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Abstract

Detecting and counting the number of copies of certain saittg (also known asetwork motifsor
graphletg, is motivated by applications in a variety of areas randiogn biology to the study of the
World-Wide-Web. Several polynomial-time algorithms hdngen suggested for counting or detecting
the number of occurrences of certain network motifs. Howeaeeed for more efficient algorithms
arises when the input graph is very large, as is indeed theeinanany applications of motif counting.

In this paper we desigsublinear-timealgorithms for approximating the number of copies of cer-
tain constant-size subgraphs in a graph That is, our algorithms do not read the whole graph, but
rather query parts of the graph. Specifically, we considgorthms that may query the degree of
any vertex of their choice and may ask for any neighbor of agyex of their choice. The main focus
of this work is on the basic problem of counting the numberewfgith2 paths and more generally on
counting the number of stars of a certain size. Specificaleydesign an algorithm that, given an ap-
proximation parametdr < e < 1 and query access to a gragh outputs an estimate, such that with
high constant probability,1 — €)vs(G) < s < (1 + €)vs(G), wherev,(G) denotes the number of
stars of sizes + 1 in the graph. The expected query complexity and running e algorithm are

O (((Gﬁ + min {nl—i, W}) - poly(logn,1/€) . We also prove lower bounds showing
that this algorithm is tight up to polylogarithmic factorsi and the dependence en

Our work extends the work of Feig&(AM Journal on Computing, 209@nd Goldreich and Ron
(Random Structures and Algorithms, 2008 approximating the number of edges (or average degree)
in a graph. Combined with these results, our result can be tosebtain an estimate on the variance of
the degrees in the graph and corresponding higher moments.

In addition, we give some (negative) results on approxingathe number of triangles and on ap-

proximating the number of lengt-paths in sublinear time.

“Research supported by the Israel Science Foundation (§mr46/08)



1 Introduction

This work is concerned with approximating the number of espdf certain constant-size subgraphs in
a graphG. Detecting and counting subgraphs (also knowmetsvork motifS§MSOI*02] or graphlets
[PCJO04]), is motivated by applications in a variety of areagying from biology to the study of the World-
Wide-Web (see e.g., [MSOD2, KIMA04, SIKS06, PCJ04, Wer06, SSR06, GK07, D98, HBPSO07,
ADHT08, HA08, GS09]), as well as by the basic quest to understamgles structural properties of graphs.
Our work differs from previous works on counting subgraphitl{ the exception of counting the number
of edges [Fei06, GR08]) in that we designblinearalgorithms. That is, our algorithms do not read the
whole graph, but rather query parts of the graph (where wi specify the type of queries we allow when
we state our precise results). The need for such algorithisesawhen the input graph is very large (as is
indeed the case in many of the application of motif counting)

The main focus of this work is on the problem of counting thenber of length2 paths and more
generally on counting the number of stars of a certain sizee éMphasize that we counbn-induced
subgraphs. We shall use the tesrstar for a subgraph oves + 1 vertices in which one single vertex (the
starcente)) is adjacent to all other vertices (and there are no edgegceetthe other vertices). Observe that
a length2 path is a2-star. We also give some (negative) results on approximgatie number of triangles
and on approximating the number of lengtpaths.

As we show in detail below, we obtain almost matching uppdrawer bounds on the query complexity
and running time of approximating the numberse$tars. These bounds are a function of the numher,
of graph vertices and the actual numbersedtars in the graph, and have a non-trivial form. Our results
extend the works [Fei06] and [GRO08] on sublinear-time apipnation of the average degree in a graph,
or equivalently, approximating the number of edges (wheredge is the simplest (non-empty) subgraph).
Note that if we have an estimate for the number of leriyfraths and for the average degree, then we can
obtain an estimate for the variance of the degrees in thengeaml the number of larger stars corresponds to
higher moments. Thus, the study of the frequencies of thageplar subgraphs in a graph sheds light on
basic structural properties of graphs.

Our Results. We assume graphs are represented by the incidence lists wéitices (or, more precisely,
incidence arrays), where each list is accompanied by igthenThus, the algorithm can query the degree,
d(v), of any vertexv of its choice and for any vertexand indexl < i < d(v) it can query who is the'"
neighbor ofv.

Letvs(G) denote the number afstars in a grapli=. Our main positive result is an algorithm that, given
an approximation parametér< ¢ < 1 and query access to a gra@h outputs an estimate, such that with
high constant probability (over the coin flips of the algoni), (1 — €)vs(G) < 05 < (1 + €)vs(G). The
expected query complexity and running time of the algoritmet

0 (ﬁ +min{n1_§,(l/zﬂgﬁ}> -poly(logn,1/e) . 1)

The dependence aris exponential, and is not stated explicitly as we asssim@ constant. The complexity
of our algorithm as stated in Equation (1) is best understpodiewing Table 1, in which we see that there
are three regions when considering(G) as a function ofz, and in each the complexity is governed by

a different term. Observe that in the first range((G) < n“%) the complexity of the algorithm (which
is at its maximum whemw, (G) is very small) decreases ag(G) increases; in the second rangéﬁ <




vs(G) Query and Time Complexity
w(@ <n*t |0 (—) -poly(logn, 1/¢)

. (l/s(G))ls+1
nts < vy (G) < n? (@) <n1_§) - poly(logn, 1/¢)

o1
vs(G) > n’ O (("ﬁ) - poly(logn,1/€)

Table 1: The query complexity and running time of our aldoritfor approximating the number efstars.

vs(G) < n®) the complexity does not depend on(G); and in the last rangev((G) > n®) it again
decreases ag(G) increases (where in the extreme case, whdid') = Q(n**!) the complexity is just
poly(logn,1/€)). For example, fos = 3, if v3(G) = n*/? then the query complexity and running time of
the algorihm isO(n%/?), which is less than the number of starsz4{G) = n? then the query complexity
and running time of the algorihm @(n2/3), and ifv3(G) = n* then the query complexity and running time
of the algorihm isO(n?), which is definitely less than the number of stars. We notedlslight adaptation
of the algorithm gives an additive error, that is, the reguoient is that the estimate satisfy (with high
probability) v5(G) — a < vs < v5(G) + o for « that is larger thanrv(G) (for 0 < € < 1). The expected
query complexity and running time of the modified algorithra:a

s 1
O ( l + min {nl_i, nl_; }) -poly(logn) . (2
as+1 « s

The expression in Equation (1) might seem unnatural andenemerely an artifact of our algorithm.
However, we prove that it is tight up to polylogarithmic fat inn and the dependence enNamely, we
show that:

e Any multiplicative approximation algorithm for the numbef s-stars must perforng2 <#>
Vs G))s+1
queries.

e Any constant-factor approximation algorithm for the numbgks-stars must perfornm(nl‘i) queries

when the number of-stars isO(n®).

queries when the number efstars is2(n*). >
We mention that another type of queries, which are naturéthéncontext of dense graphs, are vertex-pair
queries. That is, the algorithm may query about the exigteri@an edge between any pair of vertices. We
note that our lower bounds imply that allowing such querigsnot reduce the complexity for counting the
number of stars (except possibly by polylogarithmic fastiorn).

We also consider other small graphs that extend le@gihths: triangles, and lengthpaths. We show
that if an algorithm uses a number of queries that is sublimethe number of edges, then for triangles it
is hard to distinguish between the case that a graph con@ing triangles and the case that it contains

triangles, and for lengtB-paths it is hard to distinguish between the case that ther® @?) length3 paths
and the case that there are no such paths. These lower boolddsten the number of edges@{n).

s—

e Any constant-factor approximation algorithm for the numbgs-stars must perforn) <#
Vs

=
[
||

1Wwe mention that we are currently studying these problems iexéended query model that also allows vertex-pair queFies
length3 paths, even if we allow such queries then there is a lower doiat is linear in the number of edges when the number of
edges i®(n), and for triangles there is a lower bound that is linean when the number of edges@(n?).
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Techniques. Our starting point is similar to the one of [GR08]. Considgyaatition of the graph vertices
into O(logn/€) bucketswhere in each bucket all vertices have the same degree (@sffect to the entire
graph) up to a multiplicative factor dfi + O(e)). (For a precise definition of this part see Section 3.1.) If
we could get a good estimate of the size of each bucket by sagmpten we would have a good estimate of
the number ok-stars (since the vertices in each bucket are the centeppoddmately the same number of
stars). The difficulty is that some buckets may be very snmallvae might not even hit them when sampling
vertices. The approach taken in [GRO8] to get a multipheagstimate of1 + ¢) is to estimate the number
of edges between large buckets and small buckets, and orebegthis estimate in the final approximatfon.

Here we first observe that we need a more refined procedurarticydar, we need a separate estimate
for the number of edges between each large bucket and eadlbsicieet. Note that if we have an estimate
¢ of the number of edges incident to vertices in a certain biee all vertices in that bucket have degree
roughlyd, then the number of-stars whose center belongs to this bucket is approximé@lﬂj). To see
why this is true, consider an edge, v) that is incident to a vertex that has degree (roughly) Then the
number of stars that include this edge and are centeredsdtoughly) (g:}) If we sum this expression over
all ¢ edges that are incident to vertices in the bucket,dhen each star (that is centered at a vertex in the
bucket) is counted time, and hence we divide the express&or(glj) by s. As a first attempt for obtaining
such an estimate on the number of edges incident to vertiablcket, consider uniformly sampling edges
incident to vertices that belong to large buckets. We can #stimate the number of edges between the
large buckets and each small bucket by querying the degri® afther end point of each sampled edge. It
is possible to show that for a sufficiently large sample ofestdgre can indeed obtain a good estimate for
the number ofs-stars using this procedure. However, the complexity ofrésilting procedure, which is
dominated by the number of edges that need to be sampled,fistfi@aoptimal. The reason for this has to
do with the variance between the number of edges that differertices in the same large bucket have to
the various small buckets. To overcome this and get an (&Jnopsimal algorithm, we further refine the
sampling process.

Specifically, we first define the notion efgnificantsmall buckets. Such buckets have a nonnegligible
contribution to the total number afstars (where each vertex accounts for the number of statsttls a
center of). Now, for each large buckBf and (significant) small bucke®; we further consider partitioning
the vertices inB; according to the number of neighbors they haveBin The difficulty is that in order to
determineexactlyto which sub-bucket a vertex iB; belongs to, we would need to query all its neighbors,
which may be too costly. Moreover, even if an estimate on thisber suffices, if a vertex im; has
relatively few neighbors inB; then we would need a relatively large sample of its neighliomrder to
obtain such an estimate. Fortunately, we encounter a tifadetween the number of vertices i; that
need to be sampled in order to get sufficiently many vertibaes lbelong to a particular sub-bucket and the
number of neighbors that should be sampled so as to detgmbfamately) to which sub-bucket a vertex
belongs to. We exemplify this by an extreme case: considesub-bucket of vertices for which at least half
of their neighbors belong t&;. This sub-bucket may be relatively small (and still conttésignificantly
to the total number of edges betweBnand B;) but if we sample a vertex from this sub-bucket then we can
easily detect this by taking only constant sample of itsImleégs. For more details see Subsection 3.4.

2\We note that in the case of the average degree (number of)eifges ignore the small buckets (for an appropriate defimiti
of “small”) then we can already get (roughly) a factbepproximation inO(y/n) time [Fei06, GR08]. However, this is not the
case fors-stars (even when = 2). To verify this consider the case that the gra&pls a star. There are two buckets: one containing
only the star center, and another containing all other eesti If we ignore the (very) small bucket that contains the &tnter then
we get an estimate @fwhile the graph contain®(n?) length2 paths ¢-stars).



Related Work. As noted previously, our work extends the works [Fei06, GRf}8 approximating the
average degree of a graph in sublinear time. In particular,veork is most closely related to [GROS8]
where it is shown how to get an estimate of the average dedraegeaphG that is within (1 £ €) of
the correct valuel(G). The expected running time and query complexity of the dlgar in [GRO8] are
O((n/d(G))"/?) - poly(logn,1/e).

