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Abstract

We consider the following problem of scheduling with cortitswc): Find a minimum makespan
schedule on identical machines where conflicting jobs cabe@cheduled concurrently. We study
the problem when conflicts between jobs are modeled by gegeahs.

Our first main positive result is agxactalgorithm for two machines and job sizesfih, 2}. For
jobs sizes in{1,2, 3}, we can obtain %-approximation, which improves on t@approximation
that was previously known for this case. Our main negatisaltés that for jobs sizes ifil, 2, 3,4},
the problem is APX-hard.

Our second contribution is the initiation of the study of arlime model forswc, where we
present the first results in this model. Specifically, we pravower bound o2 — % on the compet-
itive ratio of any deterministic online algorithm fer machines and unit jobs, and an upper bound
of 2 when the algorithm is not restricted computationally. Hmee machines we can show that
an efficient greedy algorithm achieves this bound. For twelires we present a more complex
algorithm that achieves a competitive ratio2of % when the number of jobs is known in advance
to the algorithm.
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1 Introduction

We consider the problem afcheduling with conflictéswc), defined as follows. There are identical
machines. The input consists of a seof n jobs with processing time§p; } jc.;, and a conflict graph

G = (J, E) over the jobs. Each edge i models a pair of conflicting jobs that cannot be scheduled
concurrently (on different machines). #€hedulas an assignment of time intervals on themachines

to the jobs that satisfies the following conditions: (i) epath; € J is assigned an interval of length on

one machine; (i) intervals on the same machine do not gueaad (iii) intervals assigned to conflicting
jobs do not overlap. Thmakesparof a schedule is the largest endpoint of an interval assigmedob.

We are interested in schedules that minimize the makespan.

Scheduling with conflicts generally arises as resourcesttaimed scheduling [GG75]. In this setting
there is a set of resources, each with a certain supply. Béadigs a specified demand for each resource.
A conflict arises between a subset of jobs if their cumulatiemand of a resource exceeds its supply. In
general this setting can be modeled by a conflict hypergraphpecial cases, a conflict graph suffices,
e.g., if the resources are nonsharable. In [BC96] an agicaf this type is presented for balancing
the load in a parallel computation. In [HKB3] other applications are mentioned in traffic intersactio
control, frequency assignment in cellular networks, ars$sie®m management in local area networks. An
application derived from a problem of assigning operatiwnsrocessors, where the operations are given
in a flow graph, is described in [BJ95].

In the online version oBwc, each jobj has a release time; that specifies when the job arrives.
A job j arrives together with the conflict edges to all jobs whoseasé time is at most;. Hence,
the conflict graph is revealed as the jobs arrive. A joban be scheduled starting any tihe> r;.
Scheduling decisions at timecan only depend on jobs that have arrived before or at timidis model
is often calledscheduling over timeWe compare the makespan of the schedule computed by ar onlin
algorithm to the makespan of an optimal offline algorithm sédnput consists of the whole conflict
graph and the release times of all the jobs. We are inter@steounding the competitive ratio, i.e., the
worst case ratio between the online makespan and the oqtiftine makespan.

Problems involving conflict scheduling can be classifiedoatiog to the following parameters:
() The objective: minimum makespan, minimum sum of compfetimes, maximum response time
(latency). (ii) Job model: unit jobs, arbitrary processtirges with/without preemption, batch schedul-
ing. (iii) Number of machinesn: fixed or unlimited. In this paper we focus on the case charasd
by the minimum makespan objective, nonpreemptive proegssind a fixed number of machines. We
consider the cases of unit jobs, short jobs, and arbitranggasing times. One may further character-
ize problems by: (iv) Online/Offline model: In the online neddjobs arrive at different release times.
(v) Conflict graph: general or belonging to specific classeg.( trees, interval graphs, etc.) We consider
both the online and offline models, and treat general graphs.

1.1 Previous results

A more general case of scheduling with conflicts (i.e., cotglmight not be representable by a graph)
was studied by Garey & Graham [GG75]. They analyzed a typeeddy list scheduling algorithm,
and their analysis implies an approximation ratio?l'g‘ff—1 for swc. We prove the tightness of this upper
bound by presenting examples with unit jobs in which the d¢cisftan be represented by a graph and the
algorithm is forced to have an approximation ratio%}‘—l.1 Baker & Coffman [BC96] consideregwc
with unit jobs under the nammautual exclusion scheduling\n optimal algorithm for two machines and
unit jobs based on matching is described in [GJ75, BC96].

By a reduction fromPARTITION [GJ79], swc is weakly NP-hard for two machines and arbitrary

lGarey & Graham [GG75] proved a lower boundfégf—1 for a more general problem and in particular their lower un
construction does not correspond to a graph.



processing times even if the conflict graph is empty. StrofgHdrdness is known to hold in the unit
case form > 3 in general graphs [BC96] and for various special graphduding: complements of
comparability graphs fom > 3 [Lon92], interval graphs forn > 4 [BJ93], and permutation graphs for
m > 6 [Jan03].

swc with unit jobs onm machines is equivalent to finding a minimum coloring of theftot
graph in which every color class contains at mostvertices, known asn-bounded coloring The
correspondence between these problems is based on agsadifierent color to each time unit in the
schedule, thus the number of colors equals the makespase sthiedule. This case was considered by
Baker and Coffman [BC96], who gave a greedy algorithm thatdg a schedule whose makespan is
within an additivedy, of the optimal, wheré: = [n/m] + 1 anddy is thekth largest degree in the graph.
However, this result does not give a nontrivial approximatratio if the k-th largest degree is close
to n. Special graphs for which the-bounded coloring problens{vc with unit jobs) is polynomially
solvable include: forests [BC96], split graphs and com@eta of interval graphs [Lon92], cographs
and bipartite graphs [BJ93, HHK93], constant treewidth 95], and line graphs [Alo83]. In [BC96],
a constant approximation algorithm is presented for the gawhich the conflict graph is obtained from
a two-dimensional domain decomposition problem.

1.2 Observations based on previous results

swc with unit jobs can be formulated as a set cover problem with eésize at mostn. Applying
the greedy algorithm for set cover gives an approximatidio raf 7,,,. This approximation ratio can
be improved (for small values of) to H,,, — % due to a result of Duh and Furer [DF97]. By applying
scaling, the approximation ratio for unit jobs can be exeshtb arbitrary processing times. Scaling
incurs an increase in the approximation ratio that is ldgaric in the ratio between the maximum
processing time and the minimum processing time. If thigret larger thanlogn, then additional
scaling can be used to reduce the approximation rat@(tog n - log m).

On the hardness side, the problem is already APX-hard indlse of unit jobs andr = 3. Pe-
trank [Pet94] proved that it is NP-hard to distinguish betwenstances of 3-Dimensional-Matching
(3DM) that admit a perfect matching and instances that admli matchings that cover @l — ¢)-
fraction of the elements. The same proof also implies a lemsligap for maximum packing of triangles
in a graph. This, in turn, implies a hardness gap for scheduwiiith conflicts of unit jobs 08 machines.

If we view m as a non-constant parameter, then the problem is highlyinoal on general graphs.
In order to schedule: jobs in a single round, you need to find an independent setefisin the conflict
graph. There are no algorithms known for this that run in tiié™): the fact that the Independent Set
problem is complete for the complexity claBg8[1] [DF95] suggests that improvements may not be
possible. And even if we are satisfied with smaller sets etlcerrently are no known polynomial time
algorithms that findv(1)-size independent sets, even when the independence nusnger iThus, we
cannot expect an(m)-approximation factor, even for unit jobs, in time polyn@hindependent off.
Further, for unboundeeh, the unit jobs case is equivalent to the classic graph cagsroblem, which
is NP-hard to approximate within' —¢-ratio [FK98, Zuc06], for any > 0.

1.3 Our results: the offline model.

The approximation ratios in the offline model are summarizediable 1. Given the hardness results
mentioned previously, we focus on the basic caseicf 2.

On the positive side we give asptimal algorithm for two machines with processing times
{1,2} and a4/3-approximation algorithm fop; € {1,2,3}. Note that a factor of/3 improves on
the 3/2-approximation that can be obtained using [GG75]. The fesult is based on constructing an
appropriate auxiliary graph whose vertices are jobs océdi of jobs and finding a maximum matching
in this graph. We then show how to turn the matching found am@ptimal schedule. Interestingly, this
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algorithm is related to finding a maximubamatching forb = 2 when theb-matching is required to be
bipartite. The second result (fpr € {1, 2, 3}) is obtained by a reduction to the first result. For a direct
proof of this approximation ratio see [Kap07]. On the negaside, we show that fqr; € {1,2,3,4}

the problem is APX-hard. We leave as an open problem the iguest the exact status of the case

by S {17 27 3}

processing timeg; #machinesn approximation ratio technique
unit m Hm — % m-set-cover (based on [DF97])
arbitrary m O(log min{ %, n}-logm) m-set-covert scaling
arbitrary m mT“ greedy (list scheduling) [GG75]
{1,2} 2 1 (optimal) maximum matching
{1,2,3} 2 4/3 reduction to{1, 2}
{1,2,3,4} 2 APX-hard

Table 1: Approximation ratios for scheduling with conflicthe first two algorithms have running time
exponential inm while the third has running time polynomial in. Lines above the double rule refer to
results based on previous work.

1.4 Our results: the online model.

We present the first results fewc in the online model (summarized in Table 2). These resuttisiie
lower and upper bounds for the competitive ratio of deterstim online algorithms. We begin by ana-
lyzing a greedy algorithm for unit jobs and = 2 machines. In contrast to the greedy list scheduling
algorithm [GG75] (in the offline model), the greedy algoniti{in the online model) is shown to be no
better than the trivial algorithm that uses a single machiemely, we prove that the competitive ratio
of the greedy algorithm i€ regardless of whether it uses a First In First Out (FIFO) ostla First
Out (LIFO) policy. Form > 2, a competitive ratio of is achievable for arbitrary processing times in
exponential time by computing an optimal schedule of thedpenjobs in phases. Fer = 3 and unit
jobs a2-competitive ratio can be obtained in polynomial time. Wanhematch this upper bound for
unit jobs by a lower bound df — % In general, an offling-approximation implies an onling + 2
competitive ratio (angh + 1 for unit jobs).

The true value of the best possible competitive ratio is &gming open question. We make a step
in this direction by giving a nontrivial deterministic oné algorithm forn = 2 with a competitive ratio
of 2— % The algorithm is “non-oblivious” in the sense that it isgjivthe number of jobs in advance; this
assumption can be removed at the cost of slightly increasi@gompetitive ratio and flipping a single
coin. The algorithm is based on the observation from our fdvaeinds that FIFO behaves badly when
many jobs appear early in the schedule, while LIFO behavaly lvehen the jobs appear at a relatively
slow rate. Roughly speaking the algorithm decides to folgthier (a variant of) the FIFO policy or (a
variant of) the LIFO policy depending on the rate at whichjtiies arrive.

1.5 Other Related Work.

A special type of resource-constrained problem, in fact lgpsablem ofswc, is the scheduling of
multiprocessor tasks with dedicated processors (see [@)rfo®a dated review). Each job is given with
a specified set of processors that it requires the excluse@iduring its execution. Here, the processors
are the resource, and the number of resourcesughile the number of “machines” can be considered to



processing timep; #machinesn competitive ratio comment

arbitrary m 2 exp. time

arbitrary m pm + 2 (pm + 1 for unit jobs) pm-approximate offline alg.
unit m >2- 1

arbitrary m mt2 (et for unit jobs,m > 3) greedy alg.
unit 2 2— % non-oblivious model

Table 2: Lower and upper bounds on the competitive ratisfec in the online model. Results in lines
above the double rule are based on recomputing an offliné@olof the pending jobs in several phases.

be unlimited. Fom fixed, there exists a linear time fully-polynomial approxsition scheme by Jansen
and Porkolab [JP02]. Note that in this case the conflict gtegsha constant number of vertices.

