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THE AXIAL VELOCITY SPREAD ACCEPTANCE OF FREE ELECTRON LASERS AND

ITS APPLICATION TO X-RAY FEL DESIGN

A. GOVER and E. JERBY

Department of Electron Devices and Radiation, Faculty of Engineering, Tel-Aviv University, Ramat- Aviv, Israel

We present various criteria for the definition of axial velocity spread acceptance of free electron lasers (FEL), and provide
analytical approximations, numerical caleulations and design curves for this parameter in the low, high, and intermediate gain
regimes. This parameter is used Lo calculate the energy spread acceptance, emittance acceptance and other e-beam quality parameters.
A special emphasis is put on the design considerations of short wavelength (X-ray) FELs, For this reason, the parameter calculation in
this work is limited to the tenucus beam regimes only, and parameters are calculated for intermediate and moderately high gain
regimes, which correspond to the low quality factor of X-ray resonators in the present state of the art.

1. Introduction

Since the first demonstration of a free electron laser
(FEL) at 10.6 um wavelength [1], attempts were made
1o operate the FEL at shorter and shorter wavelengths.
Recently, FEL operation was demonstrated in the visi-
ble wavelength regime [2] and there is presently consid-
erable interest in the possibility of operating a VUV or
X-ray FEL [3-6].

A necessary condition for FEL proper operation is
good synchronism between the clectron beam velocity
and the radiation wave phase velocity. This leads to a
requirement for a narrow longitudinal momentum dis-
tribution of the electron beam; otherwise the axial
velocity spread will degrade the FEL gain due to the
“inhomogenecus line broadening” mechanism. Analyti-
cal expressions for the FEL gain have been developed
for the cold beam and warm beam limits in the high and
low gain regimes [7--9], but for practical needs it is often
necessary to know the gain in the intermediate regimes,
or at least the parameter domain boundaries of these
regimes. In fact, in any optimal FEL design, the operat-
ing parameters will be usually pushed towards these
boundaries.

The purpose of the present article is Lo present
simple useful data, which can be used for FEL gain
calculation and optimization. In particular; we define
and illustrate axial velocity spread acceptance parame-
ters in the intermediate low—high gain regimes. These
parameters straightforwardly define energy and emit-
tance acceptance parameters for the electron beam.

The main motivation of the article is to provide
useful tools for short wavelength and X-ray FEL experi-
mental development. For this reason, the tenuous beam
limit is assumed, since at short wavelengths collective
effects become negligible [7-10). In the X-ray FEL
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development effort, there exists a need for simple design
diagrams and criteria with which the gain and the beam
acceplance parameters can be calculated in the inter-
mediate low—high gain and cold—warm beam regimes
[4,5]. The basic reason is that at short wavelengths, the
FEL gain falls down rapidly [16). In order to obtain
sufficient gain for oscillation, one has to make the laser
interaction region as long as possible, However, a long
interaction length results in a smaller axial velocity
spread requirement, which must be satisfied in order to
operate in the cold beam regime where gain is higher.
This puts limits on the e-beam energy and emittance
acceptance parameters, which are difficult to satisfy in
the VUV X-ray regime even with high quality storage
ring beams. '

Another serious problem in the development of an
X-ray laser based on the FEL concept {or any other
kind), is the lack of high reflectivity high power mirrors
in the X-ray regime. Though research and development
efforts are concentrated towards this direction [11-14],
still demonstrated X-ray mirror reflectivity is low com-
pared to the optical regime. The evolving technology of
multilayer X-ray mirrors [13] seems to promise favora-
ble features like high power operation, but the projected
mirror reflectivity coefficient is quite low. Theoretically,
anticipated reflectivities with Rh/Si, Rh/Be multilayer
mirrors are below R=75% at A =100 A wavelength.
However, recent experiments resulted in reflectivity val-
ues as high as 78% at A =170 A using Molsi multilayer
structures [14,4]. Since the FEL has only unidirectional
gain, even the construction of a two mirror cavity would
probably require a gain of at least AP/P = 100% per
path, which means operation in the intermediate
low-high gain regime.