There are quite a few works that deal with finding subgraptesagtain kind and of counting their num-
ber in polynomial time. One of the most elegant techniquessdd iscolor-coding introduced in [AYZ95],
and further applied in [AYZ97, AR02, AG0O7, ADFD8, AG09]. In particular, in [AR02] the authors use
color-coding and a technique from [KL83] to design a randmdi algorithm for approximately count-
ing the number of subgraphs in a given gra@hwhich are isomorphic to a bounded treewidth grdph
The running time of the algorithm B8°*) . nt+O() 'wheren andk are the number of vertices i and
H, respectively, and is the treewidth of. In [AGOQ7] the authors use color-coding and balanced fam-
ilies of perfect hash functions to obtain a deterministigoaithm for approximately count simple paths
or cycles of sizek in time 20(kloglogk),O(1)  |n [ADH*08] these results are improved in terms of the
dependence oh. We note that sampling is also applied in [KIMAO4, Wer06], ex the authors are in-
terested in uniformly sampling induced subgraphs of a gsiee k. Other related work in this category
include [DLR95, GK07, BBCGO08, Kou08, Wil09, GS09, BHKKO9%-809, KW09, VWO09]. In [FG04] the
authors conclude that most likely there is figk) - n© - algorithm forexactlycounting cycles or paths of
lengthk in a graph of size: for any computable functiori : N — N and constant.

Another related line of work deals with approximating otlgeaph measures (such as the weight of a
minimum spanning tree) in sublinear time and includes [CRTDS509, CEF05, PR0O7, NOO0S].

Organization. For the sake of the exposition we first describe the algori#tmal the analysis, as well as
the lower bounds, for the case= 2, that is, lengthi2 paths. This is done in Sections 3 and 4, respectively.
In Section 5 we explain how to adapt the algorithm for lengjftaths in order to get an algorithm ferstars,
and in Section 6 we explain how to adapt the lower bounds.llgimaSection 7 we shortly discuss triangles
and length3 paths.

2 Preliminaries

Let G = (V, E) be an undirected graph with’| = n vertices andE| = m edges wheré& is simple so that
it contains no multiple edges. We denote the set of neightioasvertexv by I'(v) and its degree by(v).

For two (not necessarily disjoint) sets of vertidés Vo C V we let E(V7, V3) def {(v1,v12) € E : vy €
Vi, vg € VQ}.

Since we shall use the multiplicative Chernoff bound verteasgively, we quote it next. Lety, ..., xm
bem independend/1 valued random variables whee[y; = 1] = p for everyi. Then, for every; € (0, 1],
the following bounds hold:

< exp (—nzpm/?;)

[ ZXZ> 1+77

and

ZXZ < (I-n ] < exp (—n’pm/2) .



We shall say that an event holdsth high constant probabilityf it holds with probability at least — § for
a small constand.

Let 1 be a measure defined over graphs andidte an unknown graph oververtices. An algorithm
for estimatingu(G) is given an approximation parameterthe number of vertices;, and query access
to the graphG. Here we consider two types of queries. The first degree queries Namely, for any
vertexwv, the algorithm may ask for the value dfv). The second araeighbor queries Namely, for any
vertexv and for anyl < i < d(v), the algorithm may ask for théth neighbor ofv.® We do not make
any assumption on the order of the neighbors of a vertex. Basdhe queries it performs we ask that the
algorithm output an estimafeof ;.(G) such that with high constant probability (over the randonm éiips
of the algorithm),z = (1 + ¢) - u(G), where fory € (0,1) we use the notation = (1 + )b to mean that
(I=7b<a<(l+)b

3 An Algorithm for Approximating the Number of Length- 2 Paths

In this section we describe and analyze an algorithm fomedtng the number of lengt?-paths g-stars) in
a graphGG, where we denote this number ByG). In all that follows we consider undirected simple graphs.
We start by giving the high-level idea behind the algorithm.

3.1 A High-Level Description of the Algorithm

Let 5 = ¢/c wherec > 1 is a constant that will be set subsequently, and let [log(lw) nw (so that
t = O(logn/e)). Fori =0,...,t, let

B; © {v:d(v)e ((1+ 8,1 +p)]}. 3)

We refer to theB;'s as (degreepuckets Note that since degrees are integers, the interval of degre
each bucket is actually| (1 + 8)"~'|, | (1 + 3)"|], and some buckets are empty. For simplicity we do not
use floors unless it has an influence on our analysis, and weerite (}) for a that is not necessarily an
integer (e.g.("%}”)")) then we interpret it ag%/). We also have that!) = 0 for a < b (and in particular
whena < 0 < b).

Note that ifn; is the number of nodes with degréin the graph therd(G) = -7~ n;(4). Suppose that
for each buckef3; we could obtain an estimatk;, such that(l — 3)|B;| < b; < (1+ )|B;|. If we let

i~ (1)
K_;bz ( 5 > (4)
then
(1-0)-4G) < < (1+B)"%G), (5)

(where we have used the fact t&t5”") < (14 8)%- (59" ") for (14 8)'~! > 2). Ifwe setd < ¢/8,
then we get an estimate that is withih + ¢) of the correct valu¢(G). The difficulty is that in order to
obtain such an estimate of |B;| in sublinear time, that is, by sampling, the size of the sanmgeds to
grow withn/|B;|. Our algorithm indeed takes a sample of vertices, but it tteesample only to estimate

30Observe that a degree query can be emulatetbpy. neighbor queries, but for the sake of the exposition we atiegree
queries.



the size of the “large” buckets, for an appropriate thregludl“largeness”. Using the estimated sizes of the
large buckets it can obtain an estimate on the number oftehgtaths whose mid-point belongs to the large
buckets.

As noted in the introduction, it is possible that only a snfatleven zero) fraction of the lengthpaths
have a mid-point that belongs to a large bucket. This imphaswe must find a way to estimate the number
of length2 paths whose mid-point is in small buckets (for those smatkbts that have a nonnegligible

contribution to the total number of lengthpaths).

To this end we do the following. L€f; ; “ BB, Bj). For each large buckd®; and small buckef3;

such that the number of lengthpaths whose mid-point is if?; is nonnegligible, we obtain an estimag;
to the number|E; ;|, of edges between the two buckets. The estimate is suchft{fgt i is above some
threshold, theré; ; = (1 £ 8)|E; ;|, and otherwiseg; ; is small. Our estimate for the number of length-
paths whose midpoint is in a small bucket is

S e (4P - 1) ©)

i€L j¢L

whereL denotes the set of indices of the large buckets. For anriitish, see Figure 1. This estimate does
B;,i €L

Bj,j¢L
w

deg(v) = (1 + B)/

E;;

€ij ~ Ei

Figure 1:An illustration for the length2 paths whose midpoint is in a small bucket.

not take into account lengthpaths in which no vertices on the path belond.tdHowever, we shall set our
threshold of “largeness” so that the number of such pathsgéigible. In addition, this estimate takes into
account only half of the length-paths in which two vertices on the path do not belond.fmne of them

is the midpoint. However, we shall set our threshold of “targss” so that the number of such paths is also
negligible.

One way to estimaté; ; (for i € L andj ¢ L) is to uniformly select random neighbors of vertices
sampled inB; and check what bucket they belong to. This will indeed giveagmod estimate with high
probability for a sufficiently large sample. However, theigace in the number of neighbors i8; that
different vertices inB; have implies that the sample size used by this scheme idisamily larger than
necessary. In order to obtain an estimate with a smaller awe do the following. For eache L and
J ¢ L we consider partitioning the vertices i that have neighbors iB; into sub-buckets Namely, for
r=0,...,1,

Bijr @ {veB: (1487 < T()NB;| < (1+8)}. (7)

Figure 2 illustrates the definition d@#; ; .. By the definition ofB; ; .,



IT(v) N Bj| = (1+6)"
B jr

Figure 2:An illustration for the definition of3; ; ..

> Bijael - (1+8) = (1£8)-|Ei l. (8)
r=0

Now, if we can obtain good estimates of the sizes of the sabsgt; .|, then we get a good estimate for
|E; j|. The difficulty is that in order to determine to which sub-ketcB; ; . a vertexv belongs we need to
estimate the number of neighbors that it hagin This is unlike the case we need to determine for a vertex
v to which bucketB; it belongs, where we only need to perform a single degreeyquer particular, if

v € B; j o, thatis,v has a single neighbor if8;, we must query all the neighbors ofin order to determine
that it belongs taB; ;0. What works in our favor is the following tradeoff. Whenis large then|B; ; |
may be relatively small (even |(B; ;,, B;)| is nonnegligible) so that we need to take a relatively large
sample of vertices in order to “hitB; ; .. However, in order to determine whether a vertex§y) belongs

to B; ; , for larger, it suffices to take a small sample of its neighbors. On therdtand, whem is relatively
small thenB; ; . must be relatively big (if £(B; ;.», B;)| is nonnegligible). Therefore, it suffices to take a
relatively small sample so as to “hif3; ; . and then we can afford performing many neighbor queries from
the selected vertices.

We next present our algorithm in detail and then analyze it.

3.2 The Algorithm

In what follows we assume that we have a rough estirhatech thatl ¢(G') < £ < 2((G). We later remove
this assumption. Recall that for any two buck&sand B; we use the shorthan8l; ; for £(B;, B;).



Algorithm 1 (Estimating the number of length-2 paths for G = (V, E))
Input: e and /.

1. Letg = def 362, t def {log(Hﬁ) n—‘ and

) et (2/371/3
D VE

2. Uniformly and independently seld@t(% . k’gt) vertices fromV/, and letS denote the multiset of
selected vertices (that is, we allow repetitions).

3. Fori=0,...,tdetermineS; = S N B; by performing a degree query on every vertex¥'in

4. LetL = {z . 18
If max;cy, {((

> 901
- n

) ) 91} > 4/ then terminate and return 0.

5. For eachi € L run Algorithm 2 to get estimate$; ; } j¢, for {|E j|}j¢r-

6. Output

é:Znﬂg" (“5) Y e (B 1)

1€l jiL €L
Algorithm 2 (Estimating {|E; ;|} foragiveni € Landall j ¢ L)
Input: L,i € L, e and/.

def €3/271/2
cats/2(143)P/2"

analysis, (and where = {log(l_w) n-‘ for 3 = €/32). Letpy be the smallest value ¢f satisfying
102(p+1) < n.

1. For each0 < p < i let6;(p) wherecs is a constant that will be set in the

2. Forp =i down top initialize Sl(j)p 0.

3. Forp =i down top, do:

2 =P log(tn
(@) Lets® = © <r?p) : (%) logt>, and letg® = © (%ﬁg—“))

(b) Uniformly, independently at random selett) vertices fromS®+1) (whereS(+1) = V) and
let S() be the multiset of vertices selected.
(c) DetermineS( P) = 5@ n B; by performlng a degree query on every verteXsin. If ]S \ <

(p) (p)
S (1+5)92( P), \ > 52 then terminate and return

0.
(d) Foreachv € S(p) select (uniformly, independently at randog¥)) neighbors oy, and for each

j ¢ Llet %(. )( ) be the number of these neighbors that belongto (If ¢®® > d(v) then
consider all neighbors af.)

ﬁ
(<1+ﬁ) )



£ Query and Time Complexity
(< n? O(n/0'3) - poly(logn, 1/€)
n3/? < <n? O(n'/?) - poly(logn, 1/¢)
¢ >n? O(n3/2/0Y2) - poly(logn, 1/€)

Table 2: The query and time complexity of Algorithm 1.

(e) Foreach;j ¢ L and for eachv € S \Up - ”;,, if
(LB 7 () _ sy
d(v) g () —  d(v)
then addv to 5.7 .
4. Foreachj ¢ Llete;; =3 75 \S(M\ (1+ B)P.

5. Return{é; ;}¢r.-

Theorem 1 If £4(G) < { < 20(@) then with probability at least2/3, the output,/, of Algo-
rithm 1 satisfies/ = (1 £ ¢€) - ¢(G). The query complexity and running time of the algorithm are
3/

O(zl/S —i—mln{ 1/2 %—2}> poly(logn, 1/€).

Table 2 gives the dominant term in the complexity of the atbar in three different regions of the value of
¢(G) as a function oh.

We first prove the second part of Theorem 1, concerning theptmxity of the algorithm and then turn
to proving the first part, concerning the quality of the outpiithe algorithm. We later show how to remove
the assumption that the algorithm has an estimdte ¢(G).

