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Coherence Limits of Free Electron Lasers
A. Gover, Fellow, IEEE, and E. Dyunin

Abstract—The e-beam and radiation wave dynamics in the
radiating and nonradiating beam transport sections of free
electron lasers (FELs) are analyzed in the collective regime by use
of a single transverse mode linear response formulation. This is
employed to derive conditions for coherent operation of seeded
high-gain FELs. It is shown that the level of incoherent self-
amplified spontaneous emission radiation power can be controlled
by adjusting the plasma oscillation phase in the nonradiating
beam transport sections preceding the FEL, and that at short
wavelengths the FEL coherence is limited by energy noise (rather
than current shot-noise), and ultimately by quantum noise.

Index Terms—Accelerator beams, bunched particle beams,
electron beams, free electron lasers (FEL), particle beam dy-
namics, shot noise.

I. Introduction

EXCITING progress in the technology of free electron
lasers (FEL) holds promise for the development of high-

brightness X-ray radiation sources at wavelengths as short as
1 Å, and below with brightness 6–10 orders of magnitude
higher than that of other radiation sources in this wavelength
regime [1]. These capabilities have just been demonstrated at a
wavelength of 1.5 Å in LCLS [2] Important applications in all
fields of science are expected to open up with these radiation
sources, notably in the biological sciences, where schemes for
coherent imaging of single macromolecules are anticipated [3].

Because coherent X-ray radiation sources were not available
for use as an input radiation signal in a high-gain FEL
amplifier, and because X-ray mirrors were not available for
use in the resonator of an FEL oscillator, the leading concept
in X-ray, FEL development has been until now self amplified
spontaneous emission (SASE) FEL. In this configuration,
the amplified signal is the incoherent synchrotron undulator
radiation emitted in the first stages of the FEL undulator, or
alternatively stated—the current fluctuations associated with
the random distribution of charged particles in a beam (shot-
noise). Naturally, the temporal coherence of such sources is
limited, but they are still extremely bright due to a significant
feature of e-beam optical guiding, which makes it possible to
establish transverse spatial coherence of the radiation wave in
the high-gain operating regime [4].

It would be highly desirable to operate the laser with
temporal coherence and high spectral brightness. However,
this is hampered by the temporal incoherence of SASE, which
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is considered to be ultimately limited by the current shot-noise
[5], [6]. In recent years, a number of schemes were developed
to overcome the coherence limitation of FELs due to shot-
noise. These include schemes of seed radiation injection,
which have been demonstrated at the IR [7] and recently at
UV wavelengths [8] based on high-harmonic generation of
an intense femtoSecond laser beam in a gas. Another seeding
scheme is based on prebunching the e-beam by consecutive
harmonic generation and high-gain amplification (HGHG)
in wiggler structures, which has been demonstrated in the
visible [9]. In these schemes, coherence is expected to be
achieved if the coherent harmonic signal (of radiation or
current modulation) is strong enough to significantly exceed
the shot noise (SASE) power.

In this context, as efforts persist to produce temporally
coherent X-UV FELs of extremely high-spectral brightness,
SASE radiation is no longer a desired FEL output, but rather
a source of noise which hinders the attainment of full tem-
poral coherence with a coherently seeded FEL amplifier. In
this paper, we address this problem using a linear response
formulation to describe the e-beam noise evolution in the beam
transport line preceding the FEL [10]. The linear model is also
employed to describe the subsequent coherent and incoherent
radiation power-generation in the FEL wiggler [11]–[13].
Using the combined analysis of the accelerator transport line
and the FEL wiggler we present a scheme for suppression of
SASE radiation noise based on controlling the input current
shot-noise of the e-beam at the entrance to the wiggler. The
formulation results in the conditions for suppression of the
radiation noise and the expressions for the ultimate coherence
limits achievable in FEL.

