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STABILIZATION OF SECOND ORDER EVOLUTION EQUATIONS
WITH UNBOUNDED FEEDBACK WITH
TIME-DEPENDENT DELAY™

EMILIA FRIDMANT, SERGE NICAISE!, AND JULIE VALEIN?®

Abstract. We consider abstract second order evolution equations with unbounded feedback
with time-varying delay. Existence results are obtained under some realistic assumptions. We prove
the exponential decay under some conditions by introducing an abstract Lyapunov functional. Our
abstract framework is applied to the wave, to the beam, and to the plate equations with boundary
delays.

Key words. second order evolution equations, wave equations, time-varying delay, stabilization,
Lyapunov functional

AMS subject classifications. 93D15, 93D05

DOI. 10.1137/090762105

1. Introduction. The control of flexible systems, governed by partial differential
equations (PDEs), has become a large area of research due to the increasing demand
in practical engineering applications (electrical and/or mechanical systems) and in
biological applications. Time delay is unavoidable in practice due to measurement
lags, analysis times, or computation lags; see, for instance, [1, 8, 31]. Furthermore, in
many cases, delay is a source of instability [9]. In the case of distributed parameter
systems, even arbitrarily small delays in the feedback may destabilize the system (see,
e.g., [6, 21, 29, 22]). Hence the stability issue of systems with delay is of theoretical
and practical importance.

There are only a few works on Lyapunov-based technique for PDEs with delay.
Most of these works analyze the case of constant delays. Thus, stability conditions
and exponential bounds were derived for some scalar heat and wave equations with
constant delays and with Dirichlet boundary conditions without delay in [32, 33].
Stability and instability conditions for the wave equations with constant delay can be
found in [22, 25]. The stability of linear parabolic systems with constant coefficients
and internal constant delays has been studied in [11] in the frequency domain. More-
over, we refer to [24] for the stability of second order evolution equation with constant
delay in unbounded feedbacks.

Recently the stability of PDEs with time-varying delays was analyzed in [4, 7,
26, 27] via the Lyapunov method. In the case of linear systems in a Hilbert space,
the conditions of [4, 7, 27] assume that the operator acting on the delayed state is
bounded (which means that this condition cannot be applied to boundary delays, for
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STABILIZATION WITH TIME-DEPENDENT DELAY 5029

example). The stability of the 1-d (one-dimensional) heat and wave equations with
boundary time-varying delays has been studied in [26] via Lyapunov functionals.

The aim of this paper is to consider an abstract setting similar to that in [24]
and as large as possible in order to contain a quite large class of problems with time-
varying delay feedbacks (the class which contains in particular the results of [26] for
the wave equation).

Before going on, let us present our abstract framework. Let H be a real Hilbert
space with norm and inner product denoted, respectively, by |.||;; and (.,.)n. Let
A : D(A) — H be a self-adjoint operator with a compact inverse in H, which is
positive (in the sense that (Az,z) > 0 for all z € D(A), x # 0). Let V := D(AY/?)
be the domain of A'/2. We further assume that D(A) is dense in V. Denote by
V' = D(A'?)" the dual space of D(AY?) obtained by means of the inner product
in H.

Further, for ¢ = 1, 2, let U; be a real Hilbert space (which will be identified to its
dual space) with norm and inner product denoted, respectively, by |||, and (.,.)v;,
and let B; € ,C(UZ, D(Al/z)/).

We consider the system

W(t) + Aw(t) + Bui(t) + Baua(t — 7(t)) =0, ¢ >0,
(1) w(0) = wp, w(0) = w1,
uo(t — 7(0)) = fO(t — 7(0)), 0<t<7(0),

where t € [0, 0co) represents the time, 7(¢) > 0 is the time-varying delay, w : [0, c0) —
H is the state of the system, & is the time derivative of w, uy € L?([0, 00), Uy),
ug € L%([-7(0), 00), Us) are the input functions, and, finally, (wo,w1, fO(- — 7(0)))
are the initial data chosen in a suitable space (see below). The time-varying delay
7(t) satisfies

(2) Jd<1 Vt>0, 7()<d<l,
and
(3) IM>0 Vt>0, 0<7<7(t) <M.

Moreover, we assume that
(4) VT >0, 7eW?2>(0,T)).

Most of the linear equations modeling the vibrations of elastic structures with dis-
tributed control with delay can be written in the form (1), where w stands for the
displacement field.

In many problems, in particular, those coming from elasticity, the inputs u; are
given in the feedback form u;(t) = Bjw(t), which corresponds to collocated actuators
and sensors. In this way we obtain the closed loop system

&(t) + Aw(t) + BiBro(t) + BoBia(t — 7(t)) =0 in V', t>0,
(5) w(0) = wo, w(0) = w1,
Biw(t —7(0)) = fOt — 7(0)), 0<t<7(0).

Recall that without delay, i.e., if By = 0, according to Russell’s principle [30], if the
decay of the energy is uniformly exponential, then the system is exactly controllable
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5030 EMILIA FRIDMAN, SERGE NICAISE, AND JULIE VALEIN

(with controls supported in the set where the feedback mechanism is active). See
also the result of [10] for abstract second order evolution equations with bounded
feedbacks without delay.

The abstract second order evolution equations without delay or with constant delay
of type (5) have been studied in [3] and [24], respectively. In these two papers, the
exponential stability (or polynomial stability) is shown, under some conditions, via an
observability inequality for the solution of a corresponding conservative system. In our
case, for time-varying delay, this method cannot be applied due to the loss of the time
translation invariance. Hence we introduce new abstract Lyapunov functionals with
exponential terms and an additional term, which take into account the dependence of
the delay with respect to time. For the treatment of other problems with Lyapunov
technique see [7, 23, 27].

Moreover, contrary to [22, 24], the existence results do not follow from standard
semigroup theory because the spatial operator depends on time due to the time-
varying delay. Therefore we use the variable norm technique of Kato [14, 15].

Hence the first natural question is the well-posedness of this system. In section 2
we will give a sufficient condition that guarantees that this system (5) is well-posed,
where we closely follow the approach developed in [26] for the 1-d heat and wave
equations. Second, we may ask if this system is dissipative. We show in section 3
that the condition

(6) J0<a<Vi—d YueV, |Bjully, <al|Biull},

guarantees that the energy decays. Note further that if (6) is not satisfied, there exist
cases where some instabilities may appear (see [22, 25, 34] for the wave equation with
constant delay). Hence this assumption seems realistic.

In a third step, again under the condition (6), we prove the exponential decay
of the system (5) by introducing an appropriate Lyapunov functional. Moreover, we
give the dependence of the decay rate with respect to the delay; in particular we show
that if the delay increases, the decay rate decreases. This is the content of section 4.

Finally, we finish this paper by considering in section 5 different examples where
our abstract framework can be applied. To our knowledge, all the examples, with the
exception of the first one, are new.

