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Abstract 
Evolution of the time domain fields and the spectral power of super-radiant radiation in a free-electron laser oscillator 

(e-beam pulses shorter than a wavelength) are investigated. We consider a finite train of N short bunches of electrons 
propagating through the undulator. The coherence of the synchrotron radiation emitted from the bunched beam grows with 
the number N of the e-beam pulses entering the interaction region. When N grows to infinity, the radiation becomes 

perfectly coherent at all harmonic frequencies of the pulse injection (bunching) frequency. 
When the super-radiant emission takes place inside a resonator, the coherence of the emitted radiation is enhanced. Under 

the condition of mode-locking, the fields add in phase and the spectral energy distribution becomes narrow. When the 
finesse F of the resonator is small F <N, the spectral width of the out-coupled radiation emitted from the resonator is 

limited by N, and in the opposite case F > N, it will be limited by F. If the number of pulses N grows to infinity, the 
out-coupled radiation reaches a steady state of perfect coherence with reduced harmonic contents (determined by the Finesse 

of the resonator). There is no threshold for emission of this kind of coherent radiation. 

1. Introduction 

Electrons passing through a magnetic undulator emit 
partially coherent radiation called undulator synchrotron 
radiation [l]. The radiation from different electrons, which 

enter the undulator at random, adds up incoherently, unless 
the electrons are inserted as a single short bunch (shorter 

than the oscillation period of the emitted radiation) [2-71 
or enter as a periodic train of bunches at the frequency of 

the emitted radiation [8-111. Only in these cases do the 
electrons radiate in phase with each other (super-radiant) 
and the radiation is coherent. 

Super-radiant emission from a short pulsed electron 
beam has recently been observed experimentally in syn- 
chrotron radiation [12,13], in Cherenkov radiation [14] and 
in undulator radiation [15-171. Most recently Asakawa et 
al. reported the emission of enhanced super-radiant undula- 
tor radiation from a train of short electron beam pulses 

within a mm-wave cavity [18]. 
The purpose of this article is to present a rigorous time 

and frequency domain analysis of super-radiant undulator 
radiation by a train of electron beam short pulses inside a 
waveguide resonator (see Fig. 1). 

This scheme is of interest as a realizable source of a 
long or even of a continuous train of coherent radiation 
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pulses. Contrary to conventional laser oscillators, this kind 
of super-radiant oscillator does not have an oscillation 
threshold and can produce coherent radiation at any power 
level. 

2. Excitation of the electromagnetic field 

Our analysis is based on modal expansion of the total 
electromagnetic field presented as a superposition of trans- 
verse eigen-functions of the uniform cavity in which the 

radiation propagates [20]. In the angular frequency domain 
w, the field of each mode can be written as: 

i,( r, W) = C,( z, OJ)~J x, y) e+JkJw)z, 

fiqcr, W) = 6,( Z, w).%J x, y) e+jkJw)’ (1) 

Fig. 1. Schematic illustration of a super-radiant free-electron laser 
oscillator. 
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g&x, y) and 2$x, y) are complex vectors representing 

the transverse profile and polarization of the electric and 
magnetic fields of transverse eigenmode q. with wave- 

number k,,(w). c&z, w) is the Fourier transform of the 
mode’s amplitude, which in the case of a propagating 
(non-evanescent) mode, satisfies the following excitation 

equation: 

1 
ZZ ,-Jk:Jw)z 

4pq // 
.j(r, w) .gq* (x, Y) dx dy, 

(2) 
where9~=~$‘ll[@~y(x, Y)X$~*~(X, y)]G?dxdy is 
the normalization power of the qth propagating mode. For 
a radiation signal of finite energy, the spectral energy 
density carried by the excited propagating mode is given 
by: 

dl;( z) 
~ = IrZ,(z, w)l%& 

do 
(3) 

3. Super-radiant emission from a train of e-beam 
bunches 

Consider first the case of a train of electron bunches 
passing through a wiggler field, emitting super-radiant 

synchrotron radiation without a resonator. The electron 
beam is composed of N short bunches, entering the inter- 
action region with time intervals T between each other. 

