithm forDE needs to performΩ

(
n1− 2

k

)
queries to distinguish

inputs with at leastn11 colors1 from inputs with at mostnB colors.

1It is quite plausible that11 is not the smallest constant that can be obtained.

3



The next corollary provides an important special case:

Corollary 2.2 For anyB = no(1), distinguishing inputs ofDE with at leastn/11 colors from inputs with at
mostn/B colors requiresn1−o(1) queries.

To prove Theorem 2.1 we construct a pair ofDE instances that are hard to distinguish (though they con-
tain a very different number of colors). As mentioned in the introduction, in order to obtain a lower bound
on DE it suffices to consider algorithms that take uniform samples with replacement. The proof is given
in Appendix A. In Section 4 we construct integer random variables that satisfy the moments condition, as
described in the introduction. Section 5 shows that frequency variables with proportional moments lead to
indistinguishable instances ofDE. In Section 6 we prove Theorem 2.1 based on the results from the preced-
ing sections. Finally, in Section 7 we discuss the application of our techniques to the sample complexity of
approximating the entropy.

3 Algorithms for DE with Uniform Samples

In general, an algorithm forDE is allowed to make arbitrary (adaptive) queries to the input. We first establish
that it is enough to consider algorithms forDE that sample uniformly at random with replacement. The proof
of Lemma 3.2 below appears in Appendix A.

Definition 3.1 (Uniform algorithm) An algorithm isuniform if it takes independent sampleswith replace-
ment and only gets to see the colors of the samples, but not the input positions corresponding to them.

Lemma 3.2 If everyuniformalgorithm needs at leasts queries in order to distinguishDE instances with at
leastC1 colors fromDE instances with at mostC2 colors, theneveryalgorithm needsΩ(s) queries in order
to distinguishDE instances with at least0.1 · C1 colors fromDE instances with at mostC2 colors.

4 Frequency Variables and the Moments Condition

This section defines and constructs thefrequency variablesneeded for the main lower bound, as described in
the introduction. To begin, note that permuting color names in the input (e.g., painting all pink balls orange
and vice versa) clearly does not change the number of colors. Intuitively, all colors play the same role, and
the only useful information in the sample is the number of colors that appear exactly once, exactly twice,
etc. This motivates the following definition.

Definition 4.1 (Collisions and Histograms)Considers samples taken by an algorithm. An`-way colli-
sion occurs if a color appears exactlỳ times in the sample. We denote byF`, for ` = 0, 1, · · · , s, the
number of`-way collisions in the sample. Thehistogram F of the sample is the vector(F1, · · · , Fs),
indicating for each non-zeròhow many colors appear exactly` times in the sample.

One can prove that any uniform algorithm forDE can be simulated by a uniform algorithm that only sees a
histogram of the sample. (We omit the proof since it follows from the formal argument further below).

To prove our lower bound, we will define a pair ofDE instances that contain a significantly different
number of colors, but for which the corresponding distributions on histograms are indistinguishable. First,
observe that if the algorithm takeso

(
n1−1/k

)
samples, and each color appears at most a constant number
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of times, then with high probability nok-way collisions occur. Hence, it suffices to restrict our attention
to `-way collisions for` < k. Next we consider the following notion, which is closely related to`-way
collisions: A monochromatic̀ -tuple is a set of` samples that have the same color.2 If we are able to
get similar distributions on the number of`-tuples (for the two different instances), then we get similar
distributions oǹ -way collisions. In this section, we show how to construct pairs of instances with the same
expectationson the number of̀-tuples, for everỳ < k. (Section 5 proves that making the expectations equal
implies that the distributions themselves will be close.) In order to express these expectations concisely, we
define, for each instance ofDE, a correspondingfrequency variable.

Definition 4.2 (Frequency Variable) Consider an instance ofDE with n
d colors. Group colors intotypes

according to how many times they appear in the input: say,pi fraction of the colors are of typei and each
of them appearsai times. Consider a mental experiment where we choose a color uniformly at random
and count how many times it occurs in the instance. Thefrequency variable X is a random variable
representing the number of balls of a color chosen uniformly at random, as described in the experiment.

By definition,Pr[X = ai] = pi. Since, on average, each color appearsd times,E[X] =
∑

i piai = d.
Note that for any integer random variableX which takes valueai with probabilitypi, if the numberspi

n
d are

integers, then we can easily construct aDE instance with frequency variableX.
Suppose an algorithm takess uniform samples with replacement from an instance withn

d colors as

described in Definition 4.2. The probability that a particular`-tuple is monochromatic is
∑

i pi
n
d

(
ai
n

)`
,

since there arepi
n
d colors of typei and each gets sampled with probabilityai

n . The expected number of
monochromatic̀ -tuples ins samples is thus(

s

`

)∑
i

pi
n

d

(ai

n

)`
=
(

s

`

)
1

n`−1

1
d

∑
i

pia
`
i =

(
s

`

)
1

n`−1

E[X`]
E[X]

.

The last equality holds becauseE[X] = d andPr[X = ai] = pi. We will considers for which this
expression goes to 0 when` is at least some fixedk. We want to construct a pair of instances such that for
the remaining̀ (which are smaller thank), theexpectednumber of monochromatic̀-tuples is the same.

This corresponds to makingE[X`]
E[X] the same for both instances. This, in turn, leads to the following condition

on the corresponding frequency variables, which is the core of our lower bound.

Definition 4.3 (Proportional Moments) We say that two random variableŝX and X̃ havek − 1 propor-

tional moments if
E[X̃]
E[X̂]

=
E[X̃2]
E[X̂2]

=
E[X̃3]
E[X̂3]

= · · · = E[X̃k−1]
E[X̂k−1]

.

We will see in Section 5 that when two frequency variables havek − 1 proportional moments, the
corresponding instances are indistinguishable by algorithms that take (roughly) fewer thann1− 1

k samples.
However, we need, additionally, that the instances have very different numbers of distinct colors. This
corresponds to insisting that the frequency variables have different expectations.

Definition 4.4 (Moments Condition) We say that two random variableŝX and X̃ satisfy the moments

condition with parametersk andB if
E[X̃]
E[X̂]

≥ B andX̂ andX̃ havek − 1 proportional moments.

2The relationship between monochromatic tuples and collisions is straightforward: a monochromatic`-tuple implies aǹ ′ way
collision of the same color for somè′ ≥ `, and conversely aǹ′-way collision implies that there arè`

′

`

´
monochromatic̀ -tuples

of the same color.
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Theorem 4.5 (R.V.’s Satisfying the Moments Condition)For all integersk > 1 andB > 1, there exist
random variableŝX andX̃ over positive integersa0 < a1 < · · · < ak−1 that satisfy the moments condition
with parametersk andB. Moreover, for these variablesai = (B + 3)i, E[X̃] > B and E[X̂] < 1 + 1

B .

