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Abstract— This paper investigates the subject of reducing the
complexity of turbo equalization in which a receiver combines the
equalization and decoding process in an iterative fashion. We show
that it is possible to approximate thea posterioriprobability (APP)
module by two time varying linear transversal filters and a sim-
ple non-linear memoryless processor, and thus replace the expo-
nential complexity of the APP module with quadratic complexity
in the filters length. Further complexity reduction leads to lin-
ear complexity, for which the transversal filters are constant dur-
ing the block. For this structure, which is similar to a previously
suggested scheme, we calculate the optimized parameters and in-
crease performance. The derivations cover the cases of BPSK and
QAM modulations. Simulation results are presented for parallel-
concatenated turbo code with BPSK and QAM modulation over
channels that introduce severe amplitude distortion.

I. I NTRODUCTION

Application of the turbo principle [2] to the equalization pro-
cess referred to as Turbo equalization was first proposed in
[5]. In [6], the convolutional code used in [5] was replaced
by a turbo code [1]. The combined turbo code and equaliza-
tion yields performance that is superior to independent decod-
ing and equalization. The best performance in turbo equaliza-
tion is achieved when the equalizer is implemented as an APP
module in its basic form [3] and [4]. However, the complex-
ity of the APP module grows exponentially with the channel
length and number of bits/symbol. In order to save in complex-
ity, the APP equalizer module was replaced in [7] by two linear
transversal filters. The first filter receives the channel output
and attempts to maximize the signal to noise (SNR) at its out-
put while the second filter receives an estimate of the symbols
calculated from the extrinsic information supplied by the chan-
nel decoder and attempts to cancel the symbol interference at
the output of the first filter. In this paper, we reach the same
two filter structure but we derive it by analytic considerations
rather than ad-hoc. Starting from the APP equalizer module, we
show that if the intersymbol interference (ISI) is approximated
by a random variable having a Gaussian distribution, then the
APP module is reduced to two linear transversal filters, one for
the input and one for the estimate of the symbols calculated
from the extrinsic information. The sum of the two filters out-
put is followed by a simple non-linear memoryless processor
that computes the APP of each bit composing the symbol. The
derived equations further imply that the tap gains of each filter

change for every symbol entering the filters as a function of the
extrinsic information. To further reduce complexity, for each
iteration, we can replace the sequence of symbol variances that
are calculated from the extrinsic information with their average
value and thus obtain a solution of fixed tap gains.

The paper is organized as follows. After the introduction the
system model is presented in Section II. In Section III we ap-
proximate the ISI by a Gaussian variable and derive the equal-
izer structure. Simulation results are provided in section IV and
conclusions are drawn in section V.

II. SYSTEM MODEL

The system model is illustrated in Fig. 1. The transmitter
consists of a source that generates binary i.i.d. information bits
{uk} taking on the values 0 or 1 with equal probability. The bits
are supplied to a turbo channel encoder formed by two paral-
lel concatenated recursive systematic convolutional (RSC) en-
coders separated by a random interleaver. The resulting coded
bits{cn} are interleaved and every m-bits are associated with a
complex constellation symbol{sn} by the modulator.

������

�����

�	
����

����
��

�������
��� ��
��
���

���

�	
����

���

���
�����

�����

�	
����


���
��

���������
���

�����

Fig. 1. System Model.

The symbols are transmitted over an equivalent discrete time
white noise filter channel [8] having L+1 coefficients{hl} and
further corrupted by additive white Gaussian noise (AWGN)
{wn} having zero mean and varianceN0/2 (whereN0 is the
power spectral density (PSD) of the AWGN at the output of the
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continuous channel). In this case,{hl} represents the combined
responses of the transmitter pulse shape filter, channel response,
receiver matched filter, sampler and discrete-time noise whiten-
ing filter. The received signal{rn} is expressed by

rn =
L∑

l=0

hlsn−l + wn (1)

The receiver consists of an APP equalizer module followed by
a block deinterleaver and a parallel concatenated turbo chan-
nel decoder. The extrinsic information{λn} supplied by the
turbo decoder is fed-back to the APP equalizer module and the
process is iterated in both the equalizer and channel code to
increase performance.

III. G AUSSIAN APPROXIMATION

The received signal 1 can be reformulated as follows

rn = h0sn +
L∑

l=1

hlsn−l + wn (2)

and the second term on the right can be identified as the ISI. We
approximate the ISI, which is a weighted sum of several inde-
pendent symbols by a random variable having a Gaussian dis-
tribution (although the central limit theorem cannot be argued
to support this approximation even for infinite ISI coefficients
assuming

∑
l|hl|2 < ∞).

