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THREE DIMENSIONAL SIMULATION OF HIGH HARMONIC TRANSVERSE
OPTICAL KLYSTRON *
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12 Seience Applications International Corporation, 1710 Goodridge Drive, McLean, VA 22102, USA

We present the results of a three dimensional simulation code. which calculates the parameters of coherent super-radiant
harmonic frequency emission by electrons which are being bunched by an external laser beam while propagating in a planar
undulator. This code was written in order to simulate the TOK experiment, which is presently underway at BNL. Instead of a full
numerical simulation of Maxwell’s equations and the electron force equations. a semi-analytical approach is adopted. Electron
trajectories are computed analyticallv, and the radiation fields are expanded in terms of free space cigenmodes, Phase space and
energy profiles of the electron beam are incorporated by a variable space sampling according Lo a given distribution function, rather
than via Monte Carlo simulation. Computation time of about 0.1 s /electron was achieved with the present version of the code on the
1BM 3090. We present the expected radiometric parameters as a function of the electron heamn parameters (emittance and energy
spread). and the modulating laser beam parameters (Rayleigh lengih, waist position and power}. Statistical averaging is carried out by
weighted averaging of the initial electron moments and energy phase space distribution. This approach results in the best prediction
of the expected experimental measurement of the oplical parameters which can be achieved with a finile number of sampling

electrons (much smaller than in the experiment), without introducing artificial noise as in the Monte Carlo approach.

1. Introduction

FEL3D is a three dimensional simulation code for
the transverse optical klvstron (TOK) experiment pre-
sently underway at the National Synchrotron Light
Source. The program is capable of simulating the coher-
ent super-radiant harmonic frequency emission from
electrons interacting with an external laser beam while
propagating in an undulator, The code is based on a
semi-analytic concept: instead of a full numerical solu-
tion of the coupled Maxwell-Lorentz equations, elec-
tron trajectories within the undulator are approximated
by analytic solutions, and the radiation fields are ex-
panded in terms of free space eigenmodes (Hermite—
Gauss modes, or plane waves). This approach is well
justified in the optical regime [1.2], and has the ad-
vantage of shortening compulation time. ** FEL3D
incorporates the important three dimensional features
of
— the electron beam: spread in the transverse coordi-
nates and velocities, as well as in the beam energy, can
be specified according to a given probability distribu-
tion function:

— the modulating laser beam: this is achieved by using

* Research carried out under the auspices of the U.S. De-
partment of Energy. Work supported in part by ONR
contract No, N0G014-87-C-0362.

** Scalar implementations of FEL3D on the BNL IBM 3090
yield an average CPU time of < 0.1 seconds per ciectron.
‘The vectorized code is expected to run significanlly faster.
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a fundamental Hermite-Gauss mode with independent
transverse focusing parameters.

the physical model on which FEL3D is based. In sec-
tion 3, we discuss the statistical averaging method used
to determine the phase space and energy profiles of the

electron beam as it enters the undulator. It is important’

to note that we do not use Monte Carlo methods in
determining these distributions, thereby avoiding the
introduction of unphysical noise in the simulation. Sec-
tion 4 deals with the user-interactive features of FEL3D,
and details the capabilities of the program. Section 5
concerns itsell with a number of tests which probe the
accuracy of the simulation code, and, by implication,
the physical model itsell. Finally, we provide sample
output from FEL3D in section 6, and discuss the sig-
nificance of our results for the Brookhaven TOK experi-
ment.

2, The physical model

In this section we summarize the theoretical model
undertying FEL3D. A more detailed description de-
scription of the relevant theory can be found in earhier
publications [3.4].