2. Well-posedness of the system. We aim to show that system (5) is well-
posed. For that purpose, we use semigroup theory and an idea from [22]. Let us
introduce the auxiliary variable z(p, t) = Bjw(t — 7(t)p) for p € (0, 1) and ¢t > 0.
Note that z satisfies the transport equation

)%+ (1 -7()p)FE =0, 0<p<1,t>0,
2(0, £) = Byo(d),
2(p, 0) = B3w(=7(0)p) = f(=7(0)p).
Therefore, the system (5) is equivalent to
w(t) + Aw(t) + B1Bjw(t) + B2z(1,t) =0, t>0,
T(t)% Ht)p)gE =0, t>0,0<p<1,

+(1-
w(0) = wo, w(0) = wi, z(p, 0) = FO(=7(0)p), 0<p<1,
20, ) = Byi(t), t>0.
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If we introduce
U:=(w,w, 2)7,
then U satisfies

. T
U/ — (w, (:), Z)T — (QJ’ _Aw(t) — BlBTUJ(t) - BQZ(L t)’ %Z_/Z)) ’

Consequently the system (5) may be rewritten as the first order evolution equation

(8) { U =AU,
U(0) = (wo, w1, fO(=7(0).)),
where the time-dependent operator A(t) is defined by
w u
A(t) u = —Aw — BlBTU — BQZ(l),
. 7(t)p—1 9z
T(t) 9Ip

with domain

D(A()) :={(w, u, 2) € V x V x H'((0, 1), Uy); 2(0)
9) = Bju, Aw + B1Biu + B2z(1) € H}.

We note that the domain of the operator A(t) is independent of the time ¢, i.e.,
(10) D(A(t)) = D(A(0)) Vvt > 0.
Now, we introduce the Hilbert space
H =V x HxL*(0, 1), Uy)

equipped with the usual inner product

(11) <Z ,

A general theory for equations of type (8) has been developed using semigroup
theory [14, 15, 28]. The simplest way to prove existence and uniqueness results is to
show that the triplet {A, H, Y}, with A = {A(t) : t € [0, T']} for some fixed T' > 0 and
Y = D(A(0)), forms a CD system (or constant domain system; see [14, 15]). More
precisely, the following theorem gives some existence and uniqueness results (for its
proof see Theorems I and II of [13] or Theorem 1.9 of [14]; see also Theorem 1.2 of
[15] or [12], [2]).

THEOREM 2.1. Assume the following:

(i) For all t € [0,T], A(t) generates a strongly continuous semigroup on H,
and the family A = {A(t) : t € [0, T]} is stable with stability constants C and m
independent of t (i.e., the semigroup (Si(s))s>0 generated by A(t) satisfies, for all
0<t1 <. <t <T, keN,

> = (abo, 41a) 4 (u, @)+ / 0), 20y o

[STIE~SUR Of!

k
[15:(siul| < CemCrt==jjufy vs; >0,
j=1

H
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5032 EMILIA FRIDMAN, SERGE NICAISE, AND JULIE VALEIN

and for all u € H).

(ii) Equation (10) holds.

(ili) OpA belongs to L([0, T'], B(Y, H)), the space of equivalent classes of es-
sentially bounded, strongly measurable functions from [0, T| into the set B(Y, H) of
bounded operators from Y into H.

Then, problem (8) has a unique mild solution U € C([0, T|,H) for any initial
data in H, and for all t € [0, T| there exists a positive constant c(t) such that

U@ < e(®)l|Uol|%-

If, moreover, the initial data Uy belongs to Y, then problem (8) has a unique strong
solution U € C([0, T}, Y)NC([0, T],H); in that last case, (8) holds in a strong sense,
i.€.,

U'(ty=At)U(t) Vt>0, and U(0)=U,.

Our goal then is to check the above assumptions for system (8).
Let us suppose that

(12) <a<Vi—d YueV, |Bul}, <olBiulf,,

where d is given by (2). Note that the choice of « is possible since d < 1 by (2).
Now, we will show that the operator A(t) generates a Cy-semigroup in H and, by
using the variable norm technique of Kato from [14], we will prove that system (8)
(and then (5)) has a unique solution.
For this purpose, we introduce the time-dependent inner product on H,

w
u Y
z

where ¢ is a positive constant chosen such that

1 2 1
<qg<-—
1—-d « 1—-d

> - (A%w, A%Q)H + (u, @) +(IT(75)/01 (2(p), 2(p))y, dp

t

w2 &

(13)

with associated norm denoted by ||.||,. This choice of ¢ is possible since 0 < a <
V1 —d by (12). This new inner product is clearly equivalent to the usual inner
product (11) on H.

THEOREM 2.2. Under the assumptions (2), (3), (4), and (12), for an initial
datum Uy € H, there exists a unique mild solution U € C([0, +00), H) to system (8),
and for all t > 0, there exists a positive constant c(t) such that

(14) U@ < e(®)]|Uol|%-

If, moreover, the initial datum Uy € D(A(t)), then there exists a unique strong solu-
tion

U € C([0, +00), D(A(t))) N CH([0, +00), H)

to system (8).
Proof. We first notice that

loll, <em Sl W se [0, 77,

(15) 1, =
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where ¢ = (w, u, z) " and c is a positive constant. Indeed, for all s, t € [0, T], we
have

ot — 2 e = (1 e (s + oy
1
+a (70 =75 ) [Vl do

We note that 1 — e7"™* < 0. Moreover, 7(t) — 7(s)e7 ™| < 0 for some ¢ > 0.
Indeed,

7(t) = 7(s) + 7(a)(t — s), where a € (s, t),

and thus,
)y )l
7(s) 7(s)
By (4), 7 is bounded, and therefore, there exists ¢ > 0 such that
T(t) [t—s|

DY <14 Sp—s)<ew
7(s) To
by (3), which proves (15).

We now prove that A(t) is dissipative up to a translation for a fixed ¢t > 0. Take
U= (w,u,z)" € D(A(t)). Then

u w
(AU, Uy, = —Aw — B1Biu—Baz(1) | | w
T(t)p—1 9z P
T(t) Op t
= (A%u, A%w)H — (Aw + B1Bfu+ Baz(1), u)

L 79z .
0 [ (50 50)) (=i
0 P Us
Since Aw + By Bju + Baz(1) € H, we obtain

(AU, U), = (A%u, A%w) — (Aw, w)y v — (BiBju, w)y y — (Baz(1), w)ys

~af 1 (Z—p(g z<p>)U2 (1 - #(t)p)dp

* 2 *
= <Aw7 u>vl7v - <Aw7 u>v/,v - HBluHU1 - (z(l)a BQU)Uz

~af 1 (g—;(m, z<p>) (1 - #(t)p)dp

Uz

by duality. By integrating by parts in p, we obtain

! 0z . ! 10 2 .
[ (Zo Z(p>>U2 a=tnde = [ 550 (12I8,) 0= #00ds
= T2 [ el ot 5 I, - 700

1., . 2
—5 IBsull,
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5034 EMILIA FRIDMAN, SERGE NICAISE, AND JULIE VALEIN

Therefore
AU U), = = Biul}, - (), Biwyw, — LI, (1 - +0) + L 1B3ul?,
qart) !
L0 [ el o
0
By Young’s inequality and (12), we find
@ qo .
(AU, U), < (NT—d + 5 - 1) ||Blu||%J1
1—-d q(1—d
+ (5 2D i, + ) 0.0,
where
(16) w(t) = T2+ D

27(t)

Observe that 2\/% + 4 —1<0and —Vlzfd — @ < 0 since ¢ satisfies (13).

