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A Reduced-Complexity Algorithm for Combined
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Abstract—This paper presents a new application of a sub- path of minimal metric in the reduced-state trellis, in which
optimal trellis decoding algorithm for combined equalization several states of the original trellis are fused together. In the

and decoding. The proposed algorithm can outperform the _ ; ;
reduced-state sequence estimator (RSSE) of the same 0r0|erbranch metric computation, I1SI terms not represented by the

of complexity. The algorithm, termed estimated future deci- trellis states are taken from survivor h'Sto_ry'

sion-feedback algorithm(EFDFA), was originally proposed for Although powerful, the RSSE algorithm needs a large
the problem of noncoherent decoding with multiple-symbol number of states in order to obtain near-optimal performance
overlapped observations and is now reformulated for the problem on severely ISI-limited channels. The degradation in perfor-
of intersymbol interference inflicted channels. The EFDFA uses ance has two causes. The first is the loss of Euclidean distance

the RSSE as a building block. The performance improvement is t the decisi int. which i the first t b
achieved by usingestimated futuresymbols in the decision process. atthe decision point, which increases the first error-event prob-

The estimated future symbols are obtained by RSSE decoding ability. The second is error propagation (EP) related to the
time-reversed blocks of the input. The same technique can be inherent decision-feedback mechanism of the RSSE.

used to greatly enhance the performance of the conventional The estimated future decision-feedback algorithm (EFDFA)
decision-feedback equalizer. An analysis of the performance of [6] has been developed for efficient and almost lossless sub-

the EFDFA based on the performance of the RSSE is described. timal d di f h t trell ded dulati
The EFDFA can be configured as an adaptive equalizer capable of oplimal decoding or noncoherent trellis-coded modufation

operating in a time-varying environment, and is shown to perform (NTCM) with multiple symbols overlapping observations. The
well in fading conditions. With only minor additional complexity, =~ EFDFA was very successful also in the noncoherent decoding

the EFDFA is also capable of producing soft outputs. of continuous phase modulation (CPM) [7]. This algorithm
Index Terms—Adaptive equalizers, decision-feedback equal- is based on a novel concept calledtimated futurgto be
izers, maximume-likelihood decoding, trellis-coded modulation. explained). For the case of NTCM, EFDFA has shown to

provide much improved performance relative to the basic deci-
sion-feedback algorithm (BDFA) and to also almost eliminate
EP. Motivated by this success, and since the BDFA is based on
I N high-speed digital transmission over band-limited chaghe same concept as the RSSE, it was observed that the EFDFA
nels, error performance is degraded by additive noise aggh use the RSSE as its decision-feedback algorithm replacing
intersymbol interference (ISI). The type of detection techniqyge BDFA.
used to combat the latter has a great impact on error probabilityThe EFDFA uses RSSE as a building block. The overall algo-
It is well established that maximum-likelihood sequence estithm outperforms the RSSE part by addressing the two causes
mation (MLSE), implemented by the Viterbi algorithm (VA)of suboptimality mentioned above. The performance improve-
[1], can provide optimal performance in terms of error evehent is achieved by usingstimated futursymbols in the de-
probability. This technique, however, has a large computationgdion process. The estimated future symbols are obtained by
complexity, which hinders it from use even for relatively simplgssg decoding time-reversed blocks of the input. The EFDFA
channels. Itis highly desirable to reduce the complexity of thg ahout 4-5 times more computationally complex than the orig-
detection technique while retaining near-optimal performanGggg| RSSE. It outperforms RSSE with the equivalent degree of
One of the most powerful techniques for doing so is calleghmplexity. The gain can be translated to complexity reduction
reduced-state sequence estimation (RSSE) [2]. A less gengfate for the same degradation the number of states in the RSSE
form is presented in [3], and an extension to the coded cagé be reduced when using the EFDFA. The EFDFA gain is es-
is given in [4] and [5]. The RSSE operates by searching th@jally noted when the channel impulse response is long and
its last taps are of substantial magnitude. In such cases, RSSE
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Fig. 1. The system model used.

to perform well in fading conditions. With only minor additionawhere; = [*°_ g()g*(t+iT") dt. Here, we have assumed that

complexity, the EFDFA is also capable of producing soft out(t) is such thafh;} = 0 for |i| > S. Let us denote by{(z)

puts. the Z transform of{/;}. The additive Gaussian noisg has
This paper is organized as follows. In Section I, the systethe power spectrum given b,,.(z) = NoH(z). SinceH (z)

model is presented. In Section IIl, an overview of RSSE is givehas the propertyd (») = H*(>~!), we can always factaH (»)

Section IV describes the proposed algorithm. Section V preseatording to

a soft output version of the EFDFA. Section VI presents an adap- L

tive implementation, and Section VII presents some simulation H(z) = F(z)F"(z7") ®3)

results. where F(z) is minimum phase and casual adt (1) is

maximum phase and anticas@arhus, we can apply the filter
Il. SYSTEM DESCRIPTION Wiw(z) = 1/F*(2~') as aforward whitening filter The
A. The Transmitter and Channel reason for the term “forward” will become clear later on. The

. . , resulting channel model is given by
Consider the (possibly coded) quadrature amplitude modula-

tion (QAM) transmission system shown in Fig. 1. s
The transmitter side is composed of an optional convolutional n = Z fittn—i +wn (4)
encoder, a subset selector, a signal point selector, and a pulse =0

shape filterp(t). Let us denote by, them-bit words that enter wherer,, is the signal at the WMF outpuf; are the tap coeffi-

the transmitter, among which onty’ enter the convolutional cients ofF(#), andw, is a white Gaussian noise sequence with
encoder. The encoder haé.,. states andy output symbols varianceN,.

