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Three-dimensional codes for simulating electron beam transport and
free-electron laser operation including space-charge effects

Y. PINHASIt{, M. COHENYt and A. GOVERY

Three-dimensional models which describe the electron beam transport and electro-
magnetic (EM) interaction in a Free-electron laser (FEL) are presented. The
models are based on single particle force equations, and lake into account
emittance and space-charge effects in the e-beam, and transverse spatial variation
in the radiation field. In the e-beam transport problem, a cylindrically symmetrical
transverse density distribution is assumed, having an arbitrary azimuthal and
radial angular spread. The particle trajectories are obtained by solving numerically
the equation of motion for a general electric and magnetic field in the presence of
space-charge forces. The parameters of the particles int the beam are then displayed
in real space and phase space. In the FEL model, the total electromagnetic field
(including the RF space-charge field) is expanded in terms of normal modes of the
waveguide (including the cut-oflf modes). The field interaction with the e-beam is
described by the force equation for clectrons and a set of EM excitation equations
for the waveguide modes. The model takes into account 3-D effects of the
radiation and space-charge fields, and thus provides a complete description of the
FEL interaction for any kind of symmetry of the e-beam and of the waveguide
cross-section. The equations are solved numerically to simulate FEL operation in
the nonlinear Compton or Raman regimes.

1. Introduction

The paper considers two major problems that appear in free-electron laser (FEL)
analysis and design: electron beam transport and electron beam interaction with
radiation in the FEL cavity. Two separate codes for simulating these problems have
been developed.

For FEL experiments, a low-emittance, high-intensity e-beam is pre-accelerated,
bunched, focused, then matched to the main acceleration section in order to inject it
into the wiggler (Freund and Antonsen 1992, Goldstein and Newnam 1991,
Bengtsson and Kim 1991). The beam quality requirements inside the wiggler are, in
general, very stringent. E-beam transport through the low-energy section may spoil
beam quality, as evidenced by emittance growth due to space-charge forces and lens
abberations; this limits the gain that can be expected for a given set of parameters.
The beam in the low-energy section is typically dominated by space-charge forces. In
many cases the beam emittance could play a significant role in the device behaviour.
Azimuthal and radial angular momentum spread that are generated close to the
entrance plane influence the individual electron trajectories. This effect yields a
subsequent current density phase space distribution, which differs from that esti-
mated by models which do not consider these spreads. A model based on particle
equations of motion, which are used to derive the particle trajectories for a general

field structure. The present treatment considers the problem of a continuous,
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azimuthally symmetrical beam taking into account azimuthal and radial angular
momentum spread and space-charged forces. This is an extension of common 2-D
models where only the phase space coordinated (r, p,) are considered. Here we also
allow spread in the azimuthal momentum p,. A method of treating the space-charge
forces for any given particle distribution is introduced. This model permits analysis
of a beam with any initial charge distribution and therefore can be used to study the
emittance growth problem. The equations of motion are solved and studied
numerically.

The 3-D nonlinear FEL code calculates the electromagnetic (EM) field excited by
an e-beam drifting afong a waveguide in the presence of a wiggler field. Based on the
coupled-mode approach presented by Pinhasi et al. (1992), the total EM field is
expanded in terms of waveguide modes. Such a representation was shown to include
the space-charge waves excited in the density modulated e-beam (Pinhasi and Gover
1993). The code solves a set of coupled equations numerically for the amplitude of
the excited waveguide modes, together with the single-particle dynamic equations.

2. Dynamics of the particles and e-beam current calculation

The state of particle i is described by a six-component vector, which consists of
position coordinates (x;, y;, z) and a velocity vector v;. Here (x, y) are the transverse
coordinates and z is along the longitudinal axis of propagation. The velocity of each
particle in the presence of electric and magnetic fields is found from the force
equation

dp
E_—e[E+vixB] N

where p,=v,mv; is the kinetic momentum, and e and m are the electron charge and
mass, respectively. The forcing terms on the right-hand side of (1) are the electric
field E and magnetic induction B=pyH. These ficlds represent the total (DC and
AC) forces operating on the particle, and also include the self-feld due to space-
charge. The Lorentz factor y; of cach particle is found from the equation for the
kinetic energy

dy, e
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where ¢ is the velocity of light. The position of the particle is found after integration
of the particle velocity.

