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Abstract

We consider the problem of approximating the support size of a distribution from a small number
of samples, when each element in the distribution appears with probability at}—lleasktis problem is
closely related to the problem of approximating the number of distinct elements in a sequence of length
n. For both problems, we prove a nearly lineamiower bound on the query complexity, applicable
even for approximation withdditiveerror.

At the heart of the lower bound is a construction of two positive integer random varidqlesd
X2, with very different expectations and the following condition on the fistomentsE[X,]/ E[Xs] =
E[X2]/E[X3] = ... = E[X¥]/ E[X4]. Our lower bound method is also applicable to other problems. In
particular, it gives a new lower bound for the number of samples needed to approximate the entropy of a
distribution. Another application of our lower bound is to the problem of approximating the compress-
ibility of a string according to the Lempel-Ziv compression scheme.
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1 Introduction

In this work we consider the following problem, which we callSDRIBUTION-SUPPORTSIZE (DS9):

Given access to independent samples from a distribution where each element appears with probability at
Ieast%, approximate the distribution support siZehis problem is closely related to another natural prob-
lem, known as DsTINCT-ELEMENTS (DE): Given access to a sequence of lengtapproximate the number

of distinct elements in the sequendgoth of these fundamental problems arise in many contexts and have
been extensively studied. In statisticsssis known as estimating the number of species in a population
(see the list of hundreds of referenceslin [8]). Typically, the input distribution is assumed to come from a
specific family. DE arises in databases and data mining, for example in the design of query optimizers and
the detection of denial-of-service attacks (see [9, 1] and references therein). Because of the overwhelming
size of modern databases, a significant effort has focused on salgingth particular, efficient classes of
algorithms: streaming algorithms|[2,(4,111], which make a single pass through the data and use very little
memory, and sampling-based algorithims [9, 4], which query only a small number of positions in the input.

This paper looks at the complexity of sampling-based approximation algorithnssfoandbe. To
the best of our knowledge, previous works consider only multiplicative approximations for these problems.
Charikaret al. [9] and Bar-Yossekt al. [4] prove that approximatinge within multiplicative errora
requires(2 (%) queries into the input sequence. This lower bound is tight [9]. Its proof boils down to the
observation that every algorithm requit@s{%) gueries to distinguish a sequencenoidlentical elements
from the same sequence witl? unique elements inserted in random positions. Stated in terms of the
DSs problem, the difficulty is in distinguishing a distribution with a single element in its support from a
distribution with support size, where all but one of the elements have weight. A good metaphor for
the distinguishing task in this argument is finding a needle in a haystack.

This needle-in-a-haystack lower bound leaves open the question of the complerigs @fhen the
support size is a non-negligible fraction of In other words, is it possible to obtain efficieatiditive
approximation algorithms fanssandDe? This work gives a strong lower bound for the sample (and thus
time) complexity of such algorithms. Our techniques also lead to lower bounds on the sample complexity
of approximating the compressibility of a string and the entropy of a distribution. We describe our results in
more detail in the rest of this section.

1.1 An Almost Linear Lower Bound for Approximation with an Additive Error

First we discuss howssandDE are related. An instance afsswhere all probabilities are multiples of
% is equivalent to aDE instance that can be accessed only by taking independent uniform samples with
replacement. Thus, the following problem is a special cagessfand a restriction obe: Givenn balls,
each of a single color, approximate the number of distinct colors by taking independent uniform samples of
the balls with replacement.

It turns out that this restriction afe can be made without loss of generality. In principle, an algorithm
for DE is allowed to make arbitrary adaptive queries to the input. However, Bar-Yossef [3] shows that algo-
rithms that (a) take uniform random samples with replacement and (b) see the input positions corresponding
to the samples, are essentially as good for solagas general algorithms. We strengthen his result to
algorithms that sample uniformly with replacement but@slviousto the input positions corresponding to
the samples. Hence, to obtain lower bounds for lmband generabe, it suffices to prove bounds for the
restriction ofDE above. From this point on we refer interchangeably to the two variarm& and use the
terms “balls” for the positions/samples and “colors” for distinct elements.



Main lower bound. We prove that even if we allow an additive error, so that the multiplicative lower
bound[9[ 4] does not apply, approximating (and henc®ss) requires an almost linear number of queries.
Specifically, n!~°(1) queries are necessary to distinguish an input withcolors from an input withy
colors, for anyd = n°(1). In particular, obtaining additive errgt requiresn! —°(!) samples. In the above
statements and in all that follows, distinguishing meaistinguishing with success probability at le@gs.

Such a strong lower bound for an additive approximation may seem surprising. It is easy to prove an
Q (y/n) bound on the query complexity of approximating with an additive error (recall that we may
assume without loss of generality that the algorithm samples uniformly with replacement): with fewer
gueries it is hard to distinguish an instance witltolors where each color appears once from an instance
with % colors where each color appears twice. In both cases an algorithm takjng) samples is likely
to see only unique colors (no collisions). With(/n) samples, 2-way collisions become likely even if all
colors appear only a constant number of times in the input. In general (it /%) samplesj-way
collisions become likely. Intuitively, it seems that one should be able to use statistics on the number of
collisions to efficiently distinguish an input witfi- colors from an input withg- colors, whered; andds
are different constants. Surprisingly, it turns out that in our case |OOkIth\ﬂIy collisions, for constari
(and everk that is a slowly growing function of), does not help.

1.2 Techniques

Moment conditions and frequency variables. To prove our lower bound, we construct two input in-
stances that are hard to distinguish, where the inputs ffaxnd 3= colors, respectively, and, > d;.

The requirements on the number of colors imply that, unlike in the “needle in a haystack” lower bound
of [9, 4], the instances being distinguished must have linear Hamming distance. Previous techniques do
not apply here, and we need a more subtle argument to show that they are indistinguishable. At the heart
of the construction are two positive integer random variabfgsand X, that correspond to the two input
instances. These random variables have very different expectations (which translate to different numbers of

colors) and manyproportional momentghat is E&ﬁ _ 5&2} co= E%Xk 1} for somek = w(1). The

construction of these random variables proceeds by formulating the problem in terms of polynomials and

bounding their coefficients, and it is the most technically delicate step of our lower bound (see [Section 4).
Let F, be the number of-way collisions, that is the number of colors that appear exdctignes in

the sample. As explained in the discussion of the main lower bound, comptifay small ¢ gives a

possible strategy for distinguishing tvioE instances. Intuitively, we will ensure that this strategy fails for

the instances we construct, by requiring that the expected valGg isfthe same for both instances. To

this end, for each instance bk we define itfrequency variableo be the outcome of a mental experiment

where we choosee@olor uniformly at random and count how many times it occurs in the instance. We prove

that the expectation df, is the same for two instances if their frequency variablegand X, have at least

¢ proportional moments. Thus, the construction mentioned above leads to a pair of instanceg,Vitasre

the same expectation for small valued of

Instances with frequency variables with proportional moments are indistinguishable. Our second
technical contribution is to show that constructing frequency variables with proportional moments is suf-
ficient for proving lower bounds on sample complexity: namely, the corresponding instances are indistin-
guishable given few samples. (This gives a general technique for proving lower bounds on sample complex-
ity: if the quantity to be approximated can be expressed in terms of the distribution of an input’s frequency
variable, then it is sufficient to construct two integer variables with proportional moments for which the
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guantity differs significantly. We illustrate this generality by also deriving bounds for entropy estimation,
discussed in the next subsection.)

