
Counting Stars and Other Small Subgraphs in Sublinear Time

Mira Gonen
Department of Mathematics

Bar-Ilan University
Ramat Gan, ISRAEL

gonenm1@math.biu.ac.il

Dana Ron∗

School of Electrical Engineering
Tel-Aviv University
Ramat Aviv, ISRAEL

danar@eng.tau.ac.il

Yuval Shavitt
School of Electrical Engineering

Tel-Aviv University
Ramat Aviv, ISRAEL

shavitt@eng.tau.ac.il

April 14, 2011

Abstract

Detecting and counting the number of copies of certain subgraphs (also known asnetwork motifsor
graphlets), is motivated by applications in a variety of areas rangingfrom biology to the study of the
World-Wide-Web. Several polynomial-time algorithms havebeen suggested for counting or detecting
the number of occurrences of certain network motifs. However, a need for more efficient algorithms
arises when the input graph is very large, as is indeed the case in many applications of motif counting.

In this paper we designsublinear-timealgorithms for approximating the number of copies of cer-
tain constant-size subgraphs in a graphG. That is, our algorithms do not read the whole graph, but
rather query parts of the graph. Specifically, we consider algorithms that may query the degree of
any vertex of their choice and may ask for any neighbor of any vertex of their choice. The main focus
of this work is on the basic problem of counting the number of length-2 paths and more generally on
counting the number of stars of a certain size. Specifically,we design an algorithm that, given an ap-
proximation parameter0 < ǫ < 1 and query access to a graphG, outputs an estimatêνs such that with
high constant probability,(1 − ǫ)νs(G) ≤ ν̂s ≤ (1 + ǫ)νs(G), whereνs(G) denotes the number of
stars of sizes + 1 in the graph. The expected query complexity and running timeof the algorithm are

O
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1
s
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· poly(log n, 1/ǫ) . We also prove lower bounds showing

that this algorithm is tight up to polylogarithmic factors in n and the dependence onǫ.
Our work extends the work of Feige (SIAM Journal on Computing, 2006) and Goldreich and Ron

(Random Structures and Algorithms, 2008) on approximating the number of edges (or average degree)
in a graph. Combined with these results, our result can be used to obtain an estimate on the variance of
the degrees in the graph and corresponding higher moments.

In addition, we give some (negative) results on approximating the number of triangles and on ap-
proximating the number of length-3-paths in sublinear time.

∗Research supported by the Israel Science Foundation (grantNo. 246/08)



1 Introduction

This work is concerned with approximating the number of copies of certain constant-size subgraphs in
a graphG. Detecting and counting subgraphs (also known asnetwork motifs[MSOI+02] or graphlets
[PCJ04]), is motivated by applications in a variety of areasranging from biology to the study of the World-
Wide-Web (see e.g., [MSOI+02, KIMA04, SIKS06, PCJ04, Wer06, SSR06, GK07, DSG+08, HBPS07,
ADH+08, HA08, GS09]), as well as by the basic quest to understand simple structural properties of graphs.
Our work differs from previous works on counting subgraphs (with the exception of counting the number
of edges [Fei06, GR08]) in that we designsublinearalgorithms. That is, our algorithms do not read the
whole graph, but rather query parts of the graph (where we shall specify the type of queries we allow when
we state our precise results). The need for such algorithms arises when the input graph is very large (as is
indeed the case in many of the application of motif counting).

The main focus of this work is on the problem of counting the number of length-2 paths and more
generally on counting the number of stars of a certain size. We emphasize that we countnon-induced
subgraphs. We shall use the terms-star for a subgraph overs + 1 vertices in which one single vertex (the
starcenter) is adjacent to all other vertices (and there are no edges between the other vertices). Observe that
a length-2 path is a2-star. We also give some (negative) results on approximating the number of triangles
and on approximating the number of length-3-paths.

As we show in detail below, we obtain almost matching upper and lower bounds on the query complexity
and running time of approximating the number ofs-stars. These bounds are a function of the number,n,
of graph vertices and the actual number ofs-stars in the graph, and have a non-trivial form. Our results
extend the works [Fei06] and [GR08] on sublinear-time approximation of the average degree in a graph,
or equivalently, approximating the number of edges (where an edge is the simplest (non-empty) subgraph).
Note that if we have an estimate for the number of length-2 paths and for the average degree, then we can
obtain an estimate for the variance of the degrees in the graph, and the number of larger stars corresponds to
higher moments. Thus, the study of the frequencies of these particular subgraphs in a graph sheds light on
basic structural properties of graphs.

Our Results. We assume graphs are represented by the incidence lists of the vertices (or, more precisely,
incidence arrays), where each list is accompanied by its length. Thus, the algorithm can query the degree,
d(v), of any vertexv of its choice and for any vertexv and index1 ≤ i ≤ d(v) it can query who is theith

neighbor ofv.
Let νs(G) denote the number ofs-stars in a graphG. Our main positive result is an algorithm that, given

an approximation parameter0 < ǫ < 1 and query access to a graphG, outputs an estimatêνs such that with
high constant probability (over the coin flips of the algorithm), (1 − ǫ)νs(G) ≤ ν̂s ≤ (1 + ǫ)νs(G). The
expected query complexity and running time of the algorithmare:
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· poly(log n, 1/ǫ) . (1)

The dependence ons is exponential, and is not stated explicitly as we assumes is a constant. The complexity
of our algorithm as stated in Equation (1) is best understoodby viewing Table 1, in which we see that there
are three regions when consideringνs(G) as a function ofn, and in each the complexity is governed by
a different term. Observe that in the first range (νs(G) ≤ n1+ 1

s ) the complexity of the algorithm (which
is at its maximum whenνs(G) is very small) decreases asνs(G) increases; in the second range (n1+ 1

s <

1



νs(G) Query and Time Complexity

νs(G) ≤ n1+ 1
s O
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· poly(log n, 1/ǫ)
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s < νs(G) ≤ ns O
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· poly(log n, 1/ǫ)

νs(G) > ns O
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1
s

)

· poly(log n, 1/ǫ)

Table 1: The query complexity and running time of our algorithm for approximating the number ofs-stars.

νs(G) ≤ ns) the complexity does not depend onνs(G); and in the last range (νs(G) > ns) it again
decreases asνs(G) increases (where in the extreme case, whenνs(G) = Ω(ns+1) the complexity is just
poly(log n, 1/ǫ)). For example, fors = 3, if ν3(G) = n4/3 then the query complexity and running time of
the algorihm isO(n2/3), which is less than the number of stars. Ifν3(G) = n2 then the query complexity
and running time of the algorihm isO(n2/3), and ifν3(G) = n4 then the query complexity and running time
of the algorihm isO(n2), which is definitely less than the number of stars. We note that a slight adaptation
of the algorithm gives an additive error, that is, the requirement is that the estimatêνs satisfy (with high
probability) νs(G) − α ≤ ν̂s ≤ νs(G) + α for α that is larger thanǫνs(G) (for 0 < ǫ < 1). The expected
query complexity and running time of the modified algorithm are:
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s

})

· poly(log n) . (2)

The expression in Equation (1) might seem unnatural and hence merely an artifact of our algorithm.
However, we prove that it is tight up to polylogarithmic factors inn and the dependence onǫ. Namely, we
show that:

• Any multiplicative approximation algorithm for the numberof s-stars must performΩ

(

n

(νs(G))
1

s+1

)

queries.

• Any constant-factor approximation algorithm for the number of s-stars must performΩ(n1− 1
s ) queries

when the number ofs-stars isO(ns).

• Any constant-factor approximation algorithm for the number of s-stars must performΩ

(

ns− 1
s

(νs(G))1−
1
s

)

queries when the number ofs-stars isΩ(ns).

We mention that another type of queries, which are natural inthe context of dense graphs, are vertex-pair
queries. That is, the algorithm may query about the existence of an edge between any pair of vertices. We
note that our lower bounds imply that allowing such queries cannot reduce the complexity for counting the
number of stars (except possibly by polylogarithmic factors inn).

We also consider other small graphs that extend length-2 paths: triangles, and length-3 paths. We show
that if an algorithm uses a number of queries that is sublinear in the number of edges, then for triangles it
is hard to distinguish between the case that a graph containsΘ(n) triangles and the case that it containsno
triangles, and for length-3 paths it is hard to distinguish between the case that there areΘ(n2) length-3 paths
and the case that there are no such paths. These lower bounds hold when the number of edges isΘ(n).1

1We mention that we are currently studying these problems in an extended query model that also allows vertex-pair queries. For
length-3 paths, even if we allow such queries then there is a lower bound that is linear in the number of edges when the number of
edges isΘ(n), and for triangles there is a lower bound that is linear inn when the number of edges isΘ(n2).
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Techniques. Our starting point is similar to the one of [GR08]. Consider apartition of the graph vertices
into O(log n/ǫ) bucketswhere in each bucket all vertices have the same degree (with respect to the entire
graph) up to a multiplicative factor of(1 ± O(ǫ)). (For a precise definition of this part see Section 3.1.) If
we could get a good estimate of the size of each bucket by sampling, then we would have a good estimate of
the number ofs-stars (since the vertices in each bucket are the centers of approximately the same number of
stars). The difficulty is that some buckets may be very small and we might not even hit them when sampling
vertices. The approach taken in [GR08] to get a multiplicative estimate of(1 ± ǫ) is to estimate the number
of edges between large buckets and small buckets, and incorporate this estimate in the final approximation.2

Here we first observe that we need a more refined procedure. In particular, we need a separate estimate
for the number of edges between each large bucket and each small bucket. Note that if we have an estimate
ê of the number of edges incident to vertices in a certain bucket, and all vertices in that bucket have degree
roughlyd, then the number ofs-stars whose center belongs to this bucket is approximately1

s ê ·
(d−1

s−1

)

. To see
why this is true, consider an edge(u, v) that is incident to a vertexu that has degree (roughly)d. Then the
number of stars that include this edge and are centered atu is (roughly)

(d−1
s−1

)

. If we sum this expression over
all ê edges that are incident to vertices in the bucket ofu, then each star (that is centered at a vertex in the
bucket) is counteds time, and hence we divide the expressionê ·

(

d−1
s−1

)

by s. As a first attempt for obtaining
such an estimate on the number of edges incident to vertices in a bucket, consider uniformly sampling edges
incident to vertices that belong to large buckets. We can then estimate the number of edges between the
large buckets and each small bucket by querying the degree ofthe other end point of each sampled edge. It
is possible to show that for a sufficiently large sample of edges we can indeed obtain a good estimate for
the number ofs-stars using this procedure. However, the complexity of theresulting procedure, which is
dominated by the number of edges that need to be sampled, is far from optimal. The reason for this has to
do with the variance between the number of edges that different vertices in the same large bucket have to
the various small buckets. To overcome this and get an (almost) optimal algorithm, we further refine the
sampling process.

Specifically, we first define the notion ofsignificantsmall buckets. Such buckets have a nonnegligible
contribution to the total number ofs-stars (where each vertex accounts for the number of stars that it is a
center of). Now, for each large bucketBi and (significant) small bucketBj we further consider partitioning
the vertices inBi according to the number of neighbors they have inBj. The difficulty is that in order to
determineexactlyto which sub-bucket a vertex inBi belongs to, we would need to query all its neighbors,
which may be too costly. Moreover, even if an estimate on thisnumber suffices, if a vertex inBi has
relatively few neighbors inBj then we would need a relatively large sample of its neighborsin order to
obtain such an estimate. Fortunately, we encounter a tradeoff between the number of vertices inBi that
need to be sampled in order to get sufficiently many vertices that belong to a particular sub-bucket and the
number of neighbors that should be sampled so as to detect (approximately) to which sub-bucket a vertex
belongs to. We exemplify this by an extreme case: consider the sub-bucket of vertices for which at least half
of their neighbors belong toBj. This sub-bucket may be relatively small (and still contribute significantly
to the total number of edges betweenBi andBj) but if we sample a vertex from this sub-bucket then we can
easily detect this by taking only constant sample of its neighbors. For more details see Subsection 3.4.

2We note that in the case of the average degree (number of edges), if we ignore the small buckets (for an appropriate definition
of “small”) then we can already get (roughly) a factor-2 approximation inO(

√

n) time [Fei06, GR08]. However, this is not the
case fors-stars (even whens = 2). To verify this consider the case that the graphG is a star. There are two buckets: one containing
only the star center, and another containing all other vertices. If we ignore the (very) small bucket that contains the star center then
we get an estimate of0 while the graph containsΘ(n2) length-2 paths (2-stars).
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Related Work. As noted previously, our work extends the works [Fei06, GR08] on approximating the
average degree of a graph in sublinear time. In particular, our work is most closely related to [GR08]
where it is shown how to get an estimate of the average degree of a graphG that is within (1 ± ǫ) of
the correct valuēd(G). The expected running time and query complexity of the algorithm in [GR08] are
O((n/d̄(G))1/2) · poly(log n, 1/ǫ).

There are quite a few works that deal with finding subgraphs ofa certain kind and of counting their num-
ber in polynomial time. One of the most elegant techniques devised iscolor-coding, introduced in [AYZ95],
and further applied in [AYZ97, AR02, AG07, ADH+08, AG09]. In particular, in [AR02] the authors use
color-coding and a technique from [KL83] to design a randomized algorithm for approximately count-
ing the number of subgraphs in a given graphG which are isomorphic to a bounded treewidth graphH.
The running time of the algorithm iskO(k) · nb+O(1), wheren andk are the number of vertices inG and
H, respectively, andb is the treewidth ofH. In [AG07] the authors use color-coding and balanced fam-
ilies of perfect hash functions to obtain a deterministic algorithm for approximately count simple paths
or cycles of sizek in time 2O(k log log k)nO(1). In [ADH+08] these results are improved in terms of the
dependence onk. We note that sampling is also applied in [KIMA04, Wer06], where the authors are in-
terested in uniformly sampling induced subgraphs of a givensizek. Other related work in this category
include [DLR95, GK07, BBCG08, Kou08, Wil09, GS09, BHKK09, AFS09, KW09, VW09]. In [FG04] the
authors conclude that most likely there is nof(k) · nc - algorithm forexactlycounting cycles or paths of
lengthk in a graph of sizen for any computable functionf : N → N and constantc.

Another related line of work deals with approximating othergraph measures (such as the weight of a
minimum spanning tree) in sublinear time and includes [CRT05, CS09, CEF+05, PR07, NO08].

Organization. For the sake of the exposition we first describe the algorithmand the analysis, as well as
the lower bounds, for the cases = 2, that is, length-2 paths. This is done in Sections 3 and 4, respectively.
In Section 5 we explain how to adapt the algorithm for length-2 paths in order to get an algorithm fors-stars,
and in Section 6 we explain how to adapt the lower bounds. Finally, in Section 7 we shortly discuss triangles
and length-3 paths.

2 Preliminaries

Let G = (V,E) be an undirected graph with|V | = n vertices and|E| = m edges whereG is simple so that
it contains no multiple edges. We denote the set of neighborsof a vertexv by Γ(v) and its degree byd(v).

For two (not necessarily disjoint) sets of verticesV1, V2 ⊆ V we letE(V1, V2)
def
= {(v1, v2) ∈ E : v1 ∈

V1, v2 ∈ V2}.
Since we shall use the multiplicative Chernoff bound very extensively, we quote it next. Letχ1, . . . , χm

bem independent0/1 valued random variables wherePr[χi = 1] = p for everyi. Then, for everyη ∈ (0, 1],
the following bounds hold:

Pr

[

1

m
·

m
∑

i=1

χi > (1 + η)p

]

< exp
(

−η2pm/3
)

and

Pr

[

1

m
·

m
∑

i=1

χi < (1 − η)p

]

< exp
(

−η2pm/2
)

.
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We shall say that an event holdswith high constant probabilityif it holds with probability at least1 − δ for
a small constantδ.