II. Single Transverse Mode Linear Response

Formulation

The schemes for reduction of beam noise below the current
shot-noise level is based on “smoothing” the e-beam current
(or density) fluctuations by means of space-charge force re-
pulsion. This occurs around the point where a quarter period
of the e-beam plasma oscillation takes place during the transit
time along the e-beam transport line [10]: ω′

prL/vz0 = π/2,
where we define the longitudinal beam plasma oscillation
frequency as [11]

ω′2
pr = r2

pe2n0
/
ε0mγ0γ

2
z0. (1)

Here, rp ≤ 1 is the finite width beam plasma reduction
factor, e and m are the electron charge and its mass, respec-
tively, n0 is the electron density in the e-beam, γ0 is the beam
relativistic Lorenz factor, γz0 is the axial (average) Lorenz
factor.

0018-9197/$26.00 c© 2010 IEEE



1512 IEEE JOURNAL OF QUANTUM ELECTRONICS, VOL. 46, NO. 11, NOVEMBER 2010

In order to explore the e-beam noise reduction scheme,
one need to employ an inclusive frequency transfer matrix
of the beam and radiation wave parameters along the entire
e-beam transport line from the e-gun cathode to the wiggler
exit, including acceleration, drift-free regions, and magnetic
dispersive sections. The FEL linear interaction between the
radiation field and the beam current waves can be described
in the fluid-plasma model in terms of small signal parameters

f (r, t) = f0 (r) + Re
(
f̃ (r) e−iωt

)
(2)

where f represents the beam plasma parameters: n is the
density, vz is the velocity, Jz is the current density and Ez is the
axial space-charge field; and in terms of the mode expansion
coefficients of the radiation fields

Erad (r, t) = Re

[
∑

q

C̃q (z) ε̃q (r⊥) eikzq z−iωt

]

. (3)

In the present formulation, the radiation modes are nor-
malized to mode power Pq. For a set ε̃q(r⊥) of TEM

modes: 1
2

√
µ0

/
ε0

∫ ∣
∣ε̃q(r⊥)

∣
∣2

d2r⊥ = Pq. For such normal-
ization, the single frequency power per mode is given at
any point by P(z, ω) = Pq

∣
∣C̃q(z, ω)

∣
∣2

, where C̃q(z, ω) is a
phasor harmonic component, and the multifrequency spec-
tral power (for positively defined frequencies) is given by
dP(z,ω)

dω
= 2

π
Pq

∣
∣C̆q(z, ω)

∣
∣2

, where C̆q(z, ω) is a Fourier spectral
component. The Fourier decomposition is defined here by

f̆ (ω) =
∞∫

−∞
f (t) exp(−iωt)dt.

The radiation and plasma wave parameters are coupled to
each other by the fluid plasma equations (force equation,
continuity equation) and the Maxwell equations, including
the Poisson space-charge equation. The synchronous coupling
between the “slow” Longmuir space-charge waves (eigen-
solutions of the finite cross-section e-beam problem) and the
“fast” radiation modes is made possible due to the longitudinal
ponderomotive force resulting from the vw(r)×Brad(r,t) term
in the Lorentz force equation. The wiggler wavenumber kw,
which originates from the electron transverse wiggling veloc-
ity, vw (r) = Re

(
ṽwe−ikwz

)
makes it possible to synchronize the

radiation wave with the e-beam and bunch it. The synchronized
interaction of the bunched e-beam and the radiation field
provides the FEL gain [11], [13].

We assume a model of a single beam-plasma wave
Longmuir mode (characterized by a plasma reduction factor)
and a single radiation mode q. It is assumed that the electron
beam of cross-section area Ae is narrow, so that the radiation

mode field is nearly uniform across the electron beam. The
effective cross-section area of the mode is defined by

Aem = 2PqZ0

/ ∣
∣ε̃q(r⊥e)

∣
∣2

where r⊥e are the transverse coordinates of the beam, Z0 =√
µ0

/
ε0 is the free space wave impedance.

In the high-gain FEL regime, we assume the mode q to be
the fundamental e-beam guided mode [14] which characterized
by a filling factor parameter FF = Ae/Aem. This formulation
is a single-mode model extension of the basic 1-D FEL theory.