per branch. The symbol mapper selects the output symbols

from an alphabet o2™*" symbols. The symbol is shaped by IIl. RSSE DECODING

the pulse shaped filter(¢). In what follows, % will be used to - :

index branch-time intervals amdfor symbol time intervals. Ob- A. Definition of the RSSE Trellis

viously, k = |n/q]. MLSE [1] is performed by finding the input sequence
The channel is modeled as a linear filit) and additive {ax}=.,, which minimizes the cumulative metric

white Gaussian noise (AWGN)(¢) with double-sided power )

. . . . . oo oo (k+1)g—1 S
spectral density,. The signal at the input of the receiver is
’ LOEIDINCEID DD DI CED DY T
oo k=—o0 k=—o0 n=kq 1=0
y(t) = Y wag(t—kT) +n(t) (1) (5)
k=—o0

where{z, } is the symbol sequence related{ta. } and 3.(x)
are the branch metrics. The application of the VA for imple-
menting MLSE can be accomplished if we consider the com-
. i bination of the encoder and channel as a finite-state machine
B. Whitened Matched Filter (WMF) having the states

As was shown in [1], the MLSE can be implemented by using
the outputs of the WMF as sufficient statistics. The WMF shall Pk =10k Tn1,Tn—2.., Tn_s}. (6)
be brief_ly reviewgd h_ere for purposes (_)f future referenpe. FirﬂEre,ak is the encoder state at timie andz,_; is the last
we begin by apphcatlcT of a matched f.'"ﬁ(._t) to the S|g_nal symbol of the trellis branch at time— 1. The number of trellis
in (1) and sampling @ = n7". The resulting discrete time S|gnalStates in (6) iSVy = Nonc2™S:, whereN, . is the number

s [8, pp. 551-554] of encoder states anfl, = [S/q] is the channel length in
branches.

2

whereg(t) = p(¢) » ¢(t) andx denotes convolution.

s
Zp = Z hiTpn_i + vp, (2) Here we have assumed thEY(z) has no poles on the unit circle. This re-
striction will be relaxed in Section VI.

=—
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In order to reduce the number of trellis states, sevgratates to 7, (x). The Euclidean distance of the error event- x in
are fused together to form the RSSE trellis. We shall now use e SE decoding is given by

coset language of [9] to describe how the RSSE trellis is formed. - 5
For simplicity, we shall from now on assume tlgat 1, unless !
otherwise noted. dir(e kz z% fier—i (10)

Let us assume that the symbdls,, } form a subset of the
group A. For rectangular QAM signalsy = 22 where Z is Let us now consider the same error event in the RSSE trellis.
the integer lattice. Fai{ -ary phase-shift keying (M-PSK) sig- Let {;. } and{/i; } denote the RSSE states:ofindx, respec-
nals, the symbols are labeled by elements of the grbup  tively. Because several ML states are fused into one RSSE state,
{0,2n/M, ..., 2x(M — 1)/M} with modulo2r addition. the RSSE error event ends at tirhe < k;. Since the RSSE

Any subgroupA’ of A defines the partition seh/A’ into  decision might occur prior to the optimal MLSE decision, it is
|A/A’| cosets. For the definition of RSSE states, we cdherefore termed premature decision
use the following partition chainA/A(S)/A(S — 1)/... Let us define the decision depth of the error everib be
JA(0)/.../A(1). For eachl < ¢ < 5, the partitionA/A(¢)  L(e) = k; — k,, and the (overall) decision depth of the RSSE
definesl < J, < 2m1" cosets. We assume that the number afellis as
symbolsz,, in each coset is the same. The cosets\p\(¢) e
are used to label the symbe),_, of the maximum-likelihood L = max L(e) (11)

(ML) state given in (6). Letc,,_, denote the coset to which ock

Z,_¢ belongs. The reduced state can then be written as whereE is the set of all possible error events of the trellis. The
decision depth signifies how many symbols are taken from path
p = {0k, Cn1,Cn2.. ., Cn s} 7) history, rather than from state information, hence it is related to
Due to the nested nature of the partition chain, (7) correspondstie RSSE suboptimality. As shall be shown, the valué @)
awell-defined trellis. An important point to note is that in ordeftogether with the channel response) determines the amount of
to compute the branch metrics the information needed to cotegradation in the Euclidean distanceeof

plete the reduced representation of (7) to that of (6) is taken fromBoth L(e) and L depend upon the structure of the trellis. For
the survivor history. Thus, a decision-feedback mechanism s instance, if we take somE < S andj; = jo = -+ = jg =
troduced into the RSSE. Furthermore, whenelier< 2", m 4+ andjg, = --- = j5 = 0, then we havdl = S — K.

the trellis contains parallel transitions. The decisions between thigis is the case of delayed decision feedback, as outlined in [3].
parallel transitions are performed per branch in a DFE fashion. The RSSE decision at timig is performed by comparing the

It is convenient to introduce the following operafBr. For metric
rectangular QAM, we defin® as rotation byr /4 and scaling
by v/2. For the M-PSK case (whet is a power of 2)R is
defined as modul@s multiplication by 2. Thus, the partition
chain can be written as

ko

M (x) = D B(x) (12)

k=—o0

to ., (x). Comparing (9) to (12) reveals that the RSSE decision

A/RISA/RISA/ .. /RIFA/... /JR*A (8) . ;
process ignores the inputs samplgs,; .. . 7%, . These samples
under the provision thafs < js—1 < --- < ji. Since the carry some of the dispersed energy of the symbols that are being
number of cosets in the partitigh/R7< A is 27¢, .J, = 29¢. decided on. Ignoring this part of the energy results in suboptimal

