A generalized formulation of free-electron lasers in the low-gain regime
including transverse velocity spread and wiggler incoherence
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It is shown that in the small-signal, low-gain regime, an analytic expression for the gain can be
derived which is valid for a general electron distribution function and general longitudinal
variation of the transverse magnetic field pump. This expression is used to evaluate the effects on
the gain curve due to transverse momentum spread in the beam as well as inaccuracies
(incoherence) in the magnetic pump phase and amplitude. The restricting criteria for the neglect

of these effects are derived.

PACS numbers: 2.55.Bi, 85.10.Fw, 41.80.Dd, 03.20. + i

The linear (small-signal) gain regimes of the free-elec-
tron laser have been analyzed extensively by various tech-
niques.'~'° The present paper relies on the formulation of
Ref. 4, expanding the analysis to the case of a transverse
magnetic wiggler (pump) with arbitrary axial variation and
an arbitrary three-dimensional velocity distribution func-
tion of the electron beam. In the low-gain regime
AP /P(0) < < 1{whichisofinterest mainly fortheapplication
of oscillators) the formulation results in an explicit general-
ized gain expression which can be used to find the effect of
random perturbations in an ideally periodic helical wiggler
field, as well as the effect of the beam transverse velocity
spread, on the gain of the free-electron laser.

The basic structure of the free-electron laser assumed in
most analyses'~'? is that of an amplifier device composed of a
transversely uniform periodoic (helical) transverse magnetic
(“pump” or wiggler) field and an electron beam which prop-
agates along the magnet axis (z axis). The laser amplifies a
TEM optical wave which is propagated along the z axis.

The analysis in Ref. 4 is based on the solution of the
linearlized Vlasov equation

af(l)
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where the perturbation on the electron beam distribution f*"
(p,2, )isduetotheoptical fields E(r,¢ ), B(r, ), and f®(p,z}isthe
electron beam momentum distribution function in the pump
field By(z).

The magnetic pump field B,(z) can be described from
the vector potential A(z):

(2)

(3)

By(z) = VX Ayl2),

AO(Z) = AOx(z) éx +A0y(z)ey

and following Ref. 4 we find by solving the electron force
equations the three constants of motion of the electrons in
the static field Ay(z):

alp,.z) = p, — (e/c) Ay, (2), (4)
Blp,z) =p, — (e/c) Aoy (2), (3)
u(p,.p,p.) = (P2 + P +p2)'"?, (6)

where e = |e|, @ and B are the x and y components of the
canonical momentum, and u is the total mechanical momen-
tum of the electron. These variables are independent of z.
Substituting the momentum variables (p, ,p,,p.) in terms of

©
{4 Bl T 0 _ m varisbles . 7,2
¢ dp I the new variables (a,8,u) simplifies Eq. (1) into
al) a(l) 1 3(0), a(O)A a ,u’za 0)
=+ o abu) gz =e(E(r,t)+7v(a,ﬂ,u,z)><B(r,t))-( ;’a &, + gﬂ g, + M ”z ) ;’; ) (7)
where o

g%a,Bu) = fOp,2),
gVaBuzt)=f"pgzt),
v(a,B,u,z) = pla.B,u,z)/[myy(u)].
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The transformation of Eqgs. (4)~{7) corresponds to the
exact solution of the linearized Vlasov equation in terms of
the pump magnetic field. This formulation allows one to
solve the electron equation to first order (small signal) in the
electromagnetic wave [E(r, ), B(r, )]. It is however, exact to
all orders in the pump field B,. The distribution function
g%a,B,u) is the distribution in terms of the transverse ca-
nonical momentum a8 and the total momentum u of the
electrons in the pump field. If the pump is turned on adiaba-

© 1981 American Institute of Physics 599

Downloaded 13 Aug 2007 to 132.66.194.195. Redistribution subject to AIP license or copyright, see http://jap.aip.org/jap/copyright.jsp



tically it is also equal to the initial momentum distribution of
the electron beam before entering the interaction region.

The analysis in Ref. 4 proceeds with the solution of Eq.
(7) together with the Maxwell equations (including Poisson’s
equation) for the electromagnetic field and the space-charge
field generated in the beam. In order to derive the free-elec-
tron-laser dispersion equation and explicit gain expressions
in the different gain regimes, a specific z dependence of the
pump field (3) was assumed (helical field):

Ay(z) = Ay coskyz &, + A, sink,z é,. (8)
The tranverse momentum spread of the electron beam was
neglected, and the equilibrium distribution function was tak-
en to be

8%a,B,u) = nbla)d(B )golu), &)
where n, is the average electron beam density.

