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Convection-induced enhancement of mass transfer through an interface
separating two immiscible liquids in a two-layer horizontal annulus
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Two-fluid natural-convection flow in the horizontal cylindrical annulus and its effect on mass
transfer through the liquid-liquid interface of two immiscible fluids are studied numerically. The
liquids are stratified by gravity, with the denser one occupying the lower part of the annulus. The
convective motion is driven by heating of the inner or outer cylindrical boundary. It is shown that
the mass transfer of a passive scalar~say, a protein! through the interface can be significantly
enhanced by the convective flow. Varying the radii ratio from 0.1 to 0.5, it is found that the mass
transfer is more intensive in annuli with smaller radii ratio. No significant difference in the mass
transfer rates was found between the heating of either inner or outer cylinder. A possibility of further
mass transfer enhancement using more complicated temperature distribution on the boundaries is
demonstrated. The problem is related to the search for novel bioseparator devices. ©2003
American Institute of Physics.@DOI: 10.1063/1.1545081#
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I. INTRODUCTION

This work studies the effect of a vortical natura
convection flow on mass transfer through the interface se
rating two immiscible liquids. The study is motivated by th
problem of extraction of admixtures with extremely low d
fusion coefficients, e.g., proteins. The purely diffusion
mass transfer of such admixtures is too slow and has to
enhanced. A natural way to achieve this goal is recours
secondary vortical flows.1 In such flows secondary vortice
enhance admixture supply to the interface, which result
steeper concentration gradients there. The latter lead
higher mass fluxes through the interface, even though
diffusion coefficient remains low. In a recently design
bioseparator/bioreactor2 Taylor–Couette vortical flow is use
to enhance the mass transfer. This enhancement was fu
studied theoretically and numerically in Ref. 3, where t
effect of the Taylor vortices and of the axial through flow
the mass transfer rates was investigated. The main disad
tage of the Taylor–Couette apparatus is the contact of rap
rotating cylindrical boundaries~e.g., in experiments2 the ro-
tation rate exceeded 10 rev/s! with stationary closed ends
which leads to instability of the liquid-liquid interface
Therefore, it is important to distinguish flows where secon
ary vortical cells in a two-fluid system can be genera
without any mechanical motion of the boundaries. Two su
flows were already studied in relation to novel bioseparat
bioreactors: stationary d.c. streaming generated
emulsions4 and Dean vortices in two-layer systems.5

In the present work, in the same context, we are dea
with vortices driven by natural convection in a horizon

a!Electronic mail: gelfgat@eng.technion.ac.il
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cylindrical annulus filled with equal volumes of two immis
cible liquids. The liquid-liquid interface coincides with th
horizontal symmetry plane of the annulus; the denser liq
occupies the lower half. It is assumed that the upper liq
contains an admixture~a passive scalar, say, a protein! which
diffuses into the lower liquid. When one of the cylindric
boundaries is heated, both liquids are necessarily subje
to a convective motion, which supplies the admixture to
interface. We study the enhancement of the mass transfe
this convection flow for a range of Grashof numbers a
radii ratios of the annulus.

Convective flows in a single-layer horizontal cylindric
annulus were intensively studied in relation to nuclear re
tor design, cooling of electronic equipment, aircraft cab
insulation, and thermal storage systems~see Refs. 6–9 and
references therein!. In particular, an analytical solution wa
found for the velocity field in the case of low Grashof~or
Rayleigh! numbers in Ref. 6. Later, such flows were studi
as a model yielding a series of different bifurcations.10–12

When the Grashof number is increased transitions
chaos13,14and to turbulence15,16take place. To the best of ou
knowledge, convection in a two-fluid system filling an ann
lus has never been studied. The mass transfer in horizo
cylindrical annuli was studied in relation to the double d
fusion problems and still only in single-fluid cases.17,18 In
the present work novel results for two-fluid systems are d
cussed. In particular, convective flow patterns and quan
tive results on convection-enhanced mass transfer thro
the liquid-liquid interface are presented.

Section II formulates the problem and briefly discuss
the numerical technique used. The results are presented
discussed in Sec. III. Conclusions are drawn in Sec. IV.
© 2003 American Institute of Physics
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II. FORMULATION OF THE PROBLEM AND
NUMERICAL TECHNIQUE

Consider natural-convection flow in a two-layer horizo
tal cylindrical annulus, in conjunction with mass transf
through a nondeformable liquid-liquid interface. The syst
is shown schematically in Fig. 1. The upper and lower hal
of the cylinder are filled with two immiscible liquids, de
noted fluid 1 and fluid 2. The inner and the outer cylinde
are maintained at constant and different temperatures,Tinner

andTouter, respectively. It is assumed that the nondeforma
liquid-liquid interface is located at the planeu50,p, and the
mass transfer is assumed not to affect the flow. Denoting
variables and parameters related to the upper and lo
halves by subscripts 1 and 2, respectively, the flow in e
layer is described by the dimensionless Boussinesq equa

]v1

]t
1~v1•¹!v152¹p11Dv11GrT1 , ~1!

