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Abstract. This paper examines the effect of partial imaginary precursor cancelling on the performance of a system
which uses a DFE and employs a one dimensional modulation. As opposed to QAM, BPSK or GMSK (after proper
manipulations) require minimization of the mean square (MS) of the error real part only. Therefore, a lower MSE is
achieved if the DFE coefficients are computed taking this fact into account, by trying to minimize as few imaginary
precursors as possible. However, this introduces a delay by the imaginary part of the feedback filter (FBF) which is no
longer causal.

In this paper we investigate the influence of the length of imaginary precursor cancelling on system performance,
and its effect on carrier phase tracking. The equations for the computation of the DFE coefficients for none or partially
cancelled imaginary precursors are derived and performance on GMSK channels is presented.

I. INTRODUCTION

Decision feedback equalization (DFE) is used to miti-
gate to effects of intersymbol interference in multipath fad-
ing channels. A common application of DFE is wireless
local area network (LAN) modems [1]. The computation
of the DFE coefficients can be performed using an adapta-
tion algorithm such as LMS which is easy to implement but
requires a long training sequence for convergence [2]-[3].
Another approach is to estimate the channel impulse re-
sponse using a short preamble sequence (50-100 bits) from
which the DFE taps are calculated [4], [5].

Offset quaternary phase shift keying (OQPSK) or a lin-
ear approximated Gaussian minimum shift keying (GMSK)
are two equivalent modulation schemes which are widely
used in wireless modems [4]. Using GMSK modulation
and DFE equalization has been widely investigated, since
DFE significantly reduces the ISI introduced by the pre-
modulation Gaussian filter used in GMSK modulation [6]-
[7]. It is used in the European GSM system and the HIPER-
LAN standard [8]-[9]. OQPSK can be made equivalent to
binary phase shift keying (BPSK) modulation with the ad-
dition of differential encoding in the transmitter and a mul-
tiplier by j�i in the receiver before the equalizer. The chan-
nel that is seen by the equalizer in this case is hi = fij

�i.
The advantage of adjusting the equations to the BPSK case
is that the MSE is minimized in the real dimension only

which results in improved performance in comparison to an
equalizer that needlessly minimizes both the real and imag-
inary MSE. Using BPSK modulation and DFE has also
been investigated [10]; however, closed form DFE equa-
tions for real and partial imaginary MSE minimization for
improved performance have not been derived.

The DFE equations for QPSK modulation are well
known [11]. A compact formulation is found in [12]. We
present here the derivation for the BPSK case. Since min-
imization of the MSE is performed in the real dimension
only, the unminimized imaginary precursors no longer have
negligible magnitudes, thus affecting the performances of
a carrier tracking phase locked loop (PLL) and the adapta-
tion of the equalizer coefficients �. The PLL driving signal
which ideally is the received symbol at k = 0 (without ISI)
with its phase rotated, now includes also these precursors,
which are considered to be noise and increase the error in
phase estimation. These unminimized imaginary precur-
sors are cancelled by the feedback filter (FBF) which is no
longer causal, thus introducing a delay in the system. To
decrease this delay we can include only some of the imag-
inary precursors in the MSE minimization. This addition
causes performance degradation since now the equalizer
has to minimize imaginary precursors as well, and min-

�Although an adaptive algorithm like the LMS can adapt using the real
error only, convergence is much improved if the imaginary part is used as
well.
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imization of the real part, which is used by the decision
component, is not optimal. Therefore, a trade-off exists
when partially cancelling the imaginary precursors: addi-
tion of minimized precursors results in performance degra-
dation but less delay is introduced.

After performing minimization on a given length of
imaginary precursors we can further decrease the delay by
neglecting some of the unminimized imaginary precursors
and not cancel them by the FBF. By doing this we increase
the magnitude of the precursors and thus the error in the
driving signal of the PLL. Thus, there are two ways to re-
duce the delay in the system: minimizing only some of
the imaginary precursors and then cancelling only some of
the remaining unminimized ones by the FBF. Both of these
methods introduce errors in the system, and for best perfor-
mance we must find an optimal working point in which the
delay and the errors are as minimal as possible.

