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Abstract

Property testing dealswith tasks where the goal is to distinguish betweenthe casethat an
object (e.g., function or graph) has a prespeci ed property (e.g., the function is linear or the
graph is bipartite) and the casethat it diers signicantly from any suc object. The task
should be performed by observingonly a very small part of the object, in particular by querying
the object, and the algorithm is allowed a small failure probability.

One view of property testing is as a relaxation of learning the object (obtaining an approxi-
mate represeration of the object). Thus property testing algorithms can sene asa preliminary
stepto learning. That is, they can be applied in order to select,very e cien tly, what hypothesis
classto usefor learning. This survey takesthe learning-theory point of view and focuseson re-
sults for testing properties of functions that are of interest to the learning theory community. In
particular we cover results for testing algebraic properties of functions suc as linearity, testing
properties de ned by conciserepresenations, sud as having a small DNF represeration, and
more.
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1 Intro duction

Property testing [RS96 [IGGR9§] is the study of the following classof problems.

Given the ability to perform (local) queries concerning a particular object the problem
is to determine whetherthe object has a predetermined (glokal) property or diers sig-
ni c antly from any object that has the property. In the latter case we say it is far
from (having) the property. The algorithm is allowed a small prokability of failure, and
typically it inspects only a small part of the whole object.

For example, the object may be a graph and the property is that it is bipartite, or the object may
be a function and the property is that it is linear. It is usually assumedthat the property testing
algorithm is given query accessto the object. When the object is a function f the queriesare of
the form: \what is f (x)?", while if the object is a graph then queriesmay be: \is there an edge
betweenverticesu and v or: \what vertex is the i'" neighbor of v?". In order to determine what
it meansto be far from the property, we needa distance measurebetweenobjects. In the caseof
functions it is usually the weight accordingto the uniform distribution of the symmetric di erence
betweenthe functions, while in the caseof graphsit is usually the number of edge modi cations

divided by someupper bound on the number of edges.When dealing with other objects (e.g., the
object may be a set of points and the property may be that the set of points can be clusteredin a
certain way) one hasto de ne both the typesof queriesallowed and the distance measure.

1.1 Prop erty testing as relaxed decision

Property testing problems are often viewed as a relaxations of decisionproblems. Namely, instead
of requiring that the algorithm decide whether the object has the property or does not have the
property, the algorithm is required to decide whether the object has the property or is far from
having the property. Given this view there are seweral scenariosin which property testing may be
useful.

If the object is very large, then it is infeasible to examine all of it and we must design
algorithms that examine only a small part of the object and make an approximate decision
basedon what they view.

Another scenariois when the object is not too large to fully examine, but the exact de-
cision problem is N P-hard. In such a casesome form of approximate decision is neces-
sary if one seeksan e cient algorithm and property testing suggestone such form. We
note that in some casesthe approximation essetially coincideswith standard notions of
approximation problems (e.g., Max-Cut [GGR98]) while in others it is quite dierent (e.g.,
k-Colorability [GGR99]).

It may bethe casethat the object is not very large and there is an e cien t (polynomial-time)
algorithm for solving the problem exactly. Howewver, we may be interested in a very e cien t
(sublinear-time) algorithm, and are willing to tolerate the approximation/error it introduces.

Finally, there are casesin which typical no-instancesof the problem (that is, objects that do
not have the property) are actually relatively far from having the property. In suc caseswe



may rst run the testing algorithm. If it rejects the object then we reject it and otherwise
we run the exact decision procedure. Thus we save time on the typical no-instances. This
is in particular useful if the testing algorithm has one-sidederror so that it never rejects
yes-instancegqthat have the property).

In all the aforemenioned scenarioswe are interested in testing algorithms that are much more
e cient than the corresponding decision algorithms, and in particular have complexity that is
sublinear in the size of the object.

1.2 Prop erty testing and learning (estimation)

Here when we say learning we mean outputting a good estimate of the target objectﬂ Thus,
another view of property testing is as a relaxation of learning (with queriesand under the uniform
distribution) R Namely, instead of askingthat the algorithm output a good estimate of the function
(object) , which is assumedto belongto a particular classof functions F, we only require that the
algorithm decide whether the function belongsto F or is far from any function in F. Given this
view, a natural motivation for property testing is to sere as a preliminary step before learning
(and in particular, agnosticlearning (e.g., [KSS94) where no assumptionis made about the target
function but the hypothesisshould belongto a particular classof functions): we can rst run the
testing algorithm to decidewhether to usea particular classof functions as our hypothesisclass.

Here too we are interested in testing algorithms that are more e cien t than the corresponding
learning algorithms. As obsened in [GGR9§], property testing is no harder than proper learning
(where the learning algorithm is required to output a hypothesisfrom the sameclassof functions
as the target function). Namely, if we have a proper learning algorithm for a class of functions
F then we can useit as a subroutine to test the property: \do esthe function belongto F" (see
SubsectionZ2 for a formal statemert and proof).

Cho osing between the two viewp oints. The choice of which of the aforemenioned views to
take is typically determined by the type of objects and properties in question. Much of property
testing deals with combinatorial objects and in particular graphs. For sud objects it is usually
more natural to view property testing as a relaxation of exact decision. Indeed, there are many
conmbinatorial properties for which there are testing algorithms that are much more e cien t than
the corresponding decisionproblems. On the other hand, when the objects are functions, then it is
usually natural to look at property testing from a learning theory perspective. In somecasesboth
viewpoints are appropriate. This survey focuseson the latter perspective.

1.3 Prop erty testing and hyp othesis testing

The notion of property testing is related to that of hypothesistesting (seee.g.[Kie87, Chap. 8]) and
indeedthe distinction betweenestimation and testing is well known in the mathematical statistics

1One may argue that property testing is also a certain form of learning as we learn information about the object
(i.e., whether it has a certain property or is far from having the property). However, we have chosento adopt the
notion of learning usually usedin the computational learning theory community.

2Testing under non-uniform distributions (e.g., [HKO3], [AC06]) and testing with random examples (e.g., [KROO])
have been considered (and are discussedin this survey), but most of the work in property testing deals with testing
under the uniform distributions and with queries.



literature. In this context, having the tested property (belongingto the corresponding class of
objects) is called the null hypothesis,while being -far from the property (where is the distance
parameter that the algorithm is given asinput) is the alternative hypothesis. There are two major
mathematical approacesto the study of testing in statistics (see, e.g., [Van9g and [LRO5]). In
the rst, the alternative is taken to approad the null hypothesisat a certain rate as a function
of the number of data points; when the correct rate is chosenthe error probabilities stabilize at
valuesstrictly greaterthan zeroand strictly lessthan one. In the secondapproad, the alternative
is held xed asthe number of data points grows; in this caseerror probabilities goto zeroand large
deviations methods are usedto assesghe rate at which error probabilities go to zero. Aspects of
both of theseapproadescan be found in the property testing literature.

While in many casesthe particular problems studied in the property testing literature are
somewhatdi erent from thosetypically studied in the mathematical statistics literature, the work
on testing properties of distributions (which is discussedshortly in SubsectionE33 deals with
problemsthat are similar (or even the same) as those studied in mathematical statistics.

We alsonote that there are several works with a mathematical statistics a vor that arerelated to
property testing and appearedin the computational learning literature (e.g.,[BD92,[KZ93, [Yam95)).

1.4 Topics and Organization

We start with somepreliminaries, which include basic de nitions and notation. The preliminaries
alsoinclude a precisestatemenrt and proof of the simple but important obsenation that testing is
no harder than learning.

In Sectiond we considerthe rst type of properties that were studied in the corntext of property
testing: algebraic properties. Theseinclude testing whether a function is (multi-)linear and more
generally whether it is a polynomial of bounded degree. This work has implications to coding
theory, and someof the results played an important role in the design of Probabilistically Chedk
Proof (PCP) systems.

In Section® we turn to the study of function classthat have a concise(propositional logic)
represemation sud as singletons, monomials and small DNF formula. This section includes a
generalresult that appliesto many classesof functions, where the underlying idea is that testing
is performed by implicit learning.

The results in Sections[3 and @ are in the standard model of testing. That is, the underlying
distribution is uniform and the algorithm may perform queriesto the function. In SectionH we
discussdistribution-free testing, and testing from random examplesalone.

Finally, in Section@ we give a more brief survey of other results in property testing. These
include testing monotonicity, testing of clustering, testing properties of distributions, and more.

2 Preliminaries

2.1 Denitions and Notations

to denote the number of indicesi suc that x; = 1. We use ™' to denote multiplication (e.g.,a b)
wheneer we beliewe it aids readability.



For two functions f;g: X ! R over a nite domain X and a distribution D over X, we let

distp (;9) L' Pryox [f (x) 6 9(X)] (1)

denote the distance between the functions according to the underlying distribution D. Since we
mostly deal with the uniform distribution U, we usethe shorthand dist(f ; g) for disty(f; g).

When we usethe term \with high probability”, we meanwith probability at least 1 for a
small constart . When the claim is for higher successrobability (e.g., 1 poly(1=n) wheren is
the input size), then this is stated explicitly. When consideringthe probability of a certain evernt
we usually denote explicitly over what the probability is taken (e.g., Prxax [f (X) 6 g(Xx)]), unlessit
is clear from the cortext (in which casewe may write Pr[f (x) 6 g(x)]).

Let P be a property of functions (from domain X to range R). That is, P de nes a subset of
functions, and sowe shall usethe notation g 2 P to meanthat function g hasthe property P. For
afunction f : X | R and a distribution D over X, we let

distp (f ;P) = rr;iFr)fdistD(f;g)g (2)
9
(where there may be more than one function g that attains the minimum on the right hand side).
If distp (f;P) = , then we shall say that f is at distance from (having) P (or hasdistance to
P).

What we shall refer to as standard testing, assumesD is the uniform distribution over the
domain, and allows queries,asis de ned precisely next.

De nition 2.1 (Standard Testing) A (standard) testing algorithm for property P (of functions
from domain X to range R) is given a distance parameter and query acessto an unknown
function f : X I R.

If f 2 P then the algorithm should accept with prolkability at least 2=3;

If dist(f;P) > then the algorithm shouldreject with prokability at least 2=3.

We shall be interested in bounding both the query complexity and the running time of the testing
algorithm. In some casesour focus will be on the query complexity, putting aside the question
of time complexity. This can be seenas analogousto the study of sample complexity boundsin
learning theory. We obsene that the choice of a successprobability of 2=3 is arbitrary and can
clearly beimprovedto 1 |, for any > 0 at a multiplicativ e cost of log(1=) in the complexity of
the algorithm. We say that a testing algorithm has one-sidel error if it acceptsevery f 2 P with
probability 1. Otherwise, it hastwo-sided error.

Varian ts of standard testing. In the spirit of PAC Learning (see SubsectionlZ2 for a formal
de nition), we considertwo variations/generalizations of Standard Testing. In the Distribution-
free testing model with queriesthere is an unknown underlying distribution D over X . The testing
algorithm is given accessto examplesx 2 X distributed accordingto D in addition to its quer
accesdo f . As in the standard model, if f 2 P then the algorithm should acceptwith probability|

3An alternativ e de nition would require that the algorithm accept (with high probabilit y) if distp (f;P) = 0. We
adopt the requirement that f 2 P sincethe known results are under this de nition.



at least 2=3. The dierence is that the algorithm should reject (with probability at least 2=3) if
distp (f;P) > . In the model of testing from random examples the algorithm is not given query
accessto the function f but is only given random exampleslabeled by f . The random examples
are either distributed accordingto the uniform distribution, or, more generally accordingto some
unknown distribution D.

2.2 A Basic Observation on the Relation between Learning and Testing

Our starting point is that, roughly speaking, testing is easierthan learning. The result for test-
ing is in the model that corresponds to the learning result (i.e., with or without queries, and
distribution-free vs. distribution specic). In particular, if the learning model allows queriesand
the underlying distribution is uniform, then the corresponding testing model is the standard one
from De nition ZZ1 We rst recall what a Probably Approximately Correct (PAC) [Val84] learning
algorithm is, and in particular what is a proper learning algorithm.

In what follows a representation classis a set of functions together with alanguagefor describing
the functions in the set. In the context of e cien t learning it is assumedthat there is an e cien t
procedure that, given a string in the language represerting a function f, outputs a circuit for
computing f. Here we also assumethat membership in the represenation languageis e cien tly
decidable. Usually the languageis not speci ed explicitly sinceit is clearthat it is straightforward to
construct such a languageand we only refer to the function class(e.g., monomials (conjunctions)).

De nition 2.2 (PAC Learning (including variants)) A learning algorithm L for a represen-
tation class F using a representation (hypothesis) classH is given parameters 0 < ; 1 and
accessto points distributed according to a xed distribution D and lakeled by an unknown function
f 2 F. The algorithm should output a hypothesish 2 H suchthat with probability at least 1
distp (h;f) whete the prolability is taken over the choice of the sample points and possibly the
internal coin ips of L.

If D is unknownthen the algorithm is distribution-free while if D is knownthenit is distribution
specic. A special case of interest is when D is the uniform distribution. The algorithm may also
be allowed to perform queries of the form: \what is f (x)" for any x of its choice, in which case
we refer to the learning model as leaning with queries Finally, if H = F then the algorithm is a
proper learning algorithm.

Note that the learning algorithm works under the promise that the examplesit gets are indeed
labeledby a xed functiondf 2 F. If the examplesare not labeledby a function f 2 F then nothing
can be assumedabout the output of the algorithm (and it may even halt without an output or not
halt).

Prop osition 2.1 If a function classF hasa proper learning algorithm L, then F has a property
testing algorithm T with sample complexity

mt(n; )= my(n; =2)+ O(1=)

4This is as opposedto what is known as agnostic learning [KSS94] (or learning in the unrealizablecase) where
no such assumption is made. In such a casethe distance of the output of the algorithm from f should (with high
probabilit y) be at most larger than the minimum distance that any function in H has from f.



where mg ( ;) is the samplecomplexity of L asa function of the input sizen and the error parameter

when executed with the con dence parameter setto 1=6. If L is also allowed queriesthen the
query complexity of T is the sameas that of LE The running time ty(n; ) of the testing algorithm
satises tr(n; ) = t (n; =2) + O(1=)tg(n), wher t_(; ) is the running time of the learning
algorithm, and tg () is the maximum over all g 2 F of the time it takesto evaluateg on a given
input.

We note that a certain claim in the reversedirection (from a form of weaktesting to weak learning)
is presened in Proposition

Pro of. In orderto testif f 2 F oris -far from any function in F, we rst run the learning algorithm
L with con dence parameter = 1=6, and accuracyparameter =2, using random exampleslabeled
by f (and possibly queriesif L is allowed to perform queries). If L doesnot output a hypothesis
or outputs a hypothesisthat is not in F, or L passesthe upper bound on its running time, then
we reject f . Otherwise (L outputs a hypothesish 2 F), we approximate the distance betweenh
and f by uniformly and independertly drawing an additional (labeled) sampleS = f(x';f (xi)gi”;1
ofm= (1 =) points and considerthe empirical error of h on S, that is, "s(h) = def 1
h(x') 8 f (x')gj. If ~s(h) 3 =4 then we accept, otherwise we reject.

In casef 2 F, with probability at least 56, L's output, h, is ( =2)-closeto f. Conditioned on
this event, we next show that by a multiplicativ e Cherno bound [[Che57 (seeAppendix [A&]), with
probability at least 5=6, ~s(h) 3=4. This implies that if f 2 F then with probability at least

=fl 0 o m

2=3 f is accepted. To verify the bound on "s(h), let 4;:::; m be 0=1 random variables where
i = 1if and only if h(x') 6 f (x') (recall that x' denotesthe i!" point in th%addltlonal sample
S). By the de nition of j, Prg[ ; = 1] = dist(f;h) =2 and *s(h) = = Z; i. Sincethe

probability that ~s(h) > 3 =4 increaseswith dist(f;h), we may assumeW|thout loss of generality
that dist(f ;h) = =2 (rather than dist(f ;h)  =2). By Theorem[AJl(setting p= =2and = 1=2),

" #
xn
Prs[?s(h) > 3=4]= Prg % i > (1+ 1=2)dist(f;h) < exp( (1=2)’(=2)m=3) 1=6; (3)
i=1
where the last inequality holdsfor m  72=.
In casef is -far from F, the hypothesish 2 F that is output by L is at least -far from f. If

wedene 1;:::; m asin the foregoingdiscussion,then by Theorem ATl
mn XT] #
Prs[*s(h) 3=4] Prg % i< (1 1=4)dist(f;h) < exp( (14)°m=2) 1=3; (4)

i=1
where the last inequality holds for m  64=. Therefore, with probability at least 2=3 over the
additional sampleS, f isrejected. N

Obsenwe that it was crucial that the learning algorithm L be a proper learning algorithm. If L

is not a proper learning algorithm then it is possiblethat f is -far from F (so that the promise
that f 2 F is violated) but still L outputs a hypothesish 2 H that is -closeto f .

SWhen working with the standard testing model, that is, under the uniform distributions and with queries, one
usually doesn't distinguish between sample points, which are viewed as uniformly and independertly selectedqueries,
and queriesthat are selectedin a di eren t manner. However, since Proposition [Zis stated for more general models,
the distinction is made.



Thus our focus is on designing testing algorithms that are strictly more e cient than the
corresponding learning algorithms. We note that, as opposedto the situation with respect to
learning, having a testing algorithm for a class of functions F does not imply that we have a
testing algorithm for F° F.

3 Algebraic Prop erties

In this sectionwe survey results on testing somealgebraic families (properties) of functions: linear
functions and more generally low-degree polynomials. These families were rst studied in the
context of Program Testing, and played animportant role in the designof Prokabilistically Checkable
Proof (PCP) systems. As we shall see,there is a similar underlying structure in all proofs. The
main results mertioned in this sectionare summarizedin Table [

\ Class of functions \ Num ber of Queries | reference \
linear functions Oo(1=) [BLR93]
univariate deg-d polynomials Oo(d+ 1=) [RSY¢|
degd polynomials, jFj d+ 2 O(poly(d)=) [RSY¢|
degd polynomials, jFj = 2 O(% + d2°9) [AKK * 05
(++29
deg-d polynomials, jFj = pS, prime p | O(1= + JjFj*1) ( = dj,:j‘j’%j:pe), [KRO6l UPRZ04]
L=+jFj b
s-sparsepolynomials O((sjFj)*=?) [DLM * Q7]
~P3) for jFj = 0Q)

Table 1: Resultsfor testing polynomial function classesver a nite eld F. Unlessstated otherwise,
all function classesconsist of multiv ariate functions (that is, functions of the form f : F" I F).
We note that by building on [AS9§] it is possibleto obtain a linear dependenceon d in the caseof
degreed polynomials and su cien tly large elds [Sud9d.