The duration of each bunch is small compared to the 
period of the emitted electromagnetic field. The current 

density is a product of the space-charge density and the 
velocity Y field of the electrons: 

N- 1 

J(r, t>= -4 c L’f(X> r)~[z-z,<t)l3 (4) 
I!=0 

where f(x. y) is the transverse space-charge distribution 
of the bunch of total charge 4. In the space-frequency 
domain the current density of the train of bunches is the 
Fourier transform of (4): 

_Q r, w ) = / 

+= 
J(r, t) e+jW’ dt 

-ZL 

(5) 

where 

1 
t,(z) = nT + /‘-dz’ 

0 %(Z’) 

is the time passed until the nth bunch, which entered the 
interaction region at time nT and moves at an instanta- 

neous axial velocity ui(z), arrives at a point z. Substitu- 

tion of the expression for the transverse current density 

j(r, w) into Eq. (2), results in [21]: 

x j/f(X> .Y)CT 4+q*(x, y) dx dy, 

(7) 

where we define: 

i 

1 for TE modes 

i,’ l-- ‘6, 
for TM modes 

‘Q, 

and 6’,(z) = O/L:,(Z) - (k,, + k,) is the detuning at point 
z. k, = 2rr/h,, where A, is the wiggler period and rj; 

is the amplitude of the transverse wiggling velocity. 
Neglecting the interaction effect of the radiation on the 

electrons in the bunch, it is assumed that the electrons in 

the beam all move at a constant (averaged over wiggler 
period) axial velocity u,(z) = rxZu and keep their initial 
detuning parameter o4 constant along the wiggler. Conse- 

quently, the solution of the excitation Eq. (7) at the exit of 
a wiggler of length L, is found to be: 

where 

Xej$B,,L,+(N-l)w71 (8) 

and sine(x) = (sin(x))/x. In the case of two well-sep- 
arated solutions, where the respective frequency band- 
widths of the emission are smaller than the spectral range 

between the resonance frequencies, it is sufficient to use a 
first order approximation k,,(w) - kJo,) + (l/~:~Kw - 
w,) of the dispersion relation of the propagating mode q. 
The time domain picture of the field of the mode emitted 
by the e-beam bunches near the synchronism frequency w, 
is found to be [7]: 

It consists of N rectangular pulses modulating a carrier at 
frequency 0,. The temporal duration of each of the pulses 
is the slippage time car = .L_,/LJ=~ - L,/v,, and the rate of 
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Fig. 2. The normalized spectral energy distribution of a super- 

radiant emission from N = 5 bunches. The duty-cycle of radiation 

pulses is 7,p / T = 25%. 

pulse appearance is given by the spacing T between the 

electron bunches. t, = ~(L,,,/c~,,, + L,,,/L’~) is the time 
delay of the center of the first pulse. 

The spectral density of the radiation energy emitted by 

a train of N bunches is calculated from Eq. (81 according 
to Eq. (31: 

(10) 

It constitutes a comb of line-peaks separated by the free- 

spectral range A r+..dla,lon = l/T and weighted by a sin? 
function with a main lobe width of approximately Au = 

1,‘~~~. The typical width of each line-peak is SV~.~,~,~,)~ = 
1 /(NT), becoming narrower as the number N of bunches 
increases. Fig. 2 shows a normalized line-shape of radia- 

tion energy emitted when N = 5 bunches pass through a 
wiggler. The duty-cycle of the emitted radiation in this 
example is chosen to be TJT= 25%. 