In this paper we examine system performance and de-
termine the effect of partial imaginary precursor cancelling.
We introduce the system model and derive closed form
equations for none or partially cancelled imaginary pre-
cursors. We present the two methods used for reducing
the delay in the system and the errors that they intro-
duce. Then, simulations are performed for a DFE with 23
(FBF) and 8 (FFF) taps on GMSK channels with rms de-
lay spread of 150ns. We show that 2dB improvement in
system performance is achieved on a specific channel (for
Eb=N0 = 10dB), and a 1 dB improvement (for the same
Eb=N0) is achieved on the average, by neglecting only one
imaginary precursor in the minimization. Increasing the
Eb=N0 improves system performance even better. At the
expense of an additional small error, minimization can be
done on less imaginary precursors and then neglecting most
of the unminimized ones, leaving only one unminimized
imaginary precursor to be cancelled by the feedback filter
(FBF). By doing this we achieve an optimal working point
at which the delay and the errors are minimal.

II. SYSTEM MODEL

Let us assume a linearized GMSK modulator at the
transmitter. GMSK modulation is created by passing BPSK
modulated data in baseband (xn = �1) through a jn mul-
tiplier and a pulse shaping filter hG(t)

x(t) =

1X
n=�1

xnj
nhG(t� nT ); (1)

where T is the symbol length. The signal then enters a
channel f(t)with additive noise n0(t) after which we place
an anti-aliasing filter haa(t)

r(t) = x(t) � f(t) � haa(t) + n0(t) � haa(t) =

1X
n=�1

xnj
nq(t� nT ) + w(t); (2)

where q(t) = x(t) � f(t) � haa(t), w(t) = n0(t) � haa(t)
and * denotes convolution. In the receiver we sample the
signal and multiply it by j�k to convert it back to BPSK
modulated signal

ck =

1X
n=�1

xnj
n�kq((k � n)T ) + vk =

1X
n=�1

xnuk�n + vk ; (3)

as can be seen in Figure 1. ck and vk are the sampled and
derotated versions of r(t) and w(t), respectively.

GMSK
h(t) channelBPSK

± 1
BPSK

j
n v k

anti
aliasing

filter

j
-k

Figure 1: System model.

The system can be equally modelled using BPSK only
as given by

zi =

1X
n=�1

xnhi�n + ni: (4)

The results are independent of the modulation level, so
any PAM system can also be used. When doing the con-
version depicted above, any OQPSK or OQAM can equiv-
alently be used. Thus, without loss of generality, we can
assume using a BPSK modulation system.

Denote the equivalent channel impulse response by h
with componentshl; l = 0; : : : ; � and the feedforward filter
(FFF) of length Nf by w with components wl; l = 1 �
Nf ; : : : ; 0. Let

gk =

0X
l=1�Nf

wlhk�l: (5)

We denote

bm =
n

jImfgmg m < 1

gm m � 1
(6)

and define

FBFr � Refbg

FBFi � Imfbg: (7)

In the QPSK case the FBF is of length Nb with com-
ponents bl; l = 1; � � � ; Nb (Nb = �). The imaginary FBF
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(FBFi) is causal and thus no delay is introduced. In the
BPSK case, the FBFi is used to cancel the unminimized
imaginary precursors as well. Therefore the FBFi is of
length Nb +Nf with components bl; l = 1 �Nf ; � � � ; Nb

(the FBFr is still of length �). The FBFi is no longer
causal, and it has Nf � 1 anticausal taps.

In the partial imaginary precursor cancelling case we
perform minimization only on some of the imaginary pre-
cursors in order to decrease the delay that is created in
the system. Define �L as the index of the last imagi-
nary precursor on which minimization is done, which re-
sults in L � 1 unminimized imaginary precursors. As
in the BPSK case, the FBFi is used to cancel the un-
minimized imaginary precursors as well. Therefore the
FBFi is of length Nb + L (for L � 1) with components
bl; l = �L+1; � � � ; Nb. The FBFi is not causal, and it has
L� 1 anticausal taps.

