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Abstract

In this work we fill in the knowledge gap concerning testing polynomials over finite fields. As
previous works show, when the cardinality of the field, g, is sufficiently larger than the degree
bound, d, then the number of queries sufficient for testing is polynomial or even linear in d. On
the other hand, when ¢ = 2 then the number of queries, both sufficient and necessary, grows
exponentially with d.

Here we study the intermediate case where 2 < ¢ = O(d) and show a smooth transition
between the two extremes. Specifically, let p be the characteristic of the field (so that p is prime
and ¢ = p® for some integer s > 1). Then the number of queries performed by the test grows

like £- ¢***1, where ¢ = [q‘fg}p-‘. Furthermore, ¢*(¥) queries are necessary when ¢ = O(d). The
test itself provides a unifying view of the two extremes: it considers random affine subspaces of
dimension ¢ and verifies that the function restricted to the selected subspaces is a polynomial
of degree at most d.

Viewed in the context of coding theory, our result shows that Reed-Muller codes over general
fields (usually referred to as Generalized Reed-Muller (GRM) codes) are locally testable. In the
course of our analysis we provide a characterization of small-weight words that span the code.
Such a characterization was previously known only when the field size is a prime or is sufficiently
large, in which case the minimum weight words span the code.
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Foundations of Computer Science (FOCS) 2004.
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1 Introduction

In this paper we consider the problem of testing, for a given finite field 7' and degree-bound d,
whether a function f : F" — F' is a multivariate polynomial of total degree at most d over F.
Specifically, the testing algorithm is given query access to f and a parameter € > 0. If f is a
polynomial of degree at most d then the testing algorithm must accept. On the other hand, if f
differs from every such polynomial on more than an e-fraction of the domain elements, then the
test should reject with probability at least 2/3.

The problem of testing multivariate low-degree polynomials over finite fields has been studied
extensively, mainly due to its applications to Probabilistically Checkable Proofs systems (PCPs).
This is true both for the special case of linear functions (degree-1 polynomials) [BLR93, BFL91,
FGL'96, BGLR93, BS94, BCH196, SW04] and for the more general case of degree-d polynomi-
als [BFL91, BFLS91, GLR'91, FGL™96, RS96, FS95, AS97]. However, all these results apply only
to testing polynomials over fields that are larger than the degree-bound, d. In particular, when the
field size |F| is at least c¢- d, for some sufficiently large constant ¢, then a number of queries that is
linear in d is sufficient [PS94, FS95], and when d+2 < |F| < c-d then the dependence on d is known
to be polynomial [FS95, RS96]. In recent work, Alon et al. [AKK'03] studied the same property
for the case |F| = 2 and for d > 2. Namely, they considered the case in which the degree-bound
may be (much) larger than the field size, but their results hold only for F' = GF(2). They showed
that the number of queries both necessary and sufficient in this case is exponential in d. Hence we
encounter a very large gap in terms of the dependence on d between the query complexity when
|F| > d and the query complexity when |F'| = 2.

Our Main Result. In this work we bridge the gap between the two cases mentioned above and
show a smooth transition between then. In particular, we describe and analyze a testing algorithm
for polynomials of degree at most d over finite fields of cardinality ¢ where 2 < g = O(d). The test

performs O(£ - ¢! + 1/€) queries, where for prime ¢, £ = [gf—ﬂ, and more generally, when ¢ is
a power of a prime p then £ = [q‘i’;}p] Thus, as we increase the field size g, the dependence on d

decreases from being exponential, to being polynomial. We note that this query complexity (when
q = O(d)) is almost tight: for prime fields (and constant €) Q(g*"!) queries are necessary, and for
non-prime fields Q(qW 2]_1) queries are necessary. As we discuss in more detail subsequently, the
“gap phenomenon” that we observe, is not unique to testing polynomials: analogous gaps arise in
other property testing problems.

Characterization of Degree-d Polynomials over GF(qg). One of the building blocks of our
analysis is a characterization of (total) degree-d multivariate polynomials over finite fields. In
particular, we show that for F' = GF(q) where ¢ = p® and p is prime, a function f : F" — F is a
polynomial of degree at most d, if and only if its restriction to every affine subspace of dimension

L= [qdf—q/lp-| is a polynomial of degree at most d. This generalizes the characterization result of
Friedl and Sudan [FS95] that refers to the case g—¢q/p > d+1 (that is, £ = 1). We also note that this
value, £, of the dimension of the considered subspaces, is tight. Namely, there exist polynomials of
degree greater than d whose restrictions to affine subspaces of dimension less than £ are all degree-d

polynomials.



A Unifying Approach to Testing Low-Degree Polynomials. The testing algorithm pre-
sented in this work utilizes the above characterization (which is shown to be robust in the sense
defined in [RS96]). Specifically, the algorithm selects random affine subspaces (of dimension /¢ as
defined above), and checks that the restriction of the input function f to each of the selected sub-
spaces is indeed a polynomial of degree at most d. Such a check is implemented by verifying that
various linear combinations of the values of f on the subspace sum to 0. Observe that when the size
of the field F is sufficiently larger than the degree bound d then £ = 1. That is, when the field is
sufficiently large, then the algorithm checks whether the univariate polynomials that correspond to
restrictions of the function f to random lines in F™ all have degree at most d. But this is essentially
the original low-degree test of Rubinfeld and Sudan [RS96].!

On the other hand, when ¢ = 2 then the test in [AKK'03] works by uniformly selecting
‘;_i} = d+ 1 points in GF(2)" and verifying that the sum of the values of f taken over all sums of
subsets of these points is 0. This too can be shown to amount to checking whether the restriction
of f to the (d + 1)-dimensional subspace spanned by the selected points is a polynomial of degree
at most d. Thus our test suggests a uniform view of all these tests for low-degree polynomials.

Relation to Coding. The Generalized Reed-Muller (GRM) code of rank d over GF(q), which
we denote by GRM,(d, n), consists of all words of length ¢" that correspond to the evaluations of
degree-d polynomials over GF(q)™. (When g = 2 then the code is simply referred to as Reed-Muller
(RM).) Hence, an equivalent view of our main result, from a coding-theory perspective, is that GRM
codes are locally testable. Furthermore, our characterization of low-degree polynomials translates
into a characterization of a set of small-weight words? that span the dual code (which is the GRM
code GRM4(n(q—1)—(d+1),n)). The question concerning when GRM codes are spanned by their
minimum-weight words has been studied in the coding theory literature.? Specifically, Ding and
Key [DK00] have shown that if g is prime or q is sufficiently larger than d, then the minimum-weight
words of a GRM code indeed span the code, but this is not true in general. In particular, this is
not true when ¢ is not prime and ¢ — ¢/p < d + 1.* We complement the result of Ding and Key
by showing that a GRM code can always be spanned by words of weight that is at most quadratic
in the weight of the minimum-weight words. We note that our interest in small weight words that
span a GRM code is due to the way our test works. Similarly to other low-degree tests, our test
can be viewed as randomly selecting small weight words from the dual code (which is a GRM code
itself) and checking that each is indeed orthogonal to the tested word. Thus the weight of the
selected words is an important factor in the query complexity of our algorithm.

As we show in Section 7 our analysis implies certain sufficient conditions for local testability
of codes. The first, basic, condition, is that the dual code of the tested code can be spanned by
a subset (), of small weight words. We further require that the words in () have a certain closure
property: for every word w € @ if we apply particular transformations on it, then we always get
another word in ). Finally, we require that there be “short” dependencies between words in Q.

!The reason we say “essentially” is that when |F| > d then it is not necessary to query f on all points on a selected
line, but rather it suffices to interpolate using d + 1 points and check that the resulting degree-d polynomial agrees
with a random point on the line.

2The weight of a word is simply the number of its non-zero symbols.

3The minimum-weight words of GRM,(d, n) have weight (g —t)g" "~ where r(¢— 1)+t =d and 0 <t < ¢ — 1,
and the points in the support of each such word belong to an affine subspace of dimension (n — r).