With these assumptions the analysis of Ref. 4 produced
with no further approximations the dispersion equation of
the free-electron laser with a helical magnetic field pump.
The dispersion equation was then solved and expressions for
the laser gain were derived by using analytic approximations
in different regimes. Gain regimes which were identified in-
clude the thermal-beam regime (considering the effect of mo-
mentum spread in the total momentum—u only) the high-
gain, cold-beam, weak-pump regime (collective regime), the
high-gain, cold-beam, strong-pump regime, and the low-
gain, tenuous-cold-beam regime.

In the present paper we focus our attention on the low-
gainregime AP /P(0) < < 1forboth cold and thermal beams,

particular field dependence (8) or electron momentum distri-
bution function (9). Since the resulting linear gain expression
would be “exact” in terms of the pump field and electron
distribution function, we examine as a special case the effects
of deviations of the fields and the distribution function from
the ideal forms given by Eqgs. (8) and (9).

The detailed analysis in* indicated that the contribution
of the first two terms in the second set of large parentheses in
Eq. (7) is negligible in comparison to the contribution of the
third term. Hence for the sake of simplicity we will neglect
them from now on (this approximation is implicitly used in
all the other analyses.''°

We assume that the electromagnetic fields are trans-
versely uniform across the electron beam (plane wave). The
electromagnetic fields are expressed in terms of right-hand
and left-hand circularly polarized transverse vector poten-
tial components X+(z) and K_(z):

Ezt) = — 1 0A
¢ dt
=204, 206, +4 _(6_1e “ +cc, (10)
¢
B(z,t) = VXA
. d v ~ d e A — fewt
= 1( ——A_ (2, + —A_(z)e_)e +cc, (11
dz dz
where

é,. =Mé, +ié,)and é_ =}(¢, — ié,) are respectively the
right- and left- hand circular polanzatlon unit vectors, and

excluding collective effects. We find in this case that an ex- A, =4, zA A=A, + tA
plicit gain expression can be derived without resorting to thel With all these assumptlons, Eq. (7) now simplifies into
. d
— ivgVaBuz) +v, (a-ﬁ,u,Z)ggé‘”(aﬂ,u,Z) = -—[P (@Buz) 4. (2)+p . (aBuz) A (2)] ‘°’(aﬁ,u) (12)
where uda dﬂ du
A z —e a,Buz
gV@Buzt )= aBuzle ' +cc T = f J J prlaBuz) |+ WP
and{;; =p, _:zpy. xg‘”(a,ﬂ,u,z), (14)
e perturbation in the distribution function gives rise —
to a transverse current Ve =Py /Mupm, (13)
- e A , o € —
Izt) = [T 26, + T, (28, ]e " + c.c. Py =PxFipy =aFiB—Ado. Fidy,), (16)
~ - ) e e
=[T.(26, +T_(2)¢_le~ ™ +cuc, (13) p.= [uz — (a + ;Ao,)2 - (B + ZAOy)Z]”Z (17)
where The exact solution of Eq. (12) is
(1) * N —\H (@ Buz") .,
g aBuz) = exp( —-———-dz)I ex ( - lj d. dz"”,
@Bud) SN\ T viaBur) . Joafaz) (18)
where H (a,B,u,2) stands for the right-hand side of Eq. (12)
and we assume g'"(@,8,u,0) = O (with no prebunching of the
electron beam). Substitution of (18) in (14) gives
J (z)= — l—f J_ f f da df du dz" [exp( ————dz) P (a,ﬁ,u,z)]
o v,(aB,u,2)
x[exe( - | &) piabuz)p. @Bulp-(abuz &)
o v {@Buz")
g ” a
+pil@Buz VA (2"l aBu). (19)
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We now turn to Maxwell’s equations to obtain the elec-
tromagnetic field which is induced by the current (19). The
equation for the electromagnetic wave-vector potential is

3*  w*\y ., _ A7+
(C+2 M. 0= -7, (20)

This second-order equation can be reduced to a first-
order equation if we assume that there is only a forward-
going wave propagating with a wave number ~w/c, and
that there is no coupling to a backward-going electromag-
netic wave. We can then reduce (20) to

(i_,_ i()—z"’ 7y (@) 1)
C

which can be readily transformed into an integral equation

i (Z) (O)ei(m/c)z + 27" l(m/clz

X f e~ J (27 (22)
]

Equations (19) and (22) are a set of two coupled-integral
equations which can be used to solve for the linear evolution
of the electromagnetic field. These equations can be solved
by an iterative proccss To zero order (no interaction) we
have 4, (z) = A , (0)e"”*. We substitute the zeroth-order
interation in (19) which is in turn substituted into (22) to yield
the expression for the electromagnetic field to first order in

A . (0). Theiterative process may be continued in this way to
higher orders.

