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Next we compare the dimensions of the spaces L(G) and L :=

�2S
L(D�)y

� for degG > 2g(F ) � 2 = 26 (this occurs iff
3a+ 6b+ 2 > 0). In this case, dimL(G) = 12a+ 24b+ 21 and one
can check that

dimL �
�2S

(degD� + 1) = 12a+ 24b+ 21

so that L(G) = L.

V. CONCLUSION

By adapting Goppa’s code construction, we have given a very
simple construction of algebraic–geometric codes from algebraic
curves which have the advantage that a basis for the code can be
readily constructed. The minimum distance of these codes can be
bounded below by the usual Goppa lower bound on the minimum
distance and furthermore we give good upper bounds on the minimum
distance of the codes. The codes constructed here are always subcodes
of Goppa codes and in many cases they coincide with Goppa codes.
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The Burst Error Correcting Capabilities of a
Simple Array Code

Dan Raphaeli, Senior Member, IEEE

Abstract—We propose a simple decoder for a widely used array code,
known as the EVENODD code, which is originally designed to correct
phased burst errors, to make it useful for correcting nonphased errors. The
proposed scheme is capable of correcting almost all bursts up to a certain
length. We show that the failure rate is sufficiently small and approaches
zero as the block length increases. The redundancy of the code is twice
the maximal burst length, which is a lower bound for the redundancy of a
true burst-error-correcting code. Both the encoder and the decoder have
very low complexity, both in terms of number of operations and in terms
of computer code size.

Index Terms—Burst-error-correcting codes, decoding algorithms, error-
correcting codes.

I. INTRODUCTION

Burst-error-correcting codes are needed in virtually uncountable ap-
plications. Error-correcting codes designed to correct a burst of length
l bits can correct any error pattern that spans not more than l bits. Such
codes will be called complete burst-error-correcting codes. There are
quite a few constructions for complete burst-error-correcting codes like
the Fire codes and others [8]. In this correspondence, we present an
error-correcting code that is not complete, since it can correct most
burst patterns of length � l but not all of them. However, if the number
of uncorrectable patterns is sufficiently small, this code can be used in
practice as a burst-error-correcting code. For example, for l = 29, the
probability that a burst of length � l is not corrected is about 10�5.
Since the frame-error rate (FER) in communication systems would be
the product of this probability and that of such a burst occurring, for
most applications sufficiently low values of FER are achieved despite
the limited correction capability. There are other constructions for non-
complete error-correcting codes which achieve lower redundancy e.g.,
[11] and references therein. However, all these constructions are based
on product codes and are optimized for phased errors.
The advantages of the noncomplete burst-error-correcting code pre-

sented in this correspondence are the very efficient and simple decoding
algorithm, the low redundancy, and the fact that it is systematic. The
redundancy of a complete burst-error-correcting code has to satisfy the
Reiger bound [8]. According to this bound, the number of parity-check
bits in a code should satisfy n � k � 2l, where l is the burst length in
bits, k is the number of data bits, and n is the number of coded bits.
The code presented here satisfies n�k = 2l. However, it is not a com-
plete code. Therefore, the bound does not apply and can serve for the
purpose of comparison only.
A comparison between the correction capability of the scheme pro-

posed here and that of existing efficient complete burst-error-correcting
codes with similar k and n, is presented in Table I. The first two were
taken from [8, Table 9.3], and the third from [9] (n1 = 31, n2 = 35),
being the best codes we have found in the literature. The multiplication
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TABLE I
A COMPARISON BETWEEN THE CORRECTION CAPABILITIES OF EVENODD

CODES AND OPTIMAL BURST-ERROR-CORRECTING CODES

by a small constant in the optimal code parameters refers to the inter-
leaving degree applied. The parameterm used in the construction of the
code will be defined shortly. It generates a code with k = m(m� 1),
n = (m + 2)(m � 1). It is important to note that the ability of the
complete codes to decode successfully bursts longer than their nom-
inal length deteriorates very rapidly. Simulations show that the fraction
of burst patterns leading to failure in the decoding for the (151; 136)
code is 0:045; 0:145; 0:23 for l = 7; 8; 9, respectively, and for the
(217;202) code the fractions are 0:032; 0:105; 0:295 for l = 7; 8; 9,
respectively. Note that examining the bound developed by Gallager
[13], there is a wide gap between the upper bound and the lower bound,
so there is a possibility to make good incomplete cyclic codes, but it is
still an open problem how to design one.