This shows that
(17) (AU, U), = k(1) (U, U), <0,
which means that the operator A(t) = A(t) — s(t)I is dissipative.

Let us now prove that A\I — A(t) is surjective for a fixed ¢ > 0 and any A > 0.
Let (f, g, h)T € H. We look for a solution U = (w, u, 2)T € D(A(t)) of

w f
M —A®) | u | = 9
z h
or, equivalently,
Aw —u = f,
(18) A+ Aw + B1Bfu+ Baz(1) = g,

1-7(t)p 8z _
Az + () pa_p =h.

Suppose that we have found w with the appropriate regularity. Then, we have
u=—f+ eV
We can then determine z. Indeed, z satisfies the differential equation

1—7"(t)p%_h

Az + 0 o

and the boundary condition z(0) = Bju = —Bj f + ABiw. Therefore z is explicitly
given by

P
2(p) = ABjwe TP — B3 fe TP 41 (p)e (0 / 0% h(a)do
0
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if 7(t) =0, and

z2(p) = )\B;we%?))ln(lfr'(t)p)_Bsfeﬁ*(—i‘))ln(pr-(t)p)
T(t) . P h AT iy
+T(t)6/\+((t) ln(lfT(t)P)‘/O 1_(:()00; A m(—#(0)0) 4,

otherwise. This means that once w is found with the appropriate properties, we can
find z and w. In particular, we have, if 7(t) = 0,

(19) 2(1) = ABiwe A 4 20,

where 20 = —Bjfe >0 4 r(t)e A1) fl AT h(g)do is a fixed element of Uy de-
pending only on f and h, and, otherw1se

(20) 2(1) = ABjwe 70 A=) 4 0,

where 20 — _B;fe%?ln(17+(t)) +r(t)e 275 n(1—#(2)) I LG — 5 M=) g g

a fixed element of Uy depending only on f and h.
It remains to find w. By (18), w must satisfy

Nw+ Aw + AByBjw + Baz(1) = g + BiBf f + \f,
and thus by (19),
Nw+ Aw + AB1Bjw + )\e_M(t)BzB;w =g+ B1Bif+\f — By’ =: ¢,

where ¢ € V' if 7(t) = 0, and by (20),

2 * >‘.T—(t)ln(l—+(t)) * * 0
M w+ Aw + AB1Bijw + Ae 7® ByBiw =g+ B1Bif+ \f — Bsz" =:¢,

where g € V' otherwise. Assume 7(t) = 0. We then take the duality brackets (., .)y./ y,
with ¢ € V:

(Xow+ 4w+ 2B Bjw+ A OBy Bjw, ¢) = (g @)y v -

Moreover,
(Nw + Aw + AB1Biw + Ae MO ByBiw, 6) .
=N (w, ¢>V’,V + (Aw, ¢>V’,V + A(B1Bjw, ¢>V’,V +e M) (B2 Bjw, ¢>V’,V)

= X (w, ) + (Abw, AVg) 4 A(Biw, Bio)y, +e O (Bjw, Bjd)y,)

because w € V' C H. Consequently, we arrive at the problem

(21) X (@, ¢y + (43w, A20) +M(Biw, Bio)y, +e ") (Bjw, Bio)y,)
= <(I¢>v/,v Vo eV.
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5036 EMILIA FRIDMAN, SERGE NICAISE, AND JULIE VALEIN
The left-hand side of (21) is continuous and coercive on V. Indeed, we have

X (@, 8)g + (Adw, A20)  +M(Biw, Bio)y, + ") (Bjw, B;o)y,)

1 1 * *
<X ol Il +||4%e]| 42| +MIBiwly, 1874l
+e O Biwly, 1B5lly,)
2
v llolly

* (2 -7 *(12
+ Al B HL(V, U1) [wlly ¢l +e AT® |‘B2||,c(v, Us) [wlly 9l
< Clwly llly

and for p =w eV,

< O wlly lloll, + || 4%

X flollf + (43w, Adw) +A(IBiwlE, +e 7 || Bswllp,)

1 2 2
> |ara| = Cllwl} -

Therefore, problem (21) has a unique solution w € V by the Lax—Milgram lemma.
We can easily prove the same results in the case where 7(¢) # 0. Moreover, Aw +
B1Bju+Bz(1) = g+ Af—\2w € H. In summary, we have found (w, u, 2)T € D(A(t))
satisfying (18). Again as k(t) > 0, this proves that

(22) M — A(t) = (A + s(t))] — A(t) is surjective

for some A > 0 and ¢t > 0.

According to Theorem 1.4.6 of [28], for any ¢ > 0, A(t) is the infinitesimal gener-
ator of a Cp-semigroup of contraction on H (with respect to the inner product (-, )¢).
Therefore by (15), the family A = {A(t) : t € [0, T]} is a stable family of generators
in H with stability constants independent of ¢, by Proposition 3.4 from [12] (see also
Proposition 1.1 from [14]).

It remains to check the assumption (iii) of Theorem 2.1. As

i(t) =

0

d

— AU = 0

dt FO)T()p=t(t)(F(Dp=1)
7(t)2 P

with %(t)T(t)p;T&t()tg(T-(t)p*l) bounded on [0, 7] by (3) and (4). Thus

SA) € 120, T), BID(A)), %),

the space of equivalence classes of essentially bounded, strongly measurable functions
from [0, T'] into B(D(A(0)), H).
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In conclusion, the assumptions (i)—(iii) of Theorem 2.1 are verified for all T' > 0,
and thus the problem

{ U =AU,
U(0) = Uy

has a unique mild (resp., strong) solution U € C([0, +0c), H) (resp., U € C([0, +o0),
D(A(0)))NCL([0, +00), H)) for Uy € H (resp., Uy € D(A(0))). The requested solution
of (8) is then given by

U(t) = ePDU(t)
with B(t) = [ #(s)ds, because, for Uy € D(A(0)), one has
U't) = r(t)ePOUR)+ePOT (1)
= k()POT(t) + D AR)U(t)
= SORMUE) + AU (1)
= SOABT() = A)ePDT(1)