By varying the scheduling parameters, a large body of rebeapens up. In the case of unbounded
number of machines, the focus has been on special graplesjakee to the aforementioned hardness for
graph coloring. In our case of nhonpreemptive makespan sdihgd two classic problems aynamic
storage allocatioriBKK T04] (corresponding to interval graphs) and fhe transfer problenfCGJL85]
(corresponding to line graphs). If we additionally changeiit jobs or preemptive scheduling, we get
the classical graph coloring or multicoloring problemswdfich there is an extensive literature. If we
instead modify the objective function, then conflict (haegmptive and preemptive) scheduling with the
sum of completion times measure was introduced in [Bi9B] and studied in several recent works.

Bodlaender et. al. [BJW94] considered a complementarylemolzalled scheduling incompatible
jobs (c13). In c13, incompatible jobs cannot be processed by the same machim®y. gave an approxi-
mation algorithm forc1J with arbitrary processing times whose performance is godte case that the
graph can be colored with few coloks< m. The ratio obtained approachgsism /k increases, and is
at most(m + 1)/2 for £ = m — 1. c13was shown to be hard to approximate within any factor less tha
2, foranym > 3. They also gave approximations for the special classegaftite, bounded-treewidth,
and complete graphs.

Somewhat related are papers on bin-packing with conflidigrevin our terms the jobs are nonunit,
the makespan is restricted, and the goal is to minimize tihebewn of machines [Jan99, ELO6].

Online algorithms have been studied for various coloring amulticoloring problems. However,
the work closest to ours is that of Irani & Leung [ILO3]. Thewydied a version involving unit jobs,
unbounded number of machines, with the objective of minimgizhe maximum response time (i.e. job
completion time minus its release time). Further, theyriesd their attention to bipartite and interval
graphs.

1.6 Open Problems

Below we list a few open problems.

1. Recall that we give an optimal algorithm for two machines @rocessing timep; € {1,2}
while for p; € {1,2,3} we give a4/3-approximation ratio. Is it possible to solve the latterecas
optimally, or is the problem hard? Recall that fore {1, 2, 3,4} the problem is APX-hard.

2. Our algorithm fomp; € {1,2,3} on two machines can be extended to the cagg ef {1, ..., k},
where it gives a ratio o — % However, fork > 3 (andm = 2) the algorithm of [GG75] has a
better performance of/2. Is it possible to beat th&/2 bound fork > 3?

3. Our online algorithm for unit jobs on two machines is basadieciding whether to run a FIFO-
based policy or a LIFO-based policy according to the numbgbs that arrived up till a particular
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point. Is it possible to get a competitive ratio better ti2ansing an oblivious algorithm that
switches between a FIFO policy and a LIFO policy accordintheonumber of pending jobs? Is
it possible to improve on our bound Bf— % and possibly even match the lower bound¢2?

4. Is there an algorithm with ratio(m) whenm is a fixed constant?

2 Preliminaries

The offline model. In a scheduling problem with conflicts ean machines, the input consists of (i) a
set.J of n jobs, (i) a (simple) conflict graplir = (J, E) over the jobs, and (iii) an integral processing
time p; for each jobj € J. Adjacent jobs ini are conflicting and cannot be scheduled concurrently on
different machines. Each jogbconsists op; job slices each of unit length. Time is discrete and proceeds
in rounds. We use the notatidh , ¢o| for t; < t, to denote the sdit1,t1 +1,. .., t2}. We refer to a pair
(i,t), wherei is a machine andis a round, as enachine slatA set of slots{ (i, t) : t € [t1, 2]} is called
aninterval of slots. Two slotg(i, t) and(is, t) with the same round component are calethcurrent

A schedulel” is a one-to-one assignment from job slices to slots thasfgegithe following two
properties: (i) Nonpreemptive: the slices of a job are as=igo an interval of slots on the same machine.
(i) Nonconflicting: job slices assigned to concurrent sldb not belong to conflicting jobs. Note that
since the schedule is one-to-one and preemption is pretifdihe number of slots in the interval of slots
assigned to job equalsp;.

Themakesparmf a scheduld is the last round in which a slot is assigned a job slice. Wetethe
makespan of a scheduléby makespa(il’). The goal in this paper is to find a schedule with a minimum
(or approximately minimum) makespan.

We concentrate odeterministic scheduling algorithmmth in the offline and the online models.

The online model. In the online model, each jophas release time;. As in the offline model, time is
divided into discrete rounds starting with round one. galorives in the beginning of round, and may
be assigned to machine slots in rounds greater than or emual This model is often called scheduling
over time. A job; arrives with the conflict edges to all jobs whose release tsaé most-;. Hence, the
conflict graph is revealed as the jobs arrive.

We deal mostly with unit jobs in the online model. An onlindveduling algorithm for unit jobs
proceeds as follows. The set of released jobs that have meatdgl been scheduled grending In the
beginning of each round, the scheduling algorithm selects a subgebf at mostm nonconflicting
pending jobs. These jobs are scheduled in rourid the beginning of the next rounc4+- 1, the set of
pending jobs is updated; the jobs scheduled in round are removed, and the jobs with release time
r; = (t + 1) are added. In the more general case of jobs with varying psiog times, there are two
modifications: (1) The decision concerning which jobs toesktiie is not necessarily made at the start
of each round, but rather at the start of rounds where at tm@stmachine becomes idle. (2) For each
such rounds, the set of jobs selected to be scheduled starting at roundst be nonconflicting with
all jobs already scheduled in round Note that if the total number of jobs is not known in advarnze t
the algorithm, then it runs forever (since a new job may ariivany round). Regardless of whether
the number of jobs is known in advance, the makespan is definbd the last round in which a job
is scheduled. We assume that the time required to determimehviobs to schedule in each round is
negligible compared to the duration of a round.

We compare the makespan of the schedule computed by an aigim&thm to the makespan of an
optimal offline algorithm whose input consists of the whadaftict graph and the release times of all the
jobs. We are interested in bounds on the worst case ratiodesithe online makespan and the optimal
offline makespan.



Additional terminology.  The complement of the conflict graighis theagreement graply’ = (J, ).
Namely, the agreement graph is a simple graph in whjghj,) € E if and only if (j1, j2) ¢ E. Since
independent sets in the conflict graph correspond to cliquéise agreement graph, jobs that form a
clique of sizem in the agreement grapf can be scheduled concurrently.

A slot that is not assigned a job slice is calleale The set of holes in a scheddiléis denoted by
holeqT"), and the number of holes is denoted|hglegT")|. A round in which all slots are holes is said
to bevacant

Letp(J") 2 E]EJ, p;. In particular, the total amount of work that needs to be essed i(J).

For a given input, IleOPT denote a schedule with minimum makespan andQ&T| denote its
makespan.

3 Results for the Offline Model

In this section we present three results for scheduling amnvachines. The first result is an APX-
hardness proof for two machines apd € {1,2,3,4}. The second and third results improve on the
upper bound o%ﬂ = % that the simple greedy algorithm of [GG75] (see also Apperdiachieves
on two machines (and arbitrary job sizes). Specifically,seond result is an optimal algorithm for the
case that the processing times satjsfyc {1, 2}. The third result is a/3-approximation algorithm for
the case thai; € {1,2,3}. These algorithms rely on computing a maximum matching iagpropriate
auxiliary graph. We first recall what is known for unit jobsceivo machines.

Unitjobs. Garey and Johnson presented the following optimal algworfiir the case of unit jobs [GJ75]
(see also [BC96]): Compute a maximum matchiign the agreement grapt, and schedule matched
pairs concurrently but unmatched jobs as singletons. Thienafity of this algorithm is based on the
following observation.

Observation 3.1 In the case of unit jobs, every matching in the agreement graph induces a schedule
with makespan ofJ| — |M|. Correspondingly, every schedule without vacant rounds induces a
matchingMy in G, such thai M| = |J| — makespafil’).

3.1 APX-Hardness form = 2

Theorem 1 swcis APX-hard form = 2 machines. This holds even if jobs are of length at most 4.

Proof: We give a reduction fron3-set packing. Namely, given is an instandé C), whereU is a
set of n base elements, ard@d is a collection of? triplets (subsets of siz8) from U. By Petrank’s
result [Pet94] for 3-dimensional matching (which is a spkcase of3-set packing), it is NP-hard to
distinguish between the following two cases: a) There is@ctdisjoint cover of/ with n/3 sets from
C, or b) There is no collection dfl — ¢)n/3 disjoint sets fronC. This holds even if each element occurs
in at most 5 different triplets, so that< 5n/3.

Given an instancéU, C), we form an agreement graghi(U, C) over three groups of jobs (repre-
sented by the graph vertice®lemenjobsu, .. ., u, of unit length,setjobsvy, ..., v, of length 3, and
¢" = ¢ — n/3 triplets ofdummyjobs. Each triplet of dummy jobs consists of three jobs:y;, andz;,
of length 1,2, and 4, respectively. Note th@t/) = n + 3¢ + 7¢' = 100 — (4/3)n = 10¢' 4+ 2n = O(n)
(where J is the set of all jobs). The edges 6fU,C) are determined as follows: There is an edge
between an element jah and a set joly; whenever the corresponding element is in the set; there is an
edge between every pait andz;; and for everyi = 1,...,¢ we have the edges:;, ;) and (y;, z;)
(see Figure 1 (A)).

In what follows, when we say that two jobs are schedupgosite to each otheve mean that there
is at least one round in which a slice of one job is scheduledwoently with a slice of the other job.
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We say that a job igully opposite another job if each of its slices is scheduled dpés the other
job. Suppose there is a perfect packingih C), that is, there are/3 disjoint sets of elements i@.
Then we can form a schedule of makespgui)/2 = 5¢' + n by scheduling each of the/3 set jobs
corresponding to the disjoint sets concurrently with thre¢kelement jobs it contains. The remainitig
set jobs are scheduled with thetriplets of dummy jobs as follows. Group each dummy triptegether
with one set job, and schedule them using three rounds astddpin Figure 1 (B). This gives a perfect
schedule of makespan{.J)/2 = 5¢ + n.

We now turn to the case in which there is no collectiorilof- €)n /3 disjoint sets fronC, and show
that in this case every schedule must have makegp@ah /2)(1 + o) for § = Q(e). We shall need the
following claim.

Claim 3.2 Let h be the number of holes in a schedule for the agreement géa@h C). Then the
number of set jobs that are scheduled concurrently withetlelement jobs is at least/3 — h.

Proof: We prove the equivalent claim that there are at ndost(n/3 — h) = ¢’ + h set jobs that have
less tharthree elements scheduled opposite to them. To this end vsedesrholes of two types: holes
opposite set jobs, whose number we denotéyand holes opposite dummy jobs (that is eitheran
y-, Or az-job), whose number we denote bhy. Consider a dummy job;. Such a job is scheduled
opposite at most two set jobs. Let ¢« = 1,2, be the number of-jobs scheduled opposite igobs.
Then,

ap+ag < 0. (1)
For eachz-job scheduled opposite to two set jobs, there is at leasholee(opposite the corresponding

y- or z-job). Therefore,
az < hg (2)

Let b denote the number of set jobs that are scheduled oppos#ehan3 element jobs and are not
scheduled opposite anyjob. Then,
b < hs 3)

Now, the total number of set jobs that are scheduled opplestethar8 element jobs is at most

a; +2a2+b= (a1 +a2) +ax+0b
<l +hg+ hs by Inequalities (1-3)
<l +h,

as claimed. [ |

If there is no 3-set packing of siZ@ — €)%, then the number of set jobs that are scheduled concur-

rently with three element jobs can be at mgst- ¢)5 = 3 — <. By Claim 3.2 this implies that for

every scheduleh > <, so that the total makespan is at leggt/) + h)/2 = (p(J)/2) (1 + %)
Sincee is a constant angl(.J) = O(n) we get a lower bound afp(J)/2)(1 + §) for § = Q(1). [ |

3.2 An Optimal Algorithm for Processing Timesp, € {1, 2}

Intuition.  Consider a schedule on two machines ande {1,2}. Such a schedule corresponds to
a matching between job slices (of unit size, as defined in tbknminaries). Namely, each pair of job
slices that are scheduled concurrently, are matched, aold €lice opposite to a hole is left unmatched.
Note that for all pairs of matched job slices, the corresjimpbbs are adjacent in the agreement graph.
Given this matching, the resulting makespan is exactly tine sf processing times minus the size of the
matching.
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Figure 1: An illustration of the construction for the APX+daess result o8 machines (Theorem 1).
(A) An illustration of the agreement gragh(U, C). (B) The schedule when the input instance for set
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In view of the above description, the high level idea of trgoathm is to create an auxiliary graph
whose vertices correspond to job slices. We then find a maximatching in this graph and transform
the matching into a schedule. Care must be taken when definengraph that the matching found
induces indeed a feasible schedule. In particular, it magtdssible to schedule different slices of the
same job consecutively. Details follow.