We note that the results described in this section also have an interpretation from the point of
view of coding theory. Namely, ead of the properties (function classes)correspondsto a code (or
family of codes): The Hadamard code, Reed-Solomoncodes, Reed Muller codes, and Generalized
ReedMuller codes. If we view functions aswords (e.g., for the domain f 0; 1g", the word is of length
2"), then the test distinguishes between codewords and words that are -far from every codeword.
This is referred to aslocal testing of codes (see,e.g., [Gol0F)).

3.1 Linearit y

For the sake of simplicity we consider functions from f0;1g" ! f0;1g. The result extends to
functionsf : G! H, whereG and H are groups. Thus addition is modulo 2, and for x;y 2 f0; 1g,
X + y is the bitwise sum (XOR) of the two strings, that is, it is the string z 2 f0; 1g" sud that
Zi = Xi tYi.



De nition 3.1 (Linearit y) We saythat f : f0;1g" ! f0;1g is a linea furlgztion if there exist
coe cients by;:::;b, 2 f0;1g suchthat for X = X1;:::;Xn 2Pf0; 19", f(x) = i”=1 bxi. In other
words, there existsa subsetS f1;:::;ng suchthat f (x) = ,,5Xj.

Linearity testing is essetially the rst property testing problem studied, though the term
\Prop erty Testing" was not yet explicitly de ned at the time. Linearity testing was rst studied
by Blum, Luby and Rubinfeld [BLR93] in the context of Program Testing. Namely, they were
interestedin designingalgorithms (program-testers)that, givenaccesgo a programthat is supposed
to compute a particular function f, distinguish betweenthe casethat the program computes f
correctly on all inputs, and the casethat it errs on at least a certain fraction of the domain
elemerts. The program-tester should be much simpler than the program itself, and is typically
basedon calls to the program and somebasic operations on the resulting outputs.

In the caseof testing whether a program computesa particular linear function, the program-
tester rst distinguishesbetweenthe casethat the program computessomelinear function and the
casethat the function it computesis far from any linear function. That is, it rst performsproperty
testing of linearity. The starting point of the BLR linearity test is the following characterization
of linear functions, which is not hard to verify (and somewould actually useit as a de nition of
linear functions).

Fact 3.1 A function f :f0;1g" ! f0;1g is linear if and only if f (x) + f (y) = f (x + y) for every
x;y 2 f0;1g".

The BLR test is described next.
Algorithm 3.1 : Linearit y Test

1. Repeat the following (1 =) times.

(a) Uniformly and independently selet x;y 2 f0; 1g".
(b) If f(x)+ f(y)6 f(x+ y) then output reject (and exit).

2. If no iteration causel rejection then output accept

Before we prove the correctnessof the algorithm, we remark on its complexity: the algorithm
performs only O(1=) queries. In particular, its query complexity is independent of n. This is in
contrast to the query complexity of any learning algorithm for the classof linear (parity ) functions,
which is ( n). This is true simply becauseevery two linear functions have distance 1=2 between
them (under the uniform distribution), and a linear function is not uniquely determined by fewer
than n labeledpoints. We note that the di erence in the running time betweentesting and learning
is lessdramatic (linear in n versusquadratic in n), sincethe testing algorithm readsall n bits of
eah sampledstring.

Theorem 3.1 Algorithm B is a one-sidal error testing algorithm for linearity. Its query com-
plexity is O(1=).

Let L denotethe classof linear functions over f0; 1g". By Fact B, Algorithm [ acceptsevery
function f 2 L with probability 1. We turn to proving that if dist(f;L) > then the algorithm

10



rejects with probability at least 2=3. Let | (f) denotethe distance of f to being linear. Namely,

if we let L denote the set of all linear functions then | (f) def dist(f;L). We would like to prove

that for every given > 0,if > | (f) then the probability that the test rejects is at least 2=3.
This will follow from showing that if the constraint f (x) + f (y) = f (x + y) is violated for relatively
few pairs (x;y), then f is closeto somelinear function. In other words (using the terminology
of [BLR93], RS9€]), the characterization provided by Fact B is robust To this end we de ne:

(F) € Pryy [f () + F(y) 6 F(x+ y)]; 5)

wherein Equation (B) and elsewherdn this subsection,the probability is taken over a uniform choice
of points in f0;1g". That is, (f) is the probability that a single iteration of the algorithm \ nds
evidence"that f is not a linear function. We shall show that (f) L (f )=c for some constart
¢ 1 (this can actually be shown for c= 1 but the proof usesDiscrete Fourier analysis [[BCH™ 96|
while the proof we show builds on rst principles). It directly follows that if | (f) > and the
number of iterations is at least 2c=, then the probability that the test rejectsis at least

1 1 (N >1 e 1 e2523; (6)

thus establishing Theorem 371

Somewhatunintuitiv ely, showing that (f) L (f)=cis easierif | (f) is not too large. Specif-
ically, it is not hard to prove the following claim.

Claim 3.2 For every function f, (f) 3 _.(f)2 2.(f)). In particular, if (f) % then
(f) % (f) (and more genesrlly, if (f) = % for > 0,then (f) 6 |(f), whichgivesa
weak bound as (f) approaches1=2).

It remainsto prove that evenwhen | (f) is nhot boundedaway (from above) from 1=2 then still
(f) L (f )=cfor a constart c. To this end we de ne the following majority function: for eat
xed choiceof x 2 f0;1g", g (x) = 0if Pry[f (x +y) f(y)=0] 1=2, andd’(x) = 1 otherwise.
Let

def
Vy () S f(x+y) fy)=fy)+fx+y) (7)
be the Vote that y casts on the value of x. By the de nition of gf (x) it is the majority vote taken
over all y. Note that if f is linear then Vyf (x) = f(x) for everyy 2 f0;1g".

We shall prove two lemmas, stated next.

Lemma 3.3 dist(f;g') 2 (f).
Lemma 3.4 If (f) £ thengd' is alinear function.

By combining LemmasZ.3 and 34 we get that (f) % L (f). To seewhy this is true, obsene
rst that if (f) > %, then the inequality clearly holds because | (f) 1. (In fact, since it
can be shown that | (f) 1=2 for ewery f, we actually have that (f) % L(f).) Otherwise
( (f) 3), sinced’ islinear and dist(f;g") 2 (f), wehavethat ((f) dist(f;g') 2 (f), so
that (f) L (f)=2, and we are done.

11



Pro of of Lemma B3l Let ( f;g') = fx : ¢ (x) 6 f(x)g be the set of points on which f and
g" dier. By the de nition of gf (x), it is the majority value of Vyf (x) taken over all y. Hence,for
every xed choiceof x 2 ( f;g) we have that Pry[Vyf (x) 8 f(x)] 1=2. Therefore,

Proy[f (x) 8 Vy (x)] Prfx 2 ( f;g')] Prylf (x) & Vi (x)jx 2 ( f;g)]

2Prdd () 6 1 ()] : ®)

SincePry.y [f (X) 6 VJ (xX)] = (f), it must hold that Pry[gf (x) &8 f(x)] 2 (f). W

Pro of of Lemma B4l In orderto prove this lemma, we rst prove the next claim.

Claim 3.5 For everyx 2 f0;1g" it holdsthat Pry[gf (x) = V, (x)] 1 2 (f).

Note that by the de niton of g' as the \majority-vote function”, Pry[g’ (x) = W (x)] 3.

Claim 23 says that the majority is actually \stronger" (for small (f)).
Pro of: Fixing X, let po(x) = Pry[\/yf (x) = 0], and let py(x) = Pry[Vyf (x) = 1]. We are interested
in lower bounding py () (X), where, by the de nition of g, Pyt (x) (X) = maxf po(x); p1(x)g. Now,

Pgt (0 (X) = Py () (Po(X) + pr(x))  (Po(x))? + (Pr(X))? : (9)

Since (po(x))2 + (p1(x))? = Pry;z[\/J x) = VA (X)], in order to lower bound pg () (X), it suces to
lower bound Pry;z[Vyf (x) = sz (x)], which is what we do next.
In what follows we shall usethe fact that the range of f is f0; 1g.

Pryz[Vy (x) = V; (X)]

= Pry[Vy (X) + V; (x) = 0]

= Pry [f(y)+f(x+y)+f(2)+f(x+2)=0]

= Pry [f(y)+f(x+2)+f(y+x+2)+f(+f(x+y)+f(z+x+y)=0]

Pry [f(y)+f(x+2)+f(y+x+2)=0" f()+f(x+y)+f(z+x+y)=0]

1 Pryff(y)+f(x+2)+f(y+x+2)=1_Ff(@2)+f(x+y)+f(z+x+y)=1]

1 (Pryff()+f(x+2)+f(y+x+2z)= 1]+ Pry [f(2)+ f(x+y)+f(z+x+y)=1]
1 2(f):

H (Claim B3

In order to completethe proof of Lemmal34, we shaw that for any two givenpoints a;b 2 f0; 19",
g (@) + ¢ (b) = ¢ (a+ b). We prove this by the probabilistic method. Speci cally, we show that
there exists a point y for which the following three equalities hold simultaneously:

Ld@="fa+y) ) =W@)
2.¢" (D) = f(b+ (a+y) f(a+y) (= Vay().

3.d'(a+rbh=f(a+tb+y) f(y) (= Vy(a+Dh)
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But in sud a case,
d@+dgm="f(b+a+y) f(y)y=d(a+b; (10)

and we are done. To seewhy there exists sud a point y, considerselectingy uniformly at random.
For eath equality, by Claim 23, the probability that the equality doesnot hold is at most 2 (f).
By the union bound, the probability (over a uniform selectionof y) that any one of the three does
not hold is at most 6 (f). Since (f) < 1=6, this is bounded away from 1, and so the probability
that there exists a point y for which all three equalities hold simultaneously is greater than 0, and
sothere exists at least one such pair. MW (Lemma 339

3.1.1 Self-Correction

One of the nice features of the analysis of the linearity tester (which we shall usein two di erent
corntexts, in Subsectiond I and in SubsectionB) is that it implies that f can be self-corrected
(assumingit is su cien tly closeto beinglinear). That is, for any x of our choice, if we want to know
the value, on x, of the closestlinear function (or, in the coding theory view, we want to know the
correct bit in the position corresponding to x in the closestcode-word), then we do the following.

the choice of t determinesthe probability that the majority is correct).

3.1.2 On the relation between (f) and | (f)

By combining Claim B2 with Lemmas B3 and 34 we get that (f) maxf3  (f)(1

2 . (f)); & L(f)g. The analysis of [BLR93] actually shoved that the constart  can be replaced
with 2=908 An interesting question is what is the true behavior of (f) asa function of | (f)?
Bellare et al. [BCH™ 9€] studied this question and shaved se\eral lower bounds, someof which are
tight. One of the interesting phenomenonthey obsene is that the lower bound 3 | (f )(1 2 (f))
is tight aslongas | (f) 5=16,implying that there is a non-monotonic behavior (since3x(1 2x)
increasesuntil x = 1=4 but then decreasesbetweenx = 1=4 and x = 5=16). Recen progresswas
made on understanding the relation between (f) and (f) in [KLXO7].

3.2 Low-Degree Polynomials

Let F be a nite eld, and consider rst the univariate case,that is, testing whether a function

R :
f :F! F isofthe form f(x) = Cif x' for a given degreebound d (where the coe cien ts Cif
i=0
belongto F). In this case,the testing algorithm [RS9€ works by simply trying to interpolate
the function f on (1 =) collectionsof d+ 2 uniformly selectedpoints, and cheking whether the
resulting functions are all polynomial of degreeat most d. Thus the algorithm essetially works by

trying to learn the function [
We now turn to multiv ariate polynomials.

5We note that this holds for every f : G! H where G and H are any two groups, and not only for Boolean
functions over the Boolean hypercube.

"In fact, a slightly more e cien t version of the algorithm would selectd+ 1 arbitrary points, nd (by interpolating),
the unique polynomial g' of degreed that agreeswith f on these points, and then chedck that g' agreeswith f on an
additional sample of (1 =) uniformly selectedpoints.
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De nition 3.2 (Multiv ariate Polynomials) Let F be a nite eld. A function f : F" ! F
is a (multivariate) polynoBﬂaI of degree(at most) d, if trlgare exist coe cients C' in F for every
2 f0;:::;dg" satisfying  L; i d, suchthat f (x) = 2f 0:::+:dlgn c X
Let POLY .4 denotethe classof all functions f : F" ! F that are polynomials of total degree

at most d (where the dggree in each variable is at most jFj  1).

Low-degreetesting has beenstudied extensiwely in the cortext of PCP systems[BEL91], BELS91,
GLR™ 91, FGL™ 96, [RS96 [FS95 [AS97]. The aforemertioned results all apply to testing polynomials
over elds that are larger than the degree-tmund, d (where in somecasesthe bound is on the total
degree,and in somecaseit is on the degreein ead variable). In particular, if jFj d+ 2, then the
dependenceon d is known to be polynomial [ES95 RSQE]E By combining [RS9€] with [AS9]] it is
possibleto get complexity that is only linear in d for su cien tly large elds [[Sud97.

Alon et al. [AKK ™ 05] studied low-degreetesting for the casejFj = 2 and d 2. Namely,
they consideredthe casein which the degree-lound may be (much) larger than the eld size, for
F = GF(2). They showed that the number of queriesboth necessaryand su cien t in this caseis
expnential in d. Hencewe encourter a very large gap in terms of the dependenceon d between
the query complexity when jFj > d and the query complexity when jFj = 2. In [KRO6, JPRZ04]
this gap is bridged. We give more precise details in SubsectionBZ3 but for now we state an
approximate version of the result for the casethat F is a prime eld: there is a testing algorithm
whose complexity grows roughly like jFj2d*D=(Fi 1) Thus, for any degreed, asthe eld size
jF]j increases,the exponert 2(d+ 1)=(jFj 1) decreaseqfrom O(d) when jFj = 2 to O(1) when
jFj=d+ 3).

Results for testing sparsepolynomials (where there is a dependenceon the number of terms
rather than the degree)were obtained by Diakonikolas et al. [DLM ™ 07] using techniquesthat are
discussedin Subsectiond.3 They show that polynomials with at most s terms can be tested using
O((sjFj)*=?) queriesand that T ' s) queriesare necessaryfor jFj = O(1). They also shawv that
O(s*jF 3= ?) queriesare su cien t for sizes algebraic circuits and computation trees over F .

The problem of learning polynomials in various learning models (including using only menber-
ship queries, i.e., interpolation), has been consideredin many papers (e.g., [Z1p78, [Z1p90, BT88|,
Man95, [GKS90, [CDGK91], [RBIT, Man95, BS90, [FS9Z, [SS96 [Bsh96 BMO02], BBB* 00, BBMOS]).
In particular, when allowed membership queries and equivalence queries (which implies learn-
ability in the PAC model with membership queries), Beimel et al. [BBB* 00] shav that learning
n-variate polynomials with s terms over GF (p) can be done with query complexity and running
time poly(n; s;p). When the eld is large (possibly even in nite), then the dependenceon the eld
sizecan be replacedwith a polynomial dependenceon the degreed. The running time wasrecertly
improved in the work of Bisht et al. [BBMOG].

In the next subsectionwe describe a low-degreetest for large elds and in the following subsec-
tion we turn to the generalcase.

3.2.1 The case of large elds

In this subsectionwe describe an algorithm of Rubinfeld and Sudan [[RS9€], where asin [RS9¢ we
considerthe casethat F is the prime eld GF(p). The idea of the algorithm is to selecta random

8T0 be precise, the requirement that jFj d+ 2is sucien t for prime elds, and otherwise needsto be slightly
modi ed.
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line in F", de ned by two (random) points x; h 2 F", and to verify that the restriction of f to
this line is a (univariate) polynomial of degreeat most d. To be precise, the algorithm does not
qguery all points on the line, but rather d + 2 evenly spacedpoints. The algorithm is basedon the
following characterization of degreed polynomials, which was provedin [[ES9Y (improving on what
is shown in [RS9€ where the requiremert wasthat jFj 2d+ 1).

Theorem 3.2 Let d be an integer and let F be a prime eld suchlghat jFj d+ 2. A function

f :F" ! F belongsto POLY 4 if and only if for all x;h 2 F", :j"ol if (x+ i h) =0 wher
= (1ot
=

We note that if F is not a prime eld but rather jFj = pS for someprime p and integer s > 1, then
the requiremernt on the sizeof the eld isthat jFj (d+ 1)(p=p 1)).

Algorithm 3.2 : Low-Degree Test (for jFj d+ 2)

1. Repeat the following (1 = + d?) times.

(@) Uniformly and independently selet x;y 2 F".

(b) If id;’ol if (x+1i y) 6 0 (where the coe cients ; are asde ned in Theorem[332), then
output reject (and exit).

2. If no iteration causal rejection then output accept

The query complexity and running time of the algorithm are O(d= + d3). As noted previously, by
combining [RS9€ with [AS9q] it is possibleto get complexity that is only linear in d for su cien tly
large elds [Sud9?.

Theorem 3.3 Assuming jFj d+ 2, Algorithm [ is a one-sidel error testing algorithm for
POLY q. Its query complexity is O(d= + dd).

By TheoremB3 if f 2 POLY g4 (and jFj d+ 2), then the test acceptswith probability
1. It remainsto prove that if f is -far from any degreed polynomial, then the test rejects with
probability at least2=3. Heretoo this follows from proving that the characterization in Theorem[32
is robust.

For any x;y 2 F", let
1

if(x+i vy): (11)
i=1

def

Vy (x) =

Recallingthat ; = ( 1)'** ! sothat 0= 1, the condition P L f(x+i y) = Ois equivalent
to f(x) + Vy (x) = 0, that is f (x) = Vy (x). Thus, analogouslyto Ig,he analysis of the linearity
test, Vy (x) is the value that f (x) \should have" sothat the condition ,dol if (x+1i y)= 0holds.
In all that follows, probabilities are taken over points in F". Let

h
(F) L' Prey f(x)6 (x) (12)
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denote the probability that the test rejects in a single iteration of the algorithm. We now de ne
the function g : F" ! F asfollows:
n o]
o (x) €' pluralit Yyarn Vi (X) (13)
n 0
where the plurality value is simply the value that appearsmost often in the set Vyf (x) (sothat

it generalizesthe notion of the majority). For g’ asde ned in Equation (I3 (and (f) asde ned
in Equation () we have:

Lemma 3.6 For anyfunction f andfor andg’ asde nedin Equations () and (I3 respectively:
1. dist(f; o) 2 (f).
2. 1f (f) 2(d+12) , then ¢ is a degree-d polynomial.