¹•v150, ~2!

]v2

]t
1~v2•¹!v252

1

r21
¹p21

m21

r21
Dv21b21GrT2 , ~3!

¹•v250, ~4!

]T1

]t
1~v1•¹!T15

1

Pr
DT1 , ~5!

]T2

]t
1~v1•¹!T25

l21

c21r21

1

Pr
DT2 . ~6!

Herevk is the flow velocity,pk is the pressure, andTk is the
temperature (k51,2). Furthermore, r215r2 /r1 , m21

5m2 /m1 , l215l2 /l1 , c215cp,2 /cp,1 , andb215b2 /b1 are
the ratios of the densities, dynamic viscosities, thermal c
ductivities, heat capacities, and thermal expansion co
cients, respectively, Gr5gb1uTinner2TouteruRouter

3 r1
2/m1

2 is the
Grashof number and Pr5cp,1m1 /l15n1 /k1 is the Prandtl
number;n1 andn2 , k1 andk2 are the kinematic viscositie
and thermal diffusivities of fluids 1 and 2, respectively. T

FIG. 1. Sketch of the problem.
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length, time, velocity and pressure in~1!–~6! are rendered
dimensionless byRouter, Router

2 r1 /m1 , m1 /Routerr1 , and
(m1 /Router)

2/r1 , respectively. The excess dimensionle
temperature is (T2Tmin)/(Tmax2Tmin), where Tmin

5min(Tinner,Touter), and Tmax5max(Tinner,Touter). The ex-
cess dimensionless temperature is also denoted byT. An
additional governing parameter describing the problem
ometry is the radii ratioRi5Rinner/Router. Since we intend to
study changes in the transient mass transfer with the va
tion of the radii ratioRi , we choose the length scale a
Router. This allows the gap widthd5Router2Rinner variation
with the inner radius Rinner, keeping the time scale
Router

2 r1 /m1 unchanged. Note that our choice of the leng
scale corresponds to the one of Refs. 10, 12, and 15
differs from those used in Refs. 11, 13, 14, and 16–18 wh
the length scale wasd.

The problem is treated in the polar coordinates (r ,u), in
the domain Ri<r<Ro51, 0<u<2p. No-slip boundary
conditions are imposed on the cylindrical boundaries

r 5Ri or Ro , v50, ~7!

and continuity of the velocities, temperature, tangent stres
and heat fluxes is required at the nondeformable liquid-liq
interfaceu50 or p:

u15u2 , v15v250, ~8!

T15T2 , ~9!

]u1

]u
5m21

]u2

]u
, ~10!

]T1

]u
5l21

]T2

]u
. ~11!

The radial and azimuthal velocity components are deno
by uk andvk , respectively. The thermal boundary conditio
on the cylindrical boundaries are formulated separately
cording to the inner or outer cylinder is hotter. For the hot
inner cylinder,

r 5Ri , T51; r 5Ro , T50; ~12!

and for the hotter outer cylinder

r 5Ri , T50; r 5Ro , T51. ~13!

With the steady-state flow calculated, the mass tran
problem is considered. Here we assume that the time nee
to reach the convective steady state is much shorter than
characteristic diffusion time, so that the mass transfer dur
the transient stage is negligible. The mass transfer equat
are

]c1

]t
1~v1•¹!c15

1

Sc
Dc1 , ~14!

]c2

]t
1~v2•¹!c25

D21

Sc
Dc2 , ~15!

whereck , k51,2, are the concentrations of a passive sca
in the fluid layers 1 and 2,D215D2 /D15O(1) is the diffu-
sion coefficient ratio, and Sc5n1 /D1 is the Schmidt number
The excess dimensionless concentration is (c2cmin)/(cmax
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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2cmin), wherecmax and cmin are the maximal and minima
concentration values att50, with the upper fluid assumed t
contain a uniformly distributed admixture, which begins
diffuse into the lower fluid. Here and hereinafter the exc
dimensionless concentration is also denoted byc. The cylin-
ders are impenetrable for the admixture, and the concen
tions and mass fluxes are continuous at the interface.
boundary and initial conditions for the mass transfer probl
then read

r 5Ri or Ro ,
]c

]r
50, ~16!

u50 or p, c15c2 ,
]c1

]u
5D21

]c2

]u
, ~17!

t50, c151, c250. ~18!

For characterization of the mass transfer we introduce
local Sherwood number

Sh~x!5
1

r

]c

]u U
u50,p

, x5r cos~u!, ~19!

and the mass fraction that has diffused into the lower fl
layer

mf5
2

p~12Ri
2!
E

p

2pE
Ri

1

rc2~r ,u!drdu. ~20!