Auxiliary graph.  To simplify notation, we refer to unit jobs in this subseatiwith the letter;. Jobs
whose processing time equalsre calleddoublesize jobs (in short, double jobs) and are named with
the lettersu andw. N o N

We define an auxiliary grapy = (J, E) (see Fig. 2). The vertex sdtcontains one vertex for each
unit jobj € J, and two vertices for each double jobe J as follows. Each double jobis split into two
slices: atype-avertexv, and atype-bvertexv,. The edge sel’ consists ofagreement edgdsetween
slices. Loosely speaking, agreement edges are inducecagteement graph subject to the constraint
that there are no agreement edges between a type-a vertextgoetb vertex. Formally,

Es2{(,v,) | o€ {a,b},(j,v) € E}YU{(vg,uo) | o € {a,b}, (v,u) € E}.

We refer to edges between type-a verti¢es, u,) as type-a edges, and to edges between type-b
vertices(vy, up) as type-b edges.

agreement
edg\es\E; ¥
o [Ua
_ u v
]
o [
o [Va
o [Vb
job slices
(A) (B)

Figure 2: (A) An agreement graph over three jgbs,v. The processing times afg = 1 andp, =
py, = 2. (B) The corresponding auxiliary graph. Job slices of tgpare depicted using a filled circle
while job slices of type-b are depicted using an unfilledleir¢Jnit jobs lack a circle.

Given the auxiliary graph‘G and a matching\/, let GM denote the (multi) graph obtained froﬁ’l
and M as follows (see Fig. 3). Consider the subgrapl@ohduced byM. For each double job < J,
coalesce the verticas, anduv, in Jinto a single vertex in J. The vertices that correspond to unit jobs
remain as inJ. For each edge in the matchidd, there is an edge iy, If an edge in} is incident to
a vertexv, or v, in J, then the corresponding edgefnis incident to the vertex in J. Note that each
vertex inG)y is incident to at most two edges.

Claim 3.3 For any matchingV/ in G, the graphG, is bipartite.

Proof: Since vertices ir(A;M have degree at mogt the graph is a union of disjoint paths and cycles.
Each path is, clearly, bipartite. Consider a cyclin G (see Fig. 3 (B)). Since all vertices in the cycle
T are incident to two edges i@y, it follows that each vertex im corresponds to a double job. Each
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edge(a, v) in 7 corresponds either to an edge,, v,) in the matching)/ or to an edgeuy, vy) In M
(since edges i do not connect slices of different types). Each coalescegxé contains one type-a
slice and one type-b slice. It follows that the edges afternate between type-a edges and type-b edges.
Hence, the cycle has even length. |

Scheduling algorithm.
1. Compute a maximum matchirjg in G.

2. PartitionG— into paths and cycles.

M
3. For each path or cyclein CA}M, obtain a schedulé’; of corresponding jobs as described in the
proof of Claim 3.4 below.

4. Return the concatenation of the schedyl€s}.

Let 7 be a path or a cycle i6',;. Denote by.J- the set of jobs that correspond to vertices jrand
by M. the set of edges in.

Claim 3.4 For any given matching/ in G, consider the auxiliary grap@M. Each path or cycle in
G induces a schedul@; of the jobs corresponding to the vertices7insuch thatmakespa(il’;) =
p(']T) - |MT|

Proof: First consider a path in @M. Note that unit job vertices are incident to at most one edge i
Gu. Hence, they may appear only as end vertices in the patimterior vertices inr correspond to
double jobs. This implies that the path induces a schedulioh jobs alternate between the machines
as depicted in Fig. 3 (C). The only holes, if any, in this sehedre in the first and last round. A hole
appears in the schedule if the path begins or ends with a egoblof degree at modt, or a unit job

of degreed. Hence, the makespan of the schedule is the number of j@sshe minus the number of
pairs of matched slices (that are scheduled concurreriitygrefore makespafi’;) = p(J-) — |M;| as
claimed.

Next consider a cycle in Gu. By Claim 3.3, the cycle is of even length. Since there is an edge
(a,0)in @M only if there is an edge between the corresponding doubkejandwv in the agreement
graphG, the type-b edges form a perfect matchingibetween the jobs that correspond to vertices on
the cycler (see Fig. 3 (D)). And the claim follows. |

Correctness. Optimality of the algorithm is derived from Lemmas 3.5 an€, 3tated below.

Lemma 3.5 Every matchingM in the auxiliary graph(NJ induces a feasible schedul@,, such that
makespafily,) = p(J) — | M]|.

Lemma 3.5 follows immediately from Claim 3.4.

Lemma 3.6 Every scheduld” induces a matching/; in the auxiliary graphG with |Mp| > p(J) —
makespafil’).

Equality holds in Lemma 3.6 if there are no vacant rounds.in

Proof: We consider the rounds i starting from the first round. We shall map each round with
two concurrent job slices to an edgeﬁiﬁ so that the edges form a matching. The main issue will be
in selecting the typesu(or b) for job slices of double jobs. There are three types of rewvith two
concurrent job slices scheduled in them:

11



21) 20,
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Figure 3: An unfilled circle represents a type-a vertex, whilfilled circle represents a type-b vertex.
(A) A path in the auxiliary grapl@fw«. (B) A cycle in the auxiliary grapkﬁfw«. The thick edges induce
the schedule. (C) An induced schedule for the path in (A). Gtmatched job slice vertex in the path
translates to a hole. (D) An induced schedule without haleghie cycle in (B).
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1. Unitjobs; andk are scheduled concurrently in the round. In this case theist bre an edge i/
between the corresponding vertices, and we select this edge

2. Unit job j is scheduled concurrently with a job slice of a double jolif this is the first slice of
jobw, orif this is the second slice of joband the first one was scheduled opposite a hole, then we
select the edgéj, v,) € E. Otherwise (it is the second slice and the first one was naddbhd
opposite a hole), the previous round was mapped to an edgg) (or (z,v)), and we select
(7, vp) (or, respectively(j, vg)).

3. A slice of a double joly is scheduled concurrently with a slice of another doublejolif they
are both the first slice of their respective jobs, then wecséle,, u, ). If they are both the second
slice of their respective jobs, then we selégf, u;). Otherwise, one of them is a second slice of
its job, if its first slice was scheduled opposite to a hole eled (v,, u,). Otherwise, the type
selected for its first slice determines its type, so we s@gler(v,, u,) or (vp, up) accordingly.

Theorem 2 The algorithm for scheduling jobs with processing timpes: {1,2} computes a schedule
with minimum makespan.

Proof: Let M denote the maximum matching in the auxiliary graph foundhigyscheduling algorithm.
Let 7™ denote a schedule with minimum makespan, and4et denote the matching induced By as
defined in Lemma 3.6.

makespafily;) = p(J) — ]M] (by Lemma 3.5)
< p(J) — |Mp-| (M is maximum)
< makespafil™) (by Lemma 3.6)

On the relation to b-matching. Loosely speaking, &-matching is a multi-set of edges, where
the degree of each vertexwith respect toF' is at mostb, (an edge can be chosen more than once).
The algorithm we showed above solves the problem of findinguaimmum bipartiteb-matching where

b; = p;. This algorithm works only whep; € {1, 2}.

3.3 ;-Approximation for Processing Timesp; € {1, 2,3}

We now give an algorithm for this case, withlA3-approximation ratio. This result is a reduction to the
previous optimal algorithm fop; € {1,2}. A direct proof of this approximation ratio, which extends
the construction from Subsection 3.2, can be found in [K&p07

Given an input teswc consisting of a conflict grapty¥ = (J, E') and processing timgs; for each
j € J, we define the;-squeezednstance of this input by the same conflict graph, but whelbejjcs
truncated aimin(g,p;). Consider the algorithm fom = 2 andp; € {1,2,3} that finds an optimal
solution of the 2-squeezed instance, and then “stretchies’st¢hedule to fit the original triplet jobs.
The process of “stretching” can be described in two stagesst, Fevery even-numbered round that
contains at least one squeezed job is duplicated. This sauseated jobs to be stretched back to their
original processing time of three, as desired, but it map akuse the duplication of unit jobs, and
the unnecessary stretching of double jobs. In the secomg st@ simply put a hole instead of each
duplicated unit job and a hole instead of the first job sliceadh stretched double job. This results in a
valid schedule for the original instance.
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Theorem 3 Stretching the optimal schedule of the 2-squeezed instaaltks a4 /3-approximation for
swcfor m = 2 withp; € {1,2,3}.

Proof: Let G = (J, E) be the original instance, and, i = 1,2, 3, be the number of jobs with; = 1.
Recall thatp(J) = n1 + 2ny + 3ng is the total length of jobs id7. For a given schedule, we say that a
round isbusyif jobs are schedule on both machines in this round. d_eé the number of busy rounds
in an optimal schedule far. Let Gy = (J2, E) be the 2-squeezed instance andilebe the number of
busy rounds in an optimal schedule 1Gs.

The optimal schedule @, has makespan @f(.J5) — dy = n1 +2(ny + ng) — ds. In the algorithm’s
schedule for=, each triple job is stretched, introducing a hole when ndtimed by another triple. Thus,
the makespan of the algorithm is bounded by

|Alg| < p(J2) — d2 + ng = p(J) — do.
The optimal makespan @f always satisfies
|OPT| > p(J)/2.

Thus, ifdy > p(.J)/3, then the ratidAlg|/|OPT] is at most4/3, as claimed. To deal with the case that
dy < p(J)/3 we prove the next claim.

Claim 3.7 5
do > =d.
3

Proof: Given a schedul® PT for the original instance witld busy rounds, we show how to form a
scheduleO PT5 for the squeezed instance with > %d busy rounds. Consider the first triple jabin
OPT. All rounds preceding it are copied verbatim@nP7T;. We now argue how to handle the rounds
involving u. If in at least one of these roundsis scheduled opposite a hole, then we delete one such
round and keep the other two. Otherwise, all these roundbuamg and we consider two cases. In the
first case, another triple jol, is scheduled opposite (where, by definition ot:, the jobv ends with or
afteru). In this case we delete the last round in whicis scheduled (so that bothandv are squeezed).
In the second case, the jobs scheduled oppaséee either unit jobs or double jobs. In this case we
keep all three rounds, but execut®nly for two of the rounds (thus creating a single hole). la tases
above, there are two busy rounds involvingn O PT if the corresponding number i@ PT is three,
and otherwise the numbers are identical. By induction, vea tinansform the part a® PT" involving
rounds followingu, to complete the claim. |

The optimal makespan @, |OPT]|, can be written ag(.J) — d. With Claim 3.7 we have that
|OPT| = p(J) — d > p(J) — 3da/2.

It follows that the ratigAlg|/|OPT] is at mostl + (d2/2)/(p(J) — 3d2/2), which is at mostt/3 when
d2 < p(J)/3. Hence, in either case we get a performance rati¢y/ 8f |

4 Results for the Online Model

In this section we consider online scheduling of jobs witlease times. We begin with a triviak
competitive online algorithm for two machines and contiwiéh the following results: (i) an expo-
nential time2-competitive online algorithm forn > 3 machines and a polynomial time + O(1))-
competitive online algorithm that is baseg-@pproximation algorithm for the offline problem, (i) an
mtl_competitive algorithm for unit jobs om > 3 machines, and%2-competitive for arbitrary pro-
cessing times, (iii) a lower bound @ffor the competitive ratio of the greedy algorithm on two miaels

14



that uses either a FIFO or LIFO policy, and (iv) a lower boufice- 1/m for the competitive ratio
of any deterministic online scheduling algorithm far > 2 machines (this lower bound holds even for
unit jobs). In the next section we give an efficient algoritfomtwo machines and unit jobs that has a
competitive ratio better tha

The online model. Recall that the release time of jghs denoted by-;. This means that jop can be
scheduled in any rountd> r;. We assume that joparrives at the beginning of round. We refer to
jobs that have been released but not schedulgeading An algorithm isnon-lazyif it assigns at least
one job in a round whenever there are pending jobs. Call aim&ralgorithm?2-nonlazyif a job j is
scheduled as a singleton only when no job agreeing yishpending.