We prove the lemma momentarily, but rst show why it follows that the algorithm rejects any
function f that is -far from POLY .4 with probability at least 2=3 (th us establishing Theorem[33).
Let f be a function that is -far from POLY 4. If (f) > 2(d32) , then, for a su cien tly large

constart in the ( ) notation for the number of iterations of the algorithm, the algorithm rejects
with high probability. Thus assumethat (f) ﬁz By the seconditem in Lemma 38,

it follows that g' is a degreed polynomial. Sincef is -far from any degreed polynomial, in
particular dist(f;g') > . By the rst item of Lemma[Z8 we have that (f) > =2. Once again,
for a su cien tly large constart in the ( ) notation for the number of iterations of the algorithm,
it rejects with high probability.

The proof of the rst item in Lemmal3d is essetially the sameasthe proof of Lemmaf33 In
order to prove the seconditem we rst prove the following claim. By the de nition of g' asthe
plurality function over Vyf (x), for every x we have that g' (x) agreeswith VJ (x) for at least 15F|
of the choicesof y. The claim shows (similarly to Claim B5) that there is actually a much larger
agreemem, assuming (f) is su cien tly small.

h [
Claim 3.7 For everyx 2 F" we havethat Pry o (x) = Vyf (%) 1 2(d+ 1) (f).

Pro of: By slightly extending the argumert usedin the proof of Claim 35, we can get that for
every xed choice of x, Pry[gf (x) = Vy (X)] Pryl;yz[vyfl(x) = W5, (x)], and hencewe turn to lower
bounding Pry, y, [V, (x) = W, (X)]:

Obserwe that if we select, uniformly at random, y; and y, in F", then for any choice of 1
i;j d+1wehavethat x+i y; andx+ j y, areuniformly distributed in F". Therefore, by the

de nition of (f) we have that for eath xed choiceof1 i;j d+ 1,
2 3
%1
Pry,y, 4 (x+ i y1) = if (x+iy)+j y25 1 (f) (14)
j=1
and " " #
Pryiy, f(x+] y2)= if (X+] y2)+i ya 1 (f): (15)

i=1
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Therefore, with probability at least1 2(d+ 1) (f) over the choice of y; and y,, we have that

%1 ¥l %1
if (x+1 y1) = i if (x+i y)+j vz (16)

i=1 =1 j=1

%1 X1
= i if X+j y2)+i w1 (17)

j=1 =1

51

= if(x+j y2): (18)

In Equation (I8 we applied Equation (I4), in Equation (L) we simply reorderedthe summands,
and to obtain Equation (I8) we applied Equation ({[3). Thus, Pry,.y, [Vyfl(X) = Vyfz(X)] 1 2d+
1) (f), asdesired. W

Pro of of Lemma B&l As noted previously, the proof of the rst item in LemmalZ8is essetially
the sameas tilg,e proof of Lemmal33. In order to prove the seconditem we show that if (f)
ﬁ, then J-d;’é g (x+]j y)forall x;y 2 F". The seconditem of the lemma then follows
from Theorem32

Consider any xed choice of x and y. Obsene that if we select, uniformly at random, two
points, r; and ro in F", then for any choiceof 0 | d+ 1, the point r{ + j ry is uniformly
distributed in F". Therefore, by Claim B, for any choiceof 0 j d+ 1,

h i

Prev, 0 (X+] Y)= Vi ,(x+j y) 1 2d+ 1) (f): (19)

That is,
n %l #
Prey, o (X+] y)= if x+j y)+i (ra+j ro) 1 2d+1) (f): (20)
i=1

For our xed choiceof x;y 2 F" and a uniformly selectedrq;r, 2 F", we have that x + i r; and

y+ i r, areuniformly distributed in F" forany 1 i d+ 1. Therefore, by the de nition of (f)
we getthat forevery 1 i d+ 1,
2 3
%1
Pree,d jf (x+0 r)+j (y+ir) =00 1 (f): (21)
j=0

Since (f) 2(d,}2) , there exists a choice of r; and r, such that forevery 0 | d+ 1,

X1 X1
g (x+j y)= if (x+] y)+i (ratj rz) = ijf (x+ir)+j (y+iry) (22)
i=1 i=1
andforeveryl i d+ 1,
%1
if (x+iry)+j (y+irp =0: (23)
j=0
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But this implies that

51 %1 %l
g (x+j y)= i f (x+ior)+j (y+iorp) =0; (24)
j=0 i=0 j=0

asclaimed. W

3.2.2 The general case

Here we follow [KRO6], who generalizethe algorithm and the analysis of [[RS9€], described in
Subsection3.Z2 as well as that of [AKK ™ 05] (for the special caseof jFj = 2). A similar result,
using di erent techniques, was obtained by Jutla et al. [JPRZ04], where they focusedon prime
elds (the result in [KRO6] holds also for non-prime elds).

A main building block of the analysis of the general caseis the following characterization of
degreed multiv ariate polynomials over nite elds.

Theorem 3.4 Let F = GF(q) wher q= p° and p is prime. Let d be an integer, and letf : F" !
F. The function f is a polynomig},of degree at most d if and only if its restriction to every a ne

subspce of dimension ™ = %J is a polynomial of degree at most d.
Theorem[34 generalizesthe characterization result of Friedl and Sudan [ES9Y (a variant of which
is stated in Theorem[Z32), which refersto the caseq g=p d+ 1. That is, the sizeofthe eld F
is su cien tly larger than the degreed, and the a ne subspacesonsideredare of dimension™ = 1.
As stated in Theorem32, when ™ = 1 it suces to verify that a certain condition holds for d + 2
points on the line (one-dimensionala ne subspace).

We also note that this value, °, of the dimension of the consideredsubspacesis tight. Namely,
there exist polynomials of degreegreater than d whoserestrictions to a ne subspacesf dimension
lessthan ~ are all degreed polynomials.

The testing algorithm we describe next utilizes the characterization in Theorem 34 (which is
shown to be robust). Speci cally, the algorithm selectsrandom a ne subspaceqof dimension™ as
de ned in Theorem[33), and cheds that the restriction of the function f to ead of the selected
subspacess indeed a polynomial of degreeat most d. Such a ched is implemented by verifying
that various linear combinations of the valuesof f on the subspacesum to 0.

Before giving more details, we intro duce somenotation.

Denition 3.3 For m 1 and any choice of a point x 2 F" and m linearly independent points

Denition 3.4 For afunction f : F"! F, apoint x 2 F", and m linearly independent points

Ejangnely, f)j(x;yl;:::;ym) . F™ 1 F is dened asfollows: for everya 2 F™, .y, yy(@ = f(x+
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With a slight abuse of notation (and for the sake of succinctness),we shall sometimesuse the
notation f;s instead of fj.,,....y.), where S = S(X;y1;:::;ym) is the subspacespannedby the

points. In casethe set of points spanning the subspaceS is not explicitly stated, then fs is
determined by somecanonical choice of a basisfl

Algorithm 3.3 : Low-Degree Test (for jFj = O(d))H
I m

1. Let " = “(qd) = qd"qlzp and repeat the followingt = g *! + qi times:

x2Fn,
(b) If fiiey,my) 2 POLY g then output reject (and exit).

2. If no step causeal rejection then output accept

points in the subspaceS and verifying that the points obey certain linear constraints. Speci cally,
we considerthe standard and unique represenation of the function f;s asa polynomial of degree

at most q 1 in eadh variable. That js, for eah 2 f0;::::q 1g, there is a coe cient ijs

sudh that fjs(a) = $0:ia 19 c'is ., a ' foreverya2 F . The test checks whether ¢'s = 0
for every  satisfying ;=1 i > d. Each coecient Cfis is a certain linear combination of the

points in S. For example, the coe cient corresponding to the highest degree monomial (that
is, CE}S Lo i) fequals( 1\)‘ aF fis(@). Hencethe total number qf queries performed by the
algorithm is O(tq ) = O('q? ™! + 1) and the running time is at most g times larger.

Theorem 3.5 Algorithm B3 is a pne—sigiﬁei error testing algorithm for POLY 4. Its query com-
plexity is O(gqZ *! + 1) wher * = % .

If f 2 POLY g then clearly f;s 2 POLY -4 for every ane subspaceS of dimension™ and hence
Algorithm [BZ3 acceptswith probability 1. We thereforeturn to the casethat dist(f;POLY ,.q) >
Sincethe full analysisis fairly lengthy, we describe only the high level structure of the proof and the
underlying ideas. As in the proofs of Theorems[Z and B3, we de ne a function ¢’ (a \corrected"
versionof f ) and show that: (1) the distance betweeng’ and f is upper bounded by a function of
the probability that the test rejectsin a singleiteration; (2) if this probability is not too large then
g belongsto POLY 4.

Let def h i
e
(F) = Prxysiy fieysy) 2POLY v (25)

points in F". By the de nition of Algorithm B3 (f) is the probability that a single step of

90ur interest lies in the degree of these functions (represerted as polynomials). Since for any given subspace
this degreeis invariant with respect to the choice of the basis, the particular choice of the basisis only a matter of
convenience.

0The test can be applied to any eld size, but when jF| is much larger than d, it is possibleto use Algorithm B2,
which has lower complexity.
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the algorithm causesf to be rejected. That is, it is the probability that the restriction of f to a
random ane subspaceS = S(x;y1;:::;y") of dimension " is not a polynomial of degreeat most
d. As noted in the foregoing discussion,this is equivalent to the requiremert that in the standard
represenation of f;5 asa polynomial, all coe cien ts corresponding to monomialswith total degree
greater than d are 0.

In particular, by our choice of °, this should be true of the coe cient of the highest degree
monomial v§ * vl ' v® !(since’(q 1) d+ 1). As noted previously, this coe cien t equals
( 1) times the sum of the values of f taken over all points in the subspace We denote by

Vf PNfL s ) E X f + X N7 . 26
(X,YL---’Y) X Viyi - ( )
v2F nfog i=1

“-tuples yqg; iy 2 FN.

Lemma 3.8 For any function f and for (f) and ¢’ as de ned in Equations (Z5) and (Z7) re-
spectively:

1. dist(f;g') 2 (f).

2. If (f)< then g’ 2 POLY 4.

2( +1) q*t

Similarly to the pgoof of Theorem B3 we can shov that Lemma 38 implies that (f)

min W’ =2 . This in turn implies the correctnessof a slightly lesse cient version of

Algorithm B3 which performst = ‘g *! + 1= iterations (rather than t = q o+ qi
iterations). To prove that the number of iteration performedby Algorithm B3 su ces (from which

Theorem[33 follows), there is needfor another technical lemma, which we omit.

The proof of the rst item of Lemma[3d is essetially the sameas the proof of Lemma 3
The proof of the seconditem is basedon showing that for every x, the value of g (x), Which is the

Claim 3.9 For any xedx 2 F", let

h
) € Pryy oy V(G Y = o) - (28)

Then (x) 1 2q (f).
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Pro of Sketch: In order to prove Claim [Z3 it will actually be more conveniert to work with
another measureof \correctness" (or \consistency") of a point x. Speci cally, forany xed x 2 F",
let h i

(X) = Prycoy oz VIOGyniiny) = Vixz i z) (29)

Similarly to what was shavn in the proof of Claim B3, (x) (x). Henceit suces to obtain
a lower bound on (x). In order to shaw that (x) is large (and hence (x) is large), it will
be useful to consider the following auxiliary graph. The de nition of this graph was inspired
by the way Shpilka and Wigderson used Cayley graphs in their work [[SW04]. Each vertex in
this graph is labeled by a subset (multiset) of * points, fys1;:::;y-0, yI 2 Fn The neigrbors of

X 2 F", we say that an edgebetweenfyq;:::;y-gand fy,;:::;y-+19is good Wlth respect to x  if
VIOGYL 5y = VI OGY2: 5y,

For any (random) choice of yq;:::;y- and z;;:::;2z, and for eadh O i Tlet v =
fyi;ii0iyiizier; o209, where we view v; as a vertex in the voting graph. In particular,
v- = fyg;iinyygandvg = fzg;:::;2 9. Sinceya;:::;y+;21;:::;2 areselecteduniformly at random,
ead v; is a random variable. Considerthe path v-;:::;vg betweenv- and vg.

In what follows we shall usethe shorthand Vf (x v.) for the vote VI (X;ya:::YiiZivt 1 11:2).
Recall that an edge(vi;v; 1) is good if VI (x;vi) = Vi(x;v; 1). We claim that the probability
(taken over the choice of yq1;:::;y;21;:::;2z) that an edge (vi;vi 1) on the path is not good

is at most 2q (f). By taking a union bound it follows that the probability that all the edges
on the path are good is at least 1 2q (f). That is, with probability at least 1 2q (f),
VioGys iy = ViGys iy 15z2) = ir = Vi(x;z1;:::;2), and the lemma follows.
Hence,it remainsto show that an edgeon the path is not good with probability at most 2q (f).

Consider any edge (vi;vi 1). We sa that Vf(x;vi) is an independent vote for x if
V1Y Zis1 ooz are linearly mdependen points, otherwise we say that VT (x;v;) is a degen-
dent vote for x. For a dependert vote VT (x;V;), it can be shovn that VF (x;v;) = f (x). Therefore,
if both votes V' (x;vi) and VI (x;v; 1) for x are dependert then V' (x;v;) = VI (x;v; 1) and the
edgeis good. If one of the votesis a dependert vote and the other is an independent vote then the
probability that the edgeis not good is the probability that an independen vote for y diers from
f (y), which is (f).

Finally, if Vf(x;v;) and Vf(x;v; 1) are both independert points then it can be shovn that
Vi(x:vi)  Vi(x;v; 1) is the sum, over 2(q 1) ane subspaces,Sy;:::;Syq (de ned by x and
Vi;::0Yizis s z) of the largest degreecoe cien t of fJS For eat subspacethe probability that
this coe cien t is non-zerois at most (f), and so, by taking a union bound, the probability that
Vix;v) = Vi(x;v; 1) isatleastl 2q (f), asclaimed. W

Showing why the seconditem in Lemma [3.8 follows from Claim B3 is somewhat technical,
and hencewe only provide the high-level idea. Considerany xed set of points x;yq;:::;y 2 FN
such that y;;:::;y- arelinearly independert. The goalis to show that g( Y1y 2 POLY 4. The
seconditem in Lemmal3dthen follows by applying Theorem34 By using a probabilistic argumert
it can be shown that there exists a choice of a subset of elemerts, denoted f z;;j g, for which the
following conditions hold. First, the value of gf on every point w in the subspaceS(x;y1;::::y")
equals the vote on w of a set, Ty, of * points that are linear combinations of the z;; 's. Next,

for eath of these sets of points T, the restriction of f to the ane subspacede ned by w and
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Tw, is a polynomial of degreeat most d. That is, all high degreecoe cien ts in ead of these
restrictions are 0. The next step is to shav that ead high degreecoe cien t in the restriction of

abovemerntioned restrictions of f , and is henceO.

A lower bound. By extending an argumert given in JAKK *05], the following lower bound is
proved in [KROE].

Theorem 3.6 Every algorithm for testing POLY .4 with distance parameter must perform
maxfi:q g querieswhenqis prime, and maxfi;q?=2¢ 1g queriesotherwise.

Thus, a dependenceon q( ) is unavoidable.

4 Basic (Bo olean) Function Classes

In this section we describe and analyze seeral algorithms for testing various families of Boolean
functions over f0;1g". For all families, the query complexity of the algorithms is independert of
n. This standsin cortrast to the fact that for these families the number of queriesrequired for
learning (under the uniform distribution) dependson n. In somecasesthe results extend to more
general domains and/or ranges,and this is noted when the result is discussed. The main results
mentioned in this section are summarizedin Table 2

\ Class of functions | Num ber of Queries |  Reference |
singletonsand monomials Oo(1=) [PRSOZ
s-term monotone DNF O(s?=) [PRS04
k-Juntas O(k?=), ( k) [EKR * 04],[CGOg]

decision lists 0o(1=?) [DLM * 07|

sizes decisiontrees, sizess branching programs o(s*=?) [DLM ™ 07]

s-term DNF, sizes Boolean formulae (log s=loglogs) [DLM ™ 07]

s-sparsepolynomials over GF (2) o(s*=2), ~(9) [DLM * 07

sizes Boolean circuits O(s®=2) [DLM * Q7]

functions with Fourier degree d 0(2%9=2), ~(" d) [DLM ™ 07]

linear threshold functions poly(1=) [MORSO7]

Table 2: Results for testing basic Boolean functions over f0; 1g" (or, in the caseof linear threshold
functions, over f+1; 1g").

4.1 Singletons, Monomials, and Monotone DNF

In this subsectionwe describe the results of [PRS0Z. We give full details for the simplest case
of testing the class of singleton functions, and only the high-level ideas for the more complex
problems of testing monomials and monotone DNF. The query complexity of the algorithms for
testing singletonsand for testing monomialsis O(1=), and the query complexity of the algorithm
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for testing monotone DNF is O(s?=) where s is an upper bound on the number of terms in the
DNF formula. In SubsectionZ3 we shall describe a generalresult that in particular implies that
(general) DNF with s terms are testable using O(s*= 2) queries.

De nition 4.1 (Singletons, Monomials, and DNF functions) A function f : f0;1g" !
f0; 1g is a singletonfunction if there existsan i 2 [n] suchthat f (x) = x; for everyx 2 f0;1g" or
f (x) = x; for everyx 2 f0; 1g".

We say that f is a monotonek-monomialfor 1 k n if there exist k indicesiq;:::;ix 2 [n]
suchthat f (x) = x;; * A xi, for everyx 2 £0;1g". If we allow some of the Xj;'s alove to be
replaed with x;,, then f is a k-monomial The function f is a monomialif it is a k-monomial for
somel k n.

A function f is an s-term DNF function if it is a disjunction of at most s monomials. If all
monomials are monotone, then it is a monotoneDNF function.