At present we are interested only in the | linear response
(small-signal) limit and therefore calculate 4 4+ (2) to first
order:

J
Ii(z)=( i(a)+—f f f fdadﬁdudzf dz— °’(a,ﬁ,u)[exp[f —--——)d ]/]

ol

The primed and double-primed parameters p,, p , are all V

dependent on a, 5, u, and z’ or 2", respectively;
v, = v,(afur), v =v,(a,B,uz"). The Poynting vector
power density of the fields in Egs. (10) and (11) is found to be
given by
. el d = d .
S=¢ —— 4, )—A%2)+4_2)—A* )| + cc
8 ¢ dz dz
(24)

(— - 2] / b b 20455 01 23)

AP, () |4
P(0) 14,00

X P- exp[—if (f)— -2
pll 0 v;l c

z

E"] + c.c.

This is a general expression for the linear gain in the
low-gain limit which within the limits of the assumptions
used during the derivation is applicable for arbitrary three-
dimensional beam velocity distribution and arbitrary trans-
verse field pump, which can be written in the form (3).

We may now apply Eq. (26) to the case of the Stanford
free-electron laser experiment,'® where we assume a pure
right-hand helical magnetic field (8).

2 ® © «© { Zr
2_12-’?—[ f f fdadBdudz’f dz"
[4 — oo — w JO 0 0

We assume that in (23] the expression in large bold par-
entheses varies very slowly with z in comparison to
expliwz/c), hence instead of (24) we can write

S=¢é4 /)[4, + |4_@)]. (25)

Let us now assume that the incident electromagnetic
wave is right-hand circularly polarized [4_(0) = 0]. The
power gain of this wave 4, (2) after an interaction distance 1

e N

(0) (a ’B’

(26)

transverse velocity spread, and zero transverse canonical
momentum (9}.
In this case we get from (16) and (17)

P, = — (e/c)det™, (27)

= {u? — [(e/c)d, ]}, (28)

and we see that p,and v, are no longer functions of z. Equa-

We also assume that the electron beam has negligible J tion (26) simplifies into

apr, ()
P, (0)

NN

J dr dgolu) cos(ﬂ -
o du v,

2_ e ko)T
c

(29)

2
Y
2
2
Y
4

In the cold-beam limit
Uzlh/vzo < <B20/1 /Ia (30)
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m (ﬁg)z “ du_dg(u) sin’}lw/v, — w/c — ki)l
c\c o p2 du [Ye/v, —w/c—ky)]*

! where v,,, is the beam velocity spread in the z direction and
B = v,0/c, we may substitute go(u) =

8(u — uy) into (29).
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Equation (29) then reduces to the conventional gain expres-
sion in the low-gain, tenuous-cold-beam regime''®:

AP(l) _ 11 (w_) (fﬂ)zﬁ_ﬁp
P, (0) 8 YoV \lxo Po/ Po ¢
Xi(sinﬁo )2’ (31)
dé, \ 6,
where

Oo=Mw/v,, — w/c — k), (32)

Po=(e/c)d, = (e/c)By/ko, (33)

Po=(uj — pl)”? (34)

Yo=(1 —vi/c?) /2 (35)

The gain curve (31) obtains its maximum value at
6,= — 1.3.

It is worth noting that the simplified form of Eq. (29) is
due to the fact that in the limit of an ideal helical pump field
and @ = 3 = 0, the longitudinal momentum p, [Eq. (28)]isa
motion constant and is independent of z. If, for instance, the
pump field was not helical but linearly polar-
ized [ Aofz) = A, cosky2é, | instead of (8)], then p,and v, in
Eq. (26) would be still dependent on z in a periodic way [see
Eq. (17)]. The integration over z' 2" is then not immediate.
We will not elaborate on this case beyond noting that the
gain spectrum for this pump will be rich with harmonics.