In the two-layer case the flow problem cannot be solv
analytically even in the simplest case of low Grashof nu
bers, and a numerical calculation is called for. The proble
~1!–~12! or ~13!, and ~14!–~18! are solved numerically for
Gr<105. The finite volume method is used with the SIMPL
velocity-pressure decoupling algorithm and semi-impli
three-level time integration scheme.~It was used in Refs. 19
and 20 for swirling flows in cylindrical container and in Re
3 for study of the mass transfer enhancement by Taylor v
tices. The code was validated additionally for single-flu
convection in a horizontal annulus against the analytical
sults of Ref. 6 and the numerical results of Ref. 9.! The
steady-state fluid flow can be calculated with a dimensi
less time stept50.1 for Gr<102, and with t50.01 for
102<Gr<105 ~usually, several thousands of time steps
necessary to reach a converged solution!. For larger Grashof
numbers the convective flow becomes oscillatory unsta
Such instability was observed experimentally and num
cally in Refs. 12 and 14; its onset can be followed by a
pearance of multiple flow states10,11 and by transition to
chaos,12,14 or to three-dimensional flow,12 all of which are
beyond the scope of the present study.

To ensure numerical stability of the mass transfer cal
lations at large Schmidt numbers characteristic of prote
@Sc;O(103)#, the calculations are performed with a smal
time stept51023. The reported flow and mass transfer c
culations are done on the same uniform staggered g
Jumps in the fluids’ physical properties over the liquid-liqu
interface were smoothed as in Ref. 3. To ensure mesh-
time-step independence of the results, the calculations fo
largest value of the Schmidt number Sc5103 were repeated
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on 1003200 and 1503300 grids in ther - andu-directions,
respectively, witht51023 and 1024. No significant changes
were found. Most of the mass transfer results reported be
refer to the 1003200 grid andt51023.

Following Ref. 21 we define the viscous, averaging a
diffusion time asTe5r1Router

2 /m1 , Ta5TdPe22/3, and Td

5Router
2 /D1 , respectively. Here Pe5URouter/D1 is the Peclet

number (U is a characteristic velocity scale!, which can be
estimated as Pe5ScGr at small Grashof numbers~i.e., the
characteristic velocity proportional to the Grashof numb!
and Pe5ScGr1/2 at large Grashof numbers. It is shown belo
that for Gr.104 the fluid velocity increases proportionally t
Gr1/2. Using the time scaleRouter

2 r1 /m1 , we obtain the fol-
lowing dimensionless values:Te51, Ta5Sc1/3Gr22/3, Td

5Sc at small Grashof numbers, whileTa5Sc1/3Gr21/3 at
large Grashof numbers withTe and Td the same as for the
small Grashof numbers. In the calculations reported be
Sc5103, and 1<Gr<105, so thatTa<10, Td5103 at small
Grashof numbers (1<Gr<100), whereasTa!1 and Td

5103 at large Grashof numbers (Gr>104). The range of
integration over time for the mass transfer problem was 1
so that it was always longer than the viscous and the a
aging time and shorter than the diffusion time. The physi
meaning of the time scales is the following. The viscous ti
Te represents the time scale characterizing transition to
steady state convection. The diffusion timeTd(@Te) charac-
terizes the duration of full mixing of the admixture by pu
diffusion. When the averaging timeTa is intermediate be-
tweenTe and Td , as in the case 1<Gr<100, it yields the
time scale of the mass transfer process enhanced by the
tical flow. On the other hand, at the higher values of Gr
time scaleTa becomes as small as the viscous time and d
not represent the rate of the mass transfer process.

III. RESULTS AND DISCUSSION

In the calculations the Grashof number Gr was var
from 1 to 105 and the radii ratioRi from 0.1 to 0.5. The other
governing parameters were fixed. Since we were mostly
terested in the protein solutions studied experimentally
Ref. 1, we chose Pr57 and Sc5103, which is characteristic
of water and protein solutions. The density and viscos
ratios were taken from the experiments asr2151.4 andm21

50.96, respectively. Since the thermophysical properties
the two protein solutions should be close, and taking i
account the differences of the experimental liquids used
Ref. 1, we chose the values of the other parameter ra
close to unity, namelyc2151.2, b2151.3, andD2151.5.

A. Flow patterns

The maximal value of the stream function calculated n
merically for a test case of a single-layer fluid in the annu
was compared to the analytical solution at the Stokes li
for small values of the Grashof~or Rayleigh! number similar
to that of Ref. 6. The calculations were performed on a u
form grid with 503100 nodes in ther - and z-directions,
respectively. At small Grashof numbers the numerical a
analytical solutions coincide up to the fourth decimal dig
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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The two solutions begin to diverge at Gr'100, beyond
which the influence of the nonlinear terms becomes sign
cant. The calculated flow patterns in the two-layer case
plotted in Figs. 2–5; superscripts 1 and 2 refer to the fluid
the upper and lower layers 1 and 2, respectively. The di
tion of the flows is indicated by arrows. Obviously, when t
inner cylinder is heated~Figs. 2 and 3! the fluids ascend
along it and descend along the outer cylinder. The direc
of the convective cells is reversed when the outer cylinde
heated~Figs. 4 and 5!. Note that in the cases when the inn
cylinder is hotter, the upper fluid is unstably stratified~i.e.,
the hotter fluid is below!, and the lower fluid stably stratified
~i.e., the hotter fluid is above!. Therefore, the convective mo
tion in the upper fluid is more intensive. This effect revers
when the outer cylinder is hotter. Then the upper fluid
stably stratified and the lower one—unstably, which leads
more intensive convective motion in the lower fluid. No
also that in the developed nonlinear regime the maximal
ues of the stream functionc in the more intensive vortica

