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Approximating Minimum Feedback Sets and Multicuts
in Directed Graphst

G. Even? J. (Seffi) Naof B. Schiebef, and M. Sudah

Abstract.  This paper deals with approximating feedback sets in directed graphs. We consider two related
problems: thaveighted feedback vertex $evs) problem, and theveighted feedback edge $ets) problem.

In theFvs (resp.FES problem, one is given a directed graph with weights (each of which is at least one) on the
vertices (resp. edges), and is asked to find a subset of vertices (resp. edges) with minimum total weight that
intersects every directed cycle in the graph. These problems are among the classical NP-hard problems and
have many applications. We also consider a generalization of these problegBsFFvS andSUBSEFFES, in

which the feedback set has to intersect only a subset of the directed cycles in the graph. This subset consists
of all the cycles that go through a distinguished input subset of vertices and edges, denoted g
generalization is also NP-hard even whet = 2. We present approximation algorithms for S1eBSEFFVS

and SUBSEFFES problems. The first algorithm we present achieves an approximation fac®¢log?| X |).

The second algorithm achieves an approximation factdd@hin{log t* loglogz*, lognloglogn)}, where

t* is the value of the optimum fractional solution of the problem at handnasdhe number of vertices in

the graph. We also define a multicut problem in a special type of directed networks which we call circular
networks, and show that treBSEFFES and SUBSEFFVS problems are equivalent to this multicut problem.
Another contribution of our paper ismbinatorialalgorithm that computes@ + ¢) approximation to the
fractional optimal feedback vertex set. Computing the approximate solution is much simpler and more efficient
than general linear programming methods. All of our algorithms use this approximate solution.

Key Words. Feedback vertex set, Feedback edge set, Multicuts.

1. Introduction. This paperdeals with approximating feedback setsin directed graphs.
We consider two related problems: thveighted feedback vertex evs) problem, and
theweighted feedback edge $ets) problem. In thecvs problem, one is given a directed
graph with weights on the vertices, and is asked to find a subset of vertices with minimum
total weight that intersects every directed cycle in the graph. IrgB@roblem, one is

given a directed graph with weights on the edges, and is asked to find a subset of edges
with minimum total weight that intersects every cycle in the graph. We assume that all
weights are at least one. The unweighted versions of these problems are classical NP-
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hard problems, and appear in Karp’s seminal paper [K]. Afsandrvs problems are
reducible to one another (Section 2). These reductions preserve approximations, namely,
feedback vertex sets are mapped to feedback edge sets with the same weight and vice
versa. Hence, these problems are equally hard to approximate in polynomial time.

The problem of finding feedback sets arises in a variety of applications. One of the
most interesting and important applications has to do with testing circuits. A circuit
can be modeled by a directed graph where the vertices represent gates (which com-
pute boolean functions) and the directed edges represent wires that connect gates [LS].
Loosely speaking, finding a small feedback edge set in this graph helps to reduce the
hardware overhead required for testing the circuit using “scan registers” [GGB], [KW].
Other applications have to do with efficient deadlock resolution (see, e.g., [S]).

We also consider a generalization of thes and Fvs problems which we call the
SUBSEFFESandSUBSETFFVS problems. In these problems, only a subset of the directed
cycles in the graph is consider@tteresting A feedback edge set with respect to the
interesting cycles is a subset of edges that intersects every interesting cycle. Similarly,
a feedback vertex set with respect to the interesting cycles is a subset of vertices that
intersects every interesting cycle. The interesting sets of cycles that we consider are
characterized by a subset of vertices and edges. Namely, given a ufsfespecial
vertices and edges), the set of interesting cycles characterized ibythe set of all
cycles that intersecX. In theSUBSEFFES(resp.SUBSETFFVS) problem the goal is to find
a minimum weight feedback edge (resp. vertex) set with respect to the interesting cycles.
ThesSuBSETFFVS(resp.SUBSETFFES) problem is NP-hard even when the interesting cycles
are characterized by a sKtcontaining only two vertices, as follows from the work of
Yannakakiset al. [YKCP]. (See also a remark at the end of the paper.) On the other
hand, if X consists of a single vertex, then theBsEFFESand thesuBseFFvs problems
can be solved in polynomial time by computing a minimum cut. (This is not the case in
undirected graphs where tBeBseFrFesand thesuBsSEFFVS problems remain NP-hard
even if X consists of a single vertex.)

The motivation of this generalization is twofold. First, in some of the applications
we may only be interested in cycles that intersect a subset of the vertices and edges,
e.g., when testing only part of a circuit. Second, from the theoretical standpoint, it is
interesting whether the quality of the approximation depends on the size of the set that
characterizes the interesting subset of cycles.