For the analysis of the e-beam modulation and noise dynam-
ics we introduce here a relativistic extension of Chu’s kinetic
voltage parameter [10], [15], [16]

Ṽ = −ṽz

m

e

dγ0 (z)

dvz0
= −m

e
γ0γ

2
z0vz0ṽz = −

(
mc2

e

)
γ̃(z). (4)

This expansion near the average beam parameters is valid
also for sections of axial acceleration and sections with trans-
verse magnetic force: γ2

z0 (z) = γ2
0 (z) /(1 + a2

⊥ (z)), a⊥ (z) =
− (e/mc)

∫ z

0 B⊥
(
z′) dz′.

The solution of the FEL linear response problem can be
expressed in terms of the radiation mode amplitude C̃q(z), the
beam-current ĩ (z) =

∫
J̃z (r) d2r⊥, the kinetic voltage Ṽ (z) and

a general frequency transfer matrix
⎛

⎜
⎜
⎝

C̃q (z)

ĩ (z)

Ṽ (z)

⎞

⎟
⎟
⎠ = H̃

FEL
(z)

⎛

⎜
⎝

C̃q (0)

ĩ (0)
Ṽ (0)

⎞

⎟
⎠ . (5)

We define at the wiggler exit H̃
FEL

(z = Lw) = H̃
FEL

H̃
FEL

=

⎛

⎝
HEE HEi HEV

HiE Hii HiV

HVE HVi HVV

⎞

⎠ . (6)

The explicit expression for the components of the transfer
matrix of a uniform wiggler section can be derived in all linear
gain regimes [12]. In the high-gain regime, the FEL transfer
matrix (6) can be written as

H̃
FEL

= h̃(Lw) exp

(

− (ω − ω0)2

2�ω2
HG

√
3 + i

3

)

exp

(√
3 + i

2
�Lw

)

exp

(−iπ

12

)
(7)

where [see (8) at the bottom of the page]

h̃(Lw) =
1

3

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

1 − ε̃∗
q

8Pq

aw

γβz�
exp

(
i
π

3

) iε̃∗
q

8Pq

aw

γβz�2

θprw

Ww

exp
(
i
π

6

)

−iε̃q

aw

2γβz

θprw

Ww�2
exp

(
i
π

6

)
1 − iθprw

Ww�
exp

(
i
π

3

)

ε̃q

aw

2γβz�
exp

(
i
π

3

)
iWw�

θprw
exp

(
i
π

6

)
1

.

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

(8)
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θprw=ω′
pr

/
voz is the beam plasma wavenumber, aw=eBw/mkw

is the wiggler parameter, Ww=r2
pZ0

/ (
kθprwAe

)
is the wiggler

e-beam impedance, �ωHG = 33/4
√

�
/
Lwω0

/
kw is the

FWHM of the gain curve for the high-gain FEL and �3 =
θprw

32Aem

(
aw

γβz

)2
Z0
Ww

is the gain parameter [11]. The gain parameter
� related to the so called Pierce parameter [18] through

� = 2kwρ. (9)

III. Accelerator and Beam Transport Section

In nonradiating nondissipative sections we postulate, follow-
ing Chu [10], [15], [16], a relativistic kinetic power conserva-
tion theorem, which is applicable also in the acceleration and
drift beam transport sections, including drift through transverse
magnetic fields

Re
(
ĩ (z) Ṽ (z)∗

)
= const. (10)

From here, it is shown (Appendix A) that the general
transfer matrix of such a nondissipative transport section has
the following symmetry

M̃ =

(
K cos φ − i

W
sin φ

−iW sin φ 1
K

cos φ

)
exp (iϕA) (11)

where φ, K and W are real functions.
For particular cases, it is possible to solve analytically the

plasma equations and get explicit expressions. In general, ϕA =
φb = ω

∫ z

zi
dz′/vz

(
z′), which is the optical phase accumulated

by the e-beam modulation along the interaction length [12].
In a section of fast acceleration (no plasma wave oscillation)

dynamics, the off-diagonal elements of (11) vanish and ĩ(z) =
ĩ(zi), Ṽ (z) = Ṽ (zi). Consequently the transfer matrix (11)
applies with φ = 0, K = 1 (M̃

acc
= I—a unit matrix).

