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Abstract

Property testing dealswith tasks where the goal is to distinguish between the casethat an
object (e.g., function or graph) has a prespeci�ed property (e.g., the function is linear or the
graph is bipartite) and the casethat it di�ers signi�can tly from any such object. The task
should be performed by observingonly a very small part of the object, in particular by querying
the object, and the algorithm is allowed a small failure probabilit y.

One view of property testing is as a relaxation of learning the object (obtaining an approxi-
mate representation of the object). Thus property testing algorithms can serve asa preliminary
step to learning. That is, they can be applied in order to select,very e�cien tly , what hypothesis
classto usefor learning. This survey takesthe learning-theory point of view and focuseson re-
sults for testing properties of functions that are of interest to the learning theory communit y. In
particular we cover results for testing algebraic properties of functions such as linearit y, testing
properties de�ned by conciserepresentations, such as having a small DNF representation, and
more.

� This work was supported by the Israel ScienceFoundation (grant number 89/05).
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1 In tro duction

Property testing [RS96, GGR98] is the study of the following classof problems.

Given the ability to perform (local) queries concerning a particular object the problem
is to determine whether the object has a predetermined (global) property or di�ers sig-
ni�c antly from any object that has the property. In the latter case we say it is far
from (having) the property. The algorithm is allowed a small probability of failure, and
typically it inspects only a small part of the whole object.

For example, the object may be a graph and the property is that it is bipartite, or the object may
be a function and the property is that it is linear. It is usually assumedthat the property testing
algorithm is given query accessto the object. When the object is a function f the queriesare of
the form: \what is f (x)?", while if the object is a graph then queriesmay be: \is there an edge
betweenvertices u and v" or: \what vertex is the i th neighbor of v?". In order to determine what
it meansto be far from the property, we needa distance measurebetweenobjects. In the caseof
functions it is usually the weight according to the uniform distribution of the symmetric di�erence
between the functions, while in the caseof graphs it is usually the number of edgemodi�cations
divided by someupper bound on the number of edges.When dealing with other objects (e.g., the
object may be a set of points and the property may be that the set of points can be clustered in a
certain way) one has to de�ne both the typesof queriesallowed and the distance measure.

1.1 Prop ert y testing as relaxed decision

Property testing problems are often viewed as a relaxations of decisionproblems. Namely, instead
of requiring that the algorithm decide whether the object has the property or does not have the
property, the algorithm is required to decide whether the object has the property or is far from
having the property. Given this view there are several scenariosin which property testing may be
useful.

� If the object is very large, then it is infeasible to examine all of it and we must design
algorithms that examine only a small part of the object and make an approximate decision
basedon what they view.

� Another scenario is when the object is not too large to fully examine, but the exact de-
cision problem is N P-hard. In such a casesome form of approximate decision is neces-
sary if one seeksan e�cien t algorithm and property testing suggest one such form. We
note that in some casesthe approximation essentially coincides with standard notions of
approximation problems (e.g., Max-Cut [GGR98]) while in others it is quite di�eren t (e.g.,
k-Colorabilit y [GGR98]).

� It may be the casethat the object is not very large and there is an e�cien t (polynomial-time)
algorithm for solving the problem exactly. However, we may be interested in a very e�cien t
(sublinear-time) algorithm, and are willing to tolerate the approximation/error it introduces.

� Finally, there are casesin which typical no-instancesof the problem (that is, objects that do
not have the property) are actually relatively far from having the property. In such caseswe
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may �rst run the testing algorithm. If it rejects the object then we reject it and otherwise
we run the exact decision procedure. Thus we save time on the typical no-instances. This
is in particular useful if the testing algorithm has one-sidederror so that it never rejects
yes-instances(that have the property).

In all the aforementioned scenarioswe are interested in testing algorithms that are much more
e�cien t than the corresponding decision algorithms, and in particular have complexity that is
sublinear in the sizeof the object.

1.2 Prop ert y testing and learning (estimation)

Here when we say learning we mean outputting a good estimate of the target object.1 Thus,
another view of property testing is as a relaxation of learning (with queriesand under the uniform
distribution) 2. Namely, instead of asking that the algorithm output a good estimate of the function
(object) , which is assumedto belong to a particular classof functions F , we only require that the
algorithm decidewhether the function belongsto F or is far from any function in F . Given this
view, a natural motivation for property testing is to serve as a preliminary step before learning
(and in particular, agnostic learning (e.g., [KSS94]) where no assumption is madeabout the target
function but the hypothesisshould belong to a particular classof functions): we can �rst run the
testing algorithm to decidewhether to usea particular classof functions as our hypothesisclass.

Here too we are interested in testing algorithms that are more e�cien t than the corresponding
learning algorithms. As observed in [GGR98], property testing is no harder than proper learning
(where the learning algorithm is required to output a hypothesis from the sameclassof functions
as the target function). Namely, if we have a proper learning algorithm for a classof functions
F then we can use it as a subroutine to test the property: \do es the function belong to F " (see
Subsection2.2 for a formal statement and proof).

Cho osing between the t wo viewp oin ts. The choice of which of the aforementioned views to
take is typically determined by the type of objects and properties in question. Much of property
testing deals with combinatorial objects and in particular graphs. For such objects it is usually
more natural to view property testing as a relaxation of exact decision. Indeed, there are many
combinatorial properties for which there are testing algorithms that are much more e�cien t than
the corresponding decisionproblems. On the other hand, when the objects are functions, then it is
usually natural to look at property testing from a learning theory perspective. In somecases,both
viewpoints are appropriate. This survey focuseson the latter perspective.

1.3 Prop ert y testing and hyp othesis testing

The notion of property testing is related to that of hypothesistesting (seee.g.[Kie87, Chap. 8]) and
indeed the distinction betweenestimation and testing is well known in the mathematical statistics

1One may argue that property testing is also a certain form of learning as we learn information about the object
(i.e., whether it has a certain property or is far from having the property). However, we have chosen to adopt the
notion of learning usually used in the computational learning theory communit y.

2Testing under non-uniform distributions (e.g., [HK03, AC06]) and testing with random examples (e.g., [KR00])
have been considered (and are discussedin this survey), but most of the work in property testing deals with testing
under the uniform distributions and with queries.
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literature. In this context, having the tested property (belonging to the corresponding class of
objects) is called the null hypothesis,while being � -far from the property (where � is the distance
parameter that the algorithm is given as input) is the alternative hypothesis. There are two major
mathematical approaches to the study of testing in statistics (see,e.g., [Van98] and [LR05]). In
the �rst, the alternative is taken to approach the null hypothesis at a certain rate as a function
of the number of data points; when the correct rate is chosen the error probabilities stabilize at
valuesstrictly greater than zero and strictly lessthan one. In the secondapproach, the alternative
is held �xed asthe number of data points grows; in this caseerror probabilities go to zeroand large
deviations methods are used to assessthe rate at which error probabilities go to zero. Aspects of
both of theseapproachescan be found in the property testing literature.

While in many casesthe particular problems studied in the property testing literature are
somewhatdi�eren t from those typically studied in the mathematical statistics literature, the work
on testing properties of distributions (which is discussedshortly in Subsection 6.3) deals with
problems that are similar (or even the same)as those studied in mathematical statistics.

Wealsonote that there areseveral works with a mathematical statistics 
a vor that are related to
property testing and appearedin the computational learning literature (e.g., [BD92, KZ93, Yam95]).

1.4 Topics and Organization

We start with somepreliminaries, which include basic de�nitions and notation. The preliminaries
also include a precisestatement and proof of the simple but important observation that testing is
no harder than learning.

In Section3 we considerthe �rst type of properties that werestudied in the context of property
testing: algebraic properties. These include testing whether a function is (multi-)linear and more
generally whether it is a polynomial of bounded degree. This work has implications to coding
theory, and someof the results played an important role in the design of Probabilistically Check
Proof (PCP) systems.

In Section 4 we turn to the study of function class that have a concise(propositional logic)
representation such as singletons, monomials and small DNF formula. This section includes a
general result that applies to many classesof functions, where the underlying idea is that testing
is performed by implicit learning.

The results in Sections3 and 4 are in the standard model of testing. That is, the underlying
distribution is uniform and the algorithm may perform queries to the function. In Section 5 we
discussdistribution-free testing, and testing from random examplesalone.

Finally, in Section 6 we give a more brief survey of other results in property testing. These
include testing monotonicity, testing of clustering, testing properties of distributions, and more.

2 Preliminaries

2.1 De�nitions and Notations

For any positive integer k, let [k] = f 1; : : : ; kg. For a string x = x 1; : : : ; xn 2 f 0; 1gn , we use jxj
to denote the number of indices i such that x i = 1. We use �̀' to denote multiplication (e.g., a � b)
whenever we believe it aids readability.
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For two functions f ; g : X ! R over a �nite domain X and a distribution D over X , we let

distD (f ; g) def= Prx2 X [f (x) 6= g(x)] (1)

denote the distance between the functions according to the underlying distribution D . Since we
mostly deal with the uniform distribution U, we usethe shorthand dist( f ; g) for dist U (f ; g).

When we use the term \with high probabilit y", we mean with probabilit y at least 1 � � for a
small constant � . When the claim is for higher successprobabilit y (e.g., 1 � poly(1=n) where n is
the input size), then this is stated explicitly . When considering the probabilit y of a certain event
we usually denoteexplicitly over what the probabilit y is taken (e.g., Pr x2 X [f (x) 6= g(x)]), unlessit
is clear from the context (in which casewe may write Pr[f (x) 6= g(x)]).

Let P be a property of functions (from domain X to range R). That is, P de�nes a subsetof
functions, and so we shall usethe notation g 2 P to mean that function g has the property P. For
a function f : X ! R and a distribution D over X , we let

distD (f ; P) = min
g2P

f distD (f ; g)g (2)

(where there may be more than one function g that attains the minimum on the right hand side).
If distD (f ; P) = � , then we shall say that f is at distance � from (having) P (or has distance � to
P).

What we shall refer to as standard testing, assumesD is the uniform distribution over the
domain, and allows queries,as is de�ned preciselynext.

De�nition 2.1 (Standard Testing) A (standard) testing algorithm for property P (of functions
from domain X to range R) is given a distance parameter � and query access to an unknown
function f : X ! R.

� If f 2 P then the algorithm shouldaccept with probability at least 2=3;

� If dist( f ; P) > � then the algorithm should reject with probability at least 2=3.

We shall be interested in bounding both the query complexity and the running time of the testing
algorithm. In some casesour focus will be on the query complexity, putting aside the question
of time complexity. This can be seenas analogousto the study of sample complexity bounds in
learning theory. We observe that the choice of a successprobabilit y of 2=3 is arbitrary and can
clearly be improved to 1 � � , for any � > 0 at a multiplicativ e cost of log(1=� ) in the complexity of
the algorithm. We say that a testing algorithm has one-sided error if it acceptsevery f 2 P with
probabilit y 1. Otherwise, it has two-sided error .

Varian ts of standard testing. In the spirit of PAC Learning (seeSubsection 2.2 for a formal
de�nition), we consider two variations/generalizations of Standard Testing. In the Distribution-
free testing model with queriesthere is an unknown underlying distribution D over X . The testing
algorithm is given accessto examplesx 2 X distributed according to D in addition to its query
accessto f . As in the standard model, if f 2 P then the algorithm should acceptwith probabilit y3

3An alternativ e de�nition would require that the algorithm accept (with high probabilit y) if dist D (f ; P ) = 0. We
adopt the requirement that f 2 P since the known results are under this de�nition.
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at least 2=3. The di�erence is that the algorithm should reject (with probabilit y at least 2=3) if
distD (f ; P) > � . In the model of testing from random examples, the algorithm is not given query
accessto the function f but is only given random exampleslabeled by f . The random examples
are either distributed according to the uniform distribution, or, more generally, according to some
unknown distribution D .

2.2 A Basic Observ ation on the Relation between Learning and Testing

Our starting point is that, roughly speaking, testing is easier than learning. The result for test-
ing is in the model that corresponds to the learning result (i.e., with or without queries, and
distribution-free vs. distribution speci�c). In particular, if the learning model allows queriesand
the underlying distribution is uniform, then the corresponding testing model is the standard one
from De�nition 2.1. We �rst recall what a Probably Approximately Correct (PAC) [Val84] learning
algorithm is, and in particular what is a proper learning algorithm.

In what follows a representationclassis a setof functions together with a languagefor describing
the functions in the set. In the context of e�cien t learning it is assumedthat there is an e�cien t
procedure that, given a string in the language representing a function f , outputs a circuit for
computing f . Here we also assumethat membership in the representation languageis e�cien tly
decidable. Usually the languageis not speci�ed explicitly sinceit is clear that it is straightforward to
construct such a languageand we only refer to the function class(e.g., monomials (conjunctions)).

De�nition 2.2 (PA C Learning (including varian ts)) A learning algorithm L for a represen-
tation class F using a representation (hypothesis) class H is given parameters 0 < �; � � 1 and
accessto points distributed according to a �xed distribution D and labeled by an unknown function
f 2 F . The algorithm should output a hypothesis h 2 H such that with probability at least 1 � � ,
distD (h; f ) � � where the probability is taken over the choice of the samplepoints and possibly the
internal coin 
ips of L .

If D is unknown then the algorithm is distribution-free, while if D is known then it is distribution
speci�c. A special case of interest is when D is the uniform distribution. The algorithm may also
be allowed to perform queries of the form: \what is f (x)" for any x of its choice, in which case
we refer to the learning model as learning with queries. Final ly, if H = F then the algorithm is a
proper learning algorithm.

Note that the learning algorithm works under the promise that the examples it gets are indeed
labeledby a �xed function4 f 2 F . If the examplesarenot labeledby a function f 2 F then nothing
can be assumedabout the output of the algorithm (and it may even halt without an output or not
halt).

Prop osition 2.1 If a function classF has a proper learning algorithm L, then F has a property
testing algorithm T with samplecomplexity

mT (n; � ) = mL (n; �=2) + O(1=�)

4This is as opposed to what is known as agnostic learning [KSS94] (or learning in the unrealizablecase) where
no such assumption is made. In such a casethe distance of the output of the algorithm from f should (with high
probabilit y) be at most � larger than the minim um distance that any function in H has from f .
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where mL (�; �) is the samplecomplexity of L asa function of the input sizen and the error parameter
� when executed with the con�dence parameter � set to 1=6. If L is also allowed queries then the
query complexity of T is the sameas that of L .5 The running time tT (n; � ) of the testing algorithm
satis�es tT (n; � ) = tL (n; �=2) + O(1=�)tE (n), where tL (�; �) is the running time of the learning
algorithm, and tE (�) is the maximum over all g 2 F of the time it takes to evaluateg on a given
input.

We note that a certain claim in the reversedirection (from a form of weak testing to weak learning)
is presented in Proposition 5.3.

Pro of: In order to test if f 2 F or is � -far from any function in F , we�rst run the learning algorithm
L with con�dence parameter � = 1=6, and accuracyparameter �=2, using random exampleslabeled
by f (and possibly queries if L is allowed to perform queries). If L does not output a hypothesis
or outputs a hypothesis that is not in F , or L passesthe upper bound on its running time, then
we reject f . Otherwise (L outputs a hypothesis h 2 F ), we approximate the distance between h
and f by uniformly and independently drawing an additional (labeled) sampleS = f (x i ; f (x i )gm

i=1

of m = �(1 =�) points and consider the empirical error of h on S, that is, �̂ S(h) def= 1
m jf 1 � i � m :

h(x i ) 6= f (x i )gj. If �̂ S(h) � 3�=4 then we accept, otherwise we reject.

In casef 2 F , with probabilit y at least 5=6, L 's output, h, is (�=2)-closeto f . Conditioned on
this event, we next show that by a multiplicativ e Cherno� bound [Che52] (seeAppendix A), with
probabilit y at least 5=6, �̂ S(h) � 3�=4. This implies that if f 2 F then with probabilit y at least
2=3 f is accepted. To verify the bound on �̂ S(h), let � 1; : : : ; � m be 0=1 random variables where
� i = 1 if and only if h(x i ) 6= f (x i ) (recall that x i denotesthe i th point in the additional sample
S). By the de�nition of � i , PrS[� i = 1] = dist( f ; h) � �=2 and �̂ S(h) = 1

m

P m
i=1 � i . Since the

probabilit y that �̂ S(h) > 3�=4 increaseswith dist( f ; h), we may assumewithout loss of generality
that dist( f ; h) = �=2 (rather than dist( f ; h) � �=2). By Theorem A.1 (setting p = �=2 and 
 = 1=2),

PrS [�̂ S(h) > 3�=4] = PrS

"
1
m

mX

i =1

� i > (1 + 1=2)dist(f ; h)

#

< exp(� (1=2)2(�=2)m=3) � 1=6 ; (3)

where the last inequality holds for m � 72=�.

In casef is � -far from F , the hypothesish 2 F that is output by L is at least � -far from f . If
we de�ne � 1; : : : ; � m as in the foregoingdiscussion,then by Theorem A.1,

PrS [�̂ S(h) � 3�=4] � PrS

"
1
m

mX

i =1

� i < (1 � 1=4)dist(f ; h)

#

< exp(� (1=4)2�m=2) � 1=3 ; (4)

where the last inequality holds for m � 64=�. Therefore, with probabilit y at least 2=3 over the
additional sampleS, f is rejected.

Observe that it was crucial that the learning algorithm L be a proper learning algorithm. If L
is not a proper learning algorithm then it is possiblethat f is � -far from F (so that the promise
that f 2 F is violated) but still L outputs a hypothesish 2 H that is � -closeto f .

5When working with the standard testing model, that is, under the uniform distributions and with queries, one
usually doesn't distinguish betweensample points, which are viewed as uniformly and independently selectedqueries,
and queries that are selectedin a di�eren t manner. However, since Proposition 2.1 is stated for more general models,
the distinction is made.
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Thus our focus is on designing testing algorithms that are strictly more e�cien t than the
corresponding learning algorithms. We note that, as opposed to the situation with respect to
learning, having a testing algorithm for a class of functions F does not imply that we have a
testing algorithm for F 0 � F .

3 Algebraic Prop erties

In this section we survey results on testing somealgebraic families (properties) of functions: linear
functions and more generally, low-degreepolynomials. These families were �rst studied in the
context of Program Testing,and playedan important role in the designof Probabilistically Checkable
Proof (PCP) systems. As we shall see,there is a similar underlying structure in all proofs. The
main results mentioned in this section are summarizedin Table 1.

Class of functions Num ber of Queries reference

linear functions O(1=�) [BLR93]
univariate deg-d polynomials O(d + 1=�) [RS96]

deg-d polynomials, jF j � d + 2 O(poly(d)=�) [RS96]
deg-d polynomials, jF j = 2 O( 1

� + d22d) [AKK + 05]

( 1

� + 2d)
deg-d polynomials, jF j = ps, prime p O(1=� + `jF j2`+1 ) (` = d d+1

jF j�j F j=pe), [KR06, JPRZ04]

(1 =� + jF j` � 1)

s-sparsepolynomials ~O((sjF j)4=�2) [DLM + 07]
~
 (

p
s) for jF j = O(1)

Table1: Resultsfor testing polynomial function classesover a �nite �eld F . Unlessstated otherwise,
all function classesconsist of multiv ariate functions (that is, functions of the form f : F n ! F ).
We note that by building on [AS98] it is possibleto obtain a linear dependenceon d in the caseof
degree-d polynomials and su�cien tly large �elds [Sud92].

We note that the results described in this section also have an interpretation from the point of
view of coding theory. Namely, each of the properties (function classes)corresponds to a code (or
family of codes): The Hadamard code, Reed-Solomoncodes, Reed Muller codes, and Generalized
ReedMuller codes. If we view functions aswords (e.g., for the domain f 0; 1gn , the word is of length
2n ), then the test distinguishesbetweencodewords and words that are � -far from every codeword.
This is referred to as local testing of codes (see,e.g., [Gol05]).

3.1 Linearit y

For the sake of simplicit y we consider functions from f 0; 1gn ! f 0; 1g. The result extends to
functions f : G ! H , where G and H are groups. Thus addition is modulo 2, and for x; y 2 f 0; 1g,
x + y is the bitwise sum (XOR) of the two strings, that is, it is the string z 2 f 0; 1gn such that
zi = x i + yi .
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De�nition 3.1 (Linearit y) We say that f : f 0; 1gn ! f 0; 1g is a linear function if there exist
coe�cients b1; : : : ; bn 2 f 0; 1g such that for x = x1; : : : ; xn 2 f 0; 1gn , f (x) =

P n
i =1 bi x i . In other

words, there exists a subsetS � f 1; : : : ; ng such that f (x) =
P

i 2 S x i .

Linearit y testing is essentially the �rst property testing problem studied, though the term
\Prop erty Testing" was not yet explicitly de�ned at the time. Linearit y testing was �rst studied
by Blum, Luby and Rubinfeld [BLR93] in the context of Program Testing. Namely, they were
interestedin designingalgorithms (program-testers) that, givenaccessto a program that is supposed
to compute a particular function f , distinguish between the casethat the program computes f
correctly on all inputs, and the casethat it errs on at least a certain fraction � of the domain
elements. The program-tester should be much simpler than the program itself, and is typically
basedon calls to the program and somebasic operations on the resulting outputs.

In the caseof testing whether a program computes a particular linear function, the program-
tester �rst distinguishesbetweenthe casethat the program computessomelinear function and the
casethat the function it computesis far from any linear function. That is, it �rst performsproperty
testing of linearity. The starting point of the BLR linearity test is the following characterization
of linear functions, which is not hard to verify (and somewould actually use it as a de�nition of
linear functions).

Fact 3.1 A function f : f 0; 1gn ! f 0; 1g is linear if and only if f (x) + f (y) = f (x + y) for every
x; y 2 f 0; 1gn .

The BLR test is described next.

Algorithm 3.1 : Linearit y Test

1. Repeat the following �(1 =�) times.

(a) Uniformly and independently select x; y 2 f 0; 1gn .

(b) If f (x) + f (y) 6= f (x + y) then output reject (and exit).

2. If no iteration caused rejection then output accept.

Before we prove the correctnessof the algorithm, we remark on its complexity: the algorithm
performs only O(1=�) queries. In particular, its query complexity is independent of n. This is in
contrast to the query complexity of any learning algorithm for the classof linear (parity ) functions,
which is 
( n). This is true simply becauseevery two linear functions have distance 1=2 between
them (under the uniform distribution), and a linear function is not uniquely determined by fewer
than n labeledpoints. We note that the di�erence in the running time betweentesting and learning
is lessdramatic (linear in n versusquadratic in n), since the testing algorithm reads all n bits of
each sampledstring.

Theorem 3.1 Algorithm 3.1 is a one-sided error testing algorithm for linearity. Its query com-
plexity is O(1=�).