4.1 A2-Competitive Algorithm for Two Machines

Consider the trivial algorithm that schedules all jobs onirgle machine. Namely, at each round, if
the set of pending jobs is not empty, the algorithm schedufds one of the pending jobs on the first
machine.

Lemma 4.1 The single machine scheduler2sompetitive.

Proof: LetT; denote a non-lazy schedule of all jobs on a single machindirgfeonsider the case that
the scheduld’ lacks holes. The makespan Bf equals the total amount of wogk.J). The optimal
two-machine makespan is at least half the amount of work cel@h is 2-competitive.

We now deal with the case that the schedlilecontains holes. Consider the last consecutive block
of rounds{t; + 1,...,t2} in Ty that lacks holes. Namelypakespan(T;) = t2, no job is scheduled in
T during roundty, while some job is scheduled in each round fromt 1 till ¢5.

LetJ = {j € J | r; > t1}. All the jobs inJ’" are scheduled iff’; during roundst; + 1 till ¢o.
Moreover, these are the only jobs scheduled during thesalsysince in round; no job was scheduled.
It follows thatte — ¢, = p(J’).

On the other hand, the optimal makespa@®T]| is at least; + 5 - p(J’). Hence,

makespan(Ty) = t1 + p(J')
1

<[OPT + £ -p()
<2.|OPT].

To complete the claim we describe an input sequence for wihiehmakespan of the single machine
scheduler is twice the optimal makespan. This input sequennsist of:/2 pairs of unit jobs, where
theith pair is released in round and all jobs are non-conflicting. |

Lemma 4.1 easily extends to machines as follows.
Lemma 4.2 The competitive ratio of any non-lazy algorithm@nmachines is at most.

4.2 A2-Competitive Exponential Time Online Algorithm for m > 3 Machines

For a conflict graphZ = (J, E) and a subset of jobg’ C .J, we useOPT(.J') to denote an optimal
schedule for the subgraph ¢f induced byJ’. We use|OPT(.J’)| to denote the makespan of this
schedule, where we measure the number of rounds that elapsédtfe first release time of a job iff

till the last round in the schedule. The proof of the follog/itheorem appears in [SWW95].

Theorem 4 There is an online algorithm for arbitrary processing timeish competitive ratio 2.
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Proof. Consider the following algorithm that proceeds in phase$ eansisting of one or more rounds.
Let f; be the last round of phase and thusf;_; + 1 is the first round of phasé In phasei, the
algorithm computes an optimal offline schedule of the pemgiaibs and then executes that schedule.
The next phase starts when the last scheduled job finishean@ity of the offline algorithm in each
phase implies that the processing time in the phase satisfies

fi — fi=1 < |OPT(Jy)],

whereJ; is the set of jobs processed in phasket/ be the last phase. Since there were jobs pending at
the start of phasé, they were released after the start of phéasel. Thus, the makespan of the optimal
schedule is at least

|OPT| > fy—2 + |OPT(Jy)|.

Then, the makespan of the algorithm equglsvhich is bounded by

foe=(fo— fe1) + (foo1 — fo2) + foo
= |OPT(Jy)| + |OPT(Jy—1)| + fo—2
< |OPT| + [OPT(J;—1)|
< 2. |OPT.

4.3 A(p+0O(1))-Competitive Polynomial Time Online Algorithm for m > 3 Machines

Suppose we have an offline algorithm that is-approximation algorithm for the makespan. We next
describe an online algorithm that is a variant of the algponidescribed in Theorem 4. In the exponential
algorithm, all pending jobs in the beginning of a phase ahedualed during the phase. In fact, the end
of the phase is marked by scheduling all the jobs that were pending in #giriming of the phase.
The polynomial algorithm is different in two ways. First,dbes not compute an optimal schedule but
a p-approximate solution for the pending jobs. &t denote the»-approximate schedule computed in
the beginning of phasie Second, the end of a phase depends on the arrival of new joiogydl;. If no
new jobs arrive, theil; is fully executed. However, if a new job arrives in roufjdhen the algorithm
only schedules the prefix @i consisting of jobs whose processing bedie$oreroundt¢. Note that in
such a case, thith phase ends no later than roung max;{p,} — 1.

The rational behind not completing the schedileis that the analysis does not benefit from jobs
that are processed before rouritf*. In fact, had the algorithm known in advance the number o job
or ™ it could simply remain idle until round™?*. In this case, the offline algorithm yield§ a+ 1)-
competitive ratio.

However, the algorithm is oblivious (i.e., does not knaver »™2* in advance). Consider the exe-
cution of the algorithm at the start of rount"™® = max;{r;}. The current phase ends after at most
max;{p; } — 1 additional rounds. Since all jobs have arrived by roufit”, the last phase takes at most
p-|OPT| rounds. The makespan of the online algorithm is at mest; {r; } +max;{p;} —1+p-|OPT].

For arbitrary jobs sizes this is at mggt+ 2) - |OPT| and for unit jobs it is at mogip + 1) - |OPT|.

In particular, suppose we use as the offline algorithmyithset cover approximation algorithm for
unit jobs based on [DF97] for which= H,,, — 1/2. We then get an online algorithm with a competitive
ratio of H,, + % By using the greedy offline algorithm of [GG75], which hasagproximation ratio of
(m+1)/2, we get a competitive ratio @fn + 3)/2 for unit jobs andm + 5) /2 for arbitrary processing
times. In the next two subsections we present better bowrdsnline greedy algorithms that do not
recompute approximate schedules in phases.
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4.4 An "”T“-Competitive Algorithm for Unit Jobs on m > 3 Machines

In Subsection 4.2 we described an online algorithm for eahjtprocessing times on any number of
machines that has a competitive ratic2pfvhere the running time of the algorithm is exponentiatin
Here we show that it is possible to get the same competitive fiar unit jobs on three machines, using
a simple greedy algorithm. As we show in the next sectios, ibsult is tight when the algorithm breaks
ties using either a FIFO or a LIFO poliéy.

We first need the following refinement of the greedy list sehied result of [GG75]. The analysis
of this algorithm only the fact that the algorithm is 2-nanjaand therefore by Equation (29) (in the
appendix) the following fact holds.

Fact 4.3 (Refinement of [GG75]) The makespan of any (offline) 2-nonlazy scheduling algorith
bounded by - (p(J) + |OPT)).

Theorem 5 The competitive ratio of any 2-nonlazy algorithm for unibgoonm > 3 machines is at
most™L,
2

Proof: A singleton round is one where the algorithm schedules a b gingleton. Observe that
pending jobs in singleton rounds must form an independedni ke agreement graph. Lebe the last
singleton round befor@OPT| + 1, or 0 if there is no such round, and I&f be the set of pending jobs at
the start of round. The first observation is that, the optimal schedule musg laleasinax (| X |—r,0)
pending jobs fromX at the start of round + 1, because it can schedule at most a single job ffom
in each of the rounds, . .., r. The second observation is that the optimal solution caadudle at most
m(JOPT|—r) jobs during rounds+1, ..., |OPT| (recall that- < |OPT]). Since at leashax(|X|—r,0)

of these jobs must have been released by royrad mostm (|OPT| — r) — max{|X| — r,0} jobs can
be released between round- 1 and round OPT|. By definition ofr, the algorithm schedules at least
two jobs in each of these rounds. Hence, at the end of r@@Rd|, the number of pending jobs left for
the algorithm to schedule is at most

(IX|=1) + (m(|]OPT| — r) — max{|X| — r,0}) — 2(|OPT| — r).

If m > 3, then the expression above is less tlyan— 2)|OPT. From round|OPT| + 1 the algorithm
behaves like an offline 2-nonlazy algorithm, schedulings¢hgbs using at mostm — 2)|OPT| +
|OPT])/2 = (m — 1)|OPT|/2 additional rounds (by Fact 4.3). [ |

In particular, we can achieve a competitive rati®dbr three machines even in the caseasfource
reduction i.e. when the algorithm gets to use only two machines.

45 An "”T“-Competitive Algorithm for Arbitrary p; onm > 3 Machines

We also show a competitive ratio 0f» + 2) /2 for arbitrary processing times.

Theorem 6 The competitive ratio of any 2-nonlazy algorithm for arlry processing times is at most
(m+2)/2.

Proof: Letr™ be the release time of the last job. LEtbe the subset of jobs induced by the pending
and active jobs at that time, counting only the unfinishedhdsuin the length of the active jobs. I.e.

if a job j is of lengthp; and has been executed fgrrounds by round"™**, then its length inJ" will

bep; — ¢;. Observe thap(J') < p(J) — r™**, as the algorithm schedules at least one job per round,

2The lower bound in the next subsection is stated for two nmeshibut holds for any number of machines> 2, since
even if there are more than two machines, the algorithm ==fibto use a single machine while the optimal schedule uses tw
machines.
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since it is nonlazy. By round™?*, the algorithm behaves like an offline 2-nonlazy algoritipmoducing
a schedule with makespan of at m@stJ’') + OPT(J'))/2, by Fact 4.3. Hence, the makespan of the
algorithm’s schedule is at most

|Alg| < ™% 4 (p(J') + OPT(J"))/2
< (p(J) +r™** + OPT)/2

(m + 2)
2

< . OPT,

where the last line follows frorﬁ% < OPTandr™ax < OPT. [ |

4.6 A Lower Bound of 2 for the Competitive Ratio of Greedy

Recall that in the offline case (that is, when all jobs haveass time-; = 0), a simple greedy algo-
rithm achieves a non-trivial approximation ratio?@cg—1 (as opposed to the trivial factan achieved by
scheduling all jobs on a single machine). In particular,tha case of two machines, its approximation
ratio is % Here we show that in the online case of unit jobs with arbjtizlease times, the natural
online greedy algorithm for two machines performs no bditethe worst case) than the trivial single
machine algorithm. Specifically, the greedy algorithm foit jobs that we consider proceeds as follows.

Let J; denote the set of pending jobs in the beginning of roundf .J; contains a pair of non-
conflicting jobs, then the greedy algorithm schedules sugaia Otherwise, ifJ; is not empty, it
schedules a single job. We refer to this version of the gregggrithm as “Greedy-FIFO” since, in the
case that a single job is scheduled, it selects a pendingijbkitve minimum release time. The algorithm
may choose any pair of nonconflicting pending jobs, if moenthne such pair exists. The lower bound
does not depend on how such pairs are selected since thesagveray force Greedy-FIFO to schedule
at most one job in each round (i.e., the deof pending jobs will always be an independent set in the
agreement graph).

We now prove that the competitive ratio of Greedy-FIFQ {# is not greater thag because Greedy-
FIFO is never worse than the trivial single machine schejlulote that this lower bound holds even
with respect to unit jobs.

Lemma 4.4 The competitive ratio of Greedy-FIFO 2

Proof: We construct an agreement gragh= (.J, E) over 2k — 1 unit jobs, wherek is an arbitrary
positive integer, as follows. The graghis a set ofk — 1 disjoint edges, and one isolated vertex. The
adaptive adversary maintains the invariant that in eachddhbe set of pending jobs for Greedy-FIFO
forms an independent set @, and therefore Greedy-FIFO can only schedule one job in emaaid.

At the first round, the adversary releaggsbs. These jobs are an independent sét (ione endpoint
of each edge, plus the isolated vertex). In each ofkthel first rounds Greedy-FIFO chooses one of
these jobs and schedules it. This follows from the fact thate@y-FIFO follows a FIFO policy and
from the invariant that the set of pending jobs is an indepahdet inGG. Let j be the job Greedy-FIFO
scheduled in round, then in round: + 1 the adversary releases a jgb(so thatr;; = i + 1) with an
edge(j, ;') € E. (The jobs, the agreement edges, and the release timespaceedean Fig. 4 (A)).

An optimal schedule will first schedule the isolated job inmd1. In each of the following rounds it
will schedule pairs of agreeing jobs. Jopband;’ will be scheduled in round if r;; =i and(j, j’) € E
(see Fig. 4 (B)).