U(
Ut

which concludes the proof. d

3. The decay of the energy. We now restrict the hypothesis (12) to obtain
the decay of the energy. For that, we suppose that (6) holds, namely,

0<a<vVli-d YueV, |Biul}, <ol|Biullf,,

where d satisfies (2). Note that this is possible since d < 1 by (2).
Let us choose the energy

1 12 12 ! * - 2
@) B0y ([ate], + 1615+ ar) [ 13380 - 001, 00)
where ¢ is a positive constant satisfying

1 < 2 1
Vi—d T aTvia
which exists by (6). Note that this energy corresponds to the time-dependent inner
product on H defined before.
PROPOSITION 3.1. If (2), (3), (4), and (6) hold, then for all (wo, wi, fO(—7.))T €
D(A(0)), the energy of the corresponding regular solution of (5) is nonincreasing and
there exists a positive constant C' depending only on «, d, and q such that

(24)

(25) E'(t) < =C (I1Bio@)3, + 1Bsat - )7, )

Proof. Deriving (23), we obtain

. 1
B = (ab, a¥0) + (@, 0)y+ ‘”2(’5)/0 IBsa(t — 7(t)p)lI2, dp

+ qT(t)/O (Baw(t = 7(t)p), Baw(t —7(t)p))y, (1 = 7(t)p)dp-
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5038 EMILIA FRIDMAN, SERGE NICAISE, AND JULIE VALEIN

Since & = —(Aw + B1Biw + B Bsw(t — 7(t))) € H,

E'(t) = (Aw, W)y y — (W, Aw + BiBiw + BaByw(t — 7(t)))y v
ar(t) (1 .
w0 i3t - )l do

1
+qT(b‘)/0 (Baw(t —7p), Byo(t —7(t)p))y, (1 = 7(t)p)dp.

Then
E'(t) = (Aw, w>V,)V —{w, Aw)v) v — (W, BlecLJ)V) v — (W, BaByw(t — T(t)»v) v

. 1
+20 [V iBate - w0, do
1
war(t) [ (B3t - r(tp). Bt - T<t>p>>U2 (1~ #(t)o)dp

=~ |Bi@llg, — (B3w, Bya(t —7(t))vs ot =)l dp

1
+qr(t) /0 (Byw(t = 7(t)p), Baw(t —7(t)p))y, (1 —7(t)p)dp.

Moreover, recalling that z(p, t) = Bsw(t — 7(t)p), and thus z,(p,t) = —7(t)B5&(t —
7(t)p), we see that

1
/0 (Bioo(t — w(t)p), Byt — m(t)p))gs, (1 — #(t)p)dp

1 ! 0z )
= _W/O <Z(p7 t), a_p(pa t)) " (L—=7(t)p)dp
1 ! 8 2 .
——5 |, 35 (0. 012,) 0 = 00
- T(Et) / I12(p, t)ll7, dp T(t()’f) (L, )7, + %(t) 120, )7,
(1) . 1—#(t)
L O = CY ISR ) 4
1 * . 2
=0 B3 ()7, -
Consequently,
E'(t) = — ||Biolly, — (Biw, Byw(t —7(8))y,

O e ro)E, + LB O,

Young’s inequality, (2), and (6) yield

+ 2 ) izl + (S5 - L) isgete - o)1,

Bl(t) = (2\/1 —d 2

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



STABILIZATION WITH TIME-DEPENDENT DELAY 5039

Therefore, this estimate leads to

E'(t) < =C (B3, + |1Bso(t - )]z, )

with
. e’ e g1—d) 1-d
C=minq (1—-— — , — ,
2 2v1—d 2 2
which is positive according to the assumption (24). O

Remark 3.2. The choice to apply Young’s inequality with a factor /1 — d in the
proof of the above proposition is made in order to give the stability result under the
best assumption between o and d.

Remark 3.3. In the case where the delay is constant in time (and thus d = 0),
we recover some results from [24].

Remark 3.4. TIf (6) is not satisfied, there exist cases where instabilities may
appear (see [22, 25, 34]) for the wave equation with constant (in time) delay. Hence
this condition appears to be quite realistic.

COROLLARY 3.5. If (2), (3), (4), and (6) hold, then for all (wo, w1, fO(—7.))T €
H, the energy of the corresponding mild solution of (5) is nonincreasing.

Proof. The proof is a direct consequence of the estimate (14) from Theorem 2.2
and the density of D(A(0)) into H. 0

4. Exponential stability. In this section, we prove, under some assumptions,
the exponential stability of (5) by using an appropriate abstract Lyapunov functional,
defined by

(26) E(t) = E(t) + 7 (&(t) + (Mw(t),w(t)) )

where v is a positive small constant that will be chosen later on, E is the standard
energy defined by (23) with ¢ verifying (24), and & is defined by

1
(27) Es(t) = qr(t) /0 e 270 Byt — r(t)p) |7, dp

where ¢ is a fixed positive real number. Moreover, the operator M : V' — H satisfies
the assumptions

d . * e
(28) 3Cy,C1,C >0, T (Muw(t),w(t))y < —CoEo(t) + Cy HBlw(t)H?]1

+Co | Bya(t — r(t)ll7,

for all solutions w of (5) with initial data in D(A(0)) and where Ey is the natural
energy for the problem without delay,

Eolt)i= 5 ([ aketo), + ool ).
and
(29) IC>0 VS0, |(Mwlt), b(t) ] < CEolt).

First, we note that the energies E' and £ are equivalent under (29).
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LEMMA 4.1. Assume (2), (3), (4), (6), and (29). For~y small enough, there exists
a positive constant C3(7y) such that

(30) (1-Cvy)E(t) <&(t) < Cs3(y)E(t), where 1 —Cv > 0.
Proof. Tt is easy to see that
E(t) < C3(7)E(),

with C3(y) = max(1 + vC, 1+ 27) by (29), since e=207()r < 1.
For the second inequality of (30), we note that, since v&€2(¢) > 0 and by (29),

E(t) = E(t) — CvEo(t)
> (1-CE®),

and thus we obtain (30) with 1 — Cy > 0 for v small enough (y < 1/C). O

To prove the exponential decay of (5), we need the following lemma.
LEMMA 4.2. Assume (2), (3), (4), and (6). Then

d X -
(31) TE2() < ~2682(t) + q | B3 ()7,
Proof. Direct calculations show that

60 = TRE0 +ar(0) [ (207007 | Biate (00, dp+

where J is equal to
1
J = 27(t) / e (B3i(t — v(t)p), Byis(t — 7(D)p))y, (1 — 7(t)p)dp.
0

Recalling that z(p,t) = B5w(t — 7(t)p) and then z,(p,t) = —7(t)Bsw(t — 7(t)p), we
see that

1
7= 2q [ ewron (z<p,t>,%<p,t>) (1 #(t)p)dp.
0 P Us

By integrating by parts in p, we obtain

1
J = —J+ 2q/ e 272 |12(p, 1), (=267 ()(1 = #(t)p) — 7(1))dp
0
—2ge W |2(1,1)[I7,, (1= #(1) + 24|2(0, )7,
which yields
1
J = q/o e 2O || Bis(t — 7(1)p)llgy, (=207 (8)(1 = #(t)p) — 7(£))dp

—qe” 2O | B3t = 7(t) g, (1= 7(8) +a | Bso(®) 7,

Consequently,

d . o5t X - _
SEa(t) = —2682(t) — (1l = 7)™ | Bt — 7)), + | Bre )7,
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We thus get (31) by (2). O

Now, we are able to state the main result of this paper.