Let L denote the classof linear functions over f 0; 1gn . By Fact 3.1, Algorithm 3.1 acceptsevery
function f 2 L with probabilit y 1. We turn to proving that if dist( f ; L ) > � then the algorithm

10



rejects with probabilit y at least 2=3. Let � L (f ) denote the distance of f to being linear. Namely,

if we let L denote the set of all linear functions then � L (f ) def= dist( f ; L ). We would like to prove
that for every given � > 0, if � > � L (f ) then the probabilit y that the test rejects is at least 2=3.
This will follow from showing that if the constraint f (x) + f (y) = f (x + y) is violated for relatively
few pairs (x; y), then f is close to some linear function. In other words (using the terminology
of [BLR93, RS96]), the characterization provided by Fact 3.1 is robust. To this end we de�ne:

� (f ) def= Prx;y [f (x) + f (y) 6= f (x + y)] ; (5)

wherein Equation (5) and elsewherein this subsection,the probabilit y is takenover a uniform choice
of points in f 0; 1gn . That is, � (f ) is the probabilit y that a single iteration of the algorithm \�nds
evidence" that f is not a linear function. We shall show that � (f ) � � L (f )=c for someconstant
c � 1 (this can actually be shown for c = 1 but the proof usesDiscrete Fourier analysis [BCH+ 96]
while the proof we show builds on �rst principles). It directly follows that if � L (f ) > � and the
number of iterations is at least 2c=�, then the probabilit y that the test rejects is at least

1 � (1 � � (f ))2c=� > 1 � e� 2c� (f )=� � 1 � e� 2 > 2=3 ; (6)

thus establishing Theorem 3.1.

Somewhatunintuitiv ely, showing that � (f ) � � L (f )=c is easierif � L (f ) is not too large. Specif-
ically, it is not hard to prove the following claim.

Claim 3.2 For every function f , � (f ) � 3� L (f )(1 � 2� L (f )) . In particular, if � L (f ) � 1
4 then

� (f ) � 3
2 � (f ) (and more generally, if � (f ) = 1

2 � 
 for 
 > 0, then � (f ) � 6
 � L (f ), which givesa
weak bound as � (f ) approaches1=2).

It remains to prove that even when � L (f ) is not boundedaway (from above) from 1=2 then still
� (f ) � � L (f )=c for a constant c. To this end we de�ne the following majority function: for each
�xed choice of x 2 f 0; 1gn , gf (x) = 0 if Pry [f (x + y) � f (y) = 0] � 1=2, and gf (x) = 1 otherwise.
Let

V f
y (x) def= f (x + y) � f (y) = f (y) + f (x + y) (7)

be the Vote that y casts on the value of x. By the de�nition of gf (x) it is the majorit y vote taken
over all y. Note that if f is linear then V f

y (x) = f (x) for every y 2 f 0; 1gn .

We shall prove two lemmas,stated next.

Lemma 3.3 dist( f ; gf ) � 2� (f ).

Lemma 3.4 If � (f ) � 1
6 then gf is a linear function.

By combining Lemmas3.3 and 3.4 we get that � (f ) � 1
6 � L (f ). To seewhy this is true, observe

�rst that if � (f ) > 1
6 , then the inequality clearly holds because� L (f ) � 1. (In fact, since it

can be shown that � L (f ) � 1=2 for every f , we actually have that � (f ) � 1
3 � L (f ).) Otherwise

(� (f ) � 1
6), sincegf is linear and dist( f ; gf ) � 2� (f ), we have that � L (f ) � dist( f ; gf ) � 2� (f ), so

that � (f ) � � L (f )=2, and we are done.
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Pro of of Lemma 3.3. Let �( f ; gf ) = f x : gf (x) 6= f (x)g be the set of points on which f and
gf di�er. By the de�nition of gf (x), it is the majorit y value of V f

y (x) taken over all y. Hence,for
every �xed choice of x 2 �( f ; gf ) we have that Pry [V f

y (x) 6= f (x)] � 1=2. Therefore,

Prx;y [f (x) 6= V f
y (x)] � Prx [x 2 �( f ; gf )] � Pry [f (x) 6= V f

y (x) j x 2 �( f ; gf )]

�
1
2

Prx [gf (x) 6= f (x)] : (8)

SincePrx;y [f (x) 6= V f
y (x)] = � (f ), it must hold that Prx [gf (x) 6= f (x)] � 2� (f ).

Pro of of Lemma 3.4. In order to prove this lemma, we �rst prove the next claim.

Claim 3.5 For every x 2 f 0; 1gn it holds that Pry [gf (x) = V f
y (x)] � 1 � 2� (f ).

Note that by the de�nition of gf as the \ma jorit y-vote function", Pry [gf (x) = V f
y (x)] � 1

2 .
Claim 3.5 says that the majorit y is actually \stronger" (for small � (f )).

Pro of: Fixing x, let p0(x) = Pry [V f
y (x) = 0], and let p1(x) = Pry [V f

y (x) = 1]. We are interested
in lower bounding pgf (x)(x), where, by the de�nition of gf , pgf (x) (x) = maxf p0(x); p1(x)g. Now,

pgf (x) (x) = pgf (x) (x) � (p0(x) + p1(x)) � (p0(x))2 + (p1(x))2 : (9)

Since(p0(x))2 + (p1(x))2 = Pry;z[V f
y (x) = V f

z (x)], in order to lower bound pgf (x)(x), it su�ces to

lower bound Pry;z [V f
y (x) = V f

z (x)], which is what we do next.

In what follows we shall usethe fact that the range of f is f 0; 1g.

Pry;z [V f
y (x) = V f

z (x)]

= Pry;z [V f
y (x) + V f

z (x) = 0]

= Pry;z [f (y) + f (x + y) + f (z) + f (x + z) = 0]

= Pry;z [f (y) + f (x + z) + f (y + x + z) + f (z) + f (x + y) + f (z + x + y) = 0]

� Pry;z [f (y) + f (x + z) + f (y + x + z) = 0 ^ f (z) + f (x + y) + f (z + x + y) = 0]

= 1 � Pry;z[f (y) + f (x + z) + f (y + x + z) = 1 _ f (z) + f (x + y) + f (z + x + y) = 1]

� 1 � (Pry;z [f (y) + f (x + z) + f (y + x + z) = 1] + Pry;z [f (z) + f (x + y) + f (z + x + y) = 1])

= 1 � 2� (f ) :

(Claim 3.5)

In order to completethe proof of Lemma 3.4, weshow that for any two givenpoints a;b 2 f 0; 1gn ,
gf (a) + gf (b) = gf (a + b). We prove this by the probabilistic method. Speci�cally , we show that
there exists a point y for which the following three equalities hold simultaneously:

1. gf (a) = f (a + y)) � f (y) (= V f
y (a)).

2. gf (b) = f (b+ (a + y)) � f (a + y) (= V f
a+ y(b)).

3. gf (a + b) = f (a + b+ y)) � f (y) (= V f
y (a + b)).
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But in such a case,
gf (a) + gf (b) = f (b+ a + y) � f (y) = gf (a + b) ; (10)

and we are done. To seewhy there exists such a point y, considerselectingy uniformly at random.
For each equality, by Claim 3.5, the probabilit y that the equality doesnot hold is at most 2� (f ).
By the union bound, the probabilit y (over a uniform selectionof y) that any one of the three does
not hold is at most 6� (f ). Since � (f ) < 1=6, this is bounded away from 1, and so the probabilit y
that there exists a point y for which all three equalities hold simultaneously is greater than 0, and
so there exists at least one such pair. (Lemma 3.4)

3.1.1 Self-Correction

One of the nice features of the analysis of the linearity tester (which we shall use in two di�eren t
contexts, in Subsection4.1.1 and in Subsection5.1) is that it implies that f can be self-corrected
(assumingit is su�cien tly closeto being linear). That is, for any x of our choice, if we want to know
the value, on x, of the closestlinear function (or, in the coding theory view, we want to know the
correct bit in the position corresponding to x in the closestcode-word), then we do the following.
We select,uniformly at random, y1; : : : ; yt and take the majorit y vote of V f

y1 (x); : : : ; V f
yt (x) (where

the choice of t determinesthe probabilit y that the majorit y is correct).

3.1.2 On the relation between � (f ) and � L (f )

By combining Claim 3.2 with Lemmas 3.3 and 3.4 we get that � (f ) � maxf 3� L (f )(1 �
2� L (f )) ; 1

6 � L (f )g. The analysis of [BLR93] actually showed that the constant 1
6 can be replaced

with 2=9.6 An interesting question is what is the true behavior of � (f ) as a function of � L (f )?
Bellare et al. [BCH+ 96] studied this question and showed several lower bounds, someof which are
tight. One of the interesting phenomenonthey observe is that the lower bound 3� L (f )(1 � 2� L (f ))
is tight as long as � L (f ) � 5=16, implying that there is a non-monotonic behavior (since3x(1 � 2x)
increasesuntil x = 1=4 but then decreasesbetween x = 1=4 and x = 5=16). Recent progresswas
made on understanding the relation between� (f ) and � L (f ) in [KLX07 ].

3.2 Low-Degree Polynomials

Let F be a �nite �eld, and consider �rst the univariate case,that is, testing whether a function

f : F ! F is of the form f (x) =
dP

i =0
C f

i x i for a given degreebound d (where the coe�cien ts C f
i

belong to F ). In this case, the testing algorithm [RS96] works by simply trying to interpolate
the function f on �(1 =�) collections of d + 2 uniformly selectedpoints, and checking whether the
resulting functions are all polynomial of degreeat most d. Thus the algorithm essentially works by
trying to learn the function f .7

We now turn to multiv ariate polynomials.

6We note that this holds for every f : G ! H where G and H are any two groups, and not only for Boolean
functions over the Boolean hypercube.

7 In fact, a slightly more e�cien t version of the algorithm would selectd+ 1 arbitrary points, �nd (by interpolating),
the unique polynomial gf of degreed that agreeswith f on these points, and then check that gf agreeswith f on an
additional sample of �(1 =�) uniformly selectedpoints.
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De�nition 3.2 (Multiv ariate Polynomials) Let F be a �nite �eld. A function f : F n ! F
is a (multivariate) polynomialof degree(at most) d, if there exist coe�cients C f

� in F for every
� 2 f 0; : : : ; dgn satisfying

P n
i=1 � i � d, such that f (x) =

P
� 2f 0;:::;dgn C f

�
Q n

i=1 x � i
i .

Let POL Y n;d denote the classof all functions f : F n ! F that are polynomials of total degree
at most d (where the degree in each variable is at most jF j � 1).

Low-degreetesting has beenstudied extensively in the context of PCP systems[BFL91, BFLS91,
GLR+ 91, FGL+ 96, RS96, FS95, AS97]. The aforementioned results all apply to testing polynomials
over �elds that are larger than the degree-bound, d (where in somecasesthe bound is on the total
degree,and in somecaseit is on the degreein each variable). In particular, if jF j � d+ 2, then the
dependenceon d is known to be polynomial [FS95, RS96].8 By combining [RS96] with [AS98] it is
possibleto get complexity that is only linear in d for su�cien tly large �elds [Sud92].

Alon et al. [AKK + 05] studied low-degreetesting for the case jF j = 2 and d � 2. Namely,
they consideredthe casein which the degree-bound may be (much) larger than the �eld size, for
F = GF(2). They showed that the number of queriesboth necessaryand su�cien t in this caseis
exponential in d. Hencewe encounter a very large gap in terms of the dependenceon d between
the query complexity when jF j > d and the query complexity when jF j = 2. In [KR06, JPRZ04]
this gap is bridged. We give more precise details in Subsection 3.2.2, but for now we state an
approximate version of the result for the casethat F is a prime �eld: there is a testing algorithm
whose complexity grows roughly like jF j2(d+1) =(jF j� 1) . Thus, for any degreed, as the �eld size
jF j increases,the exponent 2(d + 1)=(jF j � 1) decreases(from O(d) when jF j = 2 to O(1) when
jF j = d + 3).

Results for testing sparsepolynomials (where there is a dependenceon the number of terms
rather than the degree)were obtained by Diakonikolas et al. [DLM + 07] using techniques that are
discussedin Subsection4.3. They show that polynomials with at most s terms can be tested using
~O((sjF j)4=�2) queriesand that ~
(

p
s) queriesare necessaryfor jF j = O(1). They also show that

~O(s4jF j3=�2) queriesare su�cien t for size-s algebraic circuits and computation trees over F .

The problem of learning polynomials in various learning models (including using only member-
ship queries, i.e., interpolation), has been consideredin many papers (e.g., [Zip78, Zip90, BT88,
Man95, GKS90, CDGK91, RB91, Man95, BS90, FS92, SS96, Bsh96, BM02, BBB+ 00, BBM06]).
In particular, when allowed membership queries and equivalence queries (which implies learn-
abilit y in the PAC model with membership queries), Beimel et al. [BBB+ 00] show that learning
n-variate polynomials with s terms over GF (p) can be done with query complexity and running
time poly(n; s;p). When the �eld is large (possibly even in�nite), then the dependenceon the �eld
sizecan be replacedwith a polynomial dependenceon the degreed. The running time wasrecently
improved in the work of Bisht et al. [BBM06].

In the next subsectionwe describe a low-degreetest for large �elds and in the following subsec-
tion we turn to the generalcase.

3.2.1 The case of large �elds

In this subsectionwe describe an algorithm of Rubinfeld and Sudan [RS96], where as in [RS96] we
consider the casethat F is the prime �eld GF (p). The idea of the algorithm is to selecta random

8To be precise, the requirement that jF j � d + 2 is su�cien t for prime �elds, and otherwise needsto be slightly
modi�ed.
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line in F n , de�ned by two (random) points x; h 2 F n , and to verify that the restriction of f to
this line is a (univariate) polynomial of degreeat most d. To be precise, the algorithm does not
query all points on the line, but rather d + 2 evenly spacedpoints. The algorithm is basedon the
following characterization of degree-d polynomials, which wasproved in [FS95] (improving on what
is shown in [RS96] where the requirement was that jF j � 2d + 1).

Theorem 3.2 Let d be an integer and let F be a prime �eld such that jF j � d + 2. A function
f : F n ! F belongs to POL Y n;d if and only if for all x; h 2 F n ,

P d+1
i=0 � i f (x + i � h) = 0 where

� i = (� 1)i +1
� d+1

i

�
.

We note that if F is not a prime �eld but rather jF j = ps for someprime p and integer s > 1, then
the requirement on the sizeof the �eld is that jF j � (d + 1)(p=(p � 1)).

Algorithm 3.2 : Low-Degree Test (for jF j � d + 2)

1. Repeat the following �(1 =� + d2) times.

(a) Uniformly and independently select x; y 2 F n .

(b) If
P d+1

i=0 � i f (x + i � y) 6= 0 (where the coe�cients � i are as de�ned in Theorem 3.2), then
output reject (and exit).

2. If no iteration caused rejection then output accept.

The query complexity and running time of the algorithm are O(d=� + d3). As noted previously, by
combining [RS96] with [AS98] it is possibleto get complexity that is only linear in d for su�cien tly
large �elds [Sud92].

Theorem 3.3 Assuming jF j � d + 2, Algorithm 3.2 is a one-sided error testing algorithm for
POL Y n;d . Its query complexity is O(d=� + d3).

By Theorem 3.2, if f 2 POL Y n;d (and jF j � d + 2), then the test acceptswith probabilit y
1. It remains to prove that if f is � -far from any degree-d polynomial, then the test rejects with
probabilit y at least2=3. Here too this follows from proving that the characterization in Theorem 3.2
is robust.

For any x; y 2 F n , let

V f
y (x) def=

d+1X

i =1

� i f (x + i � y) : (11)

Recalling that � i = (� 1)i +1
� d+1

i

�
sothat � 0 = � 1, the condition

P d+1
i=0 � i f (x + i � y) = 0 is equivalent

to � f (x) + V f
y (x) = 0, that is f (x) = V f

y (x). Thus, analogously to the analysis of the linearity
test, V f

y (x) is the value that f (x) \should have" so that the condition
P d+1

i=0 � i f (x + i � y) = 0 holds.
In all that follows, probabilities are taken over points in F n . Let

� (f ) def= Prx;y

h
f (x) 6= V f

y (x)
i

(12)
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denote the probabilit y that the test rejects in a single iteration of the algorithm. We now de�ne
the function gf : F n ! F as follows:

gf (x) def= pluralit yy2 F n

n
V f

y (x)
o

; (13)

where the pluralit y value is simply the value that appearsmost often in the set
n

V f
y (x)

o
(so that

it generalizesthe notion of the majorit y). For gf as de�ned in Equation (13) (and � (f ) as de�ned
in Equation (12)) we have:

Lemma 3.6 For any function f and for � and gf asde�ned in Equations(12) and (13) respectively:

1. dist( f ; gf ) � 2� (f ).

2. If � (f ) � 1
2(d+2) 2 , then gf is a degree-d polynomial.

We prove the lemma momentarily , but �rst show why it follows that the algorithm rejects any
function f that is � -far from POL Y n;d with probabilit y at least 2=3 (thus establishingTheorem 3.3).
Let f be a function that is � -far from POL Y n;d . If � (f ) > 1

2(d+2) 2 , then, for a su�cien tly large
constant in the �( �) notation for the number of iterations of the algorithm, the algorithm rejects
with high probabilit y. Thus assumethat � (f ) � 1

2(d+2) 2 . By the second item in Lemma 3.6,

it follows that gf is a degree-d polynomial. Since f is � -far from any degree-d polynomial, in
particular dist( f ; gf ) > � . By the �rst item of Lemma 3.6 we have that � (f ) > �=2. Once again,
for a su�cien tly large constant in the �( �) notation for the number of iterations of the algorithm,
it rejects with high probabilit y.

The proof of the �rst item in Lemma 3.6 is essentially the sameas the proof of Lemma 3.3. In
order to prove the seconditem we �rst prove the following claim. By the de�nition of gf as the
pluralit y function over V f

y (x), for every x we have that gf (x) agreeswith V f
y (x) for at least 1=jF j

of the choicesof y. The claim shows (similarly to Claim 3.5) that there is actually a much larger
agreement, assuming� (f ) is su�cien tly small.

Claim 3.7 For every x 2 F n we have that Pry

h
gf (x) = V f

y (x)
i

� 1 � 2(d + 1)� (f ).

Pro of: By slightly extending the argument used in the proof of Claim 3.5, we can get that for
every �xed choice of x, Pry [gf (x) = V f

y (x)] � Pry1 ;y2 [V f
y1 (x) = V f

y2 (x)], and hencewe turn to lower
bounding Pry1 ;y2 [V f

y1 (x) = V f
y2 (x)].

Observe that if we select, uniformly at random, y1 and y2 in F n , then for any choice of 1 �
i; j � d + 1 we have that x + i � y1 and x + j � y2 are uniformly distributed in F n . Therefore, by the
de�nition of � (f ) we have that for each �xed choice of 1 � i; j � d + 1,

Pry1 ;y2

2

4f (x + i � y1) =
d+1X

j =1

� j f
�

(x + i � y1) + j � y2

�
3

5 � 1 � � (f ) (14)

and

Pry1 ;y2

"

f (x + j � y2) =
d+1X

i =1

� i f
�

(x + j � y2) + i � y1

�
#

� 1 � � (f ) : (15)
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Therefore, with probabilit y at least 1 � 2(d + 1)� (f ) over the choice of y1 and y2, we have that

d+1X

i =1

� i f (x + i � y1) =
d+1X

i =1

� i �
d+1X

j =1

� j f
�

(x + i � y1) + j � y2

�
(16)

=
d+1X

j =1

� j �
d+1X

i =1

� i f
�

(x + j � y2) + i � y1

�
(17)

=
d+1X

j =1

� j f (x + j � y2) : (18)

In Equation (16) we applied Equation (14), in Equation (17) we simply reordered the summands,
and to obtain Equation (18) we applied Equation (15). Thus, Pry1 ;y2 [V f

y1 (x) = V f
y2 (x)] � 1 � 2(d +

1)� (f ), as desired.

Pro of of Lemma 3.6. As noted previously, the proof of the �rst item in Lemma 3.6 is essentially
the sameas the proof of Lemma 3.3. In order to prove the seconditem we show that if � (f ) �

1
2(d+2) 2 , then

P d+1
j =0 � j gf (x + j � y) for all x; y 2 F n . The seconditem of the lemma then follows

from Theorem 3.2.

Consider any �xed choice of x and y. Observe that if we select, uniformly at random, two
points, r 1 and r 2 in F n , then for any choice of 0 � j � d + 1, the point r 1 + j � r 2 is uniformly
distributed in F n . Therefore, by Claim 3.7, for any choice of 0 � j � d + 1,

Prr 1 ;r 2

h
gf (x + j � y) = V f

r 1+ j �r 2
(x + j � y)

i
� 1 � 2(d + 1)� (f ) : (19)

That is,

Prr 1 ;r 2

"

gf (x + j � y) =
d+1X

i =1

� i f
�

(x + j � y) + i � (r 1 + j � r 2)
�

#

� 1 � 2(d + 1)� (f ) : (20)

For our �xed choice of x; y 2 F n and a uniformly selectedr 1; r2 2 F n , we have that x + i � r 1 and
y + i � r 2 are uniformly distributed in F n for any 1 � i � d+ 1. Therefore, by the de�nition of � (f )
we get that for every 1 � i � d + 1,

Prr 1 ;r 2

2

4
d+1X

j =0

� j f
�

(x + i � r 1) + j � (y + i � r 2)
�

= 0

3

5 � 1 � � (f ) : (21)

Since� (f ) � 1
2(d+2) 2 , there exists a choice of r 1 and r 2 such that for every 0 � j � d + 1,

� j gf (x + j � y) = � j

d+1X

i =1

� i f
�

(x + j � y) + i � (r 1 + j � r 2)
�

=
d+1X

i =1

� i � j f
�

(x + i � r 1) + j � (y + i � r 2)
�

(22)

and for every 1 � i � d + 1,

d+1X

j =0

� j f
�

(x + i � r 1) + j � (y + i � r 2)
�

= 0 : (23)
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But this implies that

d+1X

j =0

� j gf (x + j � y) =
d+1X

i =0

� i

d+1X

j =0

� j f
�

(x + i � r 1) + j � (y + i � r 2)
�

= 0 ; (24)

as claimed.

3.2.2 The general case

Here we follow [KR06], who generalize the algorithm and the analysis of [RS96], described in
Subsection3.2.2, as well as that of [AKK + 05] (for the special caseof jF j = 2). A similar result,
using di�eren t techniques, was obtained by Jutla et al. [JPRZ04], where they focused on prime
�elds (the result in [KR06] holds also for non-prime �elds).

A main building block of the analysis of the general caseis the following characterization of
degree-d multiv ariate polynomials over �nite �elds.

Theorem 3.4 Let F = GF(q) where q = ps and p is prime. Let d be an integer, and let f : F n !
F . The function f is a polynomial of degree at most d if and only if its restriction to every a�ne
subspace of dimension ` =

l
d+1

q� q=p

m
is a polynomial of degree at most d.

Theorem 3.4 generalizesthe characterization result of Friedl and Sudan [FS95] (a variant of which
is stated in Theorem 3.2), which refers to the caseq � q=p � d + 1. That is, the sizeof the �eld F
is su�cien tly larger than the degreed, and the a�ne subspacesconsideredare of dimension ` = 1.
As stated in Theorem 3.2, when ` = 1 it su�ces to verify that a certain condition holds for d + 2
points on the line (one-dimensionala�ne subspace).

We also note that this value, `, of the dimension of the consideredsubspaces,is tight. Namely,
there exist polynomials of degreegreater than d whoserestrictions to a�ne subspacesof dimension
lessthan ` are all degree-d polynomials.

The testing algorithm we describe next utilizes the characterization in Theorem 3.4 (which is
shown to be robust). Speci�cally , the algorithm selectsrandom a�ne subspaces(of dimension ` as
de�ned in Theorem 3.4), and checks that the restriction of the function f to each of the selected
subspacesis indeed a polynomial of degreeat most d. Such a check is implemented by verifying
that various linear combinations of the valuesof f on the subspacesum to 0.

Before giving more details, we introduce somenotation.