Singletons,and more generally monomials, can be easily learned under the uniform distribution.
The learning algorithm uniformly selectsa sample of size (log n=) and queriesthe function f
on all sample strings. It then seardies for a monomial that is consistert with f on the sample.
Finding a consistert monomial if such exists can be donein time linear in the sample sizeand in
n. A simple probabilistic argumen, which is a slight variant of Occam's Razor [BEHW87] , can
be usedto shaw that a sampleof size (log n=) is su cient to ensurethat with high probability
any monomial that is consistert with the sampleis an -good approximation of f .

There is a large variety of results on learning DNF functions, and in particular monotone DNF,
in seweral dierent models. We restrict our attention to the model most relevant to the result
described here, namely when membership queries are allowed and the underlying distribution is
uniform. The best known algorithm results from conbining the works of [BJT99] and [KS99,
and builds on Jadson's celebrated Harmonic Siewe algorithm [Jac97. This algorithm has query
complexity O r log®n % , Wherer is the number of variablesappearingin the DNF formula,
and s is the number of terms. Howewer, this algorithm does not output a DNF formula as its
hypothesis. On the other hand, Angluin JAng88] describesa proper learning algorithm for monotone
DNF formulae that usesmenmbership queriesand works under arbitrary distributions. The query
complexity of her algorithm is O(s n+ s=). Using the samepreprocessingtechnique as suggested
in [BJT99], if the underlying distribution is uniform, then the query complexity can be reduced
toO 9Ny s r+1 | Recallthat the query complexity of the testing algorithm has similar

dependenceon s and 1= but doesnot depend on n.

4.1.1 Singletons

We start by describing an algorithm for testing singletons. The testing algorithm for k-monomials
generalizeghis algorithm. More precisely we describe an algorithm for testing whether a function
f is a monotone singleton. In order to test whether f is a singleton we can chedk whether either
f or f passthe monotone singleton test. For the sake of succinctness,in what follows we refer to

1 Applying the theorem known as Occam's Razor would give a stronger result in the sensethat the underlying
distribution may be arbitrary (that is, not necessarilyuniform). This however comesat a price of a linear, as opposed
to logarithmic, dependenceof the sample/query complexity on n.
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monotone singletons simply as singletons. As we shall see,an interesting feature of the singletons
test is that it applies the linearity test (that was described and analyzedin Subsection37) as a
subroutine.

When the identit y of the function f is clear from the context, we may usethe following notation:

Fq ©ffy .t (x) = 1g. For x;y 2 f0; 1g" we shall usex * y to denote the bitwise "AND' of the two

strings. That is,z= x"y satisesz; = xj*y; foreveryl i n.
The following characterization of monotone k-monomials motivates the tests we describe.

Lemma 4.1 Letf :f0;1g" ! f0;1g. The function f is a monotone k-monomial if and only if the
following two conditions hold:

1. Prlf (x) = 1] = %

2. f(x~y)=f(x)"f(y) for all x;y 2 f0;1g".

In what follows we shall say that a pair of points x;y 2 f0;1g" are violating with respct to f if
f(x™y) & f(x)"f(y).
Pro of. If f is ak-monomial then clearly the conditions hold. We turn to prove the other direction.
We rst obsene that the two conditions imply that f (x) = 0 for all jxj < k, where jxj denotesthe
number of onesin x. In order to verify this, assumein corntradiction that there exists somex sucd
that jxj < k but f (x) = 1. Now considerany y sud that y; = 1 whenewer x; = 1. Then x* y = X,
and thereforef (x~ y) = 1. But by the seconditem, sincef (x) = 1, it must alsohold that f (y) = 1.
However, sincejxj < k, the number of such points y is strictly greaterthan 2" K, cortradicting the
rst item.
Next lety = ,,¢ X. Using the seconditem in the claim we get:
N N
fiy)y=1f( x)= f(x)=1: (30)
x2F1 x2F1

Howewer, we have just shown that f (x) = 0 for all jxj < Kk, a@d thusjyj k. Hence,there exist k
indicesiy;::ijig suchthaty;, = 1foralll j k. Buty = x2F, Xij - Hencexj, = 111=x;, =1
for every x 2 F1. The rst item now implies that f (x) = x;, * :::* x;, for every x 2 f0;1g". W

Given Lemmal, a natural candidate for a testing algorithm for singletonswould take a sample
of uniformly selectedpairs (x;y), and for ead pair verify that it is not violating with respect to
f. In addition, the test would ched that Pr[f (x) = 0] is roughly 1=2 (or elseany monotone k-
monomial would passthe test). As shown in [PRS0Z, the correctnessof this testing algorithm can
be proved as long as the distance betweenf and the closestsingleton is bounded away from 1=2.
It is an open question whether this testing algorithm is correct in general.

We next describe a modi ed version of this algorithm, which consistsof two stages. In the rst
stage, the algorithm tests whether f belongsto (is closeto) a more generalclassof functions (that
contains all singleton functions). In the secondstageit appliesa slight variant of the original test
(as described in the previous paragraph). Speci cally, the more general class of functions is the
classL of linear Boolean functions over f0;1g", which was discussedin Subsection@3. Clearly,
ewvery singleton function f (x) = x; is a linear function. Hence,if f is a singleton function, then it
passeshe rst stageof the test (the linearity test) with probability 1. On the other hand, if it is
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far from any linear function, then it will be rejected already by the linearity test. As we shall see,
if f is far from ewvery singleton function, but it is closeto somelinear function that is no a singleton
function (so that it may passthe linearity test), then we can prove that it will be rejected in the
secondstage of the algorithm with high probability.

In order to motivate the modi cation we introduce in the original singleton test, we state the
following lemma and discussits implications.

P
Lemma 4.2 LetS |[n], and let gs(X) = ;55 Xi (where the sum is taken modulo 2). If jSj is

eventhen
1

1
Pryy [0s(X* y) = gs(X) " gs(Y)] = > + ST
and if jSj is odd then

1 1
Pray[(X " ¥) = 6:(x) " 6] = 5+ o5
Proof: Let s= jSj, and let x;y be two strings such that (i) x hasO i s onesin S, that is,

f72S: x=1gj=i; (i) x*yhasO k ionesin S;and (iii) y hasatotal ofj + k onesin S,
where0 j s .

If gs(x™y) = gs(x) ™ gs(y), then either (1) i is even and k is even, or (2) i is odd and | is
even. Let Z; f0;1g" f0;1g" be the subsetof pairs x; y that obey the rst constraint, and let
Z, f0;1g" f0;1g" be the subsetof pairs x; y that obey the secondconstraint. Sincethe two
subsetsare disjoint,

Pryy [gs(x " y) = Gs(x) * gs(Y)] = 2 2"(jZ4j + jZ2) : (31)

It remainsto compute the sizesof the two sets. Sincethe coordinates of x and y outside S do not
determine whether the pair x; y belongsto one of these sets, we have

0 _ _ 1
xs X P X i
Zij=2"° 2 ° @ ’ A (32)
i=0;i even : k=0:k even j=0 J
and 0 _ _ 1
X X X i
Zoj=2"c 2" 5 @ . *laA (33)
i=0;i odd : k=0 j=0;j even ]
The right-hand-side of Equation (32) equals
22n 2s (225 2 4+ 28 1) — 22n 2 + 22n s 1_ 22n (2 2 +2 (S+l)) : (34)

The right-hand-side of Equation (33 equals2?" (2 2+ 2 *1) if sis odd and 22" 2 if s is even.
The lemma follows by combining Equations (B2 and (83 with Equation (Z1). W

Hence,if f isalinear function that is not a singleton and is not the all-0 function, that isf = gs
for jSj 2, then the probability that a uniformly selectedpair x;y is violating with respectto f is
at least 1=8. In this case,a sample of 16 such pairs will contain a violating pair with probability
atleastl (1 1=8)6 1 e 2> 2=3.
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Howewer, what if f passeghe linearity test but is only closeto being a linear function? Let g
denote the linear function that is closestto f andlet be the distance betweenthem. (Note that
g is unique, given that f is sucien tly closeto a linear function). What we would like to do is
chedk whether g is a singleton, by selectinga sample of pairs x; y and cheking whether it corntains
a violating pair with respectto g. Obsenwe that, sincethe distance betweenfunctions is measured
with respect to the uniform distribution, for a uniformly selectedpair x; y, with probability at least
(1 )2, both f(x) = g(x) and f(y) = g(y). Howewer, we cannot make a similar claim about
f(x”™y) and g(x * y), sincex " y is not uniformly distributed. Thus it is not clear that we can
replace the violation test for g with a violation test for f. In addition we needto verify that g is
not the all-O function.

The solution is to use a self-corrector for linear functions [[BLR93] as described in Subsec-
tion BZI71 Namely, given query accessto a function f : f0;1g" ! f0;1g, which is strictly closer
than 1=4 to somelinear function g, and an input x 2 f0;1g", the procedure Self-Carect(f ; x) re-
turns the value of g(x), with probability at least 9=10. The query complexity of the procedureis
constart.

We are now ready to describe the testing algorithm for singletons.

Algorithm 4.1 : Test for Singleton Functions

1. Apply the linearity test (Algorithm ) to f with distance parameter min(1=5; ). If the test
rejects then output reject (and exit).

2. If Self-Correct(f ;1) = 0 (where 1 is the all-1 vector), then output reject (and exit).
3. Uniformly and independently selet m = 64 pairs of points X;y.

For each such pair, let b, = Self-Correct(f;x), b, = Self-Correct(f;y) and by =
Self-Correct(f ; x * y).

Check that byry = by A by,

4. If one of the checks fails then output reject Otherwise output accept

Theorem 4.1 Algorithm 7] is a one-sidel error testing algorithm for monotone singletons. The
query complexity of the algorithm is O(1=).

Pro of: Since the linearity testing algorithm has a one-sidederror, if f is a singleton function
then it always passesthe linearity test. In this casethe self corrector always returns the value of
f on ewery given input point. In particular, Self-Correct(f;1) = f (1) = 1, since every monotone
singleton hasvalue 1 on the all-1 vector. Similarly, no violating pair can be found in Step[3 Hence,
Algorithm B always acceptsa singleton.

Assume,without lossof generality, that 1=5. Considerthe casein which f is -far from any
singleton. If it is also -far from any linear function, then it will be rejected with probability at
least 9=10in the rst step of the algorithm. Otherwise, there exists a unique linear function g sud
that f is -closeto g. If g is the all-0 function, then f is rejected with probability at least 9=10 (in

StepD).
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Otherwise, g is a linear function of at least 2 variables. By Lemmal3d, the probability that a
uniformly selectedpair X;y is a violating pair with respectto g is at least 1=8. Given sud a pai,
the probability that the self-correctorreturns the value of g on all the three calls (that is, by = g(x),
by = g(y), and byny = g(x " y)), is at least (1 1=10)2 > 7=10. The probability that Algorithm B
obtains a violating pair with respectto g and all calls to the self-correctorreturn the correct value,
is greater than 1=16. Therefore, a sample of 64 pairs will ensurethat a violation byry 6 b~ by
will be found with probability at least 9=10. The total probability that f is accepted,despitebeing

-far from any singleton, is henceat most 3 (1=10) < 1=3.

The query complexity of the algorithm is dominated by the query complexity of the linear
tester, which is O(1=). The secondstagetakesconstart time. W

4.1.2 Monomials

The testing algorithm for monomials has a high level structure that is similar to the algorithm
for singletons, and its query complexity is O(1=) as well. Here we consider testing monotone
k-monomials, when k is given as a parameter to the algorithm. It is possibleto remove the
monotonicity assumption as well as the assumption that the algorithm receives a parameter Kk,
without increasingthe complexity of the algorithm.

Upon receiving the parametersk and , the algorithm rst cheds what is the relation between

and 2 K. If > 4 2 K then the algorithm decideswhether to acceptor reject solely basedon

estimating Pr[f (x) = 1] using a sample of size (1 =). Let be this estimate. If 3=8, then
the algorithm acceptsand if > 3=8, then the algorithm rejects.

To verify that the algorithm makesa correct decisionwith high constart probability, consider
rst the casethat f is a k-monomial. In such a casePr[f (x) = 1]= 2 kK < =4. By a multiplicativ e
Cherno bound (seeAppendix [B), the probability that > 3 =8 (which causesthe algorithm to
reject), is a small constart. On the other hand, every function f that satis es Pr[f (x) = 1] =2is
-closeto every k monomial. This is true sincefor any k-monomial g, Pr[f (x) 6 g(x)] Pr[f (x) =
1]+ Pr[g(x) = 1] < . Therefore, if f is -far from every k monomial, then Pr[f (x) = 1] > =2.
In such a case,by a multiplicativ e Cherno bound, the probability that 3 =8 (which causes
the algorithm to accept), is a small constart. Thus the casethat is large relative to 2 ¥ is
straightforward, and we turn to the casethat is of the sameorder, or smaller, than 2 K.

Similarly to the simple case consideredin the foregoing discussion,in the rst step of the
algorithm a sizetest is performed. That is, the algorithm veri es that Pr[f (x) = 1] is closeto 2 X,
asit should beif f is a k-monomial. This step requiresa sampleof size (2 ) = O(1=). Assuming
f passeghe sizetest, the algorithm performsan a nity test This step plays a similar role to that
of the linearity test in the singleton testing algorithm (Algorithm E). That is, on the one hand,
every monotone k-monomial passeghis test (with probability 1). On the other hand, if a function
passeghis test but is far from any monotone k-monomial, then the third step (which is described
momertarily, and plays a similar role to Step[in Algorithm EI), will reject the function with high
probability. We next describe both steps.

Recall that F1 = fx : f(x) = 1g. The anit y test cheks whether F; is (closeto being) an
ane subspace.We next recall the de nition of an a ne subspace.

De niton 4.2 (Ane Subspaces) A subsetH f0;1g" is an ane subspaceof f0;1g" if and
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only if there existan x 2 f0;1g" and a linear subspce V of f0; 1g" suchthat H = V + x. That is,

H=fyjy=v+ x;for somev2 Vg

The following is a well known alternativ e characterization of a ne subspaceswhich is a basis for
the anit y test.

Fact 4.3 H is anane subspce if and only if for everyyi;y»;y32 H we havey; + yo+ y3 2 H.

Note that the above fact alsoimplies that for every y;;y> 2 H andys 2 H wehavey;+ y,+y3 2

H. The anit y test selects,uniformly and independertly, m = (1 =) points a1;:::;am 2 f0;1g"
andt = (1) pairs of points (x1;y1);:::;(Xt;yt) 2 F1 Fq (recall that jF1j = O(2 %) = O(1=)).
If forsomel i m,1 | t, the equality f (a; + x; + y;) = f(a;) doesnot hold, then the

test rejects. The analysis of the a nit y test shows that passingthis step with su cien tly high
probability ensuresthat f is closeto somefunction g for which g(x) + g(y) + 9(z) = g(x + y + 2)
for all x;y;z2 G1 = fxjg(x) = 1g. That is, G; is an ane subspace.

In the last step, which is referred to asthe Closure-under-intersectiotest, the algorithm selects,
uniformly and independertly, a constart number of points x 2 F; and (2 X) points y 2 f0; 1g. If
for somepair x;y selected, Self-Carect(f ; x * y) 6 Self-Corect(f ;y), then the test rejects. Here
Self-Carect is a procedurethat given any input z and oracle accessto f, asksa constart number
of queriesand returns with high probability, the value g(z), where g is asdescribed in the previous
paragraph.

In both the anit y test and the closure-under-irntersection test, we needto selectstrings in Fq
uniformly. This is simply done by sampling from f0;1g" and using only x's for which f (x) = 1.
Sincein both tests the number of strings selectedfrom F1 is a constart, the total number of queries
required is O(2K) = O(1=). (If the algorithm doesnot obtain su cien tly many strings from Fj,
then it can give an arbitrary output, sincethis event occurs with small constart probability.)

The correctnessof the algorithm follows from the next two lemmas(whose proofs can be found
in [PRS02).

Lemma 4.4 Letf be a function for which jPr[f (x) = 1] 2 Kj < 2 ¥ 3. If the protability that
the a nity test acceptsf is greater than 1=10, then there exists a function g:f0;1g" ! f0;1g for
which the following holds:

1. dist(f;g) =2°
2. G ©ta: g(a) = 1g is an ane subspce of dimensionn k.

3. There exists a procedure Self-Carect that given any input a 2 f0;1g" and oracle accessto f ,
asksa constant numkber of queriesand returns the value g(a) with probability at least1 1=40.

Furthermore, if F1 is an ane subsmce then the anity tests always accepts, g = f, and Self-
Carect(f ;a) = f (a) with protability 1 for everya 2 f0;1g".

Lemma 4.5 Letf :f0;1g" ! f0;1g be afunction for whichjPr[f (x) = 1] 2 Kj< 2 k 3. Supmwse
that there exists a function g: f0;1g" ! f0; 1g such that:
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1. dist(f;g) 2 % 3.

2. G, ©f fx : g(x) = 1gis an ane subspce of dimensionn k.
3. There exists a procedure Self-Carect that given any input a 2 f0;1g" and oracle accessto f
returns the value g(a) with protability at least1 1=40.

If gis not a monotone k-monomial, then the probability that the Closure-Under-Intersection Test
rejects is at least 9=10.

4.1.3 Monotone DNF

In the previous subsectionwe described an algorithm for testing whether a function is a (single)
monomial. A natural generalizationis to test whether a function isof the formf = T, T,  Tg
whereead term T; is a monomial. Here we considera restricted casewhereall terms are monotone
monomials. For the sake of simplicity, from this point on when we say \term" or \monomial" we
meanthat it is monotone.

def

The basic idea underlying the algorithm is to test whether the setF; = fx : f(x) = 1g can
be \approximately covered" by at most s terms (monomials). To this end, the algorithm nds
strings x; 2 f0;1g" and usesthem to de ne functions f; that are tested for being monomials. If
the original function f is in fact an s-term DNF, then, with high probability, ead sud function
fi correspondsto one of the terms of f. In what follows we give a little more of the avor of the
algorithm. For full details see[PRS0Z.

Let f beamonotones-term DNF, and let its terms be Ty;:::;Ts. Then, for any x 2 f0;1g", we
let S(x) f1;:::;sg denotethe subsetof indices of the terms satis ed by x. That is: S(x) def £
Ti(x) = 1g. In particular, if f (x) = 0then S(x) = ;. This notion extendsto asetR Fq, were

S(R) def «r S(X). We obsene that if f is a monotone s-term DNF, then for every x;y 2 f0; 1g"

S(x™y) = S(x)\ S(y).