To prove a lower bound, it suffices to consider algorithms that have access only histbgram
(Fq,F2,F3,...) of the selected sample. That is, the algorithm is only given the number of colors in the
sample that appear once, twice, thrice, etc. The restriction to histograms was also applied in [7, 6]. The
difficulty of proving indistinguishability based on proportional moments lies in translating guarantees of
equal expectationsf the variables,, to a guarantee aflose distributionsn the vectorgF,, Fo, Fs,...).

The main idea is to show that (a) the varialdfgs..., F;._; can each be faithfully approximated by a Poisson
random variable with the same expectation, and (b) they are close to being independent. The explanation
for the latter, counter-intuitive statement comes from the following experiment: consider many independent
rolls of a biased:-sided die. If one side of the die appears with probability close to 1, then the variables
counting the number of times each of the other sides appears are close to being independent. In our scenario,
side/ of the die (for0 < ¢ < k) occurs when a particular color appedrsmes in the sample. Any given

color is most likely not to appear at all, so side 0 of the die is overwhelmingly likely and the counts of the
remaining outcomes are nearly independent.

The proofs use a technique callBdissonizatiorf14], in which one modifies a probability experiment
to replace a fixed quantity (e.g. the number of samples) with a variable one which follows a Poisson distri-
bution. This breaks up dependencies between variables, and makes the analysis tractable.

1.3 Results for Other Problems

As shown in [18],DE is closely related to the problem of approximating the compressibility of a string
according to the Lempel-Ziv compression scheme (the version_ in [16]). By applying the reductioh in [13],
the lower bound we give fape implies a lower bound on the complexity of approximating compressibility
according to this scheme. The resulting lower bound for compressibility shows that the algorithm given
in [13] cannot be significantly improved.

Furthermore, our lower bound method can be extended to other problems where one needs to compute
quantities invariant under the permutation of the balls and the colors. In particular, as we show in[$ection 7,

2
our method gives a lower bound Qf( n«*-3+o(1) | on approximating the entropy of a distribution over
elements to within a multiplicative factor af. In particular, when is close tol, this bound is close to
2
Q(n?/3). It can be combined with th@ (nz(%?) bound in [5] to giveQ <nmax{2a2 "6aZ=3+0(1) >

2 Main Result

As noted in the introductiorpE with algorithms that sample uniformly with replacement is a special case
of bsswhere all probabilities are integer muItipIesﬂQ.f Hence, Theore@.l, stated next, directly implies
a lower bound fobssas well.

Theorem 2.1 For every sufficiently large: and for everyB < n1/4/\/10g n, the following holds fok =

. 10gn . 1_2 . . .
k(n,B) = M /—log Bl loglognJ . Every algorithm foiDE needs to perform (n k) queries to distinguish
inputs with at least; colorﬂ from inputs with at mos}; colors.

LIt is quite plausible that1 is not the smallest constant that can be obtained.



The next corollary provides an important special case:

Corollary 2.2 For any B = n°("), distinguishing inputs abe with at leastn/11 colors from inputs with at
mostn/B colors requires:'—°(1) queries.

To prove Theorer 2]1 we construct a painafinstances that are hard to distinguish (though they con-
tain a very different number of colors). As mentioned in the introduction, in order to obtain a lower bound
on DE it suffices to consider algorithms that take uniform samples with replacement. The proof is given
in Appendix/A. In Sectiof |4 we construct integer random variables that satisfy the moments condition, as
described in the introduction. Sectiph 5 shows that frequency variables with proportional moments lead to
indistinguishable instances DE. In Sectior] § we prove Theorgm P.1 based on the results from the preced-
ing sections. Finally, in Sectigrj 7 we discuss the application of our techniques to the sample complexity of
approximating the entropy.

3 Algorithms for DE with Uniform Samples

In general, an algorithm fave is allowed to make arbitrary (adaptive) queries to the input. We first establish
that it is enough to consider algorithms foe that sample uniformly at random with replacement. The proof
of Lemmd 3.2 below appears in Appenfik A.

Definition 3.1 (Uniform algorithm) An algorithm isuniform if it takes independent sampl&ith replace-
ment and only gets to see the colors of the samples, but not the input positions corresponding to them.

Lemma 3.2 If everyuniform algorithm needs at leastqueries in order to distinguishE instances with at
leastC; colors fromDE instances with at mosts colors, thereveryalgorithm needs)(s) queries in order
to distinguishDE instances with at least.1 - C; colors frombDE instances with at mosts colors.

4 Frequency Variables and the Moments Condition

This section defines and constructs fitegjuency variableaeeded for the main lower bound, as described in

the introduction. To begin, note that permuting color names in the input (e.g., painting all pink balls orange
and vice versa) clearly does not change the number of colors. Intuitively, all colors play the same role, and
the only useful information in the sample is the number of colors that appear exactly once, exactly twice,
etc. This motivates the following definition.

Definition 4.1 (Collisions and Histograms) Considers samples taken by an algorithm. Arway colli-
sion occurs if a color appears exactf/times in the sample. We denote By, for ¢ = 0,1,--- ,s, the
number of¢-way collisions in the sample. THestogram F' of the sample is the vectdiy, - - - , Fs),
indicating for each non-zeréhow many colors appear exactltimes in the sample.

One can prove that any uniform algorithm foE can be simulated by a uniform algorithm that only sees a
histogram of the sample. (We omit the proof since it follows from the formal argument further below).

To prove our lower bound, we will define a pair DE instances that contain a significantly different
number of colors, but for which the corresponding distributions on histograms are indistinguishable. First,
observe that if the algorithm takes(nl—l/"f) samples, and each color appears at most a constant number



of times, then with high probability né-way collisions occur. Hence, it suffices to restrict our attention

to Z-way collisions for{ < k. Next we consider the following notion, which is closely related4way
collisions: A monochromatic/-tuple is a set of¢ samples that have the same cﬁ]oﬁ we are able to

get similar distributions on the number éftuples (for the two different instances), then we get similar
distributions or/-way collisions. In this section, we show how to construct pairs of instances with the same
expectationsn the number of-tuples, for every < k. (Sectiorj b proves that making the expectations equal
implies that the distributions themselves will be close.) In order to express these expectations concisely, we
define, for each instance oE, a correspondinfrequency variable.