De�nition 3.3 For m � 1 and any choice of a point x 2 F n and m linearly independent points
y1; : : : ; ym 2 F n , let S(x; y1; : : : ; ym ) denote the a�ne subspace of dimension m that contains all
points of the form x +

P m
i=1 ai yi , where a1; : : : ; am 2 F .

De�nition 3.4 For a function f : F n ! F , a point x 2 F n , and m linearly independent points
y1; : : : ; ym 2 F n , wedenoteby f j(x;y 1;:::;ym ) the restriction of f to the a�ne subspace S(x; y1; : : : ; ym ).
Namely, f j(x;y 1;:::;ym ) : F m ! F is de�ned as follows: for every a 2 F m , f j(x;y 1 ;:::;ym ) (a) = f (x +P m

i=1 ai yi ).
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With a slight abuse of notation (and for the sake of succinctness),we shall sometimesuse the
notation f jS instead of f j(x;y 1;:::;ym ) , where S = S(x; y1; : : : ; ym ) is the subspacespanned by the
points. In case the set of points spanning the subspaceS is not explicitly stated, then f jS is
determined by somecanonical choice of a basis.9

Algorithm 3.3 : Low-Degree Test (for jF j = O(d)) 10

1. Let ` = `(q; d) =
l

d+1
q� q=p

m
and repeat the following t = �

�
`q`+1 + 1

�q `

�
times:

(a) Uniformly at random select ` linearly independent points y1; : : : ; y` 2 F n , and a point
x 2 F n .

(b) If f j(x;y 1;:::;y` ) =2 POL Y `;d then output reject (and exit).

2. If no step caused rejection then output accept.

Checking whether f jS =2 POL Y `;d (where S = S(x; y1; : : : ; y` )) can be done by querying f on all
points in the subspaceS and verifying that the points obey certain linear constraints. Speci�cally ,
we consider the standard and unique representation of the function f jS as a polynomial of degree

at most q � 1 in each variable. That is, for each � 2 f 0; : : : ; q � 1g` , there is a coe�cien t C
f j S
�

such that f jS(a) =
P

� 2f 0;:::;q� 1g` C
f j S
�

Q `
i =1 a� i

i for every a 2 F ` . The test checks whether C
f j S
� = 0

for every � satisfying
P `

i =1 � i > d. Each coe�cien t C f j S is a certain linear combination of the
points in S. For example, the coe�cien t corresponding to the highest degreemonomial (that

is, C
f j S

hq� 1;:::;q� 1i ), equals (� 1)` P
a2 F ` f jS(a). Hencethe total number of queriesperformed by the

algorithm is O(tq` ) = O(`q2`+1 + 1
� ) and the running time is at most q` times larger.

Theorem 3.5 Algorithm 3.3 is a one-sided error testing algorithm for POL Y n;d . Its query com-

plexity is O(`q2`+1 + 1
� ) where ` =

l
d+1

q� q=p

m
.

If f 2 POL Y n;d then clearly f jS 2 POL Y `;d for every a�ne subspaceS of dimension` and hence
Algorithm 3.3 acceptswith probabilit y 1. We therefore turn to the casethat dist( f ; POL Y n;d ) > � .
Sincethe full analysisis fairly lengthy, we describe only the high level structure of the proof and the
underlying ideas. As in the proofs of Theorems 3.1 and 3.3, we de�ne a function gf (a \corrected"
version of f ) and show that: (1) the distance betweengf and f is upper bounded by a function of
the probabilit y that the test rejects in a single iteration; (2) if this probabilit y is not too large then
gf belongsto POL Y n;d .

Let
� (f ) def= Prx;y 1 ;:::;y`

h
f j(x;y 1;:::;y` ) =2 POL Y `;d

i
(25)

where the probabilit y is taken over x and y1; : : : ; y` such that y1; : : : ; y` are linearly independent
points in F n . By the de�nition of Algorithm 3.3, � (f ) is the probabilit y that a single step of

9Our interest lies in the degree of these functions (represented as polynomials). Since for any given subspace
this degreeis invariant with respect to the choice of the basis, the particular choice of the basis is only a matter of
convenience.

10 The test can be applied to any �eld size, but when jF j is much larger than d, it is possible to use Algorithm 3.2,
which has lower complexity.

19



the algorithm causesf to be rejected. That is, it is the probabilit y that the restriction of f to a
random a�ne subspaceS = S(x; y1; : : : ; y` ) of dimension ` is not a polynomial of degreeat most
d. As noted in the foregoing discussion,this is equivalent to the requirement that in the standard
representation of f jS asa polynomial, all coe�cien ts corresponding to monomialswith total degree
greater than d are 0.

In particular, by our choice of `, this should be true of the coe�cien t of the highest degree
monomial vq� 1

1 � vq� 1
2 � � � vq� 1

` (since `(q � 1) � d + 1). As noted previously, this coe�cien t equals
(� 1)` times the sum of the values of f taken over all points in the subspace. We denote by
V f (x; y1; : : : ; y` ) the value that f (x) \should have" so that this coe�cien t equal 0. That is,

V f (x; y1; : : : ; y` )
def= �

X

v2 F ` nf ~0g

f
�

x +
X̀

i =1

vi yi

�
: (26)

We refer to V f (x; y1; : : : ; y` ) as the vote of (y1; : : : ; y` ) on the value assignedto x. Note that for
� (f ) asde�ned in Equation (25), � (f ) � Prx;y 1 ;:::;y` [V

f (x; y1; : : : ; y` ) 6= f (x)] (where the probabilit y
is taken over y1; : : : ; y` that are linearly independent). This is true since the test checks that all
coe�cien ts C f

� (x; y1; : : : ; y` ) for which
P `

i =1 � i > d are 0.

We are now ready to de�ne the (self) corrected version of f , denoted by gf .

gf (x) def= pluralit yy1 ;:::;y` F n

n
V f (x; y1; : : : ; y` )

o
: (27)

Recall that the pluralit y valueis the valuethat appearsmost often in the set
�

V f (x; y1; : : : ; y` )
	

. We
note that in the de�nition of gf the pluralit y is taken over all (not necessarilylinearly independent)
`-tuples y1; : : : ; y` 2 F n .

Lemma 3.8 For any function f and for � (f ) and gf as de�ned in Equations (25) and (27) re-
spectively:

1. dist( f ; gf ) � 2� (f ).

2. If � (f ) < 1
2(`+1) q` +1 then gf 2 POL Y n;d .

Similarly to the proof of Theorem 3.3, we can show that Lemma 3.8 implies that � (f ) �

min
n

1
2(`+1) q` +1 ; �=2

o
. This in turn implies the correctnessof a slightly less e�cien t version of

Algorithm 3.3, which performs t = �
�

`q`+1 + 1=�
�

iterations (rather than t = �
�

`q`+1 + 1
�q `

�

iterations). To prove that the number of iteration performedby Algorithm 3.3 su�ces (from which
Theorem 3.5 follows), there is needfor another technical lemma, which we omit.

The proof of the �rst item of Lemma 3.8 is essentially the sameas the proof of Lemma 3.3.
The proof of the seconditem is basedon showing that for every x, the value of gf (x), which is the
pluralit y vote of V f (x; y1; : : : ; y` ), taken over all y1; : : : ; y` , equalsthe vote of a large fraction of the
`-tuples y1; : : : ; y` (assuming � (f ) is su�cien tly small). Namely,

Claim 3.9 For any �xed x 2 F n , let


 (x) def= Pry1 ;:::;y`

h
V f (x; y1; : : : ; y` ) = g(x)

i
: (28)

Then 
 (x) � 1 � 2q`� (f ).
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Pro of Sketch: In order to prove Claim 3.9 it will actually be more convenient to work with
another measureof \correctness" (or \consistency") of a point x. Speci�cally , for any �xed x 2 F n ,
let

� (x) = Pry1 ;:::;y` ;z1 ;:::;z`

h
V f (x; y1; : : : ; y` ) = V f (x; z1; : : : ; z` )

i
: (29)

Similarly to what was shown in the proof of Claim 3.5, 
 (x) � � (x). Hence it su�ces to obtain
a lower bound on � (x). In order to show that � (x) is large (and hence 
 (x) is large), it will
be useful to consider the following auxiliary graph. The de�nition of this graph was inspired
by the way Shpilka and Wigderson used Cayley graphs in their work [SW04]. Each vertex in
this graph is labeled by a subset (multiset) of ` points, f y1; : : : ; y`g, yi 2 F n . The neighbors of
f y1; : : : ; y`g are of the form f y2; : : : ; y`+1 g. Each vertex corresponds to ` points that can \v ote" on
the value of f (x), for any given x and hencewe refer to it as the voting graph. For a �xed point
x 2 F n , we say that an edgebetween f y1; : : : ; y`g and f y2; : : : ; y`+1 g is good with respect to x if
V f (x; y1; : : : ; y` ) = V f (x; y2; : : : ; y`+1 ).

For any (random) choice of y1; : : : ; y` and z1; : : : ; z` , and for each 0 � i � ` let vi =
f y1; : : : ; yi ; zi +1 ; : : : ; z` g, where we view vi as a vertex in the voting graph. In particular,
v` = f y1; : : : ; y`g and v0 = f z1; : : : ; z` g. Sincey1; : : : ; y` ; z1; : : : ; z` are selecteduniformly at random,
each vi is a random variable. Consider the path v` ; : : : ; v0 betweenv` and v0.

In what follows we shall usethe shorthand V f (x; vi ) for the vote V f (x; y1; : : : ; yi ; zi +1 ; : : : ; z` ).
Recall that an edge (vi ; vi � 1) is good if V f (x; vi ) = V f (x; vi � 1). We claim that the probabilit y
(taken over the choice of y1; : : : ; y` ; z1; : : : ; z` ) that an edge (vi ; vi � 1) on the path is not good
is at most 2q� (f ). By taking a union bound it follows that the probabilit y that all the edges
on the path are good is at least 1 � 2q`� (f ). That is, with probabilit y at least 1 � 2q`� (f ),
V f (x; y1; : : : ; y` ) = V f (x; y1; : : : ; y` � 1; z` ) = : : : = V f (x; z1; : : : ; z` ), and the lemma follows.
Hence,it remains to show that an edgeon the path is not good with probabilit y at most 2q� (f ).

Consider any edge (vi ; vi � 1). We say that V f (x; vi ) is an independent vote for x if
y1; : : : ; yi ; zi +1 ; : : : ; z` are linearly independent points, otherwise we say that V f (x; vi ) is a depen-
dent vote for x. For a dependent vote V f (x; vi ), it can be shown that V f (x; vi ) = f (x). Therefore,
if both votes V f (x; vi ) and V f (x; vi � 1) for x are dependent then V f (x; vi ) = V f (x; vi � 1) and the
edgeis good. If one of the votes is a dependent vote and the other is an independent vote then the
probabilit y that the edgeis not good is the probabilit y that an independent vote for y di�ers from
f (y), which is � (f ).

Finally, if V f (x; vi ) and V f (x; vi � 1) are both independent points then it can be shown that
V f (x; vi ) � V f (x; vi � 1) is the sum, over 2(q � 1) a�ne subspaces,S1; : : : ; S2q (de�ned by x and
y1; : : : ; yi ; zi ; : : : ; z` ) of the largest degreecoe�cien t of f jSj

. For each subspacethe probabilit y that
this coe�cien t is non-zero is at most � (f ), and so, by taking a union bound, the probabilit y that
V f (x; vi ) = V f (x; vi � 1) is at least 1 � 2q� (f ), as claimed.

Showing why the second item in Lemma 3.8 follows from Claim 3.9 is somewhat technical,
and hencewe only provide the high-level idea. Consider any �xed set of points x; y1; : : : ; y` 2 F n

such that y1; : : : ; y` are linearly independent. The goal is to show that gf
j(x;y 1 ;:::;y` ) 2 POL Y `;d . The

seconditem in Lemma 3.8 then follows by applying Theorem 3.4. By using a probabilistic argument
it can be shown that there exists a choice of a subset of elements, denoted f zi;j g, for which the
following conditions hold. First, the value of gf on every point w in the subspaceS(x; y1; : : : ; y` )
equals the vote on w of a set, Tw , of ` points that are linear combinations of the zi;j 's. Next,
for each of these sets of points Tw , the restriction of f to the a�ne subspacede�ned by w and
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Tw , is a polynomial of degreeat most d. That is, all high degreecoe�cien ts in each of these
restrictions are 0. The next step is to show that each high degreecoe�cien t in the restriction of
gf to the subspaceS(x; y1; : : : ; y` ) is a linear combinations of the high degreecoe�cien ts in the
abovementioned restrictions of f , and is hence0.

A lower bound. By extending an argument given in [AKK + 05], the following lower bound is
proved in [KR06].

Theorem 3.6 Every algorithm for testing POL Y n;d with distance parameter � must perform



�
maxf 1

� ; q` � 1g
�

querieswhen q is prime, and 

�
maxf 1

� ; qd`=2e� 1g
�

queriesotherwise.

Thus, a dependenceon q
( ` ) is unavoidable.

4 Basic (Bo olean) Function Classes

In this section we describe and analyze several algorithms for testing various families of Boolean
functions over f 0; 1gn . For all families, the query complexity of the algorithms is independent of
n. This stands in contrast to the fact that for these families the number of queries required for
learning (under the uniform distribution) dependson n. In somecasesthe results extend to more
general domains and/or ranges,and this is noted when the result is discussed. The main results
mentioned in this section are summarizedin Table 2.

Class of functions Num ber of Queries Reference

singletonsand monomials O(1=�) [PRS02]
s-term monotone DNF ~O(s2=�) [PRS02]

k-Juntas ~O(k2=�), 
( k) [FKR + 04],[CG06]
decision lists ~O(1=�2) [DLM + 07]

size-s decisiontrees, size-s branching programs ~O(s4=�2) [DLM + 07]
s-term DNF, size-s Boolean formulae 
(log s=log logs) [DLM + 07]

s-sparsepolynomials over GF (2) ~O(s4=�2), ~
 (
p

s) [DLM + 07]
size-s Boolean circuits ~O(s6=�2) [DLM + 07]

functions with Fourier degree� d ~O(26d=�2), ~
 (
p

d) [DLM + 07]
linear threshold functions poly(1=�) [MORS07]

Table 2: Results for testing basicBoolean functions over f 0; 1gn (or, in the caseof linear threshold
functions, over f +1 ; � 1gn ).

4.1 Singletons, Monomials, and Monotone DNF

In this subsectionwe describe the results of [PRS02]. We give full details for the simplest case
of testing the class of singleton functions, and only the high-level ideas for the more complex
problems of testing monomials and monotone DNF. The query complexity of the algorithms for
testing singletonsand for testing monomials is O(1=�), and the query complexity of the algorithm
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for testing monotone DNF is ~O(s2=�) where s is an upper bound on the number of terms in the
DNF formula. In Subsection4.3 we shall describe a general result that in particular implies that
(general) DNF with s terms are testable using ~O(s4=�2) queries.

De�nition 4.1 (Singletons, Monomials, and DNF functions) A function f : f 0; 1gn !
f 0; 1g is a singletonfunction if there exists an i 2 [n] such that f (x) = x i for every x 2 f 0; 1gn or
f (x) = �x i for every x 2 f 0; 1gn .

We say that f is a monotonek-monomial for 1 � k � n if there exist k indices i 1; : : : ; i k 2 [n]
such that f (x) = x i 1 ^ � � � ^ x i k for every x 2 f 0; 1gn . If we allow some of the x i j 's above to be
replaced with �x i j , then f is a k-monomial. The function f is a monomialif it is a k-monomial for
some1 � k � n.

A function f is an s-term DNF function if it is a disjunction of at most s monomials. If all
monomials are monotone, then it is a monotoneDNF function.

Singletons,and more generallymonomials,canbeeasily learnedunder the uniform distribution.
The learning algorithm uniformly selectsa sample of size �(log n=� ) and queries the function f
on all sample strings. It then searches for a monomial that is consistent with f on the sample.
Finding a consistent monomial if such exists can be done in time linear in the samplesizeand in
n. A simple probabilistic argument, which is a slight variant of Occam's Razor [BEHW87] 11, can
be used to show that a sampleof size �(log n=� ) is su�cien t to ensurethat with high probabilit y
any monomial that is consistent with the sampleis an � -good approximation of f .

There is a large variety of results on learning DNF functions, and in particular monotoneDNF,
in several di�eren t models. We restrict our attention to the model most relevant to the result
described here, namely when membership queries are allowed and the underlying distribution is
uniform. The best known algorithm results from combining the works of [BJT99] and [KS99],
and builds on Jackson's celebrated Harmonic Sieve algorithm [Jac97]. This algorithm has query

complexity ~O
�

r �
�

log2 n
� + s2

� 2

� �
, wherer is the number of variablesappearing in the DNF formula,

and s is the number of terms. However, this algorithm does not output a DNF formula as its
hypothesis. On the other hand, Angluin [Ang88] describesa proper learning algorithm for monotone
DNF formulae that usesmembership queriesand works under arbitrary distributions. The query
complexity of her algorithm is ~O(s � n + s=�). Using the samepreprocessingtechnique as suggested
in [BJT99], if the underlying distribution is uniform, then the query complexity can be reduced

to ~O
�

r �log2 n
� + s �

�
r + 1

�

� �
. Recall that the query complexity of the testing algorithm has similar

dependenceon s and 1=� but doesnot depend on n.

4.1.1 Singletons

We start by describing an algorithm for testing singletons. The testing algorithm for k-monomials
generalizesthis algorithm. More precisely, we describe an algorithm for testing whether a function
f is a monotone singleton. In order to test whether f is a singleton we can check whether either
f or �f passthe monotone singleton test. For the sake of succinctness,in what follows we refer to

11 Applying the theorem known as Occam's Razor would give a stronger result in the sensethat the underlying
distribution may be arbitrary (that is, not necessarilyuniform). This however comesat a price of a linear, as opposed
to logarithmic, dependenceof the sample/query complexity on n.

23



monotone singletonssimply as singletons. As we shall see,an interesting feature of the singletons
test is that it applies the linearity test (that was described and analyzed in Subsection 3.1) as a
subroutine.

When the identit y of the function f is clear from the context, we may use the following notation:

F1
def= f x : f (x) = 1g. For x; y 2 f 0; 1gn we shall usex ^ y to denote the bitwise `AND' of the two

strings. That is, z = x ^ y satis�es zi = x i ^ yi for every 1 � i � n.

The following characterization of monotone k-monomials motivates the tests we describe.

Lemma 4.1 Let f : f 0; 1gn ! f 0; 1g. The function f is a monotonek-monomial if and only if the
following two conditions hold:

1. Pr[f (x) = 1] = 1
2k ;

2. f (x ^ y) = f (x) ^ f (y) for all x; y 2 f 0; 1gn .

In what follows we shall say that a pair of points x; y 2 f 0; 1gn are violating with respect to f if
f (x ^ y) 6= f (x) ^ f (y).

Pro of: If f is a k-monomial then clearly the conditions hold. We turn to prove the other direction.
We �rst observe that the two conditions imply that f (x) = 0 for all jxj < k, where jxj denotesthe
number of onesin x. In order to verify this, assumein contradiction that there exists somex such
that jxj < k but f (x) = 1. Now considerany y such that yi = 1 whenever x i = 1. Then x ^ y = x,
and therefore f (x ^ y) = 1. But by the seconditem, sincef (x) = 1, it must alsohold that f (y) = 1.
However, sincejxj < k, the number of such points y is strictly greater than 2n� k , contradicting the
�rst item.

Next let y =
V

x2 F1
x. Using the seconditem in the claim we get:

f (y) = f (
^

x2 F1

x) =
^

x2 F1

f (x) = 1 : (30)

However, we have just shown that f (x) = 0 for all jxj < k, and thus jyj � k. Hence,there exist k
indicesi 1; : : : ; i k such that yi j = 1 for all 1 � j � k. But yi j =

V
x2 F1

x i j . Hence,x i 1 = : : : = x i k = 1
for every x 2 F1. The �rst item now implies that f (x) = x i 1 ^ : : : ^ x i k for every x 2 f 0; 1gn .

Given Lemma 4.1, a natural candidate for a testing algorithm for singletonswould take a sample
of uniformly selectedpairs (x; y), and for each pair verify that it is not violating with respect to
f . In addition, the test would check that Pr[f (x) = 0] is roughly 1=2 (or elseany monotone k-
monomial would passthe test). As shown in [PRS02], the correctnessof this testing algorithm can
be proved as long as the distance between f and the closestsingleton is bounded away from 1=2.
It is an open question whether this testing algorithm is correct in general.

We next describe a modi�ed version of this algorithm, which consistsof two stages. In the �rst
stage,the algorithm tests whether f belongsto (is closeto) a more generalclassof functions (that
contains all singleton functions). In the secondstageit applies a slight variant of the original test
(as described in the previous paragraph). Speci�cally , the more general classof functions is the
classL of linear Boolean functions over f 0; 1gn , which was discussedin Subsection 3.1. Clearly,
every singleton function f (x) = x i is a linear function. Hence, if f is a singleton function, then it
passesthe �rst stageof the test (the linearity test) with probabilit y 1. On the other hand, if it is
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far from any linear function, then it will be rejected already by the linearity test. As we shall see,
if f is far from every singleton function, but it is closeto somelinear function that is no a singleton
function (so that it may passthe linearity test), then we can prove that it will be rejected in the
secondstageof the algorithm with high probabilit y.

In order to motivate the modi�cation we introduce in the original singleton test, we state the
following lemma and discussits implications.

Lemma 4.2 Let S � [n], and let gS(x) =
P

i 2 S x i (where the sum is taken modulo 2). If jSj is
even then

Prx;y [gS(x ^ y) = gS(x) ^ gS(y)] =
1
2

+
1

2jSj+1

and if jSj is odd then

Prx;y [gS(x ^ y) = gS(x) ^ gS(y)] =
1
2

+
1

2jSj
:

Pro of: Let s = jSj, and let x; y be two strings such that (i) x has 0 � i � s onesin S, that is,
jf ` 2 S : x ` = 1gj = i ; (ii) x ^ y has 0 � k � i onesin S; and (iii) y has a total of j + k onesin S,
where 0 � j � s � i .

If gS(x ^ y) = gS(x) ^ gS(y), then either (1) i is even and k is even, or (2) i is odd and j is
even. Let Z1 � f 0; 1gn � f 0; 1gn be the subsetof pairs x; y that obey the �rst constraint, and let
Z2 � f 0; 1gn � f 0; 1gn be the subset of pairs x; y that obey the secondconstraint. Since the two
subsetsare disjoint,

Prx;y [gS(x ^ y) = gS(x) ^ gS(y)] = 2� 2n (jZ1j + jZ2j) : (31)

It remains to compute the sizesof the two sets. Sincethe coordinates of x and y outside S do not
determine whether the pair x; y belongsto one of thesesets,we have

jZ1j = 2n� s � 2n� s �

0

@
sX

i =0 ;i even

�
s
i

� iX

k=0 ;k even

�
i
k

� s� iX

j =0

�
s � i

j

�
1

A (32)

and

jZ2j = 2n� s � 2n� s �

0

@
sX

i =0 ;i odd

�
s
i

� iX

k=0

�
i
k

� s� iX

j =0 ;j even

�
s � i

j

�
1

A (33)

The right-hand-side of Equation (32) equals

22n� 2s � (22s� 2 + 2s� 1) = 22n� 2 + 22n� s� 1 = 22n � (2� 2 + 2� (s+1) ) : (34)

The right-hand-side of Equation (33) equals22n � (2� 2 + 2� (s+1) ) if s is odd and 22n� 2 if s is even.
The lemma follows by combining Equations (32) and (33) with Equation (31).