In a drift section of constant parameters, it is found [10]
that K=1, W = Wd = r2

pZ0
/ (

kθprAe

)
is the e-beam wave

impedance, φ = φp = θpr(z − zi) is the phase of the plasma
wave, θpr = ω

′
pr/vz0 is the plasma wavenumber, ω′

pr is the
plasma frequency (1), all evaluated for the drifting beam
parameters γz0, γ0, vz0.

In a nondissipative section, there is no interaction between
the e-beam and radiation wave, and the 3 × 3 transfer matrix
of the beam transport section is

H̃
T

=

⎛

⎝
1 0 0
0
0

M̃
T

⎞

⎠ . (12)

If the transport section is composed only of fast acceleration
and drift sections, M̃

T
= M̃

DRIFT
and the 3×3 transfer matrix

from the cathode to the FEL wiggler may be modeled by

H̃
T

=

⎛

⎝
1 0 0
0 cos φp −i sin φp

/
Wd

0 −iWd sin φp cos φp

⎞

⎠ exp(iϕb). (13)

In our previous analysis of noise dynamics in a drifting
electron beam [10] we showed, based on Eq. 13, that at a
drift distance

Ld = π
/

2θpr (14)

Fig. 1. FEL system composed of a free drift e-beam transport section and
a radiating wiggler section.

the initial beam velocity noise turns into current noise and vice
versa

∣
∣ĭ(Ld, ω)

∣
∣2

=
∣
∣V̆ (zi, ω)

∣
∣2

/
W2

d (15)

∣
∣V̆ (Ld, ω)

∣
∣2

=
∣
∣ĭ(zi, ω)

∣
∣2

W2
d (16)

where for any physical variable f we define f̆ (ω) ≡
〈f̆ (ω)〉T /T as an ensemble average over statistical ran-
dom variables of the spectral parameter, where f̆ (ω) ≡∫ T /2

−T /2 f (t) e−iωtdt, T is an averaging time period longer than
the radiation coherence time.

Usually, the noise of high-quality relativistic electron beams,
that are used in FELs, are dominated by current shot-noise.
Namely

N2 ≡ ∣
∣V̆ (zi, ω)

∣
∣2

/∣
∣ĭ(zi, ω)

∣
∣2

W2
d ; N2 
 1. (17)

Under this condition, transporting the beam through a
quarter plasma wavelength oscillation length (14) reduces the
current shot-noise by a factor N2 (17), and since the SASE
radiation power in FEL is believed to be dominated by the
input current shot-noise, this would enable suppression of
SASE radiation power. However, since there is continued noise
evolution dynamics also within the FEL interaction region, it
is necessary to solve for the noise dynamics evolution in the
combined system of the beam transport section and the wiggler
in order to get more accurate expressions for the radiation
noise suppression and the optimal drift length for SASE output
minimization power.

IV. Coherent and Incoherent Radiation in the

Combined e-Beam Transport and FEL Sections

Consider now a general FEL structure that consists of
a nonradiative section (acceleration and drift sections) and
a radiating wiggler (Fig. 1). Based on the solution of the
FEL linear response problem (5) for coherent radiation seed
injection and for coherent beam prebunching schemes we get,
respectively, the following:

[Ps(Lw)]coh = Pq

∣
∣C̃q(Lw)

∣
∣2

= Pq

∣
∣H̃EE

FEL

∣
∣2 ∣

∣C̃q(0)
∣
∣2

(18)

[Ps (Lw)]prebunch = Pq

∣
∣H̃Ei

FEL (ω) ĩ (0) + H̃Ev
FEL (ω) Ṽ (0)

∣
∣2

(19)
where z = 0 is the wiggler entrance point and Lw its length.
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For the incoherent radiation power calculation we need to
keep a transfer matrix that includes both the FEL (H̃