The ratio of the separation between peaks to the band- 

width of each radiation peak A ~~~~~~~~~~~~~~~~~~~~~~ = N, 
measures the degree of radiation coherence. In the limit 
N + m, the radiation becomes perfectly coherent at all 

harmonic frequencies of the pulse injection (bunching) 
rate. The temporal field then becomes a periodic signal 
with spectral power distribution: 

dJ’,(L 1 = 
dw 

(11) 
,, = x \ 1 J 

This should be compared to the result obtained in Refs. 
[ 10,111, for the power emitted in a prebunched free-elec- 
tron laser. 

4. Super-radiant emission in a resonator 

Now we consider the super-radiant emission of a finite 
train of e-beam bunches inside a waveguide resonator, the 

radiation is reflected by the end mirrors and is circulating 
in the cavity. In the frequency domain. the field of the 
transverse mode 9 inside the resonator is found from the 

summation of an infinite number of retlected waves: 

where p is the complex field combined reflectivity of all 
the mirror in the round-trip feedback loop and I, is the 

round-trip length of the cavity. The summation (12) forms 
an infinite geometric progression, which can be written in 
the form: 

-@,(x, y, z=L,, 0) 

“‘, = 
1 _ p eJk;,‘< 

sinc(+0,1,) 

sin( +NwT) , 
X 

sin( +wr) 
elT[@,,LL+(“- IW,q x, Y). (13) 

The spectral density of the out-coupled energy in a 
steady-state operation is found from Eq. (3): 

dZ;;‘“‘(L,) 

dw 

= I s$, / ‘Pq 

x sin’( +NwT) 

sin’( +wT) 
sinc’(+0,1,), (14) 

where R = 1 p 1’ and ~7 is the power transmission coeffi- 
cient of the outcoupler. We notice that the spectral energy 
distribution of the transmitted wave is the line-shape of the 
radiation emitted by the N wiggling bunches (101, multi- 
plied by a transfer function of the Fabry-Perot resonator. 
The maximum transmission of a Fabry-Perot resonator 
occurs when kZ,l, = 2mn (where m is an integer), which 
defines the resonant frequencies for the longitudinal modes 
of the resonator. The intermode frequency separation is 

A qesonator = l/r,, where t, = ~,/Lx~ is the round-trip time 
of the radiation. The width of the transmission peaks is 

given by SI.;,,,,,~~~ = Av/F where F = n&/(1 -R) is 
the finesse of the resonator. 

Fig. 3 shows the line-shape of the spectral energy 
distribution of the out-coupled radiation when a super- 
radiant emission of a single bunch (N = 11 is circulating in 
the resonator. In that case the width of the line-peaks of 
the transmitted radiation is determined by the resonator 
quality. Improvement of the finesse of the resonator in- 
creases the spectral resolution between the peaks. 

For the case of multi-bunching, line-peaks appear al- 
ready in the spectrum of the radiation inside without 
feedback. The ratio between the separation of the line-peaks 
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Fig. 3. The line-shape of the out-coupled radiation when syn- 

chrotron radiation from a single bunch is circulating in a res- 
onator. 

of the radiation emitted by the N wiggling bunches and 

the free-spectral range of the resonator ~~~~~~~~~~~~~ 

A ureaonatar = t,/T determines whether and which of the 

peaks will be coupled out. When this ratio is equal to unity 
(i.e. the time T between the pulses is tuned to be equal to 
the round-trip time t, of the radiation in the resonator), all 
of the radiation line-peaks are coupled out of the resonator. 
Under such a condition of “mode-locking” [19], the circu- 
lating waves add in phase resulting enhancement of the 
temporal coherence of the radiation. 

Examination of the ratio between the line-widths of the 
radiation and those of the transmission curve of the res- 

onator 6 vr:;ld~alion/s Vrehcrmtor = (F/N)t,/T, shows that the 

R=0.2 ; W-l-=1 
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Fig. 4. The line-shape of the out-coupled radiation when a super- 

radiant emission (of N = 5 bunches, duty-cycle T,, / T = 25%) is 

circulating in a resonator (t, = T). (a) Finesse F = 1.8 smaller 

than the number of bunches N = 5. (h) Finesse F = 14 higher 

than the number of bunches N = 5. 

bandwidth of the out-coupled radiation at each line be- 

comes narrower as the finesse of the resonator increases. 