The adversary forces Greedy-FIFO to schedule the#ijsbs as singletons in the firstrounds. At
the beginning of round: + 1, the set of pending jobs is an independent set (each of thdingejobs
is an endpoint of an edge whose other endpoint was alreagylgtdd). Hence, Greedy-FIFO is forced
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Figure 4: (A) The agreement graggh for the case that Greedy-FIFO schedules joim round j for
j € {1,...,k}. The number next to each vertex is the job’s name. The végizsition of the vertex
shows the release time of job j. (B) An optimal schedule. The numbers inside representabe jhat
are scheduled at that time slot. (C) Greedy-FIFO'’s schetthaleuses a single machine.
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to schedule each of these jobs in a different round as wek. niakespan of Greedy-FIFO is therefore
2k — 1 (see Fig. 4 (C)). |

Note that a greedy algorithm with a LIFO policy does not do better. The adversary can schedule
jobs as depicted in Fig. 5. Again, the algorithm scheduldg one job per round, while the optimal
algorithm can schedule pairs of jobs in all the rounds but one

k H
k+1 H
2k—2 H
2k — 1
k—1 2k—1 2k—1 H
2k—1
rop—1 =k
k—1 H
2k—2
k—1
k-2 ¥
2 k+2
Tk42 = 3
1 k+1 2 H
The1 =2
k H 1 H
7’]‘ =1 %
(4) (B) (@)

Figure 5: (A) The agreement gragh The number next to each vertex is the job’s name. The veértica
position of the vertex shows the release timef job j. (B) An optimal schedule. The numbers inside
represent the jobs that are scheduled at that time slot. IfE)’s schedule that uses a single machine.

4.7 A General Lower Bound of2 — ni% for The Competitive Ratio

In this section we prove the following theorem.

Theorem 7 Let Alg be an online algorithm that schedules jobs with reéeaimes omn machines. Then
the competitive ratio for the makespan of algorithm Alg ikast2 — % In fact, this lower bound holds
for unit jobs.

We first show that the makespan is not increased by imposmgetiriction that the algorithm is
non-lazy. We therefore assume without loss of generaligt the online algorithm is non-lazy.

Lemma 4.5 Any online algorithm Algfor unit jobs can be transformed into a non-lazy online aitjon
Alg, such thatnakespan(Alg,) < makespan(Alg;).

Proof: The algorithmAlg, mimics Alg, with the restriction thatlg, always tries to fill vacant slots,
if possible, with a pending job. It is easy to show that, infeamund, the set of pending jobs with
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respect tcAlg, is a subset of the set of pending jobs with respe&ltn. ThereforemakespafAlg,) <
makespan(Alg; ). |

We present a sequendey, }, of adversarial strategies with the following property. Adleased
jobs are unit jobs. In addition, the makespanAdg when the jobs arrive according to strategy is
(2m — 1) - k, while the optimal makespan is - k. The ratio foroy is2 — % as required.

The adversarial strategyoy. The adversary constructs an agreement g@ph (V, E), whereV =
{1,...,(2m — 1) - k}. The graph’ is a union of disjoint cliques. Figure 6 depicts an agreengeaph,
where each clique is depicted as column and only part of tgesdre drawnf is the transitive closure
of the depicted edges. The number of cliques (columng)is (m — 1) - k + 1.

The adversary, which is adaptive, keeps the invariant thatach round, the set of pending jobs
forms an independent setdi. Therefore Alg can only schedule one job per round (which it does since
Algis not lazy). This invariant is easily satisfied as follows.

The adversary releasésjobs in the beginning of rount and one job in the beginning of rounds 2
throughm - k. Thek’ jobs released in rountl are conflicting and therefore constitute an independent
set inG (each job belongs to a different column). In each rotibétweer2 andm - k, the released job
belongs to the same column as the job thigischeduled in round — 1.

Since the invariant that the pending jobs are conflictingclieved, the makespan Afg equals the
number of jobs, i.e.(2m — 1) - k.

r; =mk @) (0)
\ O @
©) ©)
T = )
T =
r;=1 OO0 OO0 O OJ0JOJO) O)
(m—1)k+1 (m—1)k+1
(4) (B)

Figure 6: (A) An agreement grapii = (J, E) that the (adaptive) adversary generates. Each clique is
depicted as a column and only part of the edges are dra&nis;the transitive closure of the depicted
edges. The vertical position of the vertex shows the relgéaser; of job ;. (B) The offline algorithm’s
choice of sub-cliques fomn = 2.

An offline algorithm. We next show that there exists an offline algorithrgy that, given the agree-
ment graph, finds a schedule with a makespamofk. The algorithmAqg partitions each column
(clique) inG into m-tuples, where only the first tuple may contain fewer thafobs, as follows. Sort
the jobs in each column by release time (in ascending ordet): denote the remainder when dividing
the number of jobs in the column by. If » > 0, then the first tuple consists of the firsjobs in the
column. Ifr = 0, then the first tuple consists of the first jobs in the column. Each of the remaining
tuples consist ofn consecutive jobs.

By the construction of the tuples we have the following prope
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Claim 4.6 If a tuple is a singletor{ j}, thenr; = 1.

For a tuplex, lett,, = max{r; | j € a}. The following claim shows that non-singleton tuples have
different maximum release times.

Claim 4.7 For every two distinct non-singleton tuplesand 3, it holds thatt,, # ¢3.

Proof: Sincea and/ contain more than one job, both andtz are greater than. However, in all
rounds greater thah only one job is released. Henag, # t3, as required. |

The rule for scheduling tuples is that each tupléhat contains at least two jobs is scheduled in
roundt,, using|«| machines out ofn. Claim 4.7 implies that each non-singleton tuple is scheiul
in a distinct round. Thus, the last non-singleton tuple tsesitled in roundn - k. By Claim 4.6, the
singletons are released in rouhdand are available for scheduling in all rounds. The rulestdreduling
singletons is that whenever a round is not reserved for asimugleton, Ao schedules a singleton.

Let ¢ denote the number of tuples. Since singletons are avaitedtethe beginning, the last single-
ton will be scheduled before or during roundTo show that the makespan 4y is m - k, the minimum
possible, it then suffices to show thds at mostm - k. We shall count two types of tuples.

A tuple isnonfull if it contains less tham: jobs, andfull otherwise. Letnonfun (tiun) be the number
of nonfull (full) tuples. In each column there is at most omafull tuple. Hence,

tnonfull < k' = (m —1) -k + 1. (4)
Since the number of jobs in nonfull tuples is at le@gh we have
‘V’ = m - tll + tnonfull

Since|V| = (2m — 1) - k we obtain
1
bl < — - ((2m — 1) - k — tnonun) - )
Hence, we bound the number of tuples by

t = trun + tnonfull
2m—1)-k m—1
< ( ) + * Tnonfull (by EQ- 5)
m m
1

<mk+1-——. (by Eq. 4)
m

Sincet is an integer, it follows that it is bounded by - &, as required.

Proof of Theorem 7. The makespan oAlg equals the number of jobs, namelg/m — 1) - k. By the
preceding discussion, the makespamg# equalsm - k. The ratio is2 — % and the theorem followdll

5 An Online Algorithm (p; = 1, 7j, m = 2)

The goal in this section is to present an online algorithmsfdreduling unit jobs on two machines that
achieves a competitive ratib— « for a constand < « < 1. We first assume that the number of jobs,
n, iIs known in advance. This assumption is often calledrtbe-oblivious model We later trade this
assumption with a single flip of a coin.

In order to give the intuition for the algorithm we preseng mecall the worst case inputs in Section
4.6 for Greedy-FIFO and Greedy-LIFO. Greedy-FIFO perfotmaslly on inputs that release a large
fraction of jobs in the beginning while Greedy-LIFO perfarbadly on inputs that release the jobs
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evenly over time. However, Greedy-LIFO does well with therst@ase example for Greedy-FIFO, and
vice versa. Based on this intuition the online algorithrritsphto two cases depending on the fraction
of the jobs that are released during the fitst rounds (for a constant < 1 that is optimized in the
analysis). If a majority of the jobs is released during thgt fim rounds, then a variant of Greedy-LIFO
is used; otherwise, a variant of Greedy-FIFO is used.

5.1 Preliminaries

In this section we present a few assumptions that can be midlaleuvioss of generality.

Given an input grapltz = (J, E') and release time§r; };c7, let OPT denote an optimal schedule
for the input and letOPT| denote the makespan GfPT. Let Alg denote an online algorithm, and let
|Alg| denote its makespan on the input.

Consider a subset’ C .J of the jobs. Denote byOPT(.J")| the optimal makespan foF’ where the
makespan is measured starting from rownieh{r; | j € J'}.

The following claim shows that in the case of unit jobs, itfiegls to deal with inputs for whicAlg
schedules a job in every round in the interjial|Alg|].

Claim 5.1 Suppose that the competitive ratio of a non-oblivious salegl algorithm Alg is bounded
by 2 — a whenever Alg schedules a job in every round in the intefvglAlg|]. Then, there exists a
non-oblivious scheduling algorithm Alg-Res whose competititio is bounded b — « for all inputs.

Proof: Consider the algorithnAlg-Resobtained fromAlg by resettingAlg every time its set of pending
jobs becomes empty. ResettiAdg means that it restarts with a parameter (indicating the rernob
jobs) that equals minus the number of jobs that have already been scheduledce:glg-Resis, in
effect, a sequence of executionsAdf) separated by vacant rounds.

If the execution ofAlg lacks vacant rounds, then the executiordtif-Resis identical to that oRAlg,
and the claim holds. Otherwise, consider the last vacamtddun the execution ofAlg-Resover the
remaining jobs] = {j | ; > }. Let|Alg-Res.J)| be the makespan @fig-Reson input.J, where the
makespan is measured starting from rodnd 1. Note that, by definition, there are no vacant slots in

~ X ~

the schedulé\lg-Reg.J) = Alg(J) during rounds? + 1, ¢ + |Alg-Reg.J)|]). It follows that

|Alg-Res.J)| = ¢ + |Alg-Reg.J)|.

~

|OPT(J)| = £ + |OPT(J)|

By the premise of the claim,

~ ~

[AIg(J)] < (2 — ) - [OPT(J)[ + ¢

for some constant. Therefore,

|Alg-Re$.J)| = ¢ + |Alg-Re$.))|
= (+ |Alg(J)]
<04 (2—aq) |OPT(J)|+c
=l+(2—a) (|OPT(J)| =€) +¢c

<(2—-a) |OPT(J)|+c.

Let d denote the number of pairs scheduledAly. The following claim is analogous to Observa-
tion 3.1.
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Claim 5.2 If at least one job is scheduled in every round [i#llg

, then|Alg| = n — d.

Proof: Let s denote the number of rounds in which a single job is scheduldte makespan equals
s+d=(n—-2d)+d=n—d. [ |
We say that pairs amgiven precedencever singletons if a pending singleton is scheduled onlyrwhe
there are no pending pairs. We say that pairs are scheduteddaing to aFIFO policy if, for every two
pairs(j1, jo) and(js, ja), if the pair(ji, j2) is scheduled before the pdifs, j4), thenmax{r;,,r;,} <

max{rj,,7j, }-

Claim 5.3 Without loss of generalityDPT gives precedence to pairs over singletons and schedules
pairs according to a FIFO policy.

Proof: Simply reorderOPT so that it satisfies the assumptions. Such a reordering dugatroduce
violations in which a job is scheduled before its releasestim |

5.2 An Online Algorithm

We describe an online algorithm in the non-oblivious modad analyze its competitive ratio. Let
r™e® = max{r;}, namely,** is the last round in which a job is released.