The original EVENODD scheme [2] is part of a group of codes that
deal with phased burst errors [5]–[7], and can deal with a burst of errors
of a specific nature that suits the original use of the method in disk
backup. The scheme can handle a burst of errors that damage one disk
out of an array of disks, so the errors appear in a burst and always in a
known phase (the beginning of the disk).

The interest addressed by the proposed scheme is in adapting this
scheme to the needs of bit-by-bit serial data communications. By
grouping each sequence of m � 1 bits to form one column, each disk
becomes a column. According to the EVENODD scheme, a sequence
of m columns is appended with two columns of parity, thus, seen as a
binary code, we get k = m(m � 1), n = (m + 2)(m � 1). In the
sequel, we will sometime use terms from [2], which deal with disks
and sectors and also with more suitable terms to this correspondence,
columns and symbols. The original sequence of columns is also
modified by placing one of the parity columns in the beginning of the
block as will be explained in Section III.

This code corrects all errors if they span one column only in a block.
However, when used as a binary nonphased burst-error-correcting
code, the burst may spread over two consecutive columns, while
maintaining a length of up to one column. In this correspondence,
we will show that this code is useful also for handling errors of this
type, show a new decoding algorithm, and analyze the probability of
success in correcting nonphased bursts.

Another advantage of the algorithm is its simplicity. Both the en-
coder and the decoder mainly need word XOR operations, which can
be performed within one cycle of most microprocessors, and cyclic
shift operations that are also one cycle operations per word size. The
most efficient choice form is one more than the CPU word size. Using
this value form, one cycle ROR (in assembly—ROtate Right through
carry) accomplishes the cyclic shift. The number of calculations in the
encoder or in the decoder is in order of m2. The number of calcula-
tions for a Reed–Solomon code of comparable size is in the order of
m3. Furthermore, the Reed–Solomon algorithm is muchmore complex
and requires farmore processing power when implemented in software.
The complexity of the new algorithm is comparable to or even lower
than that of cyclic codes using the error trapping decoder, depending

on the order of the generator polynomial. There is about m2 polyno-
mial divisions needed (m2 is the code length for the same block size),
where the complexity for each polynomial division is proportional to
its order.

II. THE EVENODD SCHEME

A. The Encoding Scheme

The encoding scheme is taken from the original paper [2] and need
not be changed for the new application. Assume there arem+2 disks,
the first m disks contain the data and the other two are redundant. In
the new application, a disk represents a column of bits in the array. If
m is a prime number, the correction of the phased burst is guaranteed.
However, even for nonprime m, the correction failure probability (in
short “fail probability”) is not larger than the typical fail probability of
the new algorithm, so nonprime values of m are also considered. To
simplify the presentation, we assume that each of them disks hasm�
1 symbols (sectors) of information on it. The symbol’s size can vary
from one bit to any size whatsoever. However, for the new decoding
algorithm the symbol is required to be binary.
Let fai;jg; i = 0; . . . ;m � 2; j = 0; . . . ;m � 1, be an array of

m(m�1) information symbols. Now we define the encoding method.
The first step is to append a row of zeros to the end of the array, so now
data symbols are indexed 0 to m � 2, and am�1;i = 0. These zero
bits are not transmitted, but are defined for convenience. The parity
columns indexed m and m+ 1 are defined as follows:

s =

m�1

i=0

am�i�1;i (1)

aj;m =

m�1

i=0

aj;i; j = 0; . . . ;m� 1 (2)

aj;m+1 = s�

m�1

i=0

ahj�ii ;i ; j = 0; . . . ; m� 1 (3)

where hiim = imodm, and� denotes XOR. Equations (1)–(3) define
the two redundant disks, where disk m is a simple XOR disk, in which
each sector is a XOR of all corresponding sectors in the data disk. Disk
m + 1 is calculated using a diagonal XOR of the data disks’ sectors.
The temporary variable s is the parity bit of the diagonal and is not
transmitted.