In the uncoded case, the number of states in the RSSE traflisisions.
N, is determined solely by the partitions sets according to The Euclidean distance of the error event for the RSSE case

Ny = 92_-19¢ I the coded case, however, there is mutui given byd3g(e) = S-3=" | 3", fiex—i|?, and the degra-
information between the encoder state and the channel s@@éon relative to the MLSE is given by
and the number of reduced trellis states is not solely determined 2
by {i¢} (see [4)). g

dilL( ) — dRS( )= Z Z fierore—i| - (13)
B. Suboptimality of RSSE £=1 |[i=S—L(e)+¢

Let us consider the probability for an error event {¢;}, We have used the factthai = 0fork = k; — S+ 1...k;.
whereey, = & — zy, and wherex = {#;} andx = {zx} Itcan be concluded that the degradation is related to the energy
are the decoded and transmitted symbols respectivelf.¢:gt embedded in théast taps of the impulse responseamely in
and{¢x} denqte the sequence of ML states relatingip} and  {f;}7 o F(e)41-

{z1}, respectively. The premature decisions and decision feedback also cause EP.

Let us assume that in the ML trellisends at timek;. That  To illustrate let us consider three Paths A, B, and C (refer to
iS, pr. = ¢ for k > k1. At nodek,, the decision betweefr.}, Fig. 2). Let us assume that A is the ML path. Suppose that B
{%1} and any other survivors are performed by comparing theerges with A at time; g in the ML trellis and at timé.p <

metrics k1 g in the reduced trellis. Path C merges with Path A at times
ks k1o andkoe. Suppose that at time, 5, B wins over A. If the
ey (X) = Z Br(x) (9) comparison would have been made at timg, then A would

be oo surely win for it is the ML path. Now let us turn to tinfec.
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The algorithm uses a novel concept cabbstimated futurgn
which estimated future symbols are used to improve the RSSE ©)
decision process. To demonstrate, let us focus on the caseFig-3. Input stream processing flow. (a) Known channel mode. (b) Adaptive
lustrated in the previous section and consider the RSSE @¥de.
cision at timek,. Suppose that at the decision tinkg, the

L symbolszy, 41 - - . zx,+ 1 belonging to ML path formed by B Algorithm Description

ol - e Mk are known. For now, we assume that n . ) .
ilé kz;rr]lth e ﬁlﬁfath. pag The algorithm is composed of two high-level processes. The

dirst is the BP in which the future estimates are produced. The
second is the forward process (FP) in which the future estimates
are used to produce the final output of the algorithm.

An optimal decision can be made by considering all can
dates reaching,, and selecting the one minimizing

kotT, The input stream is divided into overlapping blocks, each
Mot L(X) = Z Br(x) (14) block having alength ofi+W input symbols and start$ sym-
k=—o0 bols after the beginning of the previous block [refer to Fig. 3(a)].

The BP operates first and processest W symbols. The
where the known future symbols are used 4prfor & > k2. BP operates in a manner similar to the RSSE. The BP produce
Since the decision described above involves future symbols, W@ re estimate symbols used by the WF.
term it awith future (WF) decision. Equation (14) can be also  The FP process the first symbols of the block, and produces
written as the final decisions. The FP is continuous from block to block.

ko ) The blocking is intended only for the operation of the BP. The
_ section of lengtiV is intended for letting the BP converge from
Mo+ 1) Z Au(x) + Z Arx)- (13) the initial conditions, in which no particular state is used as a
beginning state. This convergence region can be eliminated by
The second element in (15) is zerolif = ki — ko or else insertinglog, V., known input bits at the end of each block of
contains elements of which are common to all the candidatesm A input bits and, in that way, reach a known state at the end
Comparing (15) with (9) reveals that the WF decision is optimabf each block.
The conclusion from the above discussion is that if a state isThe FP is composed of two low-level, RSSE-like processes
on the ML path and correct future symbols are available, thégrmed the WF process and the no-future (NF) process.
the WF decision is optimal. If, however, the state is not on the The WF operates by maintaining, for every tinteand
ML path, then the WF decision may not be optimal. As a resultyery states, survivor and candidate lists. Each WF candidate
paths with lower likelihood would survive at the states whicheaching states at time & is the concatenation of past WF
are not on the ML path. These survivors would anyway loskecisions and thé, symbolsxzyy1,..., x4+ taken from the
when compared with the ML path in future WF decisions, arl8P survivor reaching state Thus, each WF candidate contains
so the optimality of the final decisions would not be affectec&nough information to calucalute the metric given in (15). If
The use of a correct known future would mitigate the effect ¢fie backward survivor is the ML path, then the WF decision is
EP, since by optimality of previous decisions, the ML path igptimal.
always present for the current one. The NF process maintains survivor and candidate list which
How can one possibly know the future? The approach is &me composed of past decisions. At each timand for every
save a block of the input signal in memory and perform thetates, the NF decision involves candidates which are extended
RSSE backward, starting from the end of the block. After tifeom prevoius NF decisions and the WF survivors from time
backward process (BP) ends, we have the survivor paths ke-L whose future estimate projects on stat€he final outputs
longing to each state at each time in the trellis within the blockf the algorithm are derived by backtracking the NF survivor
These paths will be used as future estimates. list. The decision process is such that the algorithm does not