3.3 Proof of the second part of Theorem 1

The running time of Algorithm 1 is linear in its query compiigx and hence it suffices to bound the latter.
(Note that recounting is done here. Namely, even thasiglr SP*1, the queries done a” are recounted

at stepp). The query complexity of Algorithm 1 is the sum @f(% : 1‘2%t> =0 (ﬂ% : %) (the
size of the sample selected in Step 2 of the algorithm) anduh#er of queries performed in the executions
of Algorithm 2. In order to bound the latter we first observattti Algorithm 1 did not terminate in Step 4,

then

‘ 713 . 42/3
VieL: (1+8)'=0|—53—] - 9)
el/3
Similarly, if Algorithm 2 did not terminate in any of its exetons in Step 3c, then, singe= O(e),
(p) /
icLandpy<p<i: |[SPl=022. . 10
VieL andpy<p<i: |S"| O(n (R (20)

In addition, it trivially always holds thd'Si(p)] < sP). Recall thap runs from: down top, wherepy is the

C e def 3/271/2 . B 37
smallest value of satisfyingz62(p+1) < nwherefy(p) = W Thatis,pg = Lloglw CQEWZJ
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< 25 - n?, thenp, = 0, and otherwise it may be larger.
Therefore, the total number of queries performed in the etkees of Algorithm 2 is upper bounded by:

ZZ( mm{s(m% = >} m)

1€ L p=po
. s 40
e R ) o e e @
i€L i€L p=po ( 2 )

For the first summand we apply Equation (9), the definitiofl,¢f), the fact that? = ©(¢), and that < ¢,
and get:

) 71-159/210gt-(1—1—[3)"/2
Zz's < Zt O( 72712

n-t13/21ogt - (51/3'?2/3)1/2

c1/3
-0 €7/201/2
n  t'logt
- O<@7' & ) (12)
Turning to the second summand,
! () i
; (») S )
> D mings ’—‘ﬁ}'g
i€L p=po { n (( +62) )
> Z o (e J A8 132logt 2 %logt | (14 )P log(tn)
i€ L p=po 02 €72 7 (14 pB)%-p/2 €7/2 32

. (1 i f1/2 13/2 1 1—po
S o <mm{” (@Z 5) ’(1+ﬁ)"} ! ‘ff/zog(t")> (14 8)7P2 N (14 B) M2 (13)

1€l k=0

In order to bound the expression in Equation (13) we first tiwaeif (1 + 5)' < L2 then™U+0)" < 172,

_ = nl/2 /2
while if (1 + 3)* > f;ll//z then£22 < n!/2 as well. Since(l + ) 70/2 = 1 andY i (1 + ) H/2 =

(1+5)°
O(1/p), if po = 0 then the right-hand-side of Equation (13) is upper bounded b

t15/21og tlog(tn)
1/2
o < / E13/2 ’ (14)

If po > 0 then the bound in Equation (14) should be multiplied(by+ 5)~7°/2. By definition of py we
have that1 + 3)~7/2 = O (ﬂ) and so we get the (tighter) bound:

€3/201/2
t15/2 log tlog(tn) n3/2 10 log t log(tn)
1/2 2
O( / c13/2 (1+p5) p/2 — O YivE . 10 . (15)
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The total number of queries performed in the executions gbAthm 2 is hence upper bounded by

3/2
O (— + min {n1/2 73—/}> -poly(logn,1/e) . (16)
/1/3 gL/ ’

3.4 Proof of the first part of Theorem 1

In what follows we claim that certain events occur with higinstant probability, and in some cases we
claim that they hold with larger probability (e.d.- pol Doy @) ) In all cases the statement holds for sufficiently

large constants in th®(-) notations for the sample sizes used by the algorithm. Theleema follows by
applying the multiplicative Chernoff bound and the uniorubd and recalling that the size of the sam§le

is © ( logt) wheref; is as defined in Step 1 of Algorithm 1.

Lemma 1 With high constant probability, for eveiysuch that B;| > 6, it holds that'3:d = (1 + g) ‘%",

5]
and for everyi such that B;| < 6, it holds that‘|5;Z"| <20

Proof: The proof follows from the multiplicative Chernoff boundin8e Exp|[S;] = '?j‘ -S| it holds that
if |Bz| > ¢, then

15i| |B;] _ e\ |Bil _Apis)  _e(Shmlsty ]
PrLS| (1+8> —l| = Pr ysz\>(1+8) L[S < em TR < = D

In the same manner we prove thiat [ SSZ"‘ <(1-¢) 'B”] < po+y(t)- In addition, if |B;| < 6; then
Exp[S;] < & -|S], so it holds that
01 |5 _9(6201-n»10gt) 1

|Si] 91] CExplSl/3 . _f1lsl
Pr >2—| < Pr[|S;| > 2Exp[S;]] <e WISB < om W T = n-01 2 ,
5 72| < el i) ol (1)

and the lemma follows.H
As a direct corollary of the Lemma 1 and the definitionZoin Algorithm 1 we get:

Corollary 2 With high constant probability, for evetiye L we have thafm ( ) 1B and for every
i ¢ L we have thatB;| < 46,.

The first part of Corollary 2 implies that (with high cons_tqimopability) the estimat® _,_; n- 'él"‘ . ((“f)i)
is close to the actual number of lengttpaths whose mid-point belongs to a buckgtsuch that € L. It
also implies that Algorithm 1 does not terminate in Step 4ffvhigh constant probability). To verify this,
first observe that sincé> L¢(G), for everyl < i < t we have thatB;| - (*9"") < ¢(@) < 27. By the

definition of L, for everyi € L we have thaﬂW > 291 If the termination condition holds, that is, there

exist an index € L for which 26, - (149"} > 47, thenn - 151 - (WA > 4 for that indexi. But by

15l
Corollary 2, with high constant probability, for eveiye I we have thatil — (1+5) = |Bil

_ ) S|
that|B;| - (179"") > 27 > (@), and we reach a contradiction.

The remainder of the analysis deals with the quality of thiarege for the number of lengthpaths in
G whose mid-point is not ir..

, Which implies

11



We introduce the following notations. Fgr¢ L ando € {1,2,3}, let Eg.”)(G,Z) denote the number
of length2 paths inG whose mid-point belongs t8; and such that the number of vertices on the path that
belong toBy, for k ¢ L (including j) is o. Foro € {1,2,3} let ¢()(G, L) = 3. jer o9 (G, L) and for
everyj ¢ Llet(;(G,L) = S8 6(")((} L). We first observe that with high constant probability both

o=17%j
(®) (G, T) and¢@ (G, L) are relatively small.

Lemma 3 With high constant probability,®) (G, L) < £¢(G) and () (G, L) < £4(G).

Proof: First observe that by the second part of Corollary 2 and tlii@itlen of 6; we have that with high
constant probability,

> IBj| < T A (18)
J¢L
By our assumption that < 2/(Q),
_ _ - 2/31/3 1/3 -
MG < (Zﬂg'Bﬂ'> < (E e )) << Suo. (19)

In order to bound/?) (G, L) we observe that since the total number of lengjtpaths is¢(G), for every
bucketB; we have tha{'"*?} " *1) < ¢(G)/|B,]|, and so

. gl/Z(G)
1 < g———2 20
Therefore,
(NGT) < D IBjI-(1+8)Y > Byl
JEL k¢L
2/371/3 s s
S N RS
JEL
2/371/3 1/371/6
< i.glﬂ(g).t.i
4¢1/3 21/2t2/3
< $UG), (21)

and the proof is completed. B

Lemma 3 implies that in order to obtain a good estimate on theber of length?2 paths whose mid-
point belongs to small buckets it suffices to get a good estimathe number of such paths that have at least
one end-point in a large buck&tWe next define the notion of significant buckets for buckejssuch that
j ¢ L. Roughly speaking, non-significant small buckets are bisdkeat we can ignore, or, more precisely,
we can undercount the number of edges between verticesrmdhd vertices in large buckets.

“The assertion follows from the first part of Lemma 3, whichds¢®) (G, ). The reason we also need a bound&h(G, I.)
will be made clear subsequently.

12



Definition 1 (Significant small buckets) For every;j ¢ L we say thay is significant if
(1+ 8y € ;

. >
|BJ| < 9 - Cgtg )

wherecs is a constant that will be set in the analysis. We denote thefdrdices of significant buckefs;
(wherej ¢ L) by SIG.

Note that by the definition of I G,

— ~ 2
Y 46 I) <~ < ZuG). (22)
JELIESIC @ s
Let
t
BB (23)
k=0
and recall thatiz(r) aof % We have the following lemma concerning significant buckets
Lemma 4 If j € SIG, then for every- such that ; ; .| > 0 for somei we have that
1/2y,92
ca/cy’ )t
> L0 1y gy

The implication of Lemma 4 is roughly the following. Considay j € SIG and a non-empty sub-bucket
B, ;.. Recall that by the definition aB; ; . the number of edges betweé? ; . and B; is approximately
|B; jr|-(1+3)". Suppose thaB; ; . is small, and in particular, that itis smaller théy{r). Then the number
of edges betweem; ;. and B; as a fraction of all the edges incidentB), that is, E;, is O(e/t?), which
is negligible. This means that we may underestimate theafigach small sub-buckets without incurring a
large error.
Proof: Sincej is significant,

2el

(1 + ﬂ)j > WB]’ . (24)

Since the graph contains no multiple edggs;| > (1 + )" for eachr such thatB; ; . is not empty.

Therefore, by the definition d#;| and|B;|, and Equation 24,
Bl = Byl (14 8y

1 [2€0|B|
> \/ 25
- 140 c3t (25)

1 1/271/2 r/2
> — /Y 1+ 26
RERY (1+8) (26)
1/2\,9
> @/ 0y 1y 27)

€3/271/2

(where the last inequality follows from the definition ®f(r) = SBIAIA)TE

Armed with Lemmas 3 and 4 we now turn to analyzing AlgorithmZ start with a high-level discussion
and then turn to the precise details.

) and the proof is completed.
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The high level structure of the analysis of Algorithm 2. Recall that the algorithm works iteratively as
follows. It first takes (uniformly, independently, at ramdpa sampleS? from V, and in further iterations
0 < p < i the samples®) is selected (uniformly, independently, at random) fr6ffi*?). Since the same
vertex may be selected more than once,$H&’s may actually be multi-sets. For eaglthe algorithm tries
to estimate B; ; ,| by deciding for each vertex € S N B; whether it belongs td; ; ,. This is done by
sampling from the neighbors of the vertex and checking wiaattion of its neighbors belong 1B;. If the
fraction is within some interval, then the vertex is assurtwellelong toB; ; , and is put in a corresponding
subsetS®” j)

The difficulty is that this estimate of the fraction of neiginb in B; may deviate somewhat from its
expected value. As a result, vertices that belond3tg, may not be deemed so because the number of
neighbors they have iB; is close to the lower bound ¢t + 3)P~! or the upper boundl + 3)?, and in the
sample they fall outside of the required interval. Simytadertices that do not belong 8; ; , (but have a
number of neighbors i, that is close td1+ 8)P~! or (1+ 3)?, that is, that belong t@; ; ,—1 Or B; j p+1)
may fall inside the required interval and are then addeﬁli(ge’)p.

If the size of the sampl8§?) was the same for aj} then the above wouldn't really be a difficulty: we
could take a single sample = S* and work iteratively fronp = i down top = 0. For eachp we would
consider only those verticasthat were not yet added téff]’g, for p’ > p and decide whether to add

to S | By the above discussion, for everyand everyv € B; ;, the vertexv would be put either in

VD
Sf’;tlﬁl orin S( ) ,orin S( ) . The algorithm would then output, as an estimate|for;|, the sum over
allo <p <j, of 5T \Sf’;)p (1 + B)". If SN B; j, is close to its expected size for eacthen the deviation

of the final estimate from; ;| can be easily bounded.

However, ap decreases fromto 0 we need to use a smaller samplé). Recall that a smaller sample
suffices sincds(p) increases whep decreases, and it is necessary to use a smaller sample é¢lcauost
of estimating the number of neighbors By increases ap decreases. Thus, in each iteratigrthe new,
smaller sampleS®), is selected from the sampiP+1) of the previous iteration. What we would like to

ensure is that: (1) The size of each subSZE—,:ij% L 5 B, ;. is close to its expectation; (2) If some

fraction ofS(”“) was added tcSZ(’f;Zl for r = p+ 1 orr = p, then in the new samplé®), the size of

S®) N (S; p +1 \ SZ%L) is close to its expectation. Here, when we say “close to i@etation” we mean
uptoa multlpllcatlve factor of1 &+ O(¢)). This should be the case unless the expected value is betoe so
threshold (which is determined to(r)). If the expected value is below the threshold then it suffitteat

we do not get a significant overestimate. To understand t fidr why this suffices, see the discussion

following Lemma 4. Further details follow.