Increasing the FEL gain by using higher current
levels is limited, since in general this causes degradation
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in the energy spread and emittance parameters {15]. In a
storage ring it also diminishes the operation lifetime of
the beam. These facts, together with the fact that the
axial velocily spread acceptance parameters scale, in
general, down with reducing wavelength [16], makes the
consideration of velocity spread acceptance in the inter-
mediate gain regimes a crucial consideration in the
development of an X-ray FEL.

One way which has been suggested to overcome the
axial velocity spread acceplance and mirror problems is
o try o operate in the FEL in the high gain operating
regime {4,5]. In this limit, it was projected that the axial
velocity spread acceptance parameter becomes indepen-
dent of the interaction length [7-9), and of course also
the poor mirror reflectivity problem is automatically
alleviated. It has even been suggested [4] that laser
operation as a superradiant osciilator (amplified sponta-
neous emission) may be realized in this limit and mir-
rors may be eliminated,

A major goal of the present article is to examine the
claim that beam acceplance parameters can be relaxed
in the high gain regime. We show that some common
definitions of the beam acceptance criteria may lead to
an erroncous prediction of the FEL operating parame-
ters and gain in the cold—~warm limits of the high gain
operating regime. In addition, we provide useful di-
agrams for computing the axial velocity spread accep-
tance parameter in the intermediate low-high gain reg-
ime which is presently the regime of the most practical
interest.

2. The FEL gain-dispersion relation

In a general model for FELs [9], we describe the EM
radiation field by
E(r,t)=Rela(z)&(x, y) exp{ —iwt)], (1)
where a(z) is the field amplitude. a(z)= a(0)
exp(ik,o2) in the absence of interaction, and in the
presence of interaction, its modulus |a2(z)| may grow
slowly relative 1o one radiation wavelength. &(x, y) is
the radiation mode transverse field profile. In free space,
assuming a fundamental Gaussian mode along an inter-
action length shorter than one Rayleigh length around
the beam waist, k,, =w/c and &(x, y)=¢& &
expl - (x? + y2)/wd).

The FEL small signal operation is well described by
the gain-dispersion relation [9]:

a(s) _ inx,(w, s+ik,)/e |7'
a(0) h 1+xp(w,5‘+ikw)/t‘

where a(0) and Z(s) are the initial EM wave amplitade
and the Laplace transformed amplitude [d(s)=
J&© e "%a(z)dz], respectively. « is the coupling parame-
ter and its functional dependence on the FEL parame-

. (@
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ters is tabulated in ref. [9] for the magnetic bremsstrah-
lung FEL as well as other kinds of FELs.

Xp{@, s} is the well-known longitudinal susceptibil-
ity of an electron beam plasma propagating in free
space in the z-direction. We can express it in terms of
the FEL parameters as [ollows:

Az

k2

Xp(60, 8)/c0= 25 2 G(Y), ©
th ¥
where
f — 8kl
g= 152, @)
th
18k =s5—1ik,q. (5)

For a shifted Maxwellian electron momentum distribu-
tion, G({) is the so-called plasma dispersion function
[17]:

c—x

G(r)=-};f_°°mx_§dx. (6)

The FEL generalized operating parameters are:
(a) The synchronism (detuning) paramelter

§=(i—kw~k,0)l,, ()

U,

where k, is the wiggler field wavenumber, and L is the
interaction length.
(b) The space charge parameter:
7 - ©y PR N
i Yo, Yo Yo: Uy,

(8)

where wy = (e’ng/me,)'”? is the beam plasma
frequency, and y,, = (1 — £,,)" /%

(¢} The detuning spread parameter:
- w b
f,=—-20F g
" Yo, Yo, ’ ( )
where v,,, is the axial velocity spread.