B. The Original Decoding Scheme

Let fbi;jg be an array of symbols received from the channel
where fai;jg is the original (correct) transmitted array. We de-
fine the zero vector �0 = (0; 0; 0; . . . ; 0) and the unity vector
�1 = (1; 1; 1; . . . ; 1). For any vector X = (x0; x1; . . . ; xm�1)
let R(X) = (xm�1; x0; x1; . . . ; xm�2) be called a left cyclic
shift and Rj(X) is the result of applying R(X) j times. The
decoding operation is performed by adding a row of zeros
to the array, and calculating the straight syndrome vector

S0i =

m�1

j=0

bi;j ; i = 0; . . . ;m� 1 (4)

and the diagonal syndrome vector

S1j = bj;m+1 �

m�1

i=0

bhj�ii ;i ; j = 0; . . . ; m� 1: (5)

Note, that since the internal variable s of the encoder is unknown, for
any error burst, two possibilities for S1 exist, one inverse of the other.
Examining S0 and S1 one can determine if the errors are in the data
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columns or in the parity columns. In case the data is corrupted, the
incorrect column is found by the first j that satisfies

Rj(S0) 2 fS1; �1� S1g: (6)

Once we have determined the value for j, the index of the incorrect
column, the correction is done using simple XOR operation with S0
that contain the incorrect symbols. If there is no such j that satisfies
(6), the algorithm declares an uncorrectable error.

III. THE NOVEL SCHEME

In this correspondence, we suggest a change in the scheme that mod-
ifies it for use in a communication channel with burst noise. Let P0 de-
note themth column of fai;jg and P1 shall denote them+1th column
of fai;jg, i.e., the parity columns. We shall rearrange the columns to
be transmitted in the order P0, 0; 1; . . . ;m � 1, P1. The bits in each
column are transmitted fromm�2 to 0. We are interested in correcting
bursts of errors with a length of not more than one column (i.e.,m� 1
bits). The burst can start at column p row q � 1, and end (at most)
at column p + 1 row q. In this case, the burst spans column p rows
0; . . . ; q� 1 and column p+1 rows q; . . . ;m� 2. The parity P0 was
placed first so that one burst will not affect both parities, resulting in
high failure rates. In fact, P0 can be placed anywhere in the block as
long as it is not adjacent to P1, without changing the fail probability.
The information that we have to retrieve from the syndromes of the re-
ceived array is as follows.

1) The rows which contain an error. This information is found
simply in the syndrome vector S0.

2) The number of the column in which the errors start, denoted by
p.

3) The portion of the burst that is in the first of the two columns,
denoted by q. For example, if the length of the column is m =
11, and the error burst span bits 0–5 of column p and bits 6–9
in column p + 1, then q = 6. The phased-error case will be
the special case of q = 0, where the whole burst is within the
column p + 1.

In the original phased-error decoder, a zero bit is added to all the data
columns and a cyclic rotation is performed on the syndrome S0 until it
is equal or complementary to syndrome S1. The number of the column
in which the errors start is determined by the number of rotations. Sim-
ilarly, in the new algorithm, we use a cyclic rotation operation in order
to locate the column number. However, in order to match S0 and S1,
the cyclic rotation must be preceded by a correction in S1.

If columns p and p+ 1 contain errors, it is easy to show that the S1
syndrome is the union of the error pattern of column p shifted left p
times,1 and the error pattern of column p+ 1 shifted left p+ 1 times.
The error pattern found in S1, which may be inverted (depending on
the value of the s bit) is obtained by two steps. In the first step, we
insert a “0” at position q of S0, and left-shift the bits starting from this
position. We define this operation as

Tq(x0; x1; . . . ; xm�2; 0) = (x0; x1; . . . ; xq�1; 0; xq; . . . ; xm�2):

In the second step the pattern is rotated p cyclic left shifts. These two
steps are shown in Fig. 1, wherein each line in the figure shows the
syndrome column as it is modified through the operations above.
Fig. 1(a) shows the S0 syndrome in which bits of value “1” represent
rows in error. The vector after the zero insertion is shown in Fig. 1(b),
and after rotation in Fig. 1(c).

The first step of the decoding algorithm is to distinguish between
three possible cases.

1Before shifting left or right one has to transpose the column vector to be a
row, and this row is placed in a shift register msb-left, lsb-right.

Fig. 1. Generation of S1 from S0.

Fig. 2. The core of the new decoding algorithm.

1) The number of “1’s” in S0 is equal to that of S1.
2) The sum of the number of “1’s” in S0 and the number of “1’s”

in S1 is m.
3) Neither of the above.