4To be precise, there are two special cases in which the minimum weight words do span the code though g is not
prime and g — gq/p < d + 1: the special case of n = 1 (Reed Salomon codes) and the special case that d is almost the
maximum possible degree n - (g — 1).



That is, words in @) (or more precisely, in some subset of Q) can be written as a sum of few other
words in Q.

The paper of Jutla et al. [JPRZ04]. Independently from our work, Jutla, Patthak, Rudra,
and Zuckerman [JPRZ04] studied the problem of testing low-degree polynomials and described a
testing algorithm that has the same query complexity as our algorithm. However, their algorithm
works only for prime fields. We further discuss the relation between our approaches in Section 6.

A Broader Perspective: The Gap Phenomenon in Property Testing. Property test-
ing [RS96, GGRY8] in general deals with distinguishing between objects that have a particular
predetermined property and objects that are far from having the property. Low-degree testing
clearly falls under this framework. As discussed above, for this property we encounter a huge
gap in different setting of the problem. Interestingly, a similar gap phenomenon is encountered
for the property of graph bipartiteness. Specifically, dense graphs can be tested for bipartiteness
with complexity ©(1) [GGR98|, while the complexity of testing bipartiteness in constant-degree
graphs is ©(y/n) [GR02, GR99], where n is the number of vertices in the graph. Recently it has
been shown [KKRO03] that for this property too there is an algorithm (and matching lower bound)
that gives a smooth transition between the two extremes. Additional properties for which the gap
remains open are k-colorability and subgraph freeness (among others).

Other Related Results on Locally Testing (Linear) Codes. The problem of designing
good codes that are locally testable was explicitly defined, e.g., in [FS95, RS96, Aro94]. In good we
mean that they have high rate and large distance. This question has regained attention recently.
Goldreich and Sudan [GS02] showed (by probabilistic arguments) that there exist locally testable
(linear) codes over binary alphabets, with almost constant rate, and linear minimum distance. Their
construction was derandomized in [BSSVWO03], and further improved in [BSGH"04]. In [BSHRO3] it
was shown that local testing of random low-density parity-check codes, which have linear minimum
distance and constant rate, requires {(n) queries. In [BSS03] it was proved that there are no locally
testable cyclic codes that have constant rate and linear minimum distance.

2 Preliminaries

Let F be a field of cardinality ¢ and characteristic p (that is, ¢ = p® where p is prime). Let w € F be
a generator of the field F, so that F = {0,w! = w,w?,--- ,w?™ 2, w? ! = 1}. We note that this order
of the elements in F in which 1 is represented by w?~! rather than w® will serve us better than the

more standard order F = {0,w® = 1,w! = w,w?,--- ,w?"2}. In particular, using this order, for any

n > 1 we consider a one-to-one mapping between [¢—1]" and F" (where [¢—1] o {0,1,--- ,q—1}).
Specifically, for each 8 € [¢ — 1]7, the point z € F™ that corresponds to [ is defined as follows:

z; = 0 if 8; = 0 and otherwise z; = whi.

Consider the standard (and unique) representation of the function f as a polynomial over F
with degree at most ¢ — 1 in each variable:

f(z) = Z Cl.z*  where 2z%= Hmf" (1)

a€lg—1]" =1



Here C/ is the coefficients vector (indexed by points o € [q — 1]*). If we view the function f as a

¢"-dimensional vector f (where for § € [¢ — 1]", fg is the evaluation of f on the point z € F™ that
corresponds to ), then we can write Equation (1) in the following equivalent form:

f:Hn'éf (2)

Here H,, is the ¢" x ¢" matrix whose entries are indexed by pairs 3, a € [¢ — 1]" where H, (8, «) is
the evaluation of the term z® at the point z € F™ that corresponds to 5. By inverting H,, (which
is non-singular) we can represent the coefficients vector C/ in terms of f as follows:

Cl=d,-f (3)

Both H,, and A, can be defined recursively using tensor products: H, = H; ® H,—1 and
A, = A1 ® A,_1 where

1 0 0 0 -1 0 0 0
1 w w? 1 0 w! w2 1
1 w? wt o1 0 w2 w4 o1
Hi = : : : T A= (=) : : : Do (4)
w2 22 1 0 w @2 202 1
1 1 1 1 1 1 o1

For our purposes, the important thing that should be noted is that every coefficient C’({ of the
polynomial representation of f is some (easy to compute) linear combination of the values of f on
different domain elements € F". In particular, for « = (¢—1,--- ,¢—1), cl = (=)™ pcmn f(2).

Definition 1 Let POLY,, 4 denote the class of all functions f : F™ — F that are polynomials of
total degree at most d (where the degree in each variable is at most ¢ — 1). Namely, if we consider
the representation of f as defined in Equation (1), then cl =0 for every a € [q — 1]" such that

Z?:l o; > d.

Definition 2 For m > 1 and any choice of m + 1 linearly independent points yo,y1,- -+ ,Ym € F™,
let S(yo,y1,-*- ,Ym) denote the affine subspace of dimension m that contains all points of the form
Yo + Y vy aiyi, where ai,--- ,am € F. Note that yo has a different role from all other y;’s.

Definition 3 For a function f : F™ — F and linearly independent points yo,y1,- - ,Ym, we denote
Y f\(yosy1,ym) the restriction of f to the affine subspace S(Y0,Y1, " »Ym)- Namely, T o1, ym)
F™ — F is defined as follows: for every v € F™, fiyou,wm)®) = flyo + D% viyi). With
slight abuse of notation (and for sake of succinctness), we shall sometimes use the notation f g
instead, where S = S(yo, Y1, - ,Ym) @S the subspace spanned by the points. In case the set of points
spanning the subspace S is not explicitly stated, then f|s is determined by some canonical choice of
a basis.’

Definition 4 For any two functions f,g : F* — F, let dist(f,g) = Pryer[f(y) # g(y)] (where y
is selected uniformly).

SQOur interest lies in the degree of these functions (represented as polynomials). Since for any given subspace
this degree is invariant with respect to the choice of the basis, the particular choice of the basis is only a matter of
convenience.



3 The Characterization

In this section we prove the following characterization of polynomials of total degree at most d over
finite fields.

Theorem 1 Let F be a field of cardinality q and characteristic p, let d be an integer, and let
f:F* = F. Then f € POLY,, 4 if and only if for every affine subspace S of F™ having dimension

= [q‘i}}p], we have that f g € POLY 4.

In particular, when ¢ is prime, that is, ¢ = p, we get that £ = H*_’—H and we obtain a set of

d+1

words having weight at most q[ﬁ-‘ that span the code GRMy(n(q — 1) — (d + 1),n) (which is
dual to GRM(d,n)). If we further have that d + 1 is divisible by ¢ — 1, then these are exactly
the minimum-weight words of GRM(n(qg — 1) — (d+ 1),n) (i.e., the characteristic vectors of affine
subspaces of dimension £). Otherwise, they have weight which is at most a factor of ¢ larger than
the minimum weight words (which correspond to weighted sums of characteristic vectors of affine
subspaces of dimension £ — 1). As noted in the introduction, in the case of GRM codes over prime
fields, it is known that the minimum-weight words span the code [DK00]. However, when ¢ is not
prime then this is not the case (unless n = 1 or d is very large) [DK00]. Thus we obtain a new
result concerning small weight words that span GRM codes.

We also show that the above theorem is tight. Namely,
Theorem 2 For any given d and q = p®, let £ be as defined in Theorem 1. Then there exists a

function f : F™ — F such that for every affine subspace S of F" having dimension less than £, the
function f restricted to S is a degree-d polynomial, but f is not a degree-d polynomial.

