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Angular radiation pattern of Smith-Purcell radiation
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The power radiation pattern of Smith-Purcell radiation is measured at various latitudes and azimuth angles rela-
tive to the electron beam. ‘The experimental data are used to evaluate the various models and the physical mecha-
nisms previously suggested to describe Smith~Purcell radiation. Good agreement is observed between the experi-
mental data and the theoretical curves derived from Van den Berg’s analysis [J. Opt. Soc. Am. 63, 1588 (1973)].
The radiation mechanism proposed by Salisbury [J. Opt. Soc. Am. 60, 1279 (1970)] was analyzed and shown to be
too small to account for the measured radiation. The experiment and Van den Berg’s theory predict stronger emis-
aion at azimuthal angles off the plane perpendicular to the gratings. This observation leads to conclusions regard-
ing the design of optical cavities for Smith-Purcell free-electron lasers and orotron millimeter-wavelength-radia-

tion tube devices,

INTRODUCTION

We report the experimental and the theoretical interpretation
of Smith-Purcell radiation experiments, which were carried
out in our laboratory using a 60- to 100-KeV low-current
electron beam and a variety of optical gratings. We put
special emphasis on quantitative measurement of the radia-
tion intensity and the radiation pattern. These data were
used in order to evaluate the validity of various models and
physical mechanisms that have been suggested to describe the
Smith-Purcell effect. Because of the intimate relation be-
-tween spontaneous and stimulated emission from free elec-
trons,1 the spontaneous-emission radiation data can be used
to estimate the feasibility? of devices based on stimulated
emission of Smith-Purcell radiation [Smith-Purcell free-
electron lasers (FEL's)}.3-% Here, we use these data to draw
conclusions on the optimal design of resonator structures for
such devices and for the closely related millimeter-wave tube
device, the orotron.5%

The basic configuration of the Smith-Purcell radiation
effect is described in Fig. 1. An electron beam propagates
parallel and close to the surface of an optical grating and
perpendicular to the grating rulings. At any angle 5 relative
to the plane perpendicular to the beam direction (viz., 90° —
n angle relative to the beam direction}, radiation is emitted
at a wavelength

Ay =— % (¢fvo — sin n}, 1)

where D is the grating period, vg is the electron velocity, and
n is a negative integer.

Various models and mechanisms have been proposed to
explain the experimentally observed effect. Smith and
Purcell explained the dispersion relation [Eq. (1}] in terms of
a Huygens wave construction of the radiation emitted by the
oscillating positive-image charge of the electron inside the
conductive grating.!? Ishiguro and Tako!! used the oscil-
lating-dipole model to calculate the radiation power and the
radiation pattern using the known tadiation formula of a
moving dipole. Their caleulations did not fit well with the
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measured Smith-Purcell radiation power and radiation pat-
tern.

Since the image-charge model requires that the electrons
move close to the grating (less than the grating period), only
a small fraction of a finite-cross-section electron beam shot
parallel to the grating will contribute significantly to the ra-
diation. This motivated Salisbury!? to offer an alternative

_mechanism to explain the Smith~Purcell radiation effect.

According to Salisbury, some of the electrons in the electron
beam hit the grating surface at a shallow angle and are re-
flected by the tops of the rulings, forming current sheets with
a periodicity that is determined by the grating period. The
space-charge electric field that is associated with the reflected
sheet-current beamlets applies a periodic force on the other
electrons across the incoming beam and forces them to oscil-
late. Salisbury reported experimental results that he claimed
supported his model. However, no other independent study
has confirmed his result to our knowledge. Furthermore, a
complete quantitative calculation of the strength of Salis-
bury’s mechanism was not given.