k=—oco k=ky +1
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............. Whitened Matched Filter ..o T Forward states lists, for every state in the trellis. In practical implementa-
i t=nT : tions, however, only the corresponding input bits should be kept.
i) | Mached | | Process ) , only p gimp p
™ Filter VR @™ = > The associated accumulated metriagif is given by
e e T A i A4W
L P@ ! Optional ES = Z ¢ 19
5 L — £- ( )
=k
VF(z) [——rp 2) The Forward ProcessThe FP operates on the input
To Backward . . .
Process stream in a continuous manner. The FP is composed of two
RSSE-like processes. The first is the WF decision process.
Fig. 4. Linear preprocessing for EFDFA. The WF process utilizes the future estimates produced by the
BP. The WF survivor at timé reaching states is denoted
produce the optimal path, only when both the future estimaty £ = {...,f7 . o, firet i firer o forsrn)
andthe NF are in error. where fi, = s and fi,,;, = Gy fori = 1...L
Inthe following, a detailed description of the algorithmis proThe symbol list associated with the WF list is denoted by
vided. The description closely follows the notation of [6] butis’ = {... u2 , 5, ¥5 & 1, ¥} k0 Vs kttr - Yonert- The

extended here to allow parallel transitions. For a detailed explgssociated metric related ¢/ is denoted by
nation, the reader is referred to [6] and [11]. In the following, . .
we shall denote byz the number of trellis branches reaching a Hi =n(Yy). (20)

state and by the number of parallel transitions, $&” = 2™ The second process is the NF process which contains

wherem is the number of input bits per branch. the best guess at the ML path. The NF survivor at time
1) Backward ProcessThe BP is composed of an RSSE; is given by c: =

. ) = {.. Ch k—23 Ch k15 Cik} with
process operating backward on the block from timeé- W to =~ = 5 The symbol list associated witts is denoted
time 1. A crucial point to note is thaf(~) is minimum phase py 7s — ( ;s .o 25 1 The associated metric
and the energy of the first tap weights is maximized. Due {@|ated toC is denoted by ’

time reversal in the BP, it is the energy embedded inldsé

taps that is used in the decision process. The BP will have poor v =n(Zg). (21)

performance relatlvefto the FP. ;]I"he §0qut'|lon :cs tohuse thehfllter-l-he FP works recursively as follows. At tinkethe following
Whaas(z) = 1/F(z) of (3) as a whitening filter for the BP. T © steps are taken.

resulting impulse response will be anticasual and maximum . A
g 1mp b Step 1) For each statg form the WF candidaté’ >} and

phase. In this case, the backward WMF model is given by ) S kt1
the WF candidate symbols i3t }}', wherem =

s ) :
¢ 1.1 The candidates are formed by appending the
b " U k+1 y app g
T = ; i Tngi +vn (16) stateq;, ;. 4, and the associated symbigl, ; ., to
B F} and toY}?, respectively.
wherer?, is the signal at the BP WMF output, and is awhite  Step 2) Compute the metrics of the WF candidates con-

Gaussian noise sequence with variange Hence, the BP uses structed in Step 1.
the time-reversed conjugated response of a forward RSSE. Al- . . .
ternatively, if only the outputs of the forward WMF are avail- 1 =7 (ijrl) = H} + Byt (Yk;l) (22)

able, we can pass them through the realizable all-pass filter

(refer to Fig. 4) wherefy4+1 was defined in (5).

Step 3) For each state, find the next staten; =

P(x) = 1 fe+fidt 4+ + fE2° 17) next(s,i) i = 1...R and form the
VT o 1+ fiffort + o fs)for—S WF nc_:andidats path F,fgf by appending
to obtain the backward WMF outputs. {ni, Detht2r Iy 1 kg qk+1:k+L} 1o Cy. .
. : . Step 4) For each transition — n; and for all associated
The branch metrics used in the BP are given by - :
parallel transitionp = 1... P, form the candidate
5 2 symbols listY;”"** by appending{=": }¥t | to
Co=rh = Fieng (18) Yy
i=0 For every transitiors — n;, find the best parallel
For each state and for every timek, the BP keeps track of transition and set the WF candidate metric
the survivors list . L+1 .
o g g g A = @ +min Y By (Y,f’"”’ P) . (23)
Qr = {q'k,A+W7 A, AW 15+ D k1> Q'k,k} P4
whereg; , = s. The list@; would serve as a future esti- For the case ofi; = m, the minimization should
mate in the FP. If the trellis contains parallel transitions, then exclude the transition for which the symbgl.’; is
the listQ; does not fully specify the associated symbols. For equal to the corresponding symbolk} . ’
the explanation below, we assume that the symbolsXijst=  Step 5) For each state, there are a total oR valuesH, ;.

{23 avw Thavw 1o+ Thopy1 Loy 1S kept along with the The index: for which H,jiﬁ” is minimized is used
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to updateHy® and F{* by Hy,, = H;;V and

iy =

5,7
Fk+1'

imum in (23) was attained.

Step 6) For each stateandi = 0,..., R — 1, form the NF

candidate pathﬁg;l
next(s,4) to C.

by appending the state; =

The symbols lis¥; is updated
with Y7, wherep is the value for which the min-
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path D

k k+L
Correct future

Step 7) For each transition — n; and for all associated

parallel transitiong = 1... P, form the candidate
by appending the symbols of the

symbols listZy7;
transitionp to Z;.