Hence,if f is a linear function that is not a singleton and is not the all-0 function, that is f = gS

for jSj � 2, then the probabilit y that a uniformly selectedpair x; y is violating with respect to f is
at least 1=8. In this case,a sampleof 16 such pairs will contain a violating pair with probabilit y
at least 1 � (1 � 1=8)16 � 1 � e� 2 > 2=3.
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However, what if f passesthe linearity test but is only closeto being a linear function? Let g
denote the linear function that is closestto f and let � be the distance betweenthem. (Note that
g is unique, given that f is su�cien tly close to a linear function). What we would like to do is
check whether g is a singleton, by selectinga sampleof pairs x; y and checking whether it contains
a violating pair with respect to g. Observe that, sincethe distance betweenfunctions is measured
with respect to the uniform distribution, for a uniformly selectedpair x; y, with probabilit y at least
(1 � � )2, both f (x) = g(x) and f (y) = g(y). However, we cannot make a similar claim about
f (x ^ y) and g(x ^ y), since x ^ y is not uniformly distributed. Thus it is not clear that we can
replace the violation test for g with a violation test for f . In addition we need to verify that g is
not the all-0 function.

The solution is to use a self-corrector for linear functions [BLR93] as described in Subsec-
tion 3.1.1. Namely, given query accessto a function f : f 0; 1gn ! f 0; 1g, which is strictly closer
than 1=4 to somelinear function g, and an input x 2 f 0; 1gn , the procedureSelf-Correct(f ; x) re-
turns the value of g(x), with probabilit y at least 9=10. The query complexity of the procedure is
constant.

We are now ready to describe the testing algorithm for singletons.

Algorithm 4.1 : Test for Singleton Functions

1. Apply the linearity test (A lgorithm 3.1) to f with distance parameter min(1=5; � ). If the test
rejects then output reject (and exit).

2. If Self-Correct(f ;~1) = 0 (where ~1 is the all-1 vector), then output reject (and exit).

3. Uniformly and independently select m = 64 pairs of points x; y.

� For each such pair, let bx = Self-Correct(f ; x), by = Self-Correct(f ; y) and bx^ y =
Self-Correct(f ; x ^ y).

� Check that bx^ y = bx ^ by .

4. If one of the checks fails then output reject. Otherwise output accept.

Theorem 4.1 Algorithm 4.1 is a one-sided error testing algorithm for monotone singletons. The
query complexity of the algorithm is O(1=�).

Pro of: Since the linearity testing algorithm has a one-sidederror, if f is a singleton function
then it always passesthe linearity test. In this casethe self corrector always returns the value of
f on every given input point. In particular, Self-Correct(f ; ~1) = f (~1) = 1, since every monotone
singleton hasvalue 1 on the all-1 vector. Similarly, no violating pair can be found in Step 3. Hence,
Algorithm 4.1 always acceptsa singleton.

Assume,without lossof generality, that � � 1=5. Consider the casein which f is � -far from any
singleton. If it is also � -far from any linear function, then it will be rejected with probabilit y at
least 9=10 in the �rst step of the algorithm. Otherwise, there exists a unique linear function g such
that f is � -closeto g. If g is the all-0 function, then f is rejected with probabilit y at least 9=10 (in
Step 2).

26



Otherwise, g is a linear function of at least 2 variables. By Lemma 4.2, the probabilit y that a
uniformly selectedpair x; y is a violating pair with respect to g is at least 1=8. Given such a pair,
the probabilit y that the self-correctorreturns the value of g on all the three calls (that is, bx = g(x),
by = g(y), and bx^ y = g(x ^ y)), is at least (1 � 1=10)3 > 7=10. The probabilit y that Algorithm 4.1
obtains a violating pair with respect to g and all calls to the self-correctorreturn the correct value,
is greater than 1=16. Therefore, a sample of 64 pairs will ensure that a violation bx^ y 6= bx ^ by

will be found with probabilit y at least 9=10. The total probabilit y that f is accepted,despitebeing
� -far from any singleton, is henceat most 3 � (1=10) < 1=3.

The query complexity of the algorithm is dominated by the query complexity of the linear
tester, which is O(1=�). The secondstagetakesconstant time.

4.1.2 Monomials

The testing algorithm for monomials has a high level structure that is similar to the algorithm
for singletons, and its query complexity is O(1=�) as well. Here we consider testing monotone
k-monomials, when k is given as a parameter to the algorithm. It is possible to remove the
monotonicity assumption as well as the assumption that the algorithm receives a parameter k,
without increasingthe complexity of the algorithm.

Upon receiving the parametersk and � , the algorithm �rst checks what is the relation between
� and 2� k . If � > 4 � 2� k then the algorithm decideswhether to accept or reject solely basedon
estimating Pr[f (x) = 1] using a sample of size �(1 =�). Let � be this estimate. If � � 3�=8, then
the algorithm acceptsand if � > 3�=8, then the algorithm rejects.

To verify that the algorithm makes a correct decisionwith high constant probabilit y, consider
�rst the casethat f is a k-monomial. In such a casePr[f (x) = 1] = 2� k < �=4. By a multiplicativ e
Cherno� bound (seeAppendix A), the probabilit y that � > 3�=8 (which causesthe algorithm to
reject), is a small constant. On the other hand, every function f that satis�es Pr[f (x) = 1] � �=2 is
� -closeto every k monomial. This is true sincefor any k-monomial g, Pr[f (x) 6= g(x)] � Pr[f (x) =
1] + Pr[g(x) = 1] < � . Therefore, if f is � -far from every k monomial, then Pr[f (x) = 1] > �=2.
In such a case,by a multiplicativ e Cherno� bound, the probabilit y that � � 3�=8 (which causes
the algorithm to accept), is a small constant. Thus the case that � is large relative to 2� k is
straightforward, and we turn to the casethat � is of the sameorder, or smaller, than 2� k .

Similarly to the simple case considered in the foregoing discussion, in the �rst step of the
algorithm a size test is performed. That is, the algorithm veri�es that Pr[f (x) = 1] is closeto 2� k ,
as it should be if f is a k-monomial. This step requiresa sampleof size�(2 k ) = O(1=�). Assuming
f passesthe sizetest, the algorithm performs an a�nity test. This step plays a similar role to that
of the linearity test in the singleton testing algorithm (Algorithm 4.1). That is, on the one hand,
every monotone k-monomial passesthis test (with probabilit y 1). On the other hand, if a function
passesthis test but is far from any monotone k-monomial, then the third step (which is described
momentarily , and plays a similar role to Step 3 in Algorithm 4.1), will reject the function with high
probabilit y. We next describe both steps.

Recall that F1 = f x : f (x) = 1g. The a�nit y test checks whether F1 is (close to being) an
a�ne subspace.We next recall the de�nition of an a�ne subspace.

De�nition 4.2 (A�ne Subspaces) A subsetH � f 0; 1gn is an a�ne subspaceof f 0; 1gn if and
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only if there exist an x 2 f 0; 1gn and a linear subspace V of f 0; 1gn such that H = V + x. That is,

H = f y j y = v + x; f or some v 2 Vg:

The following is a well known alternative characterization of a�ne subspaces,which is a basis for
the a�nit y test.

Fact 4.3 H is an a�ne subspace if and only if for every y1; y2; y3 2 H we havey1 + y2 + y3 2 H .

Note that the above fact alsoimplies that for every y1; y2 2 H and y3 =2 H we have y1+ y2+ y3 =2
H . The a�nit y test selects,uniformly and independently, m = �(1 =�) points a1; : : : ; am 2 f 0; 1gn

and t = �(1) pairs of points (x1; y1); : : : ; (x t ; yt ) 2 F1 � F1 (recall that jF1j = O(2� k ) = O(1=�)).
If for some1 � i � m, 1 � j � t , the equality f (ai + x j + yj ) = f (ai ) does not hold, then the
test rejects. The analysis of the a�nit y test shows that passing this step with su�cien tly high
probabilit y ensuresthat f is closeto somefunction g for which g(x) + g(y) + g(z) = g(x + y + z)
for all x; y; z 2 G1 = f xjg(x) = 1g. That is, G1 is an a�ne subspace.

In the last step, which is referred to as the Closure-under-intersectiontest, the algorithm selects,
uniformly and independently, a constant number of points x 2 F1 and �(2 k ) points y 2 f 0; 1g. If
for somepair x; y selected,Self-Correct(f ; x ^ y) 6= Self-Correct(f ; y), then the test rejects. Here
Self-Correct is a procedurethat given any input z and oracle accessto f , asksa constant number
of queriesand returns with high probabilit y, the value g(z), whereg is as described in the previous
paragraph.

In both the a�nit y test and the closure-under-intersection test, we needto selectstrings in F1

uniformly. This is simply done by sampling from f 0; 1gn and using only x's for which f (x) = 1.
Sincein both tests the number of strings selectedfrom F1 is a constant, the total number of queries
required is O(2k ) = O(1=�). (If the algorithm does not obtain su�cien tly many strings from F1,
then it can give an arbitrary output, sincethis event occurs with small constant probabilit y.)

The correctnessof the algorithm follows from the next two lemmas(whoseproofs can be found
in [PRS02]).

Lemma 4.4 Let f be a function for which jPr[f (x) = 1] � 2� k j < 2� k� 3. If the probability that
the a�nity test accepts f is greater than 1=10, then there exists a function g : f 0; 1gn ! f 0; 1g for
which the following holds:

1. dist( f ; g) � �=25.

2. G1
def= f a : g(a) = 1g is an a�ne subspace of dimension n � k.

3. There exists a procedure Self-Correct that given any input a 2 f 0; 1gn and oracle accessto f ,
asksa constant number of queriesand returns the valueg(a) with probability at least 1� 1=40.

Furthermore, if F1 is an a�ne subspace then the a�nity tests always accepts, g = f , and Self-
Correct(f ; a) = f (a) with probability 1 for every a 2 f 0; 1gn .

Lemma 4.5 Let f : f 0; 1gn ! f 0; 1g be a function for which jPr[f (x) = 1]� 2� k j < 2� k� 3. Suppose
that there exists a function g : f 0; 1gn ! f 0; 1g such that:
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1. dist( f ; g) � 2� k� 3.

2. G1
def= f x : g(x) = 1g is an a�ne subspace of dimension n � k.

3. There exists a procedure Self-Correct that given any input a 2 f 0; 1gn and oracle accessto f
returns the value g(a) with probability at least 1 � 1=40.

If g is not a monotone k-monomial, then the probability that the Closure-Under-Intersection Test
rejects is at least 9=10.

4.1.3 Monotone DNF

In the previous subsectionwe described an algorithm for testing whether a function is a (single)
monomial. A natural generalizationis to test whether a function is of the form f = T1 _ T2 _ � � � _ Ts

whereeach term Ti is a monomial. Herewe considera restricted casewhereall terms are monotone
monomials. For the sake of simplicit y, from this point on when we say \term" or \monomial" we
mean that it is monotone.

The basic idea underlying the algorithm is to test whether the set F1
def= f x : f (x) = 1g can

be \approximately covered" by at most s terms (monomials). To this end, the algorithm �nds
strings x i 2 f 0; 1gn and usesthem to de�ne functions f i that are tested for being monomials. If
the original function f is in fact an s-term DNF, then, with high probabilit y, each such function
f i corresponds to one of the terms of f . In what follows we give a little more of the 
a vor of the
algorithm. For full details see[PRS02].

Let f be a monotones-term DNF, and let its terms be T1; : : : ; Ts. Then, for any x 2 f 0; 1gn , we

let S(x) � f 1; : : : ; sg denote the subsetof indices of the terms satis�ed by x. That is: S(x) def= f i :
Ti (x) = 1g. In particular, if f (x) = 0 then S(x) = ; . This notion extends to a set R � F1, were

S(R) def=
S

x2 R S(x). We observe that if f is a monotone s-term DNF, then for every x; y 2 f 0; 1gn

S(x ^ y) = S(x) \ S(y).

De�nition 4.3 (Single-T erm Represen tativ es) Let f be a monotones-term DNF. We saythat
x 2 F1 is a single-termrepresentativefor f if jS(x)j = 1. That is, x satis�es only a single term in
f .

De�nition 4.4 (Neigh bors) Let x 2 F1. The set of neighbors of x, denoted by N (x), is de�ned
as follows:

N (x) def= f y j f (y) = 1 and f (x ^ y) = 1g:

The notion of neighbors extendsto a set R � F1, where N (R) def=
S

x2 R N (x).

Note that the above de�nition of neighbors is very di�eren t from the standard notion (that is,
strings at Hamming distance 1), and in particular dependson the function f .

Consider the casein which x is a single-term representativ e of f , and S(x) = f ig. Then, for
every neighbor y 2 N (x), we must have i 2 S(y) (or elseS(x ^ y) would be empty, implying that
f (x ^ y) = 0). Notice that the conversestatement holds aswell, that is, i 2 S(y) implies that x and
y are neighbors. Therefore, the set of neighbors of x is exactly the set of all strings satisfying the
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term Ti . The goal of the algorithm is to �nd at most s such single-term representativ esx 2 f 0; 1gn ,
and for each such x to test that its set of neighbors N (x) satis�es somecommon term. It can be
shown that if f is in fact a monotone s-term DNF, then all thesetests passwith high probabilit y.
On the other hand, if all the tests passwith high probabilit y, then f is closeto somemonotone
s-term DNF.

4.2 Jun tas

In this subsectionwe describe the main result of Fischer et al. [FKR + 04]. Rather than considering
families of functions characterizedby their logical structure asdonein [PRS02], the paper [FKR + 04]
considersfamilies of functions characterized by the number of variables they depend on.

De�nition 4.5 (Jun tas) A function f : f 0; 1gn ! f 0; 1g is a k-junta for an integer k � n if f
is a function of at most k variables. Namely, there exists a set J � [n] where jJ j � k such that
f (x) = f (y) for every x; y 2 f 0; 1gn that satisfy x i = yi for each i 2 J . We say in such a case that
J dominatesthe function f .

The main result of [FKR + 04] is stated next.

Theorem 4.2 For every �xed k, the property of being a k-junta is testableusing poly(k)=� queries.

Fischer et al. [FKR + 04] establishTheorem 4.2 by describingand analyzing several algorithms. The
algorithms vary in the polynomial dependenceon k (ranging between ~O(k4) to ~O(k2)), and in two
properties: whether the algorithm is non-adaptive or adaptive (that is, queries may depend on
answers to previous queries), and whether it is has one-sidederror or two-sided error. They also
provea lower bound of ~
 (

p
k), which waslater improved to 
( k) by Chockler and Gutreund [CG06],

thus establishing that a polynomial dependenceon k is necessary. While we focus here on the
domain f 0; 1gn and on the casethat the underlying distribution is uniform, Theorem 4.2 holds for
other domains and when the underlying distribution is a product distribution.

The classof k-juntas can be viewed asgeneralizingthe classof k-monomials,wherethe function
over the k variablesis unrestricted. Fischer et al. [FKR + 04] alsoconsidertesting whether a function
is identical to a �xed function h up to a permutation of its variables. For any given function h over
k variables, the testing algorithm performs a number of queries that is polynomial in 1=� and in
the number of variables of h.

Before describing one of the algorithms for testing k-juntas, we brie
y discussthe relation to
learning. Knowing that a function dependson only a small number of variables can be especially
useful in the context of learning. For various function classesthere exist algorithms that are
attribute e�cien t (cf. [Lit87 , BHL95, UTW97]). That is, they have a polynomial dependenceon
the number of relevant variables of the function being learned and only a logarithmic dependence
on the total number of variables. Learning k-juntas under the uniform distribution (but without
queries) was studied by Mossel, O'Donnel, and Servedio [MOS04]. They give an algorithm for
this learning problem that runs in time (nk)! =(! +1) where ! < 2:376 is the matrix multiplication
exponent.

Perhaps the most closely related learning-theory work is [GTT99]. In this work, Guijarro,
Tarui, and Tsukiji [GTT99], considerthe following problem. For a �xed but unknown distribution
D over f 0; 1gn and an unknown Boolean function f over f 0; 1gn that is known to be a k-junta, the
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algorithm is given accessto examplesdrawn according to D and query accessto f . The goal of the
algorithm is to �nd a subsetJ of sizeat most k that dominates a function f 0 that is � -closeto f .
They describe an algorithm for this problem whosequery complexity is O(k(log(k + 1)=� + logn)).
Their algorithm can be usedto test for the property of being a k-junta. While the query complexity
of the [GTT99] algorithm has a better dependenceon k, it dependson n.

4.2.1 Preliminaries

In order to describe and analyze the testing algorithm, we �rst introduce some de�nitions and
notation. The domain of the functions we consider is always f 0; 1gn and it will be convenient to
assumethat that the range of the function is f 1; � 1g = f (� 1)0; (� 1)1g (rather than f 0; 1g).

Partial Assignmen ts For a subset S � [n] we denote by A(S) the set of partial assignments
to the variables x i where i 2 S. Each w 2 A(S) can be viewed as a string in f 0; 1; �g n , where
for every i 2 S, wi 2 f 0; 1g, and for every i =2 S, wi = � . In particular, A ([n]) = f 0; 1gn . For
two disjoint subsetsS;S0 � [n], and for partial assignments w 2 A(S) and w0 2 (S0), we let wt w0

denote the partial assignment z 2 A(S [ S0) de�ned by: zi = wi , for every i 2 S, zi = w0
i for every

i 2 S0, and zi = wi = w0
i = � for every i 2 [n] n f S [ S0g. In particular, we shall consider the

caseS0 = [n] n S, so that wt w0 2 f 0; 1gn is a complete assignment (and f (wt w0) is well de�ned).
Finally, for x 2 f 0; 1gn and S � [n], we let x jS denote the partial assignment w 2 A(S) de�ned by
wi = x i for every i 2 S, and wi = � for every i =2 S.

For the sake of conciseness,we shall useS as a shorthand for [n] n S, whenever it is clear that
S � [n].

Variation. For a function f : f 0; 1gn ! f 1; � 1g and a subset S � [n], we de�ne the variation
of f on S, denoted Vr f (S), as the probabilit y, taken over a uniform choice of w 2 A(S) and
z1; z2 2 A(S), that f (wt z1) 6= f (wt z2). That is:12

Vr f (S) def= Prw2A (S);z1 ;z22A (S) [f (wt z1) 6= f (wt z2)] : (35)

The simple but important observation is that if f doesnot depend on any variable x i where i 2 S,
then Vr f (S) = 0, and otherwise it must be non-zero(though possibly small). One useful property
of variation is that it is monotone. Namely, for any two subsetsS;T � [n],

Vr f (S) � Vr f (S [ T) : (36)

Another property is that it is subadditive, that is, for any two subsetsS;T � [n],

Vr f (S [ T) � Vr f (S) + Vr f (T) : (37)

As we show next, the variation can also be used to bound the distance that a function has to
being a k-junta.

12 We note that in [FKR + 04] a more general de�nition is given (for real-valued functions). For the sake of simplicit y
we give only the special caseof f 1; � 1g-valued function, and we slightly modify the de�nition by removing a factor
of 2.
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Lemma 4.6 Let f : f 0; 1gn ! f 1; � 1g and let J � [n] be such that jJ j � k and Vr f (J ) � � . Then
there exists a k-junta g that is dominated by J and is such that dist( f ; g) � � .

Pro of: We de�ne the function g as follows: for each x 2 f 0; 1gn let

g(x) def= majorit yu2A (J ) f f (x jJ t u)g : (38)

That is, for each w 2 A(J ), the function g has the samevalue on all strings x 2 f 0; 1gn = A([n])
such that x jJ = w, and this value is simply the majorit y value of the function f taken over all
strings of this form.

We are interested in showing that Pr[f (x) = g(x)] � 1 � � . That is,

Prw2A (J );z2A (J )

h
f (wt z) = majorit yu2A (J ) f f (wt u)g

i
� 1 � � : (39)

Similarly to what was shown in the proof of Claim 3.5, this probabilit y is lower bounded by
Prw2A (J );z1 ;z22A (J ) [f (wt z1) = f (wt z2)], which is simply 1 � Vr f (J ) � 1 � � .

4.2.2 An algorithm for testing Jun tas

Here we describe an algorithm for testing k-juntas, which hasone-sidederror, is non-adaptive, and
hasquery complexity ~O(k4=�). In [FKR + 04] there are actually two algorithms with this complexity.
We have chosento describe the one on which the more e�cien t algorithms (mentioned previously)
are based,and which also plays a role in the results described in Subsection4.3. We assumethat
k > 1, since1-juntas are simply singletons,for which we already know there is a testing algorithm.

Algorithm 4.2 : k -Jun ta Test

1. For r = �( k2) select a random partition f S1; : : : ; Sr g of [n] by assigningeach i 2 [n] to a set
Sj with equal probability.

2. For each j 2 [r ], perform the following dependencetest at most h = 4(log(k + 1) + 4)r =� =
�( k2 logk=�) times:

� Uniformly and independently select w 2 A(Sj ) and z1; z2 2 A(Sj ). If f (wt z1) 6=
f (wt z2) then declare that f dependson variables in Sj (and continue to j + 1).

3. If the number of subsetsSj that f wasfound to depend on is larger than k, then output reject,
otherwise output accept.

Theorem 4.3 Algorithm 4.2 is a one-sided error testing algorithm for k-juntas. Its query com-
plexity is O(k4 logk=�).

The bound on the query complexity of the algorithm is O(r �h) = O(k4 logk=�). The dependence
test declaresthat f depends on a set Sj only if it has found evidenceof such a dependenceand
the algorithm rejects only if there are more than k disjoint sets for which such evidenceis found.
Therefore, the algorithm never rejects a k-junta. We henceturn to proving that if f is � -far from
an k-junta then it is rejected with probabilit y at least 2=3.
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Let � = (log(k + 1) + 4)=h and note that by the de�nition of h, � � �=(4r ) (recall that r
is the number of sets in the random partition selectedby the algorithm and h is the number of

applications of the dependencetest). De�ne J = J � (f ) def= f i 2 [n] : Vr f (f ig) > � g. Thus J
consistsof all i such that Vr f (f ig) � � . We shall prove two lemmas:

Lemma 4.7 If Vr f (J ) > � then Algorithm 4.2 rejects with probability at least 2=3.

Lemma 4.8 If jJ j > k then Algorithm 4.2 rejects with probability at least 2=3.

By Lemma 4.6, if f is � -far from any k-junta, then either Vr f (J ) > � or jJ j > k (or both).
By Lemmas4.7 and 4.8 this implies that the algorithm rejects with probabilit y at least 2=3. Both
lemmasrely on the following claim regarding the dependencetest.

Claim 4.9 For any subsetSj , if Vr f (Sj ) � � , then the probability that Step 2 in Algorithm 4.2
declares that f dependson variables in Sj is at least 1 � 1=(e4(k + 1)).

Pro of: By the de�nition of the dependencetest, the probabilit y that a single application of the
test �nds evidence that f depends on Sj is exactly Vr f (Sj ). Since � = (log(k + 1) + 4)=h, if
Vr f (Sj ) � � , the probabilit y that the test fails to �nd such evidencein h independent applications
is at most (1 � � )h < exp(� � h) < e� 4=(k + 1), as claimed.

We now prove Lemma 4.8, which is quite simple, and later sketch the proof of Lemma 4.7,
which is more complex.