The gain parameter:

Q=x8L. (10)

This set of FEL parameters (8, 6,, 6, @) uniquely
define the FEL small signal behaviour. The FEL param-
eters 8, 8,, characterize the electron beam. The only
parameter which characterizes the FEL specific scheme
is the gain parameter . This parameter is tabulated for
various FEL schemes in ref. [9). Since the main interest
in FEL research is in magnetostatic bremsstrahlung
FELs, we give here the explicit expression of @ for this
laser:

nly ¥ Gl

¢ ¢ AN (1+a2)

§=3ﬁw2

(12)

where r, =e¢2/(4megmc?)=2818x 107" m is the
classical electron radius, I; is the instantaneous beam
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current, A, is the radiation wave cross section area
(Aem=mwi, for a Gaussian mode) and a, =eB,/
(mck,). B, is the rms value of the magnetic wiggler
field. This expression is valid in the highly relativistic
beam limit for both linear and helical wigglers. In the
case of a linear wiggler B, = B,,/y2 (where B, is the
amplitude of the sinusoidal magnetic field modulation),
while for a helical wiggler B, = B,,.

3. The FEL gain regimes

In order to calculate the power gain

a(L)
a{0)

2

G = _ (13)

one needs to perform the inverse Laplace transform of
the multi-pole function eq. (2). We carried oul this
transform numerically with the aid of a special purpose
computer subroutine (“ WARM™) previously developed
by Livni and Gover [18]. The subroutine performs an
inverse Laplace transform of the gain relation a{s)/a(0)
(eg. (2)) by a direct numerical calculation of the Brom-
wich integral:

a(z) 1 gyviwd(s) ,,
m)_=2—wi’[y—ioo L;([T)c ds, (14)

using a fast converging partial fraction routine to calcu-
late the plasma dispersion function.

For any operating parameters values 0, 8, (the
parameter ép is taken to be zero) we can always draw
the gain curve G(#)=p(L)/p(0) as a function of the
detuning parameler . This curve illustrates the basic
dependence of the gain on both the frequency and the
beam energy (which are related to 4 via eq. (7)). An
example of such a gain detuning curve, calculated for
intermediate gain regime parameters Q = 10, §, =3, is
iltustrated in fig. 1. The maximum gain G,,,, its corre-
sponding detuning value 8., and the detuning width
A8 are defined in the drawing.

In some extreme parameter domains it is possible to
make approximations which simplify the gain-disper-
sion relation (2) and permit us to calculate the inverse
Laplace transform analytically and wind up with an
explicit analytic expression for the gain curve or the
maximum gain [7-9,19,20]. Since we excluded collective

%

Fig. 1. The gain G vs lhe_normalized synchronism parameter é
for 0 =10, ép — 0 and 8, = 3. The definitions of G,,., 8pax
and A#,_ are shown.

gain regimes (tenuous beam limit ﬁp — 0), there are only
three gain regimes for which analytical solutions are
available: (1) the cold beam low gain regime, (2) the
cold beam high gain regime, (3} the warm beam regime
{low or high gain). The maximum gain and the parame-
ter domain of these gain regimes are detailed in table 1.

From the inspection of table 1, one can realize why
FEL designers refrain from operating in the warm beam
regime, as we indicated in section 1. For any given gain
parameter D (in the low or high gain regimes), the
maximum gain in the warm beam regime (third line) is
much smaller than in the corresponding cold beam
regime (first and second lines). Most FEL devices which
were operated to date in the optical frequency regime
were operating in the cold beam low gain regime (first
line}. Only microwave and millimeter-wave devices op-
erated so far in the cold beam high gain regime (second
line).

It is of great practical interest to have an estimate
how small the parameter 8, should be kept in order
that the actual gain will not be substantially lower than
the cold beam gain expressions. The maximum value of
8y to satisfy this requirement would be called the
“detuning parameter acceplance” 82°. Based on the
inequalities that define the low and high gain cold beam
regimes {table 1) it is common to estimate [5,7] the

Table 1

The tenuous beam gain regimes

Gain regime Parameter domains Maximum gain .