For every transitions — n; find the best parallel

transition and set the NF candidate metric

éz’ni = Gz + min /3k+1 (ZAZ’ni ,p) . (24)
p

Step 8) For each state, find all statesu;, j = 0...7 —

1, such that the path” ., ends withw, i.e.,

quL-l—l,k-I-l = w. For an empty set,= 0. Including

the R values of the fornGy’;;, we define
Gy ifi<R
= { Gt tpes 25
ke D41 <i< R41

with¢ = 0... R+ — 1. The indexi which maxi-
mizescy; is used to updatéry, ; by Gy, = « and
Cihy by

ML path path B path A
estimate
(@)
path C \
N - -
. P S . 7
P P X XL rd .
/ k \ k+L
Incorrect
ML path path B path A future estimate

(b)

Fig. 5. Explanation of EFDFA operation. (a) NF decision error corrected by a
correct future. (b) Effect of incorrect future estimate.

The WF decision takes place at Step 5, where all WF candi-
dates reaching the same states are compared. In EFDFA termi-
nology, the WF is said tprojecton the last state of the list.

Consider now the NF candidates. They are created in Steps 6
and 7 by extending by one branch the NF survivors.

The NF decision is performed in Step 8. For clarity, let us

consider the decision at timket L. At Step 8, two types of can-

v = { Oziﬁ; ?f i < R (26) didates are compared. The first are the NF candidates of Steps
ka£+>17 fR<i<R+I. 6 and 7. The second are the WF candidates that were created at

e e Steps 1-4 and project on the current state. From the two types,
The symbols listZy,, is updated withZ, ™", he hest candidate is selected, and the NF survivor list is up-
wherep is the value for which the minimum in (24) yateqd.

was attained. o The NF is used to produce the final output of the algorithm
Step 9) Find statefor whichGy, ; is minimized. Backtrack by backtracking, as in the conventional VA.

in the NF list to get the input word associated with "tpg ;s of both WF and NF processes enables the algorithm

the transition at time; + 1 — M, whereM is the {4 produce correct (in respect to the ML path) results even when

decoding depth. The associated word would serve gse of the processes is in error or when the future estimate is
the decoder output. incorrect.

As described in [11], the data structures defined above cargjrst |et us consider the case when the NF process makes
be implemented by oné/,.(A + W) x m bits buffer, two 5 error at timet, and the future path from time is correct.
NegM x (m +1) bits buffers, and onéV, L x m bits buffer. pefer 1o Fig. 5(a). At timé:, Path A, the ML path is compared
In addition, threeV,, size buffers are needed to store temporaré(gainst Path B. The NF decision failed and B becomes the NF
accumulated metric values. _ o survivor. The WF decision used the correct future and chose the

We conclude this section by noting that the principle of opefz; path A. Thisiis performed in Step 3 above. At tifb L, the
ation outlined above can_be used to enhance the performanc@gf -andidate Path A is compared with Path C (the NF survivor
a conventional DFE, which can regarded as an RSSE decoggfnosed of Path B) and Path D. This comparison is performed
with a single state. in Step 5. Since A is the ML, it will surely win. Hence, the WF
decision corrected the wrong NF decision.

On the other hand, suppose that the estimated future reaching

The WF candidate paths are created in Steps 1-3. In Stefyie % is incorrect. Refer to Fig. 5(b). This can happen as a result
and 2, WF survivor is extended by one branch, which is the coof an error occurring at some tini¢ > k. The fact that the
tinuation of the BP path reaching the state at timén Steps 3 future estimate is incorrect might cause the WF decision of Step
and 4, the NF survivors are extended by appenditganches 3 to be incorrect as well. In Fig. 5(b), Path C might be chosen
of the BP path. Note that NF extensions that have the saathe WF survivor. However, the WF path may be selected as
symbol sequences in the future region as the WF extensionsafaal NF survivor only at the node to which it projects, which
not created at Step 4. These paths were compared in previsuagny way not on the correct path. Hence, no harm is done. In
WF decisions and should not be included in the current one.this case, if the NF decision is correct (i.e., Path A wins Path

C. Explanation of the Algorithm
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B), no error will occur. The algorithm can fail (i.e., produce th&. Reduced-Complexity EFDFA

path that is not ML) only when the NF was in error and the a frther complexity reduction can be achieved using fewer
future estimate was wrong so the WF could not correct the '!:'):/mbols in the future estimate. Let us consider usifg< L

decision. future symbols at each WF decision step and examine the effect
on the probability of error. In the following, we shall consider
D. Evaluation of the EFDFA Performance the error evens outlined in Section I11-B. At timéks», we use the
In [6], an error performance analysis of the EFDFA waliture estimatey,, ..., rx, 1 to produce the metric [compare

performed for the case of noncoherent decoding with indepe#ith (14)]
dent overlapped near MLSE. In the following section, we shall
demonstrate the applicability of this analysis for the ISl case.
Here, we shall cite only several results. M1/ (X) = Z Br- (30)

