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We present the general linear transfer matrix of FEL in the collective regime in terms of a single-mode
radiation field amplitude and e-beam current and velocity modulation parameters. The formulation is
useful to account for composite configurations of the FEL, including non-radiating sections, and is
employed to demonstrate the possibility to control the SASE radiation power (including its substantial
reduction for facilitating coherent emission with seed radiation amplification) by varying the space-

charge parameter in a drift section.
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1. Introduction

A general description of the FEL as a linear response problem is
possible after modal expansion of the coupled Maxwell-plasma
equations [1-5]. In the one-dimensional limit and in the case of
single radiation and plasma-mode excitation, it is possible to
obtain explicit analytical expressions for the transfer matrix in the
frequency regime in terms of the small signal variables of the
single-mode FEL problem: the radiation-mode amplitude ay(2),
the current density modulation J,(z), and the beam velocity
modulation V(z). Our approach thus relates to the general FEL
start-up problem, studied in numerous other works [6-8]. For
useful applications we calculate explicit expressions for all matrix
parameters, including the excitation parameters of the beam
current and velocity modulation, and also specify operating in the
practical cold-beam regime [9].

The velocity modulation noise parameters, which are often
ignored, are correlated to the beam current modulation through
the Poison equation. We contend that their inclusion in the
transfer matrix is important for proper description of the noise
amplification process in FEL when collective plasma effects in the
wiggler or in other beam transport sections are non-negligible.
The derivation of the explicit FEL linear response matrix,
presented in this article, would be useful for characterization of
coherent and incoherent radiation in various FEL configurations in
all gain regimes. In particular, it enables to explore the effect of
beam transport sections before and along the wiggler (accelera-
tion, drift-free and dispersive sections).
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2. General transfer matrix formulation

Under the small-signal assumption we can express all para-
meters of the electron fluid plasma equations as the sum of a
time-averaged part and a time-varying part—whose amplitude is
much smaller than the time-averaged part. In conformity with the
use of a small signal model, we neglect all cross-products of two
time-varying parameters (producing time-independent and sec-
ond harmonic quantities). Using such approximations, we can
write all quantities as a set of linear equations:

n(r, t) = ng + %(N(r)e*‘“’t +c.0)
V(r,t) = Vo + %(\7(r)e*iwt +c.0)
jr,t) = —en(r, HOV(r, t) = Jo + %(j(r)e*i‘“t +c.0)

E(r, t) = Eo(r) + %(E(r)e’i‘“t +c.0)

where n(r,t), V(r,t), j(r,t), and E(r,t) are the beam density, the beam
velocity, the beam current, and electric field, respectively.

It is convenient to use the frequency domain in order to
find the radiative emission from devices employing e-beams.
We use a formulation in which the traveling wave spectral
radiation fields are expanded in terms of a complete set of
transverse modes g (the beam propagation is entirely in the z-
direction):

Epa(z,t) = Re Z ﬁq(z5 w)]::qL(rL)efimt
q
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where dg and Eq 1 are the fast-varying amplitude and the
transversal profile of an electromagnetic mode g, respectively.
The mode amplitudes aq(z) may grow along the wiggler interac-
tion length in accordance to the mode excitation equation:

d
(& - 1qu> ag(2) =

where P; = —IRe ][Eq X H -é,dxdy is the mode normalized
power, kg is the wave number of mode g, and J is the bunchlng
current component at frequency w- The current modulation (J) is
phase matched to the radiation wave (dq) and must be calculated
self-consistently from the electron force equations. With these
definitions, the power in mode q is given by |dq|2P,.

In this work we do not treat average particle acceleration or
deceleration, and the time-independent part of the electric field is
null. Therefore, the force equation for relativistic motion and the
continuity equation only have a time-dependent part:

L erikez / Jx.y.2) - By(x.y)dxdy (1)

. d\ o - N
Mg (—io0+ Vae g ) - V@ = ~eBpm @) - eBsc@) 1)

&, &= —iweN(z) (2.2)

where m is the electron mass, yg is the electron Lorenz factor,
oz = y0/(1+d2,/2) is the average axial Lorenz factor. The two axial
force components are the ponderomotive field [1,5]:

Epm(2) = Gq(2)Epme™* (3.1)

and the beam space-charge field:

diviy = — N (3.2)
€0
The linearized axial beam current density is
L@ = —e(VoN@) + noV(2)) (4.1)

From Gauss law (Eq. (3.2)) and the continuity equation
(Eq. (2.2)), we obtain:
Es(z) = — L]Z(z) + const. (4.2)

weQ

Using rotH = J—iweoE and neglecting transverse field variation
in the single mode or the one-dimension approximation
(d/dx = d/dy = 0), there is no z-component of rotH and the
constant has been set zero.