Let µ be a measure defined over graphs and letG be an unknown graph overn vertices. An algorithm
for estimatingµ(G) is given an approximation parameterǫ, the number of vertices,n, and query access
to the graphG. Here we consider two types of queries. The first aredegree queries. Namely, for any
vertexv, the algorithm may ask for the value ofd(v). The second areneighbor queries. Namely, for any
vertexv and for any1 ≤ i ≤ d(v), the algorithm may ask for thei’th neighbor ofv.3 We do not make
any assumption on the order of the neighbors of a vertex. Based on the queries it performs we ask that the
algorithm output an estimatêµ of µ(G) such that with high constant probability (over the random coin flips
of the algorithm),µ̂ = (1 ± ǫ) · µ(G), where forγ ∈ (0, 1) we use the notationa = (1 ± γ)b to mean that
(1 − γ)b ≤ a ≤ (1 + γ)b.

3 An Algorithm for Approximating the Number of Length- 2 Paths

In this section we describe and analyze an algorithm for estimating the number of length-2 paths (2-stars) in
a graphG, where we denote this number byℓ(G). In all that follows we consider undirected simple graphs.
We start by giving the high-level idea behind the algorithm.

3.1 A High-Level Description of the Algorithm

Let β = ǫ/c wherec > 1 is a constant that will be set subsequently, and lett =
⌈

log(1+β) n
⌉

(so that

t = O(log n/ǫ)). For i = 0, . . . , t, let

Bi
def
= {v : d(v) ∈

(

(1 + β)i−1, (1 + β)i
]

} . (3)

We refer to theBi’s as (degree)buckets. Note that since degrees are integers, the interval of degrees in
each bucket is actually

(⌊

(1 + β)i−1
⌋

,
⌊

(1 + β)i
⌋]

, and some buckets are empty. For simplicity we do not
use floors unless it has an influence on our analysis, and when we write

(

a
b

)

for a that is not necessarily an

integer (e.g.,
(

(1+β)i

2

)

) then we interpret it as
(⌊a⌋

b

)

. We also have that
(

a
b

)

= 0 for a < b (and in particular
whena ≤ 0 < b).

Note that ifni is the number of nodes with degreei in the graph thenℓ(G) =
∑n−1

i=0 ni

(i
2

)

. Suppose that

for each bucketBi we could obtain an estimate,b̂i, such that(1 − β)|Bi| ≤ b̂i ≤ (1 + β)|Bi|. If we let

ℓ̂ =

t
∑

i=0

b̂i ·
(

(1 + β)i

2

)

(4)

then
(1 − β) · ℓ(G) ≤ ℓ̂ ≤ (1 + β)4ℓ(G) , (5)

(where we have used the fact that
((1+β)i

2

)

≤ (1 + β)3 ·
((1+β)i−1

2

)

for (1 + β)i−1 ≥ 2). If we setβ ≤ ǫ/8,
then we get an estimate that is within(1 ± ǫ) of the correct valueℓ(G). The difficulty is that in order to
obtain such an estimatêbi of |Bi| in sublinear time, that is, by sampling, the size of the sample needs to
grow with n/|Bi|. Our algorithm indeed takes a sample of vertices, but it usesthe sample only to estimate

3Observe that a degree query can be emulated bylog n neighbor queries, but for the sake of the exposition we allowdegree
queries.
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the size of the “large” buckets, for an appropriate threshold of “largeness”. Using the estimated sizes of the
large buckets it can obtain an estimate on the number of length-2 paths whose mid-point belongs to the large
buckets.

As noted in the introduction, it is possible that only a small(or even zero) fraction of the length-2 paths
have a mid-point that belongs to a large bucket. This impliesthat we must find a way to estimate the number
of length-2 paths whose mid-point is in small buckets (for those small buckets that have a nonnegligible
contribution to the total number of length-2 paths).

To this end we do the following. LetEi,j
def
= E(Bi, Bj). For each large bucketBi and small bucketBj

such that the number of length-2 paths whose mid-point is inBj is nonnegligible, we obtain an estimateêi,j

to the number,|Ei,j|, of edges between the two buckets. The estimate is such that if |Ei,j | is above some
threshold, then̂ei,j = (1 ± β)|Ei,j |, and otherwise,̂ei,j is small. Our estimate for the number of length-2
paths whose midpoint is in a small bucket is

1

2

∑

i∈L

∑

j /∈L

êi,j ·
(

(1 + β)j − 1
)

, (6)

whereL denotes the set of indices of the large buckets. For an illustration, see Figure 1. This estimate does

v
deg(v) ≈ (1 + β)j

u

w

Bi, i ∈ L

Bj , j /∈ L

Ei,j

êi,j ≈ Ei,j

Figure 1:An illustration for the length-2 paths whose midpoint is in a small bucket.

not take into account length-2 paths in which no vertices on the path belong toL. However, we shall set our
threshold of “largeness” so that the number of such paths is negligible. In addition, this estimate takes into
account only half of the length-2 paths in which two vertices on the path do not belong toL, one of them
is the midpoint. However, we shall set our threshold of “largeness” so that the number of such paths is also
negligible.

One way to estimatêei,j (for i ∈ L andj /∈ L) is to uniformly select random neighbors of vertices
sampled inBi and check what bucket they belong to. This will indeed give usa good estimate with high
probability for a sufficiently large sample. However, the variance in the number of neighbors inBj that
different vertices inBi have implies that the sample size used by this scheme is significantly larger than
necessary. In order to obtain an estimate with a smaller sample, we do the following. For eachi ∈ L and
j /∈ L we consider partitioning the vertices inBi that have neighbors inBj into sub-buckets. Namely, for
r = 0, . . . , i,

Bi,j,r
def
= {v ∈ Bi : (1 + β)r−1 < |Γ(v) ∩ Bj | ≤ (1 + β)r} . (7)

Figure 2 illustrates the definition ofBi,j,r. By the definition ofBi,j,r,

6



Bi Bj

|Γ(v) ∩ Bj | ≈ (1 + β)r

v

Bi,j,r

Figure 2:An illustration for the definition ofBi,j,r.

i
∑

r=0

|Bi,j,r| · (1 + β)r = (1 ± β) · |Ei,j| . (8)

Now, if we can obtain good estimates of the sizes of the subsets |Bi,j,r|, then we get a good estimate for
|Ei,j |. The difficulty is that in order to determine to which sub-bucket Bi,j,r a vertexv belongs we need to
estimate the number of neighbors that it has inBj. This is unlike the case we need to determine for a vertex
v to which bucketBi it belongs, where we only need to perform a single degree query. In particular, if
v ∈ Bi,j,0, that is,v has a single neighbor inBj , we must query all the neighbors ofv in order to determine
that it belongs toBi,j,0. What works in our favor is the following tradeoff. Whenr is large then|Bi,j,r|
may be relatively small (even if|E(Bi,j,r, Bj)| is nonnegligible) so that we need to take a relatively large
sample of vertices in order to “hit”Bi,j,r. However, in order to determine whether a vertex (inBi) belongs
to Bi,j,r for larger, it suffices to take a small sample of its neighbors. On the other hand, whenr is relatively
small thenBi,j,r must be relatively big (if|E(Bi,j,r, Bj)| is nonnegligible). Therefore, it suffices to take a
relatively small sample so as to “hit”Bi,j,r and then we can afford performing many neighbor queries from
the selected vertices.
We next present our algorithm in detail and then analyze it.

3.2 The Algorithm

In what follows we assume that we have a rough estimateℓ̃ such that12ℓ(G) ≤ ℓ̃ ≤ 2ℓ(G). We later remove
this assumption. Recall that for any two bucketsBi andBj we use the shorthandEi,j for E(Bi, Bj).

7



Algorithm 1 (Estimating the number of length-2 paths for G = (V, E))
Input: ǫ and ℓ̃.

1. Letβ
def
= ǫ

32 , t
def
=
⌈

log(1+β) n
⌉

, and

θ1
def
=

ǫ2/3ℓ̃1/3

32t4/3
.

2. Uniformly and independently selectΘ
(

n
θ1

· log t
ǫ2

)

vertices fromV , and letS denote the multiset of

selected vertices (that is, we allow repetitions).

3. For i = 0, . . . , t determineSi = S ∩ Bi by performing a degree query on every vertex inS.

4. LetL =
{

i : |Si|
|S| ≥ 2θ1

n

}

.

If maxi∈L

{

((1+β)i−1

2

)

· θ1

}

> 4ℓ̃ then terminate and return 0.

5. For eachi ∈ L run Algorithm 2 to get estimates{êi,j}j /∈L for {|Ei,j |}j /∈L.

6. Output

ℓ̂ =
∑

i∈L

n · |Si|
|S| ·

(

(1 + β)i

2

)

+
∑

j /∈L

1

2

∑

i∈L

êi,j ·
(

(1 + β)j − 1
)

.

Algorithm 2 (Estimating {|Ei,j|} for a given i ∈ L and all j /∈ L)
Input: L, i ∈ L, ǫ and ℓ̃.

1. For each0 ≤ p ≤ i let θ2(p)
def
= ǫ3/2ℓ̃1/2

c2t5/2(1+β)p/2 , wherec2 is a constant that will be set in the

analysis, (and wheret =
⌈

log(1+β) n
⌉

for β = ǫ/32). Let p0 be the smallest value ofp satisfying
1
4θ2(p + 1) ≤ n.

2. For p = i down top0 initialize Ŝ
(p)
i,j,p = ∅.

3. For p = i down top0 do:

(a) Lets(p) = Θ

(

n
θ2(p) ·

(

t
β

)2
log t

)

, and letg(p) = Θ
(

(1+β)i−p log(tn)
β2

)

.

(b) Uniformly, independently at random selects(p) vertices fromS(p+1) (whereS(i+1) = V ) and
let S(p) be the multiset of vertices selected.

(c) DetermineS(p)
i = S(p) ∩ Bi by performing a degree query on every vertex inS(p). If |S(p)

i | <
s(p)

n · 1
4(1+β)θ2(p), then go to Step 4. Else, if|S(p)

i | > s(p)

n · 4ℓ̃

((1+β)i−1

2 )
then terminate and return

0.

(d) For eachv ∈ S
(p)
i select (uniformly, independently at random)g(p) neighbors ofv, and for each

j /∈ L let γ
(p)
j (v) be the number of these neighbors that belong toBj. (If g(p) ≥ d(v) then

consider all neighbors ofv.)
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ℓ̃ Query and Time Complexity
ℓ̃ ≤ n3/2 O(n/ℓ̃1/3) · poly(log n, 1/ǫ)

n3/2 < ℓ̃ ≤ n2 O(n1/2) · poly(log n, 1/ǫ)

ℓ̃ > n2 O(n3/2/ℓ̃1/2) · poly(log n, 1/ǫ)

Table 2: The query and time complexity of Algorithm 1.

(e) For eachj /∈ L and for eachv ∈ S
(p)
i \⋃p′>p Ŝ

(p′)
i,j,p′, if

(1 + β)p−1

d(v)
<

γ
(p)
j (v)

g(p)(v)
≤ (1 + β)p

d(v)

then addv to Ŝ
(p)
i,j,p.

4. For eachj /∈ L let êi,j =
∑i

p=p0

n
s(p) · |Ŝ(p)

i,j,p| · (1 + β)p.

5. Return{êi,j}j /∈L.

Theorem 1 If 1
2ℓ(G) ≤ ℓ̃ ≤ 2ℓ(G) then with probability at least2/3, the output, ℓ̂, of Algo-

rithm 1 satisfiesℓ̂ = (1 ± ǫ) · ℓ(G). The query complexity and running time of the algorithm are

O
(

n
ℓ̃1/3

+ min
{

n1/2, n3/2

ℓ̃1/2

})

· poly(log n, 1/ǫ).

Table 2 gives the dominant term in the complexity of the algorithm in three different regions of the value of
ℓ(G) as a function ofn.

We first prove the second part of Theorem 1, concerning the complexity of the algorithm and then turn
to proving the first part, concerning the quality of the output of the algorithm. We later show how to remove
the assumption that the algorithm has an estimateℓ̃ for ℓ(G).

3.3 Proof of the second part of Theorem 1

The running time of Algorithm 1 is linear in its query complexity, and hence it suffices to bound the latter.
(Note that recounting is done here. Namely, even thoughSp ⊂ Sp+1, the queries done onSp are recounted

at stepp). The query complexity of Algorithm 1 is the sum ofΘ
(

n
θ1

· log t
ǫ2

)

= O
(

n
ℓ̃1/3

· log2 n
ǫ4 log(1/ǫ)

)

(the

size of the sample selected in Step 2 of the algorithm) and thenumber of queries performed in the executions
of Algorithm 2. In order to bound the latter we first observe that if Algorithm 1 did not terminate in Step 4,
then

∀ i ∈ L : (1 + β)i = O

(

ℓ̃1/3 · t2/3

ǫ1/3

)

. (9)

Similarly, if Algorithm 2 did not terminate in any of its executions in Step 3c, then, sinceβ = Θ(ǫ),

∀ i ∈ L and p0 ≤ p ≤ i : |S(p)
i | = O

(

s(p)

n
· ℓ̃

(1 + β)2i

)

. (10)

In addition, it trivially always holds that|S(p)
i | ≤ s(p). Recall thatp runs fromi down top0 wherep0 is the

smallest value ofp satisfying1
4θ2(p+1) ≤ n whereθ2(p)

def
= ǫ3/2ℓ̃1/2

c2t5/2(1+β)p/2 . That is,p0 =
⌊

log1+β
ǫ3ℓ̃

c′2·t5n2

⌋

9



for a certain constantc′2. This implies that if ifℓ̃ ≤ c′2·t5
ǫ3

· n2, thenp0 = 0, and otherwise it may be larger.
Therefore, the total number of queries performed in the executions of Algorithm 2 is upper bounded by:

∑

i∈L

i
∑

p=p0

(

s(p) + min

{

s(p),
s(p)

n
· 4ℓ̃
((1+β)i−1

2

)

}

· g(p)

)

≤
∑

i∈L

i · s(i) +
∑

i∈L

i
∑

p=p0

min

{

s(p),
s(p)

n
· 4ℓ̃
(

(1+β)i−1

2

)

}

· g(p) . (11)

For the first summand we apply Equation (9), the definition ofθ2(i), the fact thatβ = Θ(ǫ), and thati ≤ t,
and get:

∑

i∈L

i · s(i) ≤
∑

i∈L

t · O
(

n · t9/2 log t · (1 + β)i/2

ǫ7/2ℓ̃1/2

)

= O







n · t13/2 log t ·
(

ℓ̃1/3·t2/3

ǫ1/3

)1/2

ǫ7/2ℓ̃1/2







= O

(

n

ℓ̃1/3
· t7 log t

ǫ4

)

. (12)

Turning to the second summand,

∑

i∈L

i
∑

p=p0

min

{

s(p),
s(p)

n
· 4ℓ̃
((1+β)i−1

2

)

}

· g(p)

=
∑

i∈L

i
∑

p=p0

O

(

min

{

n · (1 + β)p/2

ℓ̃1/2
· t13/2 log t

ǫ7/2
,

ℓ̃1/2

(1 + β)2i−p/2
· t13/2 log t

ǫ7/2

}

· (1 + β)i−p log(tn)

β2

)

=
∑

i∈L

O

(

min

{

n · (1 + β)i

ℓ̃1/2
,

ℓ̃1/2

(1 + β)i

}

· t13/2 log t log(tn)

ǫ11/2

)

· (1 + β)−p0/2 ·
i−p0
∑

k=0

(1 + β)−k/2 .(13)

In order to bound the expression in Equation (13) we first notethat if (1 + β)i ≤ ℓ̃1/2

n1/2 then n·(1+β)i

ℓ̃1/2
≤ n1/2,

while if (1 + β)i ≥ ℓ̃1/2

n1/2 , then ℓ̃1/2

(1+β)i ≤ n1/2 as well. Since(1 + β)−p0/2 = 1 and
∑i−p0

k=0 (1 + β)−k/2 =

O(1/β), if p0 = 0 then the right-hand-side of Equation (13) is upper bounded by

O

(

n1/2 · t15/2 log t log(tn)

ǫ13/2

)

. (14)

If p0 > 0 then the bound in Equation (14) should be multiplied by(1 + β)−p0/2. By definition ofp0 we

have that(1 + β)−p0/2 = O
(

t5/2n
ǫ3/2ℓ̃1/2

)

, and so we get the (tighter) bound:

O

(

n1/2 · t15/2 log t log(tn)

ǫ13/2

)

· (1 + β)−p0/2 = O

(

n3/2

ℓ̃1/2
· t10 log t log(tn)

ǫ10

)

. (15)

10



The total number of queries performed in the executions of Algorithm 2 is hence upper bounded by

O

(

n

ℓ̃1/3
+ min

{

n1/2,
n3/2

ℓ̃1/2

})

· poly(log n, 1/ǫ) . (16)

3.4 Proof of the first part of Theorem 1

In what follows we claim that certain events occur with high constant probability, and in some cases we
claim that they hold with larger probability (e.g.,1− 1

poly(t) ). In all cases the statement holds for sufficiently
large constants in theΘ(·) notations for the sample sizes used by the algorithm. The next lemma follows by
applying the multiplicative Chernoff bound and the union bound and recalling that the size of the sampleS

is Θ
(

n
θ1

· log t
ǫ2

)

, whereθ1 is as defined in Step 1 of Algorithm 1.

