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Abstract— _ n — k > 21, wherel is the burst length in bits; is the number
In this work, we show that a widely used array code, known as of data bits anch is the number of coded bits. The code pre-
the Even-Odd code, which is targeted at phased burst-errors, ay sented here satisfies— k = 2. However, it is not a complete

also be useful for non-phased burst errors. A new decoder is pro
posed for this code which effectively converts it into a more gen- code. Therefore, the bound does not apply and can servesfor th

eral burst-error-correcting code. The proposed scheme is shen ~ Purpose of comparison only.

to be capable of correcting almost all bursts up to a certain length, A comparison between the correction capability of the
such that its performance is attractive for many communication scheme proposed here and that of existing efficiaumplete
applications. Since the failure rate is sufficiently low, the code can burst error correcting codes with similarandn, is presented
be practically classified as a burst-error-correcting code. The re . . N
dundancy in this code is equal to twice the maximal burst length, N Table 1. The first two were taken from [8, Table 9.3], and
which is the same redundancy as the lower bound of conventional the third from [9] (1 = 31, no = 35), being the best codes
burst error correcting codes (the Reiger bound). Both the encder  we have found in the literature. The multiplication by a dmal
and the decoder have very low complexity, both in terms of num- constant in the optimal code parameters refers to the @aterl

ber of operations and in terms of computer code size. We analyze ; : : .
the probability of failure, provide tight upper and lower bounds, ing degree applied. The parametsrused in the construction

and show that asymptotically this probability is approaching zero Of the code will be defined shortly. It generates a code with
for large blocks. kE=m(m—1),n = (m+2)(m—1). Itisimportant to note that

the ability of the complete codes to decode successfullgtbur
longer than their nominal length, deteriorates very rapiflim-
I. INTRODUCTION ulations show that the fraction of burst patterns leadinfaile
Burst error correcting codes are needed in virtually untouryire in the decoding for the (151,136) code is 0.045, 0.1453 0.
able applications. Error correcting codes designed teecom for I = 7,8, 9 respectively, and for the (217,202) code the frac-
burst of lengtH bits can correct any error pattern that spans néens are 0.032,0.105,0.295 for= 7,8, 9 respectively. Note
more thar! bits. Such codes will be called complete burst erréhat examining the bound developed by Gallager [13], there i
correcting codes. There are quite a few constructions for-co@ wide gap between the upper bound and the lower bound, so
plete burst error correcting codes like the Fire codes ahdrot there is a possibility to make good incomplete cyclic codes,
[8]. In this paper we present an error correcting code thaois it is still an open problem how to design one.
complete, since it can correct most burst pattern of lergth
but not all of them. However, if the number of uncorrectable TABLE |
patterns is sufficiently small, this code can be used in 'mfact A COMPARISON BETWEEN THECORRECTIONCAPABILITIES OF
as a burst error correcting code. For example,lf@f 29 the EVEN-ODD CODES AND OPTIMAL BURST ERRORCORRECTINGCODES

probability that a burst of lengtkl [ is not corrected is about [ Case| Our Code Optimal Code

105, Since the frame error rate (FER) in communication sys- 1 m=17, the code (151x 2=302,136¢ 2=272)

tems would be the product of this probability and that of such is (304,272), can can correct only 12 bits

a burst occurring, for most applications sufficiently lowues correct 16 bits bursts

of FER are achieved despite the limited correction capgbili|— 2 m=25, (648,600) (217x 3=651,20% 3=606)

There are other constructions for non complete error cngc can correct 24 bits | can correct only 18 bits

codes which achieve lower redundancy e.g. [11] and refesen¢

therein. However, all these constructions are based oruptod™ 3™ [ ,,=33, (1085,1020)

codes and are optimized for phased errors. (1120,1056) can can correct only 25 bits
The advantages of the non-complete burst error correctipg correct 32 bits

code presented in this paper are the very efficient and simpte
decoding algorithm, the low redundancy, and the fact thist it
systematic. The redundancy of a complete burst error derrec This original code corrects all errors if they span one calum
ing code has to satisfy the Reiger bound [8]. According te thonly in a block. However, when used as a binary non-phased
bound, the number of parity check bits in a code, shouldfgatidurst error correcting code, the burst may spread over twe co
secutive columns, while maintaining a length of up to one col
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for handling errors of this type, show a new decoding alanit I11. THE NOVEL SCHEME

and analyze the probability of success in correcting nasspt In this paper we suggest a change in the scheme that modi-

bursts. o - . . .
: o fies it for use in a communication channel with burst noisé. Le