Pro of of Lemma 4.8. First observe that if jJ j > k, then the probabilit y, over the choice of the
partition, that there are fewer than k + 1 setsSj such that Sj \ J 6= ; , is O(k2=r). Sincer = ck2

where c is a constant, for an appropriate choice of c, this probabilit y is at most 1=6. Assumefrom
this point on that are at least k + 1 setsSj such that Sj \ J 6= ; (where we later take into account
the probabilit y that this is not the case).

By the monotonicity of the variation (Equation (36)) and sinceVr f (f ig) > � for each i 2 J , if
a set Sj satis�es Sj \ J 6= ; , then Vr f (Sj ) � � . By Claim 4.9 and the union bound, the probabilit y
that the algorithm �nds evidenceof dependencefor fewer than k + 1 setsis lessthan 1=6. Summing
this probabilit y with the probabilit y that there are fewer than k + 1 setsSj such that Sj \ J 6= ; ,
the lemma follows.

Pro of Sketch of Lemma 4.7. By the premiseof the lemma,Vr f (J ) > � . Sincethe variation is
subadditive (Equation (37)), for any partition f S1; : : : ; Sr g,

P r
j =1 Vr f (Sj \ J ) > � . Sincethe subsets

in the partition are equally distributed, we have that for each �xed choiceof j , Exp
�
Vr f (Sj \ J )

�
>

�=r . The main technical claim (whoseproof we omit) is that with high probabilit y Vr f (Sj \ J ) is
not much smaller than its expectedvalue. To be precise,for each �xed choiceof j , with probabilit y
at least 3=4 (over the random choice of the partition), Vr f (Sj \ J ) � �=(4r ). Recall that by the
de�nition of � (and of h as a function of r ), we have that �=(4r ) � � .

Using this claim, we now show how Lemma 4.7 follows. Recall that by monotonicity of the
variation, Vr f (Sj ) � Vr f (Sj \ J ). We shall say that a set Sj is detectable, if Vr f (Sj ) � � . Thus,
the expected number of detectable subsetsis at least (3=4)r . Let � denote the probabilit y that
there are fewer than r =8 detectable subsets. Then � � 2=7 (as the expected number of detectable
subsetsis at most � (r =4) + (1 � � )r ). Equivalently, with probabilit y at least 5=7, there are at
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least r =8 = 
( k2) > k + 1 detectable subsets. Conditioned on this event, by Claim 4.9 (and the
union bound), the probabilit y that the algorithm detects dependencefor fewer than J + 1 subsets
is at most 1=e4. Adding this to the probabilit y that there are fewer than k + 1 detectablesets, the
lemma follows.

4.2.3 More e�cien t algorithms

By allowing the algorithm to be adaptive, it is possible to reduce the query complexity to
O(k3 log3(k + 1)=�), and by allowing the algorithm to have two-sided error, it can be reduced
to O(k2 log3(k + 1)=�) (without the needfor adaptivit y). Here we give the high-level ideasfor the
more e�cien t algorithms.

Both algorithms start by partitioning the variables into r = �( k2) disjoint subsets
f S1; S2; : : : ; Sr g as done in Algorithm 4.2. The main idea used in the �rst improvement is to
speed up the detection of subsetsSj that have non-negligible variation Vr f (Sj ), in the following
manner of divide and conquer. Instead of applying the dependencetest to each subsetseparately,
it is applied to blocks, each of which is a union of several subsets. If f is not found to depend on
a block, then all the variables in the block are declared to be \v ariation free". Otherwise (some
dependenceis detected), the algorithm partitions the block into two equally sizedsub-blocks, and
continues the search on them.

The two-sidederror test also applies the dependencetest to blocks of subsets,only the blocks
are chosendi�eren tly and in particular, may overlap. The selection of blocks is done as follows.
For s = �( k log r ) = �( k logk), the algorithm picks s random subsetsof coordinates I 1 : : : ; I s � [r ]
of size k independently, each by uniformly selecting (without repetitions) k elements of [n]. For
each 1 � ` � s, block B ` is de�ned as B ` =

S
j 2 I `

Sj . The dependencetest is then applied h times
to each block (where h is as in Algorithm 4.2). For each subset Sj , the algorithm considersthe
blocks that contain it. The algorithm declaresthat f dependson Sj , if it found that f dependson
all blocks that contain Sj . If there are more than k such subsets,or if f dependson at least a half
of the blocks, the the algorithm rejects, otherwise, it accepts. For further details of the analysis,
see[FKR + 04].

4.3 Testing by Implicit Learning: General DNF, Decision Trees and more

In this subsectionwe describe the results of Diakonikolas et al. [DLM + 07]. They present a general
method for testing whether a function has a conciserepresentation (e.g., an s-term DNF or an s-
node decisiontree). Here we mostly focus on the Booleancase,though the technique in [DLM + 07]
extends to general domains and ranges. The query complexity is always polynomial in the size
parameter s, and is quadratic in 1=�. The running time grows exponentially 13 with s.

4.3.1 The Algorithm

The idea. The key observation behind the generalalgorithm of [DLM + 07] is that many classesof
functions that have a conciserepresentation are \w ell-approximated" by small juntas that belong
to the class. That is, every function in the classis closeto someother function in the classthat is a

13 In recent work [DLM + 08] the dependenceof the running time on s in the caseof s-term polynomials over GF (2)
was reduced to polynomial.
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small junta. For example, for any choice of � , every s-term DNF is � -closeto an s-term DNF that
depends only at most s log(s=�) variables. This is true since by removing a term that has more
than log(s=�) variables, the error incurred is at most � =s (recall that the underlying distribution is
uniform).

Given this observation, the algorithm works roughly as follows. It �rst �nds a collection of
subsetsof variables such that each subsetcontains a single variable on which the function depends
(in a non-negligible manner). If the number of such subsetsis larger than somethreshold k, then
the algorithm rejects. Otherwise, the algorithm createsa sample of labeled examples,where the
examples are points in f 0; 1gk , that is, over the variables that the function depends on. It is
important to stressthat the algorithm createsthis samplewithout actually identifying the relevant
variables. Finally, the algorithm checks whether there exists a function of the appropriate form
over the small set of variables that is consistent with the sample. This is the essenceof the idea of
\testing by implicit learning".

Before describing the algorithm in more detail, we give a central de�nition, and state the main
theorem.

De�nition 4.6 Let F be a class of Boolean functions over f 0; 1gn . For � > 0, we say that a
subclassF (� ) � F is a (� ; k(� )) -approximator for F if the following two conditions hold.

� The subclassF (� ) is closed under permutations of the variables.

� For every function f 2 F there is a function f 0 2 F (� ) such that dist( f 0; f ) � � and f 0 is a
k(� )-junta.

Returning to the casethat F is the classof s-term DNF functions, we may take F (� ) to be the
subclassof F that consists of s-term DNF where each term is of size at most log(s=�), so that
k(� ) = s log(s=�). Note that k(� ) may be a function of other parametersdetermining the function
classF .

We shall usethe notation bF (� ) for the subsetof functions in F (� ) that depend on the variables
x1; : : : ; xk(� ) . Moreover, we shall view thesefunctions as taking only k(� ) arguments, that is, being

over f 0; 1gk(� ) .

We now state the main theorem of [DLM + 07] (for the Boolean case).

Theorem 4.4 Let F be a class of Boolean functions over f 0; 1gn . For each choice of � > 0, let
bF (� ) � F be a (� ; k(� )) approximator for F . Suppose that for every � > 0 there is a � satisfying

� �
c�2

k2(� ) � log2(k(� )) � log2 j bF (� )j � log log(k(� )) � log(log j bF (� )j=�)
(40)

where c is a �xed constant. Let � � be the largestvalue of � that satis�es Equation (40). Then there
is a two-sided error testing algorithm for F that makes ~O(k2(� � ) log2 j bF (� � )j=�2) queries.

We note that Theorem 4.4 extendsto function classeswith domain 
 n and any range, in which case
there is a dependenceon log j
 j in Equation (40) and in the query complexity of the algorithm.

All results from [DLM + 07] that appear in Table 2 are obtained by applying Theorem 4.4. In
all theseapplications, k(� ) grows logarithmically with 1=� , and log j bF (� )j is at most polynomial in
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k(� ). This ensuresthat Equation (40) can be satis�ed. The most typical casein the applications
is that for a class F de�ned by a size parameter s, we have that k(� ) � poly(s) log(1=� ) and
log j bF (� )j � poly(s)polylog(1=� ). This yields � � = ~O(� 2)=poly(s), and so the query complexity of
the algorithm is poly(s)=~� (� 2).

In particular, returning to the casethat F is the classof s-term DNF, we have that k(� ) =
s log(s=�) and j bF (� )j � (2s log(s=�)) s log(s=� ) . This implies that � � = ~O(� 2=s4), from which the
upper bound of ~O(s4=�2) on the query complexity follows. As another example, consider the case
that F is the classof all decisionlists. Then, for every � , if we let bF (� ) be the subclassof decision
lists with length log(1=� ), and we set k(� ) = log(1=� ), then bF (� ) is a (� ; k(� ))-approximation for
F . Sincej bF (� )j � 2 � 4log(1=� ) (log(1=� ))!, we get that � � = ~O(� 2), from which the bound of ~O(1=�2)
on the query complexity follows.

The algorithm. The testing algorithm consistsof three procedures.The �rst procedure,named
Identify-Critical-Subsets, is a slight variant of the two-sidederror junta test of [FKR + 04] (described
in Subsection4.2.3). This variant is executedwith k = k(� � ), where � � is asde�ned in Theorem 4.4
and with slightly larger constants than the original [FKR + 04] algorithm. The main modi�cation is
that instead of returning acceptin caseof success,the procedurereturns the at most k(� � ) subsets
of variables among S1; : : : Sr that the function f was found to depend on by the test. In caseof
failure, it outputs reject like the two-sidederror junta test.

The analysis of the two-sidederror test can be slightly modi�ed so as to ensurethe following.
If f 2 F , so that it is � � -close to a k(� � )-junta f 0 2 F (� � ), then with high probabilit y, Identify-
Critical-Subsetscompletessuccessfullyand outputs ` � k(� � ) subsetsof variablesamongSi 1 ; : : : Si ` .
On the other hand, it is still true that if f is far from any k(� � )-junta, then Identify-Critical-Subsets
outputs reject with high probabilit y. Moreover, if f is such that with probabilit y at least 1=3 the
procedure completes successfullyand outputs ` � k(� � ) subsetsSi 1 ; : : : ; Si ` , then these subsets
satisfy the following conditions with high probabilit y. (1) For � = �( �=k(� � )), each variable x i for
which Vr f (f ig) � � occurs in oneof the subsetsSi j , and each of thesesubsetscontains at most one
such variable; (2) The total variance of all other variables is O(�= log j bF (� � )j).

We now turn to the secondprocedure,which is referred to asConstruct-Sample. This procedure
receivesas input the subsetsSi 1 ; : : : ; Si ` that were output by Identify-Critical-Subsets. Assumethat
indeed the subsetssatisfy the aforementioned conditions. For the sake of the discussion, let us
make the stronger assumption that every variable has either non-negligible variance with respect
to f or zero variance. This implies that each subsetSi j output by Identify-Critical-Subsetscontains
exactly one relevant variable (and there are no other relevant variables).

Given a point z 2 f 0; 1gn , we would like to �nd the restriction of z to its ` � k(� � ) relevant
variables (without actually determining thesevariables). Consider a subsetSi j output by Identify-
Critical-Subsets, and let xp, for p 2 Si j , denote the relevant variable in Si j . We would like to
know whether zp = 0 or zp = 1. To this end, we partition the variables in Si j into two subsets:
S0

i j
(z) = f q 2 Si j : zq = 0g, and S1

i j
(z) = f q 2 Si j : zq = 1g. Now all we do is run the dependence

test (as de�ned in Algorithm 4.2) su�cien tly many times so as to ensure(with high probabilit y)
that we determine whether p 2 S0

i j
(z) (so that zp = 0), or p 2 S1

i j
(z) (so that zp = 1). The

pseudo-code for the procedureappearsnext.

Pro cedure Construct-Sample
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Let m = �(log j bF (� � )j=�). For t = 1; : : : ; m construct a labeled example (x t ; yt ), where x t 2
f 0; 1gk(� � ) as follows:

1. Uniformly selectzt 2 f 0; 1gn , and let yt = f (zt ).

2. For j = 1; : : : ; ` do:

(a) For b 2 f 0; 1g, let Sb
i j

(zt ) = f q 2 Si j : zt
q = bg.

(b) For g = �( k(� � ) log(m �k(� � ))=�) = �
�

(k(� � )=�) log(log jF (� � )jk(� � )=�)
�

, run the depen-

dencetest on S0
i j

(zt ) and on S1
i j

(zt ), g times (each).

(c) If there is evidencethat f dependson both S0
i j

(zt ) and S1
i j

(zt ), then output reject (and

exit). If there is evidencethat f dependson Sb
i j

(zt ) for b = 0 or b = 1, then set x t
j = b.

Otherwise set x t
j uniformly at random to be either 0 or 1.

3. For j = ` + 1; : : : ; k(� � ), set x t
j uniformly at random to be either 0 or 1.

The third procedure, Check-Consistency, is given as input the sample output by Construct-
Sample. If some function f 0 2 bF (� � ) is consistent with the sample, then the procedure outputs
accept. Otherwise it outputs reject.

Pro of Sketch of Theorem 4.4. Consider �rst the casethat f 2 F , so that it is � � -close to
somefunction f 02 bF (� � ) where f 0 is a k(� � )-junta. The parameter � � is selectedto be su�cien tly
small so that we can essentially assumethat f = f 0. Thus, we shall make this assumption in this
proof sketch. For � = �( �=k(� � )), each variable x i such that Vr f 0(f ig) � � will be referred to
as highly relevant. As discussedpreviously, with high probabilit y, the procedure Identify-Critical-
Subsetsoutputs ` � k(� � ) subsetsSi 1 ; : : : ; Si ` that satisfy the following conditions: (1) each highly
relevant variable occurs in oneof thesesubsets;(2) each of the subsetscontains at most onehighly
relevant variable of f 0 (in fact, exactly one relevant variable of f 0); (3) all other variables are \v ery
irrelevant" (have small total variance).

Assuming the subsetsoutput by Identify-Critical-Subsetsare as speci�ed above, consider the
construction of x t 2 f 0; 1gk(� � ) for any 1 � t � m. Since each Si j contains exactly one relevant
variable, if this variable is highly relevant, then the following holds with high probabilit y: one of
the executionsof the dependencetest �nds evidencethat either this variable is in S0

i j
(zt ) or that

it is in S1
i j

(zt ), and x t
i is set accordingly. If the variable is not highly relevant, then either x t

i is set
correctly, as in the highly relevant case,or x t

i is set randomly to 0 or 1. Sincethe total variation of
all non-highly-relevant variables is small, with high probabilit y f 0(x t

i ) = yt (recall that yt = f (zt )).
Thus, with high probabilit y, we get a random sampleof points in f 0; 1gk(� � ) that is labeled by the
k(� � )-junta f 0. Sincef 0 2 bF (� � ), in such a casethe procedureCheck-Consistencywill output accept,
as required (recall that bF (� � ) is closedunder permutations of the variables).

We now turn to the casethat f is � -far from F . If it is also(�=2)-far from every k(� � )-junta, then
Identify-Critical-Subsetsdetects this with high probabilit y, and rejects. Otherwise, f is (�=2)-close
to a k(� � )-junta. Note that f can still be rejected by either Identify-Critical-Subsetsor by Create-
Sample. If this occurswith high probabilit y, then weare done. Otherwise, by the propertiesof these
two procedures,with high probabilit y there won't be any function in bF (� � ) that is consistent with
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the sampleoutput by Create-Sample(basedon the subsetsoutput by Identify-Critical-Subsets). This
is true sinceotherwise it would imply that there is a function f 002 bF (� � ) � F that is (�=2)-close
to a k(� � )-junta f 0 such that dist( f ; f 0) � �=2. But this would contradict the fact that f is � -far
from F .

4.4 Testing Linear Threshold Functions

One of the function classesmost extensively studied in the learning theory literature is the class
of linear thresholdfunctions. A linear thresholdfunction (LTF ) is a Boolean function of the form
f (x) = sgn(w1x1 + : : : + wnxn � � ) (where sgn(y) = 1 for y � 0, and sgn(y) = � 1 for y < 0).
In recent work, Matulef et al. [MORS07] give an algorithm for testing LTFs when the domain is
f 1; � 1gn , whosequery complexity is poly(1=�). This is in contrast to the corresponding learning
problem that requires 
( n=� ) queries (this can be shown to follow from, e.g., [KMT93 ]). The
algorithm of Matulef et al. is quite complex, and here we only mention that to obtain their result
they �rst consider the casethat the domain is < n and the underlying distribution is Gaussian.
They give an algorithm with poly(1=�) for this case,which they later modify for the casethat the
domain is f 1; � 1gn and the underlying distribution is uniform.

5 Other Mo dels of Testing

In this section we consider distribution-free testing (with queries), and learning from uniformly
distributed random examples (i.e., without queries) under the uniform distribution. The main
results discussedin this section are summarizedin Table 3.

Mo del Class of functions Num ber of Queries/Examples reference

dist-free deg-d polynomials, jF j = 
( d) sameas standard testing [HK07]
dist-free monotone f : � n ! R O((2 log j� j)n=�) [HK07]

exp(
( n)), j� j = jRj = 2
dist-free monomials, decision-lists 
(( n= logn)1=5) [GS07]

linear threshold functions

unif. examples s-interval functions14 O(
p

s=�3=2) [KR00]
(rej. boundary s=�)

Table 3: Results in other modelsof testing. As shown in Subsection5.1, the �rst result generalizes
to any function classthat has a self-corrector.

5.1 Distribution-F ree Testing

The notion of distribution-free testing (with or without queries)was introduced in [GGR98]. How-
ever, in that paper it wasonly observed(as shown in Proposition 2.1) that distribution-free (proper)
learning implies distribution-free testing. Other than that, in [GGR98] there were only negative
results about distribution-free testing of graph properties, which have very e�cien t standard testing
algorithms (that is, that work under the uniform distribution).
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The �rst positive results for distribution-free testing (with queries) were given by Halevy and
Kushilevitz [HK03, HK07]. They describe a distribution-free testing algorithm for degree-d multi-
variate polynomials (over large �elds) with query complexity linear in 1=� and polynomial in d (lik e
the standard testing algorithm of [RS96]), and a distribution-free monotonicity testing algorithm
for functions f : � n ! R with query complexity O((2 log j� j)n =�). As we shall discusslater in
this subsection,the �rst result is actually more general,and gives certain su�cien t conditions for
obtaining distribution-free testing algorithms from standard testing algorithms.

As for the second result for monotonicity, the complexity of the algorithm has exponential
dependenceon the dimension n of the input. This is in contrast to standard testing algo-
rithms [GGL+ 00, DGL+ 99] where the dependenceon n is linear (to be precise, the complexity
is O(n log j� j log jRj=�), where jRj is the e�ectiv e size of the range of the function, that is, the
number of distinct values of the function). In a further investigation of distribution-free testing
of monotonicity [HK05, HK07], Halevy and Kushilevitz showed that the exponential dependence
on n is unavoidable even in the caseof Boolean functions over the Boolean hypercube (that is,
j� j = jRj = 2).

Motiv ated by positive results for standard testing of several classesof Boolean functions (as
described in Section4) Glasnerand Servedio [GS07] asked whether theseresults can be extendedto
the distribution-free model of testing. Speci�cally , they considermonotoneand generalmonomials
(conjunction), decisionslists, and linear threshold functions. They prove that for theseclasses,in
contrast to standard testing, where the query complexity doesnot depend on n, every distribution-
free testing algorithm must make 
(( n= logn)1=5) queries (for constant � ). While there is still a
gap between this lower bound and the upper bound implied by learning these classes,a strong
dependenceon n is unavoidable in the distribution-free case.

Finally we note that Halevy and Kushilevitz [HK04] alsostudy distribution-free testing of graph
properties in sparsegraphs,and give an algorithm for distribution-free testing of connectivity, with
similar complexity to the standard testing algorithm for this property.

We next describe the generalresult for obtaining distribution-free testing algorithms from stan-
dard testing algorithms when the function classhasa self-corrector. The algorithm for distribution-
free testing of monotonicity is brie
y discussedin Subsection6.1 (as part of a discussionon results
for testing monotonicity). Since the lower bound constructions are somewhatcomplex, we do not
include them in this survey and refer the interested reader to the respective papers mentioned
earlier.

Distribution-free testing of prop erties with self-correctors

Halevy and Kushilevitz introduce the notion of a property self corrector , which generalizesthe
notion of a self-corrector, introduced by Blum, Luby, and Rubinfeld [BLR93] (and which was
already mentioned earlier in this survey, e.g., in Subsection3.1.1).

De�nition 5.1 A 
 -self-corrector for a class of functions F is a probabilistic oracle machine M ,
which is givenoracleaccessto an arbitrary function f : X ! R and satis�es the following conditions
(where M f denotesthe execution of M when given oracle accessto f ):

� If f 2 F then Pr[M f (x) = f (x)] = 1 for every x 2 X .
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� If there exists a function g 2 F such that dist( f ; g) � 
 , then Pr[M f (x) = g(x)] � 2=3 for
every x 2 X .

In this de�nition, the distance (i.e., the measuredist( �; �)) is de�ned with respect to the uniform
distribution. However, it will be useful for distribution-free testing (when the distance is measured
with respect to some�xed but unknown distribution). Observe that the secondcondition in De�-
nition 5.1 implies that either g is unique, or, if there is more than one function in F that is � -close
to f , then M f is consistent with one such function (on at least 2=3 of the inputs x).

Theorem 5.1 Let F be a classof functions that has a standard testing algorithm T and a 
 -self-
corrector M . Let QT (�) be the query complexity of T (as a function of the distance parameter
� ) and let QM be the query complexity of M (that is, the number of queries required in order
to determine M f (x)). Then there exists a distribution-fr ee testing algorithm for F with query
complexity O(QT (minf �; 
 g) + QM =�).

We now describe the distribution-free testing algorithm referred to in Theorem 5.1. We assume
that the distance parameter � is smaller than 
 (or elsewe set � to 
 ).

Algorithm 5.1 : Distribution-free test based on self-correction

1. Run the standard testing algorithm T on f , 24 (independent) times with the distance param-
eter � . If T outputs reject in at least half of theseexecutions then halt and output reject.

2. Repeat 2=� times:

(a) Samplea point x 2 X according to the underlying distribution D .

(b) Repeat twice: ComputeM f (x) and query f (x). If M f (x) 6= f (x) then output reject (and
exit).

3. If no iteration caused rejection then output accept.

Pro of of Theorem 5.1. Clearly the query complexity of Algorithm 5.1 is as stated in Theo-
rem 5.1. Hencewe turn to proving its correctness. Consider �rst the casethat f 2 F . In such a
casethe standard testing algorithm T should accept with probabilit y at least 2=3, and the proba-
bilit y that it rejects in at least half of its 24 independent executionsis lessthan 1=3. Assumesuch
an event did not occur. By the �rst condition in De�nition 5.1, for every x 2 X , we have that
M f (x) = f (x) with probabilit y 1. Hencethe secondstep of the algorithm never causesrejection.
It follows that the algorithm acceptswith probabilit y at least 2=3. (Note that if T has one-sided
error then so doesAlgorithm 5.1.)