Lemma 1 With high constant probability, for everyi such that|Bi| ≥ θ1 it holds that |Si|
|S| =

(

1 ± ǫ
8

) |Bi|
n ,

and for everyi such that|Bi| < θ1 it holds that |Si|
|S| < 2θ1

n .

Proof: The proof follows from the multiplicative Chernoff bound. SinceExp[Si] = |Bi|
n · |S| it holds that

if |Bi| ≥ θ1 then

Pr

[ |Si|
|S| >

(

1 +
ǫ

8

) |Bi|
n

]

= Pr

[

|Si| >
(

1 +
ǫ

8

) |Bi|
n

· |S|
]

< e−
ǫ2|Bi|·|S|

192·n < e
−Θ(

ǫ2θ1·n·log t

n·θ1ǫ2
)
=

1

poly(t)
. (17)

In the same manner we prove thatPr
[

|Si|
|S| <

(

1 − ǫ
8

) |Bi|
n

]

< 1
poly(t) . In addition, if |Bi| < θ1 then

Exp[Si] < θ1
n · |S|, so it holds that

Pr

[ |Si|
|S| > 2

θ1

n

]

≤ Pr [|Si| > 2Exp[Si]] < e−Exp[Si]/3 < e−
θ1
n

|S|
3 = e

−Θ(
ǫ2θ1·n·log t

n·θ1ǫ2
)
=

1

poly(t)
,

and the lemma follows.
As a direct corollary of the Lemma 1 and the definition ofL in Algorithm 1 we get:

Corollary 2 With high constant probability, for everyi ∈ L we have that|Si|
|S| =

(

1 ± ǫ
8

) |Bi|
n , and for every

i /∈ L we have that|Bi| < 4θ1.

The first part of Corollary 2 implies that (with high constantprobability) the estimate
∑

i∈L n · |Si|
|S| ·

((1+β)i

2

)

is close to the actual number of length-2 paths whose mid-point belongs to a bucketBi such thati ∈ L. It
also implies that Algorithm 1 does not terminate in Step 4 (with high constant probability). To verify this,
first observe that sincẽℓ ≥ 1

2ℓ(G), for every1 ≤ i ≤ t we have that|Bi| ·
(

(1+β)i−1

2

)

≤ ℓ(G) ≤ 2ℓ̃. By the

definition ofL, for everyi ∈ L we have that|Si|
|S| ≥ 2θ1

n . If the termination condition holds, that is, there

exist an indexi ∈ L for which 2θ1 ·
(

(1+β)i−1

2

)

> 4ℓ̃, thenn · |Si|
|S| ·

(

(1+β)i−1

2

)

> 4ℓ̃ for that indexi. But by

Corollary 2, with high constant probability, for everyi ∈ L we have that|Si|
|S| =

(

1 ± ǫ
8

) |Bi|
n , which implies

that |Bi| ·
((1+β)i−1

2

)

> 2ℓ̃ ≥ ℓ(G), and we reach a contradiction.

The remainder of the analysis deals with the quality of the estimate for the number of length-2 paths in
G whose mid-point is not inL.
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We introduce the following notations. Forj /∈ L andσ ∈ {1, 2, 3}, let ℓ
(σ)
j (G,L) denote the number

of length-2 paths inG whose mid-point belongs toBj and such that the number of vertices on the path that

belong toBk for k /∈ L (including j) is σ. For σ ∈ {1, 2, 3} let ℓ(σ)(G,L) =
∑

j /∈L ℓ
(σ)
j (G,L) and for

everyj /∈ L let ℓj(G,L) =
∑3

σ=1 ℓ
(σ)
j (G,L). We first observe that with high constant probability both

ℓ(3)(G,L) andℓ(2)(G,L) are relatively small.

Lemma 3 With high constant probability,ℓ(3)(G,L) ≤ ǫ
4ℓ(G) andℓ(2)(G,L) ≤ ǫ

4ℓ(G).

Proof: First observe that by the second part of Corollary 2 and the definition of θ1 we have that with high
constant probability,

∑

j /∈L

|Bj| <
1

8t1/3
ǫ2/3ℓ̃1/3 . (18)

By our assumption that̃ℓ ≤ 2ℓ(G),

ℓ(3)(G,L) ≤
(∑

j /∈L |Bj |
3

)

≤
(

ǫ2/3ℓ̃1/3/(8t1/3)

3

)

<
ǫ

8
ℓ̃ ≤ ǫ

4
ℓ(G) . (19)

In order to boundℓ(2)(G,L) we observe that since the total number of length-2 paths isℓ(G), for every

bucketBj we have that
((1+β)j−1+1

2

)

≤ ℓ(G)/|Bj |, and so

(1 + β)j ≤ 2
ℓ1/2(G)

|Bj |1/2
. (20)

Therefore,

ℓ(2)(G,L) ≤
∑

j /∈L

|Bj | · (1 + β)j ·
∑

k/∈L

|Bk|

≤ ǫ2/3ℓ̃1/3

4t1/3
·
∑

j /∈L

(

ℓ1/2(G) · |Bj |1/2
)

≤ ǫ2/3ℓ̃1/3

4t1/3
· ℓ1/2(G) · t · ǫ1/3ℓ̃1/6

2
√

2t2/3

<
ǫ

4
ℓ(G) , (21)

and the proof is completed.

Lemma 3 implies that in order to obtain a good estimate on the number of length-2 paths whose mid-
point belongs to small buckets it suffices to get a good estimate on the number of such paths that have at least
one end-point in a large bucket.4 We next define the notion of significant buckets for bucketsBj such that
j /∈ L. Roughly speaking, non-significant small buckets are buckets that we can ignore, or, more precisely,
we can undercount the number of edges between vertices in them and vertices in large buckets.

4The assertion follows from the first part of Lemma 3, which boundsℓ(3)(G, L). The reason we also need a bound onℓ(2)(G, L)
will be made clear subsequently.

12



Definition 1 (Significant small buckets) For everyj /∈ L we say thatj is significant if

|Bj | ·
(

(1 + β)j

2

)

≥ ǫ

c3t
ℓ̃ ,

wherec3 is a constant that will be set in the analysis. We denote the set of indices of significant bucketsBj

(wherej /∈ L) bySIG.

Note that by the definition ofSIG,
∑

j /∈L,j /∈SIG

ℓj(G,L) <
ǫ

c3
ℓ̃ ≤ 2ǫ

c3
ℓ(G) . (22)

Let

Ej
def
=

t
⋃

k=0

Ej,k , (23)

and recall thatθ2(r)
def
= ǫ3/2 ℓ̃1/2

c2t5/2(1+β)r/2 . We have the following lemma concerning significant buckets.

Lemma 4 If j ∈ SIG, then for everyr such that|Bi,j,r| > 0 for somei we have that

|Ej | ≥
(c2/c

1/2
3 )t2

ǫ
θ2(r) · (1 + β)r .

The implication of Lemma 4 is roughly the following. Consider anyj ∈ SIG and a non-empty sub-bucket
Bi,j,r. Recall that by the definition ofBi,j,r the number of edges betweenBi,j,r andBj is approximately
|Bi,j,r|·(1+β)r. Suppose thatBi,j,r is small, and in particular, that it is smaller thanθ2(r). Then the number
of edges betweenBi,j,r andBj as a fraction of all the edges incident toBj, that is,Ej , is O(ǫ/t2), which
is negligible. This means that we may underestimate the sizeof such small sub-buckets without incurring a
large error.
Proof: Sincej is significant,

(1 + β)j >

√

2ǫℓ̃

c3t|Bj|
. (24)

Since the graph contains no multiple edges,|Bj | ≥ (1 + β)r for eachr such thatBi,j,r is not empty.
Therefore, by the definition of|Ej | and|Bj |, and Equation 24,

|Ej | ≥ |Bj | · (1 + β)j−1

≥ 1

1 + β

√

2ǫℓ̃|Bj |
c3t

(25)

≥ 1

c
1/2
3 t1/2

· ǫ1/2ℓ̃1/2(1 + β)r/2 (26)

≥ (c2/c
1/2
3 )t2

ǫ
θ2(r) · (1 + β)r , (27)

(where the last inequality follows from the definition ofθ2(r) = ǫ3/2ℓ̃1/2

c2t5/2(1+β)r/2 ) and the proof is completed.

Armed with Lemmas 3 and 4 we now turn to analyzing Algorithm 2.We start with a high-level discussion
and then turn to the precise details.
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The high level structure of the analysis of Algorithm 2. Recall that the algorithm works iteratively as
follows. It first takes (uniformly, independently, at random) a sampleSi from V , and in further iterations
0 ≤ p < i the sampleS(p) is selected (uniformly, independently, at random) fromS(p+1). Since the same
vertex may be selected more than once, theS(p)’s may actually be multi-sets. For eachp the algorithm tries
to estimate|Bi,j,p| by deciding for each vertexv ∈ S(p) ∩ Bi whether it belongs toBi,j,p. This is done by
sampling from the neighbors of the vertex and checking what fraction of its neighbors belong toBj. If the
fraction is within some interval, then the vertex is assumedto belong toBi,j,p and is put in a corresponding

subsetŜ(p)
i,j,p.

The difficulty is that this estimate of the fraction of neighbors in Bj may deviate somewhat from its
expected value. As a result, vertices that belong toBi,j,p may not be deemed so because the number of
neighbors they have inBj is close to the lower bound of(1 + β)p−1 or the upper bound(1 + β)p, and in the
sample they fall outside of the required interval. Similarly, vertices that do not belong toBi,j,p (but have a
number of neighbors inBj that is close to(1+β)p−1 or (1+β)p, that is, that belong toBi,j,p−1 or Bi,j,p+1)

may fall inside the required interval and are then added toŜ
(p)
i,j,p.

If the size of the sampleS(p) was the same for allp then the above wouldn’t really be a difficulty: we
could take a single sampleS = Si and work iteratively fromp = i down top = 0. For eachp we would

consider only those verticesv that were not yet added tôS(p′)
i,j,p′ for p′ > p and decide whether to addv

to Ŝ
(p)
i,j,p. By the above discussion, for everyr and everyv ∈ Bi,j,r the vertexv would be put either in

Ŝ
(r+1)
i,j,r+1 or in Ŝ

(r)
i,j,r or in Ŝ

(r−1)
i,j,r−1. The algorithm would then output, as an estimate for|Ei,j |, the sum over

all 0 ≤ p ≤ i, of n
|S| · |Ŝ

(p)
i,j,p|(1 + β)r. If S ∩ Bi,j,r is close to its expected size for eachr then the deviation

of the final estimate from|Ei,j| can be easily bounded.
However, asp decreases fromi to 0 we need to use a smaller sampleS(p). Recall that a smaller sample

suffices sinceθ2(p) increases whenp decreases, and it is necessary to use a smaller sample because the cost
of estimating the number of neighbors inBj increases asp decreases. Thus, in each iterationp, the new,
smaller sample,S(p), is selected from the sampleS(p+1) of the previous iteration. What we would like to

ensure is that: (1) The size of each subsetS
(p)
i,j,r

def
= S(p) ∩ Bi,j,r is close to its expectation; (2) If some

fraction ofS(p+1)
i,j,r was added tôS(p+1)

i,j,p+1 for r = p + 1 or r = p, then in the new sampleS(p), the size of

S(p) ∩ (S
(p+1)
i,j,r \ Ŝ

(p+1)
i,j,p+1) is close to its expectation. Here, when we say “close to its expectation” we mean

up to a multiplicative factor of(1±O(ǫ)). This should be the case unless the expected value is below some
threshold (which is determined byθ2(r)). If the expected value is below the threshold then it suffices that
we do not get a significant overestimate. To understand the idea for why this suffices, see the discussion
following Lemma 4. Further details follow.

Recall thats(p) denotes the size of the sampleS(p), wheres(p) = Θ

(

n
θ2(p) ·

(

t
β

)2
log t

)

. The next

lemma established that by our choice ofs(p), if a fixed subset ofS(p+1) is sufficiently large, then the number
of its vertices that are selected inS(p) is close to the expected value, and if it is small then few of its vertices
will appear inS(p). Lemma 5 follows directly by applying a multiplicative Chernoff bound (and will be
applied to various subsets of the samplesS(p)).

Lemma 5 For any fixed choice of̃S(p+1) ⊆ S(p+1), if |S̃(p+1)|
s(p+1) ≥ θ2(p)

8n then, with probability at least

1 − 1
32t4 ,

1

1 + β
2(i+1)

· |S̃
(p+1)|

s(p+1)
≤ |S(p) ∩ S̃(p+1)|

s(p+1)
≤
(

1 +
β

2(i + 1)

)

· |S̃
(p+1)|

s(p+1)
,
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and if |S̃
(p+1)|

s(p+1) < θ2(p)
8n then with probability at least1 − 1

32t4
,

|S(p) ∩ S̃(p+1)|
s(p)

<

(

1 +
β

2(i + 1)

)

· θ2(p)

8n
.

Let S
(p)
i

def
= S(p) ∩ Bi and letS(p)

i,j,r
def
= S(p) ∩ Bi,j,r. (Note thatSi+1

i = Bi andSi+1
i,j,r = Bi,j,r). Since

θ2(p) is monotonically decreasing withp (so thats(p) is monotonically increasing withr), and because
(1 + β

2(i+1) )
i+1 ≤ 1 + β, Lemma 5 implies the next corollary.

Corollary 6 With high constant probability, for everyi ∈ L andj /∈ L, and for everyr such that|Bi,j,r| ≥
1
4θ2(r), we have that for everyr − 1 ≤ p ≤ i,

(

1

1 + β
2(i+1)

)i−p+1

· |Bi,j,r|
n

≤
|S(p)

i,j,r|
s(p)

≤
(

1 +
β

2(i + 1)

)i−p+1

· |Bi,j,r|
n

.

On the other hand, if|Bi,j,r| < 1
4θ2(r) then

|S(p)
i,j,r|

s(p)
< (1 + β) · θ2(r)

4n

for everyp.