Definition 4.2 (Frequency Variable) Consider an instance @fe with 77 colors. Group colors intdypes
according to how many times they appear in the input: gpaftaction of the colors are of typgand each

of them appears; times. Consider a mental experiment where we choose a color uniformly at random
and count how many times it occurs in the instance. ffeguency variable X is a random variable
representing the number of balls of a color chosen uniformly at random, as described in the experiment.

By definition, Pr[X = a;] = p;. Since, on average, each color appeatsnes,E[X] = > . pja; = d.
Note that for any integer random variatdevhich takes value; with probabilityp;, if the numberg; 7 are
integers, then we can easily constructminstance with frequency variable

Suppose an algorithm takasuniform samples with replacement from an instance wjtieolors as

described in DefinitioHZ. The probability that a particuleuple is monochromatic i$ ; p; 5 (%)K

since there arg; % colors of typei and each gets sampled with probability The expected number of
monochromati@-tuples ins samples is thus

()= (3) = ()i Zret= () -

The last equality holds becaug&X] = d andPr[X = a;] = p;. We will considers for which this
expression goes to 0 whéris at least some fixel. We want to construct a pair of instances such that for
the remaining (which are smaller thah), the expectechumber of monochromatié-tuples is the same.
This corresponds to makin%% the same for both instances. This, in turn, leads to the following condition
on the corresponding frequency variables, which is the core of our lower bound.

Definition 4.3 (Proportional Moments) We say that two random variablé&and X havek — 1 propor-

. . E[X]  EXT E[XY E[Xk1]
tional moments if = e = T = e = — .
EX]  E[X?]  E[X?] E[XkF—1]

We will see in Sectiof |5 that when two frequency variables Have 1 proportional moments, the
corresponding instances are indistinguishable by algorithms that take (roughly) fewezrlth%mamples.
However, we need, additionally, that the instances have very different numbers of distinct colors. This
corresponds to insisting that the frequency variables have different expectations.

Definition 4.4 (Moments Condition) We say that two random variabléand X satisfy the moments

" , . E[X o 5 :
condition with parameters: and B if E[X] > B andX andX havek — 1 proportional moments.

2The relationship between monochromatic tuples and collisions is straightforward: a monochismglicimplies ar?’ way

collision of the same color for sonté > ¢, and conversely aff-way collision implies that there ar(é?[!) monochromati@-tuples
of the same color.



Theorem 4.5 (R.V/'s Satisfying the Moments Condition)For all integersk > 1 and B > 1, there exist
random variables< and X over positive integersy < a1 < --- < aix—1 that satisfy the moments condition
with parameters: and B. Moreover, for these variables = (B + 3)’, E[X] > Band E[X] < 1+ £.

The remainder of this section is devoted to sketching the proof of this theorem. To reduce notation,
all variables pertaining to the first instance in the pair of instances that are hard to distinguish, are marked
by a hat {) and those pertaining to the second, by a tilde Ih statements relevant to both instances, the
corresponding variables without hat or tilde are used.

A~

We begin by giving an overview of the construction and its analysisCLet E[X]/ E[X]. Then the mo-
ments condition (Definitioh 4]4) can be restated&X], E[X2, . .., E[X*~1]) = C-(E[X],E[X?], ..., E[X*"1))
andC > B. Recall that the supports of and X are both contained iHag,...,ax—1}. The main
step in our construction is to set = «’ for an appropriate choice ef. Letp;, = Pr[X = q;], and
7= (po,...,pk—1). LetV denote the&k — 1) x k Vandermonde matrix satisfying ; = (a;). Then the
vector (E[X], E[X?],...,E[X¥~1]) can be represented as the productp. This gives yet another way to
formulate the moments conditioM(C-f;—f;) = 0. For a fixeds, there is a unique (up to a factor) non-zero
vector @ satisfyingV - @ = 0. To obtain probability vector andf from @, we let positive coordinates
u; becomeC' - p; and negative:; become—p;, divided by the corresponding normalization factors. This
defines distribution¥ andX, for eachu.

In the proof we give a lower bound arnin terms oft anda. It implies that it is enough to set= B+ 3.
The main idea behind the analysis is to viéwas coefficients of a polynomial. Lg{t) = t¥ =1 4wy _otF 2+
.. + ug be the unique non-zero polynomial that vanishes.ort, . .., a1, Thenf(t) = [I*=} (t — a').
Because the set of zeros pfs a geometric sequence, it turns out that the coefficienfsatéo grow rapidly,
and this enables us to give a lower boundian

/
X

Proof of Theorem[4.5. Following the overview above, the distributions will be based on the evalua-
tions of certain multivariate polynomials at a particular point. Specifically, for eeryi < k — 1 let
si(y1, - -, yk—1) be theith symmetric function

sy, ue-) = > [Jui 1)

TClk—1] j€T
|T|=i
For example, ift = 4 andi = 2 thensa(y1,...,yx—1) = Y1y2 + v1y3 + y2y3. In general,sp = 1 and
Sk—1(Y1y s Yk—1) = Y1+ - Yp—1-

Let a be some integer that we fix later, and defifg:) aof si(a,a?,...,a"1). Following our previous
examplesz(a) = a® + a* + a®, while s3(a) = a®. In general, as we shall prove in detail(a) is larger
thans;_1 (a) for sufficiently largea.

Consider the polynomiaf (t) = [JF=] (¢t — a’). Itis easy to see thgLF— (—1)" - s5_1_(a) - t. We
construct two distributions from the coefficients fof The supports of the distributions are contained in the
set{1,a,d?,...,a""'}. We define

~ . L |§| f .

Vi, 0<i<k—1 PrR=al]=2{""" i(a)/N(a) for eveni o
0 for odds
~ . f .

Vi, 0<i<k-1 Prk=d]={" _ foreveni .
sk—1-i(a)/N(a) for oddi



et L(k—=1)/2] o at L(k—2)/2]
where N(a) = Y sp195(a) and N(a) = > sp_5 j(a) are normalization factors.
j=0 j=0
We now show that for an appropriate choice of the parametée distributionsX andX satisfy the
second part of the moments condition. et N(a)/N(a)

Lemma 4.6 X andX satisfy: C-E[X]=E[X{] for £=1,...,k—1.

Proof: By definition ofX andX,

C-ER)-EX]=C- 3 ()  Sro1i(a) 3 (i)t - S=1=i@)

0<i<k—1 N(a) 0<i<k—1 N(a)
i even i odd (4)
1 kzzl . vy (1R ,
== (1) sp-1-i(a) - (a")" = = ~f(@)=0. N
N(a) =5 N(a)
The following lemma, proved in Appen(@ B, bounB§], E[X] and the ratio between them.

Lemma 4.7 (1) E[X] <1+ %3 (2) EX]>a—2.