FIG. 2. Streamlines~upper frames; here and hereafterc denotes stream
function! and isotherms~lower frames! of the convective flow at Gr5103.
Inner cylinder heated, outer cooled.~a! Ri50.1, ucumax

(1) 50.500, ucumax
(2)

50.205,~b! Ri50.3, ucumax
(1) 50.402, ucumax

(2) 50.253, and~c! Ri50.5, ucumax
(1)

50.203,ucumax
(2) 50.176.

FIG. 3. Streamlines~upper frames! and isotherms~lower frames! of the
convective flow at Gr5104. Inner cylinder heated, outer cooled.~a! Ri

50.1, ucumax
(1) 51.705, ucumax

(2) 50.568, ~b! Ri50.3, ucumax
(1) 51.453, ucumax

(2)

50.848, and~c! Ri50.5, ucumax
(1) 51.082,ucumax

(2) 50.920.
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cells are larger when the outer cylinder is hotter, compa
with the other case of the hotter inner cylinder. Converse
the maximal values of the stream function in the less int
sive vortical cells are larger when the inner cylinder is hott
compared with the other case of the hotter outer cylinder~cf.
Figs. 2 and 4; Figs. 3 and 5!. When the convection of heat i
not emphasized strongly the intensity of the vorticities
close in both cases@cf. Figs. 2~c! and 4~c!#. Larger values of
the stream functions mean stronger mixing by the vorti
flow. Therefore, one can expect the mass transfer through
liquid-liquid interface to differ according to which cylinder i
heated.

The considered values of the Grashof number Gr5103

and 104 correspond, for example, to aqueous solutions w
the temperature differenceuTouter2Tinneru51.25 and 12.5 K
in the case of Router52 cm, Rinner51 cm, b155
31025 K21 and n151022 cm2/s. For example, for Gr55
3103 and uTouter2Tinneru51.25 K the maximal flow veloci-
ties areumax50.028 cm/s andvmax50.035 cm/s for the ra-

FIG. 4. Streamlines~upper frames! and isotherms~lower frames! of the
convective flow at Gr5103. Outer cylinder heated, inner cooled.~a! Ri

50.1, ucumax
(2) 50.561, ucumax

(1) 50.166, ~b! Ri50.3, ucumax
(2) 50.417, ucumax

(1)

50.219, and~c! Ri50.5, ucumax
(2) 50.198,ucumax

(1) 50.170.

FIG. 5. Streamlines~upper frames! and isotherms~lower frames! of the
convective flow at Gr5104. Inner cylinder heated, outer cooled.~a! Ri

50.1, ucumax
(2) 52.140, ucumax

(1) 50.409, ~b! Ri50.3, ucumax
(2) 51.818, ucumax

(1)

50.617, and~c! Ri50.5, ucumax
(2) 51.291,ucumax

(1) 50.731.
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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dial and azimuthal velocity components, respectively.
contrast, for Gr553104 and uTouter2Tinneru512.5 K, umax

50.18 cm/s andvmax50.13 cm/s. For comparison, in Ref.
the secondary flow velocity in a two-layer Taylor–Coue
apparatus was found to be of the order of 0.6 cm/s un
realistic conditions.

In novel bioseparators based on the Dean vortices
coiled pipes the maximal secondary transverse velocity
high as 2.8 cm/s can be achieved.22 Therefore the secondar
flow in the present variant of a novel bioseparator based
natural convection is weaker than in the Taylor–Couette
the Dean counterparts. However, its construction is m
simpler: it does not contain any moving parts and is based
the simplest geometry of a straight pipe. Also at higher te
perature differences, say atuTouter2Tinneru550 K, much
higher secondary flow velocities of the order of 0.35 cm
can be achieved. Therefore, in the cases when the chem
nature of the admixture allows higher temperature diff
ences, the present device becomes as fast as the Ta
Couette bioseparator.

For the devices based on secondary dc streaming fl
arising due to capillary waves at droplet surfaces in em
sions or at the interface between two liquid layers in
channel,4,23 the corresponding velocities are of the order
0.052 and 0.0018 cm/s, respectively. Therefore the pre
natural-convection-based device can be more effective
mass transfer enhancement. However, in the case of dro
in emulsions4 a weaker secondary flow can be compensa
by a significantly larger interfacial area, which can result i
higher overall mass transfer.