Another advantage of the algorlthm is its simplicity. Bdnb.t PO denote thent® column of {a; ;} and P1 shall denote the
encoder and the decoder mainly need word XOR operat|or7|r§,Jr 1% column of{a; ;}, i.e theyj L ity columns. We shall re.
which can be performed within one cycle of most microproa-lrran e the columnsl’tjo be t.ransraitte)él in the orIéI@rO 1
cessors, and cyclic shift operations that are also one og:le . 1gP1 The bits in each column are transmitted frm?
erations per word size. The most efficient choicerfors one A : . . :
more than the CPU word size. Using this valuerfarone cycle to 0. We are interested in correcting bursts of errors with a
ROR (in assembly — ROtate Right through carry) accompIishI(e:egnnggt]acr),][c 2:) égrfr:]e t:;%\? o_nle ;?II(;JI:: d(l(ﬁ'r;;stt))ltzg.cm erm?:rlst
the cyclic shift. The number of calculations in the encoder Qow a. In this casgthe k()]ursic spans colummws 0 1
in the decoder is in order ofi2. The number of calculations a d((lzblum +1rows mri2 The p;m PO :/vas’ qlaced
for a Reed-Solomon code of comparable size is in the order o} P G- ' Partty™ pac

3 . . first so that one burst will not affect both parities, resigtin
m?. Furthermore, the Reed Solomon algorithm is much moje

complex and requires far more processing power when im igh failure rates. In factP0 can be placed anywhere in the
b d P gp Pifiock as long as it is not adjacent o1, without changing the

mented in software. The complexity of the hew algorlt_hm il probability. The information that we have to retrieverh
comparable to or even lower than that of cyclic codes usiag t . . .
e syndromes of the received array is as follows:

error trapping decoder, depending on the order of the gemera . . o S
polynomial. There is about:? polynomial divisions needed 1) The rows Wh_|ch contain an error. This information is
(m? is the code length for the same block size), where the com- found simply in the syndrome veqtéio.

plexity for each polynomial division is proportional to itder. ) :den%r;ber of the column in which the errors start, de-
D-

Il. THE EVEN-ODD SCHEME 3) The portion of the burst that is in the first of the two
columns, denoted by. For example, if the length of the
column ism = 11, and the error burst span bits5 of
columnp and bits6—-9 in columnp + 1, theng = 6. The

The encoding scheme is taken from the original paper [2] and
need not be changed for the new application. Assume there are
m+ 2 disks, the firsin disks contain the data and the other two . .
are redundant. In the new application, a disk represent$-a co phased error case V\."" _be the special casg 6f0, where
umn of bits in the array. Ifn is a prime number, the correction the.V\{hOIG burstis within the colump+ 1. -
of the phased burst is guaranteed. However, even for nomepriln the original phased error.decod.er a zero bit is added to all
m the correction failure probability (in short ‘fail probaiby’) the data columns_ and a cyclic rotation is performed on the syn
is not larger than the typical fail probability of the new alg dromesS0 until it is equal or complementary to syndrorfié.
rithm, so non-prime values of. are also considered. To sim-The number of the column in which the errors start is deter-
plify the presentation, we assume that each ofithdisks has Mined by the number of rotations. Similarly, in the new algo-
m— 1 symbols (sectors) of information on it. The symbol's siz8thm we use a cyclic rotation operation in order to locate th
can vary from one bit to any size whatsoever. However, for tif@/umn number. However, in order to matsh and .51, the
new decoding algorithm the symbol is required to be binary. €yclic rotation must be preceded by a correctioin

Let{a;;},i=0,...,m—2,7=0,...,m—1, be anarray of If columnsp andp + 1 contain errors, it is easy to show
m(m — 1) information symbols. Now we define the encodinghat theS1 syndrome is the union of the error pattern of col-
method. The first step is to append a row of zeros to the eHen p shifted leftp times’, and the error pattern of column
of the array, so now data symbols are indexed fute- 2, and P + 1 shifted leftp + 1 times. The error pattern found iil,
am—1.; = 0. These zero bits are not transmitted, but are definédhich may be inverted (depending on the value of thiit)
for convenience. The parity columns indexedandm + 1 are IS obtained by two steps. In the first step we insert a ‘0" at

defined as follows: positiong of S0, and left-shift the bits starting from this posi-
S tion. We define this operation &5,(z¢,z1,...,Zm—2,0) =
5= G i1 1) (xo,1,...,2g-1,0,2q,...,Zm—2). In the second step the
P ’ pattern is rotateg cyclic left shifts. These two steps are shown

