EXACT DECOMPOSITION OF LINEAR SINGULARLY PERTURBED
H*>*-OPTIMAL CONTROL PROBLEM

Emilia Fridman

We consider the singularly perturbed H°°-optimal control problem under perfect state
measurements, for both finite and infinite horizons. We get the exact decomposition of
the full-order Riccati equations to the reduced-order pure-slow and pure-fast equations.
As a result, the H*-optimum performance and suboptimal controllers can be exactly
determined from these reduced-order equations. The suggested decomposition allows the

development of new effective algorithms of high-order accuracy.

1. Introduction

Consider the linear time-varying singularly perturbed system
&1 = A1z + A1aze + Biu+ Diw, €9 = Ao1x1+ Asoxa+ Bou+Dow, z(0) =0 (1.1)

and the quadratic functional
t
J=2t)Faty)+ [ & OQWa) +u Oudt, (1.2)
0

where z = col{z1,z2} is the state vector with z1(¢f) € ™ and z2(t) € ™2, u(t) € P is the
control input , w € ¢ is the disturbance. The matrices A;; = A;;(t), B; = B;(t),D; =
D;(t) (=1,2 j = 1,2) are continuously differentiable functions of ¢ > 0 , and ¢ is a small

positive parameter. The symbol (-)’ denotes the transpose of a matrix,

/ Q11 le / Fi EF12>
©=q (Q21 sz) o (€F21 el ) —

Denote by | - | the Euclidean norm of a vector. Let S;; = BiB;- — 'y_ZDiDg-, 1=
17 2a .7 = ]-7 27BE = COI{Bl,E_le},DE = COl{Dl,é‘_lDQ},

A — A1 A1 g — S11 e 181
© 8_1A21 8_1A22 ’ € 6_1521 6_2522 )
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With (1.1), (1.2) we associate the Riccati differential equation (RDE)
Z+AZ+ZA —Z5.Z2+Q=0; Z(t;)=F (1.3)

for the matrix function

Z =7 =Z(t,e) = <EZZl211((t”‘?) 2228 3) (1.4).

*

For each ¢ > 0 the H*-optimum performance v*(¢) is computed by the formula [1], [10]

v*(e) =inf{y > 0| (1.3) has a bounded solution on [0;%f]} .
A controller that guarantees the performance level v > v*(¢) is determined by the relation
u(t) = —[By; e " BylZ(t,e)z(t) , t€[05ty], (1.5)

where Z(t,e) = Z(t,e,7) is the solutions of (1.3).
In the infinite horizon case we take A., B.,D, and Q = C'C to be time invariant ,

F' = 0 and assume:
A1l. The triple {Ae, B, C} is stabilizable and detectable for € € (0,eq] (9 > 0).

The H°-optimum performance is determined from the full-order generalized algebraic

Riccati equation (ARE) of the form (1.3), where Z = 0 as follows [1], [10]:
~v*(e) = inf{y > 0| the full — order ARE has a nonnegative definite solution such that
the matrix A, — ScZ is Hurwitz}.

Computation of v*(¢), and the corresponding suboptimal controller (1.5) for small
values of € > 0 presents serious difficulties due to high dimension and numerical stiffness,
resulting from the interaction of slow and fast modes. In [10] an upper bound 7 for v*(¢)
has been found on the basis of a slow and a fast control subproblems. For each v > %
a composite controller has been designed that gives the zero-order approximation to the
controller of (1.5) and achieves the performance  for the full-order system for all small
enough ¢ (see also [3] for a composite controller in the case ty = 00). In [7] and [9] the
frequency domain decomposition of H*® control problems has been obtained, however the
issue of optimal controller design has not been addressed.