The remainder of this section is devoted to sketching the proof of this theorem. To reduce notation,
all variables pertaining to the first instance in the pair of instances that are hard to distinguish, are marked
by a hat (̂) and those pertaining to the second, by a tilde ()̃. In statements relevant to both instances, the
corresponding variables without hat or tilde are used.

We begin by giving an overview of the construction and its analysis. LetC = E[X̃]/ E[X̂]. Then the mo-
ments condition (Definition 4.4) can be restated as(E[X̃],E[X̃2], . . . ,E[X̃k−1]) = C·(E[X̂],E[X̂2], . . . ,E[X̂k−1])
and C ≥ B. Recall that the supports of̂X and X̃ are both contained in{a0, . . . , ak−1}. The main
step in our construction is to setaj = aj for an appropriate choice ofa. Let pi = Pr[X = ai], and
~p = (p0, . . . , pk−1). Let V denote the(k − 1) × k Vandermonde matrix satisfyingVi,j = (aj)i. Then the
vector(E[X],E[X2], . . . ,E[Xk−1]) can be represented as the productV · ~p. This gives yet another way to
formulate the moments condition:V (C ·~̂p−~̃p) = ~0. For a fixeda, there is a unique (up to a factor) non-zero
vector~u satisfyingV · ~u = ~0. To obtain probability vectors~̂p and~̃p from ~u, we let positive coordinates
ui becomeC · p̂i and negativeui become−p̃i, divided by the corresponding normalization factors. This
defines distributionŝX andX̃, for eacha.

In the proof we give a lower bound onC in terms ofk anda. It implies that it is enough to seta = B+3.
The main idea behind the analysis is to view~u as coefficients of a polynomial. Letf(t) = tk−1+uk−2t

k−2+
. . . + u0 be the unique non-zero polynomial that vanishes ona, a2, . . . , ak−1. Thenf(t) =

∏k−1
i=1 (t − ai).

Because the set of zeros off is a geometric sequence, it turns out that the coefficients off also grow rapidly,
and this enables us to give a lower bound onC.

Proof of Theorem 4.5. Following the overview above, the distributions will be based on the evalua-
tions of certain multivariate polynomials at a particular point. Specifically, for every0 ≤ i ≤ k − 1 let
si(y1, . . . , yk−1) be theith symmetric function

si(y1, . . . , yk−1) =
∑

T⊂[k−1]

|T |=i

∏
j∈T

yj . (1)

For example, ifk = 4 andi = 2 thens2(y1, . . . , yk−1) = y1y2 + y1y3 + y2y3. In general,s0 = 1 and
sk−1(y1, ..., yk−1) = y1 · . . . · yk−1.

Let a be some integer that we fix later, and definesi(a) def= si(a, a2, . . . , ak−1). Following our previous
example,s2(a) = a3 + a4 + a5, while s3(a) = a6. In general, as we shall prove in detail,si(a) is larger
thansi−1(a) for sufficiently largea.

Consider the polynomialf(t) =
∏k−1

i=1 (t − ai). It is easy to see that
∑k−1

i=0 (−1)i · sk−1−i(a) · ti. We
construct two distributions from the coefficients off . The supports of the distributions are contained in the
set{1, a, a2, . . . , ak−1}. We define

∀i, 0 ≤ i ≤ k − 1 Pr[X̂ = ai] =

{
sk−1−i(a)/N̂(a) for eveni

0 for oddi
(2)

∀i, 0 ≤ i ≤ k − 1 Pr[X̃ = ai] =

{
0 for eveni

sk−1−i(a)/N̂(a) for oddi
(3)
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where N̂(a) def=
b(k−1)/2c∑

j=0

sk−1−2j(a) and Ñ(a) def=
b(k−2)/2c∑

j=0

sk−2−2j(a) are normalization factors.

We now show that for an appropriate choice of the parametera, the distributionŝX andX̃ satisfy the

second part of the moments condition. LetC
def= N̂(a)/Ñ(a).

Lemma 4.6 X̂ andX̃ satisfy: C · E[X̂`] = E[X̃`] for ` = 1, . . . , k − 1.

Proof: By definition ofX̂ andX̃,

C · E[X̂`]− E[X̃`] = C ·
∑

0≤i≤k−1
i even

(ai)` · sk−1−i(a)
N̂(a)

−
∑

0≤i≤k−1
i odd

(ai)` · sk−1−i(a)
Ñ(a)

=
1

Ñ(a)
·

k−1∑
i=0

(−1)i · sk−1−i(a) · (a`)i =
(−1)k−1

Ñ(a)
· f(a`) = 0.

(4)

The following lemma, proved in Appendix B, boundsE[X̃],E[X̂] and the ratio between them.

Lemma 4.7 (1) E[X̂] < 1 +
1

a− 3
. (2) E[X̃] > a− 2.

It remains to find, for everyB > 1, ana such thatE[X̃]/ E[X̂] ≥ B. By Lemma 4.7,E[X̃]

E[X̂]
> a−2

1+1/(a−3) =

a− 3. Thus, if we takea = B + 3 thenE[X̃]/ E[X̂] > B, E[X̂] < 1 + 1
B andE[X̃] > B. This completes the

construction and the proof of Theorem 4.5.

5 Indistinguishability by Poisson Algorithms

Even though uniform algorithms are much simpler than general algorithms, they still might be tricky to
analyze because of dependencies between the numbers of balls of various colors that appear in the sample.
Batu et al. [5, conference version] noted that such dependencies are avoided when an algorithm takes a
random number of samples according to aPoissondistribution. The Poisson distributionPo(λ) takes on the
valuex ∈ N with probabilityeλλx/x!.

Definition 5.1 We call a uniform algorithmPoisson-s if the number of samples it takes is a random vari-
able, distributed asPo(s).

To prove a lower bound forDE, it is sufficient to consider Poisson algorithms that get only the histogram of
the sample as their input. This is justified by Lemma D.1 (see Appendix D). Intuitively, a Poisson algorithm
can simulate a general algorithm with only a small loss in parameters.

As we explained, we prove Theorem 2.1 by constructing a pair of instances that are hard to distinguish.
They correspond to the pair of frequency variables satisfying the moments condition that we constructed in
the proof of Theorem 4.5. DefiningDE instances based on frequency variables is straightforward if we make
an integrality assumption described below. Specifically, fork > 1 let a0 < a1 < . . . < ak−1 be integers,
and letX be a random variable over these integers withPr[X = ai] = pi. ThenE[X] =

∑k−1
i=0 pi · ai.
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Based onX, we define aDE instanceDX of lengthn (that is a string in[n]n) that contains n
E[X] colors. For

i = 0, . . . , k − 1, DX contains npi

E[X] colors of type i, where each color of typei appearsai times. See

Appendix C for a general treatment, without the assumption thatnpi

E[X] is an integer.
Our next main building block in the proof of Theorem 2.1, is the theorem stated below. It shows that if

two distributionsX̂, X̃ over integers havek − 1 proportional moments, then the corresponding instances of
DE, DX̂ andDX̃ cannot be distinguished by a Poisson algorithm that looks only at histograms and uses fewer

than aboutn1− 1
k samples. In fact, the bound is more complicated, since it depends on how the maximum

value,ak−1, in the support of̂X andX̃ varies asn increases.