Lemma 5 also implies that with high constant probability, Algorithm 2 does not terminate in Step 3c. Recall

that the algorithms terminates in Step 3c ifn · |S(p)
i |

s(p) ≥ 1
4(1+β)θ2(p) andn · |S(p)

i |
s(p) ·

((1+β)i−1

2

)

> 4ℓ̃. By

Lemma 5, with probability at least1− 1
32t2

, for everyi andp, if |Bi| < 1
6θ2(p), thenn· |S

(p)
i |

s(p) ≤ (1+β)1
6θ2(p),

and if |Bi| ≥ 1
6θ2(p), thenn · |S(p)

i |
s(p) ≤ (1 + β)|Bi|. Assuming this is in fact the case, if|Bi| < 1

6θ2(p) then

n · |S(p)
i |

s(p) < 1
4(1+β)θ2(p), so that the algorithm will not terminate. On the other hand,if |Bi| ≥ 1

6θ2(p), then

n · |S
(p)
i |

s(p)
·
(

(1 + β)i−1

2

)

≤ (1 + β)|Bi| ·
(

(1 + β)i−1

2

)

≤ (1 + β)ℓ(G) < 4ℓ̃ , (28)

so that the algorithm will not terminate in this case as well.

The next Lemma deals with the estimates we get for the number of neighbors that a vertex inBi has in
Bj, and it too follows from the multiplicative Chernoff bound.In the lemma and what follows we shall use

the notationsΓj(v)
def
= Γ(v) ∩ Bj anddj(v)

def
= |Γj(v)|.

Lemma 7 Let i ∈ L, j /∈ L and for each0 ≤ p ≤ i, let g(p) = Θ
(

(1+β)i−p·log(t·n)
β2

)

. For anyr ≥ p−1 and

for any fixed choice of a vertexv ∈ S
(p)
i,j,r, if we take a sample of sizeg(p) of neighbors ofv and letγ(p)

j (v)

be the number of neighbors in the sample that belong toΓj(v), then with probability at least1 − 1
16·t·n ,

1

1 + β
· dj(v)

d(v)
≤

γ
(p)
j (v)

g(p)
≤ (1 + β) · dj(v)

d(v)
.

In addition, for eachr ≤ p − 2 andv ∈ S
(p)
i,j,r, with probability at least1 − 1

16·t·n ,

γ
(p)
j (v)

g(p)
<

(1 + β)p−1

d(v)
.
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The next lemma is central to our analysis. Ideally we would have liked each vertex in the sample to be
added to its “correct” subset. That is, ifv ∈ S

(r)
i,j,r (= S(r) ∩ Bi,j,r) then ideally it should be added tôS(r)

i,j,r.
However, since the decision concerning whether to add a vertex to a particular subset depends on sampling
its neighbors and estimating the number of neighbors that ithas inBj , we cannot ensure that it will be added
to precisely the right subset. However, we can ensure (with high probability) that it will not be added to a
subsetŜ(p)

i,j,p for p that differ significantly fromr.

Lemma 8 With high constant probability, for everyi ∈ L, j /∈ L, 0 ≤ r ≤ i andv ∈ Bi,j,r such thatv is

selected in the initial sampleSi, the vertexv may belong to either̂S(r+1)
i,j,r+1 or to Ŝ

(r)
i,j,r or to Ŝ

(r−1)
i,j,r−1, but not

to any otherŜ(r′)
i,j,r′. In other words,Ŝ(r)

i,j,r ⊆ Bi,j,r+1 ∪ Bi,j,r ∪ Bi,j,r−1.

Proof: By the definition ofBi,j,r, if v ∈ Bi,j,r then(1+β)r−1 < dj(v) ≤ (1+β)r. By Lemma 7, for each
p ≤ r + 1 with probability at least1 − 1

16·t·n ,

1

1 + β
· (1 + β)r−1

d(v)
<

γ
(p)
j (v)

g(p)
≤ (1 + β) · (1 + β)r+1

d(v)
. (29)

That is, for eachp ≤ r + 1 and in particular forr − 1 ≤ p ≤ r + 1,

(1 + β)r−2

d(v)
<

γ
(p)
j (v)

g(p)
≤ (1 + β)r+2

d(v)
. (30)

On the other hand, forp ≥ r + 2, with probability at least1 − 1
16·t·n ,

γ
(p)
j (v)

g(p)
<

(1 + β)p−1

d(v)
. (31)

By taking a union bound over all verticesv, and for eachv ∈ Bi,j,r over all0 ≤ p ≤ i, this implies that:

1. for r + 2 ≤ p ≤ i, no vertex inS(p)
i,j,r is added tôS(p)

i,j,r;

2. for r − 1 ≤ p ≤ r + 1 the following holds: If a vertexv belongs toS(r+1)
i,j,r , then it may be added

to Ŝ
(r+1)
i,j,r+1, and if not, then it may be added tôS(r)

i,j,r (assumingv ∈ S(r)). If it was added to neither

of the two subsets and it is selected inS(r−1), then it is added tôS(r−1)
i,j,r−1 (and it will not be added to

Ŝ
(p)
i,j,r for anyp < r − 1).

We are now ready to prove that the estimatesêi,j computed by Algorithm 2 are essentially close to
the corresponding values of|Ei,j|. Recall thatSIG denotes the set of all significant indices (as defined in

Definition 1) and thatEj
def
=
⋃t

k=0 Ej,k.

Lemma 9 For an appropriate choice ofc2 (in the definition ofθ2(·) in Step 1 of Algorithm 2) and ofc3 (in
Definition 1), with high constant probability, for allj /∈ L, if j ∈ SIG, then

(

1 − ǫ

8

)

∑

i∈L

|Ei,j| −
ǫ

16
|Ej| ≤

∑

i∈L

êi,j ≤
(

1 +
ǫ

4

)

|Ej | ,
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and if j /∈ SIG then
∑

i∈L

1

2
êi,j ·

(

(1 + β)j − 1
)

≤ ǫ

4t
ℓ(G) .

Proof: Recall that

êi,j =
i
∑

p=p0

n

s(p)
· |Ŝ(p)

i,j,p| · (1 + β)p . (32)

By Lemma 8, with high constant probability, for everyi, j, r such thatr ≥ p0 + 1, the contribution of
vertices inBi,j,r to this sum is

n ·
(

|Ŝ(r+1)
i,j,r+1 ∩ Bi,j,r|

s(r+1)
· (1 + β)r+1 +

|Ŝ(r)
i,j,r ∩ Bi,j,r|

s(r)
· (1 + β)r +

|Ŝ(r−1)
i,j,r−1 ∩ Bi,j,r|

s(r−1)
· (1 + β)r−1

)

.

(33)
Assume from now on that this is in fact true and denote this sumby êi,j,r. Consider first the case that
|Bi,j,r| < 1

4θ2(r). By Corollary 6, with high constant probability, for everyi, j, r, if |Bi,j,r| < 1
4θ2(r), then

|S(p)
i,j,r|
s(p) < (1 + β) · θ2(r)

4n for everyp. Assuming this is in fact the case, we have that

êi,j,r ≤
3

4
· θ2(r) · (1 + β)r+2 . (34)

If j ∈ SIG, then by Lemma 4 we have that|Ej| ≥ (c2/c
1/2
3 )t2

ǫ θ2(r) · (1 + β)r. Therefore,

êi,j,r ≤ ǫ

c4t2
|Ej | , (35)

for c4 = c2/c
1/2
3 (usingβ ≤ 1/32). If j /∈ SIG then(1 + β)j ≤ 2

c
1/2
3

(

ǫℓ̃
t|Bj |

)1/2
.

Using the fact that(1 + β)r ≤ |Bj | (because there are no multiple edges) and by the definition ofθ2(r)
we get that

êi,j,r ·
(

(1 + β)j − 1
)

≤ 1

c2t5/2
· ǫ3/2 · ℓ̃1/2 · |Bj |1/2 · 2

c
1/2
3

(

ǫℓ̃

t|Bj|

)1/2

≤ ǫ

c5t3
ℓ̃ ≤ ǫ

c5t3
ℓ(G) , (36)

for c5 = c2c
1/2
3 /2.

We now turn to the case that|Bi,j,r| ≥ 1
4θ2(r). By Corollary 6, with high constant probability, for every

i, j, r, if |Bi,j,r| ≥ 1
4θ2(r), then for everyr − 1 ≤ p ≤ i,

(

1

1 + β
2(i+1)

)i−p+1

· |Bi,j,r|
n

≤
|S(p)

i,j,r|
s(p)

≤
(

1 +
β

2(i + 1)

)i−p+1

· |Bi,j,r|
n

. (37)

Assume from this point on that this is in fact the case. Fixingsuch a choice ofi, j, r, let

S̃
(r+1)
i,j,r

def
= S

(r+1)
i,j,r \ Ŝ

(r+1)
i,j,r+1 and S̃

(r)
i,j,r

def
= S

(r)
i,j,r \ (Ŝ

(r+1)
i,j,r+1 ∪ Ŝ

(r)
i,j,r) . (38)
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That is, S̃(r+1)
i,j,r is the subset of vertices inS(r+1)

i,j,r (= S(r+1) ∩ Bi,j,r) that were not added tôS(r+1)
i,j,r+1 and

S̃
(r)
i,j,r is the subset of vertices inS(r)

i,j,r (= S(r) ∩ Bi,j,r) that were added to neither̂S
(r+1)
i,j,r+1 nor to Ŝ

(r)
i,j,r. Let

α1
def
=

|S̃(r+1)
i,j,r |

|S(r+1)
i,j,r |

and α2
def
=

|S̃(r)
i,j,r|

|S̃(r+1)
i,j,r ∩ S(r)|

. (39)

SinceS
(r+1)
i,j,r = (Ŝ

(r+1)
i,j,r ∩ Bi,j,r) ∪ S̃

(r+1)
i,j,r (where the two subsets on the right-hand side are disjoint),

according to the definition ofα1 we have that|Ŝ(r+1)
i,j,r ∩ Bi,j,r| = (1 − α1)|S(r+1)

i,j,r |. By Equation (37),

|Ŝ(r+1)
i,j,r+1 ∩ Bi,j,r|

s(r+1)
=

(1 − α1) · |S(r+1)
i,j,r |

s(r+1)
≤ (1 + β)(1 − α1)

|Bi,j,r|
n

, (40)

and similarly
|Ŝ(r+1)

i,j,r+1 ∩ Bi,j,r|
s(r+1)

≥ (1 − β)(1 − α1)
|Bi,j,r|

n
. (41)

In order to obtain bounds on the second and third terms in Equation (33), assume first that both

|S̃(r+1)
i,j,r |

s(r+1)
≥ θ2(r)

4n
and

|S̃(r)
i,j,r|

s(r)
≥ θ2(r)

4n
. (42)

That is,
α1 · |S(r+1)

i,j,r |
s(r+1)

≥ θ2(r)

4n
and

α2 · |S̃(r+1)
i,j,r ∩ S(r)|
s(r)

≥ θ2(r)

4n
. (43)

Under this assumption, by Lemma 5, with probability at least1 − 1
32t4

,

|S̃(r+1)
i,j,r ∩ S(r)|

s(r)
≤
(

1 +
β

2i

) |S̃(r+1)
i,j,r |

s(r+1)
=

(

1 +
β

2i

)

α1 · |S(r+1)
i,j,r |

s(r+1)
, (44)

and
|S̃(r+1)

i,j,r ∩ S(r)|
s(r)

≥
(

1 − β

2i

)

α1 · |S(r+1)
i,j,r |

s(r+1)
. (45)

Similarly, with probability at least1 − 1
32t4 ,

|S̃(r)
i,j,r ∩ S(r−1)|

s(r−1)
≤
(

1 +
β

2i

) |S̃(r)
i,j,r|

s(r)
=

(

1 +
β

2i

)

α2 · |S̃(r+1)
i,j,r ∩ S(r)|
s(r)

, (46)

and
|S̃(r)

i,j,r ∩ S(r−1)|
s(r−1)

≥
(

1 − β

2i

)

α2 · |S̃(r+1)
i,j,r ∩ S(r)|
s(r)

. (47)

Assume that Equations (44)–(47) indeed hold. Observe thatS̃
(r+1)
i,j,r ∩ S(r) = (Ŝ

(r)
i,j,r ∩ Bi,j,r) ∪ S̃

(r)
i,j,r

(where the two subsets on the right-hand side are disjoint),so that by the definition ofα2 we have that
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|Ŝ(r)
i,j,r ∩ Bi,j,r| = (1 − α2)|S̃(r+1)

i,j,r ∩ S(r)|. By Equation (37) and Equation (44),

|Ŝ(r)
i,j,r ∩ Bi,j,r|

s(r)
= (1 − α2)

|S̃(r+1)
i,j,r ∩ S(r)|

s(r)

≤
(

1 +
β

2i

)

(1 − α2)α1 ·
|S(r+1)

i,j,r |
s(r+1)

≤ (1 + β)(1 − α2)α1 ·
Bi,j,r

n
, (48)

and similarly (by Equation (37) and Equation (45)),

|Ŝ(r)
i,j,r ∩ Bi,j,r|

s(r)
≥ (1 − β)(1 − α2)α1 ·

Bi,j,r

n
, (49)

Finally, by our assumption (which holds with high probability), that sampled vertices inBi,j,r are added

either toŜ
(r+1)
i,j,r+1 or to Ŝ

(r)
i,j,r or to Ŝ

(r−1)
i,j,r−1, all vertices inS̃(r)

i,j,r ∩ S(r−1) are added tôS(r−1)
i,j,r−1. Therefore, by

Equations (37), (44) and (46) (and the definitions ofα1 andα2),

|Ŝ(r−1)
i,j,r−1 ∩ Bi,j,r|

s(r−1)
=

|S̃(r)
i,j,r ∩ S(r−1)|

s(r−1)

≤
(

1 +
β

2i

) |S̃(r)
i,j,r|

s(r)

=

(

1 +
β

2i

)

α2

|S̃(r+1)
i,j,r ∩ S(r)|

s(r)

≤
(

1 +
β

2i

)2

α2

|S̃(r+1)
i,j,r |

s(r+1)

=

(

1 +
β

2i

)2

α2α1

|S(r+1)
i,j,r |

s(r+1)

≤ (1 + β)α2α1 ·
Bi,j,r

n
. (50)

Similarly (by Equations (37), (45) and (47)),

|Ŝ(r−1)
i,j,r−1 ∩ Bi,j,r|

s(r−1)
≥ (1 − β)α2α1 ·

Bi,j,r

n
. (51)

The bounds in Equations (48)–(51) were obtained for the casethat bothα1 andα2 are above certain thresh-
olds. If α1 · |S(r+1)

i,j,r |/s(r+1) < θ2(r)
4n , that is,|S̃(r+1)

i,j,r |/s(r+1) < θ2(r)
4n , then by Lemma 5, with probability at

least1 − 1
16t4 ,

|S̃(r+1)
i,j,r ∩ S(r)|

s(r)
≤ (1 + β)

θ2(r)

4n

and
|S̃(r)

i,j,r ∩ S(r−1)|
s(r−1)

≤ (1 + β)
θ2(r)

4n
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as well. Similarly, ifα2 · |S̃(r+1)
i,j,r ∩ S(r)|/s(r) < θ2(r)

4n , that is,|S̃(r)
i,j,r|/s(r) < θ2(r)

4n , then with probability at

least1 − 1
32t4 ,

|S̃(r)
i,j,r ∩ S(r−1)|

s(r−1)
≤ (1 + β)

θ2(r)

4n
.