The relation between feedback set problems and multicut problems (first observed by
Leighton and Rao [LR]), motivated many researchers to focus their attention on multicut
problems. This problem was first defined by Hu [H] as follows. Given a capacitated
network, and a set &€ source—sink pairs, find a minimum capacity set of edges whose
removal disconnects all the source—sink pairs. This problem is NP-hard in general. We
define a directed multicut problem in a special type of networks which weicalllar
networks We show that the subset feedback set problem is equivalent to the directed
multicut problem in such networks.

An obvious lower bound on the cardinality of a minimums (resp.Fvs) is the
maximum number of edge (resp. vertex) disjoint directed cycles in the graph. We assume
here that the graph is unweighted. We note that there are certain families of graphs for
which a minimax theorem relating the cardinality of a minimum feedback set with the
maximum number of disjoint directed cycles exists. For example, it follows from the
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Lucchesi-Younger theorem [LY] that a minimax theorem for the edge version can be
proved for directed planar graphs, and also an optirestan be computed in polynomial
time. (See [GW] for approximation algorithms for the vertex version.) For reducible
flow graphs, minimax theorems exist for both edge [R2] and vertex [FG] versions. In the
edge version, Ramachandran [R1] provides a polynomial-time algorithm for finding an
optimalFES

The first approximation algorithm for thees problem was given by Leighton and
Rao [LR] (and followed by Kleiret al. [KST]). Their approximation factor i® (log? n)
in the unweighted case, wheneis the number of vertices in the graph. Leighton and
Rao achieve this bound by using &tlogn) approximation algorithm for a directed
separator that splits the graph into two (approximately) equal-sized components. This
separator is found by approximating special cuts which are called quotient cuts.

Recently, there has been much progress in approximating the multicut problem in the
undirectedcase. Most notably, Gareg al. [GVY] achieved anO(logk) approximation
factor for this problem. They introduced a novel “sphere growing” technique, refining
and simplifying previous works of Leighton and Rao [LR] and Kleinal. [KRAR].
Actually, theO(logk) factor achieved in [GVY] is with respect to the optimal fractional
solution of the multicut problem. Gag al. also show that this is the best that can be
hoped for, by demonstrating a graph in which the gap between the fractional and integral
solution is indeed? (logk). To the best of our knowledge, no approximation is known
for the multicut problem in general directed graphs.

The first result we present is an approximation algorithm that achievexlag? k)
factor for the subset feedback set problem. Recall the equivalence established between
the subset feedback set problem, and the directed minimum capacity multicut problem
in circular networks. We are able to exploit the special structure of such networks to find
an O(log? k) approximation factor of the minimum capacity multicut. Our algorithm is
based on a novel decomposition of the graph, and an adaptation of the undirected “sphere
growing” technique in [GVY] to directed circular networks.

In a brilliant paper, Seymour [Se] proved that the integrality gap in the case of the
unweightedrvs problem can be at mogD(log t* loglogz*), wheret* denotes the
optimal value of a fractional feedback set. A careful examination of Seymour’s proof
reveals that all of his existential arguments can be made constructive, and thus, with
certain other modifications, an algorithm for the unweightes problem that achieves
an approximation factor 0O(logt*loglogz*) can be obtained. (Notice that in the
unweighted case* < n.)

The second result we present is an extension of Seymour’s proof to the weighted
SUBSETFVS problem. This results in an algorithm that achieves an approximation factor
of O(min{logt*loglogt*, lognloglogn}), where, as before;* denotes the cost of
a minimum fractional subset feedback set, anid the number of vertices. This re-
sult is almost optimal within the primal—-dual framework, since the integrality gap is
Q(logt*) [Se].

Both of our approximation algorithms recursively decompose a directed graph as
follows. A fractional (optimal) solution to a directed feedback set problem induces a
distance metric on the edge (resp. vertex) set of the graph. The approximation algorithm
picks (arbitrarily) a vertes € X, and conducts a single-source-shortest-paths algorithm
from s with respect to the distance metric. The single-source-shortest-paths algorithm
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defines layers with respect to the sospshere each layer is a directed cut that partitions

the graph into two parts. The approximation algorithm chooses a directed cut, adds the
cut to the feedback set, and continues recursively in each part. The recursion ends when
the graph does not contain any interesting cycles. Each approximation algorithm applies
a different criterion for choosing the directed cut that partitions the graph. However, both
algorithms relate the weight of the cut to the cost of the fractional solution.

The first step in all feedback set approximation algorithms requires the computation
of an optimal fractional solution. Notice that the linear programming formulation of
the Fvs problem may contain an exponential number of constraints. Nevertheless, an
optimal solution can be computed in this case in polynomial time by either using the
ellipsoid method or interior-point methods. In fact, it is possible to decrease the number
of constraints to be polynomial by reducing thes problem to a multicommodity
flow [GVY]. (However, then the linear program is not positive anymore.) Using general
linear programming methods is usually undesirable, and algorithms that exploit the
combinatorial structure of the problem are sought when possible. Since we deal with
approximation algorithms, we can actually settle for an approximate (initial) fractional
solution, where the approximation bound is a constant.