Theorem 5.2 (Distinguishability by Poisson Algorithms)Let X̂, X̃ be random variables over positive in-
tegersa0 < a1 < . . . < ak−1 which havek − 1 proportional moments. For anyPoisson algorithmA that
looks only at histograms and takess ≤ n

2·ak−1
samples in expectation,

∣∣∣Pr[A(DX̂) = 1]− Pr[A(DX̃) = 1]
∣∣∣ = O

(
k2a

2/3
k−1

( s

n

)2/3
+

k⌊
k
2

⌋
! ·
⌈

k
2

⌉
!
· ak−1

k−1 ·
sk

nk−1

)
.

The generality of this bound is required to prove Theorem 2.1. However, the following corollary is sufficient
to show that additive approximations forDE require a near-linear number of samples, and it is considerably
simpler to read.

Corollary 5.3 Let X̂ andX̃ befixed (w.r.t.n) random variables which havek− 1 proportional moments. If
s = o(n1− 1

k ), then for any Poisson-s algorithmA, we have|Pr[A(DX̂) = 1]− Pr[A(DX̃) = 1]| = o(1).

We now turn to proving Theorem 5.2. Recall that two random variablesX andY over a domainS
havestatistical differenceδ if maxS′⊂S |Pr[X ∈ S′]− Pr[Y ∈ S′]| = δ. Equivalently, for every algorithm

A,
∣∣∣Pr[A(X) = 1] − Pr[A(Y ) = 1]

∣∣∣ ≤ δ. We writeX ≈δ Y to indicate thatX andY have statistical

difference at mostδ.
For ` = 0, 1, . . . , s, let F` be a random variable representing the number of`-way collisions a Poisson-s

algorithm sees (recall Definition 4.1), and letF = (F1,F2,F3 . . . ) be the corresponding histogram. We can
restate Theorem 5.2 in terms of histograms:

Theorem 5.4 (Distinguishability by Poisson Algorithms, Restated)For s ≤ n
2·ak−1

, the statistical differ-

ence between the histograms(F̂1, F̂2, F̂3, . . . ) and(F̃1, F̃2, F̃3, . . . ) is at most

O

(
k2a

2/3
k−1

( s

n

)2/3
+

k⌊
k
2

⌋
! ·
⌈

k
2

⌉
!
· ak−1

k−1 ·
sk

nk−1

)
.

For the remainder of this section, assumes ≤ n
2·ak−1

. The proof of Theorem 5.4 relies on the three following
lemmas, proved in Appendix D. Lemma 5.5 states that`-way collisions are very unlikely for̀≥ k, whens
is sufficiently small. Lemma 5.6 shows that for both instances, the distribution on histograms is close to the
product of its marginal distributions, that is, the components of the histogram are close to being independent.
Finally, Lemma 5.7 shows thatk-way collisions have close distributions forDE instancesDX̂ andDX̃.

Lemma 5.5 For both distributions, the probability of a collision involvingk > 1 or more balls is at most

δ1 = O

(
ak−1

k−1

k!
· sk

nk−1

)
.
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Lemma 5.6 For both distributions,F1, . . . ,Fk−1 are close to independent, that is,(F1, . . . ,Fk−1) ≈δ2

(F′1, . . . ,F
′
k−1), where the variablesF′` are independent, for each̀the distributions ofF` andF′` are identi-

cal, andδ2 = O
(
k2 · (ak−1·s

n )2/3
)
.

Lemma 5.7 Let δ3 = O

(
k · ak−1 · s

n
+

1⌊
k
2

⌋
! ·
⌈

k
2

⌉
!
·
(ak−1

n

)k−1
· sk

)
. ThenF̂` ≈δ3 F̃` for ` ∈ [k − 1].

The fact thatX̂ and X̃ have proportional moments is used in the proof of Lemma 5.7 (the other two
lemmas hold as long as theai’s are bounded). The main idea of the proof is to approximateF` by a Poisson
random variable with the same expectation, and show that the moment conditions imply thatF̂` andF̃` have
similar (though not equal) expectations. The proof is quite technical (see Appendix D). However, given the
three lemmas above, we can easily prove the main result of the section:

Proof of Theorem 5.4. The proof follows by a hybrid argument. Consider a chain of distributions “be-
tween” the two histograms of Theorem 5.4. Starting from the “hat” histogram, we first replace all counts of
collisions greater thank by 0, and then replace each countF̂` with an independent copŷF′` for ` ∈ [k−1], as
in Lemma 5.6. Next, change eachF̂′` with a corresponding̃F′`. Finally, replace these independentF̃′`s with
the real, dependent variablesF̃` and add back in the counts of the collisions involving more thank variables
to obtain the “tilde” histogram. The resulting chain hask + 3 steps. By the triangle inequality, we can sum
these differences to obtain a bound on the difference between the two histograms. In symbols, the chain of
distribution looks as follows (whereδ1, δ3 andδ2 are as defined in Lemmas 5.5, 5.7 and 5.6, respectively):

(F̂1, . . . , F̂k−1, F̂k, . . . ) ≈δ1 (F̂1, . . . , F̂k−1, 0, . . . ) ≈δ2 (F̂′1, . . . , F̂
′
k−1, 0, . . . ) ≈δ3 (F̃′1, . . . , F̂

′
k−1, 0, . . . )

≈δ3 · · · ≈δ3 (F̃′1, . . . , F̃
′
k−1, 0, . . . ) ≈δ2 (F̃1, . . . , F̃k−1, 0, . . . ) ≈δ1 (F̃1, . . . , F̃k−1, F̃k, . . . )

The total statistical difference is at most2 · δ1 + 2 · δ2 + (k − 1) · δ3

= O

(
1
k!
·
(ak−1

n

)k−1
· sk + k2 ·

(ak−1 · s
n

)2/3
+ k · k · ak−1 · s

n
+

k⌊
k
2

⌋
! ·
⌈

k
2

⌉
!
·
(ak−1

n

)k−1
· sk

)
.

The first and third terms are negligible given the others. Removing them yields the claimed bound.