It is convenient to take z along the axis of propagation as the independent
variable, and replace the time derivative & by v, This defines a transformation of
variables for each particle, which enables the equations of motion to be written in
terms of z. The transverse trajectories of the particle are then given by

dx; vy
dz vy
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The time it takes a particle to arrive at a position z, £(z), is a function of the time #y;
when the particle entered at z=0, and of its longitudinal velocity v,; along the path
of motion:

z ]
LW2)=tg+| — dZ 4
@=to L e @
The distribution of the beam current is determined by the position and velocity

of the particles. In a steady-state problem, the current density can be represented as
a Fourier series in the time domain:

Tty 2, 0=Tolx, 3, )+ 3, RETCx 3, 2) exp (~ino,0) ®)

where @, is the fundamental angular frequency of the signal injected into the system.
The DC component of the current density is found by averaging the total current
over one cycle T =2t

1 T I N 3
JO(xay’ Z)=TJ J(x’y! Z, t)dt"_‘_ﬁo z P_Ia(x""xi)é(y—yi) (6)
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where 1, is the total current carried by N particles. JT(x,y,2) is the phasor of the nth
harmonic of the current density, and is given by

~ 2 (7
f(x, y, 2)=Tj J(x, y, z, £) exp (+jnw,t) dt
Q
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The DC current distribution Jo(x, y, z) is used in the transport code to calculate the
self space-charge field in the beam. The alternating current components are the ones
that excite the RF electromagnetic field.

3. Electron beam transport
3.1. Equations of motion

For the beam transport the probiem is solved in a cylindrical coordinate system
assuming azimuthal symmetry. Taking the radial component of the force equation
(1) yields

e
1= oy B0 0B By 4 Et B v B 4107 ®)

where E? and B} are the electron space-charge fields, B, and B, are the axial and
radial components of the focusing magnetic field, and E, and E, are the axial and
radial components of the electric field. Prime denotes derivatives with respect to z.

The angular velocity is obtained from the conservation of the canonical angular
momentum:
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’ _ M Lﬂo(ro)
= 2ymef,  ymep,r?

®)

where Ly (r,)= pgoro—eBm(ro)rﬁﬂ is the cancnical angular momentum at the
entrance plane (z=0) and r, is the radial distance from the axis where the particle is
launched. The axial velocity of the electron is determined from:

1 Z4 3- 1/2
ﬁz=[l - (1 +%¢Tcgfﬂ (10)

It is assumed that the electrons in the beam may have non-vanishing initial canonical
angular momentum, L,#0. Such clectrons never cross the beam axis because of the
centrifugal force, and they follow non-meridional trajectories in the rotating Larmor
reference frame.

Assuming slow variation of the current density in the axial dimension, we use the
axial component of Ampere’s law and Gauss’ law to derive the azimuthal magnetic
field and the radial electric field, respectively:

By =5 1)

1
2neL I an

ovz

B = 5

where I(r) is the current contained within a circle of radius r around the z axis:

I(r, 2)=2n J EJo A&, 2) dE (12)
0
Substituting the angular velocity from {9) and the space-charge fields from (an

into the radial equation of motion (8) gives

r”=—[QL(r’ Z)Tr+ ° E’r+[ L, ]2LMK—(Q (13)

cfi, 2ymcpE " ymef, | ¥ r

where 2, (r,z) =eB(r, 2)[2ymcp, is the Larmor frequency, and K(r) is the radius-
dependent beam perveance, defined as

el{(r)
e yyimef;

K() == o (EY—0.Bi)r = (14)

If the canonical angular momentum term is neglected and a uniform density current
at z=0 is assumed, and if the profiles of the axial magnetic and electrostatic fields
are uniform across the beam, the equation of motion simply includes three lincar
forces. Particles in a monoenergetic beam, which are launched parallel to the axis,
will exhibit a laminar flow (Lawson 1987).