2
Recall thats”) denotes the size of the sam#&”), wheres?) = © <F7(Lp) - (%) log t>. The next

lemma established that by our choicest?, if a fixed subset 05(+1) is sufficiently large, then the number
of its vertices that are selected $) is close to the expected value, and if it is small then fewsfértices
will appear inS®. Lemma 5 follows directly by applying a multiplicative Cheff bound (and will be
applied to various subsets of the saméd).
Lemma 5 For any fixed choice of®*) C §@+1) jf 'S((le))‘ > 92(p) then, with probability at least
1— L

32617

1 |S+1)| _ |S®P) 0 SP+1)]| - 3 .‘g<p+1>,

Loy SO0 T 0D i+1)) se+D 7
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and if S < 20) then with probability at least — <z,
|50 0 §@HD) B 62(p)
P e (14— : .
3(1’) 2(2 + 1) 8n
Let 5" & 5®) 1 B; and lets”) < S@) 0 B, ;. (Note thatS!*! = B, andSi*! = B;;,). Since

62(p) is monotonically decreasing with (so thats®) is monotonically increasing with), and because
(1+ %)“1 <1+ 3, Lemma 5 implies the next corollary.

Corollary 6 With high constant probability, for evetye L andj ¢ L, and for every- such thatB; ; .| >
0>(r), we have that for every — 1 < p < 4,

i—p+1 i—
1 ) |Bi,j,7"| ‘ (,] 7"’ < <1 + 5 > p+1 ‘ |Bi7j,7‘| ]
1+ 2(2+1) n - s = 2(i+1) n
On the other hand, ifB; ;.| < 62(r) then
S| fa(r)
5() <(@+8)- 4n
for everyp.
Lemma 5 also implies that with high constant probabilit;g@dithm 2 does not terminate in Step 3c. Recall
that the algorithms terminates in Step 3aif |s(p)\ > g 02(p) andn - S; )| (97N > 4. By
Lemma 5, with probability atleastt—32t2,for every: andp, if | B;| < %02(p),thenn | (p)‘ < (1+3)262(p),
()
and if | B;| > £62(p), thenn - ‘S;)‘ < (14 B)|B;|. Assuming this is in fact the case,|B;| < 10,(p) then
()
n- If(:)‘ < 4(1+ﬁ) 0(p), so that the algorithm will not terminate. On the other hahti3;| > 462(p), then
S(P) 1 i—1 1 i—1 _
w5 <( e ) < (14 BB <( e ) <U+PUG) <A, (@8)

so that the algorithm will not terminate in this case as well.

The next Lemma deals with the estimates we get for the nunfhezighbors that a vertex iB; has in
Bj, and it too follows from the multiplicative Chernoff bounbh the lemma and what follows we shall use

the notationd™; (v) %< T'(v) N B; andd, (v) < |T; (v)).
Lemma 7 Leti € L,j ¢ L and for eact) < p < i, letg® =© (W) For anyr > p—1and

for any fixed choice of a vertexe SZ(J)T, if we take a sample of sizé”) of neighbors ob and Ietfyj(p) (v)

be the number of neighbors in the sample that belonig; o), then with probability at least — 1,

(p)
1 diw) _ 5 (v) d;j(v)
5 ) S Jg(p) < (140)- o)

In addition, for each < p — 2 andv € S , with probability at leastl — 5%,

(p) _
v (v) (14 p)yr—1!
g» = d()
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The next lemma is central to our analysis. ldeally we wouldehigked each vertex in the sample to be
added to its “correct” subset. That isife 52(7;)7« (= S™ N B; ;,) then ideally it should be added Ef’;)r
However, since the decision concerning whether to add axéota particular subset depends on sampling
its neighbors and estimating the number of neighbors thatstn3;, we cannot ensure that it will be added
to precisely the right subset. However, we can ensure (with probability) that it will not be added to a
subseti.(g),p for p that differ significantly fromr.

Lemma 8 With high constant probability, for evedyc L, j ¢ L,0 < r <iandv € B, ;, such thatv is
selected in the initial sampls”, the vertex> may belong to eithes|".""), orto §") orto 5", but not
to any otherS‘.( ) In other WOI’dSSZ-(Z-)T - Bi,j,r—l—l U Bi,j,r U Bi,j,r—l-

!
S
1,057

Proof: By the definition ofB; ; ., if v € B, j, then(1+ 8)"~! < d;(v) < (14 )". By Lemma 7, for each

p <7+ 1 with probability at least — —>—,
_ (p)
1 (148t (W) (1+p3)r+t
. < A
5 dw) < g = U T 9
That s, for eachp < r + 1 and in particular forr — 1 <p <r +1,
r—2 (p) r+2
Qa2 ) A48 (30)
d(v) g®) d(v)
On the other hand, fg5 > r + 2, with probability at least — ﬁ
(») -1
N v p
v, (v) _ (1+73) 31)

gtv) d(v)
By taking a union bound over all verticesand for eachy € B, ;,. over all0 < p < 4, this implies that:

1. forr + 2 < p <1, no vertex ins” is added to5\”) ;

27.777. Z7J7T’

2. forr —1 < p < r 4+ 1 the following holds: If a vertex belongs toS(’"H)

;- » then it may be added
to Sf’;tlﬁl and if not, then it may be added Hj’;)T (assuming € S(M). If it was added to neither
of the two subsets and it is selecteddf—), then it is added tcﬂfg_rl_)l (and it will not be added to
§®)

Z7]7T

foranyp < r —1).
[ |

We are now ready to prove that the estimatgs computed by Algorithm 2 are essentially close to
the corresponding values @F; ;|. Recall thatS7/G denotes the set of all significant indices (as defined in

def | ¢t

Definition 1) and that; =
Lemma 9 For an appropriate choice aof; (in the definition ob(-) in Step 1 of Algorithm 2) and af; (in
Definition 1), with high constant probability, for gjl¢ L, if j € SIG, then

€ € 2 €
(1-§) 1Bl ~ gglBl < Yew < (1+ 7)1l
i€l €L
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and ifj ¢ SIG then
1. ) €
Z 561'73' . ((1 + ﬁ)j - 1) < Eﬁ(G) .
i€l
Proof: Recall that

5 — ~ &(p)
¢ij =Y gy 1Sl L+ A (32)

Pp=Ppo

By Lemma 8, with high constant probability, for eveiyj, » such thatr > pg + 1, the contribution of
vertices inB; ; » to this sum is

|S(Tt1) N Bijrl . IS S N B
n- ( (LB S e (18

| ( r— lﬁ i7'77‘| r—
» g(r=1) : (1+8) 1

(33)

Assume from now on that this is in fact true and denote this bym; ;.. Consider first the case that
|B; jr| < %62(r). By Corollary 6, with high constant probability, for eveiyj, r, if |B; ;| < 162(r), then
| (P) |

©,7,7

o <(1+08)- 92(7’ for everyp. Assuming this is in fact the case, we have that

3
Cijr <7 0a(r) - (14 B) 2. (34)
1/2
If j € SIG, then by Lemma 4 we have thdt;| > M@Q(T) - (14 B)". Therefore

€ijr < |E |, (35)

, =\ 1/2
for e = co/cy/® (using < 1/32). If j ¢ SIG then(1 + B) < -2, (HTK‘)

Using the fact thatl + 3)" < |B;| (because there are no multiple edges) and by the definitiég(of
we get that

~o\ 12
. 1 el
5. . . J_ 31212 1/2
G- (L+B) —1) < t5/2 ¢ |Bj] 1/2 <t|Bj|>
€ -~ €

%?z < CFE(G) , (36)

IN

for cs = 020;)/2/2.

We now turn to the case thgB; ; .| > %92(7‘). By Corollary 6, with high constant probability, for every
i,§,r, if | B .| > 302(r), then for everyr — 1 < p <,

i—p+1 (p) i—
1 Bigel 1S3 _ <1+ 3 > P By _ (37)
1+ % n — s = 2(0+1) n

Assume from this point on that this is in fact the case. Fixdogh a choice of, j, r, let

S(j;—i;l) def S(Z-i;l \Szg—t«i_l and S() def S(r) \(S(r—i-l) US(T’))

1,7 1,5,1 2,7,r+1 i,5,1/ " (38)

17



That is, S(T+1) is the subset of vertices i"T" (= SC+1) N B, ;) that were not added t6".""), and

) ] r i,7,r+1
5(7 j)r is the subset of vertices lﬁfr (= S™ N B; ;,) that were added to nelthéif“rl , hor to SZ(?T Let
(7”+1)
def ‘ 1,7,r ’ def ’S,y r’
a1 = W and Qo = m (39)
i,4,r i,4,r

sinces" ™V = (8"FTV A B, ;) U ST (where the two subsets on the right-hand side are disjoint),

7,7 1,7,T 2,7,T
according to the definition af; we have thatS A B; . = (1— oy )|SZ7;J;1 |. By Equation (37),
SN Bigel (=) - IS 1Byl
S(T’-i—l) = S(T+1) S (1 + 5)(1 — al)T N (40)
and similarly
S, 7;:«1+1 N Bijrl |Bi jrl
i > (1= B)(1—an) =2 (41)
In order to obtain bounds on the second and third terms in #aqués3), assume first that both
S ) ST 6a(r)
o0 2 gy AT 2 (42)
That is,
o IS o) 0285 ST e )
s(r+1) ~  4n s() ~ 4n
Under this assumption, by Lemma 5, with probability at Idast 3%4,
r+1) S(r+1 r+1
St 0SO1 (L BY IS _ (8 eI "
s() - 2i ) sr+1) 2i sr+1) 7
and
|S(24;1) S(T’)| . B\ a1 - |Si(77"j"'7‘n1)| -
3(7’) - < B 2_’L> 3(7"+1) ’ ( )
Similarly, with probability at least — 32t4,
|5, NS 155, 8\ a2: 1875 S0
S S <1 * 2Z> s <1 * Z) 5 ! (46)
and
5 NSV (B e IS ns®) .
sr=1) = ( 2@> s(r) ' “n

Assume that Equations (44)-(47) indeed hold. Observe #faf" n 50 = () n B;;,) U 5"

1,5,T 1,5,1

(where the two subsets on the right-hand side are d|SJomt)that by the definition ofv; we have that
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|S(T) N Bij,l =1 —a)lS (r+1) 4 5()|. By Equation (37) and Equation (44),

2,7,T ©,7,7
87 OBl - )|5<;t1 nsm)|
5 - a2 5
(7’-1—1
ﬁ ‘ ,jr ’
S <1 + Z (1 - OZQ) ajq - (7,+1)
B;jr
< A+ - az)ar - —==, (48)
and similarly (by Equation (37) and Equation (45)),
S AB; .. -
M > (1-0)1 —az)ay - M 7 (49)
5(r) n

Finally, by our assumption (which holds with high probailj that sampled vertices iB; ; . are added
either toSZ(ZJ;lJz1 or to S‘( ") orto SZ( . Y., all vertices mSZ(?T N S=Y are added tcSZ(N 1- Therefore, by

Equations (37), (44) and (46) (and the definitiongswpandas),

r—1) r—
‘Sz(jr lmBi,jﬂ“’ - ’Szyrms( 1)‘

g(r=1) - g(r=1)

&(r)
< 2y st
- <1+ 2i ) s

S(r—i—l) n S(T)

22 S(T)
(r+1
B\ 18]
S <1 + Z (65) (T+1)
2 S+
_ (142 a2a1| i |
2% s(r+1)
B;
< (1+B)agar - — (50)
Similarly (by Equations (37), (45) and (47)),
S NB;ir o
’ JT 1 4,75 ’ > (1 —ﬁ)OQOél . Bl,]ﬂ‘ ) (51)
s(r=1) n

The bounds in Equations (48)—(51) were obtained for the ttedotha; andas are above certain thresh-
olds. If a; \S(T“ |/srtD) < 20, ’"H )|/strtD) < 20 then by Lemma 5, with probability at
least]l — Wﬁ

15D A 5] 0. (r
o o <(1+0) 2(r)
s\ 4

and
’Sz r S(T_l)’ 02 (r
J(T—_l) <(1+p8) 1( )

19



as well. Similarly, ifan - 1510 150 /s0) < 20 thatis,|S")

1/ < 21 then with probability at
leastl —

32t4’
|55, n s ba(r)
—n =00

By combining all the bounds above we get that (B ;.| > 162(r)),

b < (14 8)((1 = an)lBigl(1+ 8+ ar(1 = as)|Biy, (1 + B

+ 01| Biil(1+ 8) 1) + 265(r)(1 + B)")

< By |(1 4 B) 2 4+ 205(r)(1+ 8)" (52)
and
€igor 2 |Bijurl (L 4+ 8) 72 = Oa(r) (L + ). (53)
Similarly to what we have shown for the case th&t ;.| < 162(r) (see Equations (34)—(36)), if we let

Ei ;. < E(B;;,. B;) then we get that foj € SIG,

(14 8)7°|Eijrl — 4t2\E! éijr < (1+B)°|Ei ol + 4t2\E! (54)
and forj ¢ SIG,
j 31, j .y
Cigr- (L+8Y =1) < (148 Eigel - (14 8Y = 1) + 5L, (55)
5

for ¢ = 02/(20;,/2) and forc}, = czc§/2/4.

