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We present a unified linear analysis which describes free electron lasers based on Cerenkov and Smith-Purcell eﬁecu_lnd
T.W. amplifiers. In the single electron interaction regime the analysis reproduces the exponential and non gxponengd {inter-
ferential) gain expressions. it is shown that the first eXxpiession is dominant and that considerable increase in the gain can be

attzined by using electzon beams with small velocity spread.

There has been recently considerable theoretical
and experimental interest in the concept of {ree elec-
tron lasers {1—11). Laser amplification a1 10.6 um
wavelength [2] and laser oscillation at 3.4 um {3].
were demonstrated using “magnetic bremsstrahlung”
radiation scheme, proving that cohierent stimulated
emission {rom accelerated free electrons is possible
at optical frequencies.

.Free electron lasers based on the Smith-Purcell ef-
fect [12] or Cerenkov radiation have been suggested
[4,9]. Such free electron lasers if realized could be
made with much more compact device structures com-
pared to the bremsstrahlung laser, and therefore may
be interesting for applications.

A gain expression for the Smith-Purcell—Cerenkov
{ree electron laser was derived in ref, [4] where it
was shown that at the single electron interaction regime
the exponential gain is proportional to the electron
density 114 and to the derivative of the electron beam
distribution function at velocity corresponding to the
phase velocity (w/f) of the amplified electromagnetic
wave —ja(u)lv=wj{3. w and § are the angular frequen-
¢y and the wavenumber of the electromagnetic wave
respectively. It was also shown there that in the col-
lective interaction regime the dispersion equation of
the free electron laser reduces to that of the conven-
tional T.W. amplifier [13]. In ref. [14) the Cerenkov
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amplifier was analy zed in the collective regime and it
was shown that i this regime the device operates es-
sentially as a T.W. amplifier and its gain at synchronism
is proportional to n('," - In another place {9] the
analysis was extended to a warm beam where again it
was shown that the gain is proportional to ny and to

the derivative of the distribution function.

Recently Yariv {10] and Wachteli [11] independent-
ly developed different analyses of the Smith-Purcell
laser, showing that the gain is nor exponential and is
proportional to a function '

d fsin(8/2)\°
F0) =55 (M52

whete vy, is the electron beam velocity and / is the inter-
action length. This function is the same function which
appears in the analysis of the bremsstmhlung free elec-
tron laser {6]. Similar gain expressions were previous.
ly derived by Russian workers for a device called
~Orotron” which is closely related 10 the Smith-Purcel]
laser {15,16]. Unfortunately, their theoretical work
did not appear in periodical English translations and it
was hardly familiar to scientists in the west.

In the present letter we show that the different gain
expressions obtained by the different workers and the
conventional expressions of the T.W.T. gain are all
valid in different operational regimes, and can be
derived as different limits of one comprehensive theory.
Using this comprehensive model we will compare the
different operation regimes and find the best condition

05((0/00 - B, (1,2)
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and highest optical gain which can be obtained from
the free electron laser.

Assume a Cerenkov or Smith-Purcell laser amplilier
which consisis of a slow wave structure (wavegtide)
and an eleciron beam passing along it. In the [irst case
the slow-waveguide is a dielectnc waveguide and-the
electron beam passes in vacuum close to its boundan

- or through a bore in its center so that the elecirons
experience the longitudinal electric field o/ a TM mode
propagating along it. In the latter case the slow wave
Structure is a waveguide with periodic corrugation of
its boundaries and the electron beam interacts with a
slow space harmonic of a TM Floquet mode which
propagates through the waveguide [5]. The z axis is
oriented at the waveguide axis and electron beam direc-
tion and its origin is at the waveguide entrance.

The interaction of the electron beam and an elec-
tromagnetic wave propagating along the waveguide is
governed by Maxwell and Viasov-equations

VX H=-lweE+/, VX E=iwuf (34)

—iwf{z. p) t vafy(2,p)/82 = ¢|dfy () dp] E.. (5)

where fy(p) is the unperturbed one dimensional electron
beam distribution normalized 1o the electron density
f15]

o= [fo@ddp. == e

To simplify the problem it is desirable 1o reduce
the three dimensional Maxwell eqs. (3). (4)into a
differential equation in : only like (5). This is done
following a technique derived in {17,18]. It will be pre-
sented in greater detail in a later publication. Taking
first the case of Cerenkov laser (dielectric waveguide).
the derivation is based on substituting the expansion
of the transverse electric field £ (x, y, ) in tems of
the waveguide eigenmodes (€, (x, v)e¥m*)

E = D amG@)mx.y) (8)

into the Maxwell equations (3), (4) and using the orto-
gonality of the mades, One obtains