Proof: Let f = ivgp_l)ps_l -:vg”‘l)ps_l ---:vfzp_l)ps_l, so that the degree of f is £- (p —1)p*~!, which

is at least d + 1. On the other hand, consider any choice of £ points yg,y1,- -+ ,y¢_1. Then
¢l -1 _
(p—1)p*~!
f‘(:Uanl;""yl—l) = H (yovj + Z 2 ylv])
j=1 i=1
¢ L, el » » p—1
- (7 X6 ) ®

(where we have used the fact that (a + b)? = a? + b). Since for each i, z! = 2}, the total degree of
kl_ps—l kz'ps_l kl—l'p571

any term in the above expression (which has the form z; - 2y e 2 ) is at most
. d+1 .
E—l-p—1p31:(’77-‘—1>-p—1p51<d+1 6
€-1-(p-1) o= Dp T (p—1) (6)

and since (£ — 1) - (p — 1)p°~! is an integer, we are done. M

As noted in the introduction, our proof of Theorem 1 generalizes the proof of the special case
of £ = 1, which is presented in [FS95]. We prove Theorem 1 by induction. Namely, we prove that
for every m > £ and every affine subspace S of F" having dimension m, if for every affine subspace



S’ of S that has dimension £, we have fis» € POLY 4, then f g € POLY,, 4. The base case, m = £
clearly holds, and so we turn to the induction step.

Assume the induction claim holds for every m > ¢, we prove it for m + 1. Namely, we take any
(m + 1)-dimensional subspace T of F™ and consider the function h = fr:F m+tl 5 F. We then
use the induction hypothesis by which for every affine subspaces S of F™*! having dimension m
(which is isomorphic to an affine subspace of T having dimension m), the restriction of h = fir to
S is a degree-d polynomial.

Let the coefficients of the polynomial representation of h be denoted by {Cg}ae[q,l}mﬂ. Our
goal is to show that for each o € [g — 1]™*! such that 37" o; > d, we have that C” = 0. Let us
fix any such «, denote it by a* and prove that C”, = 0. We break the proof into three cases.

Case 1: There exists a subset R C {1,--- ,m + 1}, where |R| = m, such that ), af > d.

Assume, without loss of generality (since the variables of h, and the corresponding «’s can be
reordered), that R = {1,--- ,m}, and assume, contrary to the claim, that C% > 0. We will show
that this implies that there exist o, 41, ,ym € F™! and y = y1,-++ ,¥m where ; € [¢— 1], and
> v > d, such that for the affine subspace of S = S(yo,%2,--- ,Ym) of dimension m we have

h .. . . .
CW'S > 0, contradicting the induction hypothesis.
Specifically, let y; = e; for i = 1,--- . m, where ¢; is the ¢’th unit vector, and for each b € F, let

Yo(b) = b-emy1- Let gb = hy(yo(b),y1, ym) (50 that gp : F™ — F). Then for each choice of b € F' we
have

gb(zla"' ’Zm) = h,(Zl,"' ,Zm,b)
m
= 2 G ]laoemn ™)
a€lg—1]m+! i=1
Consider the coefficient of the term szf .z2a§ zﬁfn in gp, that is, Cg’%’___’a* (where recall that o*

satisfies Z;f{l af > d, as well as the premise of this case). This coefficient has the following form:

c% =y ch

* : " b7 (8)
aj 00, O 5500,

<
—

<.
Il
<)

zJ. Note that

for j = ay, 1, the coefficient of 27 in this polynomial is C?., which is non-zero by our counter-
assumption. Hence, this polynomial is a non-zero polynomial of degree at most ¢ — 1 over F. This
implies that for at least one value of b, this polynomial attains a non-zero value. But this means
that for some choice of b, CZ’?{ > 0. Since Y " ; af > d, we have reached a contradiction, and
hence completed the proof for this case.

Namely, it is the evaluation, at b, of the univariate polynomial: Z;’;é Cz}xl’{,---,a* .

e *
3t Qg

Case 2:  There exist a pair of indices i,j € {1,--- ,m + 1} such that o, > 0 and o] + o < q.

Assume, without loss of generality, that 1 = m and j = m + 1. Here too we assume, contrary
to the claim, that Cg* > 0, and reach a contradiction to the induction hypothesis.



Let yo be the all-0 vector, let y; = e; for i = 1,--- ;m — 1, and for each b € F, let yn,(b) =
(0,---,0,1,b) (recall that yg,--- ,ym, € F™!). Here too we denote g, = hy(
each choice of b € F' we have

Yo, ym (b)) Lhen for

gb(zla"' 7zm) = h(Zl,' v ,Zm,b' Zm)
m—1
= > Ga]lA-ar - Gmepye
a€lg—1]mt1 1=1
m—1
— Z Cg . ziai . Z%m+am+1 . pem+1 (9)
aglg-1Jm+1 i=1
Consider the coefficient of the term z;* --- z:l’:l . z%m+am+1 in gy (recall that oy, + oy, .1 < q).
This coefficient has the following form:
g —_ h k
Ca?{""’a:m—17a:n+a:n+1 - Z CO‘T"" s 1.9,k -b (10)

. dkelg—1]2
j+k:a;‘n—|—a;"n+1

That is, it is the evaluation, at b, of the univariate polynomial:

k
B R S R N (11)

Note that for £ = a;,, |, the coefficient of z¥ in this polynomial is C%., which is non-zero by our
counter-assumption. Hence, this polynomial is a non-zero polynomial of degree at most ¢ — 1 over
F', which implies that for at least one value of b it attains a non-zero value. But this means that
for some choice of b, Cg’%,__ o> 0 and the proof of this case follows.

*

* %
.,am_l,am+am+

We observe that if £ = [@1 then either Case 1 or Case 2 must hold. This implies that

Theorem 1 is established for ¢ that is a power of 2 (since in this case ¢ — ¢/p = ¢/2). It also follows
that for any value of ¢, a variant of Theorem 1, which takes £ to be at most a factor of 2 larger
than that stated in the theorem, is established as well. In order to get the tighter result, which

holds for £ = [%] and any ¢, we need to analyze the third and final case.

Case 3 (neither Case 1 nor Case 2 hold): For every subset R C {1,--- ,m+1}, |R| =m, we
have that ) ;. p af < d, and for every pair of indices i,j € {1,--- ,m+1} we have that o taj >q.

Our proof of this case is similar in its general structure to the proofs of Cases 1 and 2, but is
somewhat more involved since we take into account a larger set of m-dimensional affine subspaces.
Specifically, for every choice of a1,:-- ,as,,b each in F, let y9 = b- ep+1, and for ¢ = 1,--- ,m,
let y; = a; - €; + epy1. Consider the function ga, . amb = P(yo(d)y1(a1), ymlam)) * £ — F. By



definition:

gal,---,am,b(zla T ,Zm)
m
= h(al'zla”"am'zmazzi'i_b)
=1 - _—
= Z ch. H ai. (Z 2 —l—b)
E[q 1m+1 =1
Om+1 h o a; Q41 —Z 9; . a;+0;
- > > 51, Om +Ca- ][ af -0 1= (12)

ae[q—l]m+1 S€[g—1]m =1 1=1

Yimy di<am41

Roughly speaking, for each a € [¢ — 1]™"!, the exponent ay,; 1 “gets distributed” among the
different z;’s ( = 1,--- ,m), and b. Note that if a; + §; = ¢ then z"””Z = z;, and more generally,

if a; + &; > g then zf‘”‘s’ = zi(a’ %) mod (¢=1) 1, what follows we use the shorthand (7)q to denote
(/ mod (¢ —1)).

For any choice of v = ~1, - ,vmn, we consider the coefficient of the term HZ 1z} in the
representation of g4, ... 4,,.5(21,*** ,2zm) as a polynomial of degree at most ¢ — 1 in each variable

(that is, Cg“l""’“m’b). It follows from Equation (12) that this coefficient is the evaluation of the
following multivariate polynomial,

H’Y(‘Tla e a‘TW‘H-l)
m
_ Am+1 ) ch H a;  _omi1— it (vi—ag)q
- Z _ _ R [ RS (13)
agfg—1]m+1 ((71 @1)g 5 (Ym = @m)g i=1

am41>3 70 1 (vi—a)g
at the point 1 = a1, ,Zm = am, Tmt1 = b.