De nition 4.3 (Single-T erm Represen tativ es) Letf beamonotones-term DNF. We saythat
x 2 F1 is a single-termrepesentativefor f if jS(x)j = 1. That is, x satis es only a single term in
f.

De nition 4.4 (Neigh bors) Let x 2 F;. The set of neighlors of x, denoted by N (x), is de ned
as follows:

Nx) E fyjf(y)=1andf(x"y) = 1g

The notion of neighlors extendsto a setR  Fj;, where N (R) def szR N (x).

Note that the above de nition of neighborsis very di erent from the standard notion (that is,
strings at Hamming distance 1), and in particular dependson the function f .

Consider the casein which x is a single-term represenativ e of f, and S(x) = fig. Then, for
every neighbor y 2 N (x), we must have i 2 S(y) (or elseS(x * y) would be empty, implying that
f (x~y) = 0). Notice that the cornversestatemert holds aswell, that is, i 2 S(y) implies that x and
y are neighbors. Therefore, the set of neighbors of x is exactly the set of all strings satisfying the
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term T;. The goal of the algorithm isto nd at mosts sud single-term represetativ esx 2 f0; 19",
and for eat sudc x to test that its set of neighbors N (x) satis es somecommonterm. It can be
shawn that if f is in fact a monotone s-term DNF, then all thesetests passwith high probability.
On the other hand, if all the tests passwith high probability, then f is closeto somemonotone
s-term DNF.

4.2 Juntas

In this subsectionwe describe the main result of Fischer et al. [EKR ™ 04]. Rather than considering
families of functions characterizedby their logical structure asdonein [[PRS0Y, the paper [EKR ™ 04]
considersfamilies of functions characterized by the number of variables they depend on.

De nition 4.5 (Jun tas) A function f : f0;1g" ! f0;1g is a k-junta for an integerk n if f
is a function of at most k variables. Namely, there existsa setJ [n] where jJj k suchthat
f (x) = f(y) for everyx;y 2 f0;1g" that satisfy x; = y; for eachi 2 J. We sayin sucha casethat
J dominatesthe function f .

The main result of [FKR ™ 04] is stated next.
Theorem 4.2 For every xed k, the property of being a k-junta is testableusing poly(k)= queries.

Fischer et al. [FKR ™04 establish TheoremE2 by describingand analyzing seweral algorithms. The
algorithms vary in the polynomial dependenceon k (ranging between O(k%) to O(k?)), and in two
properties: whether the algorithm is non-adaptive or adaptive (that is, queries may depend on
answers to previous quer'ﬁ,g), and whether it is has one-sidederror or two-sided error. They also
prove alower bound of (" k), which waslater improvedto ( k) by Chockler and Gutreund [[CGOq],
thus establishing that a polynomial dependenceon k is necessary While we focus here on the
domain f0; 1g" and on the casethat the underlying distribution is uniform, Theorem 2 holds for
other domains and when the underlying distribution is a product distribution.

The classof k-juntas can be viewed as generalizingthe classof k-monomials, wherethe function
over the k variablesis unrestricted. Fischer et al. [EKR ™ 04] alsoconsidertesting whether a function
is identical to a xed function h up to a permutation of its variables. For any given function h over
k variables, the testing algorithm performs a number of queriesthat is polynomial in 1= and in
the number of variables of h.

Before describing one of the algorithms for testing k-juntas, we briey discussthe relation to
learning. Knowing that a function dependson only a small number of variables can be especially
useful in the context of learning. For various function classesthere exist algorithms that are
attribute e cient (cf. [Lit87], BHL95, [UTW97]). That is, they have a polynomial dependenceon
the number of relevant variables of the function being learned and only a logarithmic dependence
on the total number of variables. Learning k-juntas under the uniform distribution (but without
gueries) was studied by Mossel, O'Donnel, and Senedio [MOS04]. They give an algorithm for
this learning problem that runs in time (n¥)! <! *1) where! < 2:376is the matrix multiplication
exponert.

Perhaps the most closely related learning-theory work is [[GTT99]. In this work, Guijarro,
Tarui, and Tsukiji [GTT99], considerthe following problem. For a xed but unknown distribution
D over f0;1g" and an unknown Boolean function f over f0;1g" that is known to be a k-junta, the
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algorithm is given accesdo examplesdrawn accordingto D and query accesgo f . The goal of the
algorithm isto nd a subsetJ of sizeat most k that dominates a function f °that is -closeto f .
They describe an algorithm for this problem whosequery complexity is O(k(log(k + 1)= + logn)).
Their algorithm canbe usedto test for the property of beinga k-junta. While the query complexity
of the [GTT99] algorithm has a better dependenceon k, it dependson n.

4.2.1 Preliminaries

In order to describe and analyze the testing algorithm, we rst introduce some de nitions and
notation. The domain of the functions we consideris always f0;1g" and it will be corveniert to
assumethat that the range of the function isf1; 1g= f( 1)%( 1)g (rather than f0; 1g).

Partial Assignmen ts For a subsetS [n] we denote by A(S) the set of partial assignments
to the variables x; wherei 2 S. Each w 2 A(S) can be viewed as a string in f0;1; g", where
foreveryi 2 S, w; 2 f0;1g, and for every i 2 S, w; = . In particular, A([n]) = f0;1g". For
two disjoint subsetsS;S? [n], and for partial assignmets w 2 A(S) and w2 (S9, we let wt w°
denote the partial assignmen z2 A(S[ S9 de ned by: z = w;, for every i 2 S, z = w? for every
i2S%andz = w =wl= forewryi?2 [n]nfS[ S%. In particular, we shall consider the
caseS%= [n]nS, sothat wt w®2 f0; 1g" is a complete assignmen (and f (wt w9 is well de ned).
Finally, for x 2 f0;1g" and S [n], we let Xjs denote the partial assignmen w 2 A(S) de ned by
w; = Xx; foreveryi 2 S,andw; = foreweryi 28S.

For the sake of concisenessye shall useS as a shorthand for [n] nS, wheneer it is clear that
S [n].

Variation.  For a function f : f0;1g" ! f1; 1g and a subsetS [n], we de ne the variation
of f on S, denoted Vr¢ (S), as the probability, taken over a uniform choice of w 2 A(S) and
21:25 2 A(S), that f (wt z1) 6 f (Wt zp). That isfd

def
VI (S) = Pryon (8)zrzazn (s If (W 1) 8 F (Wt 25)] : (35)

The simple but important obsenation is that if f doesnot depend on any variable x; wherei 2 S,
then Vr; (S) = 0, and otherwise it must be non-zero (though possibly small). One useful property
of variation is that it is monotone. Namely, for any two subsetsS;T [n],

Vi (S) Vs (S[ T): (36)
Another property is that it is sukadditive, that is, for any two subsetsS;T  [n],
Vi (ST T) Vi (S)+ Vre (T) : (37)

As we showv next, the variation can also be usedto bound the distance that a function hasto
being a k-junta.

12\We note that in [EKR* 04] a more general de nition is given (for real-valued functions). For the sake of simplicity
we give only the special caseof f1; 1g-valued function, and we slightly modify the de nition by removing a factor
of 2.
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Lemma 4.6 Letf :f0;1g"! f1; l1gandletJ [n]besuchthatjJj kandVri(J) . Then
there existsa k-junta g that is dominated by J and is suchthat dist(f ; g)

Pro of: We de ne the function g as follows: for ea x 2 f0; 1g" let

def . .

g(x) = majority,, 3 ff (x5t U)g: (38)
That is, for eathh w 2 A(J), the function g hasthe samevalue on all strings x 2 f0;1g" = A([n])
sudch that x;; = w, and this value is simply the majority value of the function f taken over all
strings of this form.

We are interested in shawing that Pr[f (x) = g(x)] 1 . That is,
h [
Proza (3):22a (@) f (wt z) = majority , (j)ff (wt u)g 1 : (39)

Similarly to what was shavn in the proof of Claim [E3, this probability is lower bounded by
Pr.oa (3):21:222A () [f (wt zy) = f (wt 20)], whichissimply 1 Vr;(J) 1 . N

4.2.2 An algorithm for testing Juntas

Here we describe an algorithm for testing k-juntas, which has one-sidederror, is non-adaptive, and
hasquery complexity O(k*=). In [EKR*04] there are actually two algorithms with this complexity.
We have chosento describe the one on which the more e cien t algorithms (mentioned previously)
are based, and which also plays a role in the results described in Subsection3 We assumethat
k > 1, since 1l-juntas are simply singletons,for which we already know there is a testing algorithm.

Algorithm 4.2 : k-Junta Test

S; with equal protability.

2. For eachj 2 [r], perform the following dependencetest at most h = 4(log(k + 1) + 4)r= =
( k?logk=) times:

Uniformly and independently selet w 2 A(Sj) and z1;z, 2 A(Sj). If f(wtz) 6
f (wt zp) then declare that f dependson variablesin S; (and continue to j + 1).

3. If the numker of subsetsS; that f wasfound to degend on is larger than k, then output reject,
otherwise output accept

Theorem 4.3 Algorithm .2 is a one-sidel error testing algorithm for k-juntas. Its query com-
plexity is O(k*logk=).

The bound on the query complexity of the algorithm is O(r h) = O(k*logk=). The dependence
test declaresthat f dependson a setS; only if it has found evidenceof suc a dependenceand
the algorithm rejects only if there are more than k disjoint setsfor which sudc evidenceis found.
Therefore, the algorithm newver rejects a k-junta. We henceturn to proving that if f is -far from
an k-junta then it is rejected with probability at least 2=3.
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Let = (log(k + 1) + 4)=h and note that by the de nition of h, =(4r) (recall that r
is the number of setsin the random partition selectedby the algorithm and h is the number of
applications of the dependencetest). Dene J = J (f) % i 2 [n] : Vri(fig) > g ThusJ

consistsof all i sud that Vr; (fig) . We shall prove two lemmas:

Lemma 4.7 If Vrs(J) > then Algorithm B2 rejects with probability at least 2=3.
Lemma 4.8 If jJj > k then Algorithm B2 rejects with prokability at least 2=3.

By Lemmald, if f is -far from any k-junta, then either Vr¢ (J) > or jJj > k (or both).
By Lemmasi.4 and &8 this implies that the algorithm rejects with probability at least 2=3. Both
lemmasrely on the following claim regarding the dependencetest.

Claim 4.9 For any subsetS;, if Vr¢ (Sj) , then the probability that Step[ in Algorithm B2
declaresthat f degendson variablesin S; is at least 1 1=(e*(k + 1)).

Pro of: By the de nition of the dependencetest, the probability that a single application of the
test nds evidencethat f dependson S; is exactly Vr¢ (S;). Since = (log(k + 1) + 4)=h, if
Vrs (S) , the probability that the test fails to nd suc evidencein h independert applications
isatmost(1 )" < exp( h)<e *sk+ 1), asclaimed. H

We now prove Lemma 8, which is quite simple, and later sketch the proof of Lemma 4,
which is more complex.

Pro of of Lemma E38l First obsene that if jJj > k, then the probability, over the choice of the
partition, that there are fewer than k + 1 setsS; sudh that S;\ J 6 ;, is O(k?=r). Sincer = ck?
where c is a constart, for an appropriate choice of ¢, this probability is at most 1=6. Assumefrom
this point on that are at leastk + 1 setsS; sudh that §;\ J 6 ; (where we later take into accourt
the probability that this is not the case).

By the monotonicity of the variation (Equation (B8) and sinceVr; (fig) > foreahi 2 J, if
asetS; satises §;\ J 6 ;, then Vr¢ (S§)) . By Claim B9 and the union bound, the probability
that the algorithm nds evidenceof dependencefor fewer than k+ 1 setsis lessthan 1=6. Summing
this probability with the probability that there are fewer than k + 1 setsS; sud that S§;\ J 6 ;,
the lemma follows. W

Pro of Sketch of Lemma EZ1 By the premiseof the Ielmma, Vri (J) > . Sincethe variation is
subadditive (Equation (34d)), for any partition fS;y;:::;S;g, J_r:l Vri (§)\ J) > . Sincethe subsets
in the partition are equally distributed, we have that for eat xed choiceofj, Exp Vr¢(Sj\ J) >
=r. The main technical claim (whose proof we omit) is that with high probability Vr¢ (Sj\ J) is
not much smallerthan its expectedvalue. To be precise,for each xed choiceof j, with probability
at least 3=4 (over the random choice of the partition), Vr¢(S; \ J) =(4r). Recall that by the
de nition of (and of h asa function of r), we have that =(4r)

Using this claim, we now shav how Lemma H.4 follows. Recall that by monotonicity of the
variation, Vre (Sj)  Vre(S;\ J). We shall sy that a set S; is detectable, if Vr (Sj) . Thus,
the expected number of detectable subsetsis at least (3=4)r. Let denote the probability that
there are fewer than r=8 detectable subsets. Then 2=7 (as the expected number of detectable
subsetsis at most (r=4) + (1 )r). Equivalertly, with probability at least 5=7, there are at

33



leastr=8 = ( k?) > k + 1 detectable subsets. Conditioned on this evert, by Claim &Y (and the
union bound), the probability that the algorithm detects dependencefor fewer than J + 1 subsets
is at most 1=e*. Adding this to the probability that there are fewer than k + 1 detectable sets, the
lemmafollows. W

4.2.3 More ecien t algorithms

By allowing the algorithm to be adaptive, it is possible to reduce the query complexity to
O(k3log®(k + 1)=), and by allowing the algorithm to have two-sided error, it can be reduced
to O(k?log3(k + 1)=) (without the needfor adaptivity). Here we give the high-level ideasfor the
more e cien t algorithms.

Both algorithms start by partitioning the variables into r = ( k?) disjoint subsets

speed up the detection of subsetsS; that have non-negligible variation Vr¢ (S;), in the following
manner of divide and conquer. Instead of applying the dependencetest to eat subsetseparately
it is applied to blocks, ead of which is a union of sewral subsets. If f is not found to depend on
a block, then all the variables in the block are declaredto be \v ariation free". Otherwise (some
dependenceis detected), the algorithm partitions the block into two equally sized sub-blocks, and
continuesthe seard on them.

The two-sided error test also applies the dependencetest to blocks of subsets,only the blocks
are chosendi erently and in particular, may overlap. The selection of blocks is done as follows.

Fors= ( klogr) = ( klogk), the algorithm picks s random subsetsof coordinates|1:::;1s [r]
of sizek independertly, ead by uniformly §electing (without repetitions) k elemens of [n]. For
eahl ~ s, block B-isdened asB- =, Sj. The dependencetest is then applied h times

to ead block (where h is asin Algorithm E2). For ead subsetS;, the algorithm considersthe
blocks that cortain it. The algorithm declaresthat f dependson S;, if it found that f dependson
all blocks that corntain S;. If there are more than k sud subsets,or if f dependson at least a half
of the blocks, the the algorithm rejects, otherwise, it accepts. For further details of the analysis,
see[FKR04].

4.3 Testing by Implicit Learning: General DNF, Decision Trees and more

In this subsectionwe describe the results of Diakonikolas et al. [DLM ™ 07]. They presen a general
method for testing whether a function has a conciserepresenation (e.g., an s-term DNF or an s-
node decisiontree). Here we mostly focus on the Boolean case,though the technique in [DLM ™ 07]
extends to general domains and ranges. The query complexity is always polynomial in the size
parameter s, and is quadratic in 1= . The running time grows exponertially with s.

4.3.1 The Algorithm

The idea. The key obsenation behind the generalalgorithm of [DLM ™ 07] is that many classesf
functions that have a conciserepresertation are \w ell-approximated” by small juntas that belong
to the class. That is, every function in the classis closeto someother function in the classthat is a

B1n recert work [DLM * 08] the dependenceof the running time on s in the caseof s-term polynomials over GF (2)
was reduced to polynomial.
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small junta. For example,for any choiceof , ewvery s-term DNF is -closeto an s-term DNF that
dependsonly at most slog(s=) variables. This is true since by removing a term that has more
than log(s=) variables, the error incurred is at most =s (recall that the underlying distribution is
uniform).

Given this obsenation, the algorithm works roughly as follows. It rst nds a collection of
subsetsof variables suc that eat subsetcontains a single variable on which the function depends
(in a non-negligible manner). If the number of such subsetsis larger than somethreshold k, then
the algorithm rejects. Otherwise, the algorithm createsa sample of labeled examples, where the
examples are points in f0; 1gk, that is, over the variables that the function dependson. It is
important to stressthat the algorithm createsthis samplewithout actually identifying the relevant
variables. Finally, the algorithm cheds whether there exists a function of the appropriate form
over the small set of variablesthat is consistert with the sample. This is the essencef the idea of
\testing by implicit learning".

Before describing the algorithm in more detail, we give a certral de nition, and state the main
theorem.

De nition 4.6 Let F be a class of Boolean functions over f0;1g". For > 0, we say that a
sulzlassF () F isa( ;k())-appoximatar for F if the following two conditions hold.

The sulzlassF ( ) is closal under permutations of the variables.

For every function f 2 F there is a function f °2 F () suchthat dist(f ¢ f) and f%is a
k( )-junta.

Returning to the casethat F is the classof s-term DNF functions, we may take F ( ) to be the
subclassof F that consistsof s-term DNF where eat term is of size at most log(s=), so that
k( ) = slog(s=). Note that k( ) may be a function of other parametersdetermining the function
classF.

We shall usethe notation Ib( ) for the subsetof functions in F () that depend on the variables

over f0; 1g<0).
We now state the main theorem of [DLM " 07] (for the Boolean case).

Theorem 4.4 Let F be a class of Boolean functions over f0; 1g". For each choice of > 0, let
Ib( ) F bea(;k()) approximator for F. Supmsethat for every > 0thereis a satisfying

c?
k2() log®(k()) log?j®( )j loglog(k( )) log(logj®( )j=)

where cis a xed constant. Let  be the largestvalue of that satis es Equation (B0). Then there
is a two-sided error testing algorithm for F that makes O(k2( )log?j®( )j=2) queries.

(40)

We note that TheoremHE.4 extendsto function classeswith domain " and any range,in which case
there is a dependenceon logj j in Equation (E0) and in the query complexity of the algorithm.