The main objective of the paper is getting the exact decomposition of the problem.
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Main results

We will develop the method of exact decomposition of the full-order Riccati equations
initiated with the works [4], [12], to H°°-optimal control problem. We begin with the finite
horizon case. Consider the Hamiltonian system corresponding to (1.3) with the adjoint

variables y1, eya:

.’i]'l Z1
1 Riy1 Ryo n Agj —Sij )

; — , R;i= J J , 2.1a
ET2 <R21 R ) T2 I ( —Qij —AQ-z' ( )
EY2 Y2

z1(ty) =%, yi(ty) = Fual +eFiawy,  w2(ty) = 25, ya(ty) = Faal + Fooxh. (2.10)

Lemma 1. For each ¢ > 0, (1.3) has a bounded on [0,ty] solution iff there exists the
matrix function of the form (1.4) such that for all x&o) em, a:go) € ™ a solution of (2.1)

can be represented as follows:
col{y1,ey2} = Zx, te€]0,ty]. (2.2)

For proof of Lemma 1 and the other Lemmas of the paper see Appendix.

Let C4Cy = @Q22. Consider the following ARE
Ay MO 1 MO Agy + Qo — MO S, M@ =0, te0,ty], (2.3)
which corresponds, for each t € [0,%], to the fast infinite horizon subproblem. Assume

A2. The triple {Agz, Ba, C} is stabilizable and detectable for all t € [0, t].

Let fy} = inf{+’ | ARE (2.3) has a solution M© > 0 such that Ag = Agg — Sea M@ s
Hurwitz}. We choose v = sup;¢(o /] ’yfc. Under A2 v¢ < oo [10]. We shall further consider
only v > v¢+ 6 with 6 > 0 fixed. From [2, Lemma 4] and from the continuous dependence
of Rys ont € [0,t¢] and 1/ € [0, (yf+0) ] it follows that for all v > v +6 and ¢ € [0, ¢4]
the matrix Rgs has ns stable eigenvalues A, Re A\ < —a < 0 (corresponding to Ay ) and
ny unstable ones, ReX > a. This implies [11] the existence of €, > 0 such that for each
¥ > s+ 6 and € € [0,¢,) there are the matrix functions H = —Ry,' Ry +eH (t,¢), P =
RisRy, +eP(t,e), M = M©® +eM(t,¢) and L = L(®) +-¢L(t,¢) that satisfy the equations

EH + EH(Rll + R12H) = R21 + R22H, (240,)
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EP + P(R22 — EHng) = 8(R11 + R12H)P + R12- (24b)
eM + M[Ag +eK1 + (eKg — Sog) M| = —Qa3 + €K3 + (—Aby + eK4) M, (2.4¢)

eL — L[Aby — K4+ M(eKy — Sy2)] = [Ags + eKy + (Ko — Sog) M]L + €Ky — Sao, (2.4d)

Kl K2 _ . Hl Hg . P1 P2
(K3 K4)_ HRy», H_<H3 H4), P_<P3 P4) (2.5).

The matrix M is a solution of (2.3) and L() satisfies the Lyapunov equation, that

where

results from (2.4d) by setting e = 0. If the coefficients of (1.1) and (1.2) are smooth, the
functions H, P, M and L can be easily found in the form of asymptotic expansions. The
terms of these expansions can be determined from linear algebraic equations [11]. In the
time-invariant case, H, P, M and L can be also computed numerically [6].

For v > v; 46 and ¢ € [0,¢,) the nonsingular transformation [11]

al I 0 €G1 €G2 U1

v _ 0 I eG3 eG4y U1 (2.6)
To H, Hy, E, Ey ug |’ .
Yo H; Hy FEs; FEy b

where

Ey Ey\ 1 L Gi1 G\ _ I L
<E3 E4)_(I+€HP)<M I+ML)’ <Gg, G4>_P<M I+ML>’

decomposes (2.1) into the slow system for u; € ™ and v; € ™

111 _ U1 _ Wl W2 _
<2')1>_W<U1)7 W_(Ws W4>_R11+R12H7 (2.7a)
and the two fast decoupled equations for uy € ™2 and vy € ™2

E’l‘l,g = (Agz +6K1 + (—Szz +€K2)M)U2, 81‘)2 = (—AI22 +€K4 +M(822 - 8K2))’U2. (27b)