The force equation (Eq. (2.1)), the excitation equation (Eq. (1))
and the continuity equation (Eq. (2.2)) (with field definitions
(Egs. (3.1) and (4.1))) constitute a self-consistent set of linear
differential equations. By wusing Laplace transform, these
differential equations are converted from real space (Z) to linear
algebraic equations in Laplace space (s). After some algebraic
transformations we obtain the known expression for the electro-
magnetic amplitude [1] and the corresponding expressions for the
beam dynamic parameters, which may be written in the matrix

form:
[ . s—i0
s—in?+02 ] ”"( ) Pp 2
q(s + ikg) Fa 170
s(s — i6) iJo

2 . . 1 . P . oo
s + ik, + ik - —iQg, [cL —iJg—5-s
{( qz w) y (S) Q’O Spb Véz

V(s + ikg, + ikw)

2 i62V2
_qVe ﬁ(sfiﬁ) _p Yoz s(s — i6)
o \/ Spp Jow
aq(0)
x| J©
V(0)

where Sy, = (I\/1/2/32)(aw/78.)*(1/Aem), b =JoAe is the total
beam current, 0 = (w/Vo;)—kq,—kw is the detuning parameter,
0p = (—e/y,Vo)(\/No/eomy) is the relativistic longitudinal plasma
wavenumber, A(s) = s((s—i0)*+03)—iQ—FEL dispersion function
(Pierce equation) and Q is the gain factor.

The inverse Laplace transform of the general transfer matrix
(Eq. (5)) may be calculated by a standard procedure for a
polynomial fraction: the method of residues. Let §; (j =1,...,3)
be the roots of the FEL dispersion function. Finally, the transfer
matrix can be derived in real space as

Gq(2) HEE HE  QEV Gq(0)

Jo | =e*e | gE g gV || J(O) (6)
V(2) HYE BV HYWY |\ V(0)

where

3 (s —i0)® + 0%\
HE () = ;Res (Tp e5?

Spb —i0
HY%w R ( >eS]z
= J Pq - A(S)
H™ (o) = 12 (S50 5™ e (L> o5
A=V
HEw) = —iQJ Pq i Res <L) eSiz—ikuz
P& \AG)
S(S 19) S iz—ikwz
A(S)

1]0 2 ZRe ( ) Sz—il(wz

Oz;

HJJ(w)

HY(w) =

VE lQV P q oSi7-ikwz
e = Z ( As) )

HY(w) =

102v2 3 s )
p OZZ Siz—ikwz
R - W
Jow . (A(S)> ¢

=1

s(s — i0) 1 2—ikwz
HV(w) = ZRes( 76 >S kwz

3. Drift-free propagation

Evidently, in free space there is no coupling between the beam
current and an electromagnetic wave. So the ponderomotive force
in the force equation (Eq. (2.1)) is equal to zero and the axial
Lorenz factor (y,) can be replaced by the classic Lorenz factor (yo).
The set of differential equations for the e-beam propagation in a
drift-free section is then given by

my} (—iw +Vy %) V(2) = —eEsc(2)

. d .
e;- d% = —iweN(2)

Eel2) = — w%:o](z)
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In the Laplace space:

(s = (iw/Vo)J(0) — Jo(io/V5)V(0)

j S
O = o Vo? + 2,

P (i /Vo)V(0) + (03, V5 /iw]o)](0)

(s — (iw/Vo)* + 05,
where 0p, = (—e/yVo)(y/No/eomy) is the plasma wavenumber in
free space.

Finally, the transfer matrix for the free-drift propagation region
can be derived in real space as

a (Ld) [Rei(w*ws) 0 0
q .
jig | =em| © cos(p,La) i sin(Op, L)
V(La) 0 ol:du] %sin(0p,La)  cos(0p,La)
aq(0)
x| J) 7)
V0

where ¢g is the accumulated optical phase of the radiation mode
in the drift section and ¢g = Lqw/Vj. Drift sections are present in
many FEL system designs before and between wiggler sections. In
this form we save the EM-wave transfer factor (tg). It may contain
phase-shift and amplitude decay of the EM-signal in the optical
beam propagation path. If the radiation beam is not re-injected to
the wiggler after the drift-free region, ty is simply set to be zero.