Efxp 2)= ?am(z)dm(x._vﬂ i-*:;./_. (9)
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Y ,
=== € ix viexp{—__ z)dxdv {10)
‘_\m [[ m m

Non = f[ Cm X g = € Xy e, dxdr .
- (an
We simplify the problem further by assuming a
single mode m in the waveguide and that the electron
beam cross section area A, is small so that the field
across it can be considered constant €, (x, ¥) =
€y (x.. ¥, ). Thus the problem was reduced o the
solution of two coupled linear first order differential
equations (53.(10}. These can be readily solved afier
these equations and (7), (9) are Laplace transformed
#s) = £ e Fglzvdz):

~iwf | (5. PY+usfy(s. p) 2 efg(PYE(Xg. pen 5) (12)
Tisy= - ¢ [ fispvdp, (13)
. _ . | -

EdAXxo ¥, s)=§m(s)dm(xe,,l'e)+.KU—EJ:(S), (14)

(5 = By M (5) = 4,0 (0) = 7= € ol ) J-A5), (15)
1
where we assumed f,(0.p)=0.

Eqgs. (12} 1o (15) can then be solved for d,,, ts)
d,, 15) = a,,(0) {161

e )

K== -—- - 0 ;

(s - B) [1 +3 kG Q) + ik 3HGE)
where
oz [ S 17
('“’“f“xug““' (17)
g{x)is the normalized distribution function:
Ho (P~ Pgy\
.5[{3( e )=fo(p). (18)

N TR
Py =vomu, (Yo =1 —vghe”) “')lslhe average
electron momentum of the beam and p,, is the momen-
tum spread of the electron distribution.
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§ = (iwfs - vy vl K3 E2wig. 19.20)
3

Wy = w%h’o = c’:no/meyg. {21}

v =yl yim. KEwdell, 12N (2223

For a lossless mode (8, real) A, = 4P, where P s

the power of the mode. We thus can express & i terms
of the interaction impedance [13] &, =&, 12:28 P
k=4 wd sl K (24)

In the case where instead of a dielectric waveguide
(Cerenkov laser) a periodic waveguide is used. like in
T.W.T. and Smith-Purcell laser, the expressions ob-
tained hold just the same except that 3, stands ror
the wave number of the space harmonic with which
the interaction takes places and ¢,,. in eq. (23) is
the field of this space harmonic.

To find the amplitude of the mode a,,(2)after in-
teraction length /, one should perform the inverse
Laplace transform of eq. (16). This would give

@) =235 expls; ). (25)
f

where s; are the nulls of the denominator of eq. (16)

and A;are found from the residues m - Thus

k -

“k——G(fl
£

ki
(s - if )[l +i—0(§)] (26)

is the dispersion equation of the wupled electromag-
netic wave and electron beam. As K- 0 {nointeraction} it
reduces to 510 = By, and | +5 (LD/s )G't4) = 0 which
are the wavenumber of the unperturbed electro-
magnetic mode and the plasma dispersion equation of
the unperturbed electron beam respectively.

In order to obtain explicit solutions fors; we will

. * . . . f
examine eq. (16) at various limits. We first assume

i» 1. (a7

At this limit the plasma dispersion function G{¢) can
be substituted by its asymptotic approximation

Gy=- 1/ (18)

This and (19) can now be substituted in (16), giving
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fis - 1ewfy, )2 + w'zlu } {01

dpls)=-

(5= By )5 1wy, )"+w /uzi ﬂx(w /’u )

(29)

Thus the dispersion equation in this case is a third
degree equiion

£ - i, (s - |c..,1,’u(,)2 t w;,zlvg}

+ixlwlivg) =0, (30)
which can be related 10 the classical dispersion equa-
tion of T.W. ampiifiers {13].

Near synchronisin {3, = wiv, ) and in the limit of
stroug interaction

—F =51

(31}
Wpl

it sunplifies to
PR B S 2 32)
(s ~ i3, ik(wy ). (32

This equation has three roots. The root which has a
positive real part and comesponds to gain is

LixwZ )i+ V/3)

so that the gain is exponential and proportional 1o
ug, ¥ a5 calculated by Walsh {14] and known for T.W.
amplifiers.