FEL
) and

accelerator (H̃
T

) sections (starting from the “cathode” position
z = zc or more correctly—from the drift section entrance point)

H̃
TOT

= H̃
FEL

H̃
T
. (20)

The total incoherent spectral power at the FEL output is
then

(
dP (Lw, ω)

dω

)

incoh

=
2Pq

π

∣
∣C̆q (Lw, ω)

∣
∣2

=
2Pq

π

{∣
∣H̃EE

FEL

∣
∣2 ∣∣C̆q (0, ω)

∣
∣2

+
∣
∣H̃Ei

TOT
(ω)

∣
∣2 ∣∣ĭ (zc, ω)

∣
∣2

+
∣
∣H̃EV

TOT
(ω)

∣
∣2 ∣∣V̆ (zc, ω)

∣
∣2

+2Re
(
H̃Ei

TOT
H̃EV∗

TOT

)
Re

(
ĭV̆ ∗

c

)
− 2Im

(
H̃Ei

TOT
H̃EV∗

TOT

)
Im

(
ĭV̆ ∗

c

)}
.

(21)

Our model is specified to a caustic beam case, namely the
beam charge bunch is uniform and long enough relative to the
optical wavelength, so that front and end coherent emission
edge effects are negligible. At the entrance to the drift section,
we assume that various dissipative processes that increase
the e-beam energy spread and emittance render the velocity
noise to be uncorrelated with the electron current shot noise
[10]. At this no-correlation point, Im

(
ĭV̆ ∗

c

)
= 0, and single

particle analysis produces the following expressions for the
beam noise parameters

∣
∣ĭ
∣
∣2

= eIb (22)

∣
∣V̆

∣
∣2

=
(
mc2δγef

)2
/eIb (23)

ĭV̆ ∗ = mc2δγef δβzc/βzc. (24)

Here, δγef ≡ γ2
z0cγ0cβz0cδβzc, where βz0c =

〈
βzj

〉
j

and

(δβzc)
2 =

〈(
βzj − βz0c

)2
〉

j
are averages over the electron beam

axial velocity bz0j distribution at the start point (δβzc < βz0c).
The beam energy spread is fundamentally limited by the
cathode temperature (for thermionic cathode): δγef = δγc =
kBTc

/
mc2, where Tc is the cathode temperature and kB—

Botlzman constant. However, in practice, after transport
through the e-gun and accelerator sections the energy spread is
increased or even intently heated [17]. The effective (“slice”)
energy spread δγef after acceleration is hard to measure, but
is at least 3 orders of magnitudes larger than the cathode
temperature energy spread.

To deal further with the incoherent FEL radiation, instead
of the output power (21), it is convenient to define an inco-
herent (noise) effective radiation input power, which lumps
all effective incoherent input signal sources, and is composed
of the e-beam shot-noise contributions (of current, velocity
and kinetic power) and the quantum spontaneous emission
and background black-body radiation at the FEL entrance (see
Fig. 2)

(
dPin

dω

)eff

=

(
dP(Lw)

dω

)

incoh

/ ∣
∣H̃EE

FEL

∣
∣2

. (25)

Fig. 2. Coherent and incoherent radiation and beam modulation input signals
at the FEL amplifier input. The amplified signals output power is partially
coherent.

V. Conventional FEL Theory

In conventional FEL theory, it is customary to assume
H̃

TOT
=H̃

FEL
(no plasma oscillation dynamics and no velocity-

current noise correlation process in the beam transport sections
preceding the FEL). Substituting then (22)–(24) into (21), (25),
one obtains that the e-beam effective radiation input noise
power (see Fig. 2) is composed of three contributions (current
noise, velocity noise and kinetic power noise)

(
dPin

dω

)i

conv

=
eIbZ0

16πAem

(
aw

γβz�

)2

(26)

(
dPin

dω

)V

conv

=

(
mc2δγef

eIb

)2 (
θpr

Ww�

)2 (
dPin

dω

)i

conv

(27)

(
dPin

dω

)iV

conv

=
2

π

√
3mc2δγef δβzc/βzc. (28)