Cold beam low gain 8, 0= m 1+0.270 -26
Cold beam high gain b, <0 »1 exp(¥3 3'7%) /9 ~0
Warm beam 8> Q7 exp(30 /83 -8./2
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detuning parameter acceptance to be

g =nx, (15)
in the low gain regime, and
=0, (16)

in the high gain regime. We will examine the validity of
these estimates and determine to what extent the cold
beam gain formulas stay unaltered when 8, = 83 Fur-
thermore, since for X-ray FEL development the inter-
mediate low-high gain regime is of special importance,
we will provide curves for the gain and the detuning
parameter spread acceptance also for this intermediate
regime.

4. The axial velocity spread parameters

Before describing the results of our computation, we
wish first to explain the various causes for axial velocity
spread in the beam (v,,) and give the relation between
the beam quality parameters and the thermal spread
parameter 5“,.

There are two main reasons for axial velocity spread.
One reason is the total energy spread which is mostly
due to the finite phase bunching of the electron micro-
bunches in the acceleration gaps. The other reason is the
finite emittance of the beam which in most rf accelera-
tors is limited by the Lawson—Penner relation [15], but
can be made much smaller in storage ring beams.

The beam emittance is a beam constant which de-
pends on the beam acceleration energy, but not on the
focusing parameters. It is defined by

€=ar,®,., (17)

where r,, is the initial beam radius and @, is the half
opening angle angular spread. The finite emittance is
responsible for a transverse velocity spread of the elec-
trons in the wiggler and consequently results in axial
velocity spread.

The transverse velocity spread of a finite emittance
beam is caused for two reasons. One reason is the
angular spread, which for a finite beam produces a
transverse velocity spread e/(wr,,) which in turn pro-
duces an axial velocity spread Sue?/(mrp)?. The other
reason is the transverse gradient in the wiggler field,
which is present in any realizable wiggler. This trans-
verse gradient produces a focusing effect on the beam
which causes the electrons to perform long wavelength
(betatron) oscillations with an oscillation wavenumber
(19]
aw

V2B,y

where a,, = eB,/(k,mc). An electron which arrives to
an extreme radial distance r, from the wiggler axis

ky= k., (18)

(either because it was inserted into the wiggler away
from the axis or because it was inserted with a large
angular deviation off the axis and the betatron oscilla-
tions carried it away from the axis} will experience at
this point a stronger wiggler field than an electron on
axis. This will reduce its axial velocity by %u,kérﬁ.

Based on formulas from ref. [19] we listed in table 2
the axial velocity spread and 8, due to the different
sources in the highly relativistic limit f, = 1. The first
line gives the contribution of the total energy spread.
Here AE = Aymc? is the fwhm energy spread parame-
ter. The second line gives the contribution of the angu-
lar spread which was expressed here in terms of the
initial beam radius r,, and the emittance ¢ using eq.
(17). The third line gives the contribution of the trans-
verse gradient. It is expressed in terms of the maximum
radius of the beam envelope inside the wiggler r,. For a
long enough wiggler, minimai velocity spread is attained
when the electron beam is inserted with an optimal
beam radius

e 172
’bo=(;r‘;) - (19
8

With this condition, the beam envelope is uniform and
the total emittance contribution (due to transverse
gradient and angular spread) is listed in the fourth line.
For completeness, we also listed in line 5 an ad-
ditional contribution to axial velocity spread - the
potential depression across a non-neutralized electron
beam [19]). The beam peak current I, should be ex-
pressed in amperes. Nevertheless, this spread mecha-
nism is unlikely to be significant in FELs operating with
f accelerators or storage ring beams. (When it is, it is
also incorrect to assume 8, - 0 [19].) )
In calculating the final energy spread parameter §,,
one should add the various contributions. Table 2 ap-
plies for both linear and helical wigglers cases. Note
however, that in a linear wiggler, there is a transverse
gradient focusing effect and betatron oscillation only in