In the first case, we proceed to the matching process. The second case
indicates that S1 is inverted (s = 1) and, therefore, needs to be in-
verted before the matching process. In the third case, we conclude that
the parity columns themselves were corrupted which requires special
treatment as follows. We test for the case of a corrupted S1 by rotating
it once to the left, and checking if the bits of S0 and (S1 or �1 � S1)
match. This match is performed from the first “1” in S0 (going from
bitm� 1 to bit 0). We test for the case of a corrupted S0 by similarly
checking if the bits of S0 and (S1 or �1 � S1) match, starting from
the first bit that S1 is “1” going in the opposite direction (from bit 0
to bit m � 2), where the value of bit m � 1 of S1 indicates whether
S1 needs to be inverted prior to the comparison. The algorithm may be
summarized as follows.

1) Compute the syndromes and check if there is no error by
checking if S0 = �0 or S1 = �0 or S1 = �1. Otherwise, continue.

2) Count the number of “1’s” in S0 andS1, and determine whether
they are equal or add up tom. If one of these conditions is sat-
isfied then skip to step 4). Otherwise, either the burst corrupted
S0 and the first data column, or it corrupted the last column and
part of S1.

3) Correct the data according to the corrupted parity case (as ex-
plained above) and quit.

4) If the sum of the number of “1’s” in S0 and the number of “1’s”
in S1 is m then invert S1.

5) Scan all the possibilities of p and q, apply Tq(x) and p left cyclic
rotations on S0 until S1 is equal or complementary to S0.

6) Correct the data using p, q, and S0.

The algorithm’s main task, step 5), is summarized in Fig. 2. Note
that various optimizations for complexity reduction can be applied ac-
cording to the implementation method resulting in a very efficient and
compact implementation. For example, the inner loop can be elimi-
nated: In order to compare two words where part of one word is shifted
once, we look for the first difference between the two words and then
shift the word and compare again, now start from the bit where there
was a difference in the first comparison. The number of operations is
now in the order ofm2 (i.e., O(m) word comparisons).

IV. AN UPPER BOUND ON THE FAILURE RATE

The decoding failure is when the decoder finds an incorrect (p; q)
pair, which satisfies the matching conditions. Each such failure leads
to erroneous correction and therefore a corrupted block. The failure
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probability depends on the bursts statistics. We assume that burst posi-
tion is randomly chosen within the array, burst length ism � 1, and a
50% bit-error probability within the burst. In a more realistic situation
the burst length is exponentially distributed. We will later modify the
analysis and give results for shorter bursts, and then any distribution
can be evaluated.

We assume that only data columns are corrupted. We will add the
case of errors in the parity columns later. For simplifying the analysis,
we will treat the case of burst starting in the last data column as contin-
uing cyclically to the first one. Therefore, all possible values for (p; q)
are allowed. If m is chosen to be odd, there cannot be confusion be-
tween a pattern and its inverse (the inverse occurs when s = 1). For
evenm this case should also be added to the analysis.

The code is a linear binary block code. The length of S0 is m bits
and its first term is always 0. Since the possibility of S0 being all
zeros is irrelevant (in this case, there are no errors), then there are
2m�1�1 relevant vectors that define the vector space of S0. If (p; q) is
the location of an error burst, the condition Tq(Rp(S0)) = (S1 or �1�
S1) will be called a match. In the following lemma, we will prove that
the probability that there is more than onematch is not dependent on the
burst start location. If we assume a random search order when looking
for a match, then the decoder has uniform fail probability in terms of
burst location.

Lemma 1: Let (p0; q0) be the location of an random error burst. The
probability that there is more than one possible (p; q) pair that satisfy
a match is not dependent on (p0; q0).

Proof: Suppose that burst occurred in some specific (p0; q0) pair
and pattern S0. Suppose that there are other N � 1 pairs (pi; qi); i =
1; . . . ; N � 1 that generate the same S1, which will be called images.
We will show that there exists a burst pattern which will be called S00

that if placed in the first column will have the same number of images.
Let us apply (p0 + q0 + 1) modm right shift rotations to S1, and

call the result S10. This is equivalent to letting the burst be at position
(m� q0 � 1; q0) and its images at ((pi � p0 � q0 � 1) modm; qi).
The operation moved the zero that the operation Tq inserted into S1
to position m � 1. We can define a new burst pattern by S00 = S10.
Every S1 that S0 can generate can be generated also by S00 since S00

is only a shifted version of S0 (excluding the leading zero). Therefore,
the pair S00, S10 has the same number of images as the pair S0, S1.
Note that setting S00 = S10 is equivalent to placing the burst at the
first column with (p = m� 1; q = 0).