in Fig. 1, wherein each line in the figure shows the syndrome

m—1
o L B column as it is modified through the operations above. Fig. 1a
Agm = Ze:% @i J =00 m—1 @) shows theS0 syndrome in which bits of value '1’ represent

rows in error. The vector after the zero insertion is shown in

m—1
. Fig. 1b, and after rotation in Fig. 1c.
im =s@ j—1 i :O;--'a 717 3 - . . . A .
Gjm+1 = 8 (g_% A<j=i>m, ) J " @) e first step of the decoding algorithm is to distinguish be-
where< i >,,= i mod m, and® denotes XOR. Equations (l)_tween three pOSSIble’CE,iS-ES: )
(3) define the two redundant disks, where digkis a simple 1) The number of '1's if50 is e,q‘fal_ to that ob1.
XOR disk, in which each sector is a XOR of all corresponding 2) ,Tr,‘e. sum of the number of '1's if0 and the number of
sectors in the data disk. Disk + 1 is calculated using a diag- I'sin S1ism.
_Onal XOR of t.he data d.ISkS’ sector;. The tempo_rary variable 2Before shifting left or right one has to transpose the columctor to be a
is the parity bit of the diagonal and is not transmitted. row, and this row is placed in a shift register msb-left, light
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a. [o [ S0m—_4g [ - [ S0q [ --- [ 501 ] Sop_]

— columnp + 1 errors — « columnp errors — forp=0tom—1
b. [Ts0, 4 [ ... [ sog Jo [ ... [ sop [ s05 | f _ 0+ _9
C. [ [ S04 [ O [ - [ 501 [ S0m—1] S0m—g - ] orq= om

SOnew = R, (T4(50))
Fig. 1. Generation of S1 from SO if{SOxnew = S1or SOnpw = (1 ® S1)} stop
end
end

3) Neither of the above.
In the first case we proceed to the matching process. Thedecon
case indicates thaf1 is inverted ¢ = 1) and therefore needs Fi9- 2~ The core of the new decoding algorithm
to be inverted before the matching process. In the third case
we conclude that the parity columns themselves were ca&dupthe burst. In a more realistic situation the burst lengthxis e
which requires special treatment as follows. We test foct®® ponentially distributed. We will later modify the analysiad
of a corruptedS1 by rotating it once to the left, and checkinggive results for shorter bursts, and then any distributiam loe
if the bits of S0 and (51 or 1 & S1) match. This match is evaluated.
performed from the first 1" inS0 (going from bitm — 1to bit ~ We assume that only data columns are corrupted. We will add
0). We test for the case of a corruptg@ by similarly checking the case of errors in the parity columns later. For simpiidyi
if the bits of SO and (51 or 1 & S1) match, starting from the the analysis, we will treat the case of burst starting in s |
first bit thatS1 is "1’ going in the opposite direction (from bit data column as continuing cyclically to the first one. Theref
0 to bit m — 2), where the value of bit. — 1 of S1 indicates all possible values fofp, ¢) are allowed. Ifm is chosen to be
whetherS1 needs to be inverted prior to the comparison. Thedd, there cannot be confusion between a pattern and itsive
algorithm may be summarized as follows: (the inverse occurs when= 1). For evenm this case should
1) Compute the syndromes and check if there is no error biso be added to the analysis.
checking ifS0 = 0 or S1 = 0 or S1 = 1. Otherwise,  The code is a linear binary block code. The lengthSof
continue. is m bits and its first term is alway8. Since the possibility
2) Count the number of '1’s ir§0 and S1, and determine of SO being all zeros is irrelevant (in this case, there are no
whether they are equal or add uprta If one of these errors), then there at"~! — 1 relevant vectors that define the
conditions is satisfied then skip to step 4. Otherwise eiector space af0. If (p, ¢) be thg location of an error burst, the
ther the burst corruptef0 and the first data column, or conditionT, (R,(S0)) = (S1 or 1&S1) will be called a match.
it corrupted the last column and part $f. In the following Lemma we will prove that the probability tha
3) Correct the data according to the corrupted parity case there is more than one match is not dependent on the burst star
explained above) and quit. location. If we assume a random search order when looking for
4) If the sum of the number of ‘1's i§0 and the number of a match, then the decoder has uniform fail probability imir
‘1'sin S1ism then invertS1. of burst location.
5) Scan all the possibilities @fandg, apply, (x) andp left Let us call the locatiolfp = m — 1, ¢ = 0) the natural burst.
cyclic rotations orS50 until S1 is equal or complementary We can assume without loss of generality [14] that the burst
t0 S0. occurred in the natural place. For eaghq) pair we like to

6) correct the data using ¢ andSo0. find the burst patternS0 that if placed in the natural place or