In order to further reduce the delay created in the sys-
tem, we can neglect some unminimized imaginary precur-
sors and not cancel them by the FBFi. Let d be the num-
ber of these neglected precursors. The resulting FBFi is
of length Nb+L� d with components bl; l = �(L� d) +

1; � � � ; Nb. Therefore, the delay (number of anticausal taps)
has been reduced by d, as can be seen in Figure 2.

Figure 2: The channel after the FFF showing which imaginary
precursors are cancelled by the FBFi and which are
affecting the PLL for L=4, d=2.

Carrier phase tracking is done using a first order digital
PLL which difference equation is given by

�̂i+1 = �̂i +K��i; (8)

where K is the loop gain. ��i is calculated using

��i =

Im

nyie
�j�̂i

�

PNb
k=1

x̂i�kgk �
P
�1
k=�(L�d)

x̂i�kbk

g0
x̂i

o
;

(9)

where yi = zi � wi, i.e. the symbol received after the FFF.

We define the PLL driving signal as the numerator in
equation (9). Ideally this signal includes only the symbol at
k = 0 which is phase rotated. Any precursor not cancelled
by the FBF is considered as noise which increases the
MSE, thus affecting the phase estimation. Clearly, unmin-
imized imaginary precursors not cancelled by the FBFi

increase the MSE more than minimized ones. For best per-
formance we want L� d to be as large as possible, so that
more imaginary precursors are not minimized but cancelled
by the FBFi, and minimization of the real part is optimal.
Hence we achieve good performance in symbol detection
and carrier phase tracking, at the expense of a larger delay
introduced in the system.

Assuming a random walk frequency phase which
model is given by �i = �i�1 + #i where #i is AWGN,
and using equations (8), (9) and ei = �i � �̂i, where ei is
the estimation error, it can be shown that the residual phase
jitter is given by

�2i =

k2

g2
0

P
�(L�d+1)

1�Nf
(gik)

2 + �2# +
k2

g2
0

�2n
2

2K � k2

g2
0

PNb

1�Nf
(grk)

2
; (10)

where �2i = E[e2i ], �
2
n = E[n2i ], �

2
# = E[#2i ], and (�)r , (�)i

denote the real and imaginary parts, respectively. It was
assumed that the detected symbols are correct. As can be
seen from equation (10), the larger L�d is, the smaller the
residual phase jitter, as previously explained (the details of
the derivation will be given in a later article).

We present in Figure 3 a combined PLL and DFE con-
figuration in which decision is done based on the real out-
put of the FBF, while the received symbol, detected symbol
and both the real and imaginary FBF outputs are used by
the phase detector of a PLL for carrier phase acquisition,
as given by equation (8).

Figure 3: DFE configuration.

We assume that the FBF perfectly cancels the postcur-
sor ISI within its span and the FFF minimizes the MSE
resulting from the precursors and the noise.
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III. COMPUTATION OF THE DFE COEFFICIENTS

A. QPSK MODULATION

We assume symbol spaced equalizer (the equations are
easily extended to fractionally spaced equalizers). The data
symbols are i.i.d. and independent of the noise samples.
We also assume that the FBF is fed by correct decisions of
the detected symbols and that the residual precursors have a
Gaussian distribution. Following the derivation in [12] we
get the solution for w for the QPSK case which minimizes
the MSE. The equation is

w = 
�1 � p; (11)

where
 is a square matrix of dimension Nf ,


i;j = 
i;j +Rn((i� j)T ) =

0X
n=1�Nf

h�n�ihn�j +Rn((i� j)T ); (12)

where n = 0 is the decision point, Rn(�) is the autocor-
relation function of the additive noise and p is a vector of
size Nf where pi = h�

�i.
The variance of the noise after passing through the FFF and
FBF is given by

�2noise = E
h���

0X
l=1�Nf

wlnk�l

���2i =
0X

l=1�Nf

0X
m=1�Nf

w�l wmRl�m; (13)

where Rl�m = E[nk�mn
�

k�l] = Rn((l �m)T ).
We can write the MSE after the FFF and FBF as the

sum of ISI and noise components (assuming the FBF can-
cels the effect of the postcursors)

"2c =

�1X
k=1�Nf

jgkj2 + j1� g0j2 + �2noise =

0X
k=1�Nf

jgkj2 � 2Re(g0) + 1 + �2noise: (14)

It can be shown that

"2c = w
y

w � 2Refwy � pg+ 1; (15)

where 0y0 is the conjugate Hermitian operator.