All results from [DLM ™ Q7] that appearin Table [ are obtained by applying TheoremZ4 In
all theseapplications, k( ) grows logarithmically with 1=, and Iogjlb( )j is at most polynomial in
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k( ). This ensuresthat Equation (#0) can be satis ed. The most typical casein the applications
is that for a classF de ned by a size parameter s, we have that k( ) poly(s) log(1=) and
Iongb( )i poly(s)polylog(1=). This yields = O( ?)=poly(s), and sothe query complexity of
the algorithm is poly(s)=""( ?).

In particular, returning to the casethat F is the classof s-term DNF, we have that k( ) =
slog(s=) and jB( )]  (2slog(s=))s'°9(s=)  This implies that = O( 2=%), from which the
upper bound of O(s*= 2) on the query complexity follows. As another example, considerthe case
that F is the classof all decisionlists. Then, for every , if we let Fb( ) be the subclassof decision
lists with length log(1=), and we setk( ) = log(1=), then Fb( ) is a ( ;k( ))-approximation for
F. Sincej®( )j 2 4'°9(1=)(log(1=))!, we getthat = O( 2), from which the bound of O(1= 2)
on the query complexity follows.

The algorithm. The testing algorithm consistsof three procedures.The rst procedure,named
Identify-Critical-Subsetsis a slight variant of the two-sidederror junta test of [FKR ™ 04] (described
in Subsectiond.Z3). This variant is executedwith k = k( ), where isasde ned in TheoremiZ4
and with slightly larger constarts than the original [EKR ™ 04] algorithm. The main modi cation is
that instead of returning acceptin caseof successthe procedurereturns the at most k( ) subsets
of variables among S1;::: S, that the function f was found to depend on by the test. In caseof
failure, it outputs rejectlike the two-sidederror junta test.

The analysis of the two-sided error test can be slightly modi ed soasto ensurethe following.
If f 2 F, sothat it is -closeto a k( )-junta f°2 F( ), then with high probability, Identify-
Critical-Subsetompletessuccessfullyand outputs © k() subsetsof variablesamongS;,;:::S;..
On the other hand, it is still true that if f is far from any k( )-junta, then Identify-Critical-Subsets
outputs reject with high probability. Moreover, if f is such that with probability at least 1=3 the

procedure completes successfullyand outputs ° k( ) subsetsS;,;:::;S;., then these subsets
satisfy the following conditions with high probability. (1) For = ( =k( )), ead variable x; for
which Vr; (fig) occursin oneof the subsetsS;, , and eat of thesesubsetscortains at most one

such variable; (2) The total variance of all other variablesis O( = Iogjlb( )j).
We now turn to the secondprocedure,which is referredto as Construct-Sample This procedure

indeed the subsetssatisfy the aforemeriioned conditions. For the sake of the discussion,let us
make the stronger assumption that ewvery variable has either non-negligible variance with respect
to f or zerovariance. This implies that ead subsetS;; output by Identify-Critical-Subsetgorntains
exactly onerelevant variable (and there are no other relevant variables).

Given a point z 2 f0;1g", we would like to nd the restriction of z to its ©  k( ) relevant
variables (without actually determining these variables). Consider a subsetS;; output by Identify-
Critical-Subsets and let xp, for p 2 Sij, denote the relevant variable in Sij. We would like to
know whether z, = 0 or z, = 1. To this end, we partition the variablesin S;; into two subsets:
Si(j’ (z2) =12 S, : zg= 0g, and Silj (z2) = g2 Sj; : zg= 1g. Now all we do is run the dependence
test (as de ned in Algorithm E3Z) su cien tly many times so asto ensure(with high probability)
that we determine whether p 2 Si(j’ (z) (sothat z, = 0), or p 2 Silj (z) (sothat z, = 1). The
pseudo-cale for the procedureappearsnext.

Pro cedure Construct-Sample
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Let m = (log j®( )j=). Fort = 1;::::m construct a labeled example (x!;y!), where x! 2
f0;1g%( ) asfollows:

1. Uniformly selectz! 2 f0;1g", and let y! = f (z).

(@) Forb2 f0;1g, let SP(z') = fq2 S; : z5 = bg.

(b) Forg= ( k( )log(m k( ))=)=  (k( )=)log(logjF ( )jk( )=) ,run the depen-
dencetest on Si? (z') and on Silj (zY), g times (ead).

(c) If there is evidencethat f dependson both Si(j’ (z') and Silj (zY), then output reject (and
exit). If there is evidencethat f dependson Sitj’ (z') for b= 0 or b= 1, then setxj = b.
Otherwise set x} uniformly at random to be either 0 or 1.

The third procedure, Check-Consistengyis given as input the sample output by Construct-
Sample If somefunction f°2 Ib( ) is consistert with the sample, then the procedure outputs
accept Otherwise it outputs reject

Pro of Sketch of Theorem H4l Consider rst the casethat f 2 F, sothat it is -closeto
somefunction f 22 Ib( ) wheref %is ak( )-junta. The parameter is selectedto be su cien tly
small sothat we can essetially assumethat f = f % Thus, we shall make this assumptionin this
proof sketch. For = ( =k( )), ead variable x; such that Vrio(fig) will be referred to
as highly relevant. As discussedpreviously, with high probability, the procedure Identify-Critical-
Subsetsoutputs © k() subsetsS;,;:::;S;. that satisfy the following conditions: (1) ead highly
relevant variable occursin one of thesesubsets;(2) eadh of the subsetscorntains at most one highly
relevant variable of f °(in fact, exactly onerelevant variable of f 9; (3) all other variables are \v ery
irrelevant” (have small total variance).

Assuming the subsetsoutput by ldentify-Critical-Subsetsare as speci ed above, consider the
construction of x! 2 f0; 1gk( ) for any 1 t m. Sinceeat S; cortains exactly one relevant
variable, if this variable is highly relevant, then the following holds with high probability: one of
the executionsof the dependencetest nds evidencethat either this variable is in Si? (z') or that
it isin Silj (z), and x! is set accordingly. If the variable is not highly relevant, then either x! is set
correctly, asin the highly relevant case,or x! is setrandomly to 0 or 1. Sincethe total variation of
all non-highly-relevant variablesis small, with high probability f qx!) = y* (recall that y* = f (z!)).
Thus, with high probability, we get a random sample of points in f0; 1gX¢ ? that is labeled by the
k( )-junta f© Sincef 92 Ib( ), in sudh a casethe procedureCheck-Consistencyill output accept
asrequired (recall that Ib( ) is closedunder permutations of the variables).

We now turn to the casethat f is -far from F. If it isalso( =2)-far from every k( )-junta, then
Identify-Critical-Subsetsletects this with high probability, and rejects. Otherwise, f is ( =2)-close
to a k( )-junta. Note that f can still be rejected by either Identify-Critical-Subsetor by Create-
Sample If this occurswith high probability, then we are done. Otherwise, by the properties of these
two procedures,with high probability there won't be any function in Ib( ) that is consistert with

37



the sampleoutput by Create-Samplébasedon the subsetsoutput by Identify-Critical-Subsets This
is true since otherwise it would imply that there is a function f °°2 ®( ) F that is ( =2)-close
to a k( )-junta f ®such that dist(f;f 9 =2. But this would cortradict the fact that f is -far
fromF. =

4.4 Testing Linear Threshold Functions

One of the function classesmost extensiwely studied in the learning theory literature is the class
of linear thresholdfunctions. A linear thresholdfunction (LTF ) is a Boolean function of the form
f(X) = sgnfwixy + @i+ WpXp ) (wheresgn(y) = 1fory 0, andsgnly) = 1fory < 0).
In recert work, Matulef et al. [MORSQO7] give an algorithm for testing LTFs when the domain is
f1, 1g", whosequery complexity is poly(1=). This is in cortrast to the corresponding learning
problem that requires ( n=) queries (this can be shovn to follow from, e.g., [KMT93]). The
algorithm of Matulef et al. is quite complex, and here we only mention that to obtain their result
they rst considerthe casethat the domain is <" and the underlying distribution is Gaussian.
They give an algorithm with poly(1=) for this case,which they later modify for the casethat the
domainis f1; 1g" and the underlying distribution is uniform.

5 Other Mo dels of Testing

In this section we consider distribution-free testing (with queries), and learning from uniformly
distributed random examples (i.e., without queries) under the uniform distribution. The main
results discussedin this section are summarizedin Table 3

| Model | Class of functions | Num ber of Queries/Examples | reference |

dist-free degd polynomials, jFj= ( d) sameas standard testing [HKO7]

dist-free monotonef : "! R O((2logj H"=) [HKO7]
exp((n), | j=jRj=2

dist-free monomials, decision-lists (( n=logn)¥®) IGS07
linear threshold functions

unif. examples s-interval functiong o(" 5=3%?) [KROO]

(rej. boundary s=)

Table 3: Resultsin other models of testing. As shown in SubsectionB.], the rst result generalizes
to any function classthat has a self-corrector.

5.1 Distribution-F ree Testing

The notion of distribution-free testing (with or without queries)wasintroducedin [GGR98]. How-
ever, in that paper it wasonly obsened (as shown in Proposition Z7) that distribution-free (proper)
learning implies distribution-free testing. Other than that, in [GGR9§] there were only negative
results about distribution-free testing of graph properties, which have very e cien t standard testing
algorithms (that is, that work under the uniform distribution).
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The rst positive results for distribution-free testing (with queries) were given by Halevy and
Kushilevitz [HKO3, [HKO7|]. They describe a distribution-free testing algorithm for degreed multi-
variate polynomials (over large elds) with query complexity linear in 1= and polynomial in d (like
the standard testing algorithm of [RS9€])), and a distribution-free monotonicity testing algorithm
for functions f : " ! R with query complexity O((2logj j)"=). As we shall discusslater in
this subsection,the rst result is actually more general, and gives certain su cien t conditions for
obtaining distribution-free testing algorithms from standard testing algorithms.

As for the secondresult for monotonicity, the complexity of the algorithm has exponertial
dependenceon the dimension n of the input. This is in contrast to standard testing algo-
rithms [GGL™ 0C, IDGL " 99 where the dependenceon n is linear (to be precise, the complexity
is O(nlogj jlogjRj=), where jRj is the e ective size of the range of the function, that is, the
number of distinct values of the function). In a further investigation of distribution-free testing
of monotonicity [HKO5], HKQO7]], Halevy and Kushilevitz showved that the exponertial dependence
on n is unavoidable even in the caseof Boolean functions over the Boolean hypercube (that is,
i 1=1iRj=2).

Motiv ated by positive results for standard testing of seweral classesof Boolean functions (as
describedin SectionH) Glasnerand Senedio [GSO1] asked whether theseresults can be extendedto
the distribution-free model of testing. Speci cally, they considermonotone and generalmonomials
(conjunction), decisionslists, and linear threshold functions. They prove that for theseclasses,n
contrast to standard testing, wherethe query complexity doesnot depend on n, every distribution-
free testing algorithm must make (( n=logn)'™®) queries (for constart ). While there is still a
gap between this lower bound and the upper bound implied by learning these classes,a strong
dependenceon n is unavoidable in the distribution-free case.

Finally we note that Halevy and Kushilevitz [HKO4] alsostudy distribution-free testing of graph
propertiesin sparsegraphs, and give an algorithm for distribution-free testing of connectivity, with
similar complexity to the standard testing algorithm for this property.

We next describe the generalresult for obtaining distribution-free testing algorithms from stan-
dard testing algorithms whenthe function classhasa self-corrector. The algorithm for distribution-
free testing of monotonicity is brie y discussedin SubsectionEl (as part of a discussionon results
for testing monotonicity). Sincethe lower bound constructions are somewhatcomplex, we do not
include them in this survey and refer the interested reader to the respective papers mertioned
earlier.

Distribution-free  testing of prop erties with self-correctors

Halevy and Kushilevitz introduce the notion of a property self corrector, which generalizesthe
notion of a self-corrector, introduced by Blum, Luby, and Rubinfeld [BLR93] (and which was
already mertioned earlier in this survey, e.g., in Subsection317).

De nition 5.1 A -self-carecta for a classof functions F is a probkabilistic oracle machine M,
which is givenoracle accessto an arbitrary function f : X ! R and satis es the following conditions
(where M T denotesthe exeution of M when given oracle accessto f ):

If f 2 F then PrfM T (x) = f (x)] = 1 for everyx 2 X.
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If there exists a function g 2 F such that dist(f ; Q) , then PriM f (x) = g(x)] 2=3 for
everyx 2 X.

In this de nition, the distance (i.e., the measuredist( ; )) is de ned with respect to the uniform

distribution. Howewer, it will be useful for distribution-free testing (when the distanceis measured
with respect to some xed but unknown distribution). Obserwe that the secondcondition in De -

nition B implies that either g is unique, or, if there is more than one function in F that is -close
to f, then M is consistert with one sud function (on at least 2=3 of the inputs x).

Theorem 5.1 Let F be a classof functions that has a standad testing algorithm T and a -self-
corrector M. Let Q7() be the query complexity of T (as a function of the distance parameter
) and let Qp be the query complexity of M (that is, the number of queries required in order
to determine Mf(x)). Then there exists a distribution-fr ee testing algorithm for F with query

complexity O(Qt(minf ; g) + Qm =).

We now describe the distribution-free testing algorithm referred to in Theorem B We assume
that the distance parameter is smallerthan (or elsewe set to ).

Algorithm 5.1 : Distribution-free  test based on self-correction

1. Run the standad testing algorithm T on f , 24 (independent) times with the distance param-
eter . If T outputsrejectin at least half of theseexeutions then halt and output reject

2. Repeat 2= times:

(a) Samplea point x 2 X according to the underlying distribution D.

(b) Repeat twice: ComputeM f (x) and queryf (x). If Mf(x) 6 f (x) then output reject (and
exit).

3. If no iteration causel rejection then output accept

Pro of of Theorem Clearly the query complexity of Algorithm is as stated in Theo-
rem B Hencewe turn to proving its correctness. Consider rst the casethat f 2 F. In sudh a
casethe standard testing algorithm T should acceptwith probability at least 2=3, and the proba-
bility that it rejectsin at least half of its 24 independert executionsis lessthan 1=3. Assumesud
an event did not occur. By the rst condition in De nition for every x 2 X, we have that
M (x) = f (x) with probability 1. Hencethe secondstep of the algorithm never causesrejection.
It follows that the algorithm acceptswith probability at least 2=3. (Note that if T has one-sided
error then so doesAlgorithm BE11)

In what follows, in order to distinguish betweenthe casethat distance is measuredwith re-
spect to the uniform distribution, and the casethat it is measuredwith respect to the underlying
distribution D, we shall use the terms ( ; U)-close (or far) and ( ; D)-close (or far), respectively.
Assumenow that f is (; D)-far from F. If f isalso(; U)-far from F then it is rejected by T with
probability at least 2=3, and is therefore rejected by the algorithm in its rst step with probability
at least 2=3. Henceassumethat f is (; U)-closeto F.

In such a case,by the secondcondition in De nition for every x 2 X, PriM f (x) = g(x)]
2=3, where g is a xed function in F that is ( ;U)-closeto f and the probability is taken over
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the internal coin ips of M (recall that so sudh a function g exists). In particular, for any
point x suc that f(x) 6 g(x) we have that PrfiM f(x) 6 f (x)] 2=3. Thus, if in one of the
(2=) iterations of the secondstep of the algorithm we obtain sud a point x, then the algorithm
rejects with probability at least1 (1=3)2 = 8=9 (sinceit computesM f (x) twice). But sincef is
(; D)-far from F, for every function h 2 F, we havethat Pry p[f (x) 8 h(x)] > , andin particular
this is true of g. Hencethe probability that the algorithm doesnot obtain any point x for which
f(x) 6 g(x) isat most (1 )% < exp( 2) < 1=6. It follows that the algorithm rejects with
probability at least1 (1=9+ 1=6) > 2=3, asrequired. W

In particular, TheoremB.dlcanbeappliedto obtain distribution-free property testing algorithms
for all algebraic properties described in Section[3, as well as singletons (since they are a subclass
of the classof linear functions). This is alsotrue for the classof k-juntas, sincethey are a subclass
of degreek multiv ariate polynomials.

5.2 Testing From Random Examples

Similarly to the caseof distribution-free testing, the notion of testing from random exampleswas
consideredin [GGR9§]. For this testing model too, the paper includes negative results for testing

graph properties from random example only but doesnot include any positive results for testing

algorithms with complexity strictly smaller than that required for learning. The only positive
results we are aware of in this model are those preseried by Kearns and Ron [[KRQOQ], and are
described next. The functions studied in [KRO0] are decisiontrees over [0; 1]%, and a special case
of neural networks. We rst extend the notion of property testing by allowing the relaxation of
the rejection criteria. We focus in this extension on testing from random examplesdistributed

accordingto the uniform distribution.

De nition 5.2 (Testing with a rejection boundary) Let F be a classof functions from do-
main X to rangeR, let F® F, andlet0< 1. A testing algorithm for memtership in F with
rejection bounday (F % ) is given accessto uniformly distributed exampleslabeled according to an
unknown function f : X I R.

If f 2 F then the algorithm should accept with prokability at least 2=3;

If dist(f;F% > then the algorithm should reject with protability at least 2=3.

5.2.1 Interv al functions

Here we describe and analyze a testing algorithm for the class of interval functions. This is a
special caseof decisiontrees (which are de ned preciselyin SubsectionbZ2) and the study of this
simple classgives someof the avor of the other results in [[KROQ].

For any sizes, the classof interval functions with at most s intervals, denoted INT g, is de ned
as follows. Each function f 2 INTgsisdened byt s 1 switch points, a; < ::: < a;, where
a 2 (0;1). The value of f is xed in ead interval that lies between two switch points, and
alternates between0 to 1 when going from one interval to the next.

It is not hard to verify that learning the classINT ¢ requires ( s) examples(even when the
underlying distribution is uniform). In fact, ( s) is alsoalower bound onthe number of membership
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gueries necessaryfor learning this class. As we shav below, the complexity of testing under the
uniform distribution is much lower | it suces to obsene O(" s) random examples. We also
note that if the algorithm is allowed queriesthen the number of queriesthat su ce for testing is
independen of s and linear in 1=".

Theorem 5.2 For any integer s > 0 and 2 (0;1=2], the class of interval I;unctions INT g is
testablewith rejection boundary INT .- under the uniform distribution using O(" s= 1°) examples.
The running time of the testing algorithm is linear in the number of examplesusad.