In all previous derivations €, can be chosen independent of 7. Really, the matrix
functions H, P, M, L define integral manifold of (2.1) and some auxiliary singularly per-
turbed systems [11]. Due to the inequality ReA < —a« for the eigenvalues of Ay and since
the coefficients of (2.1) are uniformly bounded on y~! € [0, (yf + d)7'] , these integral
manifolds exist for all small enough € and v > v¢ + d. Thus we get:
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Proposition. There is €9 > 0, such that for all € € (0,e9] and v > ¢ + 6 the transfor-
mation (2.14) exists and decomposes (2.1) into the systems of (2.7).

Substituting (2.6) into the terminal conditions of (2.1) and further eliminating z? and

79, we obtain the following terminal conditions for uy, vy, us, va:

U1 ‘ _ u(l) V1 ‘ _ U11 €U12 U(l) (2 8)
u2 ) li=t; uy )’ v2 ) lt=t; U1 Uz uy )’ '

where
Y1 @1 @2 —EPl —€P2 I 0
<U11 €U12> . <Y2> (Y1)_1 Yo| | &3 @4 —eP3 —cPy Fyy eFys
U Usx )] \Wa Y3 ’ Ys ] | ¥y T, E Ho 0 1
b=ty \71 Uy Uy E3 By Fy1  Fy
(2.9)

o, Py =1
= I+ePH, | _
<q>3 q>4> (53

[1]1 [1]

2\ (I+LM —L) (xyl \1;2)__<51 52>H
s M T )\ Uy B3 B4)

By straightforward computations we get

(2) - (I I+L<0)(1\3(0) _ F22)> + O(e). (2.10)

To assure the existence of the inverse matrix in (2.9) we assume
A3. The matrix I + L (M© — Fy,) is invertible at t = t; for all v > ¢ + .
Consider the pure-slow RDE for the n; x ni-matrix function N = N(t,¢)
N+ N(Wy 4+ WaN) = Ws + WyN, N(t;) = U, (2.10)
and the pure-fast linear equations for the n; x nj-matrix functions N;; = N;;(¢,¢€):
eN1g = —Nio(A + e(K1 + KoM + W) + eWyNia, Nia(ts) = Usa, (2.11)
eNg1 = —(A' — e(K4 — MK3))Noy — eNo1 (W1 + WaN),  Noi(ty) = Usi,  (2.12)
€Nay = —Noo(A + e(K1 + KoM)) — (A — e(Kqy — MK2))Nog, Nao(ty) = Usz, (2.13)

where A = Ay — S92 M. Similarly to Lemma 1, equations (2.10)-(2.13) have bounded

solutions on [0, %] iff a solution of (2.7) can be represented in the form

vy = Nujp + 8N12U2, vg = Nojug + NggUg, te [O,tf] (214)
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for every u? € ™ uJ € ™. Finally, substituting (2.14), (2.6) into (2.2), and equating

separately terms with u; and us, we get

7 I+ €G2N21 €G1 + €G2N22 _
H, + HyN + E3Noy  Ey+ EaNyy +eHaNyy (2.15)
N + 8G4N21 6N12 + EG3 + €G4N22 ‘
€(H3 + H4N + E4N21) €E3 + €E4N22 + €2H4N12 )

If for v > v¢ + ¢ and small ¢ RDE (2.10) has a uniformly bounded solution on [0, ¢ f]
then the linear equations (2.11)-(2.13) have solutions, exponentially decaying on [0,#¢]:

|N;j(t,e)| < Ket=t/e tc0,tf], K > 0. (2.16)

Lemma 2. Under A2 and A3 for any § > 0 there existses > 0 such that for all0 < € < g4
and vy > 7y + 0 the following holds:
(i) The full-order RDE (1.3) has a bounded solution on [0, t¢] iff the slow RDE (2.10) has
a bounded solution on [0,t¢];
(ii) If (1.3) has a bounded solution on [0,tf], then this solution can be uniquely defined
from the equations (2.4), the decoupled pure-slow and pure-fast differential equations