B. BPSK MODULATION

Define ew2k = Re(wk); ew2k+1 = Im(wk);ep2k = Re(pk) and ep2k+1 = Im(pk):

The MSE is now calculated by taking the real part of gk
(for a one dimensional constellation) in equation (14) and
using half the variance of the noise

"2r =

0X
k=1�Nf

� 0X
l=1�Nf

Refwlhk�lg
�2

�2Re
� 0X
l=1�Nf

wlh�l

�
+ 1 +

�2noise
2

(16)

and by a similar derivation we get

"2r = ewT e
r ew � 2(ewT � ep) + 1: (17)

where e
r is defined in the appendix. Following the
derivation in the appendix, the equation for finding the co-
efficients for the BPSK case becomes

ew = (e
r)�1ep; (18)

where we assume (for now) a fully BPSK solution, i.e.
minimization is done on the real precursors only ande
 = e
r. This assumption will be relaxed in the next sec-
tion, where we will demonstrate partial imaginary precur-
sor cancelling.
The SNR is given by

SNR =
Re2(g0)P

�1

k=1�Nf
Re2(gk) +

�2
noise

2

(19)

Using the assumption that the residual ISI has a Gaus-
sian distribution and that the decisions fedback are correct
x̂i = xi, the BER is calculated using

BER = Q(
p
SNR) (20)

C. VARIABLE LENGTH IMAGINARY PRECURSOR CAN-
CELLING

So far we have assumed that MSE minimization is done
on the real precursors only. In order to perform the mini-
mization on part of the imaginary precursors as well, we
need to change the indexes in the summations in the defi-
nitions of e
i to include only those precursors we want to
minimize. Rewriting the definitions of e
pi as given in the
appendix,

e
pi2l;2m =

�LX
k=1�Nf

hik�lh
i
k�m +

1

2
Rr
l�m

e
pi2l;2m+1 =

�LX
k=1�Nf

hik�lh
r
k�m � 1

2
Ri
l�m

e
pi2l+1;2m =

�LX
k=1�Nf

hrk�lh
i
k�m +

1

2
Ri
l�m
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e
pi2l+1;2m+1 =

�LX
k=1�Nf

hrk�lh
r
k�m +

1

2
Rr
l�m;

(21)

where L 2 0; : : : ; Nf . �L is the index of the last imag-
inary precursor included in the minimization. n = 0 is
the decision point and thus choosing L = 0 gives the fully
complex solution, where we minimize all imaginary pre-
cursors (as in the QPSK case), while choosing L = Nf

gives the full solution for BPSK, where we do not include
any imaginary precursor in MSE minimization. The larger
L is, the less imaginary precursors are included in the min-
imization, which results in better system performance but
more delay is introduced in the system.

Following the derivation in the appendix (using � = 1)
we arrive at the following equation for the DFE coefficients

ew = e
�1 � ep = (e
r + e
pi)�1ep : (22)

After making this change in ew, the MSE, SNR and
BER are calculated using equations (17), (19) and (20), re-
spectively (in equation (17) we substitute e
 for e
r).

We compare the signal after passing through the FFF in
three different cases (where Nf = 8): the first is for only
one imaginary precursor minimized (L = 7), the second is
for partially cancelled precursors (L = 3), and the third is
the fully complex case (where all the imaginary precursors
are minimized and L = 0), as can be seen in Figure 4,
where we chose an arbitrary channel as an example. The
amount of imaginary precursors cancelled is an evidence to
the loss in performance caused by needlessly performing
this minimization.

Figure 4: The signal after passing through the FFF for L=7,L=3,
and L=0.