Table 2
Axial velocity and detuning spread parameters
Spread source o/ by
Energy 1 AE 1 AE L
== a—==
v: 28 v E A
1 2
Angular spread 3 (t/;r) 1 (—1 —i—'
Tbo ™ Tho
. L
Transverse gradient 5 k2rd wk;rgx
Emitt (minimal —l—k k L
milttance (minimal) I 13 8¢ Y
-5 1 s 1 L
Space charge 3XW™P——1, 67 X107 —— 1,
vhy A
r z
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the magnetic polarization plane (perpendicular to the
wiggling plane). Consequently, the only emittance con-
tribution in the wiggling plane is given by line 2 (and
can be minimized by increasing the beam width). The
contribution of the betatron oscillation plane is given by
line 3 (added in quadrature) or, when an optimal beam
width is used, by line 4. In a helical wiggler, there are
betatron oscillations in both transverse dimensions and
both of them have an equal contribution.

5. Beam acceptance parameters

In the limit of a cold beam, one has 8, =0, and
since we assumed negligible collective effects (ﬁp — (),
the FEL gain curve is defined only by the gain parame-
ter O and the detuning parameter §. If we are interested
only in the maximum gain parameter, G,,,, = G(8,, 0),
then there is only a single parameter, , that defines the
maximum gain. In the low and high gain limits, we have
explicit analytic expressions for the © dependence of
G,.x (fows 1 and 2 in table 1). For arbitrary values of Q
one can calculate the maximum gain by numerical in-
verse Laplace transformation of eq. (2} where for xp(w,
5) one uses the cold drifting plasma susceptibility ex-
pression [9]. The result of this numerical computation is
illustrated in fig. 2 and it agrees well with the low gain
limit asymptotic expression and fairly well with the high
gain limit approximation. )

While the curve of fig. 2 and the analytical gain
expressions in the low and high gain cold beam limits
are convenient to use for the evaluation of the gain in
any tenuous-cold-beam FEL experiment, one must know
how cold the beam should really be to keep the cold
beam ar«unpuon valid. We have defined a few kinds of
detuning spread acceptance parameters 83° and il-
lustrate their dependence on the parameter Q in figs.
3-5. We also compare them to the analytic acceptance
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Fig. 2. The maximum gain G{#,, @) in the cold beam limit.
The low gain and the high gain analytic approximations are
shown in broken lines.

parameter approximations, eqs. (15) and (16).

Fig. 3 shows curves of §3° according to two different
definitions. The lower cutve corresponds to a definition
according to which the maximum incremental gain at
g, = 82¢ falls to half its value in a cold beam (8, = 0):
() -1 1 o0
G old - ] 2

<

The upper curve corresponds to a definition according
to which the maximum logarithmic gain at 8, =985
falls to half its value in a cold beam:

nG(8w) _ 1 (1)

In Gq 2

Both curves are drawn on a log-log scale for a large
range of Q values for the purpose of comparison to the
analytic expressions.

Clearly in the limit Q << « both definitions are iden-
tical and tend to the asymptotic value 83 = # in accor-
dance with eq. (15). Tt is evident that the high gain
regime approximate expression for the detuning spread
acceptance 8% = 0'/? (eq. (16)) does not correspond at
all to the common definition of acceptance given by eq.
(20). However, for Q > 30 it seems that the top curve
g2 is at least linear with Q'/?, indicating that in this
regime the predominant effect of the thermal spread is
to reduce the exponential factor. The best asymptotic fit
to the numerically calculated curve is

=15 Q7 (22)
which can be used instead of eq. {21) for estimating the
exponential gain detuning spread acceptance in the
regime Q z 30