We now will examine the effect on the gain of transverse
momentum spread of the electron beam and of irregularities
in the helical magnetic pump field. Of course, if the magnetic
pumbp field B,(z) is known exactly (e.g., measured directly in
a specific experiment), then it is possible to find 4,(z) by inte-
grating Eq. (2). If the beam velocity distribution go(a,5,u) is
also known explicitly, then the gain can be calculated “ex-
actly” using the general gain expression {26). In practice we
are interested in estimating the effects on the gain due to a
transverse momentum spread and irregularities in the heli-
cal pump field even if we do not know exactly the beam
velocity distribution and the exact form for the pump field.
We will therefore find the conditions in which the effects on
the gain of transverse momentum spread and of irregulari-
ties in the pump field are significant enough so that (8) and (9)
and consequently (29) and (31) are not valid.

Irregularities in the helical field can be described as am-
plitude and phase modulation of the ideal helical field, so
that

Aglz) = Aofz) cosl koz + ¢ (2)]

+ Aol2) sin[koz + ¢ (2)]é, (36)

instead of (8). The amplitude Ay{z) is randomly modulated
around an average value <Ay(z)> = A4, Theterm ¢ (z)is a
random-phase deviation of the vector potential field Ayz). It
should be pointed out here that ¢ (z) and 4(z) are not related
in a simple way to the phase and amplitude modulation of
the magnetic field B(z). They can be evaluated only after
integrating Eq. (2).

With Eq. (36) and without assuming (9) we have from
(16)

P =aTFiB—(e/c) Aglzle™ =+ ew, (37)

and by expanding (17) to first order in 84,(z), @, and 8 we
obtain

11
p.(2)

Pio
1 +—16p6
pz(U)( pf{p @

+ a coslkoz + ¢ (2)] + Bsin[koz + ¢<zn}), (38)

1 1

~.

v,(2) . (u)

P
(1 + p;zo'{aplo (2)

+ a coslkez + ¢ (2)] + Bsin[kez + ¢(zn}),

(39)
where
bp,q(2)=le/c)dA,l2), (40)
Aglz)=A, + 5A2). (41)

Itis a very good approximationtoseta = § = 0inEq.
(37) and substitute in (26)

Py = — (e/c) Agfz)e T 1=+ 91, (42)

This is true for two reasons: (i) The transverse momentum
spread a,, is assumed tosatisfy a,, < <p,, and therefore the
additive contribution of & I {8 to (37) and in turn to (26} is
neglibible; (ii) @ and £ do not have periodic z dependence like
A | {(z); therefore they will not contribute a synchronous
term in the integrand of (26) and thus will have a negligible
contribution. On the other hand we cannotseta = £ = 0
in (39) without careful examination, because v, (z} appears in
the exponents of Eq. (26), and small deviations in v, (z) may
have a significant effect on the integral and spoil the syn-
chronism condition which led to the “resonant” expression
in Eq. (29) or (31). As for p, (z) [Eq. (38)], we can (to zero
order) approximate it by p, (z) = p, () when used in (26).
Again the reason is that the contribution of the first-order
correction is additive and small.

We then get from (26)

el e [ [T IR
2540 T [y dadBdudz | dz"———g (a,B:n)
P (0) e \e S . ok o o pZ(u)(?ug (

X cos[( @ 2 ko)(z' —z") + ¥z -¢(z"}], (43)
v, (u) c
where
Yg) = 2P0 f {8p.0(8) + a coslkeZ + ¢ ()] + B sin[koZ + ¢ (2)] }dZ — ¢ (2). (44)
v.(u) pi Jo
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Using these expressions, we will first examine the effect
of transverse velocity spread on the gain. For the sake of
simplicity we assume now an ideal helical field 4,(z) = 4, |

¢ (z) = 0 and a Maxwellian transverse momentum spread of
the electron beam;

@ P Ay, 2 (4]
exp| — |—— k — — o — .
[ (vzko . P, sinj Or) ]cos(vz @ ko)r (45)
2 oo ! z' 2
AP _ % m (o) (° [y [y exp[ _( ©_Pio % sin;kof) ]cos(z ) (46)
P.(0) 2 c\Nec/ o Jopr b v.ky p. P: v, ¢

Further investigation of the integral in (46) will not be
carried out at this time. We only note that besides reducing
the gain, the transverse momentum also generates harmonic
frequencies in the gain spectrum. We may also find from (46)
that the condition at which the neglect of the transverse mo-
mentum spread is allowed is

@ Pio Ay
<1

voko Po P

Using the synchronism condition w/c~w/vg, — k,,, this
can be written as

an/Po < <1/[(1+BoWa0Bw], (47)
where
Bio=P10/P.0 = eBo/(yomcvoko).
In the relativistic limit (y,> > 1) this condition is
En/Eo< <1/(2¥0Bu) (48)

When (47) or (48) is well satisfied we may set in (46) @z, =0
and recover (29). I

AP+(1) — wlz’ ﬂfw J.,dl; dz fz‘ dz” dgo(u)lho(z') Piolz")
c Jo Jo o

P.(0) du p.[2') p.lz")
where
o fe\? 4, (F _
wz)=;;-(;) p: || sadez—p e (52)

Notice that the phase deviation #(z) is affected not only by
the phase deviation of the helical field vector potential ¢ (z)
but also by the amplitude deviation 54,(z).