(2.10)-(2.13) and the linear algebraic equation (2.15).
From Lemma 2 it follows immediately:

Theorem 1 (finite horizon case). Under A2 and A3 the following holds:
(i) For a prechosen 6 > 0 and all small enough e, the suboptimal controller (1.5), that
guarantees a vy > maxz{y*(¢),vs+0} performance level, can be determined from (2.4),
the decoupled reduced-order pure-slow and pure-fast differential equations (2.10)-
(2.13), and the linear algebraic equation (2.15) instead of (1.3);
(ii) If v*(e) > v¢ + 0¢ for 0 < € < g, then for all small enough €, the value of v*(e) can
be found from (2.4a) and the slow RDE (2.10) by the formula:

v*(e) = inf{y > 0 | RDE (2.10) has a bounded on [0, ¢#] solution}. (2.17)

In the infinite-horizon case we take A, B, D, () to be constant and F' = 0. In this case

(2.4) are algebraic equations and H, P, M and L are constant.
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Lemma 3. Under A1 and A2 for any § > 0 there existses > 0 such that for all 0 < € < g4
and y > 4 + & the full-order ARE of (1.3), where Z = 0, has a unique solution Z, such
that the matrix A — S.Z is Hurwitz, iff the slow ARE of (2.10), where N = 0, has a
unique solution such that Ay = Wy + W, N is Hurwitz. The solutions of ARE (1.3) and of

ARE (2.10) are related by formula:

-1
_ N 8G3 I €G1
Z = <€(H3+H4N) 8E3> (Hl + H,N Fj > ) (2.18)

where the inverse matrix exists.

Note that A1, imposed on the full-order problem (1.1), (1.2) can be decomposed into

corresponding conditions for the slow and fast subproblems [8]. From Lemma 3 it follows

Theorem 2 (infinite horizon case). Under A1 and A2 the following holds:

(i) For a pechosen ¢ > 0 and all small enough ¢, the suboptimal controller, that guarantees
ay > max{y*(€),vs + 0} performance level, can be determined from (2.4), (1.5) and
(2.18), where N is the solution of ARE (2.10) with the Hurwitz matrix A, and Z > 0;

(ii) If v*(g) > ¢ + 0 for 0 < € < €9, then for all small enough ¢

v*(e) = inf{y > 0 |[ARE (2.10) has a solution such that A; is Hurwitz and

Z, defined by (2.18), is nonnegative definite}.

3. Conclusions

Solutions to the e-dependent reduced-order equations (2.10)-(2.13) can be found with-
out difficulty by standard numerical and asymptotic methods. This would lead to effective
reduced-order algorithms for H°°-Riccati equations. For a nonlinear counterpart of the
infinite horizon results see [5], where an asymptotic approximation to the suboptimal
controller is constructed on the basis of exact decomposition, and it is shown that the

high-order accuracy controller improves the performance.

Appendix

Proof of Lemma 1. Let RDE (1.3) has a bounded solution on [0,¢f]. Consider the
equation

&= (Ac+ BZ)z, te0,ts]. (A1)
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Let z(t) be a solution of (A.1) with z(¢;) = z°, and y1(¢), y2(¢) be defined by (2.2). Then
y1(ts),y2(ty) satisfy the terminal condition of (2.1). Differentiating (2.2) and applying
(1.3) and (A.1) we shall see that the functions z1(t), z2(t), y1(t), y2(t) satisfy (2.1).

Conversely, let there exists Z(t), satisfying (2.2), where {x1(t), z2(t), y1(t),y2(t)} is a
solution of (2.1). Then z(t) satisfies (A.1). Let (to,z0),to € [0,t¢] be an arbitrary initial
value for (A.1). Then (A.1) has a unique solution z(t) on [0,ty], satisfying z(to) = zo.
Differentiating (2.2) on t, at t = t;, we shall get (1.3) multiplied by xy. This implies (1.3)

since ty and xy are arbitrary.