2.1. Spontaneous and super-radiant undulator emission

The TOK consists essentially of a periodic magnetic
structure — the undulator. or wiggler, magnet — which

kY

In section 2 of this paper, we present a summary of *
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Table 1
Definitions of the various harmonics involved in undulator synchroton radiation and super-radiant emission.
Frequency definition linewidth
5 dw, 1
fundamenital undulator frequency W, B ———— = 2y k =—
ﬁ.—! -1 w, JVu
. . dw, 27/T,,
modulating laser ffequency Wy =mae 29m _ 27/ Tier
wul Ufl
. o, 21/T,
nth order coherent laser harmonic W, = e, = A, i RS ot
L\J‘l'l "‘“m
. . -qu.l 1
1h order incoherent undulator harmonic wy, = lu, =
Wyt Yy
induces transverse quiver motion in the trajectory of Table 2

elecirons propagating along it. The transverse quiver
motion of a single electron produces coherent Doppler-
shifted radiation. This radiation is emitted predomi-
nantly in the forward direction at a central frequency

ke
w. =

_ 2
(" F "'ZY:kuc!

and at all odd harmonics w,,=/w, of the central
frequency *. While the undulator synchroton radiation
from any single electron is temporally and spatially
coherent, individual electrons within the undulator emit
at random phase relative lo each other because they
enter the undulator at random times. Consequently, the
undulator synchroton radiation is only partially coher-
ent. This radiation can be made coherent by bunching
the electrons along the undulator axial dimension with
the aid of an external laser beam oscillating at one of
the undulator harmonics, and propagating collinearly
with the electron beam. If the density modulation is
tight enough, it contains harmonics of the laser
frequency, and the bunched electrons emit super-radiant
coherent radiation at the laser frequency o, and its odd

* Note that k, = 2n/A, is the undulator wave number, g, =
v, /c, and v, = (1—B2)'"?; 1 is an odd integer.

o)

Fig. 1. Axial and lransverse cross-sectional schematics of the
electron beam and the modulating laser beam for the
Brookhaven TOK experiment.

Summary of emission schemes

1 Undulator Synchrotron Radiation FEL Spontaneous Emis-
sion):
The temporally incoherent radiation of electrons propagat-
ing tn an undulator.

N

Super-Radiant Free Electron Radijation:
The temporally coherent radiation of bunched elecirons
oscillating in phase with each other in an undulator.

(V]

Free Electron Lusing:

The coherent emission of bunched clectrons radiating in
phase into the same spartial and frequency domain as the
radiation field which produced the bunching,

harmonics nw,,. Fig. 1 illustrates the experimental setup
of the Brookhaven TOK experiment. The externat laser
beam is focused at the undulator entrance, and density
modulation of the ¢lectron beam is achieved towards
the end of the undulator. Table 1 summarizes the defi-
nitions of the various harmonics involved in undulator
synchroton radjation and super-radiant emission.

The TOK represents a scheme for greatly enhancing
the spectral brightness of undulator harmonic radiation.
While the total power radiated is not different, it can be
macde substantially more coherent without involving any
stimulated radiation as in the case of a free electron
laser (FEL). Further, in contrast to the FEL, there is no
oscillation threshold condition to be satisfied in order 1o
obtain coherent harmonic emission. Consequently, the
optical klystron is of particular interest in the short
wavelength (VUV} range, where the FEL oscillation
condition is hard to satisfy. The different emission
schemes which apply to the electron beam are sum-
marized in table 2,

2.2. Electron trajectories and equations of motion

For practical experimental parameters in the optical
regime, the detailed solution of the coupled system of

V. SIMULATION
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Maxwell-Lorentz equations can be substantially sim-
plified by three assumptions:

- Space charge effects may be ignored since the elec-
tron beam operates in the extreme-relativistic regime.

- Electron trajectories are not affected by the emitted
radiation fields since the eleclron beam loses only a
small fraction of its energy via undulator super-radiant
emission.

— Electron rransverse trajectories are determined solely
by the undulator field. The transverse field of the mod-
ulating laser beam produces high-frequency, small-am-
plitude quiver in electron transverse motion, which may
be ignored in comparison o the slower longitudinal
quiver arising from the beating of the laser field with
the undulator field.