In addition, there may be an effective input radiation noise
due to spontaneous emission and finite temperature (T) back-
ground black-body radiation [19]

(
dP

dω

)E

in

= h̄ω/
(

1 − e−h̄ω/kBT
)

. (29)

FELs operate in practice only in the cold beam regime [11]
δβz0/βz0 
 �/k0, where δβz0 = δγef /γ2

z0γ0βz0 is the axial
velocity spread in the FEL. Therefore (27), (28) are negligible
relative to (26). This justifies in retrospect the nonobvious
common neglect of velocity noise in conventional SASE-FEL
theory.

Thus, under the assumptions of conventional FEL 1-D linear
theory, neglecting all noise contributions except current shot-
noise, the FEL coherence condition for seed radiation and
prebunching schemes simplify to

[Ps (0)]coh � eIbZ0

16πAem

(
aw

γβz�

)2

�ω (30)

∣
∣ĩs (0)

∣
∣2 � eIb�ω. (31)

Here, �ω is the frequency bandwidth of the incoherent
power [11]. If filtering is employed, then �ω is the filter
bandwidth. In a pulse of duration tp the bandwidth is Fourier
transform limited: �ω ≈ π/tp.
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VI. SASE Power Control and Suppression

We now show that by proper control of the e-beam plasma
dynamics in the nonradiating sections of the transport line it
may be possible to reduce the current shot noise below the
velocity noise, so that the incoherent power of the FEL would
not be limited by shot noise, but by the slice energy spread of
the beam.

Assume there is a nonradiative section between the starting
point (noncorrelation) and the wiggler entrance that contains
a fast acceleration section to any middle energy level (γ0d),
a long enough drift section and a second fast acceleration
stage, which accelerates the beam to the energy level, (γ0)
required for the wiggler radiation (Fig. 1). In this case, the
effective input power derived from (21) and (25) is modified
due to the dynamics of energy transfer and correlation between
the beam dynamic parameters (ĭ and V̆ ) in the drift section.
The modified current, kinetic voltage and kinetic power noise
effective radiation input power can be written then in terms
of the corresponding conventional (no drift section) effective
input radiation noise power (26)–(28). Using (8) and (13), one
obtains

(
dPin

dω

)i

=

(
dPin

dω

)i

conv

∣
∣
∣cos φpd − eiπ/6S sin φpd

∣
∣
∣
2

(32)

(
dPin

dω

)V

=

(
dPin

dω

)V

conv

∣
∣
∣
∣
1

S
sin φpd + e−iπ/6 cos φpd

∣
∣
∣
∣

2

(33)

(
dPin

dω

)iV

=

(
dPin

dω

)iV

conv

. (34)

Here, the noise suppression parameter S is

S =
Wd

Ww

θprw

�
≈ (

γ3
0dβ

3
0d

/
γ0γ

2
0zβ

3
0z

) 1
2
(
θprw

/
�
)
. (35)

Equations (32), (33) can be written as

(
dPin

dω

)i

=

(
dPin

dω

)i

conv

1 + S2 +
√

1 + S2 + S4 cos
(
2φpd + ϕ

)

2
(36)

(
dPin

dω

)V

=

(
dPin

dω

)V

conv

1 + S2 − √
1 + S2 + S4 cos

(
2φpd + ϕ

)

2S2

(37)
where ϕ = arccos 1−S2√

1+S2+S4
. In the limit φpd = 0, these

equations reduce to the conventional theory expressions (26)-
(27). Normally γ0d < γ0, and since we assumed operating in
the high-gain tenuous beam regime of FEL θprw 
 �, the
inequality, S 
 1 is always satisfied. Therefore, the effective
input radiation power originating from the current shot-noise
(32) attains its is minimum at

φpd =
π

2
−

√
3

2
S. (38)

This suppressed input radiation power is then
(

dPin

dω

)i

=

(
S

2

)2 (
dPin

dω

)i

conv

. (39)

However, at the same time the effective input radiation
power originating from the kinetic voltage noise attains a
maximum value

(
dPin

dω

)V

=

(
1

S

)2 (
dPin

dω

)V

conv

. (40)

Both effective radiation input power parameters (39), (40)
are smaller than the conventional (no drift) input radiation
power. To weigh their importance we define the parameter D
which is the ratio between these two terms

D ≡ (
2N

/
S
)2

(41)

where N2 
 1 is defined in (17).