It remains to find, for every3 > 1, ana such tha€[X]/ E[X] > B. By Lemm' EX 1+1/ i

a — 3. Thus, if we taker = B + 3 thenE[X]/ E[X] > B, E[X] < 1+ £ andE[X] > B. ThIS completes the
construction and the proof of Theorém|4.58

5 Indistinguishability by Poisson Algorithms

Even though uniform algorithms are much simpler than general algorithms, they still might be tricky to
analyze because of dependencies between the numbers of balls of various colors that appear in the sample.
Batu et al. [5, conference version] noted that such dependencies are avoided when an algorithm takes a
random number of samples according teassondistribution. The Poisson distributid?o(\) takes on the

valuez € N with probabilitye*\? /z!.

Definition 5.1 We call a uniform algorithnPoisson-s if the number of samples it takes is a random vari-
able, distributed ao(s).

To prove a lower bound fapk, it is sufficient to consider Poisson algorithms that get only the histogram of
the sample as their input. This is justified by Lenima]D.1 (see Appéndix D). Intuitively, a Poisson algorithm
can simulate a general algorithm with only a small loss in parameters.

As we explained, we prove Theorém|2.1 by constructing a pair of instances that are hard to distinguish.
They correspond to the pair of frequency variables satisfying the moments condition that we constructed in
the proof of Theorer 4]5. Definiroe instances based on frequency variables is straightforward if we make
an integrality assumption described below. Specificallyifos 1 letay < a1 < ... < ai_1 be integers,
and letX be a random variable over these integers WitfX = a;] = p;. ThenE[X] = Zf;ol Di - a;.



Based orX, we define aDE instanceDx of lengthn (that is a string inn|™) that contain% colors. For
i =0,...,k—1, Dx contalnsE[pl] colors oftype i, where each color of typé appears:; times. See
Appendl for a general treatment, without the assumptlongﬁ?us an integer.

Our next maip building block in the proof of Theor¢m|2.1, is the theorem stated below. It shows that if
two distributionsX, X over integers havé — 1 proportional moments, then the corresponding instances of
DE, Dy and Dy cannot be distinguished by a Poisson algorithm that looks only at histograms and uses fewer
than about! % samples. In fact, the bound is more complicated, since it depends on how the maximum
value,ay_1, in the support oK andX varies as: increases.

Theorem 5.2 (Distinguishability by Poisson Algorithms) LetX, X be random variables over positive in-
tegersag < a1 < ... < ax_1 Which havdc — 1 proportional moments. For anjoisson algorithm A that
looks only at hlstograms and takes< 5 samples in expectation,

nk

Sk
Pr{A(Dg) = 1] - Pr[A(Dg) = 111 -0 (k?ai/i( )”ZM.ag—;_l) .
21" 21

The generality of this bound is required to prove Thedrer 2.1. However, the following corollary is sufficient
to show that additive approximations foE require a near-linear number of samples, and it is considerably
simpler to read.

Corollary 5 3 LetX andX befixed (w.r.t. n) random variables which have— 1 proportional moments. If
s=o(n'" ) then for any Poissor-algorithm A, we havePr[A(Dg) = 1] — Pr[A(Dg) = 1]| = o(1).

We now turn to proving Theorefn $.2. Recall that two random varialilesndY” over a domainS
havestatistical difference if maxg g |Pr[X € S'] — Pr[Y € S']| = §. Equivalently, for every algorithm
A, |[PrlA(X) = 1] = Pr[A(Y) = 1]‘ < 6. We write X = Y to indicate thatX andY have statistical
difference at mosi.

For¢=0,1,...,s, letF, be arandom variable representing the numbéerwéy collisions a Poissos-
algorithm sees (recall Definiti.l), and fet= (Fy1, Fo, F3...) be the corresponding histogram. We can
restate Theore@.Z in terms of histograms:

ence between the hlstograr(rl'sl, Fo,Fs, ... ) and(Fl, Fo, F3, ...) s at most

2 2/3 (8\%/3 k 1 S
0] (k’ a,%l (ﬁ) + m . akfl . nk_1> .
For the remainder of this section, ass
lemmas, proved in Appendix|D. Leml@ 5 states thaty collisions are very unlikely fof > k, whens

is sufficiently small. Lemmp 516 shows that for both instances, the distribution on histograms is close to the
product of its marginal distributions, that is, the components of the histogram are close to being independent.
Finally, Lemm@ shows thatway collisions have close distributions foE instancesDg and Dy .

Lemma 5.5 For both distributions, the probability of a collision involvirkg> 1 or more balls is at most

k—1 k
Qg1 S8
(51:O< i 'nk1>'




Lemma 5.6 For both distributions,Fy,...,F;_; are close to independent, that i€1,...,Fr_1) ~s,
(Fi,...,F._,), where the variableB/ are independent, for eachthe distributions of, andF} are identi-

cal, andd, = O (k?*- (%)2/3).

k-ak,l-s_’_ 1 '_(ak,l

w T e

The fact thatk and X have proportional moments is used in the proof of Le 5.7 (the other two
lemmas hold as long as tlhg's are bounded). The main idea of the proof is to approxirhatey a Poisson
random variable with the same expectation, and show that the moment conditions implyahet, have
similar (though not equal) expectations. The proof is quite technical (see Apgpendix D). However, given the
three lemmas above, we can easily prove the main result of the section:

Proof of Theorem[5.4. The proof follows by a hybrid argument. Consider a chain of distributions “be-
tween” the two histograms of Theorém15.4. Starting from the “hat” histogram, we first replace all counts of
collisions greater thah by 0, and then replace each coéptvith an independent copﬁ/g for¢ e [k—1], as

in Lemmg 5.5. Next, change eaEpwith a corresponding;. Finally, replace these independéis with

the real, dependent variablesand add back in the counts of the collisions involving more thaariables

to obtain the “tilde” histogram. The resulting chain tias$ 3 steps. By the triangle inequality, we can sum
these differences to obtain a bound on the difference between the two histograms. In symbols, the chain of
distribution looks as follows (wher&, 63 andd, are as defined in Lemmps H.5,]5.7 5.6, respectively):

k-1 . -
Lemmab.7 Letds = O ( ) . sk>. ThenkF, ~;, F,for ¢ € [k —1].

A

(F17"'7|ek‘717|%k7"') ~s, (Iel,...,lek,l,o,...)z@ (IA:’l,...,Aﬁgfl,O,...)z(;B (lEll,...,Azfl,O,...)
IN: ~ ~

%53 %53 ( ’1,...,~§€71,0,...) %52 (Fl,...,ﬁk_l,o,...) %(51 (Fl,...,ﬁk_l,ﬁk,...)
The total statistical difference isat most2 - 61 +2-d2 + (K — 1) - d3
oL, (akfl)k_l.skz_‘_kQ' (ak—1‘8)2/3+k' k-ap_i-s N k _ (akfl)k_llsk
H A " CREING

The first and third terms are negligible given the others. Removing them yields the claimed bdlind.