6 Proof of Main Lower Bound (Theorem 2.1)

We now prove the main lower bound (Theorem 2.1) by combining the construction of distributions satisfying
the moments condition (Theorem 4.5) with the bound on distinguishability by Poisson algorithms (Theo-
rem 5.2) and the reductions to Uniform algorithms (Lemma 3.2), and to Poisson algorithms (Lemma D.1).

Recall that our goal is to give a lower bound on the number of queries required for a general algorithm
to distinguish inputs with at leastn/11 colors from inputs with at mostn/B colors (forB > 11). By
combining Lemmas D.1 and 3.2 it suffices to give a lower bound ons for a Poisson-s algorithm that uses
only the histogram of the samples and distinguishes inputs with at least10

11n colors from inputs with at most
n/B colors (the main source of loss is Lemma 3.2). Details follow.

Let X̂ andX̃ obey the moments condition with parametersk andB, and letDX̃ andDX̂ be the corre-
spondingDE instances. By Theorem 4.5 these instances have at leastn(1 − 1

B ) > 10
11n and at mostn/B

colors, respectively. (Here we continue to assume for simplicity thatnpi

E[X] is an integer for alli and both dis-
tributions.) We now turn to bounding the statistical difference of the corresponding histogram distributions.
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Consider any Poisson algorithmA that looks only at histograms and takess
2 samples (where the choice

of s
2 rather thans samples is made for the convenience of the analysis). Recall that Theorem 4.5 stated that

there exist̂X andX̃ such thatak−1 = (B + 3)k−1 < (B + 3)k, so we may assume that this is in fact the
case. By substituting this bound in Theorem 5.2, we get:

∣∣∣Pr[A(DX̂) = 1]− Pr[A(DX̃) = 1]
∣∣∣ = O

(
k2

(
(B + 3)k · s

n

)2/3

+
k⌊

k
2

⌋
! ·
⌈

k
2

⌉
!
· (B + 3)k(k−1) · sk

nk−1

)
.

(5)
We setk ands as functions ofB so that the error term in Equation (5) is bounded from above byo(1).

GivenB, defineq by the equalityB = log(n)q. Setk =
⌊√

log(n)

(q+ 1
2
) log log(n)

⌋
, ands =

⌊
n1− 2

k

⌋
. To ensure

s ≥ 1, we needk > 2, so we restrictq to be0 < q < log n
4 log log n −

1
2 . In particular,B is bounded from above

by n
1
4 /
√

log n. To make the calculations easier assume thatn > 16, so thatk <
√

log n. We handle the
two summands in Equation (5) separately. By substitutingk, s, andB as set above in the first summand,

k2
(

(B+3)ks
n

)2/3
, it can be shown that it is upper-bounded by2−

1
3

√
log log(n) log(n). The second summand,

k

b k
2c!·d k

2e!
· (B+3)k(k−1)sk

nk−1 is upper-bounded by2−
1
2

√
log log(n) log(n). By Equation (5) and these two bounds,∣∣∣Pr[A(DX̂) = 1]−Pr[A(DX̃) = 1]

∣∣∣ = O
(
2−

1
3

√
log log(n) log(n)

)
. This completes the proof of Theorem 2.1.

7 A Lower Bound for Approximating the Entropy

The following problem was introduced by Batuet al.[5]. Letp = 〈p1, . . . , pn〉 be a discrete distribution over
n elements, wherepi is the probability of theith element. Given access to independent samples generated
according to the distributionp, we would like to approximate its entropy:H(p) = −

∑n
i=1 pi log pi. Batuet

al. showed how to obtain anα-factor approximation in timẽO
(
n

1+η

α2

)
, provided thatH(p) = Ω

(
α
η

)
. They

also proved a lower bound ofΩ
(
n

1
2α2

)
that holds even whenH(p) = Ω

(
log n
α2

)
. (Without a lower bound

onH(p), the time complexity is unbounded.)

Here we use our technique to obtain a lower bound ofΩ
(

n
2

6α2−3+o(1)

)
, improving on theΩ

(
n

1
2α2

)
lower bound for relatively smallα. Whenα is close to1, the bound is close ton2/3 (rather thann1/2).

We first provide a different construction of random variables that satisfy the moments condition (Defini-
tion 4.4) for the special case ofk = 3. This much simpler construction gives random variables with support
on smaller integers than the more general construction in Theorem 4.5, leading to better bounds.

Lemma 7.1 (R.V.’s Satisfying the Moments Condition withk = 3) For all integersB > 1, there exist
random variableŝX and X̃ overa0 = 1, a1 = 2B, a2 = 4B − 2 that satisfy the moments condition with
parameters3 andB. Moreover, for these variables,E[X̃] = 2 andE[X̂] = 2B.

Proof: SetPr[X̂ = a0] = 1 − 1
4B−3 , Pr[X̂ = a1] = 0, Pr[X̂ = a2] = 1

4B−3 , andPr[X̃ = a0] =
0, Pr[X̃ = a1] = 1, Pr[X̃ = a2] = 0. By definition ofX̂ andX̃, E[X̂] = 2, E[X̂2] = 4B, while E[X̃] = 2B

andE[X̃2] = 4B2, so thatE[X̃]

E[X̂]
= B, and E[X̂2]

E[X̂]
= E[X̃2]

E[X̃]
, as required.
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The two distributions and their entropies. Similarly to what was shown in Section 5, given the two
random variableŝX and X̃, define two distributions overn elements (or, more precisely, two families of
distributions). One distribution, denotedpX̂, has support onn2 ·

4B−4
4B−3 elements of weight1n each andn2 ·

1
4B−3

elements of weight4B−2
n each. The second distribution, denotedpX̃, has support onn

2B elements of weight
2B
n each. As stated above, we can define two families of distributions,FX̂ andFX̃, respectively, where we

allow all permutations over the names (colors) of the elements. LetD′
X̂

denote the uniform distribution over
FX̂, and letD′

X̃
denote the uniform distribution overFX̃.

Let B = B(n) be of the formB = 1
2n1−β for β < 1. Then the entropy of each distribution inFX̃ is

β log n, and the entropy of each distribution inFX̂ is 2B−2
4B−3 · log n+ 2B−1

4B−3 · log n
4B−2 , which is lower bounded

by 1+β
2 log n− 1 by our choice ofB. Thus, the ratio between the entropies is1+β

2β − o(1).
While Theorem 5.2 was stated for the distributions on strings,DX̂ and DX̃, and any algorithm that

takes uniform samples from an input string of lengthn, it is not hard to verify that it also holds for the
distributionsD′

X̂
andD′

X̃
and any algorithm that is provided with samples from distributions overn elements.

Sincek = 3 and a2 = 2n1−β, in order to distinguish the two distributions it is necessary to observe

Ω
((

n
a2

)2/3
)

= Ω
(
n2β/3

)
samples. In other words,Ω

(
n2β/3

)
= Ω

(
n

2
6α2−3+o(1)

)
samples are required

for α =
(√

1+β
2β − o(1)

)
-estimating the entropy.