These assumptions effectively decouple the electron
radiation and modulation problems. If, in addition, one
averages over the longitudinal quiver motion, an ap-
proximate set of equations describing the energy and
phase of the electrons is obtained. By expressing the
force equations in terms of the relativistic proper time
L=, dt’'/y,(t") for the jth electron, the equations
can be reduced into a pendulum-like equation for the
electron phases [1,2}:
dy, _ L) eE(x,, 5, 2j 1)
dr; 2 me

XK[J(n-t)/z(”) _J(n+l)/2(”)]

xsin[\!/,"j"‘ ¢m(x" ):l" zj)]’

¥,  k,+mk,
d’l} - . pj: wmyj‘

K =eBu/mc, is the undulator parameter, Yo =
(k. + mk)z;(1) = w,t, and

w, K? m K?

u=

T Bk, By 41+Kk2

The modulating laser beam field is taken to be the
fundamental Hermite-Gauss mode, with independent
traverse focusing parameters 2z and Zg, and beam
waist sizes w_(0), w (O}

W, (0) Wy (0)

ECoy z ) =ebo s )
X ¥y

2 _ y2

wi(z)  wy(2)

X Rejexp| —

+id,{x, », z)+imez-iwmr) .

Note that
&, (x, ¥y 2)

W x? y?
‘Tc(R,(z) * R,(z))-

g, = mvi‘),(ﬂ)/)\m.

This 3-D model field affects even clectrons on axis,
since they expericnce an electromagnetic wave with
varying amplitude and phase along the interaction
length. The longitudinal quiver has been averaged away,
leaving the various Bessel function factors, and produc-
ing the average constant of the motion [5]:

[J(n—t)/l(u) '_J(:H-I)/Z(u)] mej;
- [(km + ku)Jtn—l)/Z(u)
e L ku).l(,,“w(u)] mc’y; = constant .

The schematic laser beam and electron beam focussing
parameters are illustrated in fig. 1. The laser beam, at .
the frequency of a doubled Nd-YAG laser, is illuminat-
ing the electron beam at the third (m = 3) harmonic of
the fundamental undulator frequency w,.

3. The statistical averaging method

The principal features of the statistical averaging
procedure in FEL3D are detailed below:

(1) We assume that electrons are injected into the
undulator with ‘a uniform distribution in the time do-
main. For a given choice N, of electrons representing
the initial phase distribution in an oplical period, 2
one-period phase region —7/2 5 ¥,y < 37 /2 is divided
into N, equal segments, and one electron is placed in
the center of each segment. This procedure ensures that
unintended pre-bunching effects do not show up in the
simulation results. The number of electrons A, is cho-
sen according to the highest harmonic frequency for

“which bunching and radiation data are 1o be computed.

The Nyquist theorem suggests that the minimum num-
ber of sampling electrons required for simulating laser
harmonics up to and including n ., is given by

N,y=4n ..

This number should also be sufficient, as is indeed the
case for output from FEL3D, which remains unchanged
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Fig. 2. Sampling algorithm: The distribution is split into N = 8
equals area sections and the sampling electrons are located in
the center of gravity of each section.

if the number of phases is increased beyond the Nyquist
criterion.

(2) Arbitrary distribution functions can be used for
sampling the electron initial conditions in the transverse
coordinates Xpy Vi angles ejr Py and energy ;. The
present program is written with the assumption of a
Gaussian distribution in all five varables, which is a
good approximation for storage ring beams. For proper
sampling of the Gaussian distribution function the nor-
malized Gaussian F(z)=e¢ % /yr is divided inlo N
equal-area segments as shown in fig. 2, where N is the
number of electrons being sampled .in a given dimen-
sion of the 5-D space (x, y, ¢,, ¢,, ). One sample
electron is then placed in the center of gravity of each
of the N equal-area segments. There is no simple esti-
mate of the number of elecirons required for representa-
tive sampling in each phase space dimension. A choice
of 8 electrons per dimension gave consistent results for
computation of on-axis radiative emission, although
more sampling points may be required for a reliable
estimate of off-axis radiation parameters.

(3) Since the undulator structure, the modulating
laser beam, and the distribution functions all satisfy
symmetry of reflection x - —x and y — —y, the dy-
namics of an electron with initial conditions (xg, ¢,4) is
identical to that of an electron at (~x,, —¢,4). Conse-
quently, the simulation code can take advantage of this
symmetry by sampling only half of the phase space
distribution in the (x, ¢,) and (¥, $,) planes, resulting
in a two-fold reduction in computation time. The sym-
metric sampling procedure is illustrated in fig. 3.