Alg(n) :  Non-oblivious online scheduling algorithm afjobs on2 machines.

e
for rougd =1toan do
Schedule an agreeing pair or a singleton if one exists.
end for
LetJ, = {j | rj < an}.
if |J1| < 5 then
Starting from roundun + 1 till round »™%* — 1, use any non-lazy scheduler for the remaining
jobs giving precedence to pairs over singletons, and sdimgdsingletons according to a FIFO
policy.
8:  Starting from round-""**, compute an optimal schedule of the pending jobs (see $€eg}io
9: else
10:  Compute a maximum matching in the subgraph of the agreement graph induced by the jobs in
J1 that are still pending.
11:  Schedule all pairs of jobs it/ during roundgan + 1, an + | M|].
12:  Starting from roundvn + | M| + 1, use any non-lazy schedule that: (i) gives precedence ts pai
over singletons; (ii) between pairs, precedence is givepatos that contain a job io; and
(iif) between singletons, precedence is given to jobs notifi.e., LIFO policy).
13: end if

No g~ RE

The following theorem bounds the competitive ratioAdd.
Theorem 8 The competitive ratio of Alg is at modt- o =2 — 1/7.

The proof of Theorem 8 is divided into two lemmas (Lemmas %d &.7) according to the two
cases of the algorithm.J;| < § and|.J;| > §. We assume for simplicity that is divisible by7. We
later discuss the general case.
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A high-level discussion of the proof. Before giving the full proof we discuss its high level idea.
Consider first the case;| < n/2 (which is the easier of the two). Assume for simplicity th&®* >
n/2 (it can be shown that otherwise the performance of the d@lygarcannot be worse). Lek = J\ J;
(that is, J> is the set of jobs that arrive after rounch). Recall that until round-"%*  the algorithm
follows a FIFO policy with respect to singletons, gives m@ence to pairs over singletons, and between
pairs it gives precedence to pairs that contain a job fierrntuitively, the algorithm tries to “get rid” of
as many of the (at most/2 — 1) jobs in.J; by roundr™* (> n/2). If the algorithm succeeds in getting
rid of all but at mostan /2 of the jobs inJ; by roundr™*, then we get the desired bound @f— «).
This is true since the remaining jobs, that all belong/4p can be scheduled in at mg&PT| — an
rounds, and the algorithm computes an optimal schedulesadttirt of round-"**. Otherwise we can
show that the algorithm must have scheduled at least2 pairs of jobs from.J, before round-™*
(these pairs “delayed” the jobs fromf). But this implies that the makespan of the algorithm is asimo
n — an/2, while the makespan of the optimal schedule is at le#8t

We now turn to the case/;| > n/2. The first main observation is that since the algorithm co@pu
a maximum matching/ of the pending jobs frony; in roundan + 1, after the pairs in this matching
are scheduled, the remaining jobs froffl denotedX, are an independent set in the agreement graph.
Intuitively, these jobs “wait” to be paired with jobs ifs. Assume first that the rate of arrival of jobs in
Jy is such that between rounds: + |M| + 1 andr™* the algorithm always has pending jobs frofn
In such a case, given the policy of the algorithm, each joX iis either scheduled together with some
job from Js, or it is scheduled as a singleton in the very last rounds e@&tthedule, after all jobs have
arrived. We can show that if relatively many jobs fro¥hare scheduled as singletons, then the optimal
schedule must schedule many singletons as well. On the loéimet, if few are scheduled as singletons,
then the algorithm schedules relatively many pairs (andavecomplete the argument as explained for
the case ofJ;| < n/2). If we remove the assumption that between roundst |M | + 1 andr™* the
algorithm always has pending jobs fraf, then the algorithm is forced to schedule singletons ftém
before all jobs arrive. The analysis in this case is more deryfout we are still able to show that if the
algorithm schedules many singletons frafmthen the optimal schedule must schedule many singletons
as well.

5.3 Proof of Theorem 8 for|J;| < n/2
In this section we prove the following lemma (that holds feery 0 < o < 1).
Lemma 5.4 If | J;| < §, then the competitive ratio of the algorithmas- «.

We shall actually analyze a slightly different “imaginargfgorithm for the caséJ/;| < n/2. This
algorithm gives precedence to pairs over singletons aneldsgls singletons according to a FIFO policy
starting at roundwn + 1 until round |[OPT| — 1 (rather than until round™** — 1). Starting from
roundOPT, the algorithm computes an optimal schedule of the pendibg.jSincdOPT| > »™**, the
makespan of this imaginary algorithm is no smaller than tladespan of our algorithm (for the case
‘le < n/2)

Recall thatd is the number of pairs scheduled by the algorithm, and’I&e the number of those
scheduled in roundg, |OPT| — 1]. DefineJ, = J\ J; = {j | r; > an}. Let J] denote the subset
of jobs from J; that were scheduled by the algorithm in the intefual OPT| — 1]. Let .J;’ denote the
subset of jobs frony; that were scheduled by the algorithm starting in rol@&T|. We say that a pair
of jobs isin(X,Y) ifitis in the setX x Y.

Assume first that the algorithm has pending jobs frépat round|OPT|, i.e., |J{| > 0. Then, in
every round in the intervdll, |OPT| — 1] either a job fromJ; is scheduled (alone or with another job)
or a pair in(.J2, J2) is scheduled. Hence, [ifi'| > 0, we can bound the number of jobs.ij by

|J{| > |OPT| —1—d'. (6)
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We now upper bound the number of jobsfi.
Claim5.5 |J/| < d'.

Proof: If J{' = 0, then the claim is trivial. Otherwise, Eq. 6 holds and

EAEPARSPA (by definition)
<(n/2—-1)—(|OPT|—1-d) (since|J;| < n/2 and by Eq. 6)
<d. (by [OPT| > n/2)

As a corollary of Claim 5.5 we obtain the following bound.
Corollary 5.6 |Alg| < 2-|OPT| -1 +d' — an.

Proof: Recall that|OPT(.J’)| denotes the number of rounds in an optimal makespan of thef gelts
J' C J. By restrictingOPT = OPT(.J) to the jobs inJs, it follows that

|OPT(.J2)| < |OPT(J)| — an = |OPT| — an . (7)

The set of pending jobs in the beginning of roy@dPT| is contained in/{' U .J,. Since the algorithm
computes an optimal schedule of these pending jobs, thdifiesin the following equation follows.

|Alg| < |OPT| — 1+ |J{| + [OPT(.J2)]
< |OPT|—1+d + |OPT| —an (by Claim 5.5 and Eq. 7)
=2-|OPT| - 1+d — an.

Proof of Lemma 5.4. By Claim 5.2 and sincé’ < d, it follows that|Alg| < n — d’. By Corollary 5.6,
we obtain|Alg| < min{n — d’,2 - |OPT| + d’ — an}. Hence, the competitive ratio satisfies:

Algl _ 3(n—d'+2-|OPT +d — an)
|OPT] — |OPT]|
1-a)-3
|OPT]|
<2-a«a (|OPT| > n/2) .

(min < average)

=1+

5.4 Proof of Theorem 8 for|J;| > n/2

In this section we prove the following lemma (that holdsdox 1/7).

Lemma5.7 If | J;| > %, then the competitive ratio of the algorithmas- «.
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Figure 7: An illustration of the notations in the online aligom’s analysis. Recall thaf; is the subset
of jobs that arrive in rounds to an, and.J, are the jobs that arrive after rounch. (A) A high level
view of the execution of the online algorithAlg for the caseg.J;| > 5. Specifically, from round

to roundan it schedules the jobs in any non-lazy manner, where the nuofgairs it schedules in
these rounds id;(.J;, J1). From roundan + 1 to roundt, it schedules a maximum matching of size
da(J1, J1). From roundty + 1 to |Alg| there ared(.J;, J2) pairs of jobs from(.Jy, J2) andd(Js, J2)
pairs of jobs from(.J2, J2). With the exception of the matching, the pairs of jobs in amgiival are not
necessarily scheduled consecutively (and are only drawforssimplicity). (B) “Zooming in” to the
interval of rounds starting at round™®*. Since the algorithm gives precedence to pairs over sioiget
and follows a LIFO policy, it first schedules pairs frah , J2) U (Jo, J2), it then schedules singletons
from J,, and finally it schedules the jobs X3 C X as singletons. (C) “Zooming in” to a subinterval of
[to + 1,r™* — 1] which starts at round; for somel < i < z1, and ends at roung + 1. In the first and
last round a job fromX; C X is scheduled. In all other rounds at least one job fréms scheduled
(either as a singleton or paired with a job framor paired with another job fronts).
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Notation. The proof in this section uses the following notation. Fochesnatic illustration see Fig-
ure 7. Lettg = an + |M| (this is the round in which the last pair of matching jobs/inis scheduled).
Let X C J; denote the set of pending jobs in the beginning of rotyné 1 (note that every two jobs in
X conflict). We partitionX into three subsetX = X; U X, U X3, as follows: X; consists of jobs inX
that are scheduled as singletons before raufitf; Xs consists of jobs inX that are scheduled in pairs
from (X, J2); X3 consists of jobs inX that are scheduled as singletons starting from ratfftf. Let
xr = ’X‘ andz; = ‘Xz’

For an interval of round§, to], let Jy;, ,,; denote the subset of jobs that arrive in this interval, that

iS, Jit, 1) = 17 | t1 < 7j < to}. Inparticulary = Jpy o) @ndJe = Jop g1 pmae. Let Jﬁgm] denote the
subset of jobs that are scheduled/Aly in the interval(ty, to]. Similarly, for a roundt, denote by.]g'tg

andJ>A'tg the jobs scheduled b4lg up till round¢ and after round, respectively. For subsef§ Y C J,
let d(Z,Y") denote the number of pairs {{¥,Y") that are scheduled b&lg throughout its execution.
Recall thatd denotes the total number of pairs scheduleddly(and sod = d(.J1, J1) + d(J1, J2) +
d(J2,J2)). Letdy, 4,1(Z,Y) denote the number of pairs i{¥,Y") that are scheduled blg in the
interval [t1, 2]. We use the shorthand] (J;, J;) to denoted; ,,,;(J1, /1), and the shorthand, (.J1, J1)
to denoted[an+17|A|gH (Jl, Jl).

Turning to the optimal schedul®PT, recall that by Claim 5.3 we may assume without loss of
generality that all pairs of jobs ifi/;, J;) that are scheduled b®PT from roundan and onward, are
scheduled consecutively starting at this round. dgetbe the last round in whic®PT schedules a pair
of jobs from (Jy,.J;). We denote by, the total number of rounds in whicBPT schedules either a
singleton job or no job at all, wherg is the number of such rounds until roufg andg, is the number
of such rounds after roung}.

We start by giving a simple lower bound an= | X|.

Claim5.8 » > (1 — a)n — (dl(Jl, J1) + 2da(J1, Jl)).

Proof: The jobs inJ; are scheduled in one of the following ways: (i) by round, or (ii) between
roundsan + 1 andt, as part of the matched pairs in the maximum matching, ordftgr roundt, when
they belong to the independent sét Therefore,

|| = (an+d1(J1,J1)) 4 2dy(J1, 1) + (®)

The claim follows from|.J;| > & and Eq. 8. |

We next state the main technical claim in this subsectiortalRéhatq denotes the number of rounds in
which OPT schedules a singleton job or no job at all.

Claim5.9 ¢> (3 —a) -n—32d.

In order to prove Claim 5.9, we prove several subclaims conicg ¢g. Recall thates = | X3| where X3
is the subset of jobs iX that are scheduled b¥lg as singletons in the interval of roun@d$™**, |Alg|].
By definition of Alg, these jobs are scheduled consecutively in thedasbunds.

Claim 5.10 q > x3— <om + dl(Jl, J1) + dg(Jl, Jl) + d(Jl, J2)>

Proof: We upper bound the number of jobs frakiy thatOPT paired with some other job. Ajope X3
can be paired IOPT with a job in one of the following three subsets: (1) Jobs #ratscheduled by
the algorithm in round$L, . .. , an/, that is,J<A'§n; (2) Jobs inJ; that are matched by the algorithm and
scheduled in pairs from roungn + 1 to roundty; (3) Jobs inJ; that are paired with jobs id;. Note
that a jobj € X3 cannot be paired b@PT with a job in J; that was scheduled by the algorithm in a
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pair together with another job fromh,. OtherwiseAlg would have scheduledtogether with a job in/s,
since it gives precedence to pairs fr@h , J2) over pairs from(Jz, Js).