When the finesse of the resonator is small relative to the 

number of bunches F < N, the bandwidth of each line is 

limited by the number of bunches N. In the example 
demonstrated in Fig. 4a, the Finesse of the resonator was 
chosen to be F = 1.8, smaller than the number N = 5 of 
the e-beam pulses. The transmission characteristics of the 

resonator (which is illustrated in dashed line), is observed 
to have wide bandpass regions, corresponding to the poor 
finesse. The spectral width of the out-coupled radiation 

peaks (shown as a solid line) is narrower, determined by 

the number of bunches N. In the opposite case, shown in 
Fig. 4b, the finesse of the resonator F = 14 is higher than 
the number of pulses (N = 5) in the e-beam. The band- 

width of the spectral lines of the out-coupled radiation 
becomes narrow, and their energy peaks in the frequency 

domain are intensified. as the result of the enhancement of 

their temporal coherence. 

References 

[l] H. Motz. J. Applied Phys. 22 (1951) 527. 

[2] R. Bonifacio, C. Maroli and N. Piovella, Optics Commun. 68 

(1988) 369. 

[3] R. Bonifacio, B.W.J. McNeil and P. Pierini. Phys. Rev. A 40 

(1989) 4467. 

[4] S. Cai. J. Cao and A. Bhattachrjee, Phys. Rev. A 42 (1990) 

4 120. 

[5] N.S. Ginzburg and AS. Sergeev. Optics Commun. 91 (1992) 

140. 

[6] F. Ciocci, R. Bartolini. A. Doria. G.P. Gallerano. M.F. 

Kimmit, G. Messina and A. Renieri. Phys. Rev. Lctt. 70 

(1993) 92X. 

[7] A. Gover, F.V. Hartemann, G.P. Le Sage, N.C. Luhmann. 

R.S. Zhang and C. Pellegrini, Phys. Rev. Lett. 72 (1994) 

1192. 

[8] M.P. Sirkis and P.D. Coleman. J. Appl. Phys. 38 (1957) 527. 

[9] R.M. Pantell, P.D. Coleman and R.C. Becker, IRE Trans. 

Electron Devices ED-5 (1958) 167. 

[IO] I. Schnitzcr and A. Gover. Nucl. Instr and Mcth. A 337 

(1985) 124. 

[ll] A. Doria, R. Bartolini, J. Feinstein, G.P. Gallerano and R.H. 

Pantell, IEEE J. Quantum Electron. QE-29 (1993) 1428. 

[12] G. Williams et al., Phys. Rev. Lett. 62 (1989) 261. 

[13] T. Nakazato et al., Phys. Rev. Lett 63 (1989) 1245. 

[14] J. Ohkuma. S. Okuda and K. Tsumori. Phys. Rev. Lett. 66 

(1991) 1967. 

[lS] Y.U. Jcong et al. Phys. Rev. Lett. 68 (1992) 1140. 

[16] Y. Jeong et al., Phys. Rev. E 47 (1993) 1313. 

[17] R. Zhang et al., Nucl. Instr. and Meth. A 341 (1994) 67. 

[18] M. Asakawa et al., Nucl. Instr. and Meth. A 341 (1994) 72. 
[IV] E. Jerbi and G. Bekefi, 1EEE J. Quantum Electron. QE-29 

(1993) 1192. 

1201 Y. Pinhasi et al.. Nucl. Instr. and Meth. A 318 (1992) 523. 

[21] Y. Pinhasi and A. Govcr, Three-dimensional coupled-mode 

theory of fret-electron lasers in the collective regime, Phys. 

Rev. E, to be published. 

111. PREBUNCHED BEAMS/COHERENCE 


