Appendix I

Projection of linear and bilinear terms

I.1. Projection of linear terms


The projection of the Laplacian operator of velocity on the bases Vij and Wij can be divided into four inner products: 
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where



(I.5)










     


   (I.6)





   (I.7)







     


       


  (I.8)



   (I.9)








     


  
 (I.10)








  
 (I.11)








     


  
 (I.12)




 (I.13)









     


 (I.14)








 (I.15)









     


 (I.16)


[image: image9.wmf](

)

(

)

(

)

(

)

(

)

r

T

,

r

T

r

k

r

T

r

r

T

r

R

ˆ

p

i

'

i

'

'

i

ip

3

2

4

5

22

3

5

-

+

+

=







 (I.17)


[image: image10.wmf](

)

(

)

z

U

,

z

U

Z

ˆ

q

j

jq

1

1

22

-

-

=










 (I.18)


[image: image11.wmf](

)

(

)

r

T

,

r

T

r

Q

ˆ

p

i

ip

5

22

=










 (I.19)


[image: image12.wmf](

)

(

)

z

U

,

z

U

Y

ˆ

q

'

'

j

jq

1

1

22

-

-

=










 (I.20)








 (I.21)




 







 (I.22)












 (I.23)












 (I.24)

In a similar way one can express projections of the Laplacian of the temperature:



    


(I.25)

where
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And finally, for the term with the buoyancy force:
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Note that although the formulation of the series (19) and (36) is complex, all Galerkin projections of linear terms are real.

I.2. Projection of bilinear terms


The Galerkin projections of bilinear terms in a general case are complex. However, from the definition of basis functions (30)-(32) and equations (20)-(24) it follows that the radial and the axial components of the axisymmetric velocity field U and W contribute to the real part of the projections, while the imaginary part depends only on the azimuthal component of the axisymmetric velocity V. This means that the whole three-dimensional stability problem will be real for an irrotational initial axisymmetric flow field. Conversely, the resulting three-dimensional stability problem will be necessarily complex in the case V(0 (e.g., background rotation, or swirling flow).


A physical meaning of the non-zero imaginary part of the Galerkin equations may be found if we recall that we are looking for a perturbation proportional to exp[i(k+t)], where k is the azimuthal wavenumber and =i is the dominant eigenvalue of the linear stability problem. Thus, for (0 the perturbation has the form of a running azimuthal wave. If V=0 there is no preferred azimuthal direction, and clockwise or counter-clockwise running azimuthal waves are realized with equal probability 1/2. This is reflected in the Galerkin equations such that the azimuthal wavenumber is included only as even powers of k, and for (k there are two complex conjugate eigenvalues (i.  In the case V(0 the azimuthal wave can propagate with or opposite to the direction of V. Thus, for each azimuthal wavenumber +k or -k there exists only one eigenvalue +i or -i.


To denote the Galerkin projections of the bilinear terms 

 

 we will use symbols 

 such that the indices i and j correspond to a series of 

, indices  n and m correspond to the series of axisymmetric steady state 

, and indices p and q correspond to the series of the projection vector 

(according to series (24)). The symbols 

 will be divided into eight parts to denote real and imaginary parts of the bilinear terms, and projections on two different basis systems (31) and (32). Thus, similarly to (I.1)-(I.2),
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The six-indices symbols are defined as scalar products (Vnm represents the n,m-term in the series (37), e is the unit vector in the azimuthal direction):
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Substitution of (30)-(32) and (37) into (I.30)-(I.33) gives:
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 (I.35)

where =1 or 2; ti=ci, (i=di  for =1; ti=ei, (i=fi  for =2; and 
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In the case (r,z)(0, additional linear terms have to be added to the final Galerkin system. These terms can be expressed for =1,2 , using (38) and (I.35) as





 (I.74)


The convective terms in the energy equation (16) can be expressed in a similar way. We denote the projection of the convective terms of eq. (16) on the basis defined in (36) as Eijnmpq :




 (I.75)

where
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 (I.85)


In the case (r,z)(0 additional linear terms have to be added to the final Galerkin system corresponding to the energy equation in a manner similar to (I.74). These terms can be expressed, using (38) and (I.75), as






 (I.86)
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