Let us call the location (p = m � 1; q = 0) the natural burst and
according to the lemma we can assume without loss of generality that
the burst occurred in the natural place. For each (p; q) pair we like to
find the burst patterns S0 that if placed in the natural place or if placed
in burst start location (p; q) will generate the same S1. We can write a
set of binary equations to find the number of possible solutions.

We take the vector S0 = (w0; w1; . . . ; wq; wq+1; . . . ; wm�1) and
get the set ofm equations with m variables

Rp(Tq(S0)) = S0: (7)

In addition to this equation we also have wm�1 = 0. The rank of this
equation set, denoted by RANKp;q , and the rank of the vector space
of the solutions to this set are summed up tom. If the rank is full, then
there is only one solution: the zero vector. This means that there is no
pattern that can be confused between the natural location and the burst
start location (p; q). For a different rank, the number of such patterns
is

2m�RANK
� 1: (8)

For example, let m = 5, q = 1, and p = 3. The original vectors,
before applying Rp and Tq are

S0 = (w0; w1; w2; w3; w4) (9)

S1 = (w0; w1; w2; w3; w4): (10)

The effect of q (which determines where the bits start in the second
column) is shifting wm�1 to the qth place and shifting every bit to its
left, one space to the left,2 giving us the next set

S0 = (w0; w1; w2; w3; w4) (11)

S1 = (w0; w4; w1; w2; w3): (12)

The effect of p is adding p cyclic left rotations, leaving us with the
next set

S0 = (w0; w1; w2; w3; w4) (13)

S1 = (w1; w2; w3; w0; w4): (14)

This gives us the following set of equations:

w0 = w1; w1 = w2; w2 = w3; w3 = w0; w4 = w4: (15)

Since the number of all the possibilities of S0 is 2m�1
�1, and there

is a probability of 1=2 that the true location will be encountered when
the decoder search is independent of the burst location, then the error
probability for a specific (p; q) pair is

Pfail(p; q) =
1

2

2m�RANK
� 1

2m�1 � 1
: (16)

Now we repeat the calculation for all pairs of (p; q) and use the union
bound to upper-bound the fail probability

Pfail �

m�2

p=1

m�2

q=0

Pfail(p; q): (17)

Note that the cases p = 0 and p = m � 1 were excluded since they
represent images that are identical to the correct burst. A tighter bound
will be obtained later in this section.
The next problem is to find an easy and fast way to calculate the rank

of the equation sets. Since we are considering sets ofm equations with
m variables, the complexity of the solution is of orderm2. We present
here a scheme that allows the calculation of the rank with a complexity
of orderm. The algorithm is described as follows.
We start with the equation that containsw0 in the right-hand side.We

take the variable from the left side of this equation and find the equation
that has this variable in its right side. We take the variable from the left
side and find again the equation that has it in the right side. We repeat
this procedure until completing a cycle. For our example, the cycles are

w0 !w3 ! w2 ! w1 ! w0 (18)

w4 !w4: (19)

If we did not traverse all the variables, we start another cycle at the
first variable that we did not traverse. The rank is given by

RANKp;q = m� Lp;q + 1 (20)

where Lp;q is the number of cycles. The explanation is simple. Each
cycle group variables that are equal and present one free variable in

2The direction left is defined as the direction of increasing indices as common
in binary representation of a number.
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Fig. 3. Joining two loops.

the solution. Therefore, the number of cycles is the rank of the solu-
tion space. However, the cycle that contain the wm�1 is not free since
wm�1 = 0, and so adding this limitation the rank of the solution space
is (number of cycles)� 1. The rank of the equations set plus the rank
of the solution space is the number of variablesm.

Using the following lemma, we will now obtain a (much) tighter
upper bound by deleting solutions that are completely included in other
equation sets.

Lemma 2: If Lp;q > Lp;q�1 then any S0 solving the equations for
(p; q � 1) will solve also the set for (p; q).

Proof of Lemma 2: One can verify that increasing or decreasing q
by 1 switches the location of wm�1 with the adjacent variable. Now, if
that variable belongs to a different loop than that containing wm�1,
switching the places links these two loops together to one loop, as
shown in Fig. 3, thus, the rank is increased. Otherwise, the switching
breaks the loop that contains wm�1 and that variable into two loops,
thus, the rank is decreased. In the first case, uniting the two loops causes
the loop containingwm�1 to increase, which means more variables are
forced to be 0. As a result, any solution for the system with the united
loop is also solution of the case where the loop is broken into two loops.