Acknowledgments. We would like to thank Oded Goldreich, Omer Reingold and Ronitt Rubinfeld for
helpful comments.
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A Algorithms for DE with Uniform Samples

In this section we show that restricted algorithms that take samples uniformly at random with replacement
are essentially as good forDE as general algorithms.

First, consider algorithms that take their samples uniformly at randomwithout replacementfrom [n]. The
following lemma, appearing in Bar-Yossef’s thesis [3, Page 88], shows that such algorithms are essentially
as good for solvingDE as general algorithms.

Lemma A.1 ([3]) For any function invariant under permutations of input elements (ball positions), any
algorithm that makess queries can be simulated by an algorithm that takess samples uniformly at random
without replacementand has the same guarantees on the output as the original algorithm.

The main idea in the proof of the lemma is that the new algorithm, given inputw, can simulate the old
algorithm onπ(w), whereπ is a random permutation of the input, dictated by the random samples chosen
by the new algorithm. Since the value of the function (in our case, the number of colors) is the same forw
andπ(w), the guarantees on the old algorithm hold for the new one.

Next, we would like to go from the algorithms that sample uniformlywithout replacementto the ones
that sample uniformlywith replacementand find out the corresponding color, but not the input position that
was queried. Bar-Yossef proved that for all functions invariant under permutations, algorithms that take
O(
√

n) uniform sampleswithout replacementcan be simulated by algorithms that take the same number of
sampleswith replacement. The idea is that with so few samples, an algorithm samplingwith replacement
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is likely to never look at the same input position twice. To prove a statement along the same lines for
algorithms that take more samples, Bar-Yossef allows them to see not only the color of each sample, but
also which input position was queried (this allows the algorithm to ignore replaced samples). One can avoid
giving this extra information to an algorithm forDE, with a slight loss in the approximation factor. Recall
that we call an algorithmuniform if it takes independent sampleswith replacement and only gets to see
the colors of the samples, but not the input positions corresponding to them.

Lemma A.2 Let α = α(n), such that
√

0.1 · α ≥ 1. For every algorithmA that makess queries, and
provides, with probability at least11

12 , an approximation forDE that is within a multiplicative factor of
at most(

√
0.1 · α) from the correct value, there is auniform algorithmA′ that takess samples and and

provides, with probability at least23 , an approximation forDE that is within a multiplicative factor of at
mostα from the correct value.

A rephrasing of Lemma A.2 (using a few details concerning the reduction in the proof of the lemma) gives
us Lemma 3.2.

Proof of Lemma A.2. Conduct the following mental experiment: let algorithmA′ generate an instance of
DE by takingn uniform samples from its input and recording their colors. If there areC = C(n) colors in
the input ofA′, the generated instance will have at mostC colors. However, some of the colors might be
missing. We will show later (see Claim A.3 withs set ton) that with probability≥ 3

4 at least0.1 · C colors
appear in the instance. That is, with probability≥ 3

4 , the instance generated in our mental experiment will
have between0.1 ·C andC colors. WhenA is run on that instance, with probability≥ 11

12 , it will output an
answer between0.1·C√

0.1·α =
√

0.1 · C
α and

√
0.1 · α · C. Thus, ifA′ runsA on this instance and multiplies its

answer by
√

10, it will get anα-multiplicative approximation toC with probability≥ 1 − 1
4 −

1
12 ≥

2
3 , as

promised. The final observation is that since each color in the instance is generated independently,A′ can
runA on that instance, generating colors on demand, resulting ins samples instead ofn.

Claim A.3 Let s = s(n) ≤ n. Thens independent samples from a distribution withC = C(n) elements,
where each element has probability≥ 1

n , yield at leastCs
10n distinct elements, with probability≥ 3

4 .

Proof: For i ∈ [C], let Xi be the indicator variable for the event that colori is selected ins samples. Then
X =

∑C
i=1 Xi is a random variable for the number of distinct colors. Since each color is selected with

probability at least1n for each sample,

E[X] =
C∑

i=1

E[Xi] ≥ C

(
1−

(
1− 1

n

)s)
≥ C

(
1− e−(s/n)

)
≥ (1− e−1)

Cs

n
. (6)

The last inequality holds because1− e−x ≥ (1− e−1) · x for all x ∈ [0, 1].
We now use Chebyshev’s inequality to bound the probability thatX is far from its expectation. For any

distinct pair of colorsi, j, the covarianceE(XiXj)− E(Xi) E(Xj) is negative (knowing that one color was
not selected makes it more likely for any other color to be selected). SinceX is a sum of Bernoulli variables,
Var[X] ≤ E[X]. For any fixedδ,

Pr [X ≤ δ E[X]] ≤ Pr [|X − E[X]| ≥ (1− δ) E[X]] ≤ Var[X]
((1− δ) E[X])2

≤ 1
(1− δ)2 E[X]

. (7)

Setδ = 3 −
√

8. If E[X] ≥ 4
(1−δ)2

, then by Equations (7,6), with probability≥ 3
4 , variableX ≥

δ E[X] ≥ δ(1 − e−1)Cs
n > Cs

10n , as stated in the claim. Otherwise, that is, ifE[X] < 4
(1−δ)2

, Equation (6)
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implies that 4δ
(1−δ)2

> δ(1− e−1)Cs
n . Substituting3−

√
8 for δ gives1 > Cs

10n . In other words, the claim for
this case is that at least one color appears among the samples, which, clearly, always holds.

B Proof of Lemma 4.7

We first restate Lemma 4.7.

Lemma 4.7 (1) E[X̂] < 1 +
1

a− 3
. (2) E[X̃] > a− 2.

In order to prove Lemma 4.7 we shall need the following upper bound on the value ofsi(a).

Lemma B.1 We have the following bounds on thesi(a)’s:

1. sk−1(a)/a < sk−2(a) < sk−1(a)/(a− 1).

2. For every3 ≤ i ≤ k − 1, we have thatsk−i(a) < sk−1(a) · 1

ab
i−1
2 c(a−1)i−1

.