The basic property of interval functions that the testing algorithm exploits is that most pairs
of close points belongto the sameinterval, and thus have the samelabel. The algorithm scansthe
samplefor such closepairs and acceptsonly if the fraction of pairs in which both points have the
samelabel is above a certain threshold. In the proof belonv we quartify the notion of closenessand
analyzeits implications both on the rejection boundary for testing and on the number of examples
needed. Intuitiv ely, there is the following tradeo : as the distance betweenthe points in a pair
becomessmaller, we are more con dent that they belong to the sameinterval (in the casethat
f 2 INT); but the probability that we obsene suc pairs of points in the samplebecomessmaller,
and the classF %in the rejection boundary becomedarger.

Pro of: We rst describe the testing algorithm. Let s®= s=, and considerthe partition of the
domain [0; 1] imposedby a one-dimensionalgrid Wl'[_h sPequal-sizecells (intervals) ci;:::; cso. Given
a uniformly selectedsample S of sizem = (  s%) (=( © s=19)), we partition the examples

appearancein the sample and let us pair the points in ead sud bin accordingto this order (thus,
Xi, is paired with X;,, Xj, with X;,, and soon). We call these pairs the close pairs, and we further
call a pair pure if it is closeand both points have the samelabel. The algorithm acceptsf if the
fraction of pure pairs (among all closepairs) is at least1 3 =4; otherwiseit rejects.

The rst certral obsenation is that by the choice of m, with high probability the number m®
of closepairs is at leastm®= (1 =). To obtain this lower bound on m° assumewe restrigted our
choice of pairs by breaking the random sampleinto 4m°random subsamplesgead of size2 s9 and
consideredonly closepairs that belongto the samesubsample. We claim that by the well-known
Birthday Paradox, for ead subsample,the probability that the subsamplecontains a closepair is
at least 1=2. To geewhy this is true, think of ead subsampleS®as consisting of two parts, S$ and
S9, eat of size” s% We considertwo cases:In this rst case,S? already cortains two examples
that belongto acon&m_oncell and we are done. Otherwise, eah examplein S9 belongsto a di erent
cell. Let this setof  sYcellsbe denoted C and recall that all cells have the sameprobability mass
1= Thus, the probability that S9 doesnot cortain any examplefrom a cell in C is

S P

1 jng) = 1 < el < 1= (41)

m-ﬁ"‘
(@]

as claimed. Hence,with very high probability, at least a fourth of the subsamples(that is, at least
m9 will contribute a closepair, in which casem® m° Sincethe closepairs are equally likely to
fall in ead cell ¢; and are uniformly distributed within ead cell, the correctnessof the algorithm
when using examplesreducesto the correctnessof the following algorithm, which is given query
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accessto f. The algorithm uniformly and independertly selectsm® = O(1=) of the grid cells,
uniformly draws a pair of points in ead cell chosen,and queriesf on these pairs of points. The
acceptancecriteria is asin the original algorithm. We next establish the correctnessof the latter
algorithm (that performs queries).

Casel: f 2 INTs. Fort= 1::::m® let  bearandom variable that is 0 if the t closepair
is pure, and 1 otherwise. Thus  is determined by a two-stageprocess: (1) the choice of the tt
grid cell c;; (2) the selection of the two points inside that cell. When c; is a subinterval of some
interval of f , then the points always have the samelabel, and otherwise they have a di erent label
with probability at most 1=2. Sincef has at most s intervals, the number of cells that intersect
intervals of f (that is, are not subintervals of f 's intervals) is at most s, and since there are s=
grid cells, the probability of selectingsud a cell is at most . It follows that for ead t,

Exp[ ] 1=2)+(1 ) 0 = =2: (42)

By a multiplicativ e Cherno bound (see App endix &), with probability at least 2=3, the average
of the {'s (which is just the fraction of closepairs that are not pure), is at most 3 =4, asrequired.

Case?2: dist(f;INTg) > . In order to prove that in this casethe algorithm rejects with
probability at least 2=3 we prove the contrapositive: if the algorithm accepts with probability
greater than 1=3, then there exists a function f 92 INT  that is -closeto f .

Let f 22 INT s be the (equally spaced)sZinterval function that givesthe majority label ac-
cording to f to ead grid cell. We claim that if f is acceptedwith probability greater than 1=3
then dist(f;f9 . Assume,cortrary to the claim, that dist(f;f9 > . For eat grid cell ¢j let
i 2 [0;1=2] be the probability massof points in ¢; that have the minority label of f among points
in ¢;. Thus, dist(f 9 = Exp;[ j], and so, by our assumption, Exp;[ j] > . On the other hand, if
we de ne  asin Casel, then we get that

Exp[ «] = Expj[2;1 )] Expj[j] (43)

where the secondinequality follows from ;  1=2. By our assumptionon f, Exp[ ] > , and by
applying a multiplicativ e Cherno bound, with probability greater than 2=3, the averageover the
t's is greater than 3 =4 (which causesthe algorithm to reject). W

It is also proven in [KROQ] that the dependenceon P S is unavoidable. Speci cally, it is showvn
that distinguishing with probability at least 2=3 between a function selected ranb'iomly from a
certain subclassof INT ¢ and a completely random function over [0; 1] requires ( = S) examples.
This implies the samelower bound for testing with rejection boundary INT - for constart , since
for every s, with very high probability, a random function will be (1)-far from any interval function
in INT o for s9= O(s).

5.2.2 Decision trees and aligned voting networks

of the tree is whether x; a for somei 2 f1;:::;dg and a 2 [0; 1]. The labels of the leaves of the
decisiontree arein f0; 1g. We de ne the size of suc a tree to be the number of leaves. Thus, every
tree of size s over [0; 1] determines a partition of the domain [0; 1]% into at most s axis aligned
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rectangles, ead of dimension d (the leaves of the tree), where all points belonging to the same
rectangle have the samelabel.

Aligned Voting Networks are a restricted class of neural networks over [0;1]9. These are es-
sentially neural networks in which the hyperplane de ning ead hidden unit is constrained to be
parallel to some coordinate axis, and the output unit takes a majority vote of the hidden units.
To be precise, an aligned hyperplane over [0;1]° is a function h : [0:1] | f1; 1g of the form
h(x) = sgn(x; a) for somedimensioni 2 f1;:::;dg and somea 2 [ 1;1]. An alignedvoting
network over [0; 1] is a function f : [0;1]9! f1; 1g of the form

0 1

x3
f(x)=sgn@ h;j(x)A (44)
j=1

where ea h;(x) is an aligned hyperplane over [0, 1]9. The sizeof f is the number of voting
hyperplaness.

An alternative way of viewing an aligned voting network f is as a constrained labeling of the
cells of a rectilinear partition of [0;1]9. For eat dimensioni, we have positions a’i 2 [0;1] and
orientations u! 2 f+1; 1g. The hyperplanesx; = a de ne the rectilinear partition, and f is
constart over ead cell ¢c: for any x, we de ne

xd % o
#(x) = sgnx; ulal) (45)
i=1 j=1

(where s;j is the number of aligned hyperplanesthat project on dimensioni), and then f (x) =
sgn(#( x)). By extension, for ead cell ¢ of the partition, we de ne #( ¢) asthe constart value of
#( x) for all x 2 ¢, and f (c) asthe constart value of f (x) for all x 2 c.

The algorithms for testing decisiontrees and aligned voting networks apply a similar high level
idea as the algorithm for interval functions. Roughly speaking, they decide whether to accept or
reject the function f by pairing \nearby" points, and cheding that sud pairs have the samelabel
accordingto f. A commontheme in the analysisis that the classin question, which we denote by
Fs, canbe\approximated by" a boundednumber of xed partitions of the domain. More precisely
if we considerthe classof functions H de ned by thesepartitions (when we allow all labelings of the
cellsof the partitions), then for every function in F 5 there existsa function in H that approximates
it. Furthermore, these partition functions can be implemented by a classF ¢ wheres® s. The
testing algorithms essetially perform the sametask: for ead xed partition, pairs of points that
belong to a common cell of the partition are considered,and if there is a su cien tly strong bias
among these pairs towards having a common label, then the tested function is accepted.

Howewer, the algorithms (which are somewhatmore complexthan the onefor testing intervals),
give wealer results in the senseof the rejection boundary (Fso; ) they work for. This is both in
terms of the relation betweens®and s, and in terms of the they work for. Namely, as opposed
to the caseof interval functions, where the algorithm can work with any , for the more complex
classes,the algorithm works only for certain settings of that are bounded away from 1=2 by
a function that depends exponertially on d. Thus these results can be seenas \w eak testing",
analogouslyto \w eak learning".
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5.2.3 Testing and Weak Learning

In fact, the relation betweenweaklearning and a certain form of weaktesting is formalized in [KROQ]
as described next.

De nition 5.3 Let F be a classof functions over a domain X, and let D be a distribution over
X. We say that F is testableagainsta randomfunction in m exampleswith respectto D if there is
an algorithm T suchthat:

If T is given m examplesdrawn according to D and lakeled by any f 2 F, then T accepts
with probkability at least 2=3.

If T is given m examplesdrawn according to D and lakeled randomly, then T rejects with
prokability at least 2=3. The prolability here is taken both over the choice of examplesand
their random lakels.

Recall that Proposition [Z7 establishedthat proper learning implies testing. The proposition
can be easily generalizedto show that if a function classF is learnable using a hypothesis class
H F with accuracy using m examples,then for every Cthe classF is testable with rejection
boundary (H: + 9 usingm + O(1=( 9?) examples.

Below we give a proposition concerningthe reversedirection | namely, any classthat is e -
ciently testable against a random function (as de ned in De nition B3) is e cien tly weakly learn-
able. Obsene that testing against a random function (with respect to a particular distribution
D) is no harder than testing with respect to a certain rejection boundary classF ° whenewer (with
respect to D), a random function is far from any function in the classF ° (with high probability
over the choice of the random function).

Prop osition 5.3 Let F be a class of functions over domain X and let D be a distribution over
X. If F is testableagainst a random function in m exampleswith respect to D, then F is weakly
learnable with resgct to D with advantage (1 =m) and constant con dence in O(m?) examples.

Pro of: Let T be the testing algorithm that distinguishes between functions in F and a ran-
dom function. We start by using a standard technique rst applied in the cryptography litera-
ture [GM84]. Let us x any function f 2 F, and considerthe behavior of the algorithm whenit is
given a random sampledrawn accordingto D and labeled partly by f and partly randomly. More

accordingto D, and a vector £ uniformly chosenvector in f0; 1g™ !, that the test T acceptswhen
given asinput hxq;f (x)i, 10 i f(Xi)i, Xz r)i, 2in mirm )i

Sincepyn  2=3, while pp  1=3, there must exist an index 1 i m such that p;i p;j 1=
(1 =m). Thus, by observing O(m?) examples(and generating the appropriate number of random
labels) we can nd an index i sudch that T has signi cant sensitivity to whether the i!" example
is labeled by f or randomly. From this it can be shavn [KLV95] that by taking another O(m?)
examples,wecan nd a xed sequences; of i exampleslabeledaccordingto f , and a xed sequence
S, of m i exampleshaving an arbitrary (but xed) 0=1 labeling such that the di erence between
the probability that T acceptswhen given as input Sp;hx; f (X)i; S, and the probability that it
accepts when given as input Sq;hx;: f (x)i; Sy, is (1 =m), where now the probability is taken
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only over the draw of x. Let h(x) be the following probabilistic function. If T(Sq;hx; 0i;Sy) =
T(Sy;hx; 1i;S), then h outputs the ip of a fair coin. If for b2 f0;1g, T(S1;hx; bi;S,) = accept
and T(S1;;: bi;Sy) = reject, then h outputs b. Then from the precedingargumerts, h has an
advantage of (1 =m) over a random coin in predicting f. N

6 Other Results

In this sectionwe mention, quite brie y, several additional directions of researt within the area of
property testing and the corresponding known results.

6.1 Monotonicit y

A very basic property of functions, which plays a role in learning theory, is monotonicity. For a
partially-ordered set (poset) X (e.g., X = f0;1g") and a totally-ordered domain R, we sa that a
function f : X I R is monotoneif for every x;y 2 X, if x < y then f (x) f(y).

Boolean functions over the Boolean hypercub e. In this case,that is when X = f0;1g" (so
that the partial order is the natural lexicographicorder over strings), and R = f0; 1g, it is possibleto
test monotonicity (in the standard model, that is, under the uniform distribution and with queries)
using O(n=) queries[GGL" 0Q]. The algorithm simply selects,uniformly and at random, ( n=)
pairs of points that di er on a single bit and cheds whether the function violates monotonicity on
any of the selectedpairs. Clearly, every monotone function is acceptedwith probability 1. The
heart of the analysisis in shaving that the probability that a function f violates monotonicity on
such a pair of neighboring points is at least the distance of the function to monotonicity, divided
by n. This is proved by showing that if the fraction of violating pairs is at most y (f), then it is
possibleto \ x* the function f and make it a monotone function by modifying the value of f on
at most an (n y (f ))-fraction of the points.

The aforemertioned testing algorithm makesessetial useof queries. Goldreich et al. [GGL™ 0(]
show that this is no coincidence{ any monotonicity tester that works under the uniform distribution,
but is not albov@queries, must have much higher complexity. Speci cally, they prove a lower
bound of (~ 2"=) on the number of examples, for every = O(n 3%2). They also show that
this lower bound is tight. Namely, there exists a tester for monotonicity that only utilizes random
examplesand usesat most O(' 2"=) examples. As noted in [GGL™ 0], this tester is signi cantly
faster than any learning algorithm for the classof all monotone conceptswhen the allowed error
is O(1=" n): Learning (under the uniform distribution) requires (2 "="n) examples(and at least
that many queries) [KLV95]. In cortrast, \w eak learning” [KV94] is possiblein polynomial time.
Speci cally, the classof monotone conceptscan be learnedin polynomial time with error at most
12 (A P n) |&BBL98] (though no polynomial-time learning algorithm can achieve an error of
1=2 ! (log(n)="n)) [BBLY8]).

Non-Bo olean functions.  Returning to standard testing, Ergun et al. [EKK ™ 0Q] consideredthe
casethat X = where s a totally-ordered nite set and R is any totally-ordered set. They
referred to the testing problem as\Spot chedking of sorting" and gave an algorithm whosequery
complexity is O(logn=). Ergun et al. [EKK 0] also gave a lower bound for non-adaptive testing
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algorithms, which, combined with a result of Fischer [Eis04], implies a lower bound of (log j j)
for any testing algorithm (when s constart).

Batu et al. [BRWO05] extendedthe algorithm of [EKK * 0] to higher dimensions,that is, for X =
" (and any rangeR), at an exponertial costin the dimensionn. The complexity of their algorithm
isO((2logj j)"=). Halevy and Kushilevitz [HKO3] reducedthe complexity (for su cien tly large )
to O(n4" logj j=), and Ailon and Chazelle[ACOg] further improvedthis boundto O(n2" logj j=).
Dodis et al. [DGL™ 99 showed that it is possibleto reducethe dependenceon the dimensionn
to linear, and obtain query complexity O(nlogj jlogjRj=), wherethe dependenceon logjRj can
bereplacedby nlogj j.

General Posets. Fischer et al. [FLN.*0Z] consideredthe casein which X is a general poset.
They showed that testing monotonicity of Boolean functions over general posetsis equivalernt to
the problem of testing 2CNF assignmeis (namely, testing whether a given assignmen satis es a
xed 2CNF formula or is far from any sudc assignmem). They also shoved that for every posetit
is possibleto test monotonicity over the posetwith a number of queriesthat is sublinear in the size
of the domain poset; speci cally, the complexity grows like a squareroot of the size of the poset.
Finally, they give somee cien t algorithms for seweral special classesf posets(e.g., posetsthat are
de ned by trees).

Distribution-free  testing.  As mertioned in Subsectionb.T, Halevy and Kushilevitz [HKO7] gave
a distribution-free monotonicity testing algorithm for functionsf : " ! R with query complexity
O((2logj j)"=). They also showved that the exponertial dependenceon n is unavoidable even in
the caseof Boolean functions over the Boolean hypercube (that is,j j= jRj = 2).

Related prop erties. The related properties of whether a one-dimensionalfunction f : [n]! <
is convex, and whether a two dimensional function, or n n matrix, is submodular, are studied
in [PRRO3].

6.2 Clustering

Alon et al. [ADPRO3] considerthe problem of testing whether a set of points can be clusteredinto a

given number k of clusterswith a given bound on the cost of the clustering for a xed costmeasure.

To be precise, for a set X of points in <9, the set X is (k;b)-clusterable if X can be partitioned

into k subsets(clusters) sothat the diameter (alternativ ely, the radius) of ead cluster is at most

b. For >0andO 1, we say that X is -far from being (k; (1+ )b)-clusterable if more than
jXj points should be removed from X sothat it becomes(k; (1 + )b)-clusterable.

Alon et al. [ADPRO3] describe and analyzealgorithms that by samplingfrom a setX, distinguish
betweenthe casethat X is (k;b)-clusterable and the casethat X is -far from being (k; (1 + )b)-
clusterablefor any given 0 < 1 and for various valuesof 0 1. The algorithms run in time
independent of n = jXj, and usea samplefrom X that hassizepolynomial in k and . Speci cally:

1. For the radius cost, and when the underlying distance between points is the Euclidean dis-
tance, the algorithm works for = 0 and the samplesizeis O (d k=).

a7



2. For the diameter cost and the Euclidean distance, the sampleis of size O ko2 A
dependenceon 1= , aswell asan exponertial dependenceon the dimension, are unavoidable:
thereis alower bound of ( (4 D=*) on the sizeof the samplerequired for testing, for k = 1
and a constart

3. If the underlying distance is a general metric, then there is an algorithm that works for

= 1, and for both the radius cost and the diameter cost, the sample selectedis of size

O(k=): Interestingly, any algorithnbfoLtesting diameter clustering for < 1 under a general
metric requiresa sampleof size ( n=).

The running time of the third algorithm is O(k?=). The rst two algorithms work by running an
exact clustering procedureon the selectedsample. Sincethe corresponding clustering problemsare
N P-hard (when an exact solution is required), we do not know of proceduresthat run in lessthan
exponertial time in k and d.

The algorithms can also be usedto nd approximately good clusterings. Namely, these are
clusterings of all but an -fraction of the points in X that have optimal (or closeto optimal) cost.
The bene t of the algorithms is that they construct an implicit representation of sud clusteringsin
time independen of jXj. That is, without actually having to partition all points in X, the implicit
represemnation can be usedto answer queries concerningthe cluster any given point belongsto.
Theseresults belongto a family of sublinear approximation algorithms for various cost measures
(cf. [MOPQT], Ind99, [CS04).