Narrow thermal boundary layers develop near the cy
drical boundaries and the liquid-liquid interface at larg
Grashof numbers~Figs. 3 and 5!. They always appear nea
the inner cylinder, and at larger aspect ratio become not
able also near the outer one@cf. Figs. 3~a! and 3~c!; Figs. 5~a!

FIG. 6. Scaling of the maximal velocity components with Gr1/2 for Ri

50.5.
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and 5~c!#. Their existence necessitates finer spatial reso
tion, especially at large Schmidt numbers. As mention
most of the calculations were carried out on the uniform g
1003200, which yields mesh-independent modeling of t
mass transfer at Sc5103. The boundary layers themselve
can also be resolved on coarser grids~e.g., 753100).

The important feature of the flow patterns is the dire
tion of fluid motion along the liquid-liquid interface. Not
that this motion is opposite on the two sides at some dista
from the interface~Figs. 2–5!. This is different from the
previously considered cases where the mass transfer thr
the interface is enhanced by cocurrent vortical motion,1–4

thus, the theoretical considerations and conclusions of th
studies are not directly applicable to the present proble
Note also that the countercurrent flow near the interface
the present case could, in principle, make it unstable. Ho
ever, in the present case gravitational stratification is
pected to be a dominant stabilizing factor.

Figure 6 shows how the maximal velocity componen
scale with Gr1/2. At small Grashof numbers the velocity in
creases linearly with Gr in accordance with the analyti
solution,6 corresponding to the creeping flow case. For t
Grashof number above the value of approximately 103, the
Gr1/2 scaling is clearly seen~Fig. 6!. This is usual for natural
convective flows and validates the above application of
locity scaling for evaluation of the averaging timeTa and the
Peclet number.

B. Mass transfer

Calculations of the mass transfer were carried out fo
fixed value of the Schmidt number, Sc5103, and for varying

FIG. 7. Instantaneous concentration contours at different time moments
case ofRi50.5, Gr5104, inner cylinder heated. Forty-five concentratio
contours equally distributed betweenc50 and c51. ~a! Inner cylinder
heated;~b! outer cylinder heated.
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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FIG. 8. Time histories of the mass fractionmf . Inner cylinder is heated. Dotted lines corresponding to Gr5102 and 103 at Ri50.1 were obtained using Eq
~29!.
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Grashof number and radii ratio. Instantaneous snapsho
the concentration field are shown in Figs. 7~a! and 7~b!. The
maximal and minimal instantaneous values of the concen
tion are shown in each frame. It is seen that in the case o
heated inner cylinder the mass transfer proceeds at alm
the same rate as in the case of the heated outer cylinder.
same is observed in the time histories of the mass fractionmf

calculated in fluid 2, and depicted in Fig. 8 for the hea
inner cylinder. For the case of the heated outer cylinder
dependenciesmf(t) are almost indistinguishable from thos
plotted in Fig. 8. However, in the case of the heated in
cylinder the mass transfer always remains slightly fas
Thus, for example, the values ofmf at Gr5104, Ri50.1 and
t5100 are 0.476 and 0.470 for the heated inner and he
outer cylinders, respectively. Such a small difference can
attributed to the almost identical physical properties of
liquids chosen for the present simulation. The convect
vortices at small Grashof numbers are also almost ident
in the case of the heated inner cylinder the larger vorti
appear in the upper layer, and in that of the ou
cylinder—in the lower layer. At larger Grashof numbers t
flow patterns differ~Figs. 2–5!, but the overall mass transfe
rate remains almost the same for the two cases. Such a
ligible difference in the mass transfer rates allows one
choose which cylinder to heat in accordance with technolo
cal feasibility and other restrictions not related to the m
Downloaded 13 Feb 2003 to 132.66.16.12. Redistribution subject to A
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transfer itself. It is seen that the mass fraction increa
monotonically with the Grashof number in all the cases
picted. This means that the mass transfer is intensified by
natural-convection flow, which enhances admixture supply
the interface.

The radii ratioRi has a visible effect on the mass transf
rate only at relatively low values of the Grashof number,
Figs. 9 and 10 show. At low Grashof numbers the mass tra
fer is always more intensive in the annuli with smaller ra
ratio Ri for Ri<0.3 @Fig. 9~a!# and Ri<0.5 @Fig. 10~a!#.
However, at larger Gr the effect is opposite. To explain t
we need a better insight into the mechanism of mass tran
enhancement. The direction of flows in Figs. 2 and 3~inner
cylinder heated! shows that the larger concentration in th
upper half of the annulus is transported along the outer
inder towards the interface, and from the outer to the in
cylinder near the interface itself; the smaller concentration
transported in the lower half of the annulus along the in
cylinder, and from the inner to the outer cylinder along t
interface. This means that the convective flow transports
ids with smaller and larger admixture concentrations towa
the interface, which increases the concentration gradient
mal to the interface. This, in turn, yields a higher mass tra
fer rate through the interface. The flow directions along
interface show also that a maximum of the normal com
nent of the concentration gradient can be expected at
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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interface somewhere between the cylindrical boundar
where the highest and the lowest concentrations ‘‘me
This maximum will be larger for more intensive convecti
flows, which will lead to the mass transfer enhancement w
the growth of Gr. Another factor affecting the mass trans
rate is the total area of the liquid-liquid interface. It is cle
that at smaller radii ratio the area is larger. On the other ha
the temperature gradient driving the flow is roughly es
mated as (Tmax2Tmin)/(Router2Rinner). With Router fixed and
Rinner decreasing~then the radii ratioRi is also decreasing!
the temperature gradient decreases and so does the inte
of the convective flow. Thus, we observe here two comp
tive mechanisms affecting the mass transfer with the va
tion of the radii ratio: with the decrease ofd5Router2Rinner