We now proceed to calculate the APP or the log likelihood
ratio (LLR) of each code bitcn,k (k=0,1,. . . , m-1) composing
the symbolsn given a segment observation interval ofN =
N1 + N2 + 1 channel symbolsrn

rn = [rn−N1 , rn−N1+1, . . . , rn−1, rn, rn+1, . . . , rn+N2 ] (3)

and
rn = snHc + wn (4)

HereHc is the(N + L) × N convolution matrix of a channel
having a1 × N h = [0, . . . , 0, h0, h1, . . . , hL, 0, . . . , 0] coef-
ficient vector,sn is the1 × (N + L) transmitted symbols, and
wn is the1×N additive Gaussian noise vector

E(wn) = 0,
1
2
E(wH

n wn) =
N0

2
I (5)

whereI is the identity matrix and H denotes conjugate trans-
pose. The LLR is given by

LLR(cn,k) =
Pr(cn,k = 1|rn)
Pr(cn,k = 0|rn)

(6)

which can be expressed as

LLR(cn,k) = ln

∑
∀Si:cn,k=1

Pr(rn|sn = Si)Pr(sn = Si)

∑
∀Si:cn,k=0

Pr(rn|sn = Si)Pr(sn = Si)

= ln

∑
∀Si:cn,k=1

Pr(rn|sn=Si)
Pr(rn|sn=Sa)Pr(sn = Si)

∑
∀Si:cn,k=0

Pr(rn|sn=Si)
Pr(rn|sn=Sa)Pr(sn = Si)

(7)

whereSi are the constellation symbols andSa is an arbitrarily
selected constellation symbol such thatPr(rn|sn = Sa) 6= 0.
Due to the Gaussian approximation, the term in the summation
is given by

Pr(rn|sn = Si)
Pr(rn|sn = Sa)

=

=
K exp

(
− 1

2 [rn − E(rn|Si)]Λ−1 [rn − E(rn|Si)]
H

)

K exp
(
− 1

2 [rn − E(rn|Sa)]Λ−1 [rn − E(rn|Sa)]H
)

= exp(Re
[
(Si − Sa)∗(rndH

n − E(sn)fH
n )

]

−G
[|Si|2 − |Sa|2

]
) (8)

wheredn is equal to

dn = hΛ−1
n (9)

fn is given by

fn = hΛ−1
n HH

c = dnHH
c , f0 = 0 (10)

f0 is the center tap of filterfn andGn is a constant

Gn =
1
2
hΛ−1

n hH (11)

HereΛn is the cross-correlation matrix

Λ = HH
c ΓHc +

N0

2
I (12)

where Γ = diag(ξ2
n−N1−L, · · · , ξ2

n−1, 0, ξ2
n+1, · · · , ξ2

n+N2
)

and{ξ2
n} are the symbol variances, which along with the mean

E(sn) are calculated from the extrinsic information{λn} sup-
plied by the turbo channel decoder. Both, are calculated under
the assumption that the bits forming the symbol are indepen-
dent. For example, for BPSK modulation the mean is equal to

E{sn} = 1 · Pr(sn = 1)− 1 · Pr(sn = −1)

=
eλn − 1
eλn + 1

(13)

and the varianceξ2
n is given by

ξ2
n = 1/2E ([sn − E(sn)][sn − E(sn)]∗)

= 12 · Pr(sn = 1) + (−1)2 · Pr(sn = −1)− E(sn)2

= 1−
(

eλn − 1
eλn + 1

)2

(14)

The equalizer structure can now be identified from (7) and (8)
as having the structure in Fig. 2. The structure has the fol-
lowing parts: 1) filterdn accepts the corrupted channel sig-
nals, 2) filterfn accepts an estimate of the symbols calculated
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from the extrinsic information provided by the turbo decoder,
3) an LLR processor, which is a non-linear memoryless pro-
cessor for calculating the LLRs of each code bit according to
(7), 4) an extrinsic processor for calculating the symbol prob-
abilities and accordingly the symbols’ mean and variances and
5) a tap gain update module for evaluating the inverse of the
cross-correlation matrix and the tap gains of the filters.
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Fig. 2. Equalizer Structure.

We explore the equations of (9) and (10) for three cases: 1)
the first iteration where noa posterioriinformation is available,
2) the ”last” iteration where the mean symbol estimates equal
their transmitted value and 3) ”in between” iterations wherea
posteriori information is available but the symbol estimation
do not equal their transmitted value.