THEOREM 4.3. Assume that (2), (3), (4), (6), (28), and (29) hold. Then there
exist positive constants v and K such that

E(t) < Ke " E(0) Vt >0,

for all solutions of (5) with initial data in D(A(0)).
Proof. We have, by the definition (26) of &,

%E(t) = %E(t) + ’y%é’g(t) + ’y% (Muw(t),w(t)) -

By (25), (28), and (29),
d o qo .-
Eg(t) < <2\/T—d + o5 1) ||Blw(t)||2Ul

. (\/12——d B q(12— d)> B3t — T(t)Z,

—207E5(t) + vq | By (t)|7,, — ¥CoEo(t) +vC1 | Bio(®)|7,
+7Cy || Byt — 7(t) I3,

Using (6), we obtain

d « qo . 2
— < — -1 By
dtg(t) < <2m + 5 +v(qa + C’l)> I 1w(t)|\U1

+ ( V 12— d _ (](12— d) + ’YCQ) |Bsw(t — 7'(t))||?]2 — 267Ea(t) — 7CoEo(t).

Now we take v small enough; more precisely, we take v > 0 such that

1——2 9o g(-d) 1—d
v < min 2vi-d 2 2 32 .
- qa + Cq ’ Cs

Note that (1 — oV e )/ (g + C1) and (Q(lgd) _ \/12—‘1)/02 are positive by the
choice of ¢ from (24). Then

%g(t) < —(20&5(t) + CoEol(t)).

As 7(t) < M (by (3)), we have

e < = (CoBn(t) + 202 ar(o) [ B30~ 70, do).

and then, in view of the definition of F, there exists a constant v/ > 0 (depending on
v and &: ' < ymin(Cp, 46e~2°M)) such that

T ey < —E@)
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By applying Lemma 4.1, we arrive at

Therefore
E(t) < E(0)e” B! Vit >0,
and Lemma 4.1 allows us to conclude the proof:

£(0)e” mm1" < %E(O)ec&wf. 0

Et) < L

<
E() —1-Cxy

—1-Cy

Remark 4.4. In the proof of Theorem 4.3, we note that we can explicitly calculate
the decay rate v of the energy, given by

v . —26M
= Co, 40 ,
v ) min ( 0 e )

with C3(y) = max(1 +~C, 1+ 27),

1 1_ > (i y _% q(l—d) _ 1—d
< =, < &=l g d <2 0002
TS T et ame 7= Cs

(by Lemma 4.1 and Theorem 4.3), where C, Cp, C1, C2 are given by (28) and (29), «
is defined by (6), ¢ by (24), and § is a positive real number. Recalling that M is the
upper bound of 7, if the delay 7 becomes larger, the decay rate is slower. Moreover,
we can choose § such that the decay of the energy is as quick as possible for given
parameters. For that purpose, we note that the function § — 45e=2°™ admits a
maximum at § = ﬁ and that this maximum is —2=. Thus the larger decay rate of

Me*
the energy is given by

_ Y il A
Vmaz = 03(7) min 0 Me .

COROLLARY 4.5. Under the assumptions of Theorem 4.3, we have
E(t) < Ke ™ E(0) Vt>0,

for all solutions of (5) with initial data in H.
Proof. The proof is a simple consequence of the density of D(.A(0)) in H and of
the estimate

E(t) < E(0),

for the solutions of (5) with initial data in #H (see Corollary 3.5). O

5. Examples. We wrap up this paper by considering different examples for
which our abstract framework can be applied. To our knowledge, all the examples,
with the exception of the first, are new. In all examples, we assume that the delay
function 7 satisfies the assumptions (2)—(4).
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5.1. The wave equation.

5.1.1. The 1-d wave equation. In this subsection, we show that our abstract
framework applies to the 1-d wave equation

T, t) —ad(w, 1) =0, O<z<mt>0,
U(O, t) = 07 t> 0,
(32) aZ(m, t) = —a1 Ze(m, t) — ap2e(m, t — 7(t)), t>0,
u(z, 0) = u°(x), %(x, 0) = ul(x), 0<z<m,
B, t —7(0) = Ot = 7(0)), 0 <t <7(0),

where oy, ag > 0, a > 0. This system have been studied in [26]; we also refer the
reader to [34] for a constant delay. First, we rewrite this system in the form (5). For
that purpose, we introduce H = L?(0, 7) and the operator A : D(A) — H defined by

d2
Ap = —a—
2 a2 ®
where D(A) = {p € H*(0, m) NV ; g—i(ﬂ') =0} and V = {HY0, 7); ¢(0) = 0}. The
operator A is self-adjoint and positive with a compact inverse in H. We now define
U =U, = U, = R and the operators B; : U — D(Az)’ given by

Bik = Jaikbs, i=1,2.

It is easy to verify that B} (¢) = /a; (m) for p € D(A'Y/?), and thus B; B} (p) =
i p(m)8x for ¢ € D(AY?) and i = 1, 2. Then the system (32) can be rewritten in
the form (5). We notice that (12) is equivalent to

(33) J0<a<Vli—-d, az<aa.
Taking oo = aa/a1, (33) is equivalent to
(34) a3 < (1—d)of,

which is the condition (10) from [26]. Consequently, under the condition (34), by
Theorem 2.2, this system is well-posed, and by Proposition 3.1 the energy decays for
a? < (1—-d)ad.

To prove the exponential stability of (32), we introduce the Lyapunov functional
(26) with the operator M : V' — H defined by

(35) Mu = 2z %

Then (28) holds with Cy = 2, C; = m(1+2aa?), and Cy = 2ama3 (see (48) from [26])
and (29) holds with C = 27w max(1,1/a). Therefore, our abstract framework applies
here, and system (32) is exponentially stable under the previous hypotheses. We then
recover the results from [26].
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5.1.2. The multidimensional wave equation. In this subsection, we study
the stability of the wave equation with a time-varying delay in the boundary condition.
Let Q C R™ (n > 1) be an open bounded set with a boundary I of class C2. We assume
that I is divided into two parts I'p and I'y, i.e., I' = I'p UT' N, with TpNTy =10
and I'p # (). Moreover, we assume that

% CThy =TIy.