As in Cases 1 and 2, we would like to show that under the assumption that Ch > 0 for
o* such that EmH o > d, we can get the following. There exist ai,---,a, and b in F' and
Vit 2 Ym € [g— 1] such that ) .,y > d and the the coefficient of the term [, 2 in the
representation of gg, ... 4,,,5 35 & polynomial of degree at most ¢ — 1 (in each variable) is non-zero.
Since we want to exploit the existence of a* € [q—1]™*! as stated above, we shall consider 71, -+ , Y
of the form v; = o} + 6; where d01,--- , 0, (6; € [¢ — 1]) obey the following three conditions:

Cl. Y 6 < afyrs
C2. of +6; (=) <g—1foreveryi, 1<i<m;
C3. > (o 4+ 6;) > d (that is, > ;" v > d).

We would like to show that there exists a choice of §1,--- ,d,, that satisfies conditions C1-C3
such that for v = af + 01,---aj, + 0, we get that H, as defined in Equation (13) is a non-zero
polynomial. This would imply that there exists a choice of a1, - ,a,, and b on which the value of
H., is non-zero, meaning that cyeremt 5 ),

Subcase 1: ¢ is prime. Consider first the case that ¢ is prime. That is, ¢ = p. In this case
m > £ = [%1. Let 01 = ¢ — 1 — of, and recall that for every i,j we have o + ] > ¢, so



*

that necessarily 61 < o}, ;. Next let dp = min{q — 1 — a3,a;, ., — d1}, and in general, §; =
min{g — 1 - oj, 0, — Zj<i d;}. Then it is not hard to verify that &, -, dy, satisfy conditions
C1-C3 (where we use the fact that by definition of £, m-(¢—1) > d+ 1 and that Z:’Sl af >d+1).
We claim that H, in this case includes at least one non-zero coefficient. To verify this note that
since Y7, §; < a1, the sum in Equation (13) includes @ = o*. Since C%. > 0 by our counter

assumption and ( Jlofff{ﬂ;;m) > 0, we get that ( ijff{ﬂ;;m) - Ch, is a non-zero coefficient of the term

MR DR T .
2’?11 Zizt in the polynomial H.,.

m 062'
i=1%; T

Subcase 2: ¢ is not prime. When ¢ is not a prime number, so that ¢ = p® for s > 1, then the above
argument breaks down due to the multinomial coefficient, which may be 0 modulo p, causing the
term in question to vanish. Hence, in order to complete the proof of this last case we show that
there exist a setting of the §;’s, for which conditions C1-C3 hold and ( Jﬁ?ﬁfﬁlm) is not divisible by
p. Let us denote the latter condition by C4. That is,

C4. (Jla’:”gm) is not divisible by p.

Since

Qi1 _ Uit ) Oy — 01 afn+1_Zj<i5J’ a:n+1_Zj<m5j (14)
01, ,0m 01 02 di Om

in order to show that condition C4 holds, it suffices to show that each term in the above product
is not divisible by p.

We shall use the following facts in our setting of the §;’s:

1. By the premise of this case, aj + o > ¢ for every pair ¢ < j.

2. By our choice of £ (and since m > £), if v; = of +6; > (p — 1)p*~! for i = 1,--- ,m, then

3. Since, by the premise of this case, the sum of the «;’s over every subset of size m is at most
d, we know that for every such subset there exists some o such that o} < (p — 1)p*~.

We shall also use the following notation: For each o], let k;; for j € [p — 1] be such that
o = Zs-;(l) kijp’. Let us assume without loss of generality that o, is the smallest o} and that
o} < aj <--- < af, (we may re-order the variables to get that). We know that o < (p — 1)p*~*
(or else > af > (p— 1)p*~t-€ > d+1). Since of + af > g = p® for every i > 1, necessarily
of > p*~t for ¢ > 1, and similarly of > p* ! (since of + o, > ¢). Hence for each o we have

that 1 <k;s—1 <p—1 Forl <i<m,lett def p—1—kjs_1 (for technical purposes g def 0).

Recall that the o;’s are in ascending order, thus if ¢; = 0 then ¢; = 0 for every j > > 0.

Finally we shall use the following technical claim that was given in [FS95], and whose proof is
provided for the sake of completeness in the appendix.

Claim 1 Let g = p® for a prime number p and an integer s, and let v and t be integers that satisfy
0<r<t<gq-—1. Ifr =kp*~! for some integer k then (ﬁ) is not divisible by p.



We now show a setting of the §;’s for which conditions C1-C4 hold. If ¢; > 1 and t; <

kmt1,s—1 — ZKZ- tj, then set 9; def t;p*~!. By Claim 1, (a:”“*&izfﬂ'éj) is not divisible by p. If t; > 1
and t; > Kpq1,5-1 _Zj<z’ tj, then set 0; = o, _Zj<i 9; < t;p°~'. In this case (a*"”“;izjd 6j) =1,
and is hence not divisible by p. Note, that if there exist 49 such that &;, = a7, | — > j<i d;, then
d; = 0, for j > i9. We have thus established that condition C4 holds for the above setting of the
d;’s. From the definition of the d;’s it directly follows that condition C1 holds as well. It remains
to verify that conditions C2 and C3 hold.

By the definition of the §;’s, for every 1 < i < m:

S
af+6 < (p=1)p D ki ptt < g (15)
=2

and so condition C2 holds.

We next verify that i, (af + d;) > d. if there exist ig s.t. §; = g, 4 — D7, ;d; then
m m+1
g +6)=> af >d (16)
i=1 i=1

otherwise (o} + &;) > (p — 1)p* ! for every 1 < i < m. Since m > £ = [#1 then > 7" (af +
d;) > d + 1. Thus, condition C3 holds and we have completed the proof of Case 3 (and hence

Theorem 1).

4 The Test

In this section we present and analyze our testing algorithm for degree-d polynomials over fields of
cardinality ¢ = O(d).

Algorithm 1 Testing Algorithm for Degree-d Polynomials

1. Let £ =¥(q,d) = [q‘f{;}p-| and repeat the following t = @(f gttt 4 #) times:

(a) Uniformly and independently select £ + 1 linearly independent points yo,y1,- - ,ys¢ €
Fm.

(0) If fityo,yr,y) & POLY 4 then output reject.

2. If no step caused rejection then output accept.

Recall that checking whether fig ¢ POLY 4 (where S = S(yo,v1,---,y¢)) can be done by
querying f on all points in the subspace S and verifying that all linear constraints corresponding

to the coefficients Cg's such that Zle a; > d, hold. Hence the total number of queries performed
by the algorithm is O(t - ¢) = O(£- ¢***1 + 1) (where the ¢* term is due to the number of points
in each affine subspace.)

As noted in the introduction, when ¢ is sufficiently larger than d so that £ = 1 (the subspaces
are lines), then it is not necessary to query f on all points on the line, but rather d+ 2 points suffice.

10



We note that these checks involving d+ 2 points on a line can be interpreted as selecting minimum-
weight words from the dual GRM code and checking that they are orthogonal to the word defined
by f. Our test can be modified so that instead of checking a set of constraints (several small-weight
words in the dual code) in each step, it also selects one random constraint (one small-weight word
in the dual code) in each step.® However, this will not reduce the query complexity in our case.

Theorem 3 If f € POLY,q4 then Algorithm 1 accepts with probability 1, and if
dist(f,POLY,, 4) > € then Algorithm 1 rejects with probability at least 2/3.

Theorem 3 shall be proved using the “self-correcting approach”, which has been applied in the
analysis of many previous low-degree tests. Namely, given the function f we define another function
g based on certain “majority votes” of f. We then show that if f passes the test with sufficiently
high probability, then ¢ is close to f and g is a polynomial of degree at most d. Bounding the
distance between f and g follows easily from the definition of g, and hence the analysis is focused
on showing that g is a polynomial of degree at most d. The analysis can be viewed as generalizing
both the analysis in [RS96] (where the subspaces considered by the test are lines) and the analysis
in [AKK'03] (where the subspaces are larger but the field is GF(2), and the analysis relies on the
fact that the field is GF(2)).

We start by introducing several notations. In all that follows, whenever we consider the selection
of sets of points in F”, the selection is restricted to linearly independent points.