Using Lemma 2, the local maxima of the rank in a column cover all
solutions contained in its neighbors and these can be excluded from the
union bound. The updated bound is

Pfail �

m�2

p=1

m�2

q=0;L >L &L >L

Pfail(p; q) (21)

where the condition Lp;q > Lp;q�1 is taken as true if q = 0.

A. Calculating a Lower Bound for the Scheme’s Performance

The bound we present in this subsection is a lower bound to the al-
gorithm performance. The results show that the bound becomes tighter
as m increases. Going through the cases in which the scheme cannot
correct the error burst shows that in the majority of these cases there
are special patterns for the S0 vector, cases in which S0 is divided to
recurring patterns as shown in the following example.

Let us assume m = 11 and

S0 = (S00; . . . ; S0m�1) = (1; 0; 1; 1; 1; 1; 0; 1; 1; 1; 0):

We can see that this is the pattern (1; 0; 1; 1; 1) is repeating itself, fol-
lowed by the additional 0. If we choose q = 5, we move the zero after
the first repetition and we get (1; 0; 1; 1; 1j; 0; j1; 0; 1; 1; 1). Rotation

to bring the zero to position 10 will cause the patterns to switch posi-
tions, but since they are equal, we get the same original vector.
The fail probability for a periodic pattern with period (m � 1)=N

is (N � 1)=N since there are at least N � 1 images to that pattern,
and the decoder search in random order. We take another example, in
whichm = 5. There are 15 possibilities for S0. Out of these, there are
three cyclic patterns:

1) S0 = (1; 0; 1; 0; 0) or (0; 1; 0; 1; 0), with N = 2;
2) S0 = (1; 1; 1; 1; 0), with N = 4.
Now we calculate the total probability

Pfail �
3=4 + 1=2 + 1=2

15
= 0:116: (22)

There are also patterns that are not cyclic and have images, so the
equation is a lower bound. However, the results show that the ratio
between the number of such patterns to the cyclic ones is diminishing
for largem, so the lower bound tightens asm increases.
Since themth symbol of S0 is always 0, and that is the symbol that

is moved to the qth location in the vector, we can find two kinds of
patterns:

1) patterns that are periodic for the m � 1 bits of S0, requiring
q > 1 for creating images;

2) patterns that are periodic for all them bits of S0 (including the
preceding zero), and then the symmetry is obtained using only
cyclic rotations.

For a primem the second case is not possible. We begin with finding
the symmetry for the first case, the second case is very similar. First, we
find all the prime dividers ofm�1. All the nonprime divider cases are
included in the prime dividers case, though with higher (N � 1)=N
factor. Using the prime dividers only is therefore a lower bound (for
large N the difference is minor). looking at m = 7, for instance, the
possible dividers are 2 and 3 and we can find symmetrical patterns that
include three vectors of 2 bits or two vectors of 3 bits. We denote the
dividers by fNjg. The number of all the possible patterns for a given

Nj is 2 �1. For a nonprimem, we should also include the patterns
that are periodic in m. Let fN 0

jg be the prime dividers of m if one
exists. The bound formula is therefore,

Pfail �
j

N �1

N
2 � 1

2m�1 � 1
+

j

N �1

N
2 � 1

2m�1 � 1
: (23)

The value of Nj = 2 will always exist in one of the summations, and
lead to the highest term. We can bound the expression by

Pfail � 2 : (24)

For largem, this bound is tightening and becomes a good approxima-
tion since the ratio between the term resulting from Nj = 2 to all the
other terms is increasing. The results for all the bounds compared to
simulation are shown in Fig. 4. Note that the results in which errors
in the parity columns are included are lower since the fail probability
when the parities are affected is lower than if the data only is affected as
will be discussed shortly. Since the errors are placed uniformly, fewer
bursts (m=(m+2)) are affecting the data, leading to an overall (slight)
decrease in the fail probability.

B. Special Cases and Corrections

There are few cases for the error burst that are not covered by the
preceding derivations and require small modifications in the formula.
1) An Error Between Two Blocks: If the information blocks (that

includem columns each) are transmitted successively, then the incor-
rect column could start at the last column of a specific block and end
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Fig. 4. Simulation with and without errors in the parity, lower bound (23) and
simple lower bound (24) and upper bound (21).

at the first column of the next block. In this situation, the first block
contains errors only in the last column, which is the P0 vector. Since
S1 is zero (or all ones) we know that the data is correct. For the second
block, all the errors are in P1 and again S0 is �0 and the data is correct.
2) Errors in the Syndrome Vectors: We treat four different cases.