6 Proof of Main Lower Bound (Theorem 2.1)

We now prove the main lower bound (Theorjem 2.1) by combining the construction of distributions satisfying
the moments condition (Theorgm }.5) with the bound on distinguishability by Poisson algorithms (Theo-
rem[5.2) and the reductions to Uniform algorithms (Lenimé 3.2), and to Poisson algorithms (Lenima D.1).
Recall that our goal is to give a lower bound on the number of queries required for a general algorithm
to distinguish inputs with at least/11 colors from inputs with at most/B colors (for B > 11). By
combining Lemmag D]1 arjd 3.2 it suffices to give a lower bound for a Poissors algorithm that uses
only the histogram of the samples and distinguishes inputs with at%l%asiolors from inputs with at most
n/B colors (the main source of loss is Lemma] 3.2). Details follow.
Let X andX obey the moments condition with parametgrand B, and letDg and Dy be the corre-
spondingDE instances. By Theore@.S these instances have atriéast 1) > 12n and at most/B
colors, respectively. (Here we continue to assume for simplicityffatis an integer for alf and both dis-
tributions.) We now turn to bounding the statistical difference of the corresponding histogram distributions.



Consider any Poisson algorithrhthat looks only at histograms and takesamples (where the choice
of 5 rather tharns samples is made for the convenience of the analysis). Recall that Theofem 4.5 stated that
there existX andX such thaia;,_; = (B + 3)F~! < (B + 3)¥, so we may assume that this is in fact the
case. By substituting this bound in Theorem 5.2, we get:

2/3 k(k—1) . .k
B (B +3)k. k (B +3) -8
) =g =] =0 (1 () et G
(5)
We setk ands as functions ofB so that the error term in Equatiop] (5) is bounded from above(ky.
. . . _ q _ ]og(n) _ 1—2
Given B, defineq by the equalityB = log(n)?. Setk { (q+1)10glog(n)J , ands Ln '“J To ensure
logn

s > 1, we need: > 2, so we restricy to be0 < ¢ < gy5:555 — 3- In particular,B is bounded from above

by ni/\/log n. To make the calculations easier assume ﬂna{ 16, so thatk < /logn. We handle the
two summands in Equatiof](5) separately. By substituting, and B as set above in the first summand,

2/3
k2 (%) , it can be shown that it is upper-boundedbys V1eslog(m)log()  The second summand,

Hk[ 7 (B+3):<’“1 Us* is upper-bounded by~ Vioglog(n) log(n) gy Equatloni) and these two bounds,
2

Pr[A(Dg) = 1]—Pr[A(Dyg) = 1] ‘ = ( 95V loglog(n ”Og(")) This completes the proof ofTheor.Z 1.

7 A Lower Bound for Approximating the Entropy

The following problem was introduced by Bagtial.[5]. Letp = (p1, ..., p,) be adiscrete distribution over
n elements, wherg; is the probability of theth element. Given access to independent samples generated
according to the distributiop, we would like to approximate its entropﬁ( ) =—>_", pilogp;. Batuet

al. showed how to obtain am-factor approximation in time <n a? ) provided that (p) = Q (%) They

also proved a lower bound 6f (nﬁ> that holds even wheH (p) = Q (IOO%) (Without a lower bound
on H(p), the time complexity is unbounded.)

2 1
Here we use our technique to obtain a lower boundlcé‘nfmz’—%o(l)), improving on the2 <n272>

lower bound for relatively smatk. Whena is close tol, the bound is close ta®/? (rather tham!/2).

We first provide a different construction of random variables that satisfy the moments condition (Defini-
tion[4.4) for the special case bf= 3. This much simpler construction gives random variables with support
on smaller integers than the more general construction in Thgorém 4.5, leading to better bounds.

Lemma 7.1 (R.V.'s Satisfying the Moments Condition withk = 3) For all integers B > 1, there exist
random variables< and X overay = 1,a1 = 2B, ag = 4B — 2 that satisfy the moments condition with
parameters3 and B. Moreover, for these variableg[X] = 2 andE[X]| = 2B.

Proof: SetPr[X = ag] = 1 — Ty Pr[X = a1] = 0, Pr[X = ay] = s andPr[X = qg] =
0, Pr[X = a1] = 1, Pr[X = ay] = 0. By definition of X andX, E[X] = 2, E[X?] = 4B, while E[X] = 2B

21 _ 42 E[X] E[X?] _ E[X?]
andE[X?] = 4B sothatE[X]_B, and EX BN , as required. W

10



The two distributions and their entropies. Similarly to what was shown in Sectign 5, given the two
random variableX and X, define two distributions over elements (or, more precisely, two families of
distributions). One distribution, denotgg, has support o - 4B—1 alements of Weigh% each and; - 431—_3

4B-3

elements of weighf% each. The second distribution, denofsd has support og; elements of weight

% each. As stated above, we can define two families of distributiﬂgandF~, respectively, where we
allow all permutations over the names (colors) of the eIementsD&ejenote the uniform distribution over
Fy, and letD; denote the uniform distribution ovet;.

Let B = B(n) be of the formB = n!~# for 3 < 1. Then the entropy of each distribution ¥y is

2B—2 2B-1

Blogn, and the entropy of each distributiong is ;2= -log n+ 75=5 -log ;5, which is lower bounded

by

# log n — 1 by our choice ofB. Thus, the ratio between the entropieé@? —o(1).
While Theoren| 5]2 was stated for the distributions on strifgg,and Dy, and any algorithm that

takes uniform samples from an input string of lengthit is not hard to verify that it also holds for the
distributionsD;Z andDg( and any algorithm that is provided with samples from distributions owements.

Sincek = 3 anday = 2n'~?, in order to distinguish the two distributions it is necessary to observe
2/3 2
9) <(") ) = Q (n?%/3) samples. In other words) (n?%/3) = Q <n6a2—3+0<1>> samples are required

az

for a = (w / % — o(l))-estimating the entropy.

Acknowledgments. We would like to thank Oded Goldreich, Omer Reingold and Ronitt Rubinfeld for
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A Algorithms for DE with Uniform Samples

In this section we show that restricted algorithms that take samples uniformly at random with replacement
are essentially as good foE as general algorithms.

First, consider algorithms that take their samples uniformly at ransithout replacemerftom [n]. The
following lemma, appearing in Bar-Yossef’s thesis [3, Page 88], shows that such algorithms are essentially
as good for solvingE as general algorithms.

Lemma A.1 (J3]) For any function invariant under permutations of input elements (ball positions), any
algorithm that makes queries can be simulated by an algorithm that takesamples uniformly at random
without replacemerdind has the same guarantees on the output as the original algorithm.