In [6], the analysis was based on two probabilistic models h=—oo
for the dynamics of the EP. The first model, termed W@Sst  aqgming the future estimate is correct the distance of the error
casemodel, assumes that EP, once started, continues until fhe, . s
end of the block. The second model, termedréfenedmodel,

k2—|—L,

assumes that the EP length can be modeled as a random variable k=ko+L'| S

with geometrical distribution. More specifically, the probability d3 (e) = Z fier—i (32)
that the length of the an EP in a forward RSSE is equal i® k=—oco |i=0

given by

We shall now consider a trellis that is equivalent to the re-
pr(k) = A (1 — )\f)kfl 27) duced-compl_exny EFD_FA. First, we note thﬁt |sthe/d|stance
of the errore if the decision was made at timie - L’. There

wherel/); is the average lifetime of the forward EP. Similarly,eXiStS a trellis for which for all possibke the decision is made
S , o
in abackward RSSE, we hapg(k) = Ay (1—X\y)*~twith1/), attimek; + I/ and is given by

is the average lifetime of a backward RSSE. o

Here, we shall be concerned only with the refined model. The , , ~ “~
validity of this model for the ISI case was demonstrated in [12], [ = A/R/s-7A/ .. /R7PA/R™TA/ . /R™TTA
where the EP length disturbution, derived from computer simu- (32)

lations, was shown to follow (27).

Now, let us introduce several variables. peandN. denote wherej; ... js define the original RSSE trellis [see (8)]. We
the probability per symbol and the average number of bits §all refer tol';, as theequivalent trellis and denote the error
error, respectively, of an error event of the MLSE. bgtde- probability of an RSSE defined usitity, by p;,. We can con-
note the first event-error probability of the forward RSSE (aflude that the performance of the EFDFA with future sym-
the NF decisions) ang, the first event-error probability of the hols approaches the performance of that RSSE according to (28)
backward RSSEp’f is the probability of a correctable forwardor (29), wherep. is replaced by . Note that sincer, > pe,
error event, i.e., this error can be corrected by using a corréigé second terms in (28) or (29) will vanish faster. By comparing

future estimate. Errors are uncorrectable only when the sag@gwith (32), we have that the number of states in the equivalent
errors would also be made by the optimal decisions. From thellis is given by

union boundp’f > py —p.. Lety, denote the conditional prob-
ability that EP occurs |n the BP given_the first error occurrgd. Ney = NTSZZCS:H’H mtr—jie (33)
denotes the EP conditional probability given a correctable for-

- .
ward error event occurred. L&{; be the average number of biti¢ 0 is concerned only with asymptotical error rate that is pri-

erg\)rs Ina chorrect_ablée for:ward first error e\l/)enbt_.l ,e Marily determined by the minimum distance event, then there
S Was s ((j)vt\;n in [6], the error event probabilit, can be may be a simpler trellis thahi;,, which asymptotically pro-
approximated by duces the same error ratelag .
PPy

Peeq Zpe + SV (28) V. SOFT-OuTPUT EFDFA
b

. o The algorithm is capable of producing soft output in a way
The bit-error probability is given by similar to the operation of the max-log-map algorithm (MLMA)
[13]. The objective is to produce, for every decodedhit the

peNe | Ppvpow (29) log-likelihood ratio (LLR) given by

P = m )\b()\b + )\f) )

It should be noted, however, that the above approximation does (34)

not serve as an upper or lower bound, and therefore the actual
error rates may be higher or lower than the values predictedWwherer = {r,, } is the received sequence. The optimal solution
(28) and (29). is given by the Bahkt al. algorithm [14], which is relatively



1804 IEEE TRANSACTIONS ON COMMUNICATIONS, VOL. 48, NO. 11, NOVEMBER 2000

complex. In the MLMA, complexity reduction is achieved by VI. ADAPTIVE IMPLEMENTATION

using the approximation The equalizer structure presented in Fig. 4 has several

Z P B practical limitations. First, the whitening filteis.,(2) and
r m T p

Pr(bm = p|r) = Wie(2), and the allpassP(z) exists only if H(z) has no

b.bm zeros on the unit circle. Even if this is the case, one should
~ bf?j)_‘pPr( =plr) (35) pe concerned with the stability of these filters. Moreover, in

situations where the channel is unknown or slowly varying, it
whereb is the sequence of bits apds either 0 or 1. The max- is desired that both the matched filter and the whitening filters
imization in (35) is performed over all possible bit sequencespould be made adaptive.
or equivalently over all possible paths in the trellis. Hence, the The proposed solution is to use a predictive form equalizer

LLR can be approximated by structure and to use the framework of minimum mean square
. error (MMSE) equalization. The incoming sign&lt) is pro-
D(by) &~ — N (7731”_? 7721”8) (36) cessed by an MMSE linear equalizer (LE). As in many prac-

tical situations (see, for instance, [16]), the MMSE-LE is com-
osed of an analog front end (AFE) unit and a fractional spaced
eedforward equalizer. The output of the LE is givenipy =

z, + &, Whereg,, is the noise sequence at the output of the

MMSE. Let R:¢(z) denote the autocorrelation function &f.

The signal for the FP is derived by applying a forward linear

predictor (FLP), matched t&¢.(z), to the output of the LE.

The FLP whitens the noise sequergeand introduces ISI. Let

us consider the finite-length FLP given by

Wherenmm is the minimum accumulated metric among all th
paths whosen th bit is p.