the interfacial area increases tending to increase the m
transfer rate; however, the intensity of the convective mot
decreases causing the opposite effect. At the parameters
sidered, the competition of these two mechanisms lead
the following cumulative effects: at lower Gr small radii r
tios (Ri50.1 for the inner and outer cylinders heated! are
preferable for mass transfer enhancement, while at large
larger radii ratios (Ri50.5 for the inner and outer cylinder
heated! provide a slightly faster mass transfer rate~Figs. 9
and 10!.

FIG. 9. Time histories of the mass fractionmf for different radii ratio;~a!
Gr5100, ~b! Gr5103. Inner cylinder heated.
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An additional illustration of the effect of the above
mentioned competitive mechanisms is seen in Fig. 11 dep
ing the instantaneous profiles of the Sherwood number~19!
calculated at Gr5104 and different radii ratios. The Sher
wood number is plotted for the right-hand side of the int
face only. The mass transfer rate at a fixed time is defined
the integral*Sh(r )dr taken over the whole interface. Wit
the decrease of the radii ratioRi the integral is taken over the
larger interval but local values of Sh(r ) are mainly smaller
~except for the regions of maximal values! than those corre-
sponding to the largerRi .

At two fixed values of timet525 and 50 the diffused
mass fractionmf scales as Gra with a5 1

4 for 50,Gr,103

anda' 1
9 for Gr.104.

It is emphasized that as time increases the transien
fects disappear and the mass transfer approaches a q
stationary state when

]ck

]t
!~v•¹!ck ~21!

near the interface.~The overbars denote averaging over
slice with thicknessDr 3rDu;d30.2d near the interface
which is its centerline.! To verify the approach to quasi
steadiness of the mass transfer in the present case we m
tored the ratioq(t) of the averaged time derivative to th
averaged convective derivative

FIG. 10. As Fig. 9, outer cylinder heated.
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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FIG. 11. Instantaneous distributions of the local Sherwood number at the liquid-liquid interface. Gr5104, outer cylinder heated.~a! 2t525; ~b! 2t550; and
~c! comparison of the calculated instantaneous local Sherwood numbers with the one calculated using Eq.~28! for Ri50.1, Gr5100; ~d! same as~c! for
Gr5103.
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q~ t !5
]ck /]t

~v•¹!ck

. ~22!

The result is plotted in Fig. 12. In the case of the inn
cylinder heated it is seen that quasi-steadiness~correspond-
ing to, say,q,0.02) is already reached for Gr5102 and 103

(Ri50.1) at any time from the range 0<t<100. On the
other hand, approach to quasi-steadiness in the case o
outer cylinder heated is much slower. In this case, for
ample, for Gr5104 and Ri50.1 the quasi-stationary stat
cannot be reached att,100.

At the quasi-stationary state an additional insight into
mass transfer in the case of countercurrent flow can be
cilitated by the fact that for Sc5103 very narrow concentra
tion boundary layers develop near the interface in both
ids. The velocity components along the interface and nor
to it in both fluids can then be represented asuk

5gk(Xk)Yk and vk52(dgk /dXk)Yk
2/2. Here gk.0 (k

51,2) denote the shear rates in the fluids, and the coordi
systemsXk , Yk are associated with the interface, withXk

directed along it andYk normally and into the correspondin
liquid layer. It is emphasized that in the numerical calcu
tions uk are nonzero at the interface in the general case@cf.
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~8!#. However, for the parameter values useduk appear to be
rather close to zero. Therefore, to construct the bound
layer solutionuk were approximately taken to be zero at t
interface. Note also thatX1 andX2 have the same origin an
X152X21d. The concentration distributions in the boun
ary layers are given by

gk~Xk!Yk

]ck

]Xk
2

1

2

dgk

dXk
Yk

2 ]ck

]Yk
5Dk

]2ck

]Yk
2 , ~23!

Y1→`, c15c1` , ~24!

Y2→`, c25c2` , ~25!

Y15Y250, c15c2 , ~26a!

Y15Y250, 2D1

]c1

]Y1
5D2

]c2

]Y2
. ~26b!