Definition 5 Let et
€
n=1(f:d) © Pry s, e [ Agos ) € POLY 2] (17)
denote the probability that a single step of the algorithm causes f to be rejected. That is, it is the
probability that the restriction of f to a random affine subspace of dimension £ is not a polynomial

of degree at most d.

Definition 6 For each o € [q—1]¢, let C&c(yo, Y1,--- ,Ye) denote the coefficient Cy of the polynomial

representation of f(yoy., ). We shall use the notation B (yo,y1,+ ,y¢) as a shorthand for the

coefficient C{;_l,___,q_l) (Yo, y1,- -+ ,ye). That is, C{;_l,___’q_n(yo,yl,--- ,ye) denotes the coefficient

of the highest-degree monomial m({_l a7 29 i the polynomial representation of f(yo .y, ye)-

We denote by VI (y;y1,-++ ,y¢) the value that f(y) “should have” so that Bf(y,yi, - ,y¢) = 0.
That is,

l
Vi, u) = — ) f(y+zb¢-yi)- (18)
=1

by, ,bZEF
3 8.t b;#0

We refer to VI (y;y1,- -+ ,ye) as the vote of (y1,--- ,ys) on the value assigned to y.
For succinctness of the notation, we shall remove f from the last two notations (i.e., B(:) =
BI () and V(1) = V().

Note that for n as in Definition 5,

12 Pryy g [V Y1, y0) # £y)] (19)
(since the test checks that all coefficients Cg(y,yl, .-+, 1) for which Zle a; > d are 0).

8In case ¢ is prime then, as shown in [JPRZ04], it suffices to consider a single constraint per affine subspace.
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Definition 7 Let g be a plurality function that is defined as follows. For each y € F™,

g(y) = argmaxaeF{Pryl,---,yeeF" WVysy, - ,ye) = a]} (20)

Lemma 2 For any function f and for n and g as defined in Equations (17) and (20) respectively,
dist(f, g) < 2n.

Proof: First observe that if the test selects points yo,y1,---,y¢ € F™ such that f(yo) #
V(yo;y1, - ,ye) then this means that B(yo;y1,--- ,y¢) # 0, which causes the test to reject. Let
U C F" consist of all (“bad”) points y € F™ such that Pry, ... y,ern[f(y) # V(y;91,--+ ,ye)] > 1/2.
By definition of  we know that |U|/q" < 2n. But for every z € F™ \ U, by definition of g we have
that f(r) = g(z), and the lemma follows. W

In the next series of lemmas we prove that if 7 is sufficiently small then g is a polynomial of
total degree at most d. In the first, and central lemma, we show that for every y, the value of g(y),
which by Definition 7 is the “plurality vote” of V(y;y1,--- ,y¢), taken over all yi,--- ,yg, equals
the vote of a large fraction of the £-tuples y1,--- ,y¢ (assuming 7 is sufficiently small).

Lemma 3 For any fized y € F", let

() € Pryy o[V @591, 5 50) = 9(y)] (21)

Then vy(y) > 1 — 2q¥n.

In order to prove Lemma, 3 it will actually be more convenient to work with another measure
of “correctness” (or “consistency”) of a point y.

Lemma 4 For any fixed y € F™, let

6(y) = Pryl;"' sYLs215 420 [V(y; y17 e ’yf) = V(y; Z]_, e ,Zg)] (22)
and let y(y) be as defined in Equation (21). Then v(y) > 6(y).-

Proof: Let Bu(y) = Pry, .. 4, [V(¥;91, -+ ,9¢) = a] (so that in particular, Y . B.(y) = 1).
By definition of (y) we have that v(y) = max, 8,(y), and by definition of d(y) we have that,

i(y) = ZaeF(ﬁa(y))Q- By convexity, max, £,(y) > ZaeF(ﬁa(y))Q, and the claim follows. W

An Auxiliary “Voting Graph”. In order to show that d(y) is large (and hence ~y(y) is large), it
will be useful to consider the following auxiliary graph. The definition of this graph was inspired by
the way Shpilka and Wigderson used Cayley graphs in their work [SW04] and can also be viewed as
formalizing and generalizing part of the analysis in [AKK*03]. Each vertex in this graph is labeled
by a subset {y1,- - ,ye}, vi € F™. There is an edge between the vertex labeled by {y1,--- ,v¢},
and the vertex labeled by {z1,--- ,2¢} if and only if |{y1,--- ,ye} U{z1, - ,2¢}| = £+ 1. In other
words, neighbors are of the form {yi,---,y¢} and {yz,--- ,y¢+1}. Each vertex corresponds to an
£-tuple that can “vote” on the value of f(y) for any given y and hence we refer to it as the voting
graph.

For a fixed point y € F", we say that an edge between {y1,---,ys} and {yo, -+ ,ye+1} is good
with respect toy HV(y;y1,-- . y0) = V(yi92, -, Yet1)-
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Lemma 5 For any choice of y,y1,--- ,ye+1 € F",

V(ysyr,5y0) = V(ysy2, - Yet1)

= Z B(y"{_a'yﬁ-layla"'ay[)_ Z B(y+a'y1,y25"'ay£+l)
a€F, a#0 a€F, a#0

Proof: By definition of V(y;-) we have:

V(ysy1,- ) — V(y;yz, e Yer)

+1
— Z f(y+Zb w)+ > (v dobiew) (23)
by EF bo,- bpy 1 EF =2
b1¢0 bg+1#£0
2+1
= Z f(y+zb yz) > f(y+zbi-yz~)
by€eF by, ,bp 1 €F =1
b1¢0 b1,bp417#0
+1 0+1
+ Y f(y+zbi‘yi)+ > f(y+zbi'yi) (24)
bo, by EF 1=2 by, bgy1€F 1=1
b[+1750 b17b2+17é0
I+1 l
= - > f(y+b1-y1+2bi-yi)—l— > f(y+bz+1-yg+1+2bi-yi) (25)
by, bp 1 EF =2 by sbpp g EF i=1
b1#£0 br 4170
= Z B(y+a'y€+lay1,"',y€ Z By—l—a Y1, Y2, "ayZ—H) (26)
a€F, a#£0 a€F, a£0

Proof of Lemma 3. Given Lemma 4, it suffices to show that for every y € F", §(y) > 1 — 2q¢n.
For any (random) choice of yi,---,y; and z1,--- , 2, consider a shortest path between the two
corresponding vertices in the voting graph. Such a path is of length at most £, and each edge on
the path is of the form ({y1, - ,vi, zi+1, - ,2e},{y1, - ,¥%i—1,%i, -+ ,2¢}). By Lemma 5 such an
edge is good if

Z B(y+a'y’iay17"'7y’i7172i7"'azf)_ Z B(y+a'ziay1a"'7yiaz’i+17"'az£) =0 (27)
ac€F,a#0 a€F,a#0

Since the z;’s and the y;’s are selected uniformly at random, each of the B(-)’s in the above sum-
mation is non-zero with probability at most . Hence, by applying a union bound, the probability,
taken over the uniform choice of the y;’s and z;’s, that an edge is good is at least 1 — 2¢g7. By
taking a union bound once more, the probability that all the edges on the path are good is at least
1 — 2gfn. In such a case, V(y;y1,++ ,40) = V(y591,° -+ s ye—1,20) = -+ =V(y;21,-++,20), and
the lemma follows. W

We can now establish:

Lemma 6 If7) < 57— then g € POLY 4.

e+1)
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Proof: Consider any fixed set of points yo,y1, -+ ,y¢ € F". We shall show that g
POLY, 4. Lemma, 6 follows by applying Theorem 1.

Y0,Y1, ,yl) €

Each point in the affine subspace S(yo,y1," -, Y¢) is of the form 1 + Ez 1 biyi, where b; € F.