By combining all the bounds above we get that (for|Bi,j,r| ≥ 1
4θ2(r)),

êi,j,r ≤ (1 + β)
(

(1 − α1)|Bi,j,r|(1 + β)r+1 + α1(1 − α2)|Bi,j,r|(1 + β)r

+ α1α2|Bi,j,r|(1 + β)r−1
)

+ 2θ2(r)(1 + β)r)

≤ |Bi,j,r|(1 + β)r+2 + 2θ2(r)(1 + β)r , (52)

and
êi,j,r ≥ |Bi,j,r|(1 + β)r−2 − θ2(r)(1 + β)r+1 . (53)

Similarly to what we have shown for the case that|Bi,j,r| < 1
4θ2(r) (see Equations (34)–(36)), if we let

Ei,j,r
def
= E(Bi,j,r, Bj) then we get that forj ∈ SIG,

(1 + β)−3|Ei,j,r| −
ǫ

c′4t
2
|Ej | ≤ êi,j,r ≤ (1 + β)3|Ei,j,r| +

ǫ

c′4t
2
|Ej | , (54)

and forj /∈ SIG,

êi,j,r ·
(

(1 + β)j − 1
)

≤ (1 + β)3|Ei,j,r| ·
(

(1 + β)j − 1
)

+
ǫ

c′5t
3
ℓ̃ , (55)

for c′4 = c2/(2c
1/2
3 ) and forc′5 = c2c

1/2
3 /4.

Let LARGE(i, j) denote the subset of indicesr for which |Bi,j,r| ≥ 1
4θ2(r). By Equations (35) and

(36) (for the case that|Bi,j,r| < 1
4θ2(r)), and Equations (54) and (55) (for the case that|Bi,j,r| ≥ 1

4θ2(r)),
and by taking a union bound over alli, j andr we get that the following bounds hold with high constant
probability. First, for everyj ∈ SIG,

∑

i∈L

êi,j =
∑

i∈L

i
∑

p=p0

n

s(p)
· |Ŝ(p)

i,j,p| · (1 + β)p

≤
∑

i∈L

∑

r∈LARGE(i,j)

êi,j,r +
∑

i∈L

∑

r /∈LARGE(i,j)

êi,j,r

≤
(

1 +
ǫ

8

)

∑

i∈L

∑

r∈LARGE(i,j)

|Ei,j,r| +
ǫ

c′4
|Ej | +

ǫ

c4
|Ej |

≤
(

1 +
ǫ

8

)

∑

i∈L

|Ei,j | +
ǫ

c′4
|Ej | +

ǫ

c4
|Ej |

≤
(

1 +
ǫ

4

)

|Ej | , (56)

where the last inequality holds conditioned onc4 andc′4 (which are functions ofc2 andc3) being sufficiently

large (and in particular holds for anyc3 ≥ 1 and c2 ≥ 32 · c
1/2
3 ). Recall thatp0 is the smallest value
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of p satisfying 1
4θ2(p + 1) ≤ n. Since|Bi,j,r| ≤ n for every i, j, r while |Bi,j,r| ≥ 1

4θ2(r) for every
r ∈ LARGE(i, j), we have thatr ≥ p0 + 1 for everyr ∈ LARGE(i, j). Therefore,

∑

i∈L

êi,j ≥
∑

i∈L

∑

r∈LARGE(i,j)

êi,j,r

≥
(

1 − ǫ

8

)

∑

i∈L

∑

r∈LARGE(i,j)

|Ei,j,r| −
ǫ

c′4
|Ej |

≥
(

1 − ǫ

8

)

∑

i∈L





i
∑

r=0

|Ei,j,r| −
∑

r /∈LARGE(i,j)

|Ei,j,r|



− ǫ

c′4
|Ej |

≥
(

1 − ǫ

8

)

∑

i∈L

|Ei,j| − ǫ

(

1

c4
+

1

c′4

)

· |Ej |

≥
(

1 − ǫ

8

)

∑

i∈L

|Ei,j| −
ǫ

16
· |Ej | , (57)

where the last inequality holds for sufficiently largec4 and c′4 (and in particular wheneverc3 ≥ 1 and

c2 ≥ 64 · c1/2
3 ). On the other hand, forj /∈ SIG,

∑

i∈L

1

2
êi,j ·

(

(1 + β)j − 1
)

=
∑

i∈L

1

2

∑

r∈LARGE(i,j)

êi,j,r ·
(

(1 + β)j − 1
)

+
∑

i∈L

1

2

∑

r /∈LARGE(i,j)

êi,j,r ·
(

(1 + β)j − 1
)

≤
(

1 +
ǫ

8

) 1

2

∑

i∈L

∑

r∈LARGE(i,j)

|Ei,j,r| ·
(

(1 + β)j − 1
)

+
ǫ

c′5t
ℓ(G) +

ǫ

c5t
ℓ(G)

≤
(

1 +
ǫ

8

) ǫ

c3t
ℓ̃ +

ǫ

t

(

1

c′5
+

1

c5

)

ℓ(G) (58)

<
ǫ

4t
ℓ(G) , (59)

where in Equation (58) we built on the definition of significant buckets and the last equation holds for
sufficiently largec3, c5 andc′5 (and in particular for any choice ofc3 ≥ 32 andc2 ≥ 64/c

1/2
3 ). By taking

c3 ≥ 32 andc2 ≥ 64 · c1/2
3 , the proof of Lemma 9 is completed.

Putting it all together: proving the first part of Theorem 1. Recall that

ℓ̂ =
∑

i∈L

n · |Si|
|S| ·

(

(1 + β)i

2

)

+
∑

j /∈L

1

2

∑

i∈L

êi,j ·
(

(1 + β)j − 1
)

. (60)

Let ℓ(G,L) denote the number of length-2 paths inG whose mid-point belongs to a bucketBi such that
i ∈ L, and letℓ(G,L) denote the number of length-2 paths whose mid-point belongs to a bucketBj such
that j /∈ L (so thatℓ(G,L) + ℓ(G,L) = ℓ(G)). By the first part of Corollary 2 (and the setting ofβ) we
have that with high constant probability:

∑

i∈L

n · |Si|
|S| ·

(

(1 + β)i

2

)

=
(

1 ± ǫ

4

)

ℓ(G,L) . (61)
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Turning to the second summand in Equation (60), by Lemma 9,

∑

j /∈L

1

2

∑

i∈L

êi,j ·
(

(1 + β)j − 1
)

=
∑

j /∈L,j∈SIG

1

2

∑

i∈L

êi,j ·
(

(1 + β)j − 1
)

+
∑

j /∈L,j /∈SIG

1

2

∑

i∈L

êi,j ·
(

(1 + β)j − 1
)

≤
∑

j /∈L,j∈SIG

1

2
·
(

1 +
ǫ

4

)

|Ej | ·
(

(1 + β)j − 1
)

+
ǫ

4
ℓ(G)

≤
(

1 +
ǫ

4

)

·
∑

j /∈L

1

2
|Ej | ·

(

(1 + β)j − 1
)

+
ǫ

4
ℓ(G)

≤
(

1 +
ǫ

2

)

ℓ(G,L) +
ǫ

4
ℓ(G) . (62)

In the other direction, recall thatℓ(σ)(G,L) =
∑

j /∈L ℓ
(σ)
j (G,L) where forj /∈ L andσ ∈ {1, 2, 3}, we let

ℓ
(σ)
j (G,L) denote the number of length-2 paths whose mid-point belongs toBj and such that the number of

vertices on the path that belong toBk for k /∈ L (includingj) is σ,

∑

j /∈L

1

2

∑

i∈L

êi,j · (1 + β)j ≥
∑

j /∈L,j∈SIG

1

2

(

∑

i∈L

(

1 − ǫ

8

)

|Ei,j| −
ǫ

16
|Ej |

)

·
(

(1 + β)j − 1
)

≥
∑

j /∈L

1

2

∑

i∈L

(

1 − ǫ

8

)

|Ei,j | ·
(

(1 + β)j − 1
)

− (1 + β)ǫ

16
ℓ(G)

−
∑

j /∈L,j /∈SIG

1

2

∑

i∈L

(

1 − ǫ

8

)

|Ei,j | ·
(

(1 + β)j − 1
)

≥
(

1 − ǫ

8

)

(

ℓ(1)(G,L) +
1

2
ℓ(2)(G,L)

)

− ǫ

4
ℓ(G) (63)

≥
(

1 − ǫ

8

)(

ℓ(1)(G,L) + ℓ(2)(G,L) + ℓ(3)(G,L)
)

− 1

2
ℓ(2)(G,L) − ℓ(3)(G,L) − ǫ

4
ℓ(G)

≥
(

1 − ǫ

8

)

ℓ(G,L) − 3ǫ

4
ℓ(G) , (64)

where in Equation (63) we used Equation (22) (based on the definition of SIG and takingc3 ≥ 32 as it was
set previously), and in the last inequality we applied Lemma3. By combining Equations (61), (62) and (64)
we get that̂ℓ = (1 ± ǫ)ℓ(G) with high constant probability.

3.5 Removing the assumption oñℓ

Our analysis builds on the assumption that1
2ℓ(G) ≤ ℓ̃ ≤ 2ℓ(G). In order to get rid of this assumption we

observe that if we run Algorithm 1 with̃ℓ > 2ℓ(G) then our analysis implies that with high constant proba-
bility ℓ̂ ≤

(

1 + ǫ
2

)

ℓ(G) + ǫ
8 ℓ̃. This is true because: (1) the algorithm still obtains (withhigh probability) an

estimate ofℓ(G,L) that does not overestimateℓ(G,L) by more than a factor of
(

1 + ǫ
4

)

; (2) For the number
of length-2 paths whose mid-point is in a bucketBj wherej /∈ L andj ∈ SIG the approximation factor
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is at most
(

1 + ǫ
2

)

; (3) The additional error caused by overestimating the number of length-2 paths whose
mid-point is in a bucketBj wherej /∈ L andj /∈ SIG is at mostǫ8 ℓ̃.

Suppose we run Algorithm 1 with̃ℓ > 2ℓ(G). Then with high constant probabilitŷℓ <
(

1
2 + ǫ

2

)

ℓ̃.
On the other hand, if we run Algorithm 1 with12ℓ(G) ≤ ℓ̃ < ℓ(G), then with high constant probability,

ℓ̂ ≥ (1 − ǫ)ℓ(G) > (1 − ǫ)ℓ̃, which is greater than
(

1
2 + ǫ

2

)

ℓ̃ for everyǫ < 1/3.
Therefore, we do the following. Starting from̃ℓ = n ·

(n
2

)

, we repeatedly call a slight variant of
Algorithm 1 with our current estimatẽℓ. The variant is that we increase all sample sizes by a factor of
Θ(log log n) so as to reduce the failure probability of each execution toO(1/ log n) and we run the algorithm
with ǫ = min{ǫ, 1/4}. In each execution we reduce the previous value ofℓ̃ by a factor of2, and stop once
ℓ̂ > (1− ǫ)ℓ̃, at which point we output̂ℓ. By the above discussion, with high constant probability wedo not
stop beforẽℓ goes below2ℓ(G), and conditioned on this, with high probability (1−O(1/ log n)) we do stop
once1

2ℓ(G) ≤ ℓ̃ < ℓ(G) (or possibly, one iteration earlier, whenℓ(G) ≤ ℓ̃ < 2ℓ(G)) with ℓ̂ = (1 ± ǫ)ℓ(G).
Since there is a non-zero probability that the algorithm does not stop when12ℓ(G) ≤ ℓ̃ < ℓ(G), we next

bound the expected running time of the algorithm. The total running time of all executions until12ℓ(G) ≤
ℓ̃ < ℓ(G) is O

(

n
ℓ(G)1/3 + min

{

n1/2, n3/2

ℓ(G)1/2

})

· poly(log n, 1/ǫ). Onceℓ̃ < 1
2ℓ(G), the algorithm may

terminate in Step 4 of Algorithm 1 or in Step 3c of Algorithm 2,but if it does not, then the probability
that ℓ̂ ≤ (1 − ǫ)ℓ̃ in any particular execution is upper bounded byO(1/ log n). Since the executions are

independent, the expected running time isO
(

n
ℓ(G)1/3 + min

{

n1/2, n3/2

ℓ(G)1/2

})

· poly(log n, 1/ǫ).

We thus have the following theorem.

Theorem 2 With probability at least2/3, the aforementioned algorithm, which uses Algorithm 1 as a sub-
routine, returns an estimateŝℓ that satisfieŝℓ = (1 ± ǫ) · ℓ(G). The expected query complexity and running

time of the algorithm areO
(

n
(ℓ(G))1/3 + min

{

n1/2, n3/2

(ℓ(G))1/2

})

· poly(log n, 1/ǫ).

4 Lower Bounds for Approximating the Number of Length-2 Paths

In the next theorem we state three lower bounds that togethermatch our upper bound in terms of the de-
pendence onn andℓ(G). In what follows, when we refer to a multiplicative approximation algorithm for
the number of length-2 paths, we mean an algorithm that outputs an estimateℓ̂ that with high probability
satisfiesℓ(G)/C ≤ ℓ̂ ≤ Cℓ(G) for some (predetermined) approximation factorC (whereC may depend on
the size of the graph). IfC is a constant then the algorithm is a constant factor approximation algorithm.

Theorem 3 1. Any multiplicative approximation algorithm forℓ(G) must performΩ
(

n
ℓ1/3(G)

)

queries.

2. Any constant-factor approximation algorithm forℓ(G) must performΩ(
√

n) queries when the number
of length-2 paths isO(n2).

3. Any constant-factor approximation algorithm forℓ(G) must performΩ
(

n3/2

ℓ1/2(G)

)

queries when the

number of length-2 paths isΩ(n2).

4.1 Proof of Item 1 in Theorem 3

To establish the first item in Theorem 3 we show that everyn and for every value ofℓ, there exists a family of
n-vertex graphs for which the following holds. For each graphG in the family we have thatℓ(G) = Θ(ℓ),
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but it is not possible to distinguish, makingo(n/ℓ1/3), with high constant probability between a random
graph in the family and the empty graph (for whichℓ(G) = 0). Each graph in the family simply consists of
a clique of sizeb =

⌈

ℓ1/3
⌉

and an independent set of sizen − b. The number of length-2 paths in the graph

is b ·
(b−1

2

)

= Θ(ℓ). However, in order to distinguish between a random graph in the family and the empty
graph it is necessary to perform a query on a vertex in the clique. The probability of hitting such a vertex in

o
(

n
ℓ1/3(G)

)

queries iso(1).

S (|S| = c)

d′ =
⌈√

2ℓ
⌉

+ 1

d =
⌊

√

2ℓ/n
⌋

v

u w

ΓS

ΓV \S

Figure 3: An illustration for the proof of Item 2 in Theorem 3. On the left-hand-side is a graph inG2, and on the
right-hand-side are the corresponding neighborhood tables,ΓV \S andΓS . Each row inΓV \S corresponds to a vertex
in V \S and each row inΓS corresponds to a vertex inS. A connecting line between a pair of entries in the two tables
indicates that there is an edge between the two corresponding vertices.

4.2 Proof of Item 2 in Theorem 3

Since we have already established in Item 1 in Theorem 3 that there is a lower bound ofΩ
(

n
ℓ1/3(G)

)

, and

since forℓ(G) ≤ n3/2 we have that n
ℓ1/3(G)

≥ n1/2, we may consider the case thatℓ(G) > n3/2 > n. To

establish Item 2 in Theorem 3 we show that everyn, every constantc and everyn < ℓ < (n/2c)2 there exist
two families ofn-vertex graphs for which the following holds. In both families the number of length-2 paths
is Θ(ℓ), but in one family this number is a factorc larger than in the other family. However, it is not possible
to distinguish with high constant probability between a graph selected randomly in one family and a graph
selected randomly in the other family usingo(

√
n) queries. We first present two families that include some

graphs with multiple edges and self-loops, and then modify the construction to obtain simple graphs.

The graph families. In the first family, denotedG1, each graph is a union ofd =
⌊

√

2ℓ/n
⌋

matchings.