In addition to the MSE for the real part, there exists

an imaginary MSE that has an effect on the performance
of the PLL. As previously mentioned, it is caused by the
minimized imaginary precursors and the noise and is given
by:

"2i =

�LX
k=1�Nf

(Imfgkg)2 +
�2noise
2

(23)

After choosing a value for the parameter L, we have L� 1

unminimized imaginary precursors. Choosing a large value
for L results in better system performance, i.e. smaller "2r
and "2i , but more delay is caused by the FBFi. In order
to decrease this delay we can discard some of these unmin-
imized imaginary precursors and not cancel them by the
FBFi. However, by doing this we cause a larger imag-
inary MSE ("2i ). Therefore, a trade-off exists between a
smaller delay and a larger "2i when discarding some of the
unminimized imaginary precursors. Denote by d the num-
ber of discarded unminimized imaginary precursors. The
resulting delay is now L� 1� d and the imaginary MSE is
given by

"2i =

�(L�d)X
k=1�Nf

(Imfgkg)2 +
�2noise
2

: (24)

Using the equation for ew we can write

Imfg0g = Imf
0X

l=1�Nf

wlh�lg = ImfepT
1
� ewg =

ImfepT
1
� e
�1 � epg; (25)

where ep12k = �Im(pk) and ep12k+1 = Re(pk). Using
symmetries in the definitions of e
 from the appendix, we
can write

e
 = A+B+AT (26)

where A is an upper triangular block matrix with symmet-
ric blocks of size 2X2 where the two diagonal elements
of each block are equal, and B is a diagonal block matrix
with diagonal blocks of size 2X2 that have equal elements.
Since e
 can be written in this form, it can be shown thate
�1 has a similar decomposition. Furthermore, it can be
shown that a matrix of this sort, when multiplied by two
vectors such as ep and ep1 as in equation (25), yields a zero
result. Therefore

Imfg0g = 0: (27)

Since the imaginary part of g at the decision time is
always zero, the results obtained for L = 0 and L = 1 will
be equal, because no effort is required by the equalizer to
minimize this sample.
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IV. SIMULATION RESULTS

We used GMSK modulation over Rayleigh fading
channels with exponential decay power-delay profile and
RMS delay spread of 150ns. The impulse responses are es-
timated using preamble sequences, and the parameters are
as given by the GSM standard where BT = 0:3. The an-
tialiasing filter in the receiver is chosen to match the pulse
shape filter in the transmitter. The channels have 23 taps
and the DFE filters’ lengths are Nb = 23 and Nf = 8 (the
equalizer is symbol spaced). By virtue of the MMSE crite-
rion, the imaginary part of g at the decision time is zero,
as proved in the previous section. Therefore the graphs
start with L taking the value of 1. The Eb=N0 used was
10dB, where Eb is the energy per transmitted bit and N0 is
the two-sided power spectral density of the AWGN (it also
equals half the SNR).

The SNR and BER were calculated analytically using
equations (19) and (20), respectively, where we assumed
that the decisions fed back are correct. Simulations were
performed on one specific channel which showed better
improvements relative to the others, and on 1000 channels
where the average performance was calculated. Results for
the BER and SNR as a function of the length of imaginary
precursors for a single channel are shown in Figures 5 and
6. BER as a function of Eb=N0 with L as a parameter for a
single channel and for the average are shown in Figures 7
and 8. BER cumulative distribution function (the percent-
age of channels for a given BER, as in [2]) with L as a
parameter for the average is shown in Figure 9. As can be
seen from Figures 5,6 and 7, the major improvement (ap-
prox. 2dB for Eb=N0 = 10dB) occurred when we left out
one precursor (L = 2) while minimizing the MSE, which
does not cause a major delay in the system. Similarly, an
average of 1dB (for Eb=N0 = 10dB) improvement was
achieved by neglecting the first imaginary precursor in the
1000 channels checked, as can be seen from Figures 8 and
9. Increasing the Eb=N0 improves the performance even
further.

Figure 5: BER vs. imaginary precursors length - single channel.

Figure 6: SNR vs. imaginary precursors length - single channel.

Figure 7: BER vs. Eb=N0 single channel (L is a parameter.

In order to find the number of unminimized imaginary
precursors needed for near optimum performance, which
we defined as 0.5dB below the maximum SNR achieved by
a fully BPSK solution, we performed a simulation on the
same channels, and the results are presented in Figure 10.
As we can see, in the majority of the channels (83%), only
one unminimized imaginary precursor is needed for near
optimum performance.