Now consider (£+ 1) - £ elements in F", denoted {z; J} Z . Assume first that for every choice of
bla"' abEEFa

¢ ¢ ¢ ¢
g(yo +) b yz) = V(yo + ) bi-yi; 200+ bizin, 200+ Y bie Zi,e) (28)
i=1 =1 =1 i=1

If we select the elements {z; ;} uniformly and at random, then by Lemma 3, this event occurs with
probability at least 1 — 2¢¢n - g¢. We assume from this point on that Equation (28) holds for every

choice of by,--- ,by € F.
In order to show that g|(y, .4, 5,) € POLY 4 we need to show that for every o € [q — 1]¢ such

that Zle a; > d, we have that C&(yo,y1,+ ,y¢) = 0. Let us fix any such «, and let R, denote
the row vector Ay(a,-). Recall that the coordinates of R, are indexed by strings 8 € [¢ — 1]¢
(where we denote the corresponding coordinate by RS € F). In what follows we use the notation:
ex(B;) = wPi if B; # 0, and ex(B;) = 0 if B; = 0. Consider the structure of A, presented in Section 2.

We need to show that ,
> RBEg(vo+ D en(B) ui) =0 (29)
Belg—1]¢ =1

For any fixed 8 € [¢ — 1]¢, by our assumption that Equation (28) holds, and by definition of
V(-) we have:

¢
g(yo + Z ez (Bi) - yi)
. ¢ ¢ ¢
= - > f (yo +> ex(Bi) -y + Y ex(y;)- (Zo,j + Y ex(Bi) Zzg))
] i=1 =1

y€[a—1]¢ =1
7#(070!’0)
J2 12 )2
= - f(yo +> ex(yy) 205 + Y ex(B) (yz + ) ex(y) zw)) (30)
~ela—11¢ j=1 =1 j=1
7#(070570)

This implies (by switching the order of summations) that

Z RS (yo + ZZ: ex(B;) - yi) (31)
=1

Belq—1)¢

¢ ¢ ¢
= — Z Z RC.f <y0+ze$(’7j)‘zo,j + Zeﬂf(ﬁi)' (%Jrzeﬂﬂ(%')'zi,j))

velg-11¢  BeElg—1]* j=1
7#(070;'"3 )
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But for any given choice of v = 1, -+ , g,

l l 0
> RI-f (yo +Y ex(vy) 205 + Y ex(Bi)- (yz +>ex(y)) - Zm)) (32)
j=1 i=1

BEla—1]* j=1
£l ¢l 0
= (yo +Y ex(y) 204 i+ Y ex(y) 2, e, vt Yy ex(y;) - Ze,j)
j=1 j=1 J=1
Since 1, -,y are not all 0, then we know that for each setting of ~y,--- ,~ys, with probability at
least 1 — 7 over the choice of the z; ;’s, for every « such that Zle o; > d,
l l 0
ci (yo +) ex(yy) 204, i+ Y ex(yy) 2, s v+ Y ex(y;) - Ze,j) =0 (33)
j=1 7j=1 7j=1

By taking a union bound over all v;,--- ,7, and adding the probability that Equation (28) does
not hold for some § € [¢ — 1]¢, we get that with probability greater than 0 there exist z; ;’s that
satisfy all required constraints. W

By combining Lemmas 2 and 6 we obtain that if f is Q(ﬁ[)-far from POLY,, 4, then n = Q(é[),
and so the algorithm rejects f with sufficiently high constant probability.

The next lemma, which will help us deal with the case in which 7 is small, is a variant of a very
similar lemma that was proved in [AKK*03]. For the sake of completeness we provide its proof in
the appendix.

Lemma 7 Let ¢ def ﬂﬁgiim - ¢t - dist(f,g). If we uniformly and independently select

Yo, Y1, .Y € F™ then the probability that for exactly one choice of by,--- ,by € F, we have
that f(yo + Zle b; - yz) #* g(yo + Zle b; - yi) , is at least (.

We are now ready to wrap-up the proof of Theorem 3.

Proof of Theorem 3. As we have noted previously, if f is in POLY, 4, then by Theorem 1 the
tester accepts (with probability 1). We next show that if f is e-far from POLY,, 4, then the tester
rejects with probability at least %

Suppose that dist(f,POLY,4) > €. Ifn < W then by Lemma 6 we know that g €

POLY, 4. We claim that by Lemma 7 and Lemma 2, we also have that n > % - ¢" - dist(f,g) >

% - ¢t - e. To verify this observe that if f and g disagree on exactly one point in a subspace S

of dimension ¢, then fig ¢ POLY({,d). In other words, by Lemma 7 and the definition of 7,
if0<n< W then n > ¢ (where ( is as defined in Lemma 7). In particular, since (by

Lemma 2) dist(f,g) < 2n < W and £ > 1, we get that n > %-qe - dist(f,g). Hence,

7 > min { Tt W}. Since it is enough to perform @(%) rounds of the algorithm in order to

detect a violation with probability at least %, the theorem follows. W

5 A Lower Bound

Theorem 4 Ewvery algorithm for testing POLY,, q with distance parameter € must perform
Q (max{%,q‘q_l}) queries when q is prime, and ) (max{%,qw/ﬂ_l}) queries otherwise.
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In order to establish Theorem 4, we consider the relation between polynomials and codes.
Specifically, recall that the family POLY,, 4 over a field ' = GF(q) = GF(p®), corresponds to the
Generalized Reed-Muller (GRM) code GRM,(d,n). Namely, each codeword (having length ¢") is
determined by the evaluation of a polynomial in POLY,, 4 on all points in the domain F". The
minimum distance, A(GRM,(d,n)), of the code is the following (cf. [DKO00)): If d = r(q — 1) + ¢,
where 0 <t < g — 1, and r is an integer, then A(GRMy(d,n)) = (¢ — t)g" " L. The dual code of

d
A(GRM(d,n)) is the GRM code GRM (n(g—1)—(d+1),n), so that it has distance Q(q[q%ﬂ _1).

Let us denote the distance of the dual code by A(GRM(d,n), and let £ = [q%}p] be as in our

previous notation. Hence, if ¢ is prime then A(GRM,(d,n)) = Q(qz_l), and for non-prime g we
can say that A(GRM,(d,n)) = Q(qWﬂ—l)_

Theorem 4 follows by applying the theorem below, which is a straightforward generalization of
a similar theorem proved in [AKK™03] for binary codes. For the sake of completeness we include
the proof in the appendix.

Theorem 5 Let F be any family of functions f : F™ — F' that corresponds to a linear code C. Let
A(C) denote the minimum distance of the code C and let A(C) denote the minimum distance of the
dual code of C.

Every testing algorithm for the family F must perform Q(A(C)) queries, and if the distance
parameter € is at most A(C)/(2q"), then Q(1/e) is also a lower bound for the necessary number of
queries.

6 The paper of Jutla et al. [JPRZ04]

As noted in the introduction, independently from our work, Jutla et al. [JPRZ04] give a testing
algorithm for low-degree polynomials over prime fields. They too provide a characterization of
low-degree polynomials (over prime fields) and define their test based on this characterization. As
we discuss below, our characterization (in the case of prime fields) is related to the one in [JPRZ04].
However, our approach and hence the proofs for the characterizations are different, and in particular
our characterization holds for all fields. Our testing algorithms and their analyses have a similar
structure (which follows that of previous low-degree tests), but there are several technical and
expositional differences (partly due to our unifying view of low-degree testing). We next discuss
how the characterization in [JPRZ04] relates to ours.

Recall that we show that for F' = GF(q) (where ¢ = p® and p is prime), a function f : F™ — F'is
a polynomial of degree at most d, if and only if its restriction to every affine subspace of dimension

{ = [q‘f;}p-| is a polynomial of degree at most d. In other words, if we consider the unique
representation of each such restriction of f as a polynomial over ¢ variables, then all coefficients
that correspond to monomials having degree greater than d must be 0. Each such coefficient can

be shown to equal a certain linear combination of the values of f in the subspace (see Section 2).

The characterization of Jutla et al. for prime fields (¢ = p) is that one particular linear
constraint over each subspace must hold. They do not approach the problem as we do (that
is, by characterizing low-degree polynomials as functions whose restrictions to lower dimensional
spaces are low-degree polynomials). However, translating their result using our terminology, it
can be shown that the linear constraint they consider corresponds to the coefficient of exactly one
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monomial of degree d + 1. This monomial has the following form: It mg_l e a:z:ll - b, where

1<t<g—landd+1=(—-1)(g—1)+t.