The algorithm’s main task, step 5, is summarized in Fig. # Places in burst start locatiofp, ¢) will generate the samg1.
Note that various optimizations for complexity reductiambe Ve can write a set of binary equations to find the number of
applied according to implementation method resulting ieryv POSSible solutions.
efficient and compact implementation. For example, therinne We take the vector S0 =
loop can be eliminated: In order to compare two words whef#0: W1, -+, Wq, Wqt1, - -+, wm—1) and get the set ofm
part of one word is shifted once, we look for the first diffezen €duations withn variables
betv_veen the two words anq then shift the_word anq compare R,(T,(S0)) = S0. (4)
again, now start from the bit there was a difference in the firs
comparison. The number of operations is now in the order bf addition to this equation we also havg, ; = 0. The rank
m? (i.e. O(m) word comparisons). of this equation set, denoted BRANK, ,, and the rank of the

vector space of the solutions to this set are summed up 6
the rank is full, then there is only one solution: the zerateec
IV. AN UPPERBOUND ON THE FAILURE RATE This means that there is no pattern that can be confused &etwe

The decoding failure is when the decoder finds incorreite natural location and the burst start locatighg). For a
(p, q) pair, which satisfies the matching conditions. Each suélifferent rank, the number of such patterns is
failure leads to erroneous correction and therefore ctedup gm—RANK, , _ | 5)
block. The failure probability depends on the bursts diafis
We assume that burst position is randomly chosen within theFor example, in the array shown in Tabledt, = 5, ¢ = 1
array, burst length is: — 1 and 50% bit error probability within andp = 3.
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TABLEII find the equation that has this variable in its right side. ket

the variable from the left side and find again the equation tha
has it in the right side. We repeat this procedure until catpl
ing a cycle. For our example, the cycles are

DATA | DATA | DATA wo DATA
DATA | DATA | DATA | DATA wy
DATA | DATA | DATA | DATA Wy
DATA | DATA | DATA | DATA w3

0 0 0 0 0 Wo — W3 — Wz — W1 — Wo, (15)
Wy — W4. (16)
The original vectors, before applyirg, and7, are If we did not traverse all the variables, we start anothetecyc
at the first variable that we did not traverse. The rank isrgive
S0 = (wo, w1, wa, w3, W), (6) by
S1 = (wo,wl,wg,wg,w4). (7)
RANK,q=m—L,,+1, 17)

The effect ofg (which determines where the bits start in the
second column) is shifting,,,_; to the¢'" place and shifting
every bit to its left, one space to the fefgiving us the next set

whereL, , is the number of cycles. The explanation is sim-
ple. Each cycle group variables that are equal and present on
free variable in the solution. Therefore the number of cyéde
the rank of the solution space. However, the cycle that donta
thew,,_; is not free sincev,,_; = 0, and so adding this lim-
S1 = (wo, wa, wy, w, w3). (9) itation the rank of the solution space is (number of cyclek) -
The rank of the equations set plus the rank of the solutionespa
is the number of variables.

Using the following Lemma we will now obtain a (much)
(10) tighter upper bound by deleting solutions that are comjylete
included in other equation sets.

Lemmal: If L,, > L, ,+: then anyS0 solving the equa-
tions for (p, ¢ £ 1) will solve also the set fofp, q).

Proof of Lemma 1: One can verify that increasing or decreas-

Wo = Wi; W1 = Wa Wo = ws; w3 = wo; wa = wy. (12) ing ¢ by 1 switches the location a#,, 1 with the adjacent vari-

able. Now, if that variable belongs to a different loop thiaatt

Since the number of all the possibilities 8f is 2m~! — containingw,,,—1, switching the places links these two loops
1, and there is a probability df/2 that the true location will together to one loop, thus the rank is increased. Otherttige,
be encountered when the decoder search is independent ofsthiééching breaks the loop that contaiag,—; and that variable
burst location, then the error probability for a spedificq) pair  into two loops, thus the rank is decreased. In the first case,
is uniting the two loops causes the loop containingdhg_; to

increase, which means more variables are forced to i#es a

S0 = (wo,wl,wg,wg,w4), (8)

The effect ofp is addingp cyclic left rotations, leaving us
with the next set

SO = (w07w1)w27w3aw4)a

S1 = (w17w2,w3,w0,w4). (11)

This gives us the following set of equations:

1 2’m—RANKp1q -1

Paan(p, @) = (13) result, any solution for the system with the united loop &oal
fail L% 2 2om-1_1 solution of the case where the loop is broken into two ldaps.