A useful model for solving the Smith-Purcell radiation
problem was introduced by Toraldo di Francia,!® who ana-
lyzed the radiation effect as a regular-grating diffraction
problem in which the incoming wave is an evanescent wave
that appears when the moving electron point charge is ex-
panded into its Fourier components. This presentation of
the Smith-Purcell radiation problem was further improved
by Van den Berg,!* who rigorously solved the Maxwell equa-
tions with the boundary conditions of an optical grating (as-
suming an ideal-conductor sinusoidal surface). Matching
boundary conditions at the electron-beam coordinates re-
sulted in an integral equation that was solved numerically and
presented graphically in Ref. 14 for some exemplary param-
eters. Van den Berg's analysis seems to be the most rigorous
quantitative description of Smith-Purcell radiation, How-
ever, its quantitative predictions were not compared with
experiments.

A number of experimental studies of the Smith-Purcell
radiation effect have been carried out since Smith and Pur-
cell’s experiment.t®18  All these studies confirmed the basic
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Fig. 1. Schematic of the Smith-Purcell radiation effect.

radiation condition [Eq. (1)]. However, little attempt was
made to compare the quantitative power measurements with
the predictions of the different theoretical models.

In this paper we base our experimental interpretation on
Van den Berg’s model. The main features of the measured
Smith-Purcell radiation pattern at various latitude and azi-
muth angles fit well with the theoretical curves derived from
interpolation of Van den Berg’s example data.

In order to check Salisbury’s model, we derive explicit ex-
pressions based on the known spontaneots-emission formulas
of FEL's to account for the radiation emission resulting from
the space-charge-force radiation mechanism. It was found
that the predicted power emission resulting from this mech-
anism is orders of magnitude lower than the power measured
experimentally. We conclude that Salisbury’s model is ir-
relevant for the parameters of our experiment and probably
for all previous Smith-Purcell experiments.

The experimental results in agreement with Van den Berg's
model indicate stronger emission at azimuthal angles { off the
plane that includes the electron-beam line and that is per-
pendicular to the grating. We point out the relevance of this
observation to the resonator design for Smith-Purceli FEL’s
and orotrons.

THEORETICAL MODEL

Our theoretical model is based on the theory of Van den
Berg.!4 The electromagnetic radiation on top of the gratings
(Fig. 1) is given in terms of a Floquet mode series:

Ely, t) = 27~ Re j;" dw fmdkyé(x,y,ky,w)

X exp(ik,y — iwt), ' (2).

6(x,y. ky,w) = f‘, 8, (ky, w) explikzax + ikzn2), (3)

A=—

where
kin = koo +n2w/D, (4a)
Rep = (R2 = ky% = ken 12, (4b)

where k = w/c.

The zero-order space harmonic (n = 0) is chosen to be
synchronous with the w frequency Fourier component of the
single-electron current —evodlx — vol, ¥,z — 2o)ix:

Jx,z,w)=—e exp(i 2 z) 8z ~ z0)ix (5)
Vo

so that kg = w/vg. It follows from Eqs. (4) that this space
harmonic is necessarily nonradiating (evanescent in the z
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direction) since k2 — ky 2 — (w/fvg)® < 0. However, some of the
negative-order space harmonics (diffraction orders) may be
radiative if k2 — k,2 — k2> 0. The radiation directions can
be defined in terms of the angular coordinate systems (n,, {,,),
which are illustrated in Fig. 2:

kyen = k sin 15, {Ga)
kyn = k 08 7 8in {n, (6b)
kan = k cos 1, co8 {n. {6c)

The synchronization condition w/vg = kyo together with
Egs. 4(a) and 6(a) are sufficient to determine the radiation
condition [Eq. (1)]. Clearly, only negative diffraction orders
{n < 0) can radiate. Radiation is possible at all wavelengths
A and orders n that satisfy the inequality |sin 7,] = {{c/ve)
+ (nMD)| < 1. Theradiation wavelength X is only a function
of the angle n and is independent of {. Consequently,
Smith-Purcell radiation appears as a rainbow of continuocusly
varying colors (wavelengths); each color is emitted along di-
rections that define a half-cone of half-angle w/2 — 5 whose
axis lies along the beam-propagation direction.