In retrospect we observe that our analysis can be slightly extended so as to show that in the
case that ¢ is prime then the characterization can be restricted to a single polynomial coefficient.
When q is not prime then it is not clear whether the characterization can be restricted in a similar
manner.

7 Sufficient Conditions for Local Testability

In this section we extract from our analysis certain sufficient conditions for the local testability
of codes over finite fields. Let C be a code and C its dual code. We shall view words in the two
codes as functions. We assume that the domain of these functions is F*. Our starting point is that
the dual code C can be spanned by a subset Q C C of words, each having weight at most L. The
support of a word w € @, denoted Sup(w), is the set of all points y € F™ such that w(y) # 0.

We say that @ is affine-transitive if the following conditions hold: (1) With each word w € @

we can associate a subset of linearly independent points yg,y1,- -+ ,y: € F™ such that Sup(w) C
S(yo,y1, - ,yt) and w(yg) # 0. (2) Consider any other choice of linearly independent points
20,21, *+ ,2¢ € F™, and any choice of by,--- ,b; € F. We require that the word w’, which is defined

by w' (20 + 304_; bi - zi) = w(yo + Sov_y bi - ;) and w'(2) = 0 otherwise, belongs to Q.

This notion of transitivity lends itself to defining classes of words (where the classes are not
necessarily disjoint). Specifically, for each choice of ¥ € F ¢" where ¥ is indexed by all possible
settings of by,--- ,b; € F and vg,... o # 0, the class Qy consists of all words w for which there exists
a choice of linearly independent yg,y1, -+ ,y; € F™ that satisfies: w(yo + Zle bi - Yi) = Vb, be
for every by,--- ,by € F. Note that if () is transitive, then every non-empty class Q3 must contain
a word as defined above for every choice of linearly independent points g, y1, -,y € F™.

For a non-empty class Q3 we say that Qg is R-randomly-closed under differences for some
integer R, if the following condition holds. For each point y € F", let Qz(y) C Qg consist of all
words w € Q7 that satisfy: Sup(w) C S(y,y1,- - ,y:) for every choice of y1,--- ,y; € F™ such that
Y, Y1, ,y¢ are linearly independent. For each y, consider any two words w,w’ € Qz(y). Then
w — w' can be represented as a sum of at most R other words u;(w,w'), - ,ug(w,w’) € Q for
which the following holds. Suppose we fix y, and select at random w,w’ € Qz(y). Then for some
class Qp each u;(w,w') is uniformly distributed in Qz."

Theorem 6 Let C be a code and C its dual code. Suppose that C is spanned by a subset of words
Q all having weight at most L, where Q) is affine-transitive and every class in @} contains at least
0-|Q| words. If there exists a class Qz C Q that is R-randomly-closed under differences, then C is
locally testable using O (% (L? R+ %)) queries.

We shall prove Theorem 6 by establishing the correctness of the following algorithm. In what
follows we shall sometimes view the word we want to test for membership in C as a function
f: F™ = F, and sometimes as a string f € F9".

"This last requirement can be generalized to allow other distributions, but for simplicity we state it in this way.
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Algorithm 2 Local Testing Algorithm for C
. LR .
1. Repeat the following © (60% + T) times:

(a) Uniformly and independently select a word w from Q.
(b) If w- f # 0 then output reject.

2. If no step caused rejection then output accept.

We note that instead of selecting a single random word w from @) in each iteration, we could
instead consider several words, analogously to what is done in Algorithm 1. Namely, we could
select ¢ + 1 points yg, -,y € F™ and check that all words w such that Sup(w) C S(yo,- -+ ,yt)
are orthogonal to f. In some cases this would actually be more efficient in terms of the query
complexity, but we have chosen to present the simpler test described above.

We turn to proving Theorem 6 by adapting the proof of Theorem 3. We start by modifying the
definitions and notations presented in that proof. Let

def
1S Pryeqlw- f # 0] (34)
be the probability that the test rejects in any single step.
For v* as determined in the theorem statement, let

f *
Up S {(b1,--- b)) € F*: v}, .. #0}, (35)

and for any linearly independent y,y1,--- , ys, let

t
1 *
V(yiy, - y) = v > Vpy oo by f(y +) b yi) (36)
" (b1, b)) EUGx 1=1
(bl,}. ,bt);(o,...,())

be the vote of y1,- - - , y; on the value of y. That is, we consider the word in Q- (y) that is determined
by y,y1,- - ,yt, and compute the value that f(y) “should have” so that this word is orthogonal to
f (given the values that f gives to all other points in the support of the word). Note that here, by
the premise of the theorem concerning the classes in @,

n>6-Pryy .y V©y1,- ) # f)] - (37)

Finally, we define g : F™ — F as follows:

g(y) = a'rgma'xaEF{Pryl,"',ytEF" WViy;yr,--p) = a]} . (38)

Given the definition of g, here we can show that

dist(f,g) < 2n/0 . (39)
Let dof
() = Pryy g VW91, u) = 9(v)] (40)
and et
5(2/) é Pryl,--- JYts215 42t [V(y’ Y1, ayt) = V(y7 21yt ,Zt)] (41)
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so that by Lemma 4, v(y) > d(y). Here we shall show that

Y(y) >1-R-n/0 (42)
by showing that é(y) > 1 — R-n/6. But the latter readily follows from the fact that Qs is R-closed
under differences. To see why this is true, for each choice of y1,--- ,y; and z1,--- , 2z, consider the

two words w = Wy y, ...y, € Qi and w' = wy ;... 5, € Qy+, Where wy ... 5, denotes the word that
has value '”;1,--- pony+ > i—1 bi-y; and is 0 elsewhere, and wy ,, ... ,, is defined analogously. Then,
by the premise of the theorem concerning @z, the difference between these two words is a sum of
R words, w1, -+ ,ur, where when y1,--- ;4 and 21, -- , z; are chosen uniformly at random, each of
these words is uniformly distributed in one of the classes of ). But this implies that the probability
that V(y;y1,--- ,9t) — V(y; 21, - - , 2t) = 0 (which is the same as (w —w')- f = 0), is lower bounded
by the probability that all these words are orthogonal to f. Since for each u;, the probability that
u; - f # 0 is at most 1/6, by a union bound, the probability of this event is at least 1 — R -7/6.

It remains to prove that if 7 is sufficiently small, then w - g = 0 for every w € @, from
which it follows that ¢ € C. Let us fix any word w € @, and let yg,¥y1, -+ ,% be such that

Sup(w) € S(yo,y1,-++ ,yr)- Let U(w) = {(a1,--- yar) € F™ oy + Y5 ai -y € Sup(w)} and
for each (a1, ,a;) € U(w), let v(w)a, .00 = w(Yo + iy @i+ ¥i) (s0 that w € Qy(w))- Here we

consider (¢ + 1) - ¢ elements in F™, denoted {zi,j}{z&,’_'_'_',’f (which will be selected uniformly and at
random). Assume first that for every choice of (a1,--- ,a;) € U(w)

t t t t
g(yo +) a; yz) = V(yo + aiyis 200+ Y G zig, 200+ Y 6 Zi,t) (43)
i=1 =1 =1 =1

If we select the elements {z ;} uniformly and at random, then by Equation (42) and a union
bound, this event occurs with probability at least 1 — L - R - /6. We assume from this point on
that Equation (43) holds for every such choice of a1, -- ,a; € U(w).