Fig. 4 illustrates the same detuning spread accep-

tance curves, but in a linear scale and a smaller more
practical range of values for Q. In addition, we draw a
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Fig. 3. The thermal spread acceptance parameter 83° for two
different definitions (eq. (20) and eq. (21)). Only the second
definition tends to the asymptotic limit eq. (22).
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family of four additional detuning spread acceptance
parameters corresponding to an alternative third defini-
tion of acceptance. According to this definition, 8 is
defined as the detuning spread which reduces the gain
to a given value (in the diagram G=11, 1.5, 2, 4)
independently of the gain value for a cold beam. This
acceptance definition is most useful for a FEL oscillator
design, where the maximum detuning parameter spread
which can still permit oscillation is such that it brings
down the gain to the inverse of the round trip feedback
factor. For a two mirror resonator, this gain is G=
(R,R,)7Y, where R,, R, are the mirror reflectivity
factors. The disadvantage of the latter definition is that
it cannot be represented by a single universal curve like
the other two definitions. It requires separate numerical
calculation for each gain parameter or can be displayed
by a dense family of curves [20].

Fig. 5 illustrates an altogether different useful
parameter: the detuning parameter gain bandwidth Ad.
This parameter defines the detuning range for which the
gain keeps a value above a given level (see illustration in
fig. 1). This parameter is again a function of Q for a
given 8, parameter value. Fig. $ illustrates the detuning
parameter bandwidth for &, = 0, again according to two
different definitions. The top curve corresponds (o a
detuning bandwidth definition for which the logarith-
mic gain is larger than half its maximum value:

InG(8)>mG, =1InG,,,. (23)
The bottom curve corresponds to a detuning bandwidth

definition for which the incremental gain is half its
maximum value:

G(8)—1> Gy —1= Gy~ 1). (24)

LAGIER W LnG g =172

61811 / Goorg-l] 102 ]

L { 1 | 1 1 1 -
o 20 [17] 80 80 100y

Fig. 4. The thermal spread acceptance parameter 2° drawn in
a linear scale for three different definitions {egs. (20), (21) and
G,.=11152 4).

ad
.
s0[-
LaGid)
20} CnGuarx .
18F
of

1 1
s 10 100

{
1oao a

Fig. 5. The detuning parameter bandwidth 4§ in the cold beam
limit for definitions (23) and (24).

It is important to note that, contrary to common belief,
the detuning parameter spread acceptance {fig. 3) and
the detuning parameter bandwidth (fig. 5) behave quite
differently except in the low gain limit where all of them
tend to the same limit §3° =~ Af = . This is an illustra-
tion of the fact that projection of the warm beam FEL
behaviour from the single electron model point of view
is inappropriate in the high gain regime. Note however,
that on the average, A8}, 63y > Lia G 18 proportional
to 0'/? similarly to

mas

fac
LA |ln GBI Y=3 N Geopy-

The parameter Af gives a measure of how much the
cold beam deluning parameter may deviate from its
optimum value without significant reduction in gain.
Such a parameter is necessary in order to set a limit on
the acceleration energy variance between micropulses.
Such an acceleration energy variance can result from
microwave power lemporal variation in the acceleration
gaps of the rf accelerator, and most significantly may
result from phase instability in the accelerator klystrons
microwave signal output. Incidentally, the parameter Ad
may be used also for estimating the frequency band-
width of the FEL gain curve using the relation Aw/w
= N7 '(A8/2m), which results out of differentiation of
eq. (7).

In order to use the curves of figs. 3-5 for calculating
practical beam acceptance parameters, one should re-
verse the relations in table 2 and plug in the appropriate
detuning spread parameter from the diagrams. For ex-
ample, the energy spread acceptance is found to be
{when dominant)

(AE/E),=N;'(8%/2n). (25)
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The same expression applies also for the energy varia-
tion limit (between microbunches) when 83 is sub-
stituted by 48, The emittance acceptance parameter in
the optimum focusing limit is (when dominant):

Coe = kg (M LYEY = ——= =% g (26)

and similarly, the angular spread and beam width
acceptances which correspond to lines 2 and 3 of table 2
can be calculated.