Proof: By the definition ofsi(a) we get that

si(a) = si(a, a2, . . . , ak−1) =
∑

T⊂[k−1]

|T |=i

∏
j∈T

aj (8)

=

k−1∏
j=1

aj

 ·
∑

T⊂[k−1]

|T |=i

∏
j 6∈T

a−j (9)

= sk−1(a) ·
∑

T⊂[k−1]

|T |=i

∏
j 6∈T

a−j (10)

= sk−1(a) ·
∑

R⊂[k−1]

|R|=k−1−i

∏
j∈R

a−j . (11)

In particular we get that

sk−2(a) = sk−1(a) ·

k−1∑
j=1

a−j


Since

1
a

<

k−1∑
j=1

a−j

 <
1

a− 1

the first part of the lemma follows.
We now prove the second part of the lemma. By Equation (8), it suffices to prove that∑

R⊂[k−1]

|R|=i−1

∏
j∈R

a−j <
1

ab
i−1
2 c(a− 1)i−1

14



∑
R⊂[k−1]

|R|=i−1

∏
j∈R

a−j =

 ∑
1≤j1<j2<...<ji−1≤k−1

i−1∏
l=1

a−j`

 (12)

<

 ∑
1≤j1<j2≤k−1

a−j1−j2

b i−1
2 c

·

(
k−1∑
`=1

a−`

)i−1−2b i−1
2 c

(13)

<

k−1∑
j=3

⌊
j − 1

2

⌋
· a−j

b i−1
2 c

· 1

(a− 1)i−1−2b i−1
2 c (14)

<
1

(a− 1)i−1−2b i−1
2 c ·

1
2
·
∞∑

j=3

(j − 1) · a−j

b i−1
2 c

(15)

=
1

(a− 1)i−1−2b i−1
2 c ·

1
2
· d
da

− ∞∑
j=2

a−j

b i−1
2 c

(16)

=
1

(a− 1)i−1−2b i−1
2 c ·

[
−1

2
· d
da

(
1

a− 1
− 1

a

)]b i−1
2 c

(17)

=
1

(a− 1)i−1−2b i−1
2 c ·

[
1
2
·
(

1
(a− 1)2

− 1
a2

)]b i−1
2 c

(18)

<
1

(a− 1)i−1−2b i−1
2 c ·

(
1

a(a− 1)2

)b i−1
2 c

(19)

<
1

ab
i−1
2 c(a− 1)i−1

. (20)

Equation (12), which is the main step in the above sequence of equations, is obtained by pairing up alli− 1
indices (but at most1), and ignoring the constraint that the pairs should be distinct.

Proof of Lemma 4.7. By definition ofX̃,

E[X̂] =
1

N̂(a)
·
b(k−1)/2c∑

j=0

sk−1−2j(a)a2j (21)

<
1

N̂(a)
· sk−1(a) ·

1 +
b(k−1)/2c∑

j=1

a2j

aj(a− 1)2j

 (22)

<
1

N̂(a)
· sk−1(a) ·

1 +
b(k−1)/2c∑

j=1

1
(a− 2)j

 (23)

<
1

N̂(a)
· sk−1(a) ·

(
1 +

1
a− 3

)
(24)

< 1 +
1

a− 3
. (25)
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In order to lower-boundE[X̃], we upperbound̃N(a). Recall that

Ñ(a) =
b(k−2)/2c∑

j=0

sk−2−2j(a).

By the second item of Lemma B.1 we have that

Ñ(a) <
sk−1(a)
a− 1

+ sk−1(a) ·
b(k−2)/2c∑

j=1

1
aj(a− 1)2j+1

(26)

< sk−1(a) ·
(

1
a− 1

+
1

(a− 1) · (a(a− 1)2 − 1)

)
< sk−1(a)/(a− 2). (27)

Therefore,

E[X̃] >
sk−2(a) · a

Ñ(a)
>

sk−2(a) · a
sk−1(a)/(a− 2)

> a− 2. (28)

C Defining Instances ofDE Based on Integer Random Variables

In order to prove Theorem 2.1 we will construct a pair ofDE instances based on̂X and X̃ (as defined in
Theorem 4.5). For any given lengthn, we would like to find instances whose frequency variables are
exactlyX̂ andX̃. This may not always be possible since the probabilities may not be multiples of1

n . Instead,
we choose instances that approximate the desired frequency variables; for largen this is sufficient. For every
variableX and lengthn, we define a corresponding instanceDX.

Definition C.1 (The InstanceDX) Let a0 < a1 < . . . < ak−1 bek > 1 integers, and letX be a random
variable defined over these integers wherePr[X = ai] = pi, so that in particularE[X] =

∑k−1
i=0 pi · ai.

Based onX, we define aDE instance of lengthn (that is a string in[n]n) that containsMX colors, where

MX =
∑k−1

i=0

⌊
npi

E[X]

⌋
+ n −

∑k−1
i=0

⌊
npi

E[X]

⌋
· ai. (Note that if npi

E[X] is an integer for everyi thenMX = n
E[X] .)

For i = 0, . . . , k − 1, DX contains
⌊

npi

E[X]

⌋
colors oftype i, where each color of typei appearsai times. In

addition, there aren−
∑k−1

i=0

⌊
npi

E[X]

⌋
· ai colors that appear once each.

The names and order of the colors inDX are unimportant. For concreteness, assign labels from 1 toMX

in increasing order of the number of times each color appears, and arrange the symbols in order of their
color names in the string.

Note that because it is sufficient to prove lower bounds for algorithms that sample uniformly at random,
and look only at thehistogramof the colors appearing in their sample, we do not care about the labels or
order of colors in the instances we construct – the algorithms we care about are oblivious to them.

D Indistinguishability by Poisson Algorithms

Batuet al. [5, conference version] proved a variant of the following lemma in the context of entropy estima-
tion of distributions. However, the statements and the proofs also apply to estimating symmetric functions
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over strings and, in particular, toDE. Recall that we call a uniform algorithm Poisson-s if the number of
samples it takes is a random variable, distributed asPo(s).

Lemma D.1 (following conference version of [5])

(a) Poisson algorithms can simulate uniform algorithms. Specifically, for everyuniformalgorithmA that
uses at mosts2 samples, there is a Poisson-s algorithmA′ such that for every inputw, the statistical
difference between the distributionsA(w) andA′(w) is o(1/s).

(b) If the input toDE containsb balls of a particular color, then the number of balls of that color seen
by a Poisson-s algorithm is distributed asPo( b·s

n ). Moreover, it is independent of the number of
balls of all other colors in the sample.

(c) For any function invariant under permutations of the alphabet symbols (color names), any Poisson
algorithm can be simulated by an algorithm that gets only the histogram of the sample as its input.
The simulation has the same approximation guarantees as the original algorithm.

The independence of the number of occurrences of different colors in the sample (Part (b) above) will
be very useful in analyzing the distributions seen by the algorithm.

We now prove the three intermediate lemmas used in the proof of Theorem 5.4. In Appendix E we state
some properties of the Poisson distribution, which we use in these proofs. Recall that we consider inputs

with Ci =
⌊

pin
E[X]

⌋
colors of typei, for i = 0, . . . , k − 1, where each color of typei appearsai times, and

with Ck = n −
∑k−1

i=0

⌊
pin
E[X]

⌋
· ai additional colors that appear once each. We say that theCk “left-over”

colors are of typek, and defineak = 1. Note thatCk <
∑k−1

i=0 ai (sinceE[X] =
∑k−1

i=0 pi · ai and so
n =

∑k−1
i=0

pin
E[X] · ai ).