The solution of problem~23!–~26!, generalizing the one
found previously for a single-layer case in Ref. 24, perm
the calculation of the concentration profilesci5Fi(Zi) de-
pending in the present case on a single variable
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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Zi5
Yi@g i~Xi !#

1/2

$*0
Xi@g i~j!#1/2dj%1/3. ~27!

The solution we are searching for is subject to the f
lowing conditions: near the outer cylinder atX150 for any
Y1 the concentrationc15c1` , whereas near the inner cylin
der atX250 for any Y2 the concentrationc25c2` . In the
present case of the counterflow near the interface~cf. Figs.
2–5! the ‘‘upstream’’ end of the boundary layer in one pha
is the ‘‘downstream’’ end of the other.

The local Sherwood number, Shm5hmRouter/D1 (hm be-
ing the mass transfer coefficient! is then found as

FIG. 12. Time history of the quantityq(t) showing the ratio of the average
concentration time derivative to the averaged concentration convective
rivative in the slice;d30.2d containing the liquid-liquid interface. Cas
Ri50.1. ~a! Inner cylinder heated;~b! outer cylinder heated.
Downloaded 13 Feb 2003 to 132.66.16.12. Redistribution subject to A
-

Shm~X2!5
Sc1/3

91/3G~ 4
3!

@g2~X2!#1/2

3F S D1

D2
D 2/3H E

0

X2
@g2~j!#1/2djJ 1/3

1F g2~X2!

g1~2X2112Ri !
G1/2

3H E
0

2X2112Ri
@g1~j!#1/2djJ 1/3G21

, ~28!

whereG(•) denotes the gamma-function and the shear ra
are dimensionless, the shear rates are rendered dimensio
by m1 /(Router

2 r1), andX2 andj- by Router.
The distributions of the local Sherwood number bas

on the values ofg1(x) and g2(x) found numerically are
compared with the numerically obtained instantaneous S
wood numbers in Figs. 11~c! and 11~d! for the heated inner
cylinder. It is seen that Eq.~28! yields the profiles which are
fairly close to the numerical ones att<tm with tm525 for
Gr5100 and with tm55 for Gr5103 ~in both casesRi

50.1). The comparison of the Sherwood numbers calcula
numerically and defined by Eq.~28! for the heated outer
cylinder yields similar results.

According to Fig. 12~a! for the heated inner cylinder th
above-mentioned time intervalst<tm already correspond to
q!1, which means that the transient effects in the interfac
mass transfer mechanism are already expected to be
tively small. Therefore we can conclude that the bound
layer approximation considered above yields plausible
sults. At much higher values oft the mixing effects through-
out the flow region become significant and the boundary c
ditions ~24! and ~25! are violated, which makes Eq.~28!
invalid irrespective of the fact that the transient effects ha
disappeared. Bulk mixing is stronger at higher values of
which is the reason of the lower values oftm at higher Gr.

The distribution of Shm found from~28! using the values
of g1(x) and g2(x) calculated att5tm can be used to ap
proximate the results for the mass fractionmf at t close
enough totm . This yields

mf5mf ,m1
2

r21Sc
~ t2tm!E

0

12Ri
Shm~X2!dX2 , ~29!

wheremf and its value att5tm , mf ,m , found numerically
are rendered dimensionless byRouter

2 r1
2D1 /m1 . The results

corresponding to Eq.~29! are shown in Fig. 8 by straigh
solid lines.

C. Search for optimal heating conditions

In the previous subsections cylindrical boundaries of
annulus are maintained at constant temperatures. In p
ciple, it is possible to search for more complicated therm
boundary conditions, which can provide a more intens
convective flow and, consequently, a larger mass tran
rate. The corresponding optimization problem is extrem
complicated and is far beyond the scope of the present st
In the following we illustrate a possibility to intensify th

e-
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mass transfer by alteration of the boundary conditions by
following example. We assume that the lower half of t
outer cylinder and the upper half of the inner cylinder a
heated, while the remaining parts of the boundaries
cooled. This heating creates an unstable density stratifica
~heating from below! in each liquid, and at the same tim
retains the same temperature difference in the horizonta
rection. Given the fact that the cylinders are typically ma
of materials with rather large thermal conductivity~e.g., met-
als!, practical feasibility of these nonuniform temperatu
distributions over the boundaries is rather problematic. N
ertheless, it is worth examining this case as a minimum, a
theoretical opportunity. Therefore the objective of the f
lowing is to demonstrate that alteration of the thermal bou
ary conditions allows an additional mass transfer enhan
ment.

The boundary conditions~12! and~13! are now replaced
by

r 5Ri , 0<u<p: T51, ~30!

r 5Ri , p<u<2p: T50, ~31!

r 5Ro , 0<u<p: T50, ~32!

r 5Ro , p<u<2p: T51. ~33!

In the following we refer to the problem defined by~1!–~11!,
~14!–~18!, and ~30!–~33! as the unstably stratified configu
ration.