Inthe MLMA, the evaluation of;;};fg is performed as follows.
Consider the ML patkp = {. .., ¢r_2,Px—1, S, Pr+1, ... that
passes through the ML stapg = s attimek. This path is found
by performing a forward VA to find the sectiofp,}5_ __ and
a backward VA to find the sectiofi, }72,. The accumulated

metric of ¢ is given by

o
() = 0t oo + 0% (37) Glz) = gz (39)

wheren® __ andng°® denote the metrics of the forward and back-
ward sections, respectively. Once all the paths of inage es- whereS’ is the number of coefficients ang = 1. The output
tablished and the associated metrics are compmyg can be ofthe FLP, denoted by,, is given byr,, = Ef_o GiTn—i +Vn,
evaluated by selecting the paths with the minimum metrics. wherer,, is a noise sequence composed of additive noise and
The EFDFA can be readily used to closely approximate thmesidual ISI. By linear prediction theory (see, for instance, [15]),
value ofn;};fg by operating on a reduced trellis. This is perthe FLP is always minimum phase.
formed by substituting the sectidip, }%_ __ with the NF path  The signal for the BP is derived by applying a backward linear
reachingg, = £ and the sectiod ¢, }52, with the BP path predictor (BLP) By linear prediction theory, the BLP is given
reaching the same state. The accumulated metric is apprdxi- G*( 1). The signal at the output of the BLP is denoted
mated by by r® and given byrt = EZ 0 95 Tnti + vn, Wherew, is
the backward noise sequence. Sidég) is minimum phase,
n(¢) ~ Gy + Ej, (38) G*(»~!)is maximum phase ang, is well suited for the BP.
We now consider the adaptive form of the receiver. We should
where G, is the NF metric defined by (21) anBl; is the BP note that the version given in Section IV is not appropriate for
metric defined by (19). Oncg(¢) are computed by the EFDFA, adaptive operation. This is due to the fact that we must first

the bit likelihoodsl™(b,,,) are computed as in the MLMA. apply the BP. If the channel varies significantly in the duration
We should note that the approximation in (38) is threefold &§ one block, then the BP will be mismatched to the channel
follows. characteristics. The solution is to switch the roles of the forward

1) The NF path is only an approximation to the optimurand BPs. The algorithm works as follows [refer to Fig. 3(b)].
path reaching from the past. However, this approximation 1) The FP operates on the received signal in overlapping

is justified since the EFDFA is nearly optimal. blocks from time 1 to timed + W in the first block and
2) The BP path is an approximation to the optimal path from from time W to time A + W in all other blocks.
the future. 2) Inthe FP, the symbols are decoded by an adaptive RSSE
3) Even when the BP path reaching a node is the optimum  decoder, as will be described below. The equalizer adapts
path, thenky is merely an approximation tg; due to the tap weights of the MMSE-LE and the FLP. The out-

the minimum to maximum phase transformation. Better puts of the MMSE-LE and survivor paths in each nodes

results are obtained when the metrics in BP are recom-  gre saved.

puted using the forward channel for a short section until 3) After completion of the FP, the BLP tap weights are ini-

the paths merge. tiated according to taps of the FLP at tirdet+ .
Nevertheless, the soft output EFDFA can provide reliability 4) The BP is composed of the WF and NF decisions oper-
levels close to the MLMA algorithm even when it operates on ating as described in Section IV but in reversed direction.
a reduced trellis. The future estimates are based on FP decisions. The BP
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Fig. 6. Forward and backward adaptive equalizers. Fig. 7. BER performance of 4-state TCM.
operates from timet 4+ ¥ to time— M, whereM is the VIl. SIMULATIONS RESULTS

backtrack depth of the algorithm. The input to the BP is
the result of the operation of the BLP on the saved LE
outputs.
5) The BLP is updated using decisions from either the FP or . :
) BP. P ¢ R Trellis Coded Modulation
The structure of the forward equalizer is given in Fig. 6(a). A four—state trellis code was used in conjunction with an
The LE is al/K spaced equalizer witAN; + 1 taps denoted 8PSK modulation. We use a randomly selected channel of
by {a;}, whose operation is given hy, = Ef;ﬂm aiSni—i, 11 tﬁ}pSZ{fi} = {1’._0'38 + 0.23j, 0.17 + 0.15j, -0.21 +
wheres,,, = $(t)|t=m/x - The FLP operation is given by, =  0.14j, =0.07 — 0.045,0.12 + 0.225,0.14 — 0.1765, —0.27 +
R 0.434,0.09 + 0.1j,—0.21 + 0.265,0.12 — 0.245}. The per-
n =1 YilYn—i-

The error signal for adaptation is derived from either kno rmance of the four—state EFDFA was compared with the

symbols in training mode or from tentative decisions in trackintg;llﬁ\év'(n,g al??-nltgns]f;t?;rgé?e RSSE 2ba;ed Sn (StZZtZ?eCSOder
J1=1) - J1=J2=4,J3 = 1),

mode. In the latter case, at time the symbolz,,_ s, will be ; s . i ;
available, M, being the decision delay. The tap weights of th ysiigégs ettt 2, j; = 1); and MLSE approximated