The main idea in the proof of the lemma is that the new algorithm, given impuwan simulate the old
algorithm onr(w), wherer is a random permutation of the input, dictated by the random samples chosen
by the new algorithm. Since the value of the function (in our case, the number of colors) is the same for
andr(w), the guarantees on the old algorithm hold for the new one.

Next, we would like to go from the algorithms that sample uniformigthout replacemento the ones
that sample uniformlwvith replacemenand find out the corresponding color, but not the input position that
was queried. Bar-Yossef proved that for all functions invariant under permutations, algorithms that take
O(y/n) uniform samplesvithout replacementan be simulated by algorithms that take the same number of
sampleswith replacement The idea is that with so few samples, an algorithm sampdiitg replacement
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is likely to never look at the same input position twice. To prove a statement along the same lines for

algorithms that take more samples, Bar-Yossef allows them to see not only the color of each sample, but
also which input position was queried (this allows the algorithm to ignore replaced samples). One can avoid
giving this extra information to an algorithm fae, with a slight loss in the approximation factor. Recall

that we call an algorithnaniform if it takes independent samplesth replacement and only gets to see

the colors of the samples, but not the input positions corresponding to them.

LemmaA.2 Leta = a(n), such thaty/0.1 - o > 1. For every algorithmA that makess queries, and
provides, with probability at Ieas%, an approximation fomE that is within a multiplicative factor of
at most(1/0.1 - ) from the correct value, there is @niform algorithm A’ that takess samples and and
provides, with probability at Ieas%, an approximation foDE that is within a multiplicative factor of at
mosta from the correct value.

A rephrasing of Lemmp A]2 (using a few details concerning the reduction in the proof of the lemma) gives
us Lemma 3.

Proof of Lemma|A.2. Conduct the following mental experiment: let algoritbthgenerate an instance of
DE by takingn uniform samples from its input and recording their colors. If thereCare C'(n) colors in
the input of A’, the generated instance will have at méstolors. However, some of the colors might be
missing. We will show later (see Cla. 3 withset ton) that with probability> at least.1 - C colors
appear in the instance. That is, with probab|My4, the instance generated in our mental experiment will
have between.1 - C andC colors. WhenA is run on that instance, with probability i 13 itwill output an
answer betweeFf\;m =40.1- % andy0.1-a - C. Thus, if A’ runsA on this instance and multiplies its

answer byy/10, it will get an a-multiplicative approximation t&' with probability> 1 — § — 5 > %, as
promised. The final observation is that since each color in the instance is generated indepedteatly,
run A on that instance, generating colors on demand, resultingamples instead of. W

Claim A.3 Lets = s(n) < n. Thens independent samples from a distribution with= C'(n) elements,
where each element has probabilt_&y%, yield at Ieastl% distinct elements, with probability %

Proof: Fori € [C], let X; be the indicator variable for the event that calds selected irs samples. Then
X = Y% X; is a random variable for the number of distinct colors. Since each color is selected with
probability at Ieast,l; for each sample,

C s s
X = ; E[X;] > C (1 - <1 - i) ) > C (1 - e—<8/n>) >(1- e—l)%. (6)

The last inequality holds because- e=* > (1 — e~ 1) -z for all z € [0, 1].

We now use Chebyshev’s inequality to bound the probability #ha far from its expectation. For any
distinct pair of colorg, j, the covarianc&(X; X;) — E(X;) E(X}) is negative (knowing that one color was
not selected makes it more likely for any other color to be selected). Sins@ sum of Bernoulli variables,
Var[X] < E[X]. For any fixed,

Var[X] 1
< < — > (1-— < < :
Pr(X <JEX]]<Pr[|X —E[X]| > (1-0)E[X]] < (T 0)EX]Z = 01— 02EX] (7)
Set§ = 3 — \/§. If E[X ] > 2, then by EquatlonsDE] 6), with probability 3, variable X >
SE[X] > 0(1 — ) > 1077 as stated in the claim. Otherwise, that isEjiX| < (1_45)2, Equation )
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implies that( 52 > 6(1— e—l)os Substituting — /8 for § givesl > 15 In other words, the claim for
this case is that at least one color appears among the samples, WhICh clearly, always iblds.

B Proof of Lemma 4.7
We first restate Lemnia 4.7.
Lemma (1) EX] <1+ %_3 2) EX] >a—2.
In order to prove Lemmia 4.7 we shall need the following upper bound on the valyg@ipf

Lemma B.1 We have the following bounds on th&a)’s:

1. sp_i1(a)/a < sg—2(a) < sg—1(a)/(a—1).

2. Forevery3 <i < k — 1, we have that,_;(a) < sp_1(a) - ﬁ
al 2 J(a—1)i-1

Proof: By the definition ofs;(a) we get that

si(a) = si(a,a®,....a") = > [] ®)
TClk— 1 JjeET
|T|=i
k—1 4 '
- (@) > e ©
j=1 TClk—1] j&T
|T|=i
= sp-1(a)- > [Ja? (10)
TClk-1] j&T
\T\*‘

= s Y, Jle (11)

RCk 1] JER
|Rl=k—1—i

sk—2(a) = sp—1( (Za]>

1 (k:l )
- < —J
<2
J=1
the first part of the lemma follows.

We now prove the second part of the lemma. By Equafipn (8), it suffices to prove that

_ 1
NN R
RC[k— 1] JjER 2 J(a—1)
|R|=i

In particular we get that

Since
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> Il -

RClk— 1] JER
|R|=1

i—1
11 aﬂ) (12)

1<]1<]2< <ji—1<k—11=1

) el
< qJ1—d2 . < a_€> (13)
1<j1<]2<k’ 1 =1

k—1 j B 1 } | 5] .
) JZ:; (a—1y2lF] (14)
| & | |5

) (a— 1)“-2L%J 2 ;(9 —1)-a J) (15)

T a—1t2lEF] |2 da (Jz;“ ])] (16)
1 1 d 1 \1L7

(a2l | 2 da <a 1 a)] (17)
1 (1 1 1\1=F

- (a —1)i120'F] 12 <(a—1)2 - Cﬂ)} (18)

- (a —1)i120'F] ' (a(a — 1)2) (19)

< =T, (20)

alz J(a — 1)1

Equation [(IR), which is the main step in the above sequence of equations, is obtained by pairirg-up all
indices (but at most), and ignoring the constraint that the pairs should be distiniR.

Proof of Lemma. By definition ofX,

i = '
EX = o i > se_1-g5(a)a” (21)
a =0
L(k=1)/2] 2
1 a*’
< N(@) . Sk—l(a) . (1 + ]Z::l M) (22)
1 [(k—1)/2] 1
< 0 “sp_1(a)- | 1+ 2 (a—2) (23)
1 1
< R(a) -sp-1(a) - <1+a_3> (24)
< lhte (25)
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In order to lower-boundt[X], we upperboundl(a). Recall that

k-2
N@@)= > siag(a).