In this domain 2, we consider the initial boundary value problem

P4 (,t) — Aula,t) =0 in Q x (0,400),

u(z,t) =0 on I'p x (0,+00),
(36) %(x,t) = —al%(x,t)xr}v - ag%(x,t —7(t)xrz, on I'y x(0,400),

u(z,0) = up(x), %—1;(33,0) = uy(x) in

G (x,t = 7(0)) = fo(z,t — 7(0)) in T% x (0,7(0)),

where v(z) denotes the outer unit normal vector to the point x € T, and du/dv
is the normal derivative. Note that system (36) has been studied, for instance, in
[5, 16, 17, 18, 19, 20] without delay and in [22] with a constant delay.

Let us denote by v-w the Euclidean inner product between two vectors v, w € R™.
We assume that there exists o € R" such that denoting by m the standard multiplier

m(x) =z — o,
we have
(37) m(z) -v(z) <0 on I'p
and, for some positive constant §,
(38) m(z) -v(z) >3d>0 on Iy.

In the particular case where Q = Op \ O2, with O; and Oy convex sets such that
O2 C Oy, assumptions (37), (38) hold with 'y = 90; and T'p = 90, for any
g € Os.

First, we rewrite this system in the form (5). For this purpose, we introduce
H = L?(Q) and the operator A : D(A) — H defined by

Ap = —Ap,
where D(A) = {p € H*(Q)NV : g—f =0 on I'y}, where, as usual,
V=H (Q={peH(Q) :p=00nTp }.

The operator A is self-adjoint and positive with a compact inverse in H. We now
define Uy = L*(T'Y), Us = L?(I'%;), and the operators B} : V — U; as

where @i, is the trace operator for ¢. The operator B; : U; — V' is then defined by
duality:

(40) (Biu, v)yr v = \/a—z/ uvdl.
N
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Thus the system (36) can be rewritten in the form (5). We notice that (12) is equiv-
alent to (33), and then, as previously, to (34).

Consequently, under the condition (34), system (36) is well-posed by Theorem 2.2,
and the energy decays by Proposition 3.1 for a3 < (1 — d)a?.

To prove the exponential stability of (36), we introduce the Lyapunov functional
(26) with the operator M : V' — H defined by

(41) Mu=2m-Vu+ (n—1)u.

Then we can easily prove that (29) holds by Poincaré’s inequality. Moreover, we have
the following.

LEMMA 5.1. Condition (28) holds.

Proof. Let u € H*(Q). Then the standard multiplier identity gives

% {/Q[Zm -Vu+ (n— l)u]utda:} =_ /Q{ut2 + |Vul*}dx
(42) +/FN(m-v>(u%— |VU|2)dF+/FN[2m-Vu—|—(n— 1) 22 ar
—|—/FD(m-V) % 2dI‘.

From (42) and Young’s inequality, and recalling (37) and that, by (38) m-v > ¢ on
I'n, we have

% {/Q[Qm -Vu+ (n — 1)U]utd$} < - /Q{Uf + [Vu|*}dzx

2
(43) +/ (m - v)uldl — § |vu|2dr+f/ (@> dr
I'n I'n € Jry ov
+5/ (IVul? + u2)dr
I'n

for some positive constants €, c¢. Using the trace inequality and then Poincaré’s theo-
rem, we have, for some ¢, ¢’ > 0,

/ u?dl < ¢ Hu||§{1(ﬂ) < c”/ |Vul*d.
Iy )

This estimate in (43) yields, for € small enough (¢ < min(d, 1/(2¢"))),

% {/Q[Zm -Vu+ (n— l)u]utda:} < —CoEp(t)
(44) ou\ >
+C [ W2l +C (—) dl’

I'n I'n 8V

for suitable positive constants Cy, C. Therefore, using the boundary condition (36)
and the Cauchy—Schwarz inequality in (44), we obtain (28). O

Therefore, our abstract framework still applies, and system (36) is exponentially
stable under the above assumptions.
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5.2. The beam equation. In this subsection, we show that our abstract frame-
work can be applied to the 1-d beam equation

88 (z, 1) + 34 (2, 1) = 0, 0<a<lt>0,
w(0, t) = 42(0, t) = 0, t>0,
(45) E%;a,t):o, w . £>0,
w1, 1) =221, ) + ax2e(1, t — (1)), t>0,
w(z, 0) = w'(z), G (z, 0) = w' (@), 0<z<l,
&2 (1, t —7(0)) = fOt — 7(0)), 0<t<7(0),

where a1, ag > 0. First, we rewrite this system in the form (5). For this purpose, we
introduce H = L?(0, 1) and the operator A : D(A) — H defined by

d4

Ap=—
p =g

where D(A) = {p € HY0,1)NV; 2£(1) = 22(1) = 0} and V = {p € H2(0, 1);
»(0) = g—‘;’(()) = 0}, which is a self-adjoint and positive operator with a compact
inverse in H. We now define U = U; = Us; = R and the operators B; : U — D(A%)’
given by

Bik = Jai ks,  i=1,2.

It is easy to verify that B} () = /a; ¢(1) for ¢ € D(AY/?), and thus B; B} (p) =
a; p(1)dy for ¢ € D(AY?) and i = 1, 2. Then the system (45) can be rewritten in the
form (5). We notice that (12) is equivalent to (33), and by taking o = as/aq, (33) is
equivalent to (34).

Accordingly, under the condition (34), this system is well-posed by Theorem 2.2,
and the energy decays by Proposition 3.1 for a3 < (1 — d)a?.

To prove the exponential stability of (45), we introduce the Lyapunov functional
(26) with the operator M : V' — H defined by (35).

The following lemma shows that (28) and (29) hold.

LEMMA 5.2. The conditions (28) and (29) hold.

Proof. Condition (29) follows directly from Young’s inequality:

. b ow ow
|(Mw,w)y| = ‘2/0 x%(x,t)g(x,t)da:

/01 ((g—;’(x,t))Z + <68—o;(a:,t)>2> da.

For the other assertion, we note that
1 2 4
%(Mw,@)H :/ <2x 0w oy —2:;;2—”( noe “a, t)) da.
0

But, by integrating by parts, we obtain

b ow Oow L/ ow 2 Ow 2
[ a5 e == [[ (i) aa (Gr00)
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Moreover, again integrating by parts yields

L dw O*w L Ow PPw
/O r GG s = - [ S TE e
L 52w PBw Ow APw
—/ - ", )5 (@, t)dx+a (L5 “a1,1),

with

b Qw Pw 10w 2 1 (0w 2

and

Consequently,

U w, 9% 3 [1/[0%w 2w 0w
/O v 52 ) S (o ) = 5/0 <@(x,t)> dr— 52,05 201,1)
dw 9w 9%w P ow,  Puw
+8—(0t)82(0t) <82(1t)) +8(1t)83(1t)
Therefore, the boundary conditions satisfied by w lead to
d , L/ Ow 2 O 2 L (0%w ?
8 Pw
28 (1, t)a 3(1 t).
By Young’s inequality, we have

Ow 3w Ow 2 Pw 2
‘ 25 (L1) 55 3(1,t)‘§e(%(1,t)) 4= (a = (1, t)) Ve > 0.