(4) The five-dimensional electron distribution func-
tion factorizes at any transverse plane within the undu-
lator according to

f(xo by 0, 7)=L(x 8 £,(2, ) £,(¥)

The distribution functions f,, f, of each of the con-

Jugate phase space variables (x, ¢,), { ¥, ¢,} factorize at
waist positions z; , zg . These may be different if the
focusing parameters of the electron beam are different
in the two transverse dimensions, as is usually the case
with storage ring beams. The sampling procedure de-
scribed above is carried out for each phase space dimen-
sion at its corresponding waist position, and the initial
conditions at the undulator entrance (z = Q) are com-
puted by the traceback transformation

xj (0) = x_rﬂ - ZE,¢'JJ'0 .
¢xj(0) = ¢xj0'

(x,0, ®.,0) are the coordinates at the waist, and
{x,{0), ¢,,(0)) are the coordinates at z = 0. Correspond-
ing expressions for the p-dimension may be obtained
with the substitution x — .

The distribution function averaging adopted here is
more appropriate than the Monte Carlo approach which
is sometimes taken in simulation programs. In the Monte
Carlo approach one distributes electron initial condi-
tions via a random number generator weighed by the
known statistical distribution function. This introduces
an amount of noise in the computed values of the
physical parameters. Since the noise in the measured
parameters is determined by fluctuations in the actual
electron beam (shot noise) due to the large number of
electrons in the beam, and since these fluctuations are
expected to be smaller than those induced by the Monte
Carlo method, we expect our approach to produce a
closer match between simulated and measured values of
the radiative emission parameters. We note finally that
if, in the experiment, the measured parameter values
fluctuate because of fluctuations in the electron beam,
the simulated parameter values should correspond to
the measured parameters averaged over many experi-
ments,

h X,

Fig. 3. The meaning of symmetry in initial conditions: when

symmetry {(x = —x, x’ = — x") is taken advantage of, only

the shaded part of the distribution is sampled, representing the
entire distribution.

1V. SIMULATION
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4. FEL3D program features

FEL3D is designed 1o interact with the user at his
terminal, The code consists of two separate programs
called PINPUT and PENTOK. In this section we delail
the user-interactive features of the code, and describe
the parameters which it computes.

4.1, Program PINPUT

Program PINPUT contains all the user-interactive
features of FEL3D. Its purpose is to prepare a data file
containing
— the physical parameters which characterize the undu-
lator, the medulating laser beam, and the electron beam;
- the phase space and energy profiles of the electron
beam at the undulator entrance, using the method de-
scribed in section 3.

PINPUT contains an internal data base with repre-
sentative values for all user-changeable parameters, This
data base is invoked the first time FEL3D is run.
Subsequent runs do not invoke the internal data if the
user instructs PINPUT at the end of a terminal session
lo preparce a file containing the values generated by the
user, This [ile can be updated every time FEL3ID is run,
and serves as the primary file read by PINPUT. The
first set of parameters displayed by PINPUT is shown
in table 3. :

The user may change any or all of the above parame-
ters by [irst entering the number next to a particular
parameter. PINPUT provides the current value of that
parameter, and prompts the user for the new value. This
process of changing the characteristics of the undulator
and the modulating laser beam may be terminated after
any number of entries. Alternatively, the user may elect

Table 3
FEL parameter group
(1 A, (m) 2y N, 3a,
01 22 4.3t
(4) A (m) (5) Zg (M) (6) Z,, (m)
0.532x10°°8 0.5 0.3
7} Pl, (W) {8) v 9 A max
0.6x10% 783.14 9
(10) AZ (m} (11} N, e (12) ¢
0.1x10°°

0.05 4490

to change all the parameters one by one. The cade will
then lead the user through the entire table shown above.
A brief description of each parameter follows:

(1) The undulator period (meters).

(2) Number of undulator periods,

(3) R.M.S. undulator parameter.

{4y Modulating laser wavelength (meters).

(5) Modulating taser Rayleigh length (meters).

(6) Modulating laser waist position (meters).

(7) Modulaling laser power (walts).

(8) Electron beam energy. If the beam is not mono-
chromatic, this is the central value of a Gaussian distri-
bution.

(9) Highest harmonic of the output radiation field for
which bunching and super-radiant harmonic emission
data are to be computed.

(10) Integration step size {meters).

(i1) Total number of integration steps taken along the
undulator length. Note that parameters 10 and 11 are
not independent. Specifying any one leads to the other
being calculated internally.