Case 1: For the first iteration, noa posteriori is available
and therefore filterf is redundant. The tap gains of filterd are
constant throughout the iteration and are given by

d =
Es

mse
h0

(
Es

2
HH

c Hc +
N0

2
I
)−1

(15)

whereEs is the average constellation energy andmse is the
mean square error at the output of a linear minimum mean
square error (MMSE) equalizer. It can be recognized that the
tap gains ofd are equal to the MMSE solution [9] scaled by
the SNR at the output of the equalizer.

Case 2: For the ”last” iteration where the estimated sym-
bol values equal their transmitted value i.e.E(sn) = sn

d =
1

N0/2
h, f =

1
N0/2

hHH
c , f0 = 0 (16)

dH is the channel’s matched filter and the component of
f are the aperiodic autocorrelation function of the channel
coefficients. Filterd maximizes the SNR at its output while
filter f is able to completely eliminate the ISI.

Case 3: For ”in between” iterations, it is necessary to
calculate the inverse ofΛn given in (12) for every symbol

entering the filters. Consequently, filtersd andf change every
symbol. This yields a complexity measured in the number
of complex multiplications ofO(N3) per symbol. Due to
the structure ofΛn, a recursive algorithm for calculating the
inverse can be derived which yields a complexity ofO(N2)
per symbol [11]. Further complexity reduction can be achieved
if the tap gains of filterd andf are calculated using the average
symbol variances in the block. In this case, the tap gains are
constant for each iteration but change from one iteration to the
next.

For BPSK modulation, the LLR processor is unnecessary and
the equalizer structure is simplified to

LLR(cn) = 2
(
rndT − E(sn)fT

)
+ ln

Pr(sn = +1)
Pr(sn = −1)

(17)

For this case an alternative tap optimization criterion was con-
sidered in [10]. We note that even though the equalizer structure
is the same as in [7] there are several differences in the govern-
ing equations: 1) the values of the tap gains are different for ”in
between” iteration and 2) the LLR processor is more efficient
in the use of the extrinsic information provided by the turbo
decoder.

IV. PERFORMANCE ANDRESULTS

We present simulation results for the channel{hl} =
[0.1275, 0.450, 0.750, 0.450, 0.1275]. The transmitter consists
of two identical RSC encoders (code rate of 1/3) with generat-
ing polynomials(37, 21)8 separated by a random interleaver of
length 10000 followed by a block interleaver with 300 rows and
100 columns. The lengths of the filtersd andf were fixed at
31. The performance of four equalizers types were compared:
1) APP module 2) Gaussian Approximation (GA) in which the
tap gains change every symbol 3) Gaussian approximation with
constant tap gains during the block (GAC) and 4) equalizer ac-
cording to [7] named after the authors (GLL). To increase per-
formance we modified the original GLL such that thea priori
information was used more efficiently. For BPSK modulation
six iterations were performed. At the6th iteration, the GA gains
0.2dB vs. GAC in Fig. 3 and is inferior by 0.5dB to the APP
module in Fig. 4. The GAC gains 0.2dB over GLL in Fig. 5.
For 16QAM modulation the first six iterations along with the
12th iteration are presented. At the12th iteration, the GA gains
0.5dB vs. GAC in Fig. 6 and the GAC gains 0.1dB over GLL
in Fig. 7.

V. CONCLUSIONS

In this paper, a reduced complexity turbo equalizer was in-
vestigated. We approximated the ISI by a random variable hav-
ing a Gaussian distribution and evaluated the LLR of each code
bit. The equalizer structure that stems from this approximation
consists of two linear transversal filters followed by a simple
non-linear memoryless processor. Theoretical equations were
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Fig. 3. GA vs. GAC BPSK.
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Fig. 4. GA vs. APP BPSK.
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Fig. 5. GAC vs. GLL BPSK.
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Fig. 6. GA vs. GAC 16QAM.
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Fig. 7. GAC vs. GLL 16QAM.

presented for determining the tap gains of the filters for all iter-
ations. The tap gains change for every symbol entering the filter
as a function of the extrinsic information delivered by the turbo
channel decoder. The complexity is dominated by the calcula-
tion of the filters’ tap gains and yields a complexity ofO(N3)
(where N is the length of the filters) measured in the number
of complex multiplication for every symbol. A recursive algo-
rithm for calculating the tap gains exists, which yields a com-
plexity of O(N2). Linear complexityO(N) can be obtained
if the tap gains are constant for each iteration (but changing
from one iteration to the next) by using the average of the esti-
mated symbols’ variance in the block. The performance of the
equalizer was compared to [7] (with improvements) where the
optimization criterion was the MMSE. For the example shown,
the gain compared to [7] is about 0.4dB at the6th iteration for
BPSK and 0.6dB at the12th iteration for 16QAM.
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