Thus, each vertex has degreed =
⌊

√

2ℓ/n
⌋

and

ℓ(G) = n ·
(

d

2

)

< ℓ . (65)

A random graph inG1 is determined by simply selectingd random matchings. In the second family, denoted
G2, each graph is determined as follows. There is a small subset, S, of c vertices, where each vertex inS has
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degreed′ =
⌈√

2ℓ
⌉

+ 1, and each vertex inV \S has degreed =
⌊

√

2ℓ/n
⌋

(like all vertices in the graph in

G1). If we view each vertex inS as havingd′ ports(one for each incident edge) and each vertex inV \ S as
havingd ports, then a graph is the familyG2 is defined by a perfect matching between the(n− c) · d + c · d′
ports (we assume this number is even, otherwise,d andd′ can be slightly modified). For an illustration, see
the left-hand-side of Figure 3. Thus,

ℓ(G) > c ·
(

d′

2

)

= c ·
(

⌈√
2ℓ
⌉

+ 1

2

)

> cℓ . (66)

Processes that construct graphs in the families. In order to show that it is hard to distinguish between
graphs selected randomly from the two families ino(

√
n) queries, we follow [GR02, KKR04] and define

two processes,P1 andP2, that interact with an approximation algorithmA. The processP1 answers the
queries ofA while constructing a random graph inG1, and the processP2 answers the queries ofA while
constructing a random graph inG2. We consider the distributions over the respectivequery-answer histories,
〈(q1, a1), . . . , (qt, at)〉, and show that for histories of lengtho(

√
n) the distributions are very close, implying

thatA must have a high failure probability if it performs onlyo(
√

n) queries. Details follow.
For simplicity we assume that for every vertex that appears in either a neighbor query or an answer to

such a query, both processed give the degree of the vertex “for free”, so there is no need for degree queries.
We also assume that an answeru to a neighbor query(v, i) comes with the labeli′ of the edge fromu’s side
of the edge. Clearly any lower bound under these assumptionsgives a lower bound without the assumptions.

The ProcessP1. The processP1 maintains ann × d tableΓ. A graph inG1 corresponds to a perfect
matching between the table entries. That is, if there is an edge (v, u) in the graph, and the edge is labeled
i from v’s side andi′ from u’s side, thenΓ(v, i) = (u, i′) andΓ(u, i′) = (v, i). Thus, a random selection
of a graph inG1 corresponds to a random selection of a perfect matching between the entries ofΓ. Such a
matching can be constructed iteratively, where in each iteration an unmatched entry in the table is selected
arbitrarily and matched to auniformly selectedyet-unmatched entry. The processP1 fills the entries ofΓ in
the course of answering the queries of the algorithmA: Given a queryqt+1 = (v, i), the processP1 answers
with a uniformly selected yet-unmatched entry,(u, i′)

The ProcessP2. The processP2 maintains two tables: one(n− c)× d table,ΓV \S , and onec× d′ table,
ΓS . The rows ofΓV \S correspond to vertices inV \ S, and the rows ofΓS correspond to vertices inS. A
random graph inG2 can be determined in the following iterative manner. In eachstep, a pair(v, i) is selected
arbitrarily among all pairs such that:

1. either there is already a row labeled byv in one of the two tables but the entry(v, i) is yet-unmatched,
or

2. there is no row labeled byv.

In the latter case, we first select, uniformly at random, a notyet labeled row in one of the two tables, and
label it byv. We then select, uniformly at random, a not yet matched entryin one of the two tables. If the
row of the selected entry is not yet labeled, then we give it a random label (among all not yet unused labels
in {1, . . . , n}).
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The processP2 fills the entries ofΓV \S andΓS in the course of answering the queries of the algorithm
A in the following manner. First note that once a vertexv that appears in either a query or an answer is
determined to belong toS, then we may assume thatA terminates, since it has evidence to distinguish
between the two families (recall that the degree of a vertex is revealed when it appears in a query or an
answer). Now, given a queryqt+1 = (v, i), if v is a vertex that was not yet observed in the query-answer
history (that is, it does not label any row), thenP2 first determines whetherv belongs toS or to V \ S,
that is, ifv labels a row inΓS or in ΓV \S . Let the number of vertices already determined to be inV \ S be
denoted byb (so thatb ≤ 2t). With probability c

n−b , the vertexv is determined to belong toS (at which
pointA can terminate) and with probability1 − c

n−b , it is determined to belong toV \ S, so that it labels a
not yet labeled row inΓV \S . Next, a not yet matched entry is selected uniformly among all such entries in
ΓV \S andΓS . If the selected entry is inΓS thenA can terminate. Otherwise, leti′ be the column to which
the entry belongs (inΓV \S). If the entry belongs to a row that is already labeled by someu ∈ {1, . . . , n},
thenP2 answers(u, i′), and if the row is unlabeled thenP2 uniformly selects a labelu ∈ {1, . . . , n} among
all yet unused row labels, and answers(u, i′).

Analyzing the distributions on query-answer histories. ConsiderP2, and observe that if the number of
queries performed iso(

√
n) then the probability that a vertexv in a query(v, i) is determined to belong

to S is o(
√

n) · c
n−c−o(

√
n)

= o
(

1√
n

)

. The second observation aboutP2 is that for everyt = o(
√

n), the

probability that the answer to a query(v, i) will be (u, i′) whereu ∈ S is upper-bounded by c·d′
(n−c)·d−2t =

O
(

1√
n

)

, and so the probability that such an event occurs in a sequence of o(
√

n) queries iso(1).

Finally, for both processes, the probability that an answerto a queryqt+1 = (v, i) is (u, i′) for u that has

already appeared in the query-answer history is upper bounded by 2t
n = o

(

1√
n

)

, and so the probability that

such an event occurs in a sequence ofo(
√

n) queries iso(1). Therefore, in both processes, if the number of
queries performed iso(

√
n), then for any algorithmA, with probability1 − o(1), the sequence of answers

to the queries ofA is a sequence of uniformly selected distinct pairs(u, i′). This implies that the statistical
distance between the corresponding distributions on query-answer histories iso(1), and so it is not possible
to distinguish between a random graph inG1 and a random graph inG2 with probability greater than12 +o(1).

The issue of multiple edges. As defined above, the graphs may have multiple edges or self loops. In order
to avoid multiple edges, the distribution on answers to queries given any particular history is not as simple
as when allowing multiple edges. However, the main observation is that the probability of selecting an entry
that belongs to a row that already has some matched entries can only decrease. The only negative effect on
our bounds is in the upper bound on the probability that the answer to a query(v, i) will be (u, i′) where

u ∈ S, which we can bound by c·d′
n·d−2t·d , which is stillO

(

1√
n

)

for t = o(
√

n).

4.3 Proof of Item 3 in Theorem 3

Similarly to the proof of Item 2 in Theorem 3, to establish Item 3 in Theorem 3 we show that for everyn,
every constantc and everyℓ = Ω(n2), ℓ < n3/(16c2), there exist two families ofn-vertex graphs for which
the following holds. In both families the number of length-2 paths isΘ(ℓ), but in one family this number
is a factorc larger than in the other family. However, it is not possible to distinguish with high constant
probability between a graph selected randomly in one familyand a graph selected randomly in the other
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⌊

√

2ℓ/n
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s =
⌈

4cℓ/n2
⌉

Figure 4: An illustration for the proof of Item 3 in Theorem 3. On the left-hand-side is a graph inG2, and on the
right-hand-side are the corresponding tables,ΓV \S andΓS . A connecting line between a pair of entries indicates that
there is an edge between the two corresponding vertices.

family usingo
(

n3/2

ℓ1/2

)

queries. (Note that whenℓ = Ω(n3), and in particular,ℓ ≥ n3/(16c2), the lower

bound isΩ(1), which is trivial.)
The first family,G1, is identical to the one defined in the proof of Item 2 in Theorem 3. That is, each

graph is determined byd =
⌊

√

2ℓ/n
⌋

matchings so that each vertex has degreed andℓ(G) = n ·
(d
2

)

< ℓ. In

the second family, denotedG2, each graph is defined as follows. There is a subset,S, of s =
⌈

4cℓ
n2

⌉

vertices,
and a complete bipartite graph betweenS andV \S. In addition, there ared− s perfect matchings between
vertices inV \ S. For an illustration, see Figure 4. Thus, each vertex inV \ S has degreed, just like inG1.
Now, for everyG ∈ G2, using our assumption thatℓ < n3/(16c2) so thats < n/4,

ℓ(G) ≥ s ·
(

n − s

2

)

> s ·
(

3n/4

2

)

=

⌈

4cℓ

n2

⌉

·
(

3n/4

2

)

> cℓ . (67)

The argument for proving that no algorithm can distinguish with high constant probability between a
graph selected randomly inG1 and a graph selected randomly inG2, is similar to the one presented in the
proof of Item 2 in Theorem 3, and is actually somewhat simpler. As in the proof of Item 2 in Theorem 3, we
define two processes,P1 andP2, whereP1 is exactly as defined in the proof of Item 2 in Theorem 3.

The processP2. The processP2 maintains an(n− s)× d table,ΓV \S , and ans× (n− s) table,ΓS . The
rows ofΓV \S corresponds to vertices inV \ S and the rows inΓS correspond to vertices inS. A graph in
G2 is determined by a perfect matching between the union of the entries in the two tables, where each row
in ΓV \S(v) contains exactlys entries that are matched with entries ofΓS, one from each row. Here too we
may assume that once a vertexv that appears in either a query or an answer is determined to belong toS
(i.e., to label a row inΓS), thenA terminates, since it has evidence to distinguish between the two families.

Given a queryqt+1 = (v, i), if v is a vertex that was not yet observed in the query-answer history, then
P2 first determines whether it belongs toS or toV \S. Let the number of vertices already determined to be
in V \ S be denoted byb (so thatb ≤ 2t). With probability s

n−b , the vertexv is determined to belong toS
(at which pointA can terminate) and with probability1 − s

n−b , it is determined to belong toV \ S, so that
it labels a randomly chosen not yet labeled row inΓV \S . Next, the process decides whether the entry(v, i)
corresponds to an edge whose other endpoint is inS or in V \S. Let b(v) be the number of entries in the row
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of v that have already been determined. Then, with probabilitysd−b(v) , the entry is matched to a uniformly
selected entry inΓS (so thatA can terminate), and with probability1 − s

d−b(v) it is matched to a not yet
matched entry inΓS . This entry is selected as follows. For each rowr in ΓV \S (labeled or unlabeled),
let b(r) be the number of entries inr that are already matched. Then a rowr is selected with probability

d−b(r)−s
P

r(d−b(r)−s) . If the row is yet unlabeled thenP2 uniformly selects a labelu ∈ {1, . . . , n} among all yet

unused row labels. The indexi′ is selected uniformly among all not yet matched entries in the rowr.

Analyzing the distributions on query-answer histories. ConsiderP2, and observe that if the number
of queries performed iso(n3/2/ℓ1/2) then the probability that a vertexv in a query(v, i) is determined to
belong toS is

o(n3/2/ℓ1/2) · s

n − o(n3/2/ℓ1/2)
= o(n3/2/ℓ1/2) ·

⌈

(4cℓ)/n2
⌉

n
= o

(

ℓ1/2

n3/2

)

= o(1) . (68)

The second observation aboutP2 is that for everyt = o(n3/2/ℓ1/2), the probability that the answer to a
query(v, i) will be (u, i′) whereu ∈ S is upper-bounded by

s

d − b(v)
=

⌈

(4cℓ)/n2
⌉

⌊

√

2ℓ/n
⌋

− o(n3/2/ℓ1/2)
= O(ℓ1/2/n3/2) , (69)

and so the probability that such an event occurs in a sequenceof o(n3/2/ℓ1/2)) queries iso(1). Finally,
for both processes, the probability that an answer to a queryqt+1 = (v, i) is (u, i′) for u that has already
appeared in the query-answer history is upper-bounded by2t

n = o
(

n1/2ℓ1/2
)

, and so the probability that
such an event occurs in a sequence ofo(n3/2/ℓ1/2) queries iso(n2/ℓ) = o(1).

Therefore, in both processes, if the number of queries performed iso(n3/2/ℓ1/2), then for any algorithm
A, with probability1−o(1), the sequence of answers to the queries ofA is a sequence of uniformly selected
distinct pairs(u, i′). This implies that the statistical distance between the corresponding distributions on
query-answer histories iso(1), and so it is not possible to distinguish random graphs from the two families
with probability greater than12 + o(1). The issue of multiple edges is dealt with as in the proof of Item 2 in
Theorem 3.

5 Extending the Algorithm to Stars

In this section we explain how our result for approximating the number of length-2 paths can be extended
to larger stars. Recall that ans-star is a graph overs + 1 vertices in which one single vertex (the star
center) is adjacent to all other vertices (and there are no edges between the other vertices). In particular,
a length-2 path is a2-star. The algorithm for approximating the number ofs-stars fors > 2 is a natural
extension of the algorithm we presented for the case ofs = 2, and its analysis is very similar. Here we
describe the modifications in the algorithm and its analysis. Recall thatνs(G) denotes the number ofs-
stars in a graphG. Here too we assume the algorithm is given a rough estimateν̃s for νs(G), such that
1
2νs(G) ≤ ν̃s ≤ 2νs(G), and this assumption is removed in the same manner as in the case of length-2
paths. We assume for simplicity thats is a constant, though it can also be a very slowly growing function of
n (since the dependence ons is exponential).
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Algorithm 3 (Estimating the number of s-stars in G = (V, E))
Input: ǫ, s, andν̃s.

1. Letβ
def
= ǫ

32s , t
def
=
⌈

log(1+β) n
⌉

, and

θ1
def
=

ǫ
s

s+1 ν̃
1

s+1
s

c1(s)t
2s

s+1

,

wherec1(s) will be set in the analysis.

2. Uniformly and independently selectΘ
(

n
θ1

· log t
ǫ2

)

vertices fromV , and letS denote the multiset of

selected vertices (that is, we allow repetitions).

3. For i = 0, . . . , t, determineSi = S ∩ Bi by performing a degree query on every vertex inS.

4. LetL =
{

i : |Si|
|S| ≥ 2θ1

n

}

. If maxi∈L

{

((1+β)i−1

s

)

· θ1

}

> 4ν̃s then terminate and return 0.

5. For eachi ∈ L run a slight variant of Algorithm 2 (that is described below)to get estimates{êi,j}j /∈L

for {|Ei,j |}j /∈L.

6. Output

ν̂s =
∑

i∈L

n · |Si|
|S| ·

(

(1 + β)i

s

)

+
∑

j /∈L

1

s

∑

i∈L

êi,j

(

(1 + β)j − 1

s − 1

)

.

The variant of Algorithm 2 used to get the estimates{êi,j}j /∈L is the following. For each0 ≤ p ≤ i let

θ2(p)
def
=

ǫ
s+1

s ν̃
1
s
s

c2(s)t
2s+1

s (1 + β)
p
s

, (70)

wherec2(s) grows at most exponentially withs. The minimum valuep0 of p is still the smallest value ofp
satisfying1

4θ2(p + 1) ≤ n. The sample sizes(p) is still

s(p) = Θ

(

n

θ2(p)

(

t

β

)2

log t

)

, (71)

and in Step 3c we have:

3c. If |S(p)
i | < s(p)

n · 1
4(1+β)θ2(p), then go to Step 4. Else, if|S(p)

i | > s(p)

n · 4ν̃s

((1+β)i−1

s )
then terminate and

return 0.

Theorem 4 If 1
2νs(G) ≤ ν̃s ≤ 2νs(G), then with probability at least2/3, the output,ν̂s, of Algorithm 3

satisfieŝνs = (1 ± ǫ) · νs(G). The query complexity and running time of the algorithm are

O

(

n

ν̃
1

s+1
s

+ min

{

n1− 1
s ,

ns− 1
s

ν̃
1− 1

s
s

})

· poly(log n, 1/ǫ) .