Table 4
Electron beam parameter group
X @ X &Y @y (5 v
Y - Y N Y
(6) N, (M N, (8 N, (9 N, {10) W, (11) N, a2y m
10 10 1 10 20 3
(13) Symm X (14) SymmY
Y Y
(13) o, (16) o,- (17) a, (18) o, (19) o,
0.9126E-02 0.1157E-03 0.1368E—- 02 0.1083E--03 0.1768E-03
(20} X, QD x; D) ¥, @) vy Q4) v,
0.2724E-02 0.1636E - 03 0.1960E 02 0.153E-03 0.2500E-03
(25) B, (26) ¢, (27) ¥ (28) B, (29 «, (30) ¢
0.1120E+02 0.1500E—-06" 0.9425E - 06 0.1280E + 02 0.1500E ~ 06 0.9425E - 06
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{12} Accuracy desired of the computation, This param-
eter is defined by the numerical integration routine
which is used to calculate electron trajectories [6,7].

PINPUT next displays a second table of parameters,
see table 4, which allow one to specify the characteris-
tics of the electron beam. A brief description of the
above paramelers follows:

(1-5) Spread in the transverse coordinates and veloc-
ities, and in the beam energy are indicated by entering
Y or N,

(6-10) The number of Gaussian distributed trans-
verse coordinates, velocities, and energies.

{11) Number of electrons per wavelength. As men-
tioned in section 3, by the Nyquist criterion one should
choose N, =4n,, at the minimum, This should also
be sufficient.

(12) Harmonic of the fundamental undulator
frequency at which the medulating laser beam is operat-
ing. For the TOK experiment at BNL, this value is 3.

(13,14) Indicates whether the phase space distribu-
tion is taken to be symmetric, as shown in fig. 3.
Choosing symmetry leads to a two-fold reduction in
computation time.

(15-19) Sitandard deviation values for spread in a
given dimension.

(20-30) The parameters in this subgroup allow one
10 use alternative methods of characterizing the Gaus-
sian spread. The following definitions are of relevance:

X}; = \/2_0'.",

ﬁﬂy',

XbEﬁax’

1

YbEﬁay, Y,
TbEﬁU ,

— 1 _ * —
Bx= Ux/cxr €= 00,7, €x =2'”€x’

[l

ﬂyEof/cy, €,=0,0,, € =2me,.

For any independent choice of spread parameters, such
as o, and g, PINPUT computes and displays the
corresponding values of the other possible choices. The
user may change the parameters in the electron beam
group according to the scheme described earlier for the
first parameter group.

4.2. Program PENTOK

This is the second program in the simulation code
for the BNL TOK. PENTOK does not require any user
interaction. It reads the data file prepared by PINPUT
and invokes a numerical integration routine [6,7] to
compute electron phase space trajectories. The trajec-
tory data is used to compute the harmonic frequency

bunching |7,|, radiated power P,, and brightness B,
as defined below:

N
M, = (eTiMmey, where (( ), = % O
=1

-",.(Z)E%fu:n,,(-")d:’,

1 {dP,
P"(Z)_]_nz( do )8=0

- %\/fj:(rli‘—:)z(f_)lluﬁm.(z)|’.

by e L (B my 11 ()T
T (dPle/dR) gy 4 ez

Note that [Jf], =S,y 2(l0) = Jhy2(0), where (=
mut with m = 3. The index a characterizes the harmonic
of the laser fundamental frequency w,,. fy is the elec-
tron beam peak current. For the BNL TOK experiment,
Iy is expected to be about 30 A. '

5. FEL3D code tests

The simulation code has been tested by examining
the scaling laws for bunching and super-radiant
harmonic power emission as a function of undulator
length. For the case of a low power laser beam ( Py = 10
MW} with a Rayleigh length comparable to the length
of the undulator, and for a monochromatic electron
beam with no transverse spread, one expects the results
of a one-dimensional analysis o be valid. The scaling

Table 5

Least square fit of scaling laws. Theoretical values for bunch-
ing and radiation: |mjez? Piaz® |mylaz®, Pyazt;
1] @ 2'°, Py 2,

PL=10MW, zp=2m, z,=05m

No transverse or energy spread.