By definition of V() (and the above assumption), for every choice of (ai,--- ,a;) € U(w),
¢ ¢ ¢
V(yo +Zai “Yi 20,1 +Zai “ZiLy 20 +Zai zzt)
i=1 i=1 i=1
1 t t t
= Z U;:l,...,bt‘f<y0+zai‘yi + ij' (ZO,j+Zai'zi,j)) (44)
0 i=1 j=1 i=1

40 (b1, ,bg)EUzx

(bla'" abt)#(oz 50)

t t ¢
1 *
= _US : Z IR | (yo + ij 205 + Zai . (yi + Z bj - zi,j)) (45)
' j=1 =1 j=1

50 (b1, ,bg)EUZx

(bla"' abt)¢(07 10)
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Therefore,

t t
w-g = Z w(yo+zai'yi)'9(3}0+Zai'yi>
(a1, ,a¢) EU(w) =1 i=1

1 *
- _,US ) § : Uby - b

y0 (b1, bt )EUzx

(bl )t ,bt);é(oa ’0)

t
Z V(W)ay e a (yo—l—Zb] 20, + Zal (yi+2bj.zi,j))
(a1, ,a¢)€U(w) j=1

That is, w - g is a sum over at most L terms, where each term is of the form —vgg"%’s‘ times the
inner product of a word in Qg(,) with f. If we select the z;;’s uniformly at random, then these
words are uniformly distributed in Q). For each one of them, the probability that its inner
product with f is non-zero is at most 7 - |Q[/|Qgw)| > n/0. By a union bound, the probability
that they are all orthogonal to f is at least 1 — L - /0. We thus obtain that with probability at
least 1 — L-n-(R+1)/0 over the choice of the z; ;’s, all required constraints are satisfied to ensure
that w - g = 0. Hence, for n < %, there exists a choice of z; ;’s that satisfies all constraints,
implying that w - g = 0 as required.

Wrapping up the proof of Theorem 6. By combining Equation (39) with the fact that for
n < (R+1) we have that g € C, we obtain that if f is Q(%)-far from C, then 1 = Q(%z), and
so the algorithm rejects f with sufficiently high constant probability.

The next lemma is a variant of Lemma 7 (which, as noted before, is a variant of a lemma

from [AKK'03]). Let Q7 C Q be a class whose words are of length L (there must be such a class,
otherwise L is not the minimum weight of words in Q)

Lemma 8 Let { = def % L - dist(f,g). If we uniformly select a word w € Qg, then the

probability that for exactly one point y € Sup(w) we have that f(y) # g(y) is at least C.

Proof of Theorem 6. If f € C, then the tester accepts (with probability 1). We next show that
if f is e-far from C, then the tester rejects with probability at least %

Suppose that dist(f,C) > e If n < Mﬁ, then, as we have shown above, g € C. We claim
that by Lemma 8 and by Equation (39), we also have that n = Q(0L - dist(f,g)) = Q(efL). To
verify this, consider the class Q7 C @ whose words have weight L. Observe that if f and g disagree

on exactly one point in Sup(w), then w - f # 0. Hence, by Lemma 8 and the definition of 7, if
0<n< (R+1) then 77/9 > (. Next we establish a bound on ¢ so as to bound 7. By Equation (39),

dist(f,g) < 2n/0 < w < 5, we get that ¢ > %L - dist(f, g) and thus, /0 > lL - dist(f,g)-

Hence, n > mln{ OLe, 1 (R+1) } Since the algorithm performs © (eelL + L R)) Q(1/n) iterations
of selecting a word w from ) and checking whether w - f # 0, the theorem follows. W
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A Proofs of Claim 1, Lemma 7 and Theorem 5

Claim 1 Let ¢ = p® for a prime number p and an integer s, and let r and t be integers that satisfy
0<r<t<gqg-—1. Ifr=kp*! for some integer k then (:) is not divisible by p.

Proof: For any positive integer j, the largest power of p that divides j! is
Li/p) + Li/p*] + Li/p*] +

But for 7 = kp*~!, the identity |n/p’| = |r/p’| + [(n — r)/p’] holds. Thus the largest power of p
that divides n! is

Ztn/p Z lr/p*] + L(n —7)/p"]) .

Therefore n! and r!(n — r)! are divisible by exactly the same power of p. W

Lemma 7 Let ( def ;Zﬁi:g:zg - ¢tdist(f,g). If we uniformly and independently select

Yo, Y1, - ,ye € F™, then the probability that for exactly one choice of by,--- ,by € F, we have
that f(yo + Zle b; - yz) # g(yo + Zle b; yz) , is at least (.

Proof: For each = 1, , ¢, B; € [g—1] let Xz be the indicator random variable whose value is
1if and only if £ (yo + Yr_; e(Bi)yi) # 9(yo + Yor_y ex(B:)ys). Obviously, Pr[Xs = 1] = dist(f, g)
for every 3. It is not difficult to verify that the random variables X are pairwise independent. This
is true since for any two distinct B!, 4%, the points (yo + Zle ex(B} )yz) and (yo + Zle em(ﬁf)yi)
attain each pair of distinct values in F™ with equal probability when the vectors y; are chosen
randomly and independently. It follows that the random variable X = Zb’ Xpg, which counts
the number of points v = (yo + Zle ex(ﬂi)yi) in which f(v) # g¢(v), has expectation E[X] =
¢t - dist(f, g) and variance Var[X] = ¢*- dist(f, g) - (1 — dist(f, g)) < E[X]. Our objective is to lower
bound the probability that X = 1. We need the well known fact that for a random variable X that
attains nonnegative, integer values,

2
Pr[X > 0] > % (46)

Indeed, if X attains the value ¢ with probability v; for ¢ > 0, then, by Cauchy-Schwartz,

(E[x))’ = (Zil/i>2 - (Zz\/zz\/zz)Q < (Zﬁw) : (Zuz) — E[X?]-Pr[X >0.  (47)
>0 >0 >0

>0
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In our case, this implies

. (Bx)* _  (BIX)®  _ EX]
PriX >0 > T 2 ElX] + (B[X])* 1+EX] “8)
Therefore
E[X] > Pr[X = 1] + (% _Pi[X = 1]) 2= % ~PrX =1], (49)
implying tha
prvine et E[X] - (E[X)?
Pr{X =1] > = BIX (50)

Substituting the value of E[X], the desired result follows. W

Theorem 5 Let F be any family of functions f : F™ — F that corresponds to a linear code C. Let
A(C) denote the minimum distance of the code C and let A(C) denote the minimum distance of the
dual code of C.

Every testing algorithm for the family F must perform Q(A(C)) queries, and if the distance
parameter € is at most A(C)/(2q™), then Q(1/€) is also a lower bound for the necessary number of
queries.

Proof: We start by showing that Q(A(R(d,n))) queries are necessary. A well known fact from
coding theory (see [MS77, Chap. 1,Thm. 10]) states the following: for every linear code C whose
dual code has distance A(C), if we examine a sub-word having length A’, where A’ < A(C), of
a uniformly selected codeword in C, then the resulting sub-word is uniformly distributed in F2'.
Hence it is not possible to distinguish between a random codeword in C and a random word in F™
(which with high probability is far from any codeword) using less than A queries.

We now turn to the case € < A/2¢"™ . To prove the lower bound here, we apply, as usual,
the Yao principle by defining two distributions, one of positive instances, and the other of negative
ones, and then showing that in order to distinguish between those distributions any algorithm must

perform (1/€) queries. The positive distribution has all its mass at the zero vector 0 = (0,--- ,0).
To define the negative distribution, partition the set of all coordinates randomly into ¢ = 1/e
nearly equal parts I,---,I; and give weight 1/¢ to each of the characteristic vectors w; of I;,

i=1,---,t. (Observe that indeed 0 € C due to linearity, and dist(w;,C) = € due to the assumption
on the minimum distance of C). Finally, a random instance is generated by first choosing one
of the distributions with probability 1/2, and then generating a vector according to the chosen
distribution.

Consider the two distributions that were defined. Let A be a deterministic testing algorithm
with query complexity s (where s is a function of €). We need to show that if A gives an incorrect
answer with probability at most 1/3, it must be that s > 1/(3¢) . If A is incorrect on 0 (that is, it
does not accept it), then it is already incorrect with probability at least 1/2. Otherwise A should
accept the input if all the s queried bits are 0. Therefore it accepts as well at least ¢ — s (where
t = 1/e is as defined above) of the inputs w;. This shows that A gives and incorrect answer with
probability at least (¢ — s)/2¢. for this to be smaller than 1/3 it must be the case that s > 1/(3e).
|
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