The number of jobs in the first category, thatJéEnL isan + dy(J1, J1). To bound the number of
jobs in the second category, recall that.J;, /1) denotes the size of a maximum matching between jobs
in X. Therefore the number of jobs iki3 that can be matched to jobs that participate in this matching
cannot be larger thai, (.1, J1). Finally, the number of jobs in the third categorydi&/i, J>), and the
claim follows. |

We shall need the following lemma about matchings for out fexer bound ony.

Lemma5.11 Let H = (V, E) denote a graph. Letl’ = (V', E’) denote a subgraph off induced
by V' C V. Let My and My, denote maximum matchings i and H' respectively. ThemMy| <
[Mp| + VAV

Proof: The edges in\y consist of two disjoint types: those that are adjacent teastl one vertex in
V'\ V' and those that are adjacent to two vertice¥' in The number of edges il of the first type is
at most|V \ V’|, and the number of edges of the second type is at jddgt|. The lemma follows. H

Recall thaty = ¢1 + g2 whereg; is the number of rounds until rourty in which OPT schedules
either a singleton job or no job at all, apglis the number of such rounds after roufad Also recall that
Ly is the last round IOPT with a pair of jobs from/J;. In order to obtain our second lower boundgn
we prove two claims that lower bound andgs.

Claim5.12 ¢; > g — to — dy1(J1, J1) -

Proof: By Claim 5.3, we may assume that up to roufgd OPT schedules only jobs frond;. Up to
round/y, OPT schedules jobs either as singletons (and their numhbg) s as pairs inJ;, J1). Let H
denote the subgraph of the agreement graph induced ,land letM;; denote a maximum matching in
H. Since the pairs of jobs scheduled in rourigls- ¢; form a matching inH, then,

|Mp| >ty —qi. 9

We use Lemma 5.11 to bound/y|. Let H' denote the subgraph @f induced by.J; N J’;En. By

the definition ofAlg, | M| = d2(J1, J1). The differenceV (H) \ V(H') is the set of jobs]ﬁ'fjn and
containsan + dy (J1, J1) jobs. Apply Lemma 5.11 to obtain B
| Mp| < |Mp |+ |V(H)\ V(H')]
:dQ(J17J1)+Oén+d1(J1,J1) (10)

Recall thaty = an + da(J1, J1). Hence,

fo <q+ |MH| (by Eq. 9)
<q +da(J1, 1) +an+di(Jy, J1) (by Eq. 10)
:q1+to+d1(J1,J1) (tozan+d2(J1,J1)),

and the claim follows. [ |

Recall thatr; = |X;| whereX; is the subset of jobs iX that are scheduled as singletons before
round ™,

Claim 5.13 g3 > x1 + tg — by — d(J2, J2).
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Proof: Let {t1,ts,...,t,, } denote the set of rounds during whiglg schedules singletons if;. In
each round;, the set of pending jobs does not contain jobd4dr(since the LIFO policy oAlg implies
that precedence is given t& over J;). In each round during the intervét;,¢;,), the algorithm
schedules at least one job frafn. By the end of this interval, no job fronk, is pending. Hence,

|J[ti7ti+1]| = 7fi-i-l —t; — 1+ d[ti,ti+1](']27 J2)7 (11)
and
[ Jlant 1,01 = t1 — to — 1+ djang1,4)(J2, J2) (12)

Note thatJy, , ,,;andJy, ;. are disjoint since no job arrives in roung(or else the algorithm would
schedule that job and not a job fraiy ). We now sum Eq. 11 (fot < i < 1) and Eqg. 12 to obtain

xr1—1

| tan+ 1,601 = [Jjant1,0)] + Z |1t 501
i—1
x1—1

=t1 —to — 1+ djans1,6](J2, J2) + Z (tiv1 —ti — L+ dp, 4, ,1(J2, J2))
i—1

=ty —to — 21 + djant1t,,](J25 J2)
< t:cl —tg—x1 + d(JQ, JQ) (13)

In each round in the intervad, + 1, ¢,,, ], OPT schedules either a singleton (counted4hor a pair from
(Jy,J2) or from (J3, J2). That is, in each pair there is at least one job frémHence,

tey —lo < @2+ Jjant,,] > (14)
from which it follows that
a2 = toy — Lo — Jjan,t,, ]
>ty — Lo — (te, —to — 1 + d(J2, J2)) (by Eq. 13)
=to+x1 — by —d(Jo, J2)) .
|

We are now ready to prove Claim 5.9, and following it, Lemma 5.
Proof of Claim 5.9. We use Claims 5.12 and 5.13 to bound the total number of so1tge in OPT.

q=q +q2
> (50 — 19 — dl(Jl, Jl)) + (to + a1 — by — d(JQ, JQ))
= a1 —di(J1,J1) —d(J2, J2) . (15)

By combining Eqg. 15 and Claim 5.10, the number of singletor®PT is at least

a2 max {1 — (1, J0) +d(, J) )25 — (o + di(Ji, 1) + da(r, 1) + dC, ) | (16)

We further develop the lower bound gras follows.

q> % . (961 + x5 — (an +2dy(Jv, Jh) + dao(Ji, 1) + d(Jy, Jo) + d( T, Jg))) (max> average)
- % - (ac g (an 42y (J1, 1) + do(Jy, ) + d(J1, Jo) + d(Jo, J2)>) (@ =z + 72 + 73)
- % - (ac - (an - 2dy (J1, J1) + do(J1, Jy) + 2d(J1, Ja) + d(Jo, JQ))> (22 = d(J1, J))
> % : <<% - 2a> n— (3d1(J1, J1) + 3da(Jy, J1) + 2d(Jy, Jo) + d( o, J2)>> (by Claim 5.8)
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Sinced equals the total number of pairs schedulediy, it follows that

qZG_a).n_gd (7)

as required. |

Proof of Lemma 5.7. The makespan dDPT equals the number of roundsin which OPT schedules
a singleton job or no job at all, plus the number of rounds incWOPT schedules pairs. Since the
number of pairOPT schedules is at leagt(n — ¢), by Eq. 17,

n—q n-+q 5 1 3
> = > (22 _2
|OPT| > 5 +4q 5 _<8 2a>n 4d (18)

By Claim 5.2,|Alg| = n — d, and sincd OPT| > n/2, it follows that the competitive ratio is at
most%. We consider two cases: (1)df> fan, then 275 <2—o. (2) If d < £an, we bound the
competitive ratiop, using Eq. 18, by

n—d
5/8 — (1/2)a)n — 3d
We compare the right hand side of Eq. 19 with «. By solving a quadratic equation, we obtain that if
a < 1/7,thenp < 2 — «, as required. [ |

P (19)

Dealing with the case thatn is not divisible by 7. In the general case whereis not divisible by?7,
ais bounded byt — 8 < o < 1. Recall that Lemma 5.4 is applicable for every. o < 1, and Lemma
5.7 is applicable for < % Hence, we get the following bound on the competitive ratio.

Alg| < (2~ a) - [OPT]
<(2-(3-2)) 0P @z1-9)

1
_ (2 - —> JopT+ 2. joPT
7 n

1
< (2 — ?> -|OPT| +6 (|OPT| <n)

5.5 A*“Slightly” Randomized Algorithm

In this subsection we remove the assumption that the atgorknowsn by allowing the algorithm to
flip one random bit. We analyze the expected competitive i@tthe randomized algorithm, where the
expectation is taken over the random bit.

We first observe that Claim 5.1 still holds. That is, we mayuass that the (randomized) online
algorithmAlg is never left without any pending jobs. Recall that the argotin the proof of Claim 5.1
was that, otherwise, we define another algorithlg-Res that restartsAlg each time it is left with no
pending jobs. This seems to imply that we would need a nevepeddent, random bit each time we
restartAlg. However, the bound on the competitive ratiofdf-Reswas derived based on the very last
execution ofAlg, and hence it is possible to “re-use” the same random bitl iexalcutions.

Next we observe that the online algorithitg described in Subsection 5.2 actually consists of two
algorithms: Alg; for the case that/;| < n/2 andAlg, for the case that/;| > n/2. The idea is that
the randomized algorithm, which does not knaywwill simply flip a coin and according to its outcome
choose one of the algorithms. However, we shall first neetightly modify the algorithms so that they
do not rely on knowingr. During the firstan roundsAlg, andAlg, are simply non-lazy algorithms.
The difference between the algorithms is in their schedutialicy starting from roundvn, + 1.
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5.5.1 The First Algorithm

The first algorithm, which we refer to a&sg,, gives precedence to pairs over singletons, and schedules
singletons according to a FIFO policy. When it reaches ratfff it computes an optimal schedule of
the pending jobs. First note thatg, does not actually need to know when roumd arrives, and can
simply use the same policy (precedence to pairs plus FIF©sivgletons) from the start. It seems from
its description that it needs to know when routit"* arrives (that is, to know that all jobs arrived).
However, we can do away with this knowledge as follows, whegecall the modified algorithnAlg) .

At the start of each roundilg; computes an optimal schedule of the current pending jolas,ish
a maximum matching in the agreement graph induced by theimgiobs (see Observation 3.1). If
there is any matched pair then it schedules this pair, otlserit schedules a singleton job according
to a FIFO policy. Thus, on one hand, it still gives precedetacpairs over singletons and schedules
singletons according to a FIFO policy. On the other handeanteaches round™* it schedules the
pending jobs optimallyAlg] actually belongs to the set of algorithms ti#dg), defines for the case of
|/1| < n/2. Therefore Lemma 5.4 holds féig; and we get:

Lemma 5.14 For any choice ofy, if |.J;| < n/2 then the competitive ratio of Alds 2 — a.

5.5.2 The Second Algorithm

The second algorithm, denote¥lg,, was defined as follows (starting from roumch + 1). At the
beginning of roundvn + 1 is finds a maximum matchindy/ of the pending jobs frond;, and schedules
the pairs in this matching in roundsn + 1,y = an + |M]|]. From roundt, + 1 and onward, it
continues by giving precedence to pairs over singletongrevpairs in(.J1, J;) have precedence over
pairs in(.Jz, J2), and singletons are scheduled according to a LIFO policyngé modifyAlg, so that
it will be oblivious ton (an). We’'ll show that the resulting algorithm, denotatly,, has a competitive
ratio of 2 — o’ when|J;| > n/2, foro/ < 1.

The modified algorithmAlgj, is defined as follows: (i) It is non-lazy and gives precedeiacpairs
over singletons; (ii) It schedules pairs according to adegraphic FIFO policy; (iii) It schedules sin-
gletons according to a LIFO policy. The main difference bemAlg, andAlg; is that while the former
schedules amaximunmatching of the pending jobs i starting from roundhn + 1, the latter sched-
ules amaximalmatching of the pending jobs (because it gives precedenpait® over singletons and
schedules pairs according to a FIFO policy).

We show (recall that/; is defined based om):

Lemma 5.15 For o < 1/9, if |.J1| > n/2 then the competitive ratio of Alds 2 — a.

Proof: We follow the proof of Lemma 5.7 and only note what needs tolanged. The notation used
in the proof remains the same with one exceptidp(./1, J1) is no longer the size of the maximum
matchingM whose pairs (if(.J1, J1)) are scheduled bilg, starting from roundn + 1, but is the size
of the maximal matching of pairs ifV/;, /1) scheduled bylg,, starting from roundvn + 1.

We first observe that Claim 5.8 remains unchanged. We naxtttuthe (sub)claims in which (the
number of rounds in whic®PT schedules a singleton job or no job at all) is bounded (andhveiads

to Claim 5.9). The bound in Claim 5.10 is modified frgm> 3 — (om + dy(Jy, 1) + da(J1, Jh) +
d(Jy, J2)> to:
q> x5 — <an dy (Jr, Jh) + 2do(Jy, Jy) + d(Jh, JQ)) . (20)

The reasoning is that sinédg’, schedules a maximal matching of sizg.J;, .J; ) rather than a maximum
matching, jobs inX3 may be paired byYDPT with all 2d»(.J;, J;) jobs from J; that participate in the
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matching. Note that it is still true th@PT cannot pair jobs inX; with jobs that were scheduled Byg,
in pairs from(.J,, J>) because of the lexicographic FIFO policy tidgy, applies to pairs.