Although the radiation (dipersion) condition [Eq. (1)] is
derived without complete solution of the electromagnetic
radiation field, the derivation of the absolute optical-power
emission and of the angular-radiation pattern requires a de-
tailed solution for the electromagnetic fields in the presence
of the electron beam, as was done in Ref. 14. The translation
symmetry in the y direction, which allowed us to define the
radiation modes with a single wave number k5, also permits
separation into two different modes: the £ polarization, for
which &, = 0, %, =0, and the M polarization, for which 6,
=0,#, = 0. Allthe field components of the E polarization
can be presented in terms of 6 yn:

gyn = ¢’n(ky, w),

kokin
Een = — _"L_¢n:

R — ky?
k,k
= o 2ZER
Gz.ﬂ kz-l—ky2¢",
ey kRzq
Y et
= \/J:)kg_kyg‘b

Hyn =0,

_ £ khin
ﬂzn—\/:;kz_kyz‘pn- (7

Y

" beom

L1271 B -l = 1
gratings L
Fig. 2. Delfinition of the latitude {n) and azimuth ({) angles of a
Smith-Purcell diffraction order,
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All the field components of the M polarization may be pre-
sented in terms of # yn!

T yn = ¥nlhy, @),

g ok
Haxn=— k2 - kyzd’n:
 kke
Hon = -kﬂ-—kyz n
1 Ho kken

GIH = —_——, ny

\/:] k2 — ky?
Gyn = 0:

Ho hkxn
m =" —Ta . o¥n 8
6 Je_okz—kyz | (8)

The Poynting-vector power density of the n-order radiating
space harmonic propagates in the direction of the k, propa-
gation vector and is given by

6, X Fo* = Yalh? = ky 2w (cobndn® + to¥n¥n® Kn.
(9)

The energy that is lost by a single electron by radiation when
traversing one period length D is found to be the sum of the
2 components of the Poynting-vector powers [Eq. (9)] of all
radiating space harmonics integrated over all w and k. and
multiplied by D:

el <2 w2 cos?ncost §
= - Rn( v ’1) 2
D¢y rad%i:s J‘—ﬂﬁ f [(1/B) = sin 7}? a5

waves

20~ Zmax
X - dyd{, (10}
EXP[ him.n(r» Tn')] cos m &1 { {

where
. DB~ —siny)
intn = 4 rn[B-2 — 1+ cos? sin? {1/

4r[p~t-1+ cos? 7 sin? {12

(11}

The parameter |Ra({, m)|? can be calculated from én, ¥n
after these functions are computed from the equations that
result by matching boundary conditions at the beam position
z = zg and at the grating surface. Assuming an ideal-con-
ductor sinusoidal grating, Yan den Berg numerically com-
puted the parameter R_i{{, n) and illustrated it for various
values of 8 = vo/c and of h/DM4

The parameter Rl m) isthe effective interaction range.
Only electrons that pass within the interaction range above
the grating 2o = Zmax < hine{, 1) contribute effectively to the
n-order Smith-Purcell radiation in the (§, 1) direction. For
a nonrelativistic or a moderately relativistic electron beam,
Rin is a fraction of a wavelength. Thus, at the optical wave-
length, only a small portion of the electron-beam current is
effective in the interaction, and the radiation is weak.