A. Dominance of Suppressed Radiation Noise Due to Shot-
Noise

Since both N 
 1 and S 
 1, we need to examine separately
two cases. If 2N 
 S, then D 
 1, and consequently

(
dPin

dω

)i
∣
∣
∣
∣
∣
min

�
(

dPin

dω

)iV

�
(

dPin

dω

)V

. (42)

In this case, the dominant effective input radiation power
term is the contribution of the conventional current shot-noise,
which is reduced by a factor

(
S
/

2
)2 
 1 relative to the

conventional effective radiation power (see (39). Its explicit
expression [substituting (26) and (35)] is

(
dPin

dw

)eff

=
2

π

θprw

�

W2
d

Ww

eIb. (43)

B. Dominance of Suppressed Radiation Noise Due to Velocity
Noise (Energy Spread)

By choice of γ0d 
 γ0w, the current noise reduction in
(39) can be substantial, but at the same time the effective
input radiation power originating from the cathode velocity
noise (33) increases by about the same factor and may become
dominant. If 2N 
 S then D � 1 and the inequalities (42)
are reversed. The dominant noise contribution in this case is
due to the cathode velocity noise

(
dPin

dω

)V

= N2

(
dPin

dω

)i

conv

. (44)

Also, in this latter case, substantial radiation noise sup-
pression is attained, a factor N2 
 1 (17) relative to the
conventional SASE radiation power (26). After substitutions
we find out that the effective input radiation noise of the FEL
is determined in this case by the initial beam energy spread
(and not by its shot-noise)

(
dPin

dω

)eff

=
2

π

�

θprw

Ww

W2
d

(
mc2δγeff

)2

eIb

. (45)

Satisfying the conditions for this case and attaining effective
incoherent input power limited by the beam velocity noise
(namely, by its energy spread) is realizable with present
accelerator parameters at optical (perhaps up to near UV)
frequencies.
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C. Suppressed Radiation Noise in the Quantum Noise Limit

The Bose-Einstein radiation input noise term (29) assumes
the value kBT at low frequencies, up to the THz regime
(for ambient temperature T = 300 K). At higher frequencies
it results in the quantum limit radiation noise expression(

dP
dω

)E

in
= h̄ω. In the high (X-UV) frequency regime, this

term can be quite large. Yet it has never been expected that
FEL coherence may be governed by this quantum limit, and
the fundamental FEL coherence limit has been considered
always to be the current shot-noise (30). Theoretically, at high
frequencies the quantum radiation input noiseh̄ω become dom-
inant over all other terms (43), (45), and the FEL coherence
would become quantum limited

(
dP

dω

)eff

in

= h̄ω. (46)

With present day accelerator technology the validity condi-
tions of the analysis cannot yet be satisfied at this limit.

VII. Discussion and Conclusion

The conditions for coherent operation of seeded high-gain
FEL and for operating such FELs with coherence beyond the
shot-noise limit were derived. The analysis is based on single
Longmuir mode fluid plasma linear response theory employed
in the wiggler and in a drift section preceding the wiggler.

We obtained two new expressions for the lower limits of
the suppressed beam-noise equivalent radiation input power. In
one case, the incoherent radiation (SASE) power is reduced
by a factor corresponding to the ration between the initial
velocity noise and current shot-noise. In the other case, the
FEL incoherent radiation is limited by the velocity noise (or
initial energy spread) only. We also identified a theoretical
limit in which the incoherent radiation of FEL is limited by
quantum noise.