Moreover, by the trace inequality and Poincaré’s inequality, there exists a constant

C' > 0 such that
Ow 2 ) 2
bad < - .
(83: (1,75)) < C/O (3x2 (x,t)) dx

Thus, by the dissipation condition at 1 of (45),

ow,  Buw L/ 0%w 2 202 [ Ow 2
< = -
‘ 23 (1, t)a 3(1,2?)‘ < Ce/o <5 5 (2, t)) dzr + <8t(1’t))

+2%é% (%—L:(l,t - T(t))>2 .
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Therefore, it holds that

%(Mw,w),{ < —/01 <88—O;(x,t))2dx—(3—06)/01 <g22(x t))de
() (200) 28 (%00 0) e

It suffices to take € < 2/C to obtain

%(M%@)H < —/01 <<88—°;(a:,t))2 + (Z; (, t)>2> dx + Croq (%—L:(Lt))z

+ Chay (‘Zt (1,t— T(t))>2,

with C1, Co > 0, which corresponds to (28). d
Therefore, by our abstract framework the system (45) is exponentially stable
under the above assumptions.

5.3. The plate equation. In this subsection, we study the stability of the plate
equation with boundary time-varying delay. Let Q@ C R™ (n > 1) be an open bounded
set with a boundary I' of class C*. We assume that I' is divided into two parts I'p
and Iy, ie., I =TpUTly, withpNTx = 0 and I'p # (). Moreover, we assume that

% CTy =TIy.

In this domain 2, we consider the initial boundary value problem

o (xt)+A2 (z,t)=0 in Qx (0,+00),
u(z,t) = 9%(z,t) =0 on I'p x (0,+0c0),
(16) Au(z,t) =0 on I'y x (0,+00),
88%}“ (x,t) = al%(x,t)xpN + ag%(x, t— T(t))XF?V on I'y x (0,400),
u(x 0) = uo(x), %(x, 0) =ui(x) in Q,
Gt (a,t —7(0)) = folz.t —7(0)) in T% x (0,7(0)).

We assume that (37) holds, with the standard multiplier m(x) := x — xg, for some
xo € R™. Note that the hypothesis (38) is not necessary.

To rewrite this system in the form (5), we introduce H = L*(2) and the operator
A:D(A) — H given by

Ap = A%,

where D(A) = {p € HY(Q)NV : Ap = BBA“" =0onlytandV ={p€ H3(Q) : ¢ =
g—f = 0 on I'p}. The operator A is self-adjoint and positive with a compact inverse
in H. The operators B and Bj are given here by (39), and By, Bs are given by (40)
with Uy = L2(T'Y), Uz = L2(T'%,).

Thus the system (46) can be rewritten in the form (5). We notice that (12) is
equivalent to (33) and then, as previously, to (34).
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Again, under the hypothesis (34), this system is well-posed by Theorem 2.2, and
the energy decays by Proposition 3.1 for a3 < (1 — d)a3.

To prove the exponential stability of (46), we introduce the Lyapunov functional
(26) with the operator M : V' — H defined by (41). Then we can easily prove that
(29) holds by Poincaré’s theorem. Moreover, we have the following.

LEMMA 5.3. Condition (28) holds.

Proof. Direct calculation gives

(47)
4 2m-Vu+ (n— Du)udx = / 2m - Vuguedz + (n — 1)/ uidz
dt Jo Q Q

—/ (2m - Vu) A?udx — (n — 1)/ uA*udz.
Q Q

By Green’s formula, we find

/ 2m - Vusupdr = —n/ uidr + /(m v)uZdl.
Q Q r

Moreover, again two applications of Green’s formula lead to
/Q (2m - Vu) A?udz = 2 /Q A(m - Vu)Audz
- 2/F %(m - Vu)Audl + 2/F %(m - Vu)dl,
with
A(m - Vu)Au = 2(Au)® + m - V(Au)Au = 2(Au)* + %m -V ((Au)?).
Then

/ (2m - Vu) Audx = 4/(Au)2daj + / m - V((Au)?)dx — 2/ 3(m - Vu)Audl
Q Q Q r ov

0Au
T al/

- 4/0(Au)2da:—n/Q(Au)2da:+/(m-V)(Au)zdI‘

r
0
—QAg(m-Vu)AudF+QA

0
by Green’s formula. For the last term of (47), we again use Green’s formula twice:

+2 (m - Vu)dl

Au
ey (m - Vu)dl

/uA2udx:/(Au)2dx—/@AudF+ @udf.
Q Q r ov r ov
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Consequently, (47) becomes

%/ﬂ (2m - Vu+ (n — 1)u) urdz
- _/Q (u? + 3(Au)?) da:+/F(m-V) (uf — (Au)?) dT
+/P <2%(m - Vu)dl + (n — 1)%) Audr

OAu
r 8V

(2(m - Vu) + (n — 1)u)dl.

Asu=0u/Ov=0onTp, Vu=0on I'p, and
0 0%u

—(m-Vu):mq/w

ov

=(m-v)Au onTp.
Therefore the boundary conditions of (46) implies
d 2 2 2
pr @2m-Vu+ (n—Du)wdr = — [ (uf +3(Au)?)dz — (m - v)(Au)=dl
Q Q

I'p

+/FN (m - v)u2dl + 2/FD(m V) (Au)?dD

—/ 38Au (2(m-Vu) + (n — 1)u)dr.
ry OV

By (37), we obtain

% @2m-Vu+ (n—Du)ude < —/ (uf + 3(Au)?) do + / (m - v)uidl
Q Q I'n

OAu
I'n 8V

(2(m-Vu)+ (n — 1)u)dr.

From Young’s inequality, we deduce that

%/Q(Qm-Vu—l—(n—l)u)utdxg—/

(uf + 3(Au)?) dx + c/ u?dl
Q

I'n

€

2
_|_g (8Au> dI‘—|—e/ ((Vu)* 4+ u?) dT,
ry \ OV I'n

with C, ¢ > 0. We conclude the proof of this lemma by using a trace inequality,
Poincaré’s inequality, and the boundary condition of (46). O

In conclusion, our abstract framework applies again, and system (46) is exponen-
tially stable under the previous hypotheses.