The integrand of Eq. {10) is the radiative energy emitted
in direction (7, ) per period length D per solid angle. As-
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Fig. 3. The Smith-Purcell radiation power detected by a detector
as a funetion of  for various azimuth angles {as calculated from Van

. den Berg's graphs for grating and beam parameters corresponding

to the experiment.

suming that the electron beam fills the region above z = Zmax
up to a height well above Zmax T Aint with uniform current
density Jp, the power emitted by the total beam at direction
(1, ) per unit solid angle is obtained by multiplying this in-
tegrand by the electrons’ flux density J. ofe, the electron-beam
width b, and the number of periods in the gratings L/D and
then by integrating over 2 from z max L0 Infinity:

ngbL
4mweeDn

In(i-n mn=

X cos? 7 cos? {
(B! —sinm)ABi-1+ cos? 5 sin? )12
X |Ra(S, m2. ' (12)

Figure 3 illustrates the theoretical angular power distri-
bution Paell, W) = I.(, 1) Qe that is expected to be collected
by a detector placed at angle ({, 1) according to Van den Berg's
theory and to the assumed parameters of our experiment.
The radiation factor |R-a(, n)|® was calculated for the ex-
perimental parameters by interpolation of the parameter
values given by Van den Berg. The assumed experimental
parameters of Fig. 3 are h/D = Y, E =100 keV (B = 0.55), the
solid angle intercepted by the detector $ger = 0.005 sr, Jo =
0.8 mA/cm?, beam width b = 0.2 mm, 1/d = 3600 lines/mm,
n=-1,and L =2.5cm.

Although Fig. 3 isbased on a crude interpolation, we believe
that it reflects the gross features and the approximate quan-
titative values of the radiation pattern as predicted by Van den
Berg's theory. The minimum of the curves around n = 30°
corresponds well to the Doppler-shifted (realistic-trans-
formation) node of a purely transversely oscillating moving
dipole: Tmin = arcsin(fg) = 32°. The curves also feature a
maximum for the radiation pattern as a function of { that
occurs for each latitude angle nat a different azimuthal angle
{,0° < {<90°.

SALISBURY'S MODEL

An alternative physical mechanism was suggested by Salis-
bury to explain $mith-Purcell radiation.}? According to
Salisbury’s model, the electrons hit the grating at a small angle
and are reflected at the top of the grating rulings, preducing
thin, parallel sheet beamlets with a period along the x axis that
is equal to the grating's period (see Fig. 4). According to
Salisbury’s model, the periodic space-charge field of these
gheet beamlets operates as a wiggler on the incoming electrons
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Fig.4. Configuration of Salisbury’s radiation mechanism.

in the beam. Although this possible mechanism should be
wealk (because the space-charge field of the beam is expected
to be small), it has the favorable feature that the interaction
length limitation [Eq. (11)] is eliminated, and the entire cross
section of the beam is capable of participating in the inter-
action. Salisbury's model has not yet been confirmed or
discarded by an independent study to our knowledge. As we
show here by careful computation of the effect predicted by
Salisbury’s model, this model is inappropriate for explaining
the radiation power levels measured in our experiment and
probably in other similar experiments.

The current density and the space-charge density modu-
lation of the sheet-current beamlets are taken to be Jy
cos|2x“/(D sin 8;)] and (Jo/vo) cos[2rx”/AD sin 8], respec-
tively, where x” is a coordinate perpendicular to the current
sheets (see Fig. 4). The space-charge field in the direction of
the incoming electron beam and in the perpendicular direction
and the magnetic field are integrated directly from Maxwell
equations:

1 wodo . . (41r cos B; )
m e  [ER20 ; 8;)sin|——— x|
E P < Bo D sin(#;)sin(26;)sin D x
(13)
1 J . . 4 f;
By == *E‘—;’ﬁ—z D sin(8;)cos(26; )sm(—"l‘)’?—' x’) ,
(14)
B, = —— 1/ ®2 JoD sin(8)sin Mz) (15)
2rc £ ‘

In the limit of grazing incidence (f; < w), in which most

Smith-Purcell experiments are conducted, the period of the
wiggling forces that are experienced by the electrons is Df2.
Consequently, it turns out that the radiation orders {(which
result from the periodic wiggler synchrotron radiation gen-
erated by the periodic forces) will coincide with only the even
orders of the Smith-Purcell radiation given by Eq. (1). Thus
radiation of the first order ia not explained by this mecha-
nism. :
When #; <« , the longitudinal electric-yield modulation
E, diminishes relative to the transverse field E;. Further-
more, for relativistic beams, the transverse Lorentz force
evoB,, which was ignored by Salisbury altogether, is compa-
rable with the transverse electric force eE; (reduced by a
factor §2). They both go to zero in proportion to #; where §;
< X