1) All the errors are in P0.
2) All the errors are in P1.
3) The errors are divided between the last data column (column

m � 1) and P1.
4) The errors are divided between the first data column (column 0)

and P0.
For the first two cases, since one of the syndromes is zero (or all ones)
there is no problem, except for the case where the error burst is all ones
which occur in probability 2(1�m)=m=(m + 2) which is very small
compared to other fail probabilities and can be ignored.

For cases 3) and 4), the solution is described in step 3) of the de-
coding algorithm and its success is almost guaranteed, expect for the
cases where the number of “1’s” match even though S0 or S1 are cor-
rupted, which can be possible due to the possible inversion of S1, and
for cases there is a confusion between case 3) and case 4). Between
the two failure causes the first is the more significant. These failure
cases are not very difficult to analyze, but since their contribution to
the overall error probability is much lower than the regular bursts in
data, we did not calculate analytically bounds for these cases.
3) The Scheme Performance for Short Bursts: As the burst length

decreases the failure rates drop rapidly. In the burst model we use, there
is a random starting point within the block and the burst length is l
bits which are in error with probability 1=2. At burst length of l =
(m � 1)=2 we get 100% error detection and correction. In this case,
since the burst is shorter then half a column, one can verify that there
is no two cyclic rotations that will give the same S1 syndrome. Cases
3) and 4) of Section IV-B2 are not possible, since it is not possible to
have the number of “1’s” in S0 and S1 neither equal nor summed to
be equal to m. The explanation is as follows (proof for corrupted S1,
the other case is similar). Let j be the number of errors in the corrupted
data column, k be the number of errors in the corrupted parity column
P1. The resulting number of “1’s” in S0 is j and in S1 is j + k or
m � j � k. Neither j = j + k norm � j � k = j is possible under
the condition j + k � l � (m� 1)=2 for j; k > 0.

The bound for the case (m � 1)=2 < l � m � 1 is similar to the
union bound for the full burst length and is given by

Pfail �

m�2

p=1

m�2

q=0;L >L &L >L

Pfail(p; q; l) (25)

Fig. 5. Simulation with errors in the parity and upper bound (25), results
shown form = 17.

where Pfail(p; q; l) is computed according to (16), but the computation
of the rank is modified as follows. Sincem� l bits in S0must be zero,
and we can place the burst anywhere we want, we place it such that
the lastm� l bits are 0. Therefore, we set the variableswl; . . . ; wm�1

to zero in the equation set. We add another counter to the algorithm
of loop counting which counts the loops that contain at least one of
these variables. Let us denote this count byMp;q . Now the rank can be
computed by

RANKp;q = m� Lp;q +Mp;q: (26)

Results for the bound and the simulation for m = 17 as an example
are shown in Fig. 5. We can see that the bound is very tight, and that
the fail probability moderately decreases with burst length for a given
m as long as it is above (m � 1)=2.

V. CONCLUSION

We presented a novel scheme for handling nonphased burst errors.
This scheme is based on an algorithm from the RAID field in the com-
puter world, which handles phased burst errors only. Our scheme does
not satisfy the formal definitions of burst-error-correcting code, but
yet, we showed that the rate of failure, the probability of having an
uncorrected burst, is decreasing exponentially with the square of the
size of the block. We developed a simple decoding algorithm to cor-
rect nonphased burst errors for this code. The code has low redundancy
(l = (n � k)=2), it is very simple, it is systematic, and it needs only
O(m2) operations to decode in a very easy to implement software or
hardware. The scheme performance was given both with tight bounds
and approximately in a simple closed form. This code provides a prac-
tical alternative to the well-known burst-error-correcting codes.
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Improved List Decoding of Generalized Reed–Solomon
and Alternant Codes Over Galois Rings

Marc A. Armand, Member, IEEE

Abstract—We present a two-stage list decoder comprising an errors-only
Guruswami–Sudan (GS) decoder and an errors-and-erasures GS decoder
as component decoders in the first and second stage, respectively. The
two stages are coupled via a post-processor which selects a codeword
from the output list of the first component decoder, from which erasure
locations are obtained for the second stage. When applied to a generalized
Reed–Solomon (RS) code over a Galois ring that maps into a gener-
alized RS code of the same length and minimum (Hamming) distance
over the corresponding residue field, the proposed decoder exploits the

presence of zero divisors in to correct errors where

= ( ) 1

( )( ) 1

with a probability determined by , , and the ratio of the number of non-
trivial zero divisors to the number of units in the code alphabet. Focusing
primarily on alternant codes over , an important class of subring sub-
codes of generalized RS codes over GR (2 ), we demonstrate that the
GS decoding radius can be exceeded by a substantial margin with sig-
nificant probability.