REFERENCES

(1] C. ABDALLAH, P. DORATO, J. BENITEZ-READ, AND R. BYRNE, Delayed positive feedback can
stabilize oscillatory systems, in Proceedings of the IEEE American Control Conference
(ACC) 1993, San Francisco, 1993, pp. 3106-3107.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



[12]
[13]

[14]

= ®m om0 5 As

< <= = 2

STABILIZATION WITH TIME-DEPENDENT DELAY 5051

ALl MEHMETI, Nonlinear Waves in Networks, Math. Res. 80, Akademie-Verlag, Berlin, 1994.
AMMARI AND M. TUCSNAK, Stabilization of second order evolution equations by a class of
unbounded feedbacks, ESAIM Control Optim. Calc. Var., 6 (2001), pp. 361-386.
CARABALLO, J. REAL, AND L. SHAIKHET, Method of Lyapunov functionals construction in
stability of delay evolution equations, J. Math. Anal. Appl., 334 (2007), pp. 1130-1145.
CHEN, Control and stabilization for the wave equation in a bounded domain, SIAM J.
Control Optim., 17 (1979), pp. 66-81.

DATKO, Not all feedback stabilized hyperbolic systems are robust with respect to small time
delays in their feedbacks, SIAM J. Control Optim., 26 (1988), pp. 697-713.

FRIDMAN AND Y. ORLOV, Ezxponential stability of linear distributed parameter systems with
time-varying delays, Automatica, 45 (2009), pp. 194-201.

P. HADELER, Delay equations in biology, in Functional Differential Equations and Approxi-
mation of Fixed Points (Proc. Summer School and Conf., Univ. Bonn, Bonn, 1978), Lecture
Notes in Math. 730, Springer, Berlin, 1979, pp. 136—-156.

. HALE AND S. VERDUYN LUNEL, Introduction to Functional Differential Equations, Appl.

Math. Sci. 99, Springer-Verlag, New York, 1993.

HARAUX, Une remarque sur la stabilisation de certains systémes du deuziéme ordre en
temps, Portugal. Math., 46 (1989), pp. 245-258.

HUANG AND S. VANDEWALLE, An analysis of delay-dependent stability for ordinary and
partial differential equations with fixed and distributed delays, SIAM J. Sci. Comput., 25
(2004), pp. 1608-1632.

. KATO, Linear evolution equations of “hyperbolic” type, J. Fac. Sci. Univ. Tokyo Sect. I, 17

(1970), pp. 241-258.

. KATO, Linear evolution equations of “hyperbolic” type. II, J. Math. Soc. Japan, 25 (1973),

pp. 648-666.
KATO, Linear and quasilinear equations of evolution of hyperbolic type, in Hyperbolic-
ity: Lectures given at a Summer School of the Centro Internazionale Matematico Estivo
(C.I.LM.E.), Cortona (Arezzo), Italy, Volume 2, G. da Prato and G. Geymonat, eds., Liguori
Editore, 1977, pp. 125-191.
Karto, Abstract Differential Equations and Nonlinear Mizxed Problems, Lezioni Fermiane
[Fermi Lectures], Scuola Normale Superiore, Pisa, 1985.
KOMORNIK, Rapid boundary stabilization of the wave equation, SIAM J. Control Optim., 29
(1991), pp. 197-208.
KOMORNIK, Ezxact Controllability and Stabilization: The Multiplier Method, RAM: Res.
Appl. Math., Masson, Paris, 1994.
KOMORNIK AND E. ZUAZUA, A direct method for the boundary stabilization of the wave
equation, J. Math. Pures Appl. (9), 69 (1990), pp. 33-54.

. E. LAGNESE, Note on boundary stabilization of wave equations, STAM J. Control Optim., 26

(1988), pp. 1250-1256.

. LAsiEckA AND R. TRIGGIANI, Uniform exponential energy decay of wave equations in a

bounded region with L2(0, 00; L2(T"))-feedback control in the Dirichlet boundary conditions,
J. Differential Equations, 66 (1987), pp. 340-390.

. LOGEMANN, R. REBARBER, AND G. WEISs, Conditions for robustness and nonrobustness of

the stability of feedback systems with respect to small delays in the feedback loop, STAM J.
Control Optim., 34 (1996), pp. 572-600.

. N1cA1se AND C. P1GNOTTI, Stability and instability results of the wave equation with a delay

term in the boundary or internal feedbacks, SIAM J. Control Optim., 45 (2006), pp. 1561
1585.

. N1cAIsE AND C. PIGNOTTI, Stabilization of the wave equation with variable coefficients and

boundary condition of memory type, Asymptot. Anal., 50 (2006), pp. 31-67.

. NICAISE AND J. VALEIN, Stabilization of second order evolution equations with unbounded

feedback with delay, ESAIM Control Optim. Calc. Var., 16 (2010), pp. 420-456.

. NICAISE AND J. VALEIN, Stabilization of the wave equation on 1-D networks with a delay

term in the nodal feedbacks, Netw. Heterog. Media, 2 (2007), pp. 425-479.

. NicaIsg, J. VALEIN, AND E. FRIDMAN, Stability of the heat and of the wave equations with

boundary time-varying delays, Discrete Contin. Dyn. Syst. Ser. S, 2 (2009), pp. 559-581.

. OrRLOV AND E. FRIDMAN, On stability of linear retarded distributed parameter systems of

parabolic type, in Topics in Time-Delay Systems, J.-J. Loiseau, W. Michiels, S. I. Niculescu,
and R. Sipahi, eds., Springer, Berlin, 2009, pp. 49-59.

. Pazy, Semigroups of Linear Operators and Applications to Partial Differential Equations,

Appl. Math. Sci. 44, Springer-Verlag, New York, 1983.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



5052 EMILIA FRIDMAN, SERGE NICAISE, AND JULIE VALEIN

[29] R. REBARBER AND S. TOWNLEY, Robustness with respect to delays for exponential stability of
distributed parameter systems, STAM J. Control Optim., 37 (1998), pp. 230-244.

[30] D. L. RUSSELL, Controllability and stabilizability theory for linear partial differential equations:
Recent progress and open questions, STAM Rev., 20 (1978), pp. 639-739.

[31] I. H. SUH AND Z. BIEN, Use of time delay action in the controller design, IEEE Trans. Automat.
Control, 25 (1980), pp. 600-603.

[32] T. X. WANG, Stability in abstract functional-differential equations. II. Applications, J. Math.
Anal. Appl., 186 (1994), pp. 835-861.

[33] T. X. WANG, Ezponential stability and inequalities of solutions of abstract functional differen-
tial equations, J. Math. Anal. Appl., 324 (2006), pp. 982-991.

[34] G. Q. Xu, S. P. YuNg, AND L. K. L1, Stabilization of wave systems with input delay in the
boundary control, ESAIM Control Optim. Calc. Var., 12 (2006), pp. 770-785.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