LE are adjusted so that the erref = y,—n, — Zp_pg IS
minimized in mean square sense. This is performed using tlp] The S|mulat|0|2 results are shown in Fig. 7. It can be observed
following LMS update equations that atF, = 10~*, EFDFA has about 1-dB improvement over
16-state RSSE and 0.7 dB over 64-states RSSE. The EFDFA
o™ = a{™ — e St (40) loss relative to MLSE is less than 0.3 dB. It was observed that
% n2(n—M1)K—i
the average EP length for FP and BP was much less than the
with —Ny <« < Ny. For the adaptation of the FLP, we use thelock length. Under this condition, the refined model is valid,
error signak? = ¢,, + ZZ | 9ien—i. The update equations areand (28) and (29) can be used to obtain performance estimations.
The estimated bit-error rates (BERS) are also shown in Fig. 7.
— w2l i 1<i< 8. (42) The simulation results of the reduced-complexity EFDFA
. i i with L’ = 2 andZ’ = 4 are shown in Fig. 8.
The step-sizg is usually taken to bp, < 1 since theenergy |1 \yas ohserved that performance was slightly better than the
of ¢, is much smaller than that &f,,. performance of the 16-state RSSE and 64-state RSSE, respec-
The structure of the backward equalizer is g|ven in Fig. 6(BYyely. We have found out that these same RSSE schemes are
The operation of the BLP is given by, =y, + 351 97 yn-+i, equivalent to the reduced-complexity EFDFA in the minimum
where{g!} denote the tap weights of the BLP. The error signgistance sense for the above channel. The equivalent RSSE de-
for adaptation of the BLP ig?? = ¢, + 35 | gic,,,;, Where finedin (32) has 64 and 256 states, respectively, and has slightly
el = Eng My — Ynt Mo andMQ is the decodlng delay. The LMS petter performance (not shown). The performance curves of the
update equations for the BLP are full-complexity EFDFA with’ = L = 10 are plotted for ref-

erence.
b(n+1 b(n+1
971( ) = 971( ) 1132 Yoy My i (42)

We present some simulation experiments to demonstrate the
algorithm and analysis presented in previous sections.

The symbolsi,.; 1, can be taken from NF decisions or af- Uncoded 16 QAM
zero delay decisions from the FP. Since the NF decision areHere, we demonstrate the operation of a one-state EFDFA
much more reliable than the forward decisions, one can trafde an uncoded 16-QAM system. The channel under study was
reliability with adaptation loop delay. randomly selected and {s; } = {1, —0.36 4+ 0.0155, —0.22 —
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Fig. 9. BER performance of one-state EFDFA. Fig. 11. Performance in adaptive mode.

0.0455,—0.15 — 0.045,0.12 4+ 0.35, —0.085 — 0.165,0.27 — The results are presented in Fig. 10. It can be observed that the
0.125,—-0.25 — 0.144,0.04 + 0.18;}. EFDFA loss is about 0.5 dB. In that figure, the BERSs of the Bahl
The BER performance curves of the conventional DFE armdgorithm are also shown, along with the performance under flat
the one state EFDFA with 16-QAM transmission are given ichannel conditions.
Fig. 9. For reference, the performance curves of the 4- and 16-
state RSSE are also included. D. Adaptive EFDFA
At BER levels of 10°%, it can be observed that the EFDFA

outperforms the DFE by about 2.1 dB and the 4- and 16—statd €T, the adaptive form of the EFDFA was simulated over a
RSSE by about 1.5 dB and 0.8 dB, respectively. slowly-varying fading channel. The channel was modeled by a
' six-ray model. Each ray was independently produced by a white

Gaussian noise sequence filter by a second-order Butterworth
C. Soft-Output EFDFA low-pass filter with 3—dB point at 210~*. Here,N; = 16 and

The performance of the soft-output EFDFA was demor$’ = 8. Adaptation step-sizes were setigat = 5 - 10~* and
strated on the following system. The transmitter side was = u3 = 10~2. Backtrack depth i$/; = M, = 10. The
composed of a 32-states, rate-1/2 convolutional encodeur-state EFDFA was compared with 4- and 16—state RSSE.
with generator polynomials {23, 35} in octal, an inter-The results are shown in Fig. 11. To investigate the effect of
leaver, and a QPSK modulator. The receiver side wabannel tracking, the three algorithms were also simulated with
composed of a soft-output equalizer, a deinterleavehe channel and noise variance assumed known to the receiver.
and a soft-input VA decoder. The channel simulated wds this case, the exact MMSE equations were solved for every
{1,0.26 — 0.617, —0.25 + 0.44,0.255 — 0.155}. step of the algorithms. It can be observed that EFDFA was about

The four-state soft-output EFDFA using the trelfis = 2 1.6 dB better than the 16-state RSSE in the adaptive case and
was compared with a 64-state MLMA using the MLSE trellisabout 1 dB better in the known channel case.
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VIII. CONCLUSION [12] T.Kaitz,“A Reduced Complexity Algorithm for Combined Equalization
and Decoding,” M.Sc. thesis, Tel Aviv University, Tel Aviv, Israel, 1998.
P. Robertson, E. Villebrun, and P. Hoeher, “A comaprison of optimal and
sub-optimal map decoding algorithms operating in the log domain,” in
Proc. GLOBECOM'91pp. 1001-1005.

L. Bahl, J. Cocke, F. Jelinek, and J. Raviv, “Optimal decoding of linear
codes for minimizing symbol error ratelEEE Trans. Inform. Theory
vol. IT-20, pp. 284-287, Mar. 1974.

S. Haykin, Adaptive Filter Theory2nd ed. Englewood Cliffs, NJ:
Prentice-Hall, 1991.

S. U. H. Quershi, “Adaptive equalizationProc. IEEE vol. 73, pp.
1349-1386, Sept. 1985.

We show that the EFDFA can be applied to the combinedqls)
decoding and equalization of channels with ISI. The EFDFA,
which is built around the RSSE, has much better performan0ﬁ4]
than the RSSE of equivalent complexity. Convenient analytic
expressions, based on the RSSE parameters, can accuratelby
estimate the performance of the EFDFA. A reduced-com*®
plexity version of the EFDFA is shown to be equivalent with a[16]
high-complexity RSSE. The EFDFA is capable of producing
soft-output information at reliability levels close to those of the
MLMA. An adaptive version of the algorithm was proposed,
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