Since the size of a maximum matching in a graph is at most tthiesize of any maximal matching,
the bound in Claim 5.12 is changed from: > ¢y — to — d1(J1, J1) tO

q1 > by —to —di(J1, J1) — da(J1, 1) - (21)
The bound in Claim 5.13 remains unchanged, that is:
q2 > 1 +to— Lo — d(Ja, J2) . (22)

(Wherety = an + dy(J1,J1) as before, that is, it is the last round in whiglig, schedules pairs in
(J1,J1)). By combining Eq. 21 and Eq. 22 we obtain:

q>x —di(Ji, J1) —da(J1, J1) — d(J2, J2) (23)

and by combining Eqg. 23 with Eq. 20 we get:

q > max {331 - (d1(~]1, J1) + da(J1, J2) + d(J2, JQ)),mg - (om +dy (Jy, J1) + 2do(J1, Jr) + d(J, JQ))}
(24)
By developing this expression (similarly to what was donthaproof of Claim 5.9) we obtain:

1 5
qZ(Z—O/>'TL—§d. (25)
By continuing in a manner analogous to the proof of Lemma Se7get that the competitive ratio of
Ald, (conditioned or.J;| > n/2) is upper bounded by — o/ for o/ < 1/9. [ |

5.5.3 The Randomized Algorithm

Let Alg’ be a randomized algorithm that flips a single fair coin andediag to its outcome decides
whether to executélg] or Alg,. By combining Lemmas 5.14 and 5.15 (and using the fact that th
competitive ratio ofAlg; andAlgj is at most) we get:

Theorem 9 The competitive ratio of Algs 2 — %o/ =2 % in expectation.

5.5.4 Lower Bound for Randomized Online Algorithms

Theorem 10 The competitive ratio of any randomized online algorithratigeast5 /4.

Proof: At step 1,n vertices that form an independent set in the agreement grapleleased. At step
n/2 + 1, n/2 additional vertices are released; they form a matching Wwét of the earlier vertices.
This completes the construction. The optimal solution isdioedule first the /2 non-matched isolated
vertices, followed by the: /2 pairs, for a makespan of.

Any randomized algorithm can schedule at most half of the-maiched vertices during the first
n/2 steps, in expectation. Thus, at stef2 + 1, it has at least expected/4 non-matched vertices left,
along withn /2 pairs (or parts thereof). Hence, its makespan is at leastotegsn /4, for a performance
ratio of 5/4. |
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6 A Reduction to k-Set-Cover

Consider the problem of scheduling unit jobs with confliaisne machines, wheren is constant. We
present a reduction of this problem to finding a minimum seecdor the case in which all sets have
cardinality at mostn (in short,m-set-cover).

Let G = (J, E) denote the conflict graph of a scheduling problem with urbisjonm machines.
We reduce to a set systemiS, U) in which every set contains at mostelements as follows. The set
of elementd’ is simply J. The collection of subsetS is the set of all cliques of size at mastin the
agreement graphi’. Note that if A € S, then every subset’ C A is also in the collectiorS. There
is a one-to-one correspondence between casérs S of U by disjoint sets and schedul@sof jobs
in J usingm machines (here we ignore the order of rounds in a scheduleegyadd two schedules to
be the same if one can be obtained from the other only by péimthe order of the rounds and the
assignment of jobs to machines within each round). Thisespandence maps a disjoint cov#rto a
schedul€l’s: such that the makespan 6§, equals the cardinality of’.

The k-set-cover problem has an approximation algorithm whose emualsH, — % [DF97]. The
reduction tok-set-cover implies that scheduling unit jobs bmachines is not harder to approximate
thank-set-cover.

Claim 6.1 The problem of scheduling unit jobs with conflicts :anmachines (wheren is constant)
has an approximation algorithm whose approximation rekig, — % In particular, form = 3, a

4 . . .
g—approxmatlon exists.

We remark that the tight example in [DF97] fo# = 3 also holds for scheduling unit jobs with
conflicts. It remains open whether minimum makespan scheglaf unit jobs with conflicts onn
machines is as hard to approximatenaset-cover (Sg,).

The following lemma, for the case of jobs with varying sizegproved by scaling.

Lemma 6.2 The problem of scheduling jobs with conflictsrarmachines (where: is constant) has an
approximation algorithm whose approximation rafio [log, =227 . (H,, — 1).

min; p;

Proof: The algorithm, which we denote by ScaledSet-Cover (SSg;), works as follows. First it
divides the jobs into bins/; such thatj € J; if 2071 < p; < 2¢, for i = [logy(min; p;)] +
1,..., [logy(max; p;)] (a job j with p; = 2° that can be inJ; or in J;1, will arbitrarily be in one
of them). Denote by7i the set of jobs inJ; when the size of each is rounded uRto Namely, for each
jo € J;there is a joby, of size2 in J;, where the edges between the jobs are as in the originalragrée
graph. For each bid;, SSG, runsm-set-cover onfi. Let SCn(ji) be the corresponding schedule. For
each subsefji, ... j:} of SG,,(J;), SSG, schedulegji, ... j;} concurrently (in time at most).

Recall thatOPT(.J;) denotes the optimal makespan fgr We now bound the makespan of the
schedule SSG(J;).

SSG.u ()| < [SC ()] (by rounding)
< (Hpm — %) - |OPT(.J;)] (approximation ofn-set-cover)
<2-(Hm— %) - |OPT(J;)] (rounding up only doubles the makespan)

Letipmin = [logy(min; p;)] andime: = [log,(max; p;)] — 1. The makespan of S$Cis the sum
of the makespans of the schedules $$&) for i = i, - - -, imaz-
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SSGal = > [SSG, ()]

imax

< Z ) - |OPT(.J;)|

i= Zm'Ln

imaz

< Z ) - |OPT]|

1
=2 (imaz — tmin + 1) - (Hm — 5) - |OPT|
max; p; 1
=92.11 — 5 (H,, — =) - |OPT
o S22 34, ) - 0P
[ |
Scaling can be further extended to yield the following appration ratio.

Claim 6.3 The problem of scheduling jobs with conflictsrarmachines (wheren is constant) has an
approximation algorithm whose approximation ratit{log min{ =421 nl .logm).

min; p;

Proof: Partition the jobs into tiny jobs, whose processmg timesfiabp; < 1 -p(J), and to normal

n2
jobs jobs, whose processing time saUstmt;sz =3 E p(J). Apply Lemma 6 2 to the normal jobs.

max; pj

Since the ratlo— for normal jobs is bounded by. - n2, the approximation ratio of the makespan
obtained for normal jobs is bounded B)log n - log m). Schedule the tiny jobs separately on a single
machine. The makespan for the tiny jobs is bounded by < 1. |OPT], u
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A m Machines & Arbitrary Processing Times

In this section we analyze the makespan of the greedy muxcaisson (GME) algorithm in the case
of m machines and jobs of arbitrary (integral) processing timHEsis is essentially the algorithm that
is derived from the work of [GG75], and we present its analyfsr completeness. We note that the
algorithm and its analysis can be extended to non-integoagssing times. We prove that GME obtains
an(m + 1)/2-approximation of the makespan, and show this ratio to b fay this algorithm.

A listing of the GME algorithm appears below. Note that, ia ttescription of the algorithm, after a
hole is scheduled in a machine’s slot, then the machine isorsidered vacant during this slot anymore.

GME (G = (J,E),m) : Greedy Mutual Exclusion schedules the jobsvith conflict graphG onm
machines.

1: while J # () do

2. Lett denote the first round that contains a vacant slot.

3. if exists a jobj € J that agrees with all the jobs already scheduled in rautigen

4 Pick a machine that has a vacant slot in rouirashd schedulg on that machine during rounds
[t,t + pj — 1].

5 J— J\{j}

6: else

7: Schedule a hole in roundon each machine that has a vacant slot in raund

8: endif

9: end while

For simplicity we described GME round by round, so that thening time of the algorithm, as de-
scribed, is pseudo-polynomial. The algorithm can quitelyyle modified to run in (strictly) polyno-
mial time by working in phases as follows. In each phase wesiden a machine with minimal load
(that is, the smallest number of occupied slots). If we cdreduale a job on that machine, we do so.
Otherwise, we scheduleldock (sequence) of holem this machine (and all other machines that have
the same load), so that their load now equals the secondstdmgal. It follows that a job is scheduled
everym’ < m phases.

Analysis of GME’'s makespan. We now prove the following lemma.

Lemma A.1 GME is an(mT“)—approximation algorithm for the makespan.
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Proof: Fix an input and consider the schedule that is computed byerugon of GME. Letslicest)
denote the set of job slices that are scheduled in raubg GME. Let A;, denote the set of rounds
in which k jobs are scheduled (namely,c Ay, iff |slices(t)] = k). Let Asy = Ui~y A; (note that
|[Aso| = Y1, |A;| since the setsl; are disjoint).

The proof is based on the following two equations:

|A1| < |OPT| (26)
Azl < 5 (0(7) — |41]) @7)

Equation (26) holds because the set of jobs that have shidglsi,, slicegt) form an independent
set in the agreement gragh. Indeed, supposg and j, contain slices that are scheduled in rounds
t1,to € Ay, respectively, where; < to. If j; andj, are not conflicting jobs, thef, would have been
scheduled by GME in rountl together withj;. In this case, round; would not be in4;.

Equation (27) holds because GME schedules) — | A1 | job slices during the roundd,U---U A,,,
at least two per round. Observe that the suinh) = >, p; of processing times satisfies

p(J) = m - |OPT| — |holegOPT)| (28)

GME's makespan equajs!; | + |A>2|, which we bound as follows:

1]+ Aza] < 7 (0(7) + ] A1) (by Eq. 27)
< 5+ (p() +]0PT) (by Eq. 26) (29)
< (%“) . |OPT] — w (by Eq. 28)
< <m7+1> . |oPT],
and the lemma follows. [ |

The proof of Lemma A.1 implies that holes in the optimal sahedi.e.,|hole§OPT)| > 0) reduce
the approximation ratio of GME. For example,|ifoleOPT)| > % - [OPT|, then the approximation
ratio of GME is reduced t& + 1.

We also note that the analysis of GME was based on the facit is&2-nonlazy, and so the bound
obtained holds for any 2-nonlazy algorithm.

Tightness of the approximation of the makespan. We present an example with? unit jobs over
m machines with the following property. All optimal schedsllbave a makespain and lack holes.
However, GME might compute a “bad” schedule in which only twachines are utilized. Moreover, in
this bad schedule there anejobs that GME schedules alone. This implies that the ratigrof 1) /2

is indeed tight.

The set of jobs is] = {(:,¢) | (i,¢) € [0,...,m — 1] x [0,...,m — 1]}. The edges of the
agreement grapty’ = (J, E) form m cliques of sizem, where theith clique is over the set of vertices
{i} x [0,...,m — 1]. Suppose that: is even. We add “matching” edgé&i, ¢), (2i + 1,¢)), for each
i€|0,...,m/2 —2]and eacll € [0,...,m — 2]. Note that, all the vertices, except the “last” one, are
matched in each clique. Figure 8 (A) depicts the agreemeptigr

An optimal schedule can schedule each clique in a singlediotiius completing the schedule in
m rounds. GME, on the other hand, might select pairs of jobsdtaconnected by matching edges.
Each such pair is a maximal clique in the agreement graphelyamo other job can be scheduled
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concurrently. After schedulingn(m — 1)/2 pairs of matching jobs, GME is left with independent
jobs inG. These jobs are then scheduled as singletons, as claimee.abo

A similar construction exists for odd values of. Here, each clique is partitioned inparts:
(a) the left part{i} x [0,...,(m — 1)/2 — 1], (b) the right part{i} x [(m — 1)/2,m — 2], and (c) the
last vertex(i, m — 1). Note that the left and right parts each cont@im — 1)/2 vertices. Now, we add
edges that form a perfect matching from the right part ofugifjto the left part of clique + 1 (modm).
Figure 8 (B) depicts the agreement graph in this constrac#osimilar argument shows that the greedy
algorithm might compute a schedule whose makespan-ism(m — 1)/2.

last vertex in clique

\L
matching
edge
(A)

cligue of size m-1

last vertex in clique

(B)

clique of size m-1

Figure 8: Tight constructions for the greedy algorithm. @Aronstruction for the case that is even.
(B) A construction for odd values of.. Them cliques are arranged in a cycle.
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