The convective flows calculated for the unstably stra
fied configuration at Gr5104 are depicted in Fig. 13. Com
parison of convective flows at Gr5104 ~cf. Figs. 13, 3 and 5!
shows that the unstably stratified configuration yields dev
oped vortices in both fluids, which are as intensive as
main vortices calculated for the heated inner~Fig. 3! or outer
~Fig. 5! cylinder. Note that in Figs. 3 and 5 significant vo
tices developed only in one of the two fluids. Besides th
comparison of the stream function maxima shows that
vortices yielded by the unstably stratified configuration~Fig.

FIG. 13. Streamlines~upper frames! and isotherms~lower frames! of the
convective flow at Gr5104. Unstably stratified configuration.~a! Ri50.1,
ucumax

(1) 52.770,ucumax
(2) 52.211,~b! Ri50.3, ucumax

(1) 51.931,ucumax
(2) 51.522, and

~c! Ri50.5, ucumax
(1) 51.330,ucumax

(2) 51.107.
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13! are always more intensive than their counterparts de
oping when one of the cylinders is uniformly heated.

The enhancement of the mass transfer due to the un
bly stratified configuration as compared to the case of
heated inner cylinder is illustrated in Fig. 14. The differen
between the two cases is the largest within the time inte
25,t,50 and diminishes att.50. The largest difference in
the mass fraction diffused into fluid 2 is about 20%.

In the present case at two fixed values of timet525 and
50 the diffused mass fractionmf scales as Gra with a5 1

3 for
50,Gr,103 anda' 1

30 for Gr.104.

IV. CONCLUSIONS

In the present work we propose to use secondary nat
convective flows in novel bioseparators for protein extra
tion. A detailed fluid mechanical analysis in the present wo
demonstrates that the idea is feasible, and that such a de
could be competitive with the other novel bioseparators
der the appropriate conditions. In particular, two-fluid natu
convective flow in a horizontal cylindrical annulus and
effect on the mass transfer through the liquid-liquid interfa
are studied, and the flow patterns are reported. It is sho
that countercurrent flow develops near the interface in c
trast to most of the previously studied cocurrent cases.
large Grashof numbers the flow velocity scales as Gr1/2.

FIG. 14. Time histories of the mass fractionmf for unstably stratified and
heated inner cylinder cases.Ri50.5. ~a! Gr5103, ~b! Gr5104.
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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The considered convective flow can be an effective t
for enhancement of the mass transfer through a liquid-liq
interface, especially in cases where the Schmidt numbe
large ~e.g., for Sc;103, as for proteins!. It is emphasized
that a natural-convection-based bioseparator/bioreactor
not contain any moving boundaries and the flow inside it c
be supported for indefinite time, nor it does require too la
temperature differences.

At temperature differences of the order of 1 – 10 °C t
present device is less effective than those employing
Taylor–Couette or the Dean vortices.1–3,22 However, at the
temperature difference of 50 °C the natural-convection-ba
bioseparator becomes competitive with the Taylor–Cou
apparatus. On the other hand, the present device can pro
a stronger secondary flow than the dc streaming flows du
capillary waves discussed in Refs. 4 and 23. Nevertheles
the case of the secondary flows in emulsions4 the overall
mass transfer can be higher than in the present natu
convection-based device due to a much higher interfa
area in emulsions.

Variation of the radii ratio of the annulus reveals tw
competitive factors affecting the mass transfer trough the
terface. The liquid-liquid interfacial area increases as the
dii ratio decreases. Consequently, the mass transfer rate
to increase due to this factor. On the other hand, the ave
temperature gradient decreases together with the decrea
the radii ratio, which leads to a slow down of the convect
motion. Consequently, the convective mixing of the adm
ture weakens, which tends to slow down the mass tran
The competition of the two above-mentioned factors de
mines the overall effect of the radii ratio. No significant d
ference in the mass transfer rates in the cases where the
or the outer cylinder is heated was found. It was shown t
alteration of the temperature profile at the cylindrical boun
aries allows for an additional heat transfer enhancement

Study of the scaling law for the diffused mass fracti
versus the Grashof number showed that the scaling is di
ent for the intermediate (50,Gr,103) and large (Gr
.104) Grashof numbers. Depending on the boundary con
tions, the diffused mass fraction scales as Gra, where 1

3,a
, 1

4 for the intermediate anda, 1
9 for large Grashof numbers

This demonstrates saturation of the capability to enha
mass transfer by increasing the temperature difference
yond a certain level.

At times t<tm with tm525 for Gr5100 and withtm

55 for Gr5103 (Ri50.1 in both cases! the transient effects
in the interfacial mass transfer process are already ra
small. On the other hand, the bulk mixing effects are still n
too large and the concentrations far from the interface
still not changed. These two facts allow an analytical bou
ary layer approach for the mass transfer calculations, wh
resemble fairly well the fully numerical results att close
enough tot5tm .

All the above-mentioned results are unique, and dem
strate feasibility of novel bioseparators based on natural c
vective flows.
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