Let LARGE(i, j) denote the subset of indicesfor which |B; ;| > 165(r). By Equations (35) and
(36) (for the case thai3; ;.| < +6-(r)), and Equations (54) and (55) (for the case {iiat; .| > 16(r)),
and by taking a union bound over allj andr we get that the following bounds hold with high constant
probability. First, for everyj € SIG,

> e = ZZS@ 1S (1B

icL i€ L p=po
S Z Z éi,j,T + Z Z éiuj”‘
i€L re LARGE(i,j) iel rgéLARGE(',j)
€
< (1+§)Z > B+ |E|+ |Ej|

i€L re LARGE(i,j)

< (1+5) X Bl + ZIE+ 1B

i€l

< (1+2) 1Bl (56)

where the last inequality holds conditionedqrandc/, (which are functions of, andcs) being sufficiently
large (and in particular holds for anyy > 1 andcy > 32 - c1/2) Recall thatp, is the smallest value
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of p satisfying262(p + 1) < n. Since|B; ;.| < n for everyi,j,r while |B; ;.| > 165(r) for every

r € LARGE(i, j), we have that > py + 1 for everyr € LARGE(i, j). Therefore,

E i > E E : €ij,r

i€l i€L re LARGE(i,5)

€ €
> (1-9Y Y 1Bul- B
i€L re LARGE(i,j) 4
)
€ €
> (1 - §> > (Z Eijel— > Ezyj,r) — 7Bl
ieL \r=0 r¢ LARGE(i,j) 4
1
> (“‘)Z\Ea\ ( g)‘\Ej’
i€L 4
€ €
> (1—§>Z\E@j\—ﬁ"Ej\, (57)
icL

where the last inequality holds for sufficiently large and ¢, (and in particular whenever; > 1 and
co > 64 - 01/2) On the other hand, fof ¢ SIG,

> %éi,j ((L+p) —1)

=
1 R R .
= 25 Z N ei,j,r’((l"i_ﬂ Z Z N ei,j,r"((l—i_ﬂ)J_l)
i€L ~ re LARGE(i,j) i€l réLARGE(l,J)
e\ 1 . € €
2) 2 . J_ - -
(1+5)5X X Bl (s 1)+ @) + @)
i€L re LARGE(i,5)
€ 1 1
< (1 + §> @54- - (Cs + C—5> (@) (58)
€

where in Equation (58) we built on the definition of signifitdouckets and the last equation holds for
sufficiently largecs, ¢5 and¢j (and in particular for any choice ef > 32 andcy > 64/c1/2) By taking
c3 > 32 andcy > 64 - c3/ , the proof of Lemma 9 is completed.ll

Putting it all together: proving the first part of Theorem 1. Recall that

5 |S;] 1+5)
ezzn.|s|.< i > Z S ey (148 1) (60)

el j¢L €L

Let /(G, L) denote the number of lengthpaths inG whose mid-point belongs to a buckBt such that
i € L, and let/(G, L) denote the number of lengthpaths whose mid-point belongs to a buckgtsuch
thatj ¢ L (sothat!/(G,L) + ¢(G, L) = {(G)). By the first part of Corollary 2 (and the setting 8f we
have that with high constant probability:

Sn !‘SS,-‘! . <(125)i> = (1+5)uc.n). (61)

1€l
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Turning to the second summand in Equation (60), by Lemma 9,

Z Ze” 1+6 ) = Z Zew 1"‘5 )

géL i€l jéLJGSIG el

+ Z Ze” 1+ B) )
j¢L,j$SIG ieL
S N (LR
j¢L,jeSIG
< (1+9) -§%|Ej|-((1+5)j—1) e
J
< (1+ )e(G )+ e(G) (62)

In the other direction, recall that”) (G, L) = DL Eg.”)(G,f) where forj ¢ L ando € {1,2,3}, we let

65.")((;,3) denote the number of lengthpaths whose mid-point belongs & and such that the number of
vertices on the path that belong &, for k& ¢ L (including j) is o,

Siveaem = Y L (Z (1- ) 1Bl - 1—661&-\) (87— 1)
Jg¢L i€l j¢L,jeSIG i€l
> YIS (- Bl (@ ey -1 - D)
je¢L = i€l
- Y (- mal (s - )
j¢L,j¢SIG ~ i€l
> (1 . g) <e<l>(G,E) + %6(2)((},3)) - ie(c;) (63)
> (1 - g) (M(G,Z) +0@(G,T) + e<3>(c;,f))
_ %E(Q)(G,f) (G, T) - @)
> (1 - g) UG, T) — 36€(G) (64)

where in Equation (63) we used Equation (22) (based on theitiefi of STG and takinges > 32 as it was
set previously), and in the last inequality we applied Len@nBy combining Equations (61), (62) and (64)
we get that’ = (1 £ €)¢(G) with high constant probability.

3.5 Removing the assumption ot

Our analysis builds on the assumption thétG) < ¢ < 2¢(G). In order to get rid of this assumption we
observe that if we run Algorithm 1 with > 2¢(@) then our analysis implies that with high constant proba-
bility ¢ < (1 + 5) (G) + g@. This is true because: (1) the algorithm still obtains (viithh probability) an
estimate of (G, L) that does not overestimaté, L) by more than a factor oflL + £); (2) For the number

of length2 paths whose mid-point is in a buckBt wherej ¢ L andj € SIG the approximation factor

22



is at most(l + %); (3) The additional error caused by overestimating the remalh length2 paths whose
mid-point is in a buckeB3; where;j ¢ L andj ¢ SIG is at mostg/.

Suppose we run Algorithm 1 with > 2¢(G). Then with high constant probabilit§ < (% + 5) ‘.
On the other hand, if we run Algorithm 1 wit%‘ué(G) </ < ¢(G), then with high constant probability,
0> (1—e)l(G) > (1 — e)l, which is greater thafi + £) ¢ for everye < 1/3.

Therefore, we do the following. Starting froth = 7 - (’2‘) we repeatedly call a slight variant of
Algorithm 1 with our current estimaté. The variant is that we increase all sample sizes by a fadtor o
©(log log n) so as to reduce the failure probability of each executiad b/ log n) and we run the algorithm
with ¢ = min{e, 1/4}. In each execution we reduce the previous valué lof a factor of2, and stop once
0> (1— e)€ at which point we outpu«t By the above discussion, with high constant probabilitydeenot
stop before’ goes below2/(G), and conditioned on this, with high probability £ O(1/log n)) we do stop
once1((G) < { < ¢(G) (or possibly, one iteration earlier, whéf(?) < 7 < 2/(G)) with / = (1 + €)¢(G).

Since there is a non-zero probability that the algorithmsdoet stop wher £(G) < { < ((G), we next
bound the expected running time of the algorithm. The tatahing time of all executions untgﬁ(G) <

< UQG)is O( fGy7s +min {nl/z, %}) -poly(logn,1/¢). Oncel < 1¢(G), the algorithm may
terminate in Step 4 of Algorithm 1 or in Step 3c of Algorithm tayt if it does not, then the probability

that/ < (1 — €)/ in any particular execution is upper bounded®y1/logn). Since the executions are
3/2

independent, the expected running timé)l{z(c)l/3 + min {n1/2’ E(Z'W }) - poly(logn, 1/e).

We thus have the following theorem.

Theorem 2 With probability at leas®/3, the aforementioned algorithm, which uses Algorithm 1 asta s

routine, returns an estimate‘that satisfied = (1 £€)-4(G). The expected query complexity and running
3/2

time of the algorithm are (W + min {nl/Q, W}) - poly(logn, 1/¢).

4 Lower Bounds for Approximating the Number of Length-2 Paths

In the next theorem we state three lower bounds that togetlaéch our upper bound in terms of the de-
pendence om and/(G). In what follows, when we refer to a multiplicative approxition algorithm for
the number of lengtl?- paths, we mean an algorithm that outputs an estirhdat with high probability
satisfied(G)/C < i< CY(G) for some (predetermined) approximation factotwhereC' may depend on
the size of the graph). If’ is a constant then the algorithm is a constant factor appration algorithm.

Theorem 3 1. Any multiplicative approximation algorithm fé{G) must perfornt2 ( queries.

2. Any constant-factor approximation algorithm #jr7) must perfornf2(/n) queries when the number
of length2 paths isO(n?).

3. Any constant-factor approximation algorithm f&G) must perfornm(2 (%) queries when the

number of lengtl2 paths isQ(n?).

4.1 Proof of ltem 1 in Theorem 3

To establish the first item in Theorem 3 we show that eveayd for every value of, there exists a family of
n-vertex graphs for which the following holds. For each gr&pin the family we have that(G) = 9(¢),
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but it is not possible to distinguish, makira;gn/ﬁl/?’), with high constant probability between a random
graph in the family and the empty graph (for whigtz) = 0). Each graph in the family simply consists of
a clique of sizé) = [¢'/3] and an independent set of size- b. The number of lengtf-paths in the graph
isb - (b‘l) = O(¢). However, in order to distinguish between a random graphénfamily and the empty

2
graph it is necessary to perform a query on a vertex in theielid he probability of hitting such a vertex in

0 WS—"(G)) queries i(1).

Ty\s

Figure 3: An illustration for the proof of Item 2 in Theorem 3. On thetkafand-side is a graph i@., and on the
right-hand-side are the corresponding neighborhood$able, s andl's. Each row inl'y- ¢ corresponds to a vertex
in '\ S and each row i's corresponds to a vertex ifl. A connecting line between a pair of entries in the two tables
indicates that there is an edge between the two correspgrditices.

4.2 Proof of ltem 2 in Theorem 3

Since we have already established in Iltem 1 in Theorem 3 ltlea¢: tis a lower bound dR (W,—”(G)) and

since for/(G) < n*/? we have that 3 > n'/2, we may consider the case tH&G) > n*? > n. To
establish Item 2 in Theorem 3 we show that evergvery constant and everyn < ¢ < (n/2c)? there exist
two families ofn-vertex graphs for which the following holds. In both faragithe number of lengthpaths
is©(¢), but in one family this number is a factotarger than in the other family. However, it is not possible
to distinguish with high constant probability between apiraelected randomly in one family and a graph
selected randomly in the other family using/n) queries. We first present two families that include some

graphs with multiple edges and self-loops, and then modigconstruction to obtain simple graphs.