J=0

By the second item of Lemnja B.1 we have that

se1(a) L(k—2)/2]
N(a) < % + 81 2 TGy e (26)
< sk-1(a)- <a i 1 + @=1). (a(la 1 1)> < sp—1(a)/(a —2). (27)
Therefore, @ @
~ Sp—o(a) - a Sp—o(a) - a
E[X] > Ri(a) @)/ (a=2) >a— 2. (28)
|

C Defining Instances ofbe Based on Integer Random Variables

In order to prove Theore@ 1 we will construct a pairoe instances based ok andX (as defined in
Theore@) For any given length we would like to find instances whose frequency variables are
exactlyX andX. This may not always be possible since the probabilities may not be multlpﬂeslm;tead

we choose instances that approximate the desired frequency variables; for thiges sufficient. For every
variableX and lengthn, we define a corresponding instanog.

Definition C.1 (The InstanceDx) Letay < a1 < ... < ax_1 bek > 1 integers, and leX be a random
variable defined over these integers whegX = a;] = p;, so that in particularE[X] = Zf;ol pi Q.
Based orX, we define a@E instance of length (that is a string in[n]™) that containsiMx colors, where

My = Zf:‘ol V&]J +n— Ef:ol L”&]J a;. (Note that |f€[p>g] is an integer for every then My = ﬁ.)

Fori=0,...,k—1, Dx contalnslg&ﬂ colors oftype i, where each color of typeappearsa; times. In

addition, there arer, — Zi:_o {E‘[’;{]J - a; colors that appear once each.

The names and order of the colorsiilx are unimportant. For concreteness, assign labels from/fo
in increasing order of the number of times each color appears, and arrange the symbols in order of their
color names in the string.

Note that because it is sufficient to prove lower bounds for algorithms that sample uniformly at random,
and look only at thénistogramof the colors appearing in their sample, we do not care about the labels or
order of colors in the instances we construct — the algorithms we care about are oblivious to them.

D Indistinguishability by Poisson Algorithms

Batuet al.[5], conference version] proved a variant of the following lemma in the context of entropy estima-
tion of distributions. However, the statements and the proofs also apply to estimating symmetric functions
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over strings and, in particular, me. Recall that we call a uniform algorithm Poisseiifthe number of
samples it takes is a random variable, distributeB&s).

Lemma D.1 (following conference version of/[5])

(a) Poisson algorithms can simulate uniform algorithms. Specifically, for augifgrm algorithm A that
uses at mos§ samples, there is a Poissaralgorithm A’ such that for every inpub, the statistical
difference between the distributiogw) and A’ (w) is o(1/s).

(b) If the input toDE containsb balls of a particular color, then the number of balls of that color seen
by a Poissors algorithm is distributed a:Po( ). Moreover, it is independent of the number of
balls of all other colors in the sample.

(c) For any function invariant under permutations of the alphabet symbols (color names), any Poisson
algorithm can be simulated by an algorithm that gets only the histogram of the sample as its input.
The simulation has the same approximation guarantees as the original algorithm.

The independence of the number of occurrences of different colors in the sample (Part (b) above) will
be very useful in analyzing the distributions seen by the algorithm.

We now prove the three intermediate lemmas used in the proof of Théorem 5.4. In Agpendix E we state
some properties of the Poisson distribution, which we use in these proofs. Recall that we consider inputs

with C; = { [X]J colors of typei, fori = 0,...,k — 1, where each color of typeappears:; times, and

with Cp, = n — Zf;ol LS[Q]J - a; additional colors that appear once each. We say that’th#eft-over”
colors are of type:, and definen;, = 1. Note thatC}, < Zf;ol a; (sinceE[X] = Zf;ol p; - a; and so
k—1 p;
n=2 0 k] i)
The independence of the number of different colors (see Lemnja D.1(b)) makes it easy to understand the
distribution on the number dfway collisions. For a color that appearstimes in the input, the number of
balls of that color in the sample is distributed accordindtd(\;), where); = %=, The probability that

. . . ALy
this color appears exactlytimes in the sample ig;e A,

Proof of Lemmal5.5. Consider any partlcular color of type The probability that the algorithm seés

or more balls of that color i®r[Po();) > k] < Z&. Summing over all colors (according to types), we can
bound the probability that some color appehm more times by:

k

zkgc?; - ZC a () (29)
- nk I <: o Ckﬂa£> (30)
< <:: B+ ) (3D)
- ( . ag % (32)
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where we have used the fact that= 1, C). < n, andz 0 pla < ag % EX]. W

Proof of Lemmal5.7. Observe thak,, the number of-way collisions, is a sum of independent Bernoulli

random variables, one for each color, with probabiﬁtye‘% : (%)1Z of beingl if the color appearedtimes
in the input. Hence, the number 6fvay collisions is a sum of independent binomial random variables, one

for each type. That s,
—)\ )\Z
Fp ~ ZBm < > , (33)

whereBin(m, p) is the number of heads in a sequenceroindependent coin flips, each of which has
probability p of heads.

Whenp is small, the Poisson distributioBo(A = pm) is a good approximation t®in(m, p); the
statistical difference between the two is at megsee Lemma E|1, Item (3)). Since the sum of independent
Poisson variables is also a Poisson variable (see Ldmma E.1, Item (2)),

k

14
F¢ ~, Po <W> => G- 276"%) (34)

i=0
where . i
e i)t k-ap_q1-s
< E L < g N < ——— 35
b i=0 ¢ a i=0 a n (%

In the last equality we have used the fact that= 1 anda; < ai_; for everyi < k — 1.

To bound the statistical difference betwegenandF, from above, it is enough to bound the difference
betweem\() andA(?), since the statistical difference between(A\()) andPo(A(?)) is at mosiA(®) — X0
(see Lemma E[1, Item (5)).

)\]

. k—4¢
Substituting® - s for \; and using the fact that > = Y50~ (=1)7 - 5 + (-1 . O <(2 5 >

(where we defin®! = 1) we get that

=
A0 = LS (36)
i
where A
0+j .
o _ i 10s s
T 7(_1)J.E.W.ZCZ.%J (37)
=0
foro<j<k—-/¢-1,and
k
7, = (-1)F*. 0 L8 S gt (38)
e = GO G 2 G
=0
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For eachy, 0 < j < k — ¢, we have that

st F i i (L e+
o A
P 'Zol % = nfﬂ Z {E[XJ + G (39)
=0 1=0
gl+i 1kt gt+i kol
S hT EX sz % it Zal (40)
l+j E{xZ+J gty
S
= i1 ne+g Z‘“ (41)
and similarly
i F _ tj o (L
s o S t+j
e - (X J‘ vl @
=0 1=0
O+j 1 G+j k=l
S é—i—y 8 L+
2 R 4 T (43)
i=0
; k-1
B ax . E[Xfﬂ] B ax ‘ i (44)
T optti-1 E[X] ntti — i
1=

The moment condition oX andX states tha% E[é%j]

— i k Xk k

R . 1 J S E[X®] E[X"]
0 _ 30| = il i .m

‘)‘ A ‘ 0 0 Z ntti Z + k 0 pk-1 ax{ E[X] " E[X

‘77

forj=0,...,k—£¢—1. Thus,
E[X*]

} (45)
EX]

L gb+i - yy S-ap_1\* Rt S ap_1\J k-ap_1-s
B e s g (T e T () o (Ret)
j=

where the last equality uses the fact tﬁ'&% < % Therefore,

3O 50| = Lo (ma ) g R
AT A ‘_O<m!.m! (n> st + - (47)

2 2

The ratio=r is at most(a;_ )", the expressio%(klj)! is maximized fort = | £, and

Summing this together with the error, denotgdintroduced by approximating a sum of binomials with a
Poisson variable, proves the lemmdll

In order to prove Lemmpa 5.6 we need the following lemma concerning multinomial variables, whose
proof is provided in Appendix]E.