In what follows, in order to distinguish between the casethat distance is measuredwith re-
spect to the uniform distribution, and the casethat it is measuredwith respect to the underlying
distribution D , we shall use the terms (�; U)-close (or far) and (�; D )-close (or far), respectively.
Assumenow that f is (�; D )-far from F . If f is also (�; U)-far from F then it is rejected by T with
probabilit y at least 2=3, and is therefore rejected by the algorithm in its �rst step with probabilit y
at least 2=3. Henceassumethat f is (�; U)-closeto F .

In such a case,by the secondcondition in De�nition 5.1, for every x 2 X , Pr[M f (x) = g(x)] �
2=3, where g is a �xed function in F that is (
 ; U)-close to f and the probabilit y is taken over
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the internal coin 
ips of M (recall that � � 
 so such a function g exists). In particular, for any
point x such that f (x) 6= g(x) we have that Pr[M f (x) 6= f (x)] � 2=3. Thus, if in one of the
(2=�) iterations of the secondstep of the algorithm we obtain such a point x, then the algorithm
rejects with probabilit y at least 1 � (1=3)2 = 8=9 (since it computesM f (x) twice). But since f is
(�; D )-far from F , for every function h 2 F , we have that Pr x� D [f (x) 6= h(x)] > � , and in particular
this is true of g. Hencethe probabilit y that the algorithm does not obtain any point x for which
f (x) 6= g(x) is at most (1 � � )2=� < exp(� 2) < 1=6. It follows that the algorithm rejects with
probabilit y at least 1 � (1=9 + 1=6) > 2=3, as required.

In particular, Theorem 5.1canbeapplied to obtain distribution-free property testing algorithms
for all algebraic properties described in Section 3, as well as singletons (since they are a subclass
of the classof linear functions). This is also true for the classof k-juntas, sincethey are a subclass
of degree-k multiv ariate polynomials.

5.2 Testing From Random Examples

Similarly to the caseof distribution-free testing, the notion of testing from random exampleswas
consideredin [GGR98]. For this testing model too, the paper includes negative results for testing
graph properties from random example only but does not include any positive results for testing
algorithms with complexity strictly smaller than that required for learning. The only positive
results we are aware of in this model are those presented by Kearns and Ron [KR00], and are
described next. The functions studied in [KR00] are decision trees over [0; 1]d, and a special case
of neural networks. We �rst extend the notion of property testing by allowing the relaxation of
the rejection criteria. We focus in this extension on testing from random examplesdistributed
according to the uniform distribution.

De�nition 5.2 (T esting with a rejection boundary) Let F be a class of functions from do-
main X to rangeR, let F 0 � F , and let 0 < � � 1. A testing algorithm for membership in F with
rejectionboundary (F 0; � ) is given accessto uniformly distributed exampleslabeled according to an
unknown function f : X ! R.

� If f 2 F then the algorithm shouldaccept with probability at least 2=3;

� If dist( f ; F 0) > � then the algorithm should reject with probability at least 2=3.

5.2.1 In terv al functions

Here we describe and analyze a testing algorithm for the class of interval functions. This is a
special caseof decisiontrees (which are de�ned precisely in Subsection5.2.2) and the study of this
simple classgivessomeof the 
a vor of the other results in [KR00].

For any sizes, the classof interval functions with at most s intervals, denoted INT s, is de�ned
as follows. Each function f 2 INT s is de�ned by t � s � 1 switch points, a1 < : : : < at , where
ai 2 (0; 1). The value of f is �xed in each interval that lies between two switch points, and
alternates between0 to 1 when going from one interval to the next.

It is not hard to verify that learning the class INT s requires 
( s) examples(even when the
underlying distribution is uniform). In fact, 
( s) is alsoa lower bound on the number of membership
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queries necessaryfor learning this class. As we show below, the complexity of testing under the
uniform distribution is much lower | it su�ces to observe O(

p
s) random examples. We also

note that if the algorithm is allowed queries then the number of queries that su�ce for testing is
independent of s and linear in 1=�.

Theorem 5.2 For any integer s > 0 and � 2 (0; 1=2], the class of interval functions INT s is
testablewith rejection boundary INT s=� under the uniform distribution using O(

p
s=�1:5) examples.

The running time of the testing algorithm is linear in the number of examplesused.

The basic property of interval functions that the testing algorithm exploits is that most pairs
of close points belong to the sameinterval, and thus have the samelabel. The algorithm scansthe
sample for such closepairs and acceptsonly if the fraction of pairs in which both points have the
samelabel is above a certain threshold. In the proof below we quantify the notion of closeness,and
analyzeits implications both on the rejection boundary for testing and on the number of examples
needed. Intuitiv ely, there is the following tradeo�: as the distance between the points in a pair
becomessmaller, we are more con�dent that they belong to the same interval (in the casethat
f 2 INT s); but the probabilit y that we observe such pairs of points in the samplebecomessmaller,
and the classF 0 in the rejection boundary becomeslarger.

Pro of: We �rst describe the testing algorithm. Let s0 = s=�, and consider the partition of the
domain [0; 1] imposedby a one-dimensionalgrid with s0equal-sizecells (intervals) c1; : : : ; cs0. Given
a uniformly selectedsample S of size m = �(

p
s0=�) (=�(

p
s=�1:5)), we partition the examples

x1; : : : ; xm into bins, B1; : : : ; Bs0, where the bin B j contains points belongingto the cell cj . Within
each (non-empty) bin B j , let x i 1 ; x i 2 ; : : : ; x i t be the examples in B j , ordered according to their
appearancein the sample, and let us pair the points in each such bin according to this order (thus,
x i 1 is paired with x i 2 , x i 3 with x i 4 , and so on). We call thesepairs the close pairs, and we further
call a pair pure if it is closeand both points have the samelabel. The algorithm acceptsf if the
fraction of pure pairs (among all closepairs) is at least 1 � 3�=4; otherwise it rejects.

The �rst central observation is that by the choice of m, with high probabilit y the number m 00

of closepairs is at least m0 = �(1 =�). To obtain this lower bound on m00, assumewe restricted our
choiceof pairs by breaking the random sampleinto 4m0 random subsamples,each of size2

p
s0, and

consideredonly closepairs that belong to the samesubsample. We claim that by the well-known
Birthday Paradox, for each subsample,the probabilit y that the subsamplecontains a closepair is
at least 1=2. To seewhy this is true, think of each subsampleS0 as consisting of two parts, S0

1 and
S0

2, each of size
p

s0. We consider two cases:In this �rst case,S0
1 already contains two examples

that belongto a commoncell and we are done. Otherwise, each examplein S0
1 belongsto a di�eren t

cell. Let this set of
p

s0 cells be denoted C and recall that all cells have the sameprobabilit y mass
1=s0. Thus, the probabilit y that S0

2 doesnot contain any example from a cell in C is

�
1 � jCj

1
s0

� jS0
2 j

=
�

1 �
1

p
s0

� p
s0

< e� 1 < 1=2 (41)

as claimed. Hence,with very high probabilit y, at least a fourth of the subsamples(that is, at least
m0) will contribute a closepair, in which casem00� m0. Sincethe closepairs are equally likely to
fall in each cell cj and are uniformly distributed within each cell, the correctnessof the algorithm
when using examplesreducesto the correctnessof the following algorithm, which is given query
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accessto f . The algorithm uniformly and independently selectsm0 = O(1=�) of the grid cells,
uniformly draws a pair of points in each cell chosen,and queries f on these pairs of points. The
acceptancecriteria is as in the original algorithm. We next establish the correctnessof the latter
algorithm (that performs queries).

Case1: f 2 INT s. For t = 1: : : ; m0, let � t be a random variable that is 0 if the t th closepair
is pure, and 1 otherwise. Thus � t is determined by a two-stageprocess: (1) the choice of the t th

grid cell ct ; (2) the selection of the two points inside that cell. When ct is a subinterval of some
interval of f , then the points always have the samelabel, and otherwise they have a di�eren t label
with probabilit y at most 1=2. Since f has at most s intervals, the number of cells that intersect
intervals of f (that is, are not subintervals of f 's intervals) is at most s, and since there are s=�
grid cells, the probabilit y of selectingsuch a cell is at most � . It follows that for each t,

Exp[� t ] � � � (1=2) + (1 � � ) � 0 = �=2 : (42)

By a multiplicativ e Cherno� bound (seeAppendix A), with probabilit y at least 2=3, the average
of the � t 's (which is just the fraction of closepairs that are not pure), is at most 3�=4, as required.

Case2: dist( f ; INT s0) > � . In order to prove that in this case the algorithm rejects with
probabilit y at least 2=3 we prove the contrap ositive: if the algorithm accepts with probabilit y
greater than 1=3, then there exists a function f 0 2 INT s0 that is � -closeto f .

Let f 0 2 INT s0 be the (equally spaced)s0-interval function that gives the majorit y label ac-
cording to f to each grid cell. We claim that if f is acceptedwith probabilit y greater than 1=3
then dist( f ; f 0) � � . Assume, contrary to the claim, that dist( f ; f 0) > � . For each grid cell cj let
� j 2 [0; 1=2] be the probabilit y massof points in cj that have the minorit y label of f among points
in cj . Thus, dist( f ; f 0) = Expj [� j ], and so, by our assumption, Exp j [� j ] > � . On the other hand, if
we de�ne � t as in Case1, then we get that

Exp[� t ] = Exp j [2� j (1 � � j )] � Expj [� j ] (43)

where the secondinequality follows from � j � 1=2. By our assumption on f , Exp[� t ] > � , and by
applying a multiplicativ e Cherno� bound, with probabilit y greater than 2=3, the averageover the
� t 's is greater than 3�=4 (which causesthe algorithm to reject).

It is also proven in [KR00] that the dependenceon
p

s is unavoidable. Speci�cally , it is shown
that distinguishing with probabilit y at least 2=3 between a function selected randomly from a
certain subclassof INT s and a completely random function over [0; 1] requires 
(

p
s) examples.

This implies the samelower bound for testing with rejection boundary INT s=� for constant � , since
for every s, with very high probabilit y, a random function will be 
(1)-far from any interval function
in INT s0 for s0 = O(s).

5.2.2 Decision trees and aligned voting net works

A Decision Tree over [0; 1]d is given as input x = x1; : : : ; xd. The (binary) decision at each node
of the tree is whether x i � a for somei 2 f 1; : : : ; dg and a 2 [0; 1]. The labels of the leaves of the
decisiontree are in f 0; 1g. We de�ne the size of such a tree to be the number of leaves. Thus, every
tree of size s over [0; 1]d determines a partition of the domain [0; 1]d into at most s axis aligned
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rectangles, each of dimension d (the leaves of the tree), where all points belonging to the same
rectangle have the samelabel.

Aligned Voting Networks are a restricted class of neural networks over [0; 1]d. These are es-
sentially neural networks in which the hyperplane de�ning each hidden unit is constrained to be
parallel to somecoordinate axis, and the output unit takes a majorit y vote of the hidden units.
To be precise, an aligned hyperplane over [0; 1]d is a function h : [0; 1]d ! f 1; � 1g of the form
h(x) = sgn(x i � a) for some dimension i 2 f 1; : : : ; dg and some a 2 [� 1; 1]. An aligned voting
network over [0; 1]d is a function f : [0; 1]d ! f 1; � 1g of the form

f (x) = sgn

0

@
sX

j =1

hj (x)

1

A (44)

where each hj (x) is an aligned hyperplane over [0; 1]d. The size of f is the number of voting
hyperplaness.

An alternative way of viewing an aligned voting network f is as a constrained labeling of the
cells of a rectilinear partition of [0; 1]d. For each dimension i , we have positions aj

i 2 [0; 1] and
orientations uj

i 2 f +1 ; � 1g. The hyperplanesx i = aj
i de�ne the rectilinear partition, and f is

constant over each cell c: for any x, we de�ne

#( x) =
dX

i =1

siX

j =1

sgn(x i � uj
i aj

i ) (45)

(where si is the number of aligned hyperplanes that project on dimension i ), and then f (x) =
sgn(#( x)). By extension, for each cell c of the partition, we de�ne #( c) as the constant value of
#( x) for all x 2 c, and f (c) as the constant value of f (x) for all x 2 c.

The algorithms for testing decisiontrees and aligned voting networks apply a similar high level
idea as the algorithm for interval functions. Roughly speaking, they decide whether to accept or
reject the function f by pairing \nearby" points, and checking that such pairs have the samelabel
according to f . A common theme in the analysis is that the classin question, which we denote by
Fs, can be \approximated by" a boundednumber of �xed partitions of the domain. More precisely,
if we considerthe classof functions H de�ned by thesepartitions (when we allow all labelingsof the
cellsof the partitions), then for every function in F s there exists a function in H that approximates
it. Furthermore, these partition functions can be implemented by a classF s0 where s0 � s. The
testing algorithms essentially perform the sametask: for each �xed partition, pairs of points that
belong to a common cell of the partition are considered,and if there is a su�cien tly strong bias
among thesepairs towards having a common label, then the tested function is accepted.

However, the algorithms (which are somewhatmore complex than the onefor testing intervals),
give weaker results in the senseof the rejection boundary (F s0; � ) they work for. This is both in
terms of the relation between s0 and s, and in terms of the � they work for. Namely, as opposed
to the caseof interval functions, where the algorithm can work with any � , for the more complex
classes,the algorithm works only for certain settings of � that are bounded away from 1=2 by
a function that depends exponentially on d. Thus these results can be seenas \w eak testing",
analogouslyto \w eak learning".
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5.2.3 Testing and W eak Learning

In fact, the relation betweenweaklearning and a certain form of weaktesting is formalized in [KR00]
as described next.

De�nition 5.3 Let F be a class of functions over a domain X , and let D be a distribution over
X . We say that F is testableagainsta randomfunction in m exampleswith respect to D if there is
an algorithm T such that:

� If T is given m examplesdrawn according to D and labeled by any f 2 F , then T accepts
with probability at least 2=3.

� If T is given m examplesdrawn according to D and labeled randomly, then T rejects with
probability at least 2=3. The probability here is taken both over the choice of examplesand
their random labels.

Recall that Proposition 2.1 established that proper learning implies testing. The proposition
can be easily generalizedto show that if a function classF is learnable using a hypothesis class
H � F with accuracy � using m examples,then for every � 0 the classF is testable with rejection
boundary (H ; � + � 0) using m + O(1=(� 0)2) examples.

Below we give a proposition concerning the reversedirection | namely, any classthat is e�-
ciently testable against a random function (as de�ned in De�nition 5.3) is e�cien tly weakly learn-
able. Observe that testing against a random function (with respect to a particular distribution
D) is no harder than testing with respect to a certain rejection boundary classF 0 whenever (with
respect to D), a random function is far from any function in the classF 0 (with high probabilit y
over the choice of the random function).

Prop osition 5.3 Let F be a class of functions over domain X and let D be a distribution over
X . If F is testableagainst a random function in m exampleswith respect to D , then F is weakly
learnable with respect to D with advantage
(1 =m) and constant con�dence in ~O(m2) examples.

Pro of: Let T be the testing algorithm that distinguishes between functions in F and a ran-
dom function. We start by using a standard technique �rst applied in the cryptography litera-
ture [GM84]. Let us �x any function f 2 F , and consider the behavior of the algorithm when it is
given a random sampledrawn according to D and labeled partly by f and partly randomly. More
precisely, for i = 0; : : : ; m, let pi be the probabilit y, taken over a random samplex1; : : : ; xm drawn
according to D , and a vector ~r uniformly chosenvector in f 0; 1gm� i , that the test T acceptswhen
given as input hx1; f (x1)i , : : : ; hx i ; f (x i )i , hx i +1 ; r1)i , : : :, hxm ; rm� i )i .

Since pm � 2=3, while p0 � 1=3, there must exist an index 1 � i � m such that pi � pi � 1 =

(1 =m). Thus, by observing ~O(m2) examples(and generating the appropriate number of random
labels) we can �nd an index i such that T has signi�cant sensitivity to whether the i th example
is labeled by f or randomly. From this it can be shown [KLV95] that by taking another ~O(m2)
examples,we can �nd a �xed sequenceS1 of i exampleslabeledaccordingto f , and a �xed sequence
S2 of m � i exampleshaving an arbitrary (but �xed) 0=1 labeling such that the di�erence between
the probabilit y that T accepts when given as input S1; hx; f (x)i ; S2 and the probabilit y that it
accepts when given as input S1; hx; : f (x)i ; S2, is 
(1 =m), where now the probabilit y is taken
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only over the draw of x. Let h(x) be the following probabilistic function. If T(S1; hx; 0i ; S2) =
T(S1; hx; 1i ; S2), then h outputs the 
ip of a fair coin. If for b 2 f 0; 1g, T(S1; hx; bi ; S2) = accept
and T(S1; hx; : bi ; S2) = r ej ect, then h outputs b. Then from the preceding arguments, h has an
advantage of 
(1 =m) over a random coin in predicting f .

6 Other Results

In this sectionwe mention, quite brie
y , several additional directions of research within the area of
property testing and the corresponding known results.

6.1 Monotonicit y

A very basic property of functions, which plays a role in learning theory, is monotonicity . For a
partially-ordered set (poset) X (e.g., X = f 0; 1gn ) and a totally-ordered domain R, we say that a
function f : X ! R is monotone if for every x; y 2 X , if x < y then f (x) � f (y).

Bo olean functions over the Bo olean hyp ercub e. In this case,that is when X = f 0; 1gn (so
that the partial order is the natural lexicographicorder over strings), and R = f 0; 1g, it is possibleto
test monotonicity (in the standard model, that is, under the uniform distribution and with queries)
using O(n=� ) queries [GGL+ 00]. The algorithm simply selects,uniformly and at random, �( n=� )
pairs of points that di�er on a single bit and checks whether the function violates monotonicity on
any of the selectedpairs. Clearly, every monotone function is acceptedwith probabilit y 1. The
heart of the analysis is in showing that the probabilit y that a function f violates monotonicity on
such a pair of neighboring points is at least the distance of the function to monotonicity, divided
by n. This is proved by showing that if the fraction of violating pairs is at most � M (f ), then it is
possibleto \�x" the function f and make it a monotone function by modifying the value of f on
at most an (n� M (f ))-fraction of the points.

The aforementioned testing algorithm makesessential useof queries. Goldreich et al. [GGL+ 00]
show that this is no coincidence{ any monotonicity tester that works under the uniform distribution,
but is not allowed queries, must have much higher complexity. Speci�cally , they prove a lower
bound of 
(

p
2n=�) on the number of examples, for every � = O(n � 3=2). They also show that

this lower bound is tight. Namely, there exists a tester for monotonicity that only utilizes random
examplesand usesat most O(

p
2n=�) examples.As noted in [GGL+ 00], this tester is signi�cantly

faster than any learning algorithm for the classof all monotone conceptswhen the allowed error
is O(1=

p
n): Learning (under the uniform distribution) requires 
(2 n=

p
n) examples(and at least

that many queries) [KLV95]. In contrast, \w eak learning" [KV94] is possiblein polynomial time.
Speci�cally , the classof monotone conceptscan be learned in polynomial time with error at most
1=2 � 
(1 =

p
n) [BBL98] (though no polynomial-time learning algorithm can achieve an error of

1=2 � ! (log(n)=
p

n)) [BBL98]).

Non-Bo olean functions. Returning to standard testing, Ergun et al. [EKK + 00] consideredthe
casethat X = � where � is a totally-ordered �nite set and R is any totally-ordered set. They
referred to the testing problem as \Sp ot checking of sorting" and gave an algorithm whosequery
complexity is O(log n=� ). Ergun et al. [EKK + 00] also gave a lower bound for non-adaptive testing
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algorithms, which, combined with a result of Fischer [Fis04], implies a lower bound of 
(log j� j)
for any testing algorithm (when � is constant).

Batu et al. [BRW05] extendedthe algorithm of [EKK + 00] to higher dimensions,that is, for X =
� n (and any rangeR), at an exponential cost in the dimensionn. The complexity of their algorithm
is O((2 log j� j)n =�). Halevy and Kushilevitz [HK03] reducedthe complexity (for su�cien tly large �)
to O(n4n log j� j=�), and Ailon and Chazelle[AC06] further improved this bound to O(n2n log j� j=�).

Dodis et al. [DGL+ 99] showed that it is possibleto reducethe dependenceon the dimension n
to linear, and obtain query complexity O(n log j� j log jRj=�), where the dependenceon log jRj can
be replacedby n log j� j.

General Posets. Fischer et al. [FLN + 02] consideredthe case in which X is a general poset.
They showed that testing monotonicity of Boolean functions over general posets is equivalent to
the problem of testing 2CNF assignments (namely, testing whether a given assignment satis�es a
�xed 2CNF formula or is far from any such assignment). They also showed that for every poset it
is possibleto test monotonicity over the posetwith a number of queriesthat is sublinear in the size
of the domain poset; speci�cally , the complexity grows like a squareroot of the size of the poset.
Finally, they give somee�cien t algorithms for several special classesof posets(e.g., posetsthat are
de�ned by trees).

Distribution-free testing. As mentioned in Subsection5.1, Halevy and Kushilevitz [HK07] gave
a distribution-free monotonicity testing algorithm for functions f : � n ! R with query complexity
O((2 log j� j)n=�). They also showed that the exponential dependenceon n is unavoidable even in
the caseof Boolean functions over the Boolean hypercube (that is, j� j = jRj = 2).

Related prop erties. The related properties of whether a one-dimensionalfunction f : [n] ! <
is convex, and whether a two dimensional function, or n � n matrix, is submodular, are studied
in [PRR03].

6.2 Clustering

Alon et al. [ADPR03] considerthe problem of testing whether a set of points can be clusteredinto a
given number k of clusterswith a given bound on the cost of the clustering for a �xed cost measure.
To be precise, for a set X of points in < d, the set X is (k; b)-clusterable if X can be partitioned
into k subsets(clusters) so that the diameter (alternativ ely, the radius) of each cluster is at most
b. For � > 0 and 0 � � � 1, we say that X is � -far from being (k; (1 + � )b)-clusterable if more than
� � jX j points should be removed from X so that it becomes(k; (1 + � )b)-clusterable.

Alon et al. [ADPR03] describeand analyzealgorithms that by samplingfrom a setX , distinguish
betweenthe casethat X is (k; b)-clusterable and the casethat X is � -far from being (k; (1 + � )b)-
clusterable for any given 0 < � � 1 and for various valuesof 0 � � � 1. The algorithms run in time
independent of n = jX j, and usea samplefrom X that hassizepolynomial in k and � . Speci�cally:

1. For the radius cost, and when the underlying distance between points is the Euclidean dis-
tance, the algorithm works for � = 0 and the samplesize is ~O (d � k=�).
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2. For the diameter cost and the Euclidean distance, the sample is of size ~O
�

k2

� �
�

2
�

� 2d
�

. A

dependenceon 1=� , aswell asan exponential dependenceon the dimension,are unavoidable:
there is a lower bound of 
( � � (d� 1)=4) on the sizeof the samplerequired for testing, for k = 1
and a constant � .

3. If the underlying distance is a general metric, then there is an algorithm that works for
� = 1, and for both the radius cost and the diameter cost, the sample selectedis of size
O(k=�): Interestingly, any algorithm for testing diameter clustering for � < 1 under a general
metric requires a sampleof size
(

p
n=� ).

The running time of the third algorithm is O(k2=�). The �rst two algorithms work by running an
exact clustering procedureon the selectedsample. Sincethe corresponding clustering problemsare
N P-hard (when an exact solution is required), we do not know of proceduresthat run in lessthan
exponential time in k and d.