As noted previously, the assumption that the algorithm has an estimatẽνs for νs(G) is removed similarly to
the way it was removed in the case of2-stars.

29



5.1 Analyzing the complexity of Algorithm 3

As in the case of Algorithm 1, the running time of Algorithm 3 is linear in its query complexity, and
hence it suffices to bound the latter. Recall that we restrictour attention to constants, and hence, in our
bounds, we shall ignore terms that depend only ons. The query complexity of Algorithm 3 is the sum of

Θ
(

n
θ1

· log t
ǫ2

)

= O

(

n

ν̃
1

s+1
s

)

· poly(log n, 1/ǫ) (the size of the sample selected in Step 2 of the algorithm)

and the number of queries performed in the executions of the variant of Algorithm 2. In order to bound the
latter we first observe that if Algorithm 3 did not terminate in Step 4, then

∀ i ∈ L : (1 + β)i = O





ν̃
1

s+1
s · t 2

s+1

ǫ
1

s+1



 . (72)

Similarly, if the variant of Algorithm 2 did not terminate inany of its executions in Step 3c (where this step
is as described following Equation (71), then

∀ i ∈ L and p0 ≤ p ≤ i : |S(p)
i | = O

(

s(p)

n
· ν̃s
((1+β)i−1

s

)

)

. (73)

In addition, it trivially always holds that|S(p)
i | ≤ s(p) = O

(

n
θ2(p)

(

t
β

)2
log t

)

. Recall thatp runs fromi

down top0 wherep0 is the smallest value ofp satisfying1
4θ2(p + 1) ≤ n where

θ2(p)
def
=

ǫ
s+1

s ν̃
1
s
s

c2(s)t
2s+1

s (1 + β)
p
s

.

That is,

p0 =

⌊

log1+β
ǫs+1ν̃s

c′2(s) · t2s+1ns

⌋

for an appropriate choice ofc′2(s). This implies that if

ν̃s ≤
c′2(s) · t2s+1

ǫs+1
· ns,

then p0 = 0, and otherwise it may be larger. Therefore, the total numberof queries performed in the
executions of the variant of Algorithm 2 is upper bounded by:

∑

i∈L

i
∑

p=p0

(

s(p) + min

{

s(p),
s(p)

n
· 4ν̃s
((1+β)i−1

s

)

}

· g(p)

)

≤
∑

i∈L

i · s(i) +
∑

i∈L

i
∑

p=p0

min

{

s(p),
s(p)

n
· 4ν̃s
((1+β)i−1

s

)

}

· g(p) . (74)

For the first summand we apply Equation (72) and get:

∑

i∈L

i · s(i) ≤
∑

i∈L

t · O
(

n · t4+ 1
s log t · (1 + β)

i
s

ǫ3+ 1
s · ν̃

1
s
s

)
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= O







n · t6+ 1
s log t

ǫ3+ 1
s · ν̃

1
s
s

·





ν̃
1

s+1
s · t3+ 1

s

ǫ
1

s+1





1
s







= O

(

n

ν̃
1

s+1
s

)

· poly(log n, 1/ǫ) . (75)

Turning to the second summand,

∑

i∈L

i
∑

p=p0

min

{

s(p),
s(p)

n
· 4ν̃s
(

(1+β)i−1

s

)

}

· g(p)

=
∑

i∈L

i
∑

p=p0

O



min







n · (1 + β)
p
s

ν̃
1
s
s

,
ν̃

1− 1
s

s

(1 + β)si−
p
s







· (1 + β)i−p



 · poly(log n, 1/ǫ)

=
∑

i∈L

O



min







n · (1 + β)i

ν̃
1
s
s

,
ν̃

1− 1
s

s

(1 + β)(s−1)i







· poly(log n, 1/ǫ)





· (1 + β)−((1− 1
s)p0 ·

i−p0
∑

k=0

(1 + β)−(1− 1
s )k . (76)

In order to bound the expression in Equation (76) we first notethat if (1 + β)i ≤ ν̃
1/s
s

n1/s then n·(1+β)i

ν̃
1/s
s

≤

n1−1/s, while if (1 + β)i ≥ ν̃
1/s
s

n1/s , then ν̃
1−1/s
s

(1+β)(s−1)i ≤ n1−1/s as well. Since(1 + β)−(1−1/s)p0 = 1 and
∑i−p0

k=0 (1 + β)−(1−1/s)k = O(1/β), if p0 = 0 then the right-hand-side of Equation (76) is upper bounded
by

O
(

n1− 1
s

)

· poly(log n, 1/ǫ) . (77)

If p0 > 0 then the bound in Equation (77) should be multiplied by(1 + β)−(1−1/s)p0 . By definition ofp0

we have that(1 + β)−(1−1/s)p0 = O
(

ns−1

ν̃
1−1/s
s

)

· poly(log n, 1/ǫ), and so we get the (tighter) bound:

O
(

n1− 1
s · (1 + β)−(1− 1

s )p0

)

· poly(log n, 1/ǫ) = O

(

ns− 1
s

ν̃
1− 1

s
s

)

· poly(log n, 1/ǫ) . (78)

The total number of queries performed in the executions of the variant of Algorithm 2 is hence upper
bounded by

O

(

n

ν̃
1

s+1
s

+ min

{

n1− 1
s ,

ns− 1
s

ν̃
1− 1

s
s

})

· poly(log n, 1/ǫ) . (79)

5.2 Analyzing the correctness of Algorithm 3

We first note that the size of the sampleS selected by Algorithm 3 isΘ
(

n
θ1

· log t
ǫ2

)

, that is, the same, as

a function ofθ1, as the sample size selected by Algorithm 1. Therefore, Lemma 1 and Corollary 2 hold
as is (forθ1 as defined in Step 1 of Algorithm 3). The first part of Corollary2 implies that (with high
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constant probability) the estimate
∑

i∈L n · |Si|
|S| ·

((1+β)i

s

)

is close to the actual number ofs-stars whose
center belongs to a bucketBi such thati ∈ L. It also implies (similarly to what was shown in the case of
2-stars) that Algorithm 3 does not terminate in Step 4 (with high constant probability).

The remainder of the analysis deals with the quality of the estimate for the number ofs-stars inG whose
center is not inL. First observe that by the second part of Corollary 2 we have that with high constant
probability,

∑

j /∈L

|Bj | < 4θ1t . (80)

We next introduce the following notations. Forj /∈ L andσ ∈ {1, 2, ..., s + 1}, let ν
(σ)
s (j,G,L) denote

the number ofs-stars inG whose center belongs toBj and such that the number of vertices in the star that

belong toBk for k /∈ L (including j) is σ. Let ν
(σ)
s (G,L) =

∑

j /∈L ν
(σ)
s (j,G,L) and letνs(j,G,L) =

∑s+1
σ=1 ν

(σ)
s (j,G,L).

We first observe that
∑s+1

σ=2 ν
(σ)
s (G,L) (stars that include at least one vertex fromBj such thatj /∈ L in

addition to the center vertex), is relatively small (with high probability).

Lemma 10 With high constant probability,
∑s+1

σ=2 ν
(σ)
s (G,L) ≤ ǫ

8νs(G).

Proof: We first observe that since the total number ofs-stars isνs(G), for every bucketBj we have that
((1+β)j−1+1

s

)

≤ νs(G)/|Bj |. Hence,

(1 + β)j ≤ (1 + β) ·
(

(

s! · νs(G)

|Bj |

)1
s

+ (s − 1)

)

. (81)

For eachj /∈ L we have that
∑s+1

σ=2 ν
(σ)
s (j,G,L) is the number ofs-stars whose center,v, is in Bj and that

have at least one additional vertex in a bucketBk wherek /∈ L. (The remainings − 1 vertices may belong
to any of the at most(1 + β)j neighbors ofv.) Therefore,

s+1
∑

σ=2

ν(σ)
s (G,L) ≤

∑

j /∈L

|Bj| ·
∑

k/∈L

|Bk| ·
(

(1 + β)j

s − 1

)

≤ 4θ1t ·
∑

j /∈L

|Bj| ·
((1 + β) ·

(

(

s!·νs(G)
|Bj |

) 1
s

+ (s − 1)

)

s − 1

)

. (82)

Let J1 = {j /∈ L :
(

s!·νs(G)
|Bj |

) 1
s ≤ s} and let LetJ2 = {j /∈ L :

(

s!·νs(G)
|Bj |

) 1
s

> s}. Then,

4θ1t ·
∑

j∈J1

|Bj| ·
((1 + β) ·

(

(

s!·νs(G)
|Bj |

)
1
s

+ (s − 1)

)

s − 1

)

≤ 16(θ1 · t)2 · 24s <
ǫ

32
ν̃s , (83)

where the last inequality holds forc1(s) ≥ 24s+9. Turning toJ2, we have that

4θ1t ·
∑

j∈J2

|Bj | ·
((1 + β) ·

(

(

s!·νs(G)
|Bj |

) 1
s

+ (s − 1)

)

s − 1

)
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≤ 4θ1t ·
∑

j∈J2

|Bj| ·
(

4 ·
(

s!·νs(G)
|Bj |

)
1
s

s − 1

)

≤ 4θ1t ·
∑

j∈J2

4s(s!)
1
s

(s − 1)!
· |Bj |

1
s · (νs(G))1−

1
s

≤ 4s(s!)
1
s

(s − 1)!
· 4θ1t · t · (4θ1)

1
s · (νs(G))1−

1
s

≤ 4s+2(s!)
1
s

(s − 1)!
· t2 · θ1+ 1

s
1 · (νs(G))1−

1
s

≤ 4s+2(s!)
1
s

(s − 1)!
· t2 ·





ǫ
s

s+1 ν̃
1

s+1
s

c1(s)t
2s

s+1





1+ 1
s

· (νs(G))1−
1
s

≤ ǫ

32
ν̃s , (84)

where the last inequality holds for an appropriate choice ofc1(s). The lemma follows by combining Equa-
tions (82), (83) and (84).

We next modify the notion of significant buckets (for bucketsBj such thatj /∈ L).

Definition 2 (Significant small buckets) For everyj /∈ L we say thatj is significant if

|Bj | ·
(

(1 + β)j

s

)

≥ ǫ

c3(s)t
ν̃s ,

wherec3(s) grows at most exponentially withs. We denote the set of indices of significant bucketsBj (where
j /∈ L) bySIG.

Note that by the definition ofSIG,
∑

j /∈L,j /∈SIG

νs(j) <
ǫ

c3(s)
ν̃s ≤ 2ǫ

c3(s)
νs(G) . (85)

The next lemma is proved very similarly to Lemma 4, and the proof is hence omitted (recall thatθ2(r)
def
=

ǫ
s+1

s ν̃
1
s
s

c2(s)t
2s+1

s (1+β)
r
s

).

Lemma 11 If j ∈ SIG, then for everyr such that|Bi,j,r| > 0 for somei we have that

|Ej| ≥
c4(s)t

2

ǫ
· θ2(r) · (1 + β)r−1

for c4(s) = (c2(s)/c3(s)
1/s) · (s!)1/s.

We now turn to explaining what needs to be modified in the analysis of the variant of Algorithm 2
that is used in Algorithm 3. Recall thats(p) denotes the size of the sampleS(p), where s(p) =

Θ

(

n
θ2(p) ·

(

t
β

)2
log t

)

. That is, the sample size is the same, as a function ofθ2(p), as in Algorithm 2.

Hence, Lemma 5, and Corollary 6 hold as is, and here we also have that with high constant probability, the
variant of Algorithm 2 does not terminate in Step 3c. Lemma 7 and Lemma 8 also hold without any changes.
We do however need to modify (the second part of) Lemma 9, and the modified version is stated next.
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Lemma 12 For an appropriate choice ofc2(s) (in the definition ofθ2(·), that is, Equation (70)) and ofc3(s)
(in Definition 1), with high constant probability, for allj /∈ L, if j ∈ SIG, then

(

1 − ǫ

8

)

∑

i∈L

|Ei,j| −
ǫ

16
|Ej| ≤

∑

i∈L

êi,j ≤
(

1 +
ǫ

4

)

|Ej | ,

and if j /∈ SIG then
∑

i∈L

1

s
êi,j ·

(

(1 + β)j

s − 1

)

≤ ǫ

4t
νs(G) .

The proof of Lemma 12 is very similar to the proof of Lemma 9. The only difference is that here we use
the modified definition of significant buckets (Definition 2) and the corresponding lemma (Lemma 11) rather
than the original definition (Definition 1) and lemma (Lemma 4). Note that in both lemmas, ifj ∈ SIG

then |Ej| is lower bounded byΩ
(

t2

ǫ θ2(r) · (1 + β)r
)

(whenBi,j,r is non-empty). As shown in the proof

of Lemma 9 (based on the lemmas that hold as is for the case ofs-stars), when|Bi,j,r| ≤ 1
4θ2(r), the upper

bound onêi,j,r is of the order ofθ2(r) · (1 + β)r (see Equation (34)), and when|Bi,j,r| > 1
4θ2(r) the

additive term in the deviation from|Ei,j,r| is of the same order (see Equations (52) and (53)). Therefore,
whenj ∈ SIG they both translate to expressions of the formǫ

c4(s)t2
|Ej |, as in the proof of Lemma 9 (see

Equations (35) and (54)). On the other hand, whenj /∈ SIG we need to show that

θ2(r) · (1 + β)r ·
(

(1 + β)j

s − 1

)

≤ ǫ

c5(s)t3
νs(G) (86)

for an appropriate choice ofc5(s).

If j /∈ SIG then
(

(1+β)j

s

)

≤ ǫ
c3t

ν̃s
|Bj | , and so(1 + β)j ≤

(

ǫs!
c3t · ν̃s

|Bj |

)1/s
+ (s − 1). If

(

ǫs!
c3t

ν̃s
|Bj |

)1/s
≤ s

then(1 + β)j ≤ 2s so that

θ2(r) · (1 + β)r ·
(

(1 + β)j

s − 1

)

≤ ǫ
s+1

s ν̃
1
s
s

c2(s)t
2+ 1

s (1 + β)
r
s

· (1 + β)r · 22s

≤ ǫ
s+1

s ν̃
1
s
s

c2(s)t
2+ 1

s

· (1 + β)(1−
1
s ) · 22s

≤ ǫ
s+1

s ν̃
1
s
s

c2(s)t
2+ 1

s

· (4θ1)
1− 1

s · 22s

≤ ǫ
s+1

s ν̃
1
s
s

c2(s)t
2+ 1

s

·





4ǫ
s

s+1 ν̃
1

s+1
s

c1(s)t
2s

s+1





1− 1
s

· 22s

=
ǫ

c5(s)t3
νs(G) , (87)

for an appropriate setting ofc5(s) (that is a function ofc1(s), c2(s) ands). We have used the fact that

(1 + β)r ≤ |Bj | (since there are no multiple edges) and thatj /∈ L (so that|Bj | ≤ 4θ1 = 4ǫ
s

s+1 ν̃
1

s+1
s

c1(s)t
2s

s+1
). On
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the other hand, if
(

ǫs!
c3(s)t

ν̃s
|Bj |

)1/s
> s then(1 + β)j ≤ 2

(

ǫs!
c3(s)t

ν̃s
|Bj |

)1/s
so that

θ2(r) · (1 + β)r ·
(

(1 + β)j

s − 1

)

≤ ǫ
s+1

s ν̃
1
s
s

c2(s)t
2+ 1

s

· (1 + β)r(1−1/s) · 2s−1 ·
(

ǫs!

c3(s)t
· ν̃s

|Bj|

)1− 1
s

<
s2s

c2(s)c3(s)
· ǫ

t3
· ν̃s =

ǫ

c′5(s)t
3
νs(G) (88)

for an appropriate setting ofc′5(s), which is a function ofc2(s), c3(s) ands (where here too we used the fact
that(1 + β)r ≤ |Bj|).
The remainder of the proof is essentially as in the proof of Lemma 9 where the only difference is in the
constraints onc2(s) andc3(s).