The condition that Eq. {51) be reduced to (29) and the
effect of imperfections in the helical field be neglected is

|92l < <7 (53)

for any 0 <z <. In this condition it is possible to expand the
integrand in (51) to first order in ¢(z) and the first-order term
will be small compared to the zeroth-order term (29). Condi-
tion (53) may be quite a stringent condition when the interac-
tion length is long. For example, to appreciate the effect of
changes in the magnetic field amplitude assume that the
magnetic field amplitude changes in a linear way along the
axis while the helical phase stays constant:

Bo(z) = — [By + 8By(2)] [coskez é, + sinkyz é, ], (54)
6Bz _ 6By|!) z (55)
B, By,

Integrating (2) using (54) and (55), and comparing to (36) and
(40), we find that
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It is interesting to compare conditions (47) and (48) with
condition (30) for the longitudinal momentum spread, which
can be written in the forms

Pun/Pa < <BoYo A/l (49)
or in the relativistic limit
&/ Eo< <y A/l (50)

In the regime

L ! <1(—I—- ! <1)
A (14 B,8.0B107s: A 28075,

the second being the relativistic expression, we find that the
condition on the transverse momentum spread (47) is more
stringent than the condition on the longitudinal spread.
With high-energy beams this may easily be the case and con-
ditions (47) and (48) may be of practical concern. It is easy to
verify, that condition {48) and (50) are reasonably well satis-
fied for the parameters of the Stanford experiment.'?

We now consider the effect of irregularities in the heli-
cal pump field, and this time we assume for simplicity
arp =0 [Eq. (9)]. Equation {43) then simplifies into

(0]

cos[(— - £ _ ko) (z’—z”)+1/v(z’)—¢(z")], (51)

v, c

84yz) _ 5 SByl) z

A, B, I

and the resultant phase shift ¢ (/) is negligible. Applying in-
equality (53) at z = [ gives

(56)

(57)

' 8By(l) Bo 4
B, AL A
ForA =10pum,/=4m, B, =0.05, and B9 = 1 this re-
quires that [8B(l )/B,y| < <5x 107, which is a quite strin-
gent condition.

We can now appreciate the significance of inaccuracies
in the periodicity and amplitude of the helical field. Small
local deviations in the field period will not cause major
change in the gain expression (29) as long as there is no cu-
mulative phase deviation throughout the interaction length /
which violates (53). In other words, the long-range coher-
ence of the periodic structure is important. We may add that
similar conditions would apply also to the problem of stimu-
lated Compton and Raman scattering of an electromagnetic
wave from electron beams,''~'* where the coherent length of
the scattering wave may limit the obtainable gain. This may
be an important consideration especially when the scattering
{pump) wave is produced by a low-coherence source like a
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high-power laser or a wide-band microwave source.

In the case where condition (53) is not satisfied the free-
electron laser gain curve may differ substantially from (31).
For any specific laser structure with pump field which devi-
ates from the ideal helical dependence (8), the integration of
{(51) would result different gain curve. A statistical analysis
may be carried out to estimate the quantitative effect of ran-
dom perturbations of the pump field on the laser gain.'* Such
an analysis can yield expressions for the average laser gain,
which for a static pump is essentially an ensemble average
over many randomly perturbed free-electron lasers. For an
electromagnetic pump (stimulated Compton scattering) the
statistical analysis would yield a time average of the laser
gain.

Detailed statistical analysis of the laser gain in the re-
gime where (53) does not hold is beyond the scope of the
present article. We will only point out that the gain in this
case depends basically on two parameters of the random per-
turbation of the pump field—the phase modulation index
<¥*(z)> and the pump coherence length /.. Whenever
<¥*z)> < <lorl/l < <1theaverage gain curve is close
to (31). In the limit of short coherence length the average

604 J. Appl. Phys., Vol. 52, No. 2, February 1981

gain curve changes substantially and is reduced by a factor of
about (/. /1)? relative to the unperturbed free-electron laser
gain.
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