Index Terms—Alternant codes, Galois rings, generalized Reed–Solomon
(RS) codes, list decoding, zero divisors.

I. INTRODUCTION

In [1], [2], we showed that generalized Reed–Solomon (RS) codes
over any commutative ring with identity, may be list decoded using the
Guruswami–Sudan (GS) decoder of [3]. For a generalized RS code of
length n and minimum distance d, that decoder can correct up to

w = n� n(n� d)� 1
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errors.We refer to this bound as the GS radius. Although this represents
a significant improvement over the classical d�1

2
bound, it is natural

to ask if generalized RS codes over rings can offer any improvement
over their field counterparts in terms of the maximum number of errors
that can be corrected. If we make a distinction between error values
which are units in the code alphabet, and those which are zero divisors,
then indeed they can. In this paper, we propose a two-stage list decoder
to be applied to generalized RS codes over a Galois ringR = GR (q =
pl; a) where l � 2, a � 1, and comprises of two component GS
decoders to make that distinction. The first component decoder coupled
to a post-processor, operates over the residue field F = GF (pa) of R
to determine the location of errors in a received word y which are units
inR while the second, interpretes this information as erasure locations
and determines the remaining errors in y which are zero divisors of R
as well as the “erased” values. What makes this decoder work is the fact
that a generalized RS code over R maps into a generalized RS code of
the same length and minimum distance over F .
Our proposed decoder is capable of exceeding the GS radius and

corrects s errors where

w < s � n� (n� w)(n� d)� 1

with a probability determined primarily by the ratio 
 of the number
of nontrivial zero divisors to the number of units in the code alphabet.
Thus, for an ensemble of equal-length generalized RS codes over R,
the margin by which our two-stage decoder can exceed the GS radius
increases as code rate decreases. Nevertheless, it turns out that our de-
coding scheme is more effective when applied to alternant codes over
q (an important class of subring subcodes of generalized RS codes

over R), than when applied to their parent codes. By construction, to
obtain longer generalized RS codes for a fixed prime p, 
 needs to be re-
duced. Consequently, the probability of correcting beyondw errors de-
creases as n increases such that for practical values of n, 
 is too small
for the presence of zero divisors in the code alphabet to be exploited.
On the other hand, one can increase the length of an alternant code over
a fixed alphabet without affecting 
. As such, alternant codes do not
suffer the above shortcoming of their parent codes and consequently,
significant improvements in their error-correcting capability may be
realized, provided 
 is sufficiently large, e.g., 
 = 0:5. To illustrate,
when applied to three extended narrow-sense Bose–Chaudhuri–Hoc-
quenghem (BCH) codes over 4 of length 1024 and rate 1=4; 1=2; and
3=4, a single-stage errors-only GS decoder can correct all error patterns
of (Hamming) weight not exceeding 113;59; and 26, respectively. In
contrast, our two-stage decoder can correct up to 150, 75, and 31 er-
rors, respectively, with probability at least 0:99, assuming that i) the
probability of error patterns occurring depend only on their (Hamming)
weight, and ii) the post-processor always picks the correct codeword
from the first component decoder’s output list, whenever the number
of errors which are units does not exceed the corresponding GS radius.
We proceed with a brief review of generalized RS codes over Galois

rings and their subring subcodes, followed by the GS decoder. We shall
be using some well-known facts about Galois rings. For more details
and proofs, we refer the reader to [8].

II. PRELIMINARIES

A. Generalized RS Codes and Their Subring Subcodes

Let R = GR (q = pl; a) where p is prime, l; a � 1, and F its
residue field GF (pa) as before. ByM , we denote the maximal ideal in
R which contains all the zero divisors ofR. Recall thatM is generated
by p. Suppose � generates the cyclic group of units of order n� =
pa � 1 in R. Then � is primitive in F n f0g where f denotes the
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