The independence of the number of different colors (see Lemma D.1(b)) makes it easy to understand the
distribution on the number of̀-way collisions. For a color that appearsai times in the input, the number of
balls of that color in the sample is distributed according toPo (λi), whereλi = ais

n . The probability that

this color appears exactlỳtimes in the sample isλ
`
i

`! e
−λi .

Proof of Lemma 5.5. Consider any particular color of typei. The probability that the algorithm seesk

or more balls of that color isPr[Po(λi) ≥ k] ≤ λk
i

k! . Summing over all colors (according to types), we can
bound the probability that some color appearsk or more times by:

k∑
i=0

Ci ·
λk

i

k!
=

k∑
i=0

Ci ·
1
k!

(ais

n

)k
(29)

=
sk

k! · nk−1
·

(
k∑

i=0

Ci · ak
i

n
+

Ck · ak
k

n

)
(30)

<
sk

k! · nk−1
·

(
k−1∑
i=0

pia
k
i

E[X]
+ 1

)
(31)

= O

(
sk · ak−1

k−1

k! · nk−1

)
(32)
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where we have used the fact thatak = 1, Ck < n, and
∑k−1

i=0 pia
k
i < ak−1

k−1 · E[X].

Proof of Lemma 5.7. Observe thatF`, the number of̀ -way collisions, is a sum of independent Bernoulli
random variables, one for each color, with probability1

`! ·e
−as

n ·
(

as
n

)`
of being1 if the color appeareda times

in the input. Hence, the number of`-way collisions is a sum of independent binomial random variables, one
for each type. That is,

F` ∼
k∑

i=0

Bin
(

Ci ,
e−λiλ`

i

`!

)
, (33)

whereBin(m, p) is the number of heads in a sequence ofm independent coin flips, each of which has
probabilityp of heads.

When p is small, the Poisson distributionPo(λ = pm) is a good approximation toBin(m, p); the
statistical difference between the two is at mostp (see Lemma E.1, Item (3)). Since the sum of independent
Poisson variables is also a Poisson variable (see Lemma E.1, Item (2)),

F` ≈γ`
Po

(
λ(`) =

k∑
i=0

Ci ·
λ`

i

`!
e−λi

)
(34)

where

γ` ≤
k∑

i=0

e−λiλ`
i

`!
≤

k∑
i=0

λi ≤
k · ak−1 · s

n
. (35)

In the last equality we have used the fact thatak = 1 andai < ak−1 for everyi < k − 1.
To bound the statistical difference betweenF̂` andF̃` from above, it is enough to bound the difference

between̂λ(`) andλ̃(`), since the statistical difference betweenPo(λ̂(`)) andPo(λ̃(`)) is at most|λ̂(`) − λ̃(`)|
(see Lemma E.1, Item (5)).

Substitutingai
n · s for λi and using the fact thate−λi =

∑k−`−1
j=0 (−1)j · λj

i
j! + (−1)k−` · O

(
λk−`

i
(k−`)!

)
,

(where we define0! = 1) we get that

λ(`) =
1
`!
·

k−∑̀
j=0

T
(`)
j (36)

where

T
(`)
j = (−1)j · 1

j!
· s`+j

n`+j
·

k∑
i=0

Ci · a`+j
i (37)

for 0 ≤ j ≤ k − `− 1, and

T
(`)
k−` = (−1)k−` ·O

(
1

(k − `)!
· sk

nk
·

k∑
i=0

Ci · ak
i

)
(38)
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For eachj, 0 ≤ j ≤ k − `, we have that

s`+j

n`+j
·

k∑
i=0

Ci · a`+j
i =

s`+j

n`+j
·

(
k−1∑
i=0

⌊
pin

E[X]

⌋
· a`+j

i + Ck

)
(39)

≤ s`+j

n`+j−1
· 1
E[X]

·
k−1∑
i=0

pi · a`+j
i +

s`+j

n`+j
·

k−1∑
i=0

ai (40)

=
s`+j

n`+j−1
· E[X`+j ]

E[X]
+

s`+j

n`+j
·

k−1∑
i=0

ai (41)

and similarly

s`+j

n`+j
·

k∑
i=0

Ci · a`+j
i =

s`+j

n`+j
·

(
k−1∑
i=0

⌊
pin

E[X]

⌋
· a`+j

i + Ck

)
(42)

≥ s`+j

n`+j−1
· 1
E[X]

·
k−1∑
i=0

pi · a`+j
i − s`+j

n`+j
·

k−1∑
i=0

a`+j
i (43)

=
s`+j

n`+j−1
· E[X`+j ]

E[X]
− s`+j

n`+j
·

k−1∑
i=0

a`+j
i (44)

The moment condition on̂X andX̃ states thatE[X̂`+j ]

E[X̂]
= E[X̃`+j ]

E[X̃]
for j = 0, . . . , k − `− 1. Thus,

∣∣∣λ̂(`) − λ̃(`)
∣∣∣ = O

 1
`!
·

k−∑̀
j=0

s`+j

n`+j
· 2

k−1∑
i=0

a`+j
i +

1
`!(k − `)!

· sk

nk−1
·max

{
E[X̂k]
E[X̂]

,
E[X̃k]
E[X̃]

} (45)

The ratioE[Xk]
E[X] is at most(ak−1)k−1, the expression 1

`!(k−`)! is maximized for̀ =
⌊

k
2

⌋
, and

1
`!
·

k−∑̀
j=0

s`+j

n`+j
· 2

k−1∑
i=0

a`+j
i ≤ 1

`!
·
(s · ak−1

n

)`
· 2k ·

k−∑̀
j=0

(s · ak−1

n

)j
= O

(
k · ak−1 · s

n

)
(46)

where the last equality uses the fact thats·ak−1

n ≤ 1
2 . Therefore,∣∣∣λ̂(`) − λ̃(`)

∣∣∣ = O

(
1⌊

k
2

⌋
! ·
⌈

k
2

⌉
!
·
(ak−1

n

)k−1
· sk +

k · ak−1 · s
n

)
(47)

Summing this together with the error, denotedγ`, introduced by approximating a sum of binomials with a
Poisson variable, proves the lemma.

In order to prove Lemma 5.6 we need the following lemma concerning multinomial variables, whose
proof is provided in Appendix E.