We also calculated, using equation (24), the imaginary
MSE that affects the performance of the PLL (average on
1000 channels) . This MSE resulted from the minimized
imaginary precursors, the noise, and some of the unmini-
mized precursors that we did not cancel by the FBFi, for
the purpose of decreasing the delay without affecting "2r.
As can be seen in Figure 11, small "2i can be obtained as
long as we keep d � L � 2. Therefore we can discard
up to L � 2 (for L � 2) unminimized imaginary precur-
sors and not cancel them by the FBFi while not causing
a large imaginary MSE. Therefore, for a given length of
minimized imaginary precursors, we can discard L � 2 of
the unminimized imaginary precursors, leaving only one
unminimized imaginary precursor to be cancelled by the
FBFi, at the expense of a relatively small "2i . This re-
sults in a small delay and good system performance. A
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Figure 8: BER vs. Eb=N0 average on 1000 channels (L is a pa-
rameter.

joint DFE and PLL simulation will be carried out in a later
article, where we will also investigate different system con-
figurations and phase estimation procedures.

As an example, consider L = 5. The last sample in-
cluded in the minimization is n = �5 and thus we have 3
minimized imaginary precursors and 4 unminimized ones,
and the delay is 4 symbols long since the FBFi must can-
cel these precursors. We have performed minimization on
some of the imaginary precursors, which is not optimal,
and thus we increased "2r. The error in the signal that feeds
the PLL is caused by the 3 minimized imaginary precur-
sors and the noise, and is given by "2i . In order to minimize
the delay and not cause a large increase in "2i we discard
L� 2 = 3 unminimized imaginary precursors. The FBFi

has only one unminimized precursor to cancel and the re-
sulting delay is now only one symbol long. This operation
does not change "2r, but "2i is now larger due to the 3 dis-
carded unminimized precursors.

Figure 9: BER Cdf - average on 1000 channels (L is a parameter).

Figure 10: Percentage of channels for near optimum performance
(0.5dB less than optimum performance) vs. no. of un-
minimized imaginary precursors.

V. CONCLUSIONS

In this paper we derived a closed form solution for the
decision feedback equalizer coefficients for none or par-
tially cancelled imaginary precursors. We have demon-
strated that when using one dimensional modulations
(BPSK or GMSK), system performance is much improved
by adjusting the DFE equations to minimize the MS of the
error real part only. However, the unminimized imaginary
precursors cause a delay in the system and also affect the
performance of a carrier phase tracking loop. This trade-
off between performance and delay was investigated and
simulations were performed on a (8,23) DFE and GMSK
channels with RMS delay spread of 150ns. We have shown
that considerable improvement is achieved by minimizing
as few imaginary precursors as possible, then discarding
most of the remaining unminimized ones, leaving only one
unminimized precursor that is cancelled by the FBFi. This
introduces only minimal delay in the system.

Figure 11: Imaginary MSE vs. L,d. - average on 1000 channels.
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APPENDIX

Let us look at the complex MSE using equation (14)

"2c =

0X
k=1�Nf

jgkj2 + �2noise � 2Re(g0) + 1: (28)

Rewriting the first two terms gives

0X
k=1�Nf

���
0X

l=1�Nf

wlhk�l

���2 +E
h���

0X
l=1�Nf

wlnk�l

���2i =
0X

k=1�Nf

nh
Re
� 0X
l=1�Nf

wlhk�l

�i2

+
h
Im
� 0X
l=1�Nf

wlhk�l

�i2o

+E
hn
Re
� 0X
l=1�Nf

wlnk�l

�o2

+
n
Im
� 0X
l=1�Nf

wlnk�l

�o2i

(29)

Continuing the derivation for the real part contribution only

0X
k=1�Nf

n
Re
� 0X
l=1�Nf

wlhk�l

�o
2

+E
hn

Re
� 0X
l=1�Nf

wlnk�l

�o
2
i
=

0X
k=1�Nf

0X
l;m=1�Nf

�
w
r
l h

r
k�l � w

i
lh

i
k�l

��
w
r
mh

r
k�m � w

i
mh

i
k�m

�
+

E

h 0X
l;m=1�Nf

�
w
r
l n

r
k�l � w

i
ln

i
k�l

��
w
r
mn

r
k�m � w

i
mn

i
k�m

�i
=

0X
l;m=1�Nf

w
r
l w

r
m

� 0X
k=1�Nf

h
r
k�lh

r
k�m + E

h
n
r
k�ln

r
k�m

i�

+

0X
l;m=1�Nf

w
r
l w

i
m

�
�

0X
k=1�Nf

h
r
k�lh

i
k�m + E

h
�n

r
k�ln

i
k�m

i�
+

0X
l;m=1�Nf

w
i
lw
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i�
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(30)