The algorithms can also be used to �nd approximately good clusterings. Namely, these are
clusterings of all but an � -fraction of the points in X that have optimal (or closeto optimal) cost.
The bene�t of the algorithms is that they construct an implicit representation of such clusteringsin
time independent of jX j. That is, without actually having to partition all points in X , the implicit
representation can be used to answer queries concerning the cluster any given point belongs to.
These results belong to a family of sublinear approximation algorithms for various cost measures
(cf. [MOP01, Ind99, CS04]).

6.3 Prop erties of Distributions

The following typesof problems were consideredin several works. Given accessto samplesdrawn
from an unknown distribution D , the goal is to determine, with high successprobabilit y, whether D
hasa particular property (e.g., it is uniform over its domain), or possiblycomputean approximation
to a certain measureon distributions (e.g., entropy). 15 Similarly, the algorithm may have accessto
samplesdrawn from a pair of distributions, D 1 and D2, and the property/measure in question is for
pairs of distributions (e.g., their statistical distance). The goal is to perform the task by observing
a number of samplesthat is sublinear in the size of the domain over which the distribution(s) is
(are) de�ned. In what follows, the running times of the algorithms mentioned are linear (or almost
linear) in their respective samplecomplexities.

Testing that distributions are close. Batu et al. [BFR+ 00] consider the problem of deter-
mining whether the distance between a pair of distributions over n elements is small (less than

max
n

�
4
p

n ; � 2

32n1=3

o
), or large (more than � ) according to the L 1 distance. They give an algorithm

for this problem that takesO(n2=3 logn=�4) independent samplesfrom each distribution. This result
is basedon testing closenessaccordingto the L 2 distance,which can beperformedusing only (1=�4)
samples.This in turn is basedon estimating the deviation of a distribution from uniform [GR00].

In recent work, Valiant [Val08] shows that 
( n2=3) samplesare also necessarilyfor this testing
problem (with respect to the L 1 distance). For the more generalproblem of distinguishing between

15 An alternativ e model may allow the algorithm to obtain the probabilit y that the distribution assigns to any
element of its choice. We shall not discussthis variant.
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the casethat the two distributions are � 1-closeand the casethat they are � 2-far, where � 1 and � 2

are both constants, Valiant [Val08] provesan almost linear (in n) lower bound.

One can also consider the problem of testing whether a distribution D 1 is closeto a �xed and
known distribution D2, or is far from it (letting D 2 be the uniform distribution is a special case
of this problem). Batu et al. [BFF+ 01] showed that it is possibleto distinguish between the case

that the distance in L 2 norm is O
�

� 3
p

n log n

�
and the casethat the distance is greater than � using

~O(
p

npoly(1=�)) samplesfrom D 1.

Testing random variables for indep endence. Batu et al. [BFF+ 01] also showed that it is
possibleto test whether a distribution over [n] � [m] is independent or is � -far from any independent
joint distribution, using a sampleof size ~O(n2=3m1=3poly(1=�)).

Appro ximating the entrop y. A very basic and important measureof distributions is their
(binary) entropy. The main result of Batu et al. [BDKR05] is an algorithm that computes a

 -multiplicativ e approximation of the entropy using a sample of size O(n (1+ � )=
 2

logn) for distri-
butions with entropy 
( 
 =� ) where n is the size of the domain of the distribution and � is an
arbitrarily small positive constant. They alsoshow that 
( n1=(2
 2 )) samplesare necessary. A lower
bound that matches the upper bound of Batu et al. [BDKR05] is proved in [Val08].

Appro ximating the supp ort size. Another natural measurefor distributions is their support
size. To be precise,considerthe problem of approximating the support sizeof a distribution when
each element in the distribution appearswith probabilit y at least 1

n . This problem is closelyrelated
to the problem of approximating the number of distinct elements in a sequenceof length n. For
both problems, there is a nearly linear in n lower bound on the samplecomplexity, applicable even
for approximation with additive error [RRRS07].

A unifying approac h to testing symmetric prop erties of distributions. Valiant [Val08]
obtains the lower boundsmentioned in the foregoingdiscussionaspart of a generalstudy of testing
symmetric properties of distributions (or pairs of distributions). That is, he considersproperties of
distributions that are preserved under renaming of the elements in the domain of the distributions.
Roughly speaking, his main �nding is that for every such property, there exists a threshold such
that elements whoseprobabilit y weight is below the threshold \do not matter" in terms of the task
of testing. This implies that such properties have a \canonical tester" that basesits decisionon its
estimate of the probabilit y weight of elements that appear su�cien tly often in the sample(\heavy
elements"), and essentially ignores those elements that do not appear su�cien tly often. In the
other direction, lower bounds can be derived by constructing pairs of distributions on which the
decision of the tester should be di�eren t, but that give the sameprobabilit y weight to the heavy
elements (and may completely di�er on all light elements).

Other results. Other works on testing properties of distributions include [AAK + 07, BKR04,
RS96].
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6.4 Testing Mem bership in Regular Languages, Branc hing Programs and Other
Languages

Alon et al. [AKNS01] consider the following problem of testing membership in a regular language.
For a predetermined regular languageL � f 0; 1g� , the tester for membership in L should accept
every word w 2 L with probabilit y at least2=3, and should reject with probabilit y at least 2=3 every
word w that di�ers from any w0 2 L on more than � jwj bits. We stressthat the task is not to decide
whether a languageis regular (which can be seenas a relaxation of learning a regular language),
but rather the languageis predetermined, and the test is for membership in the language.

The query complexity and running time of the testing algorithm for membership in a regular
languageis ~O(1=�), that is, independent of the length n of w. (The running time is dependent on the
sizeof the (smallest) �nite automaton acceptingL , but this sizeis consideredto be a �xed constant
with respect to n). Alon et al. [AKNS01] also show that a very simple context free language(of
all strings of the form vvR u, where vR denotes the reversal of v), cannot be tested using o(

p
n)

queries.

Newman [New02] extended the result of Alon et al. [AKNS01] for regular languagesand gave
an algorithm that has query complexity poly(1=�) for testing whether a word w is acceptedby a
given constant-width oblivious read-oncebranching program. (It is noted in [Bol05] that the result
can be extended to the non-oblivious case.) On the other hand, Fischer et al. [FNS04] showed
that testing constant width oblivious read-twice branching programs requires 
( n � ) queries,and
Bollig [Bol05] shows that testing read-oncebranching programs of quadratic size (with no bound
on the width) requires 
( n1=2) queries(improving on [BW03]).

In both [FNS04] and [Bol05] lower bounds for membership in sets de�ned by CNF formulae
are also obtained, but the strongest result is in [BSHR05]: an 
( n) lower bound for 3CNF (over n
variables). This should be contrasted with an O(

p
n) upper bound that holds for 2CNF [FLN + 02].

More generally, Ben-Sasoon et al. [BSHR05] provide su�cien t conditions for linear properties to be
hard to test, where a property is linear if its elements from a linear space.

6.5 Testing Graph Prop erties

One of the main focusesof property testing has been on testing graph properties. Here we only
mention quite brie
y someof the results on testing graph properties in order to give the 
a vor of
research in this sub-areaof property testing. The results are partitioned according to the model
they are obtained in.

6.5.1 The adjacency matrix mo del

The �rst model, introducedin [GGR98], is the adjacency-matrix model. In this model the algorithm
may perform queriesof the form: \is there an edgebetweenvertices u and v in the graph?" That
is, the algorithm may probe the adjacencymatrix representing the graph. We refer to such queries
as vertex-pair queries. The notion of distance is also linked to this representation: A graph is
said to be � -far from having property P if more than �n 2 edgemodi�cations should be performed
on the graph so that it obtains the property, where n is the number of vertices in the graph. In
other words, � measuresthe fraction of entries in the adjacencymatrix of the graph that should be
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modi�ed. This model is most suitable for densegraphs in which the number of edgesm is �( n 2).
For this reasonwe shall also refer to it as the dense-graphs model.

The algorithms described in [GGR98] are for testing a variety of properties, amongst them:
bipartiteness, k-colorability, having a large cut, having a large clique, and a generalizedpartition
property that includesthe former propertiesasspecialcases.The query complexity of all algorithms
is polynomial in 1=� and independent of n. With the exception of the algorithm for bipartiteness,
whoserunning time is polynomial in 1=�, the other algorithms have running time that is exponential
in 1=�. This is not surprising given the fact that for all the properties but bipartiteness the exact
decisionproblem is N P-hard.16 Alon and Kriv elevich [AK02] improved the results in [GGR98] for
bipartiteness and k-colorability by applying a more sophisticated analysis.

Alon et al. [AFKS00] gave algorithms for the classof �rst order graph properties. These are
properties that can be formulated by �rst order expressionsabout graphs. This covers a large
classof graph properties (in particular coloring and subgraph-freenessproperties). As in [GGR98]
their algorithms do not have a dependenceon n, but since they build on the Regularity Lemma
of Szemer�edi [Sze78], the dependenceon 1=� is quite high. Interestingly, Alon [Alo02] proved
that for subgraph freeness,if the subgraph is not bipartite, then the dependenceon 1=� must be
superpolynomial.

A sequenceof works by Alon and Shapira [AS06, AS05b, AS05a], together with the work of
Fischer and Newman [FN07] culminated in a characterization of all graph properties that are
testable using a number of queries that is independent of n [AFNS06]. As the title of the paper
says: \It's all about regularity". To be a little more precise, the characterization says (roughly)
that a graph property P is testable using a number of queriesthat is independent of n if and only
if testing P can be reducedto testing the property of satisfying one of a �nitely many Szemer�edi-
partitions [Sze78]. A di�eren t characterization wasproved independently by Borgs et al. [BCL+ 06].

Other results in the dense-graphsmodel (also for directed graphs) include [Fis05b, AS04, BR02,
BT04, GT03, CS05a, Fis05a, AFN07, GR07]. Extensions to hypergraphscan be found in [CS05b,
AS03, AS05c, KNR02, FMS07].

6.5.2 The bounded-degree incidence-lists mo del.

The secondmodel, introducedin [GR02], is the bounded-degree incidence-lists model. In this model,
the algorithm may perform queriesof the form: \who is the i th neighbor of vertex v in the graph?"
That is, the algorithm may probe the incidencelists of the verticesin the graph, whereit is assumed
that all vertices have degreeat most d for some�xed degree-bound d. We refer to these queries
as neighbor queries. Here too the notion of distance is linked to the representation: A graph is
said to be � -far from having property P if more than �dn edgemodi�cations should be performed
on the graph so that it obtains the property. In this case� measuresthe fraction of entries in the
incidence lists representation (among all dn entries) that should be modi�ed. This model is most
suitable for graphs with m = �( dn) edges;that is, whosemaximum degreeis of the sameorder as
the averagedegree.In particular, this is true for sparse graphs that have constant degree.

Goldreich and Ron [GR02] gave algorithms in this model for connectivity and more generally
k-edge-connectivity, cycle-freeness,being a Eulerian graph, and subgraphfreeness.The complexity

16 Interestingly, a testing algorithm for k-Colorabilit y whosecomplexity is independent of n is implicit in the earlier
work of Alon et al. [ADL + 94]. They build on a constructiv e version of the Regularit y Lemma of Szemer�edi [Sze78]
which they prove, and the complexity of the implied testing algorithm is a tower of poly(1=�) exponents.
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of all algorithms is polynomial in 1=� and independent of n. On the other hand, they showed that
for someproperties a dependenceon n is unavoidable. In particular, they proved lower bounds of

(

p
n) (for constant � ) on testing bipartiteness and expansionof boundeddegreegraphs. In [GR99]

they gave an almost matching bound for testing bipartiteness using an algorithms that performs
random walks. In [GR00] they proposed(but did not prove the correctnessof) an algorithm for
testing expansionusing ~O(

p
npoly(1=�)) queries,and recently there hasbeenquite a bit of progress

on this problem [CS07, KS07, NS07].

Czumaj, Shapira and Sohler [CSS07] give a general result for testing bounded-degreegraphs:
hereditary properties can be testing on non-expanding bounded-degreegraphs using a number of
queriesthat is independent of n.

The bounded-degreemodel was also consideredfor the study of properties of directed graphs,
and in particular acyclicity [BR02].

6.5.3 A general mo del

In [PR02] it was �rst suggestedto decouple the questions of representation and type of queries
allowed from the de�nition of distance to having a property. Speci�cally , it was suggestedthat
distance be measuredsimply with respect to the number of edges,denoted m, in the graph (or an
upper bound on this number). Namely, a graph is said to be � -far from having a property, if more
than �m edgemodi�cations should be performed so that it obtain the property. In [PR02] (where
the main focus was on sparsegraphs), the algorithm is allowed the sametype of queriesas in the
bounded-degreeincidence-lists model, and it can also query the degreeof any given vertex. The
properties studied in that paper are having a bounded-sizediameter and connectivity.

The main advantage of the [PR02] model over the bounded-degreeincidence-lists model is
that it is suitable for sparsegraphs whosedegreesmay vary signi�cantly. More generally, when
the graph is not necessarilysparse(and not necessarilydense),we may allow vertex-pair queries
in addition to neighbor queries and degreequeries. This model was �rst studied by Kriv elevich
et al. [KKR04]. Their focus was on the property of bipartiteness, which exhibits the following
interesting phenomenon.As noted previously, for densegraphs there is an algorithm whosequery
complexity is poly(1=�) [GGR98, AK02]. In contrast, for bounded-degreegraphs there is a lower
bound of 
(

p
n) [GR02] (and an almost matching upper bound [GR99]). The question Kriv elevich

et al. asked is: what is the complexity of testing bipartiteness in general graphs (using the general
model)?

They answer this question by describing and analyzing an algorithm for testing bipartiteness
in generalgraphswhosequery complexity (and running time) is O(min(

p
n; n2=m) � poly(log n=� )).

Recall that m is the number of edgesin the graph (or an upper bound on this number, with respect
to which distance is measure). Thus, as long as the average degreeof the graph is O(

p
n), the

running time (in terms of the dependenceon n) is ~O(
p

n), and oncethe averagedegreegoesabove
this threshold, the running time starts decreasing. They also present an almost matching lower
bound of 
(min (

p
n; n2=m)) (for a constant � ). This bound holds for all testing algorithms (that

is, for those which are allowed a two-sidederror and are adaptive). Furthermore, the bound holds
for regular graphs.

Another property that was studied in the generalmodel is testing triangle-freeness(and more
generally, subgraph-freeness)[AKKR06 ]. As noted previously, for this property there is an algo-
rithm in the dense-graphsmodel whosecomplexity dependsonly on 1=� [AFKS00], and the same
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is true for constant-degree graphs [GR02]. Here too the question is what is the complexity of
testing the property in generalgraphs. In particular this includes graphs that are sparse(that is,
m = O(n)), but do not have constant degree.The main �nding of Alon et al. [AKKR06 ] is a lower
bound of 
( n1=3) on the necessarynumber of queriesfor testing triangle-freenessthat holds when-
ever the averagedegreed is upper-bounded by n1� � (n) , where � (n) = o(1). Sincewhen d = �( n)
the number of queriessu�cien t for testing is independent of n [AFKS00], we observe an abrupt,
threshold-likebehavior of the complexity of testing around n. Additionally , they provide sub-linear
upper bounds for testing triangle-freenessthat are at most quadratic in the stated lower bounds.

Finally, a study of the complexity of testing k-colorability (for k � 3) is conducted by Ben-
Eliezer et al. [BKKR08 ]. For this property there is an algorithm with query complexity poly(1=�)
in the dense-graphsmodel [GGR98, AK02] (where the algorithm usesonly vertex-pair queries),
and there is a very strong lower bound of 
( n) for testing in the bounded-degreemodel [BOT02]
(where the algorithm usesneighbor queries). In this work they considerthe complexity of testing k-
colorability asa function of the averagedegreed in models that allow di�eren t typesof queries(and
in particular may allow only one type of query). In particular they show that while for vertex-pair
queries,testing k-colorability requires a number of queriesthat is a monotone decreasingfunction
in the averagedegreed, the query complexity in the caseof neighbor queriesremains roughly the
samefor every density and for large values of k. They also study a new, stronger, query model,
which is related to the �eld of Group Testing.

6.6 Toleran t Testing and Distance Appro ximation

Two natural extensionsof property testing, �rst explicitly studied in [PRR06], are tolerant testing
and distance approximation. A tolerant property testing algorithm is required to accept objects
that are � 1-closeto having a given property P and reject objects that are � 2-far from having property
P, for 0 � � 1 < � 2 � 1. Standard property testing refers to the special caseof � 1 = 0. Ideally, a
tolerant testing algorithm should work for any given � 1 < � 2, and have complexity that depends
on � 2 � � 1. However, in somecasesthe relation between � 1 and � 2 may be more restricted (e.g.,
� 1 = � 2=2). A closely related notion is that of distance approximation where the goal is to obtain
an estimate of the distance that the object has to a property. In particular, we would like the
estimate to have an additiv e error of at most � for a given error parameter � , or we may also allow
a multiplicativ e error.17

In [PRR06] it was �rst observed that someearlier works imply results in thesemodels. In par-
ticular this is true for coloring and other partition problemson densegraphs[GGR98], connectivity
of sparsegraphs [CRT01], edit distance between strings [BEK + 03] and L 1 distance between dis-
tributions [BFR+ 00] (which was discussedin Subsection6.3). The new results obtain in [PRR06]
were for monotonicity of functions f : [n] ! R, and clusterability of a set of points. The �rst
result was later improved in [ACCL04] and extended to higher dimensionsin [FR07]. In [FF06] it
is shown that there exist properties of Boolean functions for which there exists a test that makesa
constant number of queries,yet there is no such tolerant test. In contrast, in [FN07] it is shown that
every property that has a testing algorithm in the dense-graphsmodel whosecomplexity is only
a function of the distance parameter � , has a distance approximation algorithm with an additiv e

17 We note that if one does not allow an additiv e error (that is, � = 0), but only allows a multiplicativ e error, then
a dependenceon the distance that the object has to the property must be allowed.
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error � in this model, whosecomplexity is only a function of � .18 Distance approximation in sparse
graphs is studied in [MR06]. Guruswami and Rudra [GR05] presented tolerant testing algorithms
for several constructions of locally testable codes.
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18 The dependenceon � may be quite high (a tower of height polynomial in 1=� ), but there is no dependenceon
the size of the graph.

54



References

[AAK + 07] N. Alon, A. Andoni, T. Kaufman, K. Matulef, R. Rubinfeld, and N. Xie. Testing k-
wiseand almost k-wise independence.In Proceedings of the Thirty-Ninth Annual ACM
Symposium on the Theory of Computing, pages496{505, 2007.

[AC06] N. Ailon and B. Chazelle. Information theory in property testing and monotonicity
testing in higher dimensions. Information and Computation, 204:1704{1717,2006.

[ACCL04] N. Ailon, B. Chazelle,S. Comandur, and D. Liue. Estimating the distance to a mono-
tone function. In Proceedings of the Eight International Workshop on Randomization
and Computation (RANDOM) , pages229{236, 2004.

[ADL + 94] N. Alon, R. A. Duke, H. Lefmann, V. Rodl, and R. Yuster. The algorithmic aspects of
the regularity lemma. Journal of Algorithms, 16:80{109,1994.

[ADPR03] N. Alon, S. Dar, M. Parnas, and D. Ron. Testing of clustering. SIAM Journal on
Discrete Math, 16(3):393{417,2003.

[AFKS00] N. Alon, E. Fischer, M. Kriv elevich, and M Szegedy. E�cien t testing of large graphs.
Combinatorica, 20:451{476,2000.

[AFN07] N. Alon, E. Fischer, and I. Newman. Testing of bipartite graph properties. SIAM
Journal on Computing, 37:959{976,2007.

[AFNS06] N. Alon, E. Fischer, I. Newman, and A. Shapira. A combinatorial characterization of
the testable graph properties: It's all about regularity. In Proceedings of the Thirty-
Eighth Annual ACM Symposium on the Theory of Computing, pages251{260, 2006.

[AK02] N. Alon and M. Kriv elevich. Testing k-colorability. SIAM Journal on Discrete Math,
15(2):211{227,2002.

[AKK + 05] N. Alon, M. Kriv elevich, T. Kaufman, S. Litsyn, and D. Ron. Testing Reed-Muller
codes. IEEE Transactions on Information Theory, 51(11):4032{4038, 2005. An ex-
tendedabstract of this paper appearedunder the title: TestingLow-DegreePolynomials
over GF(2), in the proceedingsof RANDOM 2003.

[AKKR06] N. Alon, T. Kaufman, M. Kriv elevich, and D. Ron. Testing triangle freenessin general
graphs. In Proceedings of the Seventeenth Annual ACM-SIAM Symposium on Discrete
Algorithms (SODA) , pages279{288, 2006.

[AKNS01] N. Alon, M. Kriv elevich, I. Newman, and M Szegedy. Regular languagesare testable
with a constant number of queries. SIAM Journal on Computing, pages1842{1862,
2001.

[Alo02] N. Alon. Testingsubgraphsof largegraphs.RandomStructuresand Algorithms, 21:359{
370, 2002.

[Ang88] D. Angluin. Queriesand concept learning. Machine Learning, 2:319{342,1988.

55



[AS97] S.Arora and M. Sudan.Improved low-degreetesting and its applications. In Proceedings
of the Thirty-Second Annual ACM Symposium on the Theory of Computing (STOC) ,
pages485{495, 1997.

[AS98] S. Arora and S. Safra. Probabilistic checkable proofs: A new characterization of np.
Journal of the ACM, 45(1):70{122, 1998. a preliminary version appeard in Proc. 33r d

FOCS, 1992.

[AS03] N. Alon and A. Shapira. Testing satis�abilit y. Journal of Algorithms, 47:87{103,2003.

[AS04] N. Alon and A. Shapira. Testing subgraphsin directed graphs. Journal of Computer
and SystemSciences, 69:354{482,2004.

[AS05a] N. Alon and A. Shapira. A characterization of the (natural) graph properties testable
with one-sidederror. In Proceedings of the Forty-Sixth Annual Symposium on Founda-
tions of Computer Science (FOCS), pages429{438, 2005.

[AS05b] N. Alon and A. Shapira. Every monotone graph property is testable. In Proceedings
of the Thirty-Seventh Annual ACM Symposium on the Theory of Computing (STOC) ,
pages129{137, 2005. To appear in SICOMP.

[AS05c] N. Alon and A. Shapira. Linear equations, arithmetic progressionsand hypergraph
property testing. Theory of Computing, 1:177{216,2005.

[AS06] N. Alon and A. Shapira. A characterization of easily testable induced subgraphs.
Combinatorics Probability and Computing, 15:791{805,2006.

[BBB+ 00] A. Beimel, F. Bergadano, N. Bshouty, E. Kushilevitz, and S. Varricchio. Learning
functions represented as multiplicit y automata. Journal of the ACM, 47(5):506{530,
2000.

[BBL98] A. Blum, C. Burch, and J. Langford. On learning monotoneBooleanfunctions. In Pro-
ceedings of the Thirty-Ninth Annual Symposium on Foundations of Computer Science
(FOCS), pages408{415, 1998.

[BBM06] L. Bisht, N. Bshouty, and H. Mazzawi. An optimal learning algorithm fur multiplicit y
automata. In Proceedings of the Ninteenth Annual ACM Conference on Computational
Learning Theorey (COLT) , pages184{198, 2006.