The spontaneous-emission theory of magnetic
bremsstrahlung (synchrotron radiation) FEL's!? can be
adopted straighforwardly to describe the spontaneous emis-
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sion resulting from the transverse wiggling force e(E,, +uvoB,). -
In terms of the angle coordinates ({, 1), the radiation pattern
is given by
_ eloa k2L
3272egy? 2
y cos? {(B~1 — sin )2 + sin? {8~ sin 5 — 1)?
(B~ — sinn)® '

1§ )

(16)
where
y=(1 -84

< (Bw + lEw) ,
k,me Lo
= EDJQ\/ j.l.g/fo sin 8,’

Amwhky,me?

ay =

(1 +1/80% (17)

and ky, = 47/D.

We calculated the power distribution Pye (¢, 1) = J(§, 1) 040t
that would be predicted by Eq. (16) by using the same ex-
perimental parameters as above. The radiation pattern ex-
hibits behavior similar to that predicted by Van den Berg's
model, including the dip at angle n = arcsin § = 32°; however,
the absolute power emission is significantly smaller. Even
for large incidence angle fi; = 1%, the power collected by the
detector should be 5 X 104! W multiplied by the angular-
dependence factor of Eq. (16). This is much smaller than the
power predicted in Fig. 3. It is also significantly smaller than

-the minimum power that can be detectad by our detector.

EXPERIMENTAL PROCEDURE AND RESULTS

We used a Philips EM300 electron microscope to produce a
0.25-pA, 200-gm-diameter circular electron beam. The di-
vergence of the beam was less than 1 mrad, and the beam
voltage was 60, 80, or 100 keV (3 = 0.443, 0.503 and 0.550, re-
spectively). The grating that we used was a 2.5-cm X 2.5-cm
{1-in. X 1-in.) aluminum-coated replica grating with 1800
ruling lines/mm. The radiation was detected by using a
sensitive Hamamtsu R 936 photomultiplier. -

The power that was detected was calibrated by using pho-
tomultiplier response curves and by taking into consideration
the window absorption.

The measured Smith-Purcell power in the —2 diffraction
order is drawn in Fig. 5 versus angle {"at 100 keV for n =0°,

- Flaw)
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Fig. 5, Measured —2-order Smith-Purcell radiation power as a
function of the azimuth angle .
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Fig. 6. Measured —2-order Smith-Purcell radiation power as a
function of the latitude angle 1.

—16°, and —23°. The variation of the measured power versus
the angle 1 at a fixed { = 37.5 is presented in Fig. 6. Wealso
measured Smith-Purcel]l power versus electron energy 8 (for
60, 80 and 100 keV), and we found, in accordance with most
existing theories for the Smith-Purcell effect, that the power
increased rapidly with increasing 5. When 8 went from 0.443
to 0,550, the power was tripled.

DISCUSSION

The main features of the radiation distribution, which was
measured as a function of ({, #} (Figs. 5 and 6), agree quite well
with Van den Berg’s theoretical model for Smith—Purcell ra-
diation {Fig. 3). The measured absolute power levels are
about an order of magnitude lower than the theoretical pre-
diction. Since Van den Berg's analysis was made for —1-order
diffraction from an ideal-conductor sinuscidal grating, its
application te our experiment for a blazed grating and for
—3-order diffraction should not give more than the main
features of the radiation pattern and the order of magnitude
or the upper limit values for the radiation power.