Now we repeat the calculation for all pairs@f ¢) and use the ~ USing this Lemma the local maxima of the rank in a column
union bound to upper bound the fail probability cover all solutions contained in its neighbors and thesebean

excluded from the union bound. The updated bound is

m—2m—2

Prayy < Prait(p, @)- (14) 2 s
pz:‘{ ; Paa <> > Pril(p,q),  (18)
p=1 q=0,Lp,¢>Lp q+1&Lp,q>Lp q—1

Note that the casgs= 0 andp = m — 1 were excluded since
they represent images that are identical to the correct.bars Where the conditio,, ; > Ly, ;1 is taken as true if = 0.
tighter bound will be obtained later in this section.

The next problem is to find an easy and fast way to calculate Calculating A Lower Bound For The Scheme's Performance
the rank of the equation sets. Since we are consideringsetso  the pound we present in this paragraph is a lower bound to
equations withm variables, the complexity of the solution is ofy}, algorithm performance. The results show that the bound
orderm?. We present here a scheme that allows the calculatigBeomes tighter as: increases. Going through the cases in
of the rank with a complexity of ordem. The algorithm is \yhich the scheme cannot correct the error burst shows that in

described as follows. o _ the majority of these cases there are special patternsdai(th
~We start with the equation that contaims in the right hand ector " cases in whicls0 is divided to recurring patterns as
side. We take the variable from the left side of this equadiod o5 in the following example.

3The direction left is defined as the direction of increasimgexes as com- Let's assumem = 11 and S0 = (5007 S S.Omfl) =
mon in binary representation of a number. (1,0,1,1,1,1,0,1,1,1,0). We can see that this is the pattern
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(1,0,1,1,1) is repeating itself, followed by the additional 0.
If we chooseq = 5, we move the zero after the first repeti-

tion and we get1,0,1,1,1/,0,/1,0,1,1,1). Rotation to bring

the zero to positiori0 will cause the patterns to switch posi-
tions, but since they are equal, we get the same originabxec!
There are also patterns that are not cyclic and have images
the equation is a lower bound. However, the results show tt

10

the ratio between the number of such patterns to the cycéis or

is diminishing for largem, so the lower bound tightens as
increases.

Since thent" symbol of S0 is alwaysD, and that is the sym-
bol that is moved to the*" location in the vector, we can find
two kinds of patterns:

1) Patterns that are periodic for the— 1 bits of S0, requir-

Pfail

ing ¢ > 1 for creating images. 10

2) Patterns that are periodic for all thebits of SO (includ-
ing the preceding zero), and then the symmetry is o

tained using only cyclic rotations. .

10

First, we find all the prime dividers of. — 1. All the non-
prime divider cases are included in the prime dividers cate w
slightly higher probability. Using the prime dividers oniy
therefore a lower bound. Listing all the possibilities weaii
the lower bound

2 ()

om—1 _1

(1]
[2]

ti—1 mt -
Z tj (2 !
J

—1
_ 1)
+

whereN; are the prime dividers of: — 1 and N; are the prime
dividers ofm The value ofN; = 2 will always exist in one
of the summations, and lead to the highest term. We can bouf’d
the expression by 6]

(71

N/
Praj >

» (19)
(3]

(4]

(20)

For largem this bound is tightening and becomes a good ap!®!
proximation since the ratio between the term resulting fronp
N; = 2to all the other terms is increasing. The results for all
the bounds compared to simulation are shown in Fig. 3. Ngte
that the results in which errors in the parity columns are in-
cluded are lower since the fail probability when the pasitiee [11]
affected is lower than if the data only is affected as disedss
shortly. Since the errors are placed uniformly less of thrstisu [12]
(m/(m + 2)) are affecting the data, leading to overall (shght? 3
decrease in the fail probability.

(14]

V. CONCLUSION

We developed a simple decoding algorithm to correct non
phased burst errors for this code. The code has low redupdanc
(I = (n—E)/2), itis very simple, it is systematic, and it needs
only O(m?) operations to decode in a very easy to implement
software or hardware. The scheme performance was given both
with tight bounds and approximately in a simple closed form.
This code provides a practical alternative to the well known
burst error correcting codes. There are few cases for tloe err
burst that are not covered by the derivations above, for exam
ple The scheme performance for short bursts, and requirkk sma
modifications in the formula. These are treated in [14].

Results for burst length = m-1

10°F

T
— Lower bound
Simple Lower Bound
— Upper Bound
% Simulation no errors in PO,P1
O Simulation

] O. Keren, S. Litsyn,

10 25 30

Fig. 3. Simulation with and without errors in the parity, lavi®und (19) and
simple lower bound (20) and upper bound (18)
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