6.3 Prop erties of Distributions

The following typesof problems were consideredin seweral works. Given access¢o samplesdrawn
from an unknown distribution D, the goalis to determine, with high successprobability, whether D
hasa particular property (e.qg., it is uniform over its domain), or possibly compute an approximation
to a certain measureon distributions (e.g., ertropy). Similarly, the algorithm may have accesgo
samplesdrawn from a pair of distributions, D; and D, and the property/measure in questionis for
pairs of distributions (e.g., their statistical distance). The goalis to perform the task by observing
a number of samplesthat is sublinear in the size of the domain over which the distribution(s) is
(are) de ned. In what follows, the running times of the algorithms mertioned are linear (or almost
linear) in their respective sample complexities.

Testing that distributions are close. Batu et al. [BER™0Q] considerthe problem of deter-
minipg whether the distance between a pair of distributions over n elements is small (less than

max P=; 5=y ), Or large (more than ) accordingto the L1 distance. They give an algorithm

for this problemthat takesO(n?=3logn= #) independert samplesfrom ead distribution. This result
is basedon testing closenessiccordingto the L , distance, which can be performed using only (1= %)
samples. This in turn is basedon estimating the deviation of a distribution from uniform [[GROQ].

In recent work, Valiant [ValOg] shawvs that ( n?=3) samplesare also necessarilyfor this testing
problem (with respectto the L, distance). For the more generalproblem of distinguishing between

B An alternative model may allow the algorithm to obtain the probability that the distribution assignsto any
elemert of its choice. We shall not discussthis variant.
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the casethat the two distributions are i-closeand the casethat they are »-far, where ; and »
are both constarts, Valiant [Val0g] provesan almost linear (in n) lower bound.

One can also considerthe problem of testing whether a distribution D is closeto a xed and
known distribution D, or is far from it (letting D, be the uniform distribution is a special case
of this problem). Batu et al. [BEE™01] shaved that it is possibleto distinguish betweenthe case

that the distancein L, norm is O p%gn and the casethat the distanceis greater than using

O(p npoly(1=)) samplesfrom D;.

Testing random variables for indep endence. Batu et al. [BEE™01] also shawved that it is
possibleto test whether a distribution over [n] [m]is independert oris -far from any independent
joint distribution, using a sample of size O(n%*m*poly(1=)).

Appro ximating the entropy. A very basic and important measureof distributions is their
(binary) entropy. The main result of Batu et al. [BDKRO5] is an algorithm that computes a

-multiplicativ e approximation of the ertropy using a sample of size O(n* )= 2 logn) for distri-
butions with entropy ( =) wheren is the size of the domain of the distribution and is an
arbitrarily small positive constart. They alsoshow that ( n=2 2)) samplesare necessary A lower
bound that matchesthe upper bound of Batu et al. [BDKRO5] is proved in [Val08].

Appro ximating the support size. Another natural measurefor distributions is their support
size. To be precise,considerthe problem of approximating the support size of a distribution when
eah elemert in the distribution appearswith probability at least % This problem is closelyrelated
to the problem of approximating the number of distinct elemerts in a sequenceof length n. For
both problems, there is a nearly linear in n lower bound on the sample complexity, applicable even
for approximation with additive error [RRRSO7].

A unifying approac h to testing symmetric prop erties of distributions. Valiant [Val0§]
obtains the lower bounds mentioned in the foregoingdiscussionas part of a generalstudy of testing
symmetric properties of distributions (or pairs of distributions). That is, he considersproperties of
distributions that are presened under renaming of the elemerts in the domain of the distributions.
Roughly speaking, his main nding is that for every such property, there exists a threshold such
that elemens whoseprobability weight is below the threshold \do not matter” in terms of the task
of testing. This implies that sud properties have a \canonical tester" that basesits decisionon its
estimate of the probability weight of elemeris that appear su cien tly often in the sample (\heavy
elemerts"), and essetially ignoresthose elemers that do not appear su cien tly often. In the
other direction, lower bounds can be derived by constructing pairs of distributions on which the
decision of the tester should be di erent, but that give the sameprobability weight to the heavy
elemerts (and may completely di er on all light elemeris).

Other results. Other works on testing properties of distributions include [AAK * 07, BKR04,
RS9q.

49



6.4 Testing Mem bership in Regular Languages, Branc hing Programs and Other
Languages

Alon et al. [AKNSO1] considerthe following problem of testing membership in a regular language.
For a predetermined regular languageL  fO0;1g , the tester for membership in L should accept
every word w 2 L with probability at least2=3, and should reject with probability at least2=3 every
word w that di ers from any w°2 L on morethan jwj bits. We stressthat the task is not to decide
whether a languageis regular (which can be seenas a relaxation of learning a regular language),
but rather the languageis predetermined, and the test is for membership in the language.

The query complexity and running time of the testing algorithm for membership in a regular
languageis O(1=), that is, independert of the length n of w. (The running time is dependert on the
sizeof the (smallest) nite automaton acceptingL, but this sizeis consideredto bea xed constart
with respect to n). Alon et al. [AKNSO1] also shav that a very simple cortext free Ianguagg(of
all strings of the form vvRu, where vR denotesthe reversal of v), cannot be tested using o™ n)
queries.

Newman [New0Z] extended the result of Alon et al. [AKNSO1] for regular languagesand gave
an algorithm that has query complexity poly(1=) for testing whether a word w is acceptedby a
given constart-width oblivious read-oncebranching program. (It is noted in [Bol05] that the result
can be extended to the non-oblivious case.) On the other hand, Fischer et al. [ENS04] shoved
that testing constart width oblivious readtwice branching programs requires ( n ) queries,and
Bollig [Bol05] shows that testing read-oncebranching programs of quadratic size (with no bound
on the width) requires ( n™2) queries(improving on [BW03]).

In both [ENSO4] and [Bal05] lower bounds for membership in sets de ned by CNF formulae
are also obtained, but the strongestresult is in [BSHROH: an ( n) lower bound for 3CNF (over n
variables). This should be corntrasted with an O(P n) upper bound that holds for 2CNF [ELN " 02].
More generally Ben-Sasmn et al. [BSHROH] provide su cien t conditions for linear propertiesto be
hard to test, where a property is linear if its elemers from a linear space.

6.5 Testing Graph Prop erties

One of the main focusesof property testing has beenon testing graph properties. Here we only
mertion quite briey someof the results on testing graph properties in order to give the avor of
researt in this sub-areaof property testing. The results are partitioned according to the model
they are obtained in.

6.5.1 The adjacency matrix model

The rst model, introducedin [GGR9§], is the adjacency-matrix model. In this model the algorithm
may perform queriesof the form: \is there an edgebetweenverticesu and v in the graph?" That
is, the algorithm may probe the adjacencymatrix represeting the graph. We refer to such queries
as vertex-mir queries. The notion of distance is also linked to this represeration: A graph is
said to be -far from having property P if more than n?2 edgemodi cations should be performed
on the graph sothat it obtains the property, where n is the number of vertices in the graph. In
other words, measureghe fraction of ertries in the adjacencymatrix of the graph that should be

50



modi ed. This model is most suitable for densegraphsin which the number of edgesm is ( n?).
For this reasonwe shall also refer to it asthe dense-gaphs model.

The algorithms described in [GGR98] are for testing a variety of properties, amongst them:
bipartiteness, k-colorability, having a large cut, having a large clique, and a generalizedpartition
property that includesthe former properties asspecial cases.The query complexity of all algorithms
is polynomial in 1= and independert of n. With the exception of the algorithm for bipartiteness,
whoserunning time is polynomial in 1=, the other algorithms have running time that is exponertial
in 1=. This is not surprising given the fact that for all the properties but bipartiteness the exact
decisionproblem is N P-hard.E3 Alon and Kriv elevich J[AKOZ] improved the results in [GGR9§] for
bipartiteness and k-colorability by applying a more sophisticated analysis.

Alon et al. JAEKSQO0] gave algorithms for the classof rst order graph properties. These are
properties that can be formulated by rst order expressionsabout graphs. This covers a large
classof graph properties (in particular coloring and subgraph-freenesproperties). As in [GGR9§]
their algorithms do not have a dependenceon n, but sincethey build on the Regularity Lemma
of Szemeedi [Sze78, the dependenceon 1= is quite high. Interestingly, Alon [Alo02] proved
that for subgraph freeness,if the subgraph is not bipartite, then the dependenceon 1= must be
superpolynomial.

A sequenceof works by Alon and Shapira [ASQO6, IASO5E, IASO5¢], together with the work of
Fischer and Newman [ENO7] culminated in a characterization of all graph properties that are
testable using a number of queriesthat is independert of n [AENSO6]. As the title of the paper
says: \It's all about regularity". To be a little more precise, the characterization says (roughly)
that a graph property P is testable using a number of queriesthat is independert of n if and only
if testing P can be reducedto testing the property of satisfying one of a nitely many Szemeedi-
partitions [Sze7$. A di erent characterization was proved independertly by Borgset al. [BCL™ 0f].

Other resultsin the dense-graphanodel (also for directed graphs) include [Fis056, IAS04, BROZ,
BT04l, IGT03, ICS054 [Fis05&, IAENQ7), IGROY]. Extensionsto hypergraphscan be found in [CSO5E
AS03, [AS056 KNROZ, IFMS07].

6.5.2 The bounded-degree incidence-lists model.

The secondmodel, intro ducedin [GR0Z], is the boundead-degree incidence-lists model. In this model,
the algorithm may perform queriesof the form: \who is the i™" neighbor of vertex v in the graph?"
That is, the algorithm may probe the incidencelists of the verticesin the graph, whereit is assumed
that all vertices have degreeat most d for some xed degree-lound d. We refer to these queries
as neighlor queries. Here too the notion of distance is linked to the represenation: A graph is
said to be -far from having property P if more than dn edgemodi cations should be performed
on the graph sothat it obtains the property. In this case measuresthe fraction of entries in the
incidencelists represertation (among all dn entries) that should be modi ed. This model is most
suitable for graphswith m = ( dn) edges;that is, whosemaximum degreeis of the sameorder as
the averagedegree.In particular, this is true for sparse graphsthat have constant degree.

Goldreich and Ron [GR0Z] gave algorithms in this model for connectivity and more generally
k-edge-connectiviy, cycle-freenessbeing a Eulerian graph, and subgraphfreeness.The complexity

8 |nterestingly, a testing algorithm for k-Colorabilit y whose complexity is independert of n is implicit in the earlier
work of Alon et al. [ADL " 94]. They build on a constructiv e version of the Regularity Lemma of Szemeedi [Sze7§
which they prove, and the complexity of the implied testing algorithm is a tower of poly(1=) exponerts.
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of all algorithms is polynomial in 1= and independert of n. On the other hand, they showed that
for someproperties a dependenceon n is unavoidable. In particular, they proved lower bounds of
( " n) (for constart ) on testing bipartiteness and expansionof boundeddegreegraphs. In [GR9Y]
they gave an almost matching bound for testing bipartiteness using an algorithms that performs
random walks. In [GRO(] ;_I)hey proposed(but did not prove the correctnessof) an algorithm for
testing expansionusing O(" npoly(1=)) queries,and recertly there hasbeenquite a bit of progress
on this problem [[CSOY, [KSO/, INSO4].

Czumaj, Shapira and Sohler [CSSO] give a general result for testing bounded-degreegraphs:
hereditary properties can be testing on non-expanding bounded-degreegraphs using a number of
gueriesthat is independert of n.

The bounded-degreemodel was also consideredfor the study of properties of directed graphs,
and in particular acyclicity [BROZ].

6.5.3 A general model

In [PROZ] it was rst suggestedto decouplethe questions of represetiation and type of queries
allowed from the de nition of distance to having a property. Speci cally, it was suggestedthat
distance be measuredsimply with respect to the number of edges,denoted m, in the graph (or an
upper bound on this number). Namely, a graph is said to be -far from having a property, if more
than m edgemodi cations should be performed sothat it obtain the property. In [PROZ] (where
the main focus was on sparsegraphs), the algorithm is allowed the sametype of queriesasin the
bounded-degreeincidence-lists model, and it can also query the degreeof any given vertex. The
properties studied in that paper are having a bounded-sizediameter and connectivity.

The main advantage of the [PR0O2] model over the bounded-degreeincidence-lists model is
that it is suitable for sparsegraphs whose degreesmay vary signi cantly. More generally when
the graph is not necessarilysparse(and not necessarilydense), we may allow vertex-pair queries
in addition to neighbor queriesand degreequeries. This model was rst studied by Kriv elevich
et al. [KKRO4]]. Their focus was on the property of bipartiteness, which exhibits the following
interesting phenomenon. As noted previously, for densegraphs there is an algorithm whosequery
complexity iB poly(1=) [GGR98, |[AKOZ]. In cortrast, for bounded-degreegraphs there is a lower
bound of (  n) [GROZ] (and an almost matching upper bound [GR9Y]). The question Kriv elevic
et al. asked is: what is the complexity of testing bipartitenessin geneal graphs (using the general
model)?

They answer this question by describing and analyzing an algorithrB for testing bipartiteness
in generalgraphs whosequery complexity (and running time) is O(min(' n: n2=m) poly(log n=)).
Recallthat m is the number of edgesin the graph (or an upper bound on this number, Wittb respect
to which distance is measure). Thus, as long as the_ average degreeof the graph is O(" n), the
running time (in terms of the dependenceon n) is O(" n), and oncethe averagedegreegoesabove
this threshold, the running time starts decreasing. They also presert an almost matching lower
bound of (min (" n;n?=m)) (for a constart ). This bound holds for all testing algorithms (that
is, for those which are allowed a two-sided error and are adaptive). Furthermore, the bound holds
for regular graphs.

Another property that was studied in the generalmodel is testing triangle-freeness(and more
generally subgraph-freenessJAKKROG]. As noted previously, for this property there is an algo-
rithm in the dense-graphsmodel whosecomplexity dependsonly on 1= [[AEKS0Q], and the same
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is true for constart-degree graphs [GR0OZ]. Here too the question is what is the complexity of
testing the property in generalgraphs. In particular this includes graphsthat are sparse(that is,
m = O(n)), but do not have constart degree.The main nding of Alon et al. [AKKROG] is a lower
bound of ( n¥73) on the necessarynumber of queriesfor testing triangle-freenessthat holds when-
ever the averagedegreed is upper-boundedby nt (™ where (n) = o(1). Sincewhend= ( n)
the number of queriessu cien t for testing is independert of n [AEKS0Q], we obsere an abrupt,
threshold-likebehavior of the complexity of testing around n. Additionally , they provide sub-linear
upper bounds for testing triangle-freenessthat are at most quadratic in the stated lower bounds.

Finally, a study of the complexity of testing k-colorability (for k  3) is conducted by Ben-
Eliezer et al. [BKKRO8]. For this property there is an algorithm with query complexity poly(1=)
in the dense-graphsmodel [GGR98, IAKO2] (where the algorithm usesonly vertex-pair queries),
and there is a very strong lower bound of ( n) for testing in the bounded-degreemodel [BOTO02]
(where the algorithm usesneighbor queries). In this work they considerthe complexity of testing k-
colorability asa function of the averagedegreed in modelsthat allow di erent typesof queries(and
in particular may allow only onetype of query). In particular they show that while for vertex-pair
queries,testing k-colorability requires a number of queriesthat is a monotone decreasingfunction
in the averagedegreed, the query complexity in the caseof neighbor queriesremains roughly the
samefor every density and for large values of k. They also study a new, stronger, query model,
which is related to the eld of Group Testing.

6.6 Tolerant Testing and Distance Appro ximation

Two natural extensionsof property testing, rst explicitly studied in [PRROg], are tolerant testing
and distance approximation. A tolerant property testing algorithm is required to accept objects
that are 1-closeto having a given property P and reject objectsthat are »-far from having property
P, for O 1 < » 1. Standard property testing refersto the special caseof 1 = 0. Ideally, a
tolerant testing algorithm should work for any given 1 < 5, and have complexity that depends
on » 1. Howewer, in somecasesthe relation between ; and » may be more restricted (e.qg.,
1 = 2=2). A closelyrelated notion is that of distance approximation where the goal is to obtain
an estimate of the distance that the object has to a property. In particular, we would like the
estimate to have an additive error of at most for a given error parameter , or we may also allow
a multiplicativ e error [

In [PRROG] it was rst obsened that someearlier works imply results in thesemodels. In par-
ticular this is true for coloring and other partition problemson densegraphs[[GGR98], connectivity
of sparsegraphs [[CRTOT], edit distance between strings [BEK ™ 03] and L, distance between dis-
tributions [BER™ 0(] (which was discussedin SubsectionE3). The new results obtain in [PRR0OE]
were for monotonicity of functions f : [n] ! R, and clusterability of a set of points. The rst
result was later improved in [ACCL04] and extendedto higher dimensionsin [ERQ7)]. In [EEQS§] it
is shavn that there exist properties of Boolean functions for which there exists a test that makesa
constart number of queries,yet there is no suc tolerant test. In cortrast, in [[ENO7] it is shown that
every property that has a testing algorithm in the dense-graphsmodel whose complexity is only
a function of the distance parameter , has a distance approximation algorithm with an additive

We note that if one doesnot allow an additiv e error (that is, = 0), but only allows a multiplicativ e error, then
a dependenceon the distance that the object hasto the property must be allowed.
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error in this model, whosecomplexity is only a function of F9 pistance approximation in sparse
graphsis studied in [MR06]. Guruswami and Rudra [[GROY] presened tolerant testing algorithms
for seweral constructions of locally testable codes.
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8The dependenceon may be quite high (a tower of height polynomial in 1= ), but there is no dependenceon
the size of the graph.
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A The (Multiplicativ e) Cherno Bound

Throughout the paper we applied the following theorem, which we referredto asthe \m ultiplicativ e
Cherno bound" (to distinguish it from the additive form, usually attributed to Hoe ding [Hoe6d).

Theorem A.1 ([ICheb2]) Let 1; »;::: m be m independentrandom variableswhere ; 2 [0;1].

Let pdz‘Ef % i Exp[ i]. Then, for every 2 [0; 1], the following bounds hold:
" #
1 X
Pr — i > (1+ )p <exp ’pm=3
M iz
and " #
1 X
Pr— i< @ )p <exp ’pm=2

i=1
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