The graph families. In the first family, denotedj;, each graph is a union of = L\/%/nJ matchings.
Thus, each vertex has degrée- L\/%/nJ and

0G) =n- <‘;> <t (65)

A random graph irfj; is determined by simply selectinfrandom matchings. In the second family, denoted
G-, each graph is determined as follows. There is a small suisef c vertices, where each vertex thhas
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degreel’ = {\/ﬁw + 1, and each vertex i \ S has degred = L\/ZE/nJ (like all vertices in the graph in

G1). If we view each vertex irt' as having?’ ports (one for each incident edge) and each vertekK in S as
havingd ports, then a graph is the famif; is defined by a perfect matching between the-c¢) -d+c¢-d
ports (we assume this number is even, otherwisandd’ can be slightly modified). For an illustration, see
the left-hand-side of Figure 3. Thus,

> e (D) =e (V1) 5 ©

Processes that construct graphs in the families. In order to show that it is hard to distinguish between
graphs selected randomly from the two familiesoir/n) queries, we follow [GR02, KKR04] and define
two processesP; andP,, that interact with an approximation algorithih. The proces$?; answers the
gueries ofA while constructing a random graph ¢, and the proces®, answers the queries of while
constructing a random graph . We consider the distributions over the respectjuery-answer historigs
((q1,a1),...,(q,ar)), and show that for histories of lengtki,/n) the distributions are very close, implying
that.A must have a high failure probability if it performs ondy,/n) queries. Details follow.

For simplicity we assume that for every vertex that appeasither a neighbor query or an answer to
such a query, both processed give the degree of the vertekréi’, so there is no need for degree queries.
We also assume that an answeb a neighbor queryv, i) comes with the label of the edge fromu’s side
of the edge. Clearly any lower bound under these assumggigas a lower bound without the assumptions.

The ProcessP;. The processP; maintains am x d tableI". A graph inG; corresponds to a perfect
matching between the table entries. That is, if there is @ éd «) in the graph, and the edge is labeled
i from v's side and’ from u’s side, therl'(v,i) = (u,:) andI'(u,i) = (v,i). Thus, a random selection
of a graph inG; corresponds to a random selection of a perfect matchingdmetvihe entries df. Such a
matching can be constructed iteratively, where in eachtitem an unmatched entry in the table is selected
arbitrarily and matched to aniformly selecteget-unmatched entry. The proceBsfills the entries of" in

the course of answering the queries of the algorithnGiven a queryy+1 = (v, ), the proces$; answers
with a uniformly selected yet-unmatched entpy, i’)

The ProcessP,. The proces$, maintains two tables: one: — c) x d table,T'y g, and one: x d' table,
I's. The rows ofl'y ¢ correspond to vertices i \ S, and the rows of's correspond to vertices ifi. A

random graph igj> can be determined in the following iterative manner. In estep, a paifv, i) is selected
arbitrarily among all pairs such that:

1. either there is already a row labeled#in one of the two tables but the entfy, ) is yet-unmatched,
or

2. there is no row labeled hy:.

In the latter case, we first select, uniformly at random, aysdtiabeled row in one of the two tables, and
label it by v. We then select, uniformly at random, a not yet matched d@ntone of the two tables. If the
row of the selected entry is not yet labeled, then we give @&ralom label (among all not yet unused labels

in{1,...,n}).
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The process; fills the entries of'y, g andI's in the course of answering the queries of the algorithm
A in the following manner. First note that once a veriethat appears in either a query or an answer is
determined to belong t®, then we may assume that terminates, since it has evidence to distinguish
between the two families (recall that the degree of a verserevealed when it appears in a query or an
answer). Now, given a query; = (v,14), if v is a vertex that was not yet observed in the query-answer
history (that is, it does not label any row), théh first determines whether belongs toS orto V' \ S,
that is, ifv labels a row in['s or in 'y g. Let the number of vertices already determined to b& in S be
denoted by (so thatb < 2t). With probability =, the vertexv is determined to belong t6 (at which
point. A can terminate) and with probability — —<, it is determined to belong t& \ S, so that it labels a
not yet labeled row i’y 5. Next, a not yet matched entry is selected uniformly amohguath entries in
I'y\g andl's. If the selected entry is il then A can terminate. Otherwise, I€tbe the column to which
the entry belongs (i} g). If the entry belongs to a row that is already labeled by same {1, ..., n},
thenP, answerqu, '), and if the row is unlabeled the, uniformly selects a label € {1,...,n} among
all yet unused row labels, and answeis:’).

Analyzing the distributions on query-answer histories. ConsiderP,, and observe that if the number of
queries performed is(y/n) then the probability that a vertexin a query(v, i) is determined to belong

to Siso(y/n) - #o(\/ﬁ) =0 (ﬁ) The second observation abd®y is that for everyt = o(y/n), the
probability that the answer to a quefy, i) will be (u,i’) whereu € S is upper-bounded byy#;l_% =

O (%) and so the probability that such an event occurs in a sequefiag/n) queries iso(1).
Finally, for both processes, the probability that an angeerqueryg;1 = (v, 1) is (u, ') for u that has
already appeared in the query-answer history is upper lcmhbgl% =0 (L) and so the probability that

n

such an event occurs in a sequence(Qfn) queries i(1). Therefore, in both processes, if the number of
queries performed is(y/n), then for any algorithm4, with probability 1 — o(1), the sequence of answers
to the queries of4 is a sequence of uniformly selected distinct péirs:’). This implies that the statistical
distance between the corresponding distributions on gaesyver histories is(1), and so it is not possible
to distinguish between a random graplginand a random graph @&, with probability greater thaé+o(1).

The issue of multiple edges. As defined above, the graphs may have multiple edges or s@i§ldn order

to avoid multiple edges, the distribution on answers to ig@segiven any particular history is not as simple
as when allowing multiple edges. However, the main obsienvas that the probability of selecting an entry
that belongs to a row that already has some matched entnesntadecrease. The only negative effect on

our bounds is in the upper bound on the probability that trewen to a quenyv, i) will be (u,:") where
u € S, which we can bound b%, which is stillO (ﬁ) fort = o(y/n).

4.3 Proof of ltem 3 in Theorem 3

Similarly to the proof of ltem 2 in Theorem 3, to establismiit& in Theorem 3 we show that for eveny
every constant and everyl = Q(n?), £ < n3/(16¢?), there exist two families ofi-vertex graphs for which
the following holds. In both families the number of len@lpaths is©(¢), but in one family this number
is a factorc larger than in the other family. However, it is not possiledistinguish with high constant
probability between a graph selected randomly in one faiuilgt a graph selected randomly in the other
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Figure 4: An illustration for the proof of Item 3 in Theorem 3. On thetkafand-side is a graph iG., and on the
right-hand-side are the corresponding tablgs, s andI's. A connecting line between a pair of entries indicates that
there is an edge between the two corresponding vertices.

n3/2

family usingo (W) queries. (Note that wheh = Q(n?), and in particularf > n3/(16¢?), the lower
bound isQ2(1), which is trivial.)

The first family, Gy, is identical to the one defined in the proof of ltem 2 in Theoi@ That is, each
graph is determined by = L\/MJ matchings so that each vertex has degread/(G) = n- (g) < /. In

the second family, denotegl, each graph is defined as follows. There is a suligetf s = [%1 vertices,
and a complete bipartite graph betwe®andV \ S. In addition, there aré — s perfect matchings between
vertices inV' \ S. For an illustration, see Figure 4. Thus, each vertekK iR S has degred, just like ing;.
Now, for everyG € G, using our assumption that< n?/(16¢%) so thats < n/4,

UG) > s- (";S> > s (3"2/4> - ﬁ—cﬂ : (3"2/4> > el (67)

The argument for proving that no algorithm can distinguisthviigh constant probability between a
graph selected randomly % and a graph selected randomlydhn, is similar to the one presented in the
proof of Item 2 in Theorem 3, and is actually somewhat simpsrin the proof of ltem 2 in Theorem 3, we
define two processe®; andP,, whereP; is exactly as defined in the proof of Item 2 in Theorem 3.

The processP,. The proces$, maintains ar{n — s) x d table,I'y g, and ans x (n — s) table,I's. The
rows of Iy ¢ corresponds to vertices i \ S and the rows il"s correspond to vertices ifi. A graph in
G- Is determined by a perfect matching between the union of titiées in the two tables, where each row
in 'y g (v) contains exactly entries that are matched with entrieslgf, one from each row. Here too we
may assume that once a vertexhat appears in either a query or an answer is determinedioodpéo S
(i.e., to label a row il"g), then.4 terminates, since it has evidence to distinguish betwesitwb families.
Given a queryy.+1 = (v,14), If v is a vertex that was not yet observed in the query-answeorigjghen
P, first determines whether it belongs $oor to '\ S. Let the number of vertices already determined to be
in V'\ S be denoted by (so thath < 2t). With probability —*, the vertexv is determined to belong t8
(at which pointA can terminate) and with probability — —*, it is determined to belong t&' \ S, so that
it labels a randomly chosen not yet labeled row'in, . Next, the process decides whether the eftry)

corresponds to an edge whose other endpoint$sanin '\ S. Letb(v) be the number of entries in the row
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of v that have already been determined. Then, with probabjl%, the entry is matched to a uniformly
selected entry if's (so thatA can terminate), and with probability — ——— it is matched to a not yet
matched entry il's. This entry is selected as follows. For each rown Iy ¢ (labeled or unlabeled),
let b(r) be the number of entries inthat are already matched. Then a rows selected with probability
%. If the row is yet unlabeled theR, uniformly selects a label € {1,...,n} among all yet
unused row labels. The indekis selected uniformly among all not yet matched entries énrtwr.

Analyzing the distributions on query-answer histories. ConsiderP,, and observe that if the number
of queries performed is(n?/2/¢/2) then the probability that a vertexin a query(v, i) is determined to
belong toS' is

O(n3/2/£1/2) ]

s
n — o(n3/2/1/2) n3/2

Acl) 2 1/2
om0y L C:L/n t=o (ﬁ ) =o(l). (68
The second observation abdBi is that for everyt = o(n?/2/¢1/2), the probability that the answer to a
query (v, i) will be (u,:") whereu € S is upper-bounded by

s [(4cl) /n?) O 2y | (69)

d —b(v) {\/%J — o(n3/2/01/2)

and so the probability that such an event occurs in a sequaine@:®/2/¢'/2)) queries iso(1). Finally,
for both processes, the probability that an answer to a query = (v, i) is (u, ') for u that has already
appeared in the query-answer history is upper-bounded by o (n!/2¢1/2), and so the probability that
such an event occurs in a sequence(@f’/? /¢/2) queries iso(n?/¢) = o(1).

Therefore, in both processes, if the number of queries peed iso(n?/2/¢1/2), then for any algorithm
A, with probability 1 — o(1), the sequence of answers to the queried &f a sequence of uniformly selected
distinct pairs(u,i’). This implies that the statistical distance between theesponding distributions on
query-answer histories ig(1), and so it is not possible to distinguish random graphs frieentivo families
with probability greater tharé + o(1). The issue of multiple edges is dealt with as in the proof@fhl2 in
Theorem 3.

5 Extending the Algorithm to Stars

In this section we explain how our result for approximatihg humber of lengtl2- paths can be extended
to larger stars. Recall that anstar is a graph over + 1 vertices in which one single vertex (the star
cente) is adjacent to all other vertices (and there are no edgegeleet the other vertices). In particular,
a length2 path is a2-star. The algorithm for approximating the numbersedtars fors > 2 is a natural
extension of the algorithm we presented for the case ef 2, and its analysis is very similar. Here we
describe the modifications in the algorithm and its analy&ecall thatv,(G) denotes the number af
stars in a grapiz. Here too we assume the algorithm is given a rough estimafter v4(G), such that
%VS(G) < s < 2u4(G), and this assumption is removed in the same manner as in seeofdength?
paths. We assume for simplicity thats a constant, though it can also be a very slowly growing tionaof

n (since the dependence eIis exponential).
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Algorithm 3 (Estimating the number of s-stars inG = (V, E))
Input: ¢, s, andz,.

def def

L Letp ™ 550, ¢ [log g0, and

1

dof €51 DgTT

6, <

)

cl(s)tm

wherec; (s) will be set in the analysis.

2. Uniformly and independently seld@t( ) vertices fromV/, and letS denote the multiset of
selected vertices (that is, we allow repetltlons).

3. Fori=0,...,t, determineS; = S N B; by performing a degree query on every vertexin

4. LetL = {Z : “SSZ'“ > 2%} If max;ey, {((H@H) '91} > 4v, then terminate and return 0.

5. For eachi € L run a slight variant of Algorithm 2 (that is described below)get estimate$eé; ; } ¢,
for {|Ei ;[ }j¢L-

6. Output

-2 () e 2z ()

cL 3¢L i€l

The variant of Algorithm 2 used to get the estimatés; } ;¢;, is the following. For eaclo < p < i let

92(]?) - 2511 P (70)

wherecs (s ) grows at most exponentially with The minimum valuey, of p is still the smallest value qgf
satisfying16s(p + 1) < n. The sample size®) is still

® _ n_(t\?
s\P) = ®<92(p) (ﬁ) logt> , (72)

s(p) . A
(<1+ﬁ.)i*1)

and in Step 3c we have:

3¢ I [S{P] < 22 ks (p),
return O.