We assume additive complex white Gaussian noise
with equal and independent real and imaginary compo-
nents, and we define an autocorrelation function Rl�m =

E[nk�mn
�

k�l]. Deriving the real and imaginary parts of
this function we arrive at

1

2
Rr
l�m = E[nrk�mn

r
k�l] = E[nik�mn

i
k�l]

1

2
Ri
l�m = E[nik�mn

r
k�l] = E[�nrk�mnik�l]

(31)

Let us define

e
r
2l;2m =

0X
k=1�Nf

hrk�lh
r
k�m +

1

2
Rr
l�m

e
r
2l;2m+1 = �

0X
k=1�Nf

hrk�lh
i
k�m � 1

2
Ri
l�m

e
r
2l+1;2m = �

0X
k=1�Nf

hik�lh
r
k�m +

1

2
Ri
l�m

e
r
2l+1;2m+1 =

0X
k=1�Nf

hik�lh
i
k�m +

1

2
Rr
l�m:

(32)

Following a similar derivation we define the imaginary part
of e


e
i
2l;2m =

0X
k=1�Nf

hik�lh
i
k�m +

1

2
Rr
l�m

e
i
2l;2m+1 =

0X
k=1�Nf

hik�lh
r
k�m � 1

2
Ri
l�m

e
i
2l+1;2m =

0X
k=1�Nf

hrk�lh
i
k�m +

1

2
Ri
l�m

e
i
2l+1;2m+1 =

0X
k=1�Nf

hrk�lh
r
k�m +

1

2
Rr
l�m:

(33)

Combining the real and imaginary parts of e
 we can write

e
 = e
r + e
i: (34)

Define ew2k = Re(wk); ew2k+1 = Im(wk); ep2k =

Re(pk) and ep2k+1 = Im(pk). Using the defined matrixe
, equations (30) and (31), we can write equation (28) in
the following form:

"2c = ewT e
ew � 2(ewT � ep) + 1 (35)

In order to find the DFE equation for the BPSK case,
we define as an optimization problem to bring the following
MSE to minimum, where we ignore the imaginary ISI and
noise and substitute e
 = e
r in equation (35)
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"2r = ewT e
r ew � 2(ewT � ep) + 1: (36)

Taking the gradient of "2r with respect to ew and setting it
equal to zero we arrive at the equation

ew = (e
r)�1ep; (37)

from which the DFE coefficients are calculated.
In the partial precursor cancelling case we minimize

only some of the imaginary precursors. Let �L be the in-
dex of the last imaginary precursor included in the mini-
mization. This results in new definitions for e
i which are
given by

e
pi2l;2m =

�LX
k=1�Nf

hik�lh
i
k�m +

1

2
Rr
l�m

e
pi2l;2m+1 =

�LX
k=1�Nf

hik�lh
r
k�m � 1

2
Ri
l�m

e
pi2l+1;2m =

�LX
k=1�Nf

hrk�lh
i
k�m +

1

2
Ri
l�m

e
pi2l+1;2m+1 =

�LX
k=1�Nf

hrk�lh
r
k�m +

1

2
Rr
l�m;

(38)

where L 2 0; : : : ; Nf . Now we have another opti-
mization problem. We want to minimize both "2r and "2i
(where "2i is the error caused by the minimized imaginary
ISI and noise), so we optimize "2r + �"2i by substitutinge
 = e
r + � e
pi in equation (35), where � is a weight fac-
tor. We use � = 1 (so that the real and imaginary parts have
the same weight), and the DFE equation that minimizes the
resulting MSE is given by

ew = (e
r + e
pi)�1ep: (39)

where e
pi is given in equation (38).
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