Lemma D.2 Consider ak-sided die, whose sides are numbered0, . . . , k − 1, where sidè has probability
q` and q0 ≥ 1/2. Let Z0, . . . , Zk−1 be random variables that count the number of occurrences of each
side in a sequence of independent rolls. LetZ ′

1, . . . , Z
′
k−1 be independent random variables, where for

each`, the variableZ ′
` is distributed identically toZ`. Then(Z1, ..., Zk−1) ≈δ4 (Z ′

1, . . . , Z
′
k−1) for δ4 =

O(k(1− q0)2/3).
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Proof of Lemma 5.6.We can writeF` as a sumF` = F
(1)
` + · · ·+ F

(k)
` , whereF

(i)
` is the number of̀ -way

collisions among colors of typei. Since the types are independent, it is sufficient to show that for eachi,
the variablesF(i)

1 , . . . ,F
(i)
k−1 are close to being independent. We can then sum the distances over the types to

prove the lemma.

Let F
(i)
0 denote the number of colors of typei that occur either0 times, ork or more times, in the

sample. The vectorF(i)
0 ,F

(i)
1 , . . . ,F

(i)
k−1 follows a multinomial distribution. It counts the outcomes of an

experiment in whichCi independent, identical dice are rolled, and each one produces outcome` with prob-
ability e−λiλ`

i/`!, for ` ∈ [k − 1], and outcome0 with the remaining probability. On each roll, outcome0
occurs with probability at leaste−λi ≥ 1− λi ≥ 1/2 (recall thatλi = ai·s

n ≤ 1/2).
Lemma D.2 shows that when one outcome occupies almost all the mass in such an experiment, the

counts of the remaining outcomes are close to independent — within distanceO(k · λ2/3
i ). Summing over

all types, the distance ofF1, . . . ,Fk−1 from independent isO
(
k ·
∑

i λ
2/3
i

)
= O

(
k2 ·

(ak−1s
n

)2/3
)

.

E Properties of the Poisson Distribution and Proof of Lemma D.2

We start with some useful properties of the Poisson distribution:

Lemma E.1 1. If X ∼ Po(λ), thenE[X] = Var[X] = λ.

2. If X ∼ Po(λ), Y ∼ Po(λ′) andX, Y are independent, thenX + Y ∼ Po(λ + λ′).

3. The statistical difference betweenBin(m, p) andPo(mp) is at mostp.

4. For λ > 0, the statistical difference betweenPo(λ) andPo(λ + ε
√

λ) is O(ε).

5. The statistical difference betweenPo(λ) andPo(λ′) is at most|λ− λ′|.

Note: Item (5) provides a good bound whenλ is near or equal to 0. In most settings, Item (4) is more
useful.
Proof: Items (1) and (2) can be found in any standard probability text. For Item (3) (and other bounds on
the Poisson approximation to the binomial), see [12] or [15, Boundb1]. To prove item (4), first compute
the relative entropy(also calledKullback-Liebler divergence) betweenPo(λ′) andPo(λ). For probability
distributionsp, q, the relative entropy isD(p‖q) =

∑
x p(x) ln p(x)

q(x) . The statistical difference betweenp

andq is at most
√

2 ln(2)D(p‖q) (see, e.g., [10, Lemma 12.6.1]). IfX ∼ Po(λ + ∆), then the relative
entropy in our case is

D(Po(λ + ε)‖Po(λ)) = E
X

[
ln
(

e−λ−∆(λ+∆)X/X!
e−λλX/X!

)]
= −∆ + (λ + ∆) ln(λ+∆

λ ).

Sinceln(1+x) ≤ x, the relative entropy is at most∆2/λ, and the statistical difference is at most∆
√

2 ln(2)
λ .

Setting∆ = ε
√

λ, we obtain the desired bound.
Finally, to prove Item (5) writePo(λ + ∆) as a sum of two independent Poisson variablesXλ, X∆ with

parametersλ and∆ respectively. Conditioned on the eventX∆ = 0, the sum is distributed asPo(λ). This
event occurs with probabilitye−∆ ≥ 1 − ∆. The statistical difference betweenPo(λ) andPo(λ + ∆) is
thus at most∆, as desired.
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We next repeat and prove Lemma D.2.

Lemma D.2 Consider ak-sided die, whose sides are numbered0, . . . , k − 1, where sidè has probability
q` and q0 ≥ 1/2. Let Z0, . . . , Zk−1 be random variables that count the number of occurrences of each
side in a sequence of independent rolls. LetZ ′

1, . . . , Z
′
k−1 be independent random variables, where for

each`, the variableZ ′
` is distributed identically toZ`. Then(Z1, ..., Zk−1) ≈δ4 (Z ′

1, . . . , Z
′
k−1) for δ4 =

O(k(1− q0)2/3).

Proof: Suppose the die is rolledm times. For each̀ > 1, the number of occurrences of side` is a binomial:
Z` ∼ Bin(m, q`). By Item (3) in Lemma E.1, the difference betweenBin(m, q`) andPo(λ = mq`) is at
mostq`.

ConsiderZ`, conditioned on the values ofZ1, . . . , Z`−1. The distribution ofZ` is still binomial but

has different parameters:Z` ∼ Bin
(
m− S`,

q`
1−Q`

)
, whereS` =

∑`−1
i=1 Zi andQ` =

∑`−1
i=1 qi. We can

approximate this by a Poisson variable with parameterλ′ = (m− S`)
q`

1−Q`
. This approximation introduces

an error (statistical difference) of at mostq`.
Now the sumS` is also binomial, with parametersm, Q`. It has expectationmQ` and variancemQ`(1−

Q`). By Chebyshev’s inequality,S` ∈ mQ`±
√

mQ`(1−Q`)
γ with probability at least1−γ. When this occurs,

λ′ = (m− S`)
q`

1−Q`
= mq`

1−Q`

(
1−Q` ±

√
Q`(1−Q`)

mγ

)
= mq` ±

√
mq` ·

√
q`Q`

γ(1−Q`)
.

Thus,λ′ = λ +
√

q`Q`
γ(1−Q`)

√
λ with probability at least1− γ. The statistical difference betweenPo(λ) and

Po(λ′) is O
(√ q`Q`

γ(1−Q`)

)
, by Lemma E.1, Item (4).

Putting these approximations together: we can replaceZ` by an independent copy of itself,Z ′
`, and

change the distribution on the vector(Z1, ..., Z`) by at mostγ + 2q` + O(
√

q`Q`
γ(1−Q`)

). This is minimized

whenγ = 3

√
q`Q`
1−Q`

. In symbols:

(Z1, . . . , Z`−1, Z`) ≈
O

„
3

r
q`Q`
1−Q`

« (Z1, ..., Z`−1, Z
′
`) .

Now replace theZ`s withZ ′
`s one at a time. By the triangle inequality, the distance between(Z1, . . . , Zk−1)

and(Z ′
1, ..., Z

′
k−1) is at most the sum of the errors introduced at each step. This sum isO(k 3

√
q`Q`
1−Q`

). Since

q0 ≥ 1
2 , the total distance isO

(
k · (1− q0)2/3

)
.
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