In practice, a variety of effects can limit the validity of
the model and may impede attainment of the theoretically
predicted coherence limits. Various e-beam instabilities and
aberrations in the accelerator and in electron-optical com-
ponents, electron Coulomb collisions (at low energies—the
Boersch effect [20]) and wake-field interactions along the
transport line may increase the electron axial velocity spread,
and may interfere in the plasma wave oscillation process. Also,
excitation of multiple transverse plasma waves may make it
difficult to control the SASE power with a single parameter
φp. As discussed in [10], the single transverse mode Longmuir
plasma wave condition may be attained by proper design
of the drift section parameters. However, at any operating
regime it is necessary to verify that electron-optical and beam
transport imperfections do not corrupt the collective noise
suppression process in the drift section, and that 3-D effects
do not overshadow the process [21].

At the present technological state of the art it would be
hard to attain optical current shot-noise suppression at short
wavelength (X-UV) and use it to enhance the coherence
of seed radiation injected FELs. However, in prebunching
schemes like HGHG, the noise suppression scheme may be

still effective even at such short wavelengths, since the main
contribution to the high-frequency shot-noise in this scheme
originates from HGHG of the shot-noise at the fundamental
harmonic frequency, where shot-noise reduction is possible.

We conclude that theoretical considerations permit very
high coherence and spectral brightness of FEL operating at
optical frequencies, and such enhancement may possibly be
attainable in the future in X-UV FELs. Appropriate design
and technological improvements of the nonradiating sections
of the FEL transport line can provide control over SASE shot
noise power. Once coherence beyond the current shot-noise
limit is attained, the FEL coherence is limited by the beam
velocity noise determined by its energy spread. The ultimate
coherence limit of FELs is the quantum noise limit. It is
theoretically attainable at X-UV frequency, but its attainment
is yet beyond the present technological state of the art.
However, its definition can serve presently as a fundamental
limit yard-stick, similarly to the Schawlow–Towns limit for
atomic laser oscillators [22], [23].

Appendix A

In a small signal 1-D or single transverse mode Langmuir
plasma wave model, the beam plasma equations reduce to a
set of linear equations relating ĩ(z) and Ṽ (z) at any point to
their initial value at zi [10], [16], [21]. Consequently the small
signal current and kinetic voltage at any distance relate to their
initial conditions through a 2 × 2 transfer matrix

(
ĩ(z)
Ṽ (z)

)
= M̃

(
ĩ(zi)
Ṽ (zi)

)
=

(
A B

C D

) (
ĩ(zi)
Ṽ (zi)

)
. (A-1)

We substitute this general relation in the extended Chu’s
theorem (10).

Since the ABCD-matrix elements are independent of the
beam parameters (Ṽ and ĩ), and one can choose arbitrary
values of these parameters (include zero), we get that the
matrix elements must satisfy three conditions

A∗C + C∗A = 0 (A-2)

B∗D + D∗B = 0 (A-3)

C∗B + D∗A = 1. (A-4)

Presenting the ABCD-matrix element in terms of modulus
and phase (for example A = |A| exp(iϕA) the transfer matrix
can be written as

M̃ =

( |A| −i |B|
−i |C| |D|

)
exp(iϕA). (A-5)

From (A-2) and (A-3), one can observe that the matrix
M̃ satisfied

∣
∣det M̃

∣
∣ = 1. Therefore it is possible to express

the terms of the matrix in terms of ordinary trigonometric
functions and three independent real functions φ, K and W,
which are defined by

|A| |D| = cos2(φ) (A-6)

|A|/|D| = K2 (A-7)
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|C|/|B| = W2 (A-8)

where K and W are the positive functions: 0 < K < ∞ and
0 < W < ∞. Finally, the transfer matrix may be written in
general as

M(z) =

⎛

⎜
⎝

K cos (φ) − i

W
sin (φ)

−iW sin (φ)
1

K
cos (φ)

⎞

⎟
⎠ exp (iϕA(z)) . (A-9)

This general symmetry applies to the transfer matrix of
any nondissipative beam transport section, including drift,
acceleration and dispersive transport sections. To find the
values and z-dependence of the three independent matrix
parameters the linear beam plasma equations must be solved
specifically.
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