. Harmonic Wiggler length L.S.F. value of exponent

number (meters) 2 P,

1 0.0-046 2.24 6.63
00-22 2.10 6.29
1.0-22 1.92 5.96

3 0.0-0.6 3.34 7.30
0.0-2.2 5.05 11.46
1.0-2.2 5.78 13.75

5 0.0-0.6 0.15 2.48
0.0-22 4.56 9.37
1.0-.22 9.64 21.46

IV, SIMULATION
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Fig. 4. Simulation results for the third harmonic. The figure displays the relative effect of transverse spread (b), energy spread (c), and
their combined effect (d) on the ideal beam (a}).

4.0

0.0
0.0

for bunching does nol depend significantly on the step
size chosen within the undulator, the radiation data
does, This is because the radiation is computed from the
bunching by simple Trapezoidal integration. If one
chooses a very smail step size within the undulator,
however, one finds that the brightness factor increases
by as much as 20% for the higher order harmonics. This
increase in accuracy is paid for by a proportionate
increase in compulalion time.

laws for the one-dimensional case can be calculated
analytically, leading to the following results:

{m,| ez,

anz4n+2’ n=1’3’___-

In table 5 we display the resuits from a least square [it
analysis of the data obtained by fitting log |0, |, and
log P, versus log z.

Note that the simulation data in the first half of the
undulator is at or below the noise level for the computa-
tional process. This is indicated by the fact that the
values of the scaling exponents calculated from the least
square fit analysis match the one-dimensional predict-

6. Simulation results and discussion

ions for the higher order harmonics only poorly. In the
second half of the undulator, however, the scaling expo-
nents are very close to the predicted values even for the
higher order harmonics. We mention that while the data

Simulation results for the third, fifth and seventh
harmonics are displayed in figs. 4, 5, and 6 respectively.
Each figure is subdivided into four parts to show the
relative effects of energy spread and transverse spread
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Fig. 5. Simulation results for the fifth harmonic. The figure displays the relative effect of transverse spread (b), energy spread (c), and
their combined effect (d) on the ideal beam (a).

upon the brightness ratio, as well as the combined effect
of the two *,

As is evident from the figures displayed, the effect of
transverse spread dominates over the effect of energy
spread, but in a markediy differently manner. Note that
while the effect of transverse spread reduces the ideal
brightness ratios in figs. 4a, 5a, and 6a by a factor
ranging between 102 and 10°, it leaves the qualitative
nature of the growth in brightness unchanged. The
effect of energy spread, on the other hand, is qualita-
tively very significant. The bunching peaks near the end

* It is pertinent to mention that the undulator spontaneous
radiation (d P{jg /d2) 4. used in computing the brightness
ratio is calculated without taking into account the effect of
spread in energy and in transverse positions and velocities.
Accordingly, the brightness ratio should increase when these
effects are accounted for.

of the undulator for the third harmonic, as is seen in fig,
7a. For the fifth harmonic the bunching reaches a
relative maximum near the end of the undulator, re-
duces sharply and then builds up rapidly in the remain-
ing length, as is shown in fig. 7b. The seventh harmonic,
on the other hand, grows smoothly within the undula-
tor. The corresponding brightness ratios in figs. 4c, 3¢,
and 6¢ are smoother as they are obtained by integrating
the bunching factor along the undulator length. Note

" that quantitatively the effect of energy spread is consid-

erably less significant than transverse spread, leading to
a reduction in the brightness nol exceeding a factor of
102,

When both transverse and energy spread are taken
into account, the fifth harmonic is seen in fig. 5d to
peak around the middle of the undulator, and to becom-
ing insignificant at its end. The seventh harmonic, on
the other hand, should be observable for the experimen-

V. SIMULATION
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Fig. 6. Simulation results for the seventh harmonic, The figure displays the relative effect of transverse spread (b}, energy spread (c)
and their combined effect (d) on the ideal beam (a).
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Fig. 7. Effect of energy spread on the bunching profile for the third harmonic (a} and the fifth harmonic (b}.



S.K Durt et al. / }lr‘gh harmonic transverse optical kiystron 513

tal conditions obtaining for the Brookhaven TOK ex-
periment. This offers the prospect of validating our
physical model from the experimental results.
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