The experimental confirmation of the dispersion relation
[Eq. (1)] was evident. We also verified that the radiation
wavelength did not change as a function of { and was depen-
dent only on %. Nevertheless, this by itself is not a check for
the validity of the theoretical model or even of the physical
mechanism. Toraldo di Francia’s modell¥ would predict
exactly the same dispersion relation, but his prediction for the
angular power distribution and the power levels deviates
substantially from the measured parameters. As we men-
tioned above, confirmation of the dispersion relation [Eq. (1)]
in the second order is also consistent with Salisbury’s model,
and so is the radiation pattern measured. However, the ab-
solute value of the radiation power predicted by Salisbury’s
model is so much smaller than the measured power that it
must be rejected as a possible explanation for our experiment
or for similar ones.

An important feature of the computed and the measured
radiation distribution curves is the fact that the radiated
power peaks at azimuthal angles I » 0. 'This has substantial
relevance to the design of Smith-Purcell FELS’s, since we
suspect that the stimulated emission also increases in the
radiation directions in which the spontaneous Smith-Purcell
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radiation is high,2 Thus, in an open resonator Smith-Purcell
FEL, it may be advantageous to build the resonator from three
or five mirrors. One mirror is the grating itself, and the others
are placed at directions (£ {, £1,}, where { is the angle of
maximum emission [see Fig. 7(a}]. In millimeter-wavelength
orotron devices,5® the resonator is made out of a grating and
a convex mirror right above it ({'= 0, 7 = 0). We suggest that
in this device it may also be preferable to replace the convex
mirrer by two mirrors at angles ({{= £{,,, n = 0).

In a Smith-Purceli FEL based on a rectangular waveguide,
it may be preferable to choose waveguide modes that have
zigzag bouncing angles close to {i [see Fig. T(b)]. Inthein-
frared regimes, the waveguide modes are leaky modes whose
losses are strongly dependent on the mode zigzag angles. If
the waveguide is largely overmoded, the mode losses may be
small enough to be used in a laser oscillator or in an amplifier
configuration.

Rectangular waveguides seem to be most appropriate for
Smith-Purcell FEL's since they incorporate the gratings as
one of the waveguide walls. The leaky modes of a rectangular
metal-dielectric waveguide {longitudinal section magnetic and
longitudinal section electric) are identical with the E-type and
the H-type modes given in Eqs. (7) and (8}, except that the
transverse wave numbers &, and k, are quantized by the finite
dimensions of the guide cross section ky = pw/wy, k: = qriw,.
In a hollow rectangular waveguide, the high-order leaky ei-
genmodes are hybrid modes EH .18 The field attenuation
constant of such modes is given by

‘21r2 pz

e~ (\/T—"')

where » is the complex index of refraction of the waveguide
walls.

For a high-order mode in an overmoded waveguide, we
may substitute p = kyw, /7 and ¢ = k;w,/7 and use Eq. (6).

(\/‘r—)l ue

Fig.7. Proposed optimal resonator configurations for Smith-Purcell
FEL's. (a} Three-mirror open-cavity tesonator. {b) Rectangular
waveguide or closed-cavity resonator.
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Hence

in? 1 cos? p2
- 2 ’ fSln ( ) V ( ) )
Opq = 2 cO8 nl y Re =T + . Re Tt

(19)

For a given operating wavelength A, a diffraction order n, and
a beam velocity vy, % is determined uniquely by the dispersion
relation [Eq. (1)}. The freedom to choose {, wy, and w, allows
for the designing of a FEL cavity with low mode attenuation,
Generally, Re(¥?/+/y% = 1) > Re(1/4/»¥ — 1). For this reason
it is preferable to choose a large {in order to keep the second
term in Eq. (19) small. This is favorably consistent with the
fact that stronger emission is also expected at a higher value
of {. In a Smith-Purcell FEL design it is expected that the
zigzag angle will be chosen near the maximum emission angle
{ = {m. The choice of waveguide cross-section dimensions
then gives a degree of freedom for minimizing waveguide at-
tenuation of the preferable mode.
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