In choosing a definition for 3%, one should realize
that the acceptance parameter

g | w1
th in G(8)=3 In G oy

corresponds to a substantial reduction in gain when the
acceptance value is used: G(F¥)=,/G.,4. However,
for this kind of definition, it is indeed true that in
certain circumstances the acceptance parameters may
become independent of the wiggler length. This is the
case in the most basic FEL configuration where the gain
parameter scales like L>: ¢ = QL (in conditions when
optical diffraction and other effects do not reduce scal-
ing order in L) [16]. In this case, substitution of eq. (22)
into eq. (25) results in (for ¢ = 30):

(AE/E), =025 A, 07, 27

which is independent of L. The more common defini-
tion of acceptance

pac
Bty =G =1

corresponds to only a factor of 2 reduction in the
maximum gain when §, = 83°. However, fig. 3 indicates
that if this is the only acceptable gain reduction, the
detuning parameter spread acceptance 83° does mot
grow in the high gain regime relative to its low gain
value #3°==. As a matter of fact, it even reduces
slightly and consequently the energy spread acceptance
parameter (25) goes down more than inversely in length.
Only in the third definition of 85° the energy spread
acceptance may actually grow with L, and therefore in
designing a FEL oscillator it may be desirable to go to a
wiggler length as long as realizable.

To illustrate the use of the FEL parametrization
proposed here, we demonstrate its use for the example
of an X-ray FEL, which was considered in ref. [S]. In
this example, the following parameters were taken:

A=500A, E=07GeV(y=1400), 1,=280A,
L=15m, A, ,=6.6cm(N,=227),

A two Rayleigh lengths diffraction limited Gaussian
radiation mode was assumed and since a linear wiggler
is assumed and &, = 1.4 is quite large, the parameter
needs to be multiplied by a factor [Jy(a)—J(a)]?
where a = 4% /(1 + @) and J,, J, are the zero and
first order Bessel functions [16]. This results in a gain

B, =32kG.

parameter value O == 83, which clearly brings this case
to the high gain regime. Using the gain expression in the
second row of table 2 we obtain G = 212.

The calculation of the various acceptance parameters
is carried out with the aid of the curves in fig. 4 and
table 2. Focusing for example on the energy spread
acceptance parameter only (eqs. (25) and (27)), the
commonly used acceptance parameter estimate eq. (16)
results in 85°=4.4 ((AE/E),. =3 x107%). The value
read from the second curve of fig. 4 is 8, = 6.8 (AE/
E),.=4.8x107%). It should be noted that when this
high spread is realized, the gain drops down to G(8y)
=/G.,s = 14.5. Tighter spread parameter require-
ments should be satisfied when we allow only 50% drop
in the gain G(8,)=1G(0) for which the bottom curve
of fig. 4 results in 82 =25 (AE/E),,=18x107%),
Considerably more relaxed spread parameter require-
ments result, if we allow the gain to drop down all the
way to G =2 (This corresponds to oscillation in a
resonator composed of two laser mirrors of reflectivity
R, =R,=70%.) The fourth curve in fig. 4 results in
026 =17.6 (AE/E), = 1.2Xx1077).

In conclusion, we point out that the simple parame-
trization and universal curves presented in this paper
correspond specifically to an electron beam with a
shifted Maxwellian axial velocity distribution. A similar
distribution was assumed in the warm beam gain calcu-
lation of ref. [21], while other publications assumed
other distributions, like rectangular [22] and Lorentzian
[23). For other kinds of electron energy distributions,
the numerical approach used in the present article must
be modified, but results are not expected to be drasti-
cally different. The main conclusion of the discussion
above, in relation to X-ray FEL developmenl, is that
operating with very long wigglers (to the extent per-
mitted by technology and practical limitations) and
operating in the high gain regime is indeed a great
advantage that also permits relaxation of beam quality
acceptance requirements {though not by orders of mag-
nitude). It is also worth pointing out that in the high
gain regime, higher power extraction efficiency and
laser saturation power are to be expected [9].
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