In this paper we also use drift sections as a model for magnetic
dispersion sections which have form similar to Eq. (7) in the
space-charge regime.

4. Application to SASE noise reduction in FEL

While SASE FEL is based on amplification of shot-noise, in a
coherently seeded FEL, SASE radiation is a noise source that
compromises the coherence of the FEL. To obtain coherence in a
seeded or pre-bunched FEL, the amplified coherent power should
exceed the SASE power considerably. In order to achieve this goal
it is desirable to reduce the SASE power as much as possible. We
employ the transfer matrix formulation to demonstrate reduction
of the SASE noise by proper adjustment of the propagation length
of plasma wave excitations in a drift region positioned after a
short wiggler section and preceding the long wiggler of the FEL
(Fig. 1). The total transfer matrix of a system like this is given by
H -H_ _.H -H

=tot = =wig2 =d =wigl
and H_,
=wig2

respectively, and gd is defined by Eq. (7).

To use the transfer matrix formulation for incoherent signal,
we need to interpret the frequency domain parameters as Fourier
components, namely

where gwigl are defined by Eq. (6) with z = Ly,; and L3,

1 e N N :
Erad(z,t) = ﬂ/ {Z dq(z, 0)Eq. (r et | do.
o |5

In this case, the radiation field amplitude is varying over a
range of frequencies, and it needs to be described in terms of

Wiggler 1 Drift Section Wiggler 2

Fig. 1. Scheme of a High Gain FEL with an incorporated drift-free section.

spectral power:

dP _ 2Py (ldg(e, L))
do = T
Here T is an averaging time over which the beam statistics
remains stationary.
As an input excitation for SASE FEL we use current shot-noise.
For simplicity of the model we assume pure current shot-noise at
the entrance to the first wiggler and neglect any other input noise:

dPV(w,L) 2Pq

100, w)2
il HE (o0 )‘2<|( )|*)

TAZ
where 1(0, w) = J(0, w)Aecand [10]

(10, w)?)
T

The total SASE power is then calculated as

= elb

dP
Pa= [ g do =28l [ ()7 do

5. Numerical example

We employ the formulation above to calculate the SASE
radiation spectral power and total power at the end of the second
wiggler of the High Gain FEL configuration as shown in Fig. 1. For
the beam and wiggler parameters we assume exemplary values
based on the 4GLS FEL design [11] (see Table 1). For simplicity we
assume that single-mode optical guiding is maintained along the

Table 1
XUV-FEL parameters

Energy 750 MeV
Bunch charge 1nC
RMS bunch duration 266 fs
e-Beam radius 77 pm
Undulator parameters
Length of wiggler 1 2m
Length of wiggler 2 10m
Wiggler parameter a,y 1
Period 45 mm
100
3
©
5 101
o= 10
1072

Gpv* Ld/27t

Fig. 2. Total radiated power after the second wiggler section as function of the
normalized drift length.
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Fig. 3. Spectral power radiation for zero length of drift section (solid curve) and in
minimum shot-noise radiation (dashed curve).

entire system, the mode cross-section area is equal to the beam
area (Aem = Ae), and T = 0.

Fig. 2 displays in a logarithmic scale the significant control of the
SASE noise level that can be exercised by varying the length of the
drift-free region Lg. An effect of 100 times decrease in the SASE
power is attained when the plasma oscillation phase is 0p,Lq~ /2
for which the current shot-noise nearly vanishes at the end of the
drift sections (see element deJ in Eq. (7)). For the parameters of Table
1 this happens for Ly~12m. In practice this can be accomplished
with a dispersive magnet section of much shorter length.

Fig. 3 shows comparatively the SASE radiation spectral power
for the cases of zero-drift region length (solid curve) and
maximum noise reduction point (dashed curve). It is seen that
the SASE spectrum remains similar in shape but reduced in
amplitude by a big factor.

6. Conclusions

A general linear transfer matrix formulation for FEL is
presented in the collective regime. This is employed to calculate
the SASE emission in an FEL configuration that incorporates a drift
section of controlled length. The numerical computation indicates
that it is possible to control the SASE emission level, and decrease
it by orders of magnitude due to space charge wave effects. It is
suggested that this concept can be adopted for enhancing the
coherence of future seeded coherent FELs.
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