[BCH+ 96] M. Bellare, D. Coppersmith, J. H�astad, M. Kiwi, and M. Sudan. Linearit y testing over
characteristic two. IEEE Transactions on Information Theory, 42(6):1781{1795,1996.

[BCL+ 06] C. Borgs, J. Chayes,L. Lov�asz,V. T. S�os,B. Szegedy, and K. Vesztergombi. Graph lim-
its and parameter testing. In Proceedings of the Thirty-Eighth Annual ACM Symposium
on the Theory of Computing, pages261{270, 2006.

[BD92] S. Ben-David. Can �nite samplesdetect singularities of real-valued functions? In Pro-
ceedings of the Twenty-Fourth Annual ACM Symposium on the Theory of Computing
(STOC) , pages390{399, 1992.

56



[BDKR05] T. Batu, S. Dasgupta, R. Kumar, and R. Rubinfeld. The complexity of approximating
the entropy. SIAM Journal on Computing, 35(1):132{150,2005.

[BEHW87] A. Blumer, A. Ehrenfeucht, D. Haussler,and M. K. Warmuth. Occam's razor. Infor-
mation ProcessingLetters, 24(6):377{380,April 1987.

[BEK + 03] T. Batu, F. Ergun, J. Kilian, A. Magen, S. Raskhodnikova, R. Rubinfeld, and Rahul
Sami. A sublinear algorithm for weakly approximating edit distance. In Proceedings of
the Thirty-Fifth Annual ACM Symposium on the Theory of Computing (STOC) , pages
316{324, 2003.

[BFF+ 01] T. Batu, E. Fischer, L. Fortnow, R. Kumar, and R. Rubinfeld. Testingrandom variables
for independenceand identit y. In Proceedings of the Forty-Second Annual Symposium
on Foundations of Computer Science (FOCS), pages442{451, 2001.

[BFL91] L. Babai, L. Fortnow, and C. Lund. Non-deterministic exponential time hastwo-prover
interactive protocols. Computational Complexity, 1(1):3{40, 1991.

[BFLS91] L. Babai, L. Fortnow, L. Levin, and M. Szegedy. Checking computations in polyloga-
rithmic time. In Proceedings of the Twenty-Thir d Annual ACM Symposium on Theory
of Computing (STOC) , pages21{31, 1991.

[BFR+ 00] T. Batu, L. Fortnow, R. Rubinfeld, W. Smith, and P. White. Testing that distributions
are close. In Proceedings of the Forty-First Annual Symposium on Foundations of
Computer Science (FOCS), pages259{269, 2000.

[BHL95] A. Blum, L. Hellerstein, and N. Littlestone. Learning in the presenceof �nitely or in-
�nitely many irrelevant attributes. Journal of Computer and SystemSciences, 50(1):32{
40, 1995.

[BJT99] N. Bshouty, J. Jackson, and C. Tamon. More e�cien t PAC-learning of DNF with
membership queries under the uniform distribution. In Proceedings of the Twelveth
Annual ACM Conference on Computational Learning Theorey (COLT) , pages286{295,
1999.

[BKKR08] I. Ben-Eliezer, T. Kaufman, M. Kriv elevich, and D. Ron. Comparing the strength of
query typesin property testing: the caseof testing k-colorability. In Proceedings of the
Ninteenth Annual ACM-SIAM Symposium on Discrete Algorithms (SODA) , 2008.

[BKR04] T. Batu, R. Kumar, and R. Rubinfeld. Sublinear algorithms for testing montone and
unimodal distributions. In Proceedings of the Thirty-Sixth Annual ACM Symposium
on the Theory of Computing (STOC) , pages381{390, 2004.

[BLR93] M. Blum, M. Luby, and R. Rubinfeld. Self-testing/correcting with applications to
numerical problems. Journal of the ACM, 47:549{595,1993.

[BM02] N. Bshouty and Y. Mansour. Simple learning algorithms for decision trees and multi-
variate polynomials. SIAM Journal on Computing, 31(6):1909{1925,2002.

[Bol05] B. Bollig. Property testing and the branching program size. In Proceedings of FCT,
Lecture notes in Computer Science 3623, pages258{269, 2005.

57



[BOT02] A. Bogdanov, K. Obata, and L. Trevisan. A lower bound for testing 3-colorability
in bounded-degreegraphs. In Proceedings of the Forty-Thir d Annual Symposium on
Foundations of Computer Science (FOCS), pages93{102, 2002.

[BR02] M. Bender and D. Ron. Testing properties of directed graphs: Acyclicit y and connec-
tivit y. Random Structures and Algorithms, pages184{205, 2002.

[BRW05] T. Batu, R. Rubinfeld, and P. White. Fast approximate PCPs for multidimensional
bin-packing problems. Information and Computation, 196(1):42{56, 2005.

[BS90] A. Blum and M. Singh. Learning functions of k terms. In Proceedings of the Thir d
Annual Workshop on Computational Learning Theorey (COLT) , pages144{153, 1990.

[Bsh96] N. Bshouty. On learning multiv ariate polynomials under the uniform distribution.
Information ProcessingLetters, 61:303{309,1996.

[BSHR05] E. Ben-Sasson,P. Harsha, and S. Raskhodnikova. 3CNF properties are hard to test.
SIAM Journal on Computing, 35(1):1{21, 2005.

[BT88] M. Ben-Or and P. Tiwari. A deterministic algorithm for sparsemultiv ariate polynomial
interpolation. In Proceedings of the Twentieth Annual ACM Symposium on Theory of
Computing (STOC) , pages301{309, 1988.

[BT04] A. Bogdanov and L. Trevisan. Lower bounds for testing bipartiteness in densegraphs.
In Proceedings of the Nintheenth Computationa Complexity Conference (CCC) , 2004.

[BW03] B. Bollig and I. Wegener. Functions that have read-once branching programs of
quadratic sizzeare not necessarilytestable. Information ProcessingLetters, 87(1):25{
29, 2003.

[CDGK91] M. Clausen, A. Dress, J. Grabmeier, and M. Karpinski. On zero-testing and inter-
polation of k-sparsemultiv ariate polynomials over �nite �elds. Theoretical Computer
Science, 84(2):151{164,1991.

[CG06] H. Chockler and D. Gutfreund. A lower bound for testing juntas. Information Process-
ing Letters, 90(6):301{305,2006.

[Che52] H. Cherno�. A measureof asymptotic e�ciency for tests of a hypothesisbasedon the
sum of observations. Annals of the Mathematical Statistics, 23:493{507,1952.

[CRT01] B. Chazelle,R. Rubinfeld, and L. Trevisan. Approximating the minimum spanningtree
weight in sublinear time. In Automata, Languagesand Programming: Twenty-Eighth
International Colloquium (ICALP) , pages190{200, 2001.

[CS04] A. Czumaj and C. Sohler. Sublinear-time approximation for clustering via random
sampling. In Automata, Languagesand Programming: Thirty-First International Col-
loquium (ICALP) , pages396{407, 2004.

[CS05a] A. Czumaj and C. Sohler. Abstract combinatorial programs and e�cien t property
testers. SIAM Journal on Computing, 34(3):580{615,2005.

58



[CS05b] A. Czumaj and C. Sohler. Testing hypergraph colorability. Random Structures and
Algorithms, 331(1):37{52, 2005.

[CS07] A. Czumaj and C. Sohler. Testing expansionin bounded-degreegraphs. In Proceedings
of the Forty-Eighth Annual Symposium on Foundations of Computer Science (FOCS),
pages570{578, 2007.

[CSS07] A. Czumaj, A. Shapira, and C. Sohler. Testing hereditary properties of
non-expanding bounded-degree graphs. Technical Report TR07-083, Electronic
Colloquium on Computational Complexity (ECCC), 2007. Available from
http://www.eccc.uni-tri er.d e/ec cc/ .

[DGL+ 99] Y. Dodis, O. Goldreich, E. Lehman, S. Raskhodnikova, D. Ron, and A. Samorodnit-
sky. Improved testing algorithms for monotonocity. In Proceedings of the Thir d In-
ternational Workshop on Randomization and Approximation Techniquesin Computer
Science (RANDOM) , pages97{108, 1999.

[DLM + 07] I. Diakonikolas, H. K. Lee, K. Matulef, K. Onak, R. Rubinfeld, R. A. Servedio, and
A. Wan. Testing for conciserepresentations. In Proceedings of the Forty-Eighth Annual
Symposium on Foundations of Computer Science (FOCS), pages549{557, 2007.

[DLM + 08] I. Diakonikolas, H. K. Lee, K. Matulef, , , R. A. Servedio, and A. Wan. E�cien t testing
sparsegf(2) polynomials. In Automata, Languagesand Programming: Thirty-Fifth
International Colloquium (ICALP) , pages502{514, 2008.

[EKK + 00] F. Ergun, S. Kannan, S. R. Kumar, R. Rubinfeld, and M. Viswanathan. Spot-checkers.
Journal of Computer and SystemSciences, 60(3):717{751,2000.

[FF06] E. Fischer and L. Fortnow. Tolerant versus intolerant testing for boolean properties.
Theory of Computing, 2:173{183,2006.

[FGL+ 96] U. Feige,S. Goldwasser,L. Lov�asz,S. Safra, and M. Szegedy. Approximating clique is
almost NP-complete. Journal of the ACM, pages268{292, 1996.

[Fis04] E. Fischer. On the strength of comparisons in property testing. Inf. Comput.,
189(1):107{116,2004.

[Fis05a] E. Fischer. The di�cult y of testing for isomorphism against a graph that is given in
advance. SIAM Journal on Computing, 34:1147{1158,2005.

[Fis05b] E. Fischer. Testing graphs for colorability properties. Random Structures and Algo-
rithms, 26(3):289{309,2005.

[FKR + 04] E. Fischer, G. Kindler, D. Ron, S. Safra,and S. Samorodnitsky. Testing juntas. Journal
of Computer and SystemSciences, 68(4):753{787,2004.

[FLN + 02] E. Fischer, E. Lehman, I. Newman, S. Raskhodnikova, R. Rubinfeld, and A. Sam-
rodnitsky. Monotonicit y testing over general poset domains. In Proceedings of the
Thirty-F ourth Annual ACM Symposium on the Theory of Computing (STOC) , pages
474{483, 2002.

59



[FMS07] E. Fischer, A. Matsliah, and A. Shapira. Approximate hypergraph partitioning and
applications. In Proceedings of the Forty-Eighth Annual Symposium on Foundations of
Computer Science (FOCS), pages579{588, 2007.

[FN07] E. Fischer and I. Newman.Testingversusestimation of graph properties. SIAM Journal
on Computing, 37(2):482{501,2007.

[FNS04] E. Fischer, I. Newman, and J. Sgall. Functions that have read-twice constant width
branching programs are not necessarilytestable. Random Structures and Algorithms,
24(2):175{193,2004.

[FR07] S. Fattal and D. Ron. Approximating the distanceto monotonicity in high dimensions.
Manuscript, 2007.

[FS92] P. Fischer and H. U. Simon. On learning ring-sum expansions. SIAM Journal on
Computing, 21(1):181{192,1992.

[FS95] K. Friedl and M. Sudan. Some improvements to total degree tests. In
Proceedings of the 3rd Annual Israel Symposium on Theory of Computing
and Systems, pages 190{198, 1995. Corrected version available online at
http://theory .lcs.mit.edu/~madhu/pap ers/friedl.ps.

[GGL+ 00] O. Goldreich, S. Goldwasser,E. Lehman, D. Ron, and A. Samordinsky. Testing mono-
tonicit y. Combinatorica, 20(3):301{337,2000.

[GGR98] O. Goldreich, S. Goldwasser, and D. Ron. Property testing and its connection to
learning and approximation. Journal of the ACM, 45(4):653{750,1998.

[GKS90] D. Y. Grigoriev, M. Karpinski, and M. F. Singer. Fast parallel algorithms for sparse
multiv ariate polynomial interpolation over �nite �elds. SIAM Journal on Computing,
19(6):1059{1063,1990.

[GLR+ 91] P. Gemmell, R. Lipton, R. Rubinfeld, M. Sudan, and A. Wigderson. Self test-
ing/correcting for polynomials and for approximate functions. In Proceedings of the
Thirty-Second Annual ACM Symposium on the Theory of Computing (STOC) , pages
32{42, 1991.

[GM84] S.Goldwasserand S.Micali. Probabilistic encryption. Journal of Computer and System
Sciences, 28(2):270{299,1984.

[Gol05] O. Goldreich. Short locally testable codes and proofs (a survey). Technical Report
TR05-014,Electronic Colloquium on Computational Complexity (ECCC), 2005.Avail-
able from http://www.eccc.uni-tri er. de/e ccc/ .

[GR99] O. Goldreich and D. Ron. A sublinear bipartite tester for bounded degreegraphs.
Combinatorica, 19(3):335{373,1999.

[GR00] O. Goldreich and D. Ron. On testing expansionin bounded-degreegraphs. Electronic
Colloqium on Computational Complexity, 7(20), 2000.

60



[GR02] O. Goldreich and D. Ron. Property testing in bounded degreegraphs. Algorithmica,
pages302{343, 2002.

[GR05] V. Guruswami and A. Rudra. Tolerant locally testable codes. In Proceedings of the
Ninth International Workshopon Randomization and Computation (RANDOM) , pages
306{317, 2005.

[GR07] M. Gonen and D. Ron. On the bene�ts of adaptivit y in property testing of dense
graphs. In Proceedings of the Eleventh International Workshop on Randomization and
Computation (RANDOM) , pages525{537, 2007.

[GS07] D. Glassnerand R. A. Servedio. Distribution-free testing lower boundsfor basicBoolean
functions. In Proceedings of the Eleventh International Workshop on Randomization
and Computation (RANDOM) , pages494{508, 2007.

[GT03] O. Goldreich and L. Trevisan. Three theorems regarding testing graph properties.
Random Structures and Algorithms, 23(1):23{57, 2003.

[GTT99] D. Guijarro, J. Tarui, and T. Tsukiji. Finding relevant variables in PAC model with
membershipqueries.In Proceedings of Algorithmic Learning Theory, 10th International
Conference, pages313{322, 1999.

[HK03] S. Halevy and E. Kushilevitz. Distribution-free property testing. In Proceedings of the
SeventhInternational Workshop on Randomization and Approximation Techniquesin
Computer Science (RANDOM) , pages341{353, 2003.

[HK04] S. Halevy and E. Kushilevitz. Distribution-free connectivity testing. In Proceedings of
the Eight International Workshop on Randomization and Computation (RANDOM) ,
pages393{404, 2004.

[HK05] S. Halevy and E. Kushilevitz. A lower bound for distribution-free monotonicity testing.
In Proceedings of the Ninth International Workshop on Randomization and Computa-
tion (RANDOM) , pages330{341, 2005.

[HK07] S. Halevy and E. Kushilevitz. Distribution-free property testing. SIAM Journal on
Computing, 37(4):1107{1138, 2007.

[Hoe63] W. Hoe�ding. Probabilit y inequalities for sumsof boundedrandom variables. Journal
of the American Statistical Association, 58(301):13{30,March 1963.

[Ind99] P. Indyk. A sublinear-time approximation scheme for clustering in metric spaces. In
Proceedings of the Fortieth Annual Symposium on Foundations of Computer Science
(FOCS), pages154{159, 1999.

[Jac97] J. Jackson. An e�cien t membership-query algorithm for learning DNF with respect to
the uniform distribution. Journal of Computer and SystemSciences, 55:414{440,1997.

[JPRZ04] C. S. Jutla, A. C. Patthak, A. Rudra, and D. Zuckerman. Testing low-degreepoly-
nomials over prime �elds. In Proceedings of the Forty-Fifth Annual Symposium on
Foundations of Computer Science (FOCS), 2004.

61



[Kie87] J. C. Kiefer. Intr oduction to Statistical Inference. Springer Verlag, 1987.

[KKR04] T. Kaufman, M. Kriv elevich, and D. Ron. Tight bounds for testing bipartiteness in
generalgraphs. SIAM Journal on Computing, 33(6):1441{1483, 2004.

[KLV95] M. Kearns, M. Li, and L. Valiant. Learning boolean formulae. Journal of the ACM,
41(6):1298{1328,1995.

[KLX07] T. Kaufman, S. Litsyn, and N. Xie. Breaking the � -soundnessbound of the linearity
test over GF(2). Technical Report TR07-098,Electronic Colloquium on Computational
Complexity (ECCC), 2007. Available from http://www.eccc.uni-trier. de/e ccc/ .

[KMT93] S. Kulk arni, S. Mitter, and J. Tsitsiklis. Activ e learning using arbitrary binary valued
queries. Machine Learning, 11:23{35, 1993.

[KNR02] Y. Kohayakawa, B. Nagle,and V. R#o dl. E�cien t testing of hypergraphs.In Automata,
Languagesand Programming: Twenty-Ninth International Colloquium (ICALP) , pages
1017{1028,2002.

[KR00] M. Kearns and D. Ron. Testing problemswith sub-learningsamplecomplexity. Journal
of Computer and SystemSciences, 61(3):428{456,2000.

[KR06] T. Kaufman and D. Ron. Testing polynomials over general �elds. SIAM Journal on
Computing, 35(3):779{802,2006.

[KS99] A. Kliv ans and R. A. Servedio. Boosting and hard-core sets. In Proceedings of the
Fortieth Annual Symposium on Foundations of Computer Science (FOCS), pages624{
633, 1999.

[KS07] S. Kale and C. Seshadhri. Testing expansionin bounded degreegraphs. Technical Re-
port TR07-076, Electronic Colloquium on Computational Complexity (ECCC), 2007.
Available from http://www.eccc.uni-tri er.d e/e ccc/ .

[KSS94] M. J. Kearns, R. E. Schapire, and L. M. Sellie. Toward e�cien t agnostic learning.
Machine Learning, 17(2-3):115{141,1994.

[KV94] M. Kearns and L. Valiant. Cryptographic limitations on learning booleanformulae and
�nite automata. Journal of the ACM, 41(1):67{95, 1994.

[KZ93] S. R. Kulk arni and O. Zeitouni. On probably correct classi�cation of concepts. In
Proceedings of the Sixth Annual ACM Conference on Computational Learning Theorey
(COLT) , pages111{116, 1993.

[Lit87] N. Littlestone. Learning quickly when irrelevant attributes abound: A new linear-
threshold algorithm. Machine Learning, 2(4):285{318, 1987.

[LR05] E. K. Lehman and J. P. Romano. Testing Statistical Hypotheses. Springer Verlag, 2005.
Third Edition.

[Man95] Y. Mansour. Randomized interpolation and approximation of sparse polynomials.
SIAM Journal on Computing, 24(2):357{368,1995.

62



[MOP01] N. Mishra, D. Oblinger, and L. Pitt. Sublinear time approximate clustering. In Proceed-
ings of the Twelvth Annual ACM-SIAM Symposium on Discrete Algorithms (SODA) ,
pages439{447, 2001.

[MORS07] K. Matulef, R. O'Donnell, R. Rubinfed, and R. A. Servedio. Testing halfspaces.Report
number 128 in the Electronic Colloqium on Computational Complexity (ECCC), 2007.

[MOS04] E. Mossel,R. O'Donnell, and R. A. Servedio. Learning juntas. Journal of Computer
and SystemSciences, 69(3):421{434,2004.

[MR06] S. Marko and D. Ron. Distance approximation in bounded-degreeand generalsparse
graphs. In Proceedings of the Tenth International Workshop on Randomization and
Computation (RANDOM) , pages475{486, 2006. To appear in Transactions on Algo-
rithms.

[New02] I. Newman. Testing membership in languagesthat have small width branching pro-
grams. SIAM Journal on Computing, 31(5):1557{1570,2002.

[NS07] A. Nachmias and A. Shapira. Testing the expansionof a graph. Technical Report TR07-
118, Electronic Colloquium on Computational Complexity (ECCC), 2007. Available
from http://www.eccc.uni-tri er.d e/e ccc/ .

[PR02] M. Parnas and D. Ron. Testing the diameter of graphs. Random Structures and
Algorithms, 20(2):165{183,2002.

[PRR03] M. Parnas, D. Ron, and R. Rubinfeld. On testing convexity and submodularit y. SIAM
Journal on Computing, 32(5):1158{1184, 2003.

[PRR06] M. Parnas, D. Ron, and R. Rubinfeld. Tolerant property testing and distance approx-
imation. Journal of Computer and SystemSciences, 72(6):1012{1042, 2006.

[PRS02] M. Parnas, D. Ron, and A. Samorodnitsky. Testing basic boolean formulae. SIAM
Journal on Discrete Math, 16(1):20{46, 2002.

[RB91] R. Roth and G. Benedek. Interpolation and approximation of sparse multiv ariate
polynomials over GF(2). SIAM Journal on Computing, 20(2):291{314,1991.

[RRRS07] S. Raskhodnikova, D. Ron, R. Rubinfeld, and A. Smith. Strong lower bondsfor approx-
imating distributions support size and the distinct elements problem. In Proceedings
of the Forty-Eighth Annual Symposium on Foundations of Computer Science (FOCS),
pages559{568, 2007.

[RS96] R. Rubinfeld and M. Sudan. Robust characterization of polynomials with applications
to program testing. SIAM Journal on Computing, 25(2):252{271,1996.

[SS96] R. E. Schapire and L. M. Sellie. Learning sparse multiv ariate polynomials over a
�eld with queries and counterexamples. Journal of Computer and System Sciences,
52(2):201{213,1996.

63



[Sud92] M. Sudan. E�cient Checking of Polynomials and Proofs and the Hardnessof Approx-
imation Problems. PhD thesis, UC Berkeley, 1992. Also appears as Lecture Notes in
Computer Science,Vol. 1001,Springer, 1996.

[SW04] A. Shpilka and A. Wigderson. Derandomizinghomomorphismtesting in generalgroups.
In Proceedings of the Thirty-Sixth Annual ACM Symposium on the Theory of Comput-
ing (STOC) , pages427{435, 2004.

[Sze78] E. Szeme�redi. Regular partitions of graphs. In Proceedings, Colloque Inter. CNRS,
pages399{401, 1978.

[UTW97] R. Uehara, K. Tsuchida, and I. Wegener. Optimal attribute-e�cien t learning of dis-
junction, parit y and threshold functions. In Proceedings of the 3rd European Conference
on Computational Learning Theory, pages171{184, 1997.

[Val84] L. G. Valiant. A theory of the learnable. CACM, 27(11):1134{1142, November 1984.

[Val08] P. Valiant. Testingsymmetric propertiesof distributions. In Proceedingsof the Fourtieth
Annual ACM Symposium on the Theory of Computing, pages383{392, 2008.

[Van98] A. Van der Vaart. Asymptotic Statistics. Cambridge University Press,1998.

[Yam95] K. Yamanishi. Probably almost discriminativ e learning. Machine Learning, 18:23{50,
1995.

[Zip78] R. Zippel. Probabilistic algorithms for sparsepolynomials. In Proceedings of the Inter-
national Symposium on Symbolic and Algebraic Computation, pages216{226, 1978.

[Zip90] R. Zippel. Interpolating polynomials from their values. Journal of Symbolic Computa-
tion, 9:375{403,1990.

A The (Multiplicativ e) Cherno� Bound

Throughout the paper we applied the following theorem, which we referred to asthe \m ultiplicativ e
Cherno� bound" (to distinguish it from the additiv e form, usually attributed to Hoe�ding [Hoe63]).

Theorem A.1 ([ Che52 ]) Let � 1; � 2; :::� m be m independent random variables where � i 2 [0; 1].

Let p def= 1
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