Lemma D.2 Consider ak-sided die, whose sides are numbeted. . , k — 1, where side has probability
geandqy > 1/2. LetZ,...,Z;_1 be random variables that count the number of occurrences of each
side in a sequence of independent rolls. K&gt. .., Z, , beindependent random variables, where for
each/, the variableZ; is distributed identically taZ,. Then(Z, ..., Z_1) ~s, (Z1,...,2Z;_,) for é4 =
O(k(1 — q0)**).
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Proof of Lemma 6.We can writeF, as a sunt, = F(I) 4+t ng), whereF(i) is the number of-way
collisions among colors of type Since the types are mdependent it is suff|C|ent to show that foreach
the varlablest:(1 ), ce Fl 11 are close to being independent. We can then sum the distances over the types to

prove the lemma.

Let F(i) denote the number of colors of typehat occur eithef times, ork or more times, in the
sample. The vectolF(l) F(Z) ...,FEQI follows a multinomial distribution. It counts the outcomes of an
experiment in whlctC mdependent, identical dice are rolled, and each one produces oufaaitieprob-
ability e=*\¢/¢1, for ¢ € [k — 1], and outcomé with the remaining probability. On each roll, outcorie
occurs with probability at leagt™: > 1 — \; > 1/2 (recall that\; = s <1/2).

Lemma[D.2 shows that when one outcome occupies almost all the mass in such an experiment, the
counts of the remaining outcomes are close to independent — within dlstlim:cexw‘?) Summing over

all types, the distance &, . .., F,_; from independent i©) (k: > >\2/3) @) (k:2 (“k;15)2/3). [

E Properties of the Poisson Distribution and Proof of Lemma D.2
We start with some useful properties of the Poisson distribution:

LemmaE.1 1. If X ~Po()), thenE[X] = Var[X] = A
2. If X ~Po(N),Y ~ Po(XN)and X,Y are independent, theN + Y ~ Po(\ + ).
3. The statistical difference betwe&in(m, p) andPo(mp) is at mostp.
4. For \ > 0, the statistical difference betweétv()\) and Po(\ + ev/\) is O(e).

5. The statistical difference betwe®oa(\) andPo()\’) is at mostA — ).

Note: Item (5) provides a good bound wharis near or equal to 0. In most settings, Item (4) is more
useful.
Proof: Items (1) and (2) can be found in any standard probability text. For Item (3) (and other bounds on
the Poisson approximation to the binomial), see [12] of [15, BayihdTo prove item (4), first compute
the relative entropy(also calledKullback-Liebler divergendebetweenPo()\’) andPo(\). For probability
distributionsp, ¢, the relative entropy i€ (p||q) = >, p(z)In p(@ g The statistical difference between
andq is at mosty/21n(2)D(p||q) (see, e.g., [10, Lemma 12.6.1]). X ~ Po(A + A), then the relative
entropy in our case is

e—/\—A X |
D(Po(A+€)[Po()) = E [In (2G5 | = —A+ (A +2)n(X52).

Sinceln(1+1x) < z, the relative entropy is at moAt? /), and the statistical difference is at mcﬁs«;/ 2 11;(2) .

SettingA = ev/\, we obtain the desired bound.

Finally, to prove Item (5) writd’o(\ + A) as a sum of two independent Poisson variabigs X A with
parameters. and A respectively. Conditioned on the eveXit, = 0, the sum is distributed d3o(\). This
event occurs with probability™® > 1 — A. The statistical difference betwe&w()\) andPo(\ + A) is
thus at most\, as desired. H
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We next repeat and prove Lemina P.2.

Lemma|D.2 Consider ak-sided die, whose sides are numbefed. . , k — 1, where side has probability
geandqy > 1/2. LetZy,...,Z;_1 be random variables that count the number of occurrences of each
side in a sequence of independent rolls. Kgt..., Z, , beindependent random variables, where for
each?, the variableZ, is distributed identically taZ,. Then(Zi, ..., Zy_1) ~s, (Z1,...,Z;_;) for 04 =
O(k(1 — q0)*/%).

Proof: Suppose the die is rolled times. For eacl > 1, the number of occurrences of siélss a binomial:

Zy ~ Bin(m, g¢). By Item (3) in Lemma E]1, the difference betweBim(m, ¢;) andPo(A = mgq,) is at
mostq;.

ConsiderZ,, conditioned on the values &, ..., Z,_;. The distribution ofZ, is still binomial but
has different parametersl, ~ Bin (m — Sy, %) whereS, = Zf;ll Z;andQ, = Zf;ll q;- We can
approximate this by a Poisson variable with paramgter (m — Sy) 136
an error (statistical difference) of at magt

Now the sumS; is also binomial, with parameters, ;. It has expectatiom@), and variancenQ(1—

Qv). By Chebyshev’s inequality, € mQ,+ M with probability at least —~. When this occurs,

N = (m_ SZ) l_qégé — lTiquze (1 Q + /Qé(rln Q£)> — mqeﬂ: F %ZQCSZ)

Thus,\ = X\ + (‘”Q’f v\ with probability at least — ~. The statistical difference betwe®o(\) and

Po(X)is O( (quf , by Lemm' Item (4).
Putting these approximations together: we can replcby an independent copy of itself), and

change the distribution on the vectdfy, ..., Z,) by at mosty + 2q, + O( W(‘{Z_QQ‘ZZ) ). This is minimized

wheny = {/{£Z . In symbols:

(Zl,...,Zg_l,Zg)’&:’ NPy (Zl,...,Zg_l,Zé) .
o)

Now replace theZ;s with Zs one at a time. By the triangle inequality, the distance betW&en .., Z;_;)
and(Z{, ..., Z;_,) is at most the sum of the errors introduced at each step. This sOit:i ‘”Qe 5;)- Since
qo > 1, the total distance i® (k - (1 — ¢9)*/%). M
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