5.3 Putting it all together: proving the first part of Theorem 4

Recall that

ν̂s =
∑

i∈L

n · |Si|
|S| ·

(

(1 + β)i

s

)

+
∑

j /∈L

1

s

∑

i∈L

êi,j ·
(

(1 + β)j − 1

s − 1

)

. (89)

Let νs(G,L) denote the number ofs-stars inG whose center belongs to a bucketBi such thati ∈ L, and
let νs(G,L) denote the number ofs-stars whose center belongs to a bucketBj such thatj /∈ L (so that
νs(G,L) + νs(G,L) = νs(G)). By the first part of Corollary 2 (and the setting ofβ = ǫ

32s ) we have that
with high constant probability:

∑

i∈L

n · |Si|
|S| ·

(

(1 + β)i

s

)

=
(

1 ± ǫ

4

)

νs(G,L) . (90)

Turning to the second summand in Equation (89), by Lemma 12,

∑

j /∈L

1

s

∑

i∈L

êi,j ·
(

(1 + β)j − 1

s − 1

)

=
∑

j /∈L,j∈SIG

1

s

∑

i∈L

êi,j ·
(

(1 + β)j − 1

s − 1

)

+
∑

j /∈L,j /∈SIG

1

s

∑

i∈L

êi,j ·
(

(1 + β)j − 1

s − 1

)

≤
∑

j /∈L,j∈SIG

1

s
·
(

1 +
ǫ

4

)

|Ej | ·
(

(1 + β)j − 1

s − 1

)

+
ǫ

4
νs(G)

≤
(

1 +
ǫ

4

)

·
∑

j /∈L

1

s
|Ej | ·

(

(1 + β)j − 1

s − 1

)

+
ǫ

4
νs(G)

≤
(

1 +
ǫ

2

)

νs(G,L) +
ǫ

4
νs(G) . (91)

In the other direction, recall thatν(σ)
s (G,L) =

∑

j /∈L ν
(σ)
s (j,G,L) where forj /∈ L andσ ∈ {1, . . . , s+1},

we letν(σ)
s (j,G,L) denote the number ofs-stars whose center belongs toBj and such that the number of
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vertices in the star that belong toBk for k /∈ L (includingj) is σ,

∑

j /∈L

1

s

∑

i∈L

êi,j ·
(

(1 + β)j − 1

s − 1

)

≥
∑

j /∈L,j∈SIG

1

s

(

∑

i∈L

(

1 − ǫ

8

)

|Ei,j | −
ǫ

16
|Ej |

)

·
(

(1 + β)j − 1

s − 1

)

≥
∑

j /∈L

1

s

∑

i∈L

(

1 − ǫ

8

)

|Ei,j| ·
(

(1 + β)j − 1

s − 1

)

− (1 + β)s−1ǫ

16
νs(G)

−
∑

j /∈L,j /∈SIG

1

s

∑

i∈L

(

1 − ǫ

8

)

|Ei,j | ·
(

(1 + β)j − 1

s − 1

)

≥
(

1 − ǫ

8

)

·
s
∑

σ=1

s − (σ − 1)

s
ν(σ)

s (G,L) − ǫ

4
νs(G) (92)

≥
(

1 − ǫ

8

)

·
s+1
∑

σ=1

ν(σ)
s (G,L) −

s+1
∑

σ=2

ν(σ)
s (G,L) − ǫ

4
νs(G)

≥
(

1 − ǫ

8

)

νs(G,L) − ǫ

8
νs(G) − ǫ

4
νs(G) (93)

=
(

1 − ǫ

8

)

νs(G,L) − 3ǫ

8
νs(G) , (94)

where in Equation (92) we used Equation (85) (based on the definition of SIG and for an appropriate choice
of c3(s)), and in Equation (93) we applied Lemma 10. By combining Equations (90), (91) and (94) we get
that ν̂s = (1 ± ǫ)νs(G) with high constant probability.

6 Lower Bounds for Approximating the Number of s-Stars

We also have matching lower bounds similarly to what we had for the case of length-2 paths. For simplicity
we state them for constants but they can be extended to non-constants.

Theorem 5 Lets be a constant.

1. Any (multiplicative) approximation algorithm for the number ofs-stars must performΩ

(

n

(νs(G))
1

s+1

)

queries.

2. Any constant-factor approximation algorithm for the number of s-stars must performΩ(n1− 1
s )

queries when the number ofs-stars isO(ns).

3. Any constant-factor approximation algorithm for the number ofs-stars must performΩ

(

ns− 1
s

(νs(G))1−
1
s

)

queries when the number ofs-stars isΩ(ns).

Since the constructions are very similar to those used in theproofs of Items 1–3 of Theorem 3, we only
describe the needed modifications in the constructions and the analysis. Here too we allow multiple edges
in the constructions, and this assumption can be removed in asimilar manner to the way it was dealt with in
Theorem 3.
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Proof sketch of Item 1 in Theorem 5. For any choice of̃νs, consider the family of alln-vertex graphs

that each consists of a clique of sizeb =

⌈

ν̃
1

s+1
s

⌉

and an independent set of sizen − b. The number of

s-stars in the graph isb ·
(b−1

s

)

= Θ(ν̃s) (recall that we assume thats is a constant). However, in order to
distinguish between a random graph in the family and the empty graph it is necessary to perform a query on

a vertex in the clique. The probability of hitting such a vertex ino

(

n

νs

1
s+1 (G)

)

queries iso(1).

Proof sketch of Item 2 in Theorem 5. First note that the lower bound in Item 1Ω

(

n

(νs(G))
1

s+1

)

is higher

than the lower bound in this item (Ω(n1− 1
s )) for νs(G) < n1+ 1

s , and hence we may restrict our attention
to the case thatνs(G) ≥ n1+ 1

s . We modify the construction of the two families of graphs from the proof
of Item 2 in Theorem 3, in the following manner. We start with the second family, denotedG2. As in the
proof of Item 2 in Theorem 3, each graph in this family is determined by two subsets:S, of a constant size
c (which determines the gap between the number ofs-stars in the two families), andV \ S. Each vertex in

S hasd′ =
⌈

(s! · ν̃s)
1
s

⌉

+ s, neighbors inV \ S, and each vertex inV \ S hasd =

⌊

(

s!ν̃s
n

)
1
s

⌋

neighbors (in

V \ S and possibly inS). Thus, the difference between the familyG2 as defined here and as defined in the
proof of Item 2 in Theorem 3 is only in the setting ofd andd′.

The familyG1 is also very similar to the one defined in the proof of Item 2 in Theorem 3, but we perform
a small modification, which slightly simplifies the analysis. Consider taking a graph inG2 and matching the
edges betweenV \ S andS. That is, we replace pairs of edges(v,w), (u, z) whereu, v ∈ V \ S and
w, z ∈ S, by a single edge betweenv andu. We shall refer to these edges asspecialedges. Note that the
degree of each vertex inV \ S remains the same (d), and the setS becomes an independent set. LetG1 be
the family of graphs resulting from performing this operation on graphs inG2 (where the matching may be
arbitrary). Observe that the number ofs-stars in each graphG ∈ G1 satisfies:

νs(G) = (n − c) ·
(

d

s

)

< ν̃s , (95)

and the number ofs-stars in each graphG ∈ G2 satisfies:

νs(G) > c ·
(

d′

s

)

= c ·
(

⌈

(s! · ν̃s)
1
s

⌉

+ s

s

)

> c · ν̃s . (96)

Given the above description, the two processes (that answerthe queries of the algorithm and construct a
random graph along the way), are essentially as in the proof of Item 2 in Theorem 3. The only difference is
in the setting ofd andd′ and in the fact that the first process also has a small probability of “hitting” a vertex
in S (at which point the algorithm can terminate since the vertices inS have degree0). We also assume
that the first process notifies the algorithm when a special edge is revealed (at which point the algorithm can
terminate).

Consider both processes and observe that if the number of queries performed iso
(

n1− 1
s

)

, then for both

processes the probability that a vertexv in a query(v, i) is determined to belong toS is

o
(

n1− 1
s

)

· c

n − c − o
(

n1− 1
s

) = o
(

n− 1
s

)

(97)
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The second observation is that for everyt = o
(

n1− 1
s

)

, the probability that the answer ofP2 to a query

qt = (v, i) will be (u, i′) whereu ∈ S, and similarly, that the answer ofP1 corresponds to a special edge, is
upper-bounded by

c · d′
(n − c) · d − 2t

=
c ·
(⌈

(s! · ν̃s)
1
s

⌉

+ s
)

(n − c) ·
⌊

(

s!ν̃s
n

)
1
s

⌋

− o
(

n1− 1
s

)

= O
(

n−(1− 1
s
)
)

. (98)

Hence, the probability that such an event occurs in a sequence ofo
(

n1− 1
s

)

queries iso(1).

As opposed to the analysis in the proof of Item 2 in Theorem 3, here we do not (and cannot) claim
that the probability that an answer to a queryqt+1 = (v, i) is (u, i′) for u that has already appeared in the
query-answer history is sufficiently small. However, giventhe way we modified the construction, as long as
neither of the abovementioned events occur, the distributions on the query-answer histories are identical.

Proof sketch of Item 3 in Theorem 5. We modify the construction of the two families of graphs fromthe
proof of Item 3 in Theorem 3 in the following manner, where we start with the second family,G2. In G2

each graph contains a subsetS, of b =
⌈

c·4s!ν̃s
ns

⌉

vertices. There is a complete bipartite graph betweenS and

V \ S and there ared − b perfect matchings between vertices inV \ S whered =

⌊

(

s!ν̃s
n

)
1
s

⌋

, so that every

vertex inV \S has degreed. In order to define the first family,G1, we perform the same “edge-contraction”
procedure as in the proof of Item 2. That is, given a graph inG2 we replace pairs of edges betweenV \S and
S with single edges between vertices inV \ S. Here too we maintain the degrees of vertices inV \ S, and
S becomes an independent set. Observe that by the choice ofd, the number ofs-stars in each graph inG1 is
upper bounded bỹνs. Assumingν̃s < ns+1/c′ for some sufficiently large constantc′, for everyG ∈ G2, we
have thatb < n/(2s) and so:

νs(G) ≥ b ·
(

n − b

s

)

> b ·
(

n(1 − 1/(2s))

s

)

≥ c · 4s!ν̃s

ns
· (n(1 − 1

s ))s

s!
> c · ν̃s . (99)

The processesP1 andP2 are defined very similarly to the way they were defined in the proof of Item 3 in
Theorem 3, whered and|S| = b are as defined above. Other than the different setting of the parameters, here
we take into account (in the definition ofP1) the fact that in each graph inG1, thed perfect matchings are
only between vertices inV \ S, and that there is a probability of “hitting” vertices inS. For both processes,

if the number of queries performed iso

(

ns− 1
s /ν̃

1− 1
s

s

)

then the probability that a vertexv in a query(v, i)

is determined to belong toS is

o

(

ns− 1
s /ν̃

1− 1
s

s

)

· b

n − o

(

ns− 1
s /ν̃

1− 1
s

s

) = o

(

ns− 1
s /ν̃

1− 1
s

s

)

· c · 4s!ν̃s/n
s

n

= o

(

ν̃
1
s
s /n(1+ 1

s
)

)

= o(1) . (100)

Next, for everyt = o
(

n1− 1
s

)

, the probability that the answer ofP2 to a queryqt = (v, i) will be (u, i′)

whereu ∈ S, and similarly, that the answer ofP1 corresponds to a special edge, is upper-bounded by

O

(

ν̃s/n
s

(ν̃s/n)
1
s

)

= 0

(

ν̃
1− 1

s
s /ns− 1

s

)

. (101)
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Therefore, the probability that such an event occurs in a sequence ofo

(

ns− 1
s /ν̃

1− 1
s

s

)

queries iso(1). If

none of the above events occur then we get the same distribution on query-answer histories.

7 Other Small Subgraphs

Other thans-stars, two additional natural extensions of length-2 paths are triangles and length-3 paths (or,
more generally, length-L paths).

We first observe that there are lower bounds that are linear inthe number of edgesm whenm = Θ(n),
both for triangles and for length-3 paths. These lower bounds hold in the query model studied in this paper,
that is, assuming the algorithm is allowed only degree queries and neighbor queries. Moreover, these lower
bounds hold even if the algorithm is also allowed to sample edges uniformly. However, they do not hold if
the algorithm is allowed vertex-pair queries, that is, if itmay ask whether there is an edge between any two
verticesu andv of its choice. Thus, it is possible that there are sublinear algorithms for approximating the
number of these subgraphs assuming the algorithm is allowedvertex-pair queries. It can be verified that in
the case of length-2 paths, and more generally,s-stars, the lower bounds hold even when allowed vertex-pair
queries.5

Theorem 6 For m = O(n) it is necessary to performΩ(m) queries in order to distinguish with high
constant probability between the case that a graph containsΘ(n) triangles and the case that it contains no
triangles. This bound holds when neighbor and degree queries are allowed.

Proof: Consider the following two families of graphs. In the first family each graph consists of a complete
bipartite graph between two vertices and all other vertices. In the second family each graph consists of a
complete bipartite graph between two vertices and all othervertices but one, where this vertex is an isolated
vertex. In addition there is an edge between the two vertices. Within each family the graphs differ only in
the labeling of vertices and in the labeling of the edges incident to each vertex. Observe that in both families
the two high-degree vertices have degreen− 2 and the rest of the vertices have degree2, with the exception
of the single isolated vertex in the second family. By construction, each graph in the first family contains
no triangles and each graph in the second family containsn − 3 triangles. However, in order to distinguish
between a random graph in the first family and a random graph inthe second family it is necessary to either
hit the isolated vertex in graphs of the second family, or to hit the edge between the two high-degree vertices
in graphs of the second family, or to observe all neighbors ofone of the high-degree vertices in the first
family. In the latter casen− 2 queries are necessary, and in the former casesΩ(n) queries are necessary (in
order for one of these events to occur with constant probability).

Theorem 7 For m = O(n) it is necessary to performΩ(m) queries in order to distinguish with high
constant probability between the case that a graph containsΘ(n2) length-3 paths and the case that it
contains no length-3 paths. This bound holds when neighbor and degree queries areallowed.

Proof: Consider the following two families of graphs, where we assume for simplicity thatn is even
(otherwise there is an isolated vertex and the graph is defined overn−1 vertices wheren−1 is even). In the
first family each graph consists of two stars, where in each star there aren/2 vertices (including the center

5To verify this note that the lower bounds are essentially based on “hitting” a certain subset of vertices, either by querying one
of these vertices or receiving one of them in an answer to a neighbor queries. If vertex-pair queries are allowed then the algorithm
still needs to hit a vertex in this subset in one of its queries.
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vertex). In the second family each graph consists of two stars, where in each star there aren/2 − 1 vertices
(including the center vertex). In addition, there are two isolated vertices, and there is an edge between the
two star centers. Graphs in the two families differ only in the labeling of vertices and in the labeling of the
edges for the star centers. Observe that in both families thestar centers have degreen/2. By construction,
each graph in the first family contains no length-3 paths and each graph in the second family containsΘ(n2)
length-3 paths. However, in order to distinguish between a random graph in the first family and a random
graph in the second family it is necessary to either hit one ofthe isolated vertices in graphs of the second
family, or to hit the edge between the centers in graphs of thesecond family, or to observe all neighbors of
one of the centers in the first family. In the latter casen/2 queries are necessary, and in the former cases
Ω(n) queries are necessary (in order for one of these events to occur with constant probability).
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