] > then terminate and

Theorem 4 If 1v,(G) < 75 < 2v,(G), then with probability at leas?/3, the output,?,, of Algorithm 3
satisfies’s = (1 +¢) - v5(G). The query complexity and running time of the algorithm are

S—

1
(@) ( nl -+ min {nl_%, nl_i }) - poly(logn, 1/e) .
I;;Jrl ~S s

As noted previously, the assumption that the algorithm essséimate’, for v,(G) is removed similarly to
the way it was removed in the caseXstars.
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5.1 Analyzing the complexity of Algorithm 3

As in the case of Algorithm 1, the running time of Algorithm 8 linear in its query complexity, and
hence it suffices to bound the latter. Recall that we restuctattention to constant, and hence, in our
bounds, we shall ignore terms that depend onlyoffhe query complexity of Algorithm 3 is the sum of

S} (% l‘z%t> =0 <~a+1 > - poly(logn, 1/€) (the size of the sample selected in Step 2 of the algorithm)

and the number of queries performed in the executions ofdinamnt of Algorithm 2. In order to bound the
latter we first observe that if Algorithm 3 did not terminateStep 4, then

. ~;i1.ts%
VieL: 1+08)=0|——7F—1 . (72)

Similarly, if the variant of Algorithm 2 did not terminate eny of its executions in Step 3c (where this step
is as described following Equation (71), then

(p) 0
\V/’L'ELandpogpgii |S§p)|20<%ﬁ> (73)

02(p)

In addition, it trivially always holds thats®”| < s = O <— (%) log t>. Recall thaip runs fromi
down topy wherep is the smallest value qfsat|sfy|ng402(p + 1) < nwhere

That is,
€s+1ﬂs
Po = \‘loglﬁ-ﬁ Cé(S) . t28+1nsJ

for an appropriate choice @f,(s). This implies that if

c (3) . t2s+1
DL 22 2 s
s = €s+1 Y

thenpy, = 0, and otherwise it may be larger. Therefore, the total nundfejueries performed in the
executions of the variant of Algorithm 2 is upper bounded by:

ZZ ( —|—m1n{3(:0) ? ((lfgf 1)} ))

i€ L p=po
() 4D,
< Zi-s + Zme{ #}-g(p). (74)
i€L i€L p=po ( s )

For the first summand we apply Equation (72) and get:

n-tologt- (14 5)s
Zz s@ < Zt O( e T )

il i€l - Vg
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1
3+§ . I;SS

1
. :
n-ttslogt [ o3
= 0 T 1

= 0 ( nl ) - poly(logn,1/e) . (75)

Turning to the second summand,

3(17) 47,

1€ L p=po

)
= Z Z 0 (min {n (1+5) ' :SB);_]; } (1 —i—ﬂ)ip) - poly(logn, 1/¢)

1€ L p=po

7 I;l_%
— Z @) (min {n : ({j— 8) Yo sﬁ)(s_l)i } - poly(log n, 1/6))

i€l
(1B Y gy (76)

n'(1+5)i <

1/s

In order to bound the expression in Equation (76) we first nioge if (1 + 3)! <

~17

n'=1/s while if (1 + 3)" > x the nﬁ < n'=Ys as well. Sincg1 + ﬁ) (1=1/s)ro — 1 and

(146)
- (1 + 6)~ (1=1/9)k — O(1/), if py = 0 then the right-hand-side of Equation (76) is upper bounded
by
@) <n1_%> -poly(logn, 1/e) . 77)

If po > 0 then the bound in Equation (77) should be multiplied(by+ 5)~(~1/5)ro By definition ofp,
we have that1 + g)~(1=1/)p0 = O (%) -poly(logn, 1/€), and so we get the (tighter) bound:

_1
ns

O( -3 (14 0)~ (1- )7’0> -poly(logn,1/e) = O ( 1_;) -poly(logn,1/e) . (78)

Vs °

The total number of queries performed in the executions efwariant of Algorithm 2 is hence upper
bounded by
s_1
O == +mindn'5, 5 b ) - poly(logn, 1/e) . (79)
I;Ssﬁ»l 81 s

5.2 Analyzing the correctness of Algorithm 3

We first note that the size of the samleselected by Algorithm 3 i® ( > ) that is, the same, as

a function off,, as the sample size selected by Algorithm 1. Therefore Larfirand Corollary 2 hold
as is (forf; as defined in Step 1 of Algorithm 3). The first part of Coroll@ymplies that (with high
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constant probability) the estimale;,_; n - 'él" ((1+5)i) is close to the actual number sfstars whose

s

center belongs to a bucké; such thati € L. It also implies (similarly to what was shown in the case of
2-stars) that Algorithm 3 does not terminate in Step 4 (witfhhtonstant probability).

The remainder of the analysis deals with the quality of thienege for the number of-stars inG whose
center is not inL. First observe that by the second part of Corollary 2 we hae¢ with high constant
probability,

> IBjl < 46t . (80)
J¢L
We next introduce the following notations. Fpr¢ L ando € {1,2,...,s + 1}, let ) (4,G, L) denote
the number ofs-stars inG whose center belongs #; and such that the number of vertices in the star that
belong toBy, for k ¢ L (including j) is 0. Let v\ (G, L) = Y., A7 (7, G, T) and letr,(j, G, I) =
St w7 6.6 D).

We first observe thaEsJil2 Vs )(G, L) (stars that include at least one vertex frénsuch thatj ¢ L in
addition to the center vertex), is relatively small (witlghiprobability).

Lemma 10 With high constant probabllmgffl2 v’ (G L) < £vs(G).

Proof: We first observe that since the total numbersetars isv;(G), for every bucketB; we have that
(A7) < (@) /| B;|. Hence,

148 < (1458)- ((%ﬁ)sﬂs—l)) | (81)

For eachy ¢ L we have thagffl2 v’ (g, G, L) is the number o-stars whose cente, is in B; and that
have at least one additional vertex in a bucBgtwherek ¢ L. (The remainings — 1 vertices may belong
to any of the at mostl + )’ neighbors ofv.) Therefore,

SUOGT) < SIS B (”ﬁ))
o=2 J¢L kgL
< 401t'Z|Bj| , < +0)- ((S'Eéfl> +(s— 1)>> . ©2)

JEL
1
s

LetJ; ={j ¢ L : (“"Z’B](' )> <standletLetl, ={j ¢ L : (S!'Ef)) > s}. Then,

@ [

i1t Z ‘Bj‘ ' <(1 +0)- <<s!'”§§|G)>§ + (S — 1)>> < 16(6; 't)2 ods 3%55 7 (83)

where the last inequality holds for(s) > 2**°. Turning to.J;, we have that

g (0 (G +eo0))
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1
A slvs(G) s
w1 (CCEE)Y

<
T, s—1
4S(SD§ 1 1-1
< . 237 Bk . p
> 491t Z(S—l)' ‘BJ’ (VS(G))
JEJ2
45(s! s
< (8(_ i)v 401t -t (461)5 - (vg(G))1 5
45+2(g1)s 141 1
< LT e
1
4S+2(SD% 9 egifﬂfii o 1
< T[S e
S : c1(s)ts+
€
< £
< g (84)

where the last inequality holds for an appropriate choice, 6f). The lemma follows by combining Equa-
tions (82), (83) and (84). A
We next modify the notion of significant buckets (for buckBtssuch thatj ¢ L).

Definition 2 (Significant small buckets) For every;j ¢ L we say thay is significant if
J
|BJ|<(1+6)> > ‘ 7337
s cs3(s)t
wherecs(s) grows at most exponentially with We denote the set of indices of significant bucktévhere
j ¢ L)bySIG.
Note that by the definition of I G,

S ) < ——7 < —1,(G). (85)
j¢L,j¢SIG

The next lemma is proved very similarly to Lemma 4, and thepi® hence omitted (recall théb(r) def
ca(s)t 5 (148)

Lemma 11 If j € SIG, then for every- such that B; ; .| > 0 for somei we have that

ca(s)t?

B >

for c4(s) = (ca(s)/c3(s)V/*) - (sh)1/5.
We now turn to explaining what needs to be modified in the amslgf the variant of Algorithm 2
that is used in Algorithm 3. Recall that?) denotes the size of the sampf?), where s =

0a(r) - (145!

B
Hence, Lemma 5, and Corollary 6 hold as is, and here we als® that with high constant probability, the
variant of Algorithm 2 does not terminate in Step 3c. Lemmad lkemma 8 also hold without any changes.
We do however need to modify (the second part of) Lemma 9, leadnodified version is stated next.

2
© (#(m . <1> log t>. That is, the sample size is the same, as a functiof, @f), as in Algorithm 2.
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Lemma 12 For an appropriate choice afy(s) (in the definition obs(-), that is, Equation (70)) and @f(s)
(in Definition 1), with high constant probability, for ajl¢ L, if j € SIG, then

€ € 5 €
(1-§) 1Bl ~ gglBl < Y < (1+ 7)1l
i€l i€l

and ifj ¢ SIG then ‘
1. (1+pB) €

E —Ci - < — .
sel’] < s—1 > - 4tys(G)

1€

The proof of Lemma 12 is very similar to the proof of Lemma 9eTdnly difference is that here we use
the modified definition of significant buckets (Definition 2)dathe corresponding lemma (Lemma 11) rather
than the original definition (Definition 1) and lemma (Lemnja Blote that in both lemmas, if € SIG

then|£}| is lower bounded by? (%92(74) (14 ﬁ)’“) (when B, ;, is non-empty). As shown in the proof

of Lemma 9 (based on the lemmas that hold as is for the casstafs), whenB, ; .| < 165(r), the upper
bound oné; ;. is of the order offx(r) - (1 + 3)" (see Equation (34)), and whe®; ; .| > %92(7”) the
additive term in the deviation frorf¥; ; .| is of the same order (see Equations (52) and (53)). Therefore
whenj € SIG they both translate to expressions of the fo%]Ej\, as in the proof of Lemma 9 (see

C4l5)t2

Equations (35) and (54)). On the other hand, whehS1G we need to show that

i)+ () < i) (#6)

€ Us d 1 J < (€. Ds 1/s 1). If es! Us 1/8<
S andsol+ B < (S qy)  + -0 () <s

for an appropriate choice of(s).
If j ¢ SIG then(1+97) <
then(1 + 3)7 < 2s so that

. s+1 L
14 8) € U
wr)-ay (W) o ey
5= ca($)t“Ts (14 B)s
5+1~%
€ Vs (1-1)  92s
< () (1+5) 2
5+1~l‘
€ s Vg 1-1 52
< (46,)' 5 -2
cz(s)t2+%
o1 1 -3
< E° U desrivg ! o2s
O c1(s)ts+t

(87)

for an appropriate setting af;(s) (that is a function ok (s), c2(s) ands). We have used the fact that
S ~Sl
(1+ B)" < |B,] (since there are no multiple edges) and that L (so that| B;| < 46, = 477 On

ci(s)ts+I
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es! g 1/s j es! g 1/s
the other hand, i ( )i B |) > sthen(1+ 5)7 <2 <C3(s)t ‘Bﬂ) so that

. ~§ ~ 1—
92(7“) . (1 + 6)7” . <(1 + 6)J> % ] (1 + 5)r(1—1/s) . 25—1 . <6_S' . i)

s—1 N Cg(S)t 5 03(s)t ‘Bj‘
s2° € _ €
ea(s)es(s) BT W’/s@) (88)

for an appropriate setting of (s), which is a function of:»(s), c3(s) ands (where here too we used the fact
that(1 + 5)" < |Bj)).