3.2. Electron beam represeniation

The model can utilize a general circular symmetry e-beam distribution. In the
following a guassian electron beam distribution is investigated. At the entrance
plane the beam is assumed to be at its waist, where it is separable in Cartesian
coordinates. The problem can be simplified by exploiting the azimuthal symmetry
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and representing it in a cylindrical coordinate system, resulting in the normalized
distribution function

r P PP
oTs Prs Do) = exp| —{z5+— 15
9el7 Pro PO =1 72 p[ (2r§ 2 )J (13)

For proper sampling, the distribution functions were divided into N equal area
segments, where N is the number of macroparticles at a given velocity-space
dimension. One macroparticle is placed at the centre of mass of each of the N
segments. Each macroparticle represents the same portion of the total current in the
beam.

The focusing of an electron beam is studied for a specific example of a shielded
solenoid magnetic lens. Its axial magnetic field can be described on the axis by the
expression (Loschialpo er al. 1985, Ramian and Elias 1987, Cohen and Gover 1993)

exp (—z2/2b%)

BO D=8,

(16)
where a and & are constant coefficients, which are fixed for a given magnetic lens.
The radial dependence of the magnetic field was calculated using the standard series
expansion of the field in the paraxial approximation up to third order in r (namely,
including lens aberrations, which have an important effect on emittance growth).

Equations (2), (13) and (16) are solved numerically to study the effects of angular
spread and space-charge forces on e-beam transport.

3.3, Numerical example

A simulation of the e-beam transport along the drift region of the e-gun installed
in the Istaeli Tandem-FEL project (Cohen ef al 1993) is presented. The e-gun
injector shown in Fig. I consists of an assembly of three coils located along a 50keV
drift tube, in which a 1-5 A beam flows. The particle trajectorics of a gaussian profile
e-beam with radius r,= 53 mm and without initial angular momentum spread are
presented in Fig. 2. There are 1600 macroparticles in the simulation. For the sake of
clarity, only ten particle trajectories are plotted, which exhibit an almost laminar
flow. In the following simulation an e-beam which initially has a gaussian charge
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Figure 1. Electron-gun injector of the Israeli Tandem-FEL.
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Figure 2. Particle trajectories along the e-gun injector with no initial angular spread.

distribution with or without gaussian angular spread is considered. The normalized
emittance of the hot beam is taken to be &, = 1007 mm mrad.,

Figure 3 depicts the evolution of a projected 2-D phase space at five points along
the axis. In the phase space plots the coordinates {x,x") stand for each particle
trajectory in a given axial position. In all cases aberration terms are included. Only a
small part of the total number of macroparticies that were included in the simulation
are presented.

4. FEL code

The mutual interaction between the e-beam and the RF field in a FEL is fully
described by the beam dynamics equations (1) and (2) together with the excitation
equations of the EM field. Instead of solving the inhomogeneous, steady-state
Maxwell vector fleld equations, we utilize representations of field variables in terms
of a complete set of vector eigenfunctions (Marcuvitz and Schwinger 1951,
Vaynshtain 1957, Felsen and Marcuvitz 1973). The expansion leads to a set of
coupled-mode equations which describe the evolution of the mode amplitudes.
These scalar equations are solved self-consistently with the equation of motion of
the particles,

4.1. Excitation of the EM field

The total EM field, excited by a harmonic current source Jr, t):SR{:T(r)
exp (—jow,t)} distributed along the waveguide, is calculated by presenting the
transversecomponents as a superposition of the complete set of TE and TM
waveguide modes:

A~

Ei(x 3 )=Y.C. @) 8 qu(x, ) exp (+3k,02) + C_ () & 4 (x, ) exp (—jhy2)
q

H\(x, 0, )=3C. (D 4u(x, ¥) exp (+k,.2) + C. (D . (x, ) exp (—jk,,2)
(17
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Figure 3. Phase space evolution along the e-gun injector: right column, no initial angular
spread in the beam; left column, initial emittance g, = 100z mm mrad.
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C,(2) is the slowly-varying amplitude, and & q1(xy) and %”q 1{(x,y) are complex
vectors representing the electric and magnetic transverse field profile and polariza-
tion of waveguide mode ¢. k_, is the longitudinal wavenumber of the mode. The
summation includes both propagating and cut-off mode of the waveguide. The
expression for the longitudinal component of the EM field is obtained after
substitution of the above expansion into the excited Maxwell equations:

E(x, 3, 2)=3.C o (2) &1 0o, ) €xD (+ikg2) + C_ (D) & (%, 1) €xp (—ik,p2)
q

I ~
+— ‘Iz(x! ¥ Z)
Jwe

H(x, 3, 2)=Y.Co (D) H 1(x, y) exp (+]kp2) + C_ (DH 1o, y) exp (—jk,2)  (18)
q

Note that the expression for the longitudinal electric field Ez(x, ¥, z) includes the
plasma wave field excited by the longitudinal space-charge density modulation along
the interaction region (Pinhasi and Gover 1993).

From Maxwell’s equations, imposing the boundary conditions on the waveguide
walls, the evolution of the mode amplitude is found to be described by two scalar
differential equations for the forward (+¢) mode

d ]. . Z o~ e ~
5 Coir= =55 e () J J {Z— 9x, 3, 2+ 250w, z)] F1,x,») dx dy

1 N A
= +?q €Xp (_sz'?z)f\r_ Z

i=1 Y

Z ~ .
l:z‘i b; +fvzi:| C 8L (x5, v exp (+iogd2))
q
(19)

and the backward (—g) mode

d 1 _ Zy . s
a; C—q(z)_ +ﬁ; exp (+.]kzqz) jj[zak J J.(xa Ys Z)+ZJ z(xa s 2)] & —-q(x: y) dx dy
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(20
kz

where Z, is the mode impedance given by Zg, = 7 for the TE mode, and Zyy, =55t
for the TM mode. The normalized complex power of the mode is

yqzﬂ [&,x #*] & dx dy 1)

4.2. Numerical results

The numerical simulation presented here is from the millimetre wave Tandem
FEM project, which is being developed in Israel by Cohen et al. (1993). This free-
electron maser (FEM) is based on a 2-6 MeV Tandem Van de Graalf electrostatic
accelerator for a 1 A e-beam, and utilizes a magnetostatic planar wiggler with 20
periods of 1, =4-4cm.
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Figure 4. Small-signal gain versus frequency calculated in 2 multimode simulation.

The RF cavity considered in the simulation is an overmoded 1-5x 1-5cm?
ectangular waveguide. For the parameters listed above, it is found that the
raveguide modes TE,,,, TE,, and TM,, interact efficiently with the e-beam. Other
ion-synchronous modes which do not contribute to the FEL interaction, however,
eed to be taken into account in order to calculate the space-charge field. Since the
ransverse modes TE,, and TM,, are degenerate in their longitudinal wave number
x» they will operate at the same frequency and may be excited simultancously.
‘onsequently, the appropriate linear combination of these modes can be calculated
o find the normal mode of the FEL system (Pinhasi et al. 1992). Such a ‘supermode’
3 characterized by the feature that its field profile and polarization do not change
long the interaction region. Note that in the case when the e-beam width is narrow
elative to the profiles of the modes, the linearly-polarized mode LP,, of the
vaveguide is exactly the supermode of the FEL.

Figure 4 illustrates the small-signal gain of the FEM as a function of the
iperating frequency. Single mode gain curves of the TEy,, TE,, and TM,,
vaveguide modes are given in dashed lines. The solid line describes the small-signal
jin obtained from multimode FEL simulation, taking into account the fundamen-
al TEy, mode and the linearly polarized LP,, mode. The results obtained from the
D> FEL code agree well with the results calculated analytically from the linear
oupled-mode model (Pinhasi et al. 1992).
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