When vondition (31} does not apply and when out
of synchronism, another approximation can be used.
Assunung & is small. then in zero order in x the

solutions of (30) are

\]
SI|U

(33

5 0P, t

=i, s = iwjuy + TR

s = (34)

. . ’
L

We further calculate the roots s; and the residues 4.
to first order 1n « using egs. (29), (30). These are sub-
stituted in (24) and after some tedious mathematical
calculation the expression for the optical power gain
is found 10 be

w2
IG U)f“ 1 +K_p_!3ﬂe'8p)-
la (O)|’ Yo

Al

3
A (35)

where
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| -'COS‘G +H_P_)_ l_jCOi(ﬂi—ep)

F(B.BP)E-(;—[—--___1. R T_H]
(6 +8,) -0,

(36)

l, G

and @ is defined in (2). In deriving this expression we
had to assume a short enough interaction length

ki < 181/0, . (38

Similar nonexponential gain was derived earlier in
{16] for the “Orotron™. and in the limit #, — 0

F(8.0)= F(0). (39)

where F(0). given in (1). 1s the gain curve which was
derived independently in {6], [10] and [11] for
bremsstrahlung and Smith-Purcell laser in the single
electron interaction regime,

We now recali that in deriving (29) we had to as-
sume inequality (27). Consider now the opposite
repme

IS . (40)
In the limit of weak interaction (x - Q) or when

kg!ﬁfn < | one can again solve the dispersion equa-
tion (26) by first order expansion of its roots in terms

sp okl

Pioj %
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of k. In the regime {40} it is possible Lo show that the
plasma dispersion equation | — %—(kg/ﬁgn)G’{_(‘) =0
has only complex solutions for s. These solutions cor-
respond to plasma waves which decay strongly by
lLandau damping. 1t is sulficient then to consider only
the root of (26} which corresponds to the electro-
magnetic wave (3, } coupled to the plasma. To first
order inx:

Lk 182)G'¢)
i ¢ (41)
) - Lk /B2)G )
¢ = (wiBy, — Yo oty (42)

In the limit /82, < | we find from (24) that the
2ain is exponential and

In[A7YPO) = 2 Inla, (D, (0)!

=K1k 1B Im G'() = kIKG B mE'Q)  (43)
so thai the gain &s proportional to the derivative of the
electron distribution function in agreement with {4.5].
The right-hand side equality is valid as long as {Im pj <€ {.

In trving to develop optical Cerenkov or Snuth-
Purcell free electron laser it is desirable to examine

C012

Fig. 1. The normalized gawn dependence in the two regimes §46, 471 tor axp = r ™
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the gain expressions {35) and (43) comparatively and
find the optimal regime for operation. Straight.
forward comparison is pussible in the low gain it
where the exponential gain can be written as
In{AU)PO)] = APIPLOY < | where AP = Py/) - PO).
We substitute in (43)

§=6/n. = (v, /v, )8,/ (44.45)
then eqs. (35) and (43) can be boil written Interms
of the argument 0:

\
3w

P(éoi)=["_’3. —?Jm). 1013 n.

To % 146)
,
/ 3 we - .

i.’(ai})J =In f‘((%=[x13‘ "‘;I*"]“'—, imG'tom). 18ISy

) Yo Yo °0° 47)

Eq. (47) cotresponds to the case where the slow elec-
tromagnetic wave is synchronous with a non-negligible
number of electrons in the electron distribution tunc-
tion which can then make radiative transitions and
produce exponential gain or attenuation [5]. The
other regime (46) is applicable only when the slow
wave is out of synchronism with the electron beam
distribution! It is essentially an interlerence eftect
which produces gain at finite interacuon lengths only.

Fig. I shows on one scale both regimes of opera-
tion (46,47} in case n>n ‘
A Maxweilian velocity distributiong(x)= 2~ !°
exp(—-—xl) is assumed in the calculation of (47). 1t is
apparent that ‘the gain

is detennined predominantly by (47)since

(46) starts holding only in a regime § » 1 > #
where the gain is low. .

Note that eg. (43) holds only when lim{1 < |, which
corresponds to a low gain or attenuation limit

{Res! € 8, vy fu, . {43)
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When n» n(lig. 1 )
the right hand side of eq. (47) may hold for a numbe;
ol ¢ 1utdings of exponenial guin before nequality (48)
s viotated. Thus ur spite of the lact that (4715 atten.
uated by 4 factor 0= ® v in comparison to (46). 1
sull can give nise to higher gain thapwhat was predicied
from (4ol

In conclusion we point out that the details of the
electrun beam distribution function are imponant in
the design ol a Cerenkov-Smith-Purcell laser. since
the more relevanit gain expression (47} depends on the
electron distribution. In vacuum diodes the electron
beam distribution 1s usually non-Maxweilian and has a
steep slope on s low velocity side (corresponding to
clectrons leaving the cathode vicinity with zero thermal
velocity {19] 1. Thus higher gain may be ubtained with
such beams in the regume where {43} or (47) apply.
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