Proof of Lemma 2. Let (1.3) has a bounded on [0,t] solution. Since Lemma 1
for any z?, 29 the Hamiltonian system (2.1) has a solution, represented in the form (2.2).
Consider the system of (2.7), (2.8) with arbitrary terminal values u and 3. This system
has a solution represented in the form of (2.14) iff the following algebraic system, that is

obtained by substituting (2.6) into (2.2),

( v1 + eG3ug + G402 ) . (Zn €Z12) ( u1 + eGrug + eGava )
H3zuy + Hyvi + E3ug + E4v9 Ly Zaa Hiui + Hovi + Eqjug + Eqvs
(A4.2)

is solvable with respect to v; and wvs.

The linear algebraic system (A.2) is solvable with respect to vy, vy iff the equations
(2.10)-(2.13) have bounded on [0, t¢] solutions. The uniqueness off the solutions of (2.10)-
(2.13) implies that the linear algebraic system (A.2) can possess only one solution. It means
that the latter system has the unique solution (2.14) and N obtained is the bounded on
[0,t¢] solution of (2.10).

Conversely, let (2.10) and, hence, (2.11)-(2.13) have bounded on [0, ¢¢] solutions. Then
the terminal value problem of (2.1) has a solution related in the form of (2.2) iff the linear
algebraic equation (2.15) is solvable with respect to components of Z or iff (1.3) has a
bounded on [0,t] solution. The uniqueness of the solution of (1.3) implies the existence
and the uniqueness of solution of (2.15) and ,therefore, the existence of the bounded on

[0,t¢] solution of (1.3). This completes the proof of (i) and (ii).

Proof of Lemma 3. Let ARE of (1.3) has a solution Z, such that the matrix Ac—Sc.Z
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is Hurwitz. It means [2], that the set
X7 ={(21,72,91,92) | (2.2) is valid} (A.3)

is the stable eigenspace of the matrix Ham., of the Hamiltonian system (2.1). Moreover,
Ham., has n, +ny stable and n; +n2 unstable eigenvalues and such Z is unique. Applying
to X~ the nonsingular transformation of (2.6), we get the stable eigenspace M~ of the

matrix V' of the system of (2.7). The latter stable manifold can be represented in the form
M~ = {(Ul, V1, U2, ’Uz) | (214) is vahd} (A4)

iff (A.2) is solvable with respect to vy, ve. Eigenvalues of the matrix V coincide with those
of Ham.. Therefore the matrices N, N1, N1, Nag in (A.4) are uniquely defined. This
implies the existence and the uniqueness of the solution (2.14) of (A.2) and, hence, the
existence of M~ given as (A.4). The matrices N, Nqia, Naj, Nas in (A.4) satisfy ARE of
(2.10) and algebraic equations of (2.11)-(2.13), where N;; = 0. The linear homogeneous
algebraic equations (2.11) and (2.13) have the unique solutions N;» = 0,7 = 1,2 due to
the nonsingularity of Ag.Then the equation v; = Nu; defines the stable eigenspace of
the matrix W, that has no eigenvalues on the imaginary axis , and A; is Hurwitz. The
uniqueness of the solution of ARE (2.10) with the Hurwitz matrix A; follows from the
uniqueness of the stable eigenspace of W. Note, that Ny; = 0 since it is the solution of
the linear homogeneous algebraic equation (2.12) , the matrix of which is nonsingular .
Conversely, let there exist a unique N satisfying (2.10) and such that A; is Hurwitz.
Then the system of (2.7) has the unique stable manifold given as (A.4) with the zero
matrices Nia, No; and Nas. By means of the inverse to (2.6) transformation this stable
eigenspace of the matrix V' is mapped to the eigenspace of Ham.,. The latter manifold
can be represented as (A.3) iff the linear algebraic equation (2.15) has a unique solution.
Due to the uniqueness of the stable manifold of X, the linear algebraic equation (2.15)
have a unique solution of the form (2.18). This implies existence and uniqueness of the

function Z satisfying ARE of (1.3) and such that A, — B.Z is Hurwitz.
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