The remainder of the proof is essentially as in the proof ahb® 9 where the only difference is in the
constraints oms(s) andes(s).
5.3 Putting it all together: proving the first part of Theorem 4

RO R ()

j¢L i€l

Recall that

Let v4(G, L) denote the number ofstars inG whose center belongs to a buckgt such that € L, and
let v5(G, L) denote the number of-stars whose center belongs to a bucketsuch thatj ¢ L (so that
vs(G, L) + vs(G, L) = v4(@)). By the first part of Corollary 2 (and the setting 6f= ;5-) we have that
with high constant probability:

Sn ‘é@‘” . (“J;ﬁ)i) = (1) mG.1). (90)

1€

Turning to the second summand in Equation (89), by Lemma 12,

1+51—1>

" 1Zéw-<<“f_>z*>+ s Az ()

S
jéLjeSIG ~ icL j¢L,j¢SIG ~ icL

1 € 1 i—1 €
< 2 (e (M) ¢ e
j¢L,jeSIG
1 1 i—1
< (g Bme (U0 e
J¢L
< (1+§)VS(G,Z)+EVS(G). (91)

In the other direction, recall tha»é")(G, L)y=>. LV (j, G, L) where forj ¢ Lando € {1,...,s+1},
we lety”) (4, G, L) denote the number ofstars whose center belongs/B and such that the number of
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vertices in the star that belong ), for k& ¢ L (includingj) is o,

> % > Gy <(1 tﬂ_)jl_ 1>

j¢L = €L
1 € € (1+8) —1
S g(_Z(l—g)wz-,ﬂ—1—6|Ej|>-( o
]éLJESIG i€l
1 J—1 1+ 6)5!
> i (- (M) - e
jéL S

DI M (B IVR Gt

j¢L,j¢s1G > el

> (1-9 2 e - e (92
T 1
> (1 ) Z (G IT)-> v <>(Gz)—§us(c;)
o=2
> (1 8)VS(G L)—gus(G)—zus(G) (93)
- (1 ;)VS(G L)—gl/s(G), (94)

where in Equation (92) we used Equation (85) (based on theitilefi of S7G and for an appropriate choice
of c3(s)), and in Equation (93) we applied Lemma 10. By combining Haqua (90), (91) and (94) we get
thatvs; = (1 + €)vs(G) with high constant probability. l

6 Lower Bounds for Approximating the Number of s-Stars

We also have matching lower bounds similarly to what we hadhfe case of lengtR-paths. For simplicity
we state them for constantbut they can be extended to non-constant

Theorem 5 Let s be a constant.

1. Any (multiplicative) approximation algorithm for thember ofs-stars must perforrt <$1>
(vs(G)) =TT

queries.

2. Any constant-factor approximation algorithm for the rhen of s-stars must perfornﬂ(nl‘é)
queries when the number efstars isO(n?).

Since the constructions are very similar to those used iptbefs of Items 1-3 of Theorem 3, we only
describe the needed modifications in the constructions famdralysis. Here too we allow multiple edges
in the constructions, and this assumption can be removedimitar manner to the way it was dealt with in
Theorem 3.

||

vs(G

3. Any constant-factor approximation algorithm for the raenofs-stars must perforn <

=
[ R

queries when the number ofstars isQ(n*).
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Proof sketch of Item 1 in Theorem 5. For any choice of,, consider the family of alk-vertex graphs

1

that each consists of a clique of size= {D;“w and an independent set of size— b. The number of

s-stars in the graph i - (bgl) = O(7s) (recall that we assume thatis a constant). However, in order to
distinguish between a random graph in the family and the gigaiph it is necessary to perform a query on

a vertex in the clique. The probability of hitting such a esrin o i ) queries i(1).
vs STI(Q)

Proof sketch of Item 2 in Theorem 5. First note that the lower bound in Iterrﬂl(%) is higher
(vs(G))sF1
1—-1

than the lower bound in this itenf)(n"~5)) for v4(G) < n't3, and hence we may restrict our attention
to the case that,(G) > nlts. We modify the construction of the two families of graphsnfréthe proof
of Iltem 2 in Theorem 3, in the following manner. We start witle tsecond family, denoted,. As in the
proof of ltem 2 in Theorem 3, each graph in this family is detiered by two subsetsS, of a constant size
¢ (which determines the gap between the numbesr-stiars in the two families), and \ S. Each vertex in

1

S hasd' = [(s! : ﬁs)ﬂ + s, neighbors in” \ S, and each vertex iV \ S hasd = {(S'T”) J neighbors (in

V'\ S and possibly inS). Thus, the difference between the family as defined here and as defined in the
proof of Item 2 in Theorem 3 is only in the settingdandd’.

The family G, is also very similar to the one defined in the proof of Item 2 edrem 3, but we perform
a small modification, which slightly simplifies the analysi@onsider taking a graph & and matching the
edges betweel \ S andS. That is, we replace pairs of edgés w), (u,z) whereu,v € V' \ S and
w,z € S, by a single edge betweenandu. We shall refer to these edgesssecialedges. Note that the
degree of each vertex i \ S remains the samel), and the sef becomes an independent set. Getbe
the family of graphs resulting from performing this opeoation graphs ir> (where the matching may be
arbitrary). Observe that the numbero6tars in each grapy € G; satisfies:

(@) == (1) <o (95)

and the number of-stars in each grapty € G, satisfies:

uS(G)>c-<d/>:c-d(S!'ﬂs)ﬂ“)>c.ﬁs. (96)

S S

Given the above description, the two processes (that andheegueries of the algorithm and construct a
random graph along the way), are essentially as in the prioééim 2 in Theorem 3. The only difference is
in the setting ofl andd’ and in the fact that the first process also has a small pratyabil“hitting” a vertex
in S (at which point the algorithm can terminate since the vedimn S have degred). We also assume
that the first process notifies the algorithm when a specige éslrevealed (at which point the algorithm can
terminate).

Consider both processes and observe that if the number aegyeerformed i® <n1‘5>, then for both

processes the probability that a vertein a query(v, i) is determined to belong t6 is

0 (n1_§> . ¢ 3 _ 0@—%) (97)

n—c—o(nl_
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The second observation is that for eveéry o (nl‘ﬁ), the probability that the answer &% to a query

gt = (v,4) will be (u, ") whereu € S, and similarly, that the answer &, corresponds to a special edge, is
upper-bounded by

e o]y
n—0)-d—2 (n_c)t(%)iJ_o@bi)

Hence, the probability that such an event occurs in a seetxm‘rm(nl‘%) queries i(1).

As opposed to the analysis in the proof of Iltem 2 in Theoremese lwe do not (and cannot) claim
that the probability that an answer to a query; = (v,14) is (u, ') for u that has already appeared in the
guery-answer history is sufficiently small. However, gitba way we modified the construction, as long as
neither of the abovementioned events occur, the distdbatbn the query-answer histories are identical.

-0 <n—<1—z>) . (98)

Proof sketch of Item 3 in Theorem 5. We modify the construction of the two families of graphs frime
proof of Item 3 in Theorem 3 in the following manner, where viertswith the second familygz. In G,
each graph contains a subsgtof b = [C‘f@ﬂ] vertices. There is a complete bipartite graph betwgamd

S\ 1
V'\ S and there aré — b perfect matchings between verticeslin\, S whered = {(S'T”) J , SO that every

vertex inV"\ S has degred. In order to define the first family;, we perform the same “edge-contraction”
procedure as in the proof of Iltem 2. That is, given a grapfhiwe replace pairs of edges betwdén S and

S with single edges between verticeslin\ S. Here too we maintain the degrees of vertice¥i S, and

S becomes an independent set. Observe that by the choit;etef number of-stars in each graph i, is
upper bounded by,. Assumingz, < n**!/c for some sufficiently large constadlt for everyG € G,, we
have thab < n/(2s) and so:

V(G > b. <n;b> - <n(1 - 1/(23))> L codsto, (n(1 - ) e p.. (99)

S ns s!

The processeR; andP, are defined very similarly to the way they were defined in tfwopof Item 3 in
Theorem 3, wherd and|S| = b are as defined above. Other than the different setting ofatenpeters, here
we take into account (in the definition &%) the fact that in each graph @y, thed perfect matchings are
only between vertices il \ S, and that there is a probability of “hitting” vertices i For both processes,

1

if the number of queries performed d: ns‘%/ﬂ;_ > then the probability that a vertexin a query(v, i)

is determined to belong t8 is

1,11
0<ns s [vg ®

1 - 48D s
N s L.

> : n—0<ns_%/ﬂ;_i> n
= o <ﬂ§/n(1+%)> = o(1). (100)

Next, for everyt = o <n1‘5>, the probability that the answer @ to a queryg; = (v, ) will be (u,’)
whereu € S, and similarly, that the answer &f; corresponds to a special edge, is upper-bounded by

v ((://:)l> - (D‘i_i/ns—i> ' (101)
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_1
Therefore, the probability that such an event occurs in aeecg ofo ns‘%/ﬂsl > queries iso(1). If

none of the above events occur then we get the same disbriboiti query-answer histories.

7 Other Small Subgraphs

Other thans-stars, two additional natural extensions of lengthaths are triangles and lengdtpaths (or,
more generally, lengtli- paths).

We first observe that there are lower bounds that are lineremumber of edges: whenm = ©(n),
both for triangles and for lengtB-paths. These lower bounds hold in the query model studicuisrpaper,
that is, assuming the algorithm is allowed only degree ggemnd neighbor queries. Moreover, these lower
bounds hold even if the algorithm is also allowed to sampbesdiniformly. However, they do not hold if
the algorithm is allowed vertex-pair queries, that is, ihidy ask whether there is an edge between any two
verticesu, andwv of its choice. Thus, it is possible that there are sublinégorahms for approximating the
number of these subgraphs assuming the algorithm is alleegex-pair queries. It can be verified that in
the case of lengtB-paths, and more generallystars, the lower bounds hold even when allowed vertex-pair
queries

Theorem 6 For m = O(n) it is necessary to perforrf2(m) queries in order to distinguish with high
constant probability between the case that a graph cont@ifs) triangles and the case that it contains no
triangles. This bound holds when neighbor and degree gsienie allowed.

Proof: Consider the following two families of graphs. In the firstrfdy each graph consists of a complete
bipartite graph between two vertices and all other vertidasthe second family each graph consists of a
complete bipartite graph between two vertices and all otbdrces but one, where this vertex is an isolated
vertex. In addition there is an edge between the two vertigédthin each family the graphs differ only in
the labeling of vertices and in the labeling of the edgedieigi to each vertex. Observe that in both families
the two high-degree vertices have degnee 2 and the rest of the vertices have deg2ewith the exception

of the single isolated vertex in the second family. By camsion, each graph in the first family contains
no triangles and each graph in the second family contains3 triangles. However, in order to distinguish
between a random graph in the first family and a random grafieiisecond family it is necessary to either
hit the isolated vertex in graphs of the second family, oritéhte edge between the two high-degree vertices
in graphs of the second family, or to observe all neighborsr@ of the high-degree vertices in the first
family. In the latter case — 2 queries are necessary, and in the former c&3es queries are necessary (in
order for one of these events to occur with constant prothgbil

Theorem 7 For m = O(n) it is necessary to perforrf(m) queries in order to distinguish with high
constant probability between the case that a graph contéis?) length3 paths and the case that it
contains no lengtl$- paths. This bound holds when neighbor and degree querieslianged.

Proof: Consider the following two families of graphs, where we assuor simplicity thatn is even
(otherwise there is an isolated vertex and the graph is dkbwern — 1 vertices wherer — 1 is even). In the
first family each graph consists of two stars, where in eaahtbere aren /2 vertices (including the center

5To verify this note that the lower bounds are essentiallyedasn “hitting” a certain subset of vertices, either by qirgyone
of these vertices or receiving one of them in an answer toghbeir queries. If vertex-pair queries are allowed then tgerdhm
still needs to hit a vertex in this subset in one of its queries
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vertex). In the second family each graph consists of twsstahere in each star there arg2 — 1 vertices
(including the center vertex). In addition, there are twalated vertices, and there is an edge between the
two star centers. Graphs in the two families differ only ie thbeling of vertices and in the labeling of the
edges for the star centers. Observe that in both familiestdirecenters have degreg2. By construction,
each graph in the first family contains no lengtpaths and each graph in the second family cont@ins®)
length3 paths. However, in order to distinguish between a randorplgia the first family and a random
graph in the second family it is necessary to either hit onthefisolated vertices in graphs of the second
family, or to hit the edge between the centers in graphs oséoend family, or to observe all neighbors of
one of the centers in the first family. In the latter cas@ queries are necessary, and in the former cases
Q(n) queries are necessary (in order for one of these events to wdth constant probability). l
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