In Section 5 we present a combinatorial algorithm that fin@s-a¢) approximation
to the fractionaFvs andsuBSEFFVS problems. This algorithm is simple and also more
efficient than general linear programming methods. The complexity of our algorithm
is O(n?M(n) log? n) for any fixede, whereM(n) denotes the complexity of matrix
multiplication. Our algorithm is based on a gregdy ) approximation algorithm for
the (fractional) Set Cover problem derived from a parallel algorithm for approximating
positive linear programming by Luby and Nisan [LN]. We show how to adapt the ap-
proximate Set Cover algorithm to tiFe's andSUBSEFFVS problem, in spite of the fact
that the number of constraints in the corresponding Set Cover problem is exponential.
Plotkinet al. [PST] gave a general combinatorial approximation algorithm for fractional
packing and covering problems. Their algorithm can also be applied to compute an ap-
proximate fractional solution in our case. Our algorithm for computing an approximate
fractional solution differs significantly from the algorithm derived from [PST]: they use
a Lagrangian relaxation technique on the dual problem, whereas we deal with the primal
problem. The complexity of the approximation algorithm in [PST] is slightly better than
our algorithm when the graph is sparse. However, we believe that our algorithm and its
analysis are simpler.

Independently, Kleiret al. [KPRT] present a network decomposition for directed
graphs calledymmetric multicutdJsing a weighted version of their decomposition they
derive anO(log? k) approximation algorithm for finding a minimum capacity subset of
edges that separatkgiven pairs of terminals. That is, for each pér, t;) there is no
cycle containing botls andt;. The NP-hardness of finding such a minimum capacity
cut follows from the reduction of theuBSEFFES problem to this problem as shown
below. The decomposition algorithm in [KPRT] is essentially the same as our algorithm
for approximating the minimum capacity multicut in circular networks. In fact, we
show in what follows how our approximation algorithms can be applied to obtain an
O(min{log t*log logt*, lognlog logn}, log? k) approximation algorithm for finding a
minimum capacity subset of edges that sepatatggen pairs of terminals, where is
the optimal fractional solution.
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To summarize, the results presented in this paper are:

[

. Reductions between the various problems considered in the paper (Section 2).

2. A polynomial-time approximation algorithm for the multicut problem in circular
networks that achieves @b(log? k) approximation factor, whereis the number of
source—sink pairs. We apply this algorithm to approximate the weigliBgEFFVS
and weightedsUBSEFFESproblems and obtain an approximation factofufog? k),
wherek is the number of vertices and edges that characterize the interesting cycles.
(Section 3).

3. A polynomial-time approximation algorithm for the weightedBserFvs and
weightedsuBseFrrFesproblems that finds a feedback set with wei@hmin{z* log *
loglogt*, t*lognloglogn}), wherer* is the cost of an optimum fractional feedback
set (Section 4). We note that this algorithm achieves the same approximation factor
for the multicut problem in circular networks since this problem is equivalent to the
subset feedback set problem.

4. A (1 + &) factor approximation (combinatorial) algorithm for the fractiorab

problem (Section 5).

2. The Problems and Reductions Among Them. In this section we define the prob-

lems that are considered in the paper. We describe various versions of these problems
and discuss reductions among them. In all the reductions, a feasible solution is mapped
to a feasible solution. Moreover, the cost of the feasible solutions is preserved by the
reductions, and, therefore, an approximate solution to one problem can be translated to
an approximate solution to all other problems reducible to this problem. Most of the re-
ductions can be performed in linear time, and, therefore, these problems can be regarded
as different representations of the same problem.

2.1. The Problems LetG = (V, E) denote a directed graph, wheké| = n. There
are two natural weight functions that are associated @ithither weights on the edges,
denoted byc(e) for e € E, or weights on the vertices, denoteddiy) forv € V. Let X
denote a subset of the vertices (resp. edges) that are spbethlvertices (resp. edges),
and let| X| = k.

The first problems we consider are the minimum weight feedback verter\s®t (
the minimum weight feedback edge set9) and their generalization to tlsBSEFFVS
andsuBsEFFES problems. All these problems are defined in the Introduction. Another
extension of thervs problem that we consider is tleACKOUT-FVS problem. In this
problem an additional subset of “blackout” verticBsjs given. We allow only feedback
vertex sets that do not contain any vertexBofn theBLACKOUT-FvS problem a minimum
weight feedback vertex set that does not contain vertic&isfsought.

We consider the problem of finding minimum capacity multicuts in directed “circular”
multicommodity networks. Aetwork N= (V, E, c(-), {(S. ti)}i=1... k) is a quadruple,
where(V, E) is a directed graplg(-) is a capacity function defined on the edges, and
{(s,ti)}i=1.. « are pairs of vertices callezburce—sink pairsThecapacity(or cost) of a
subset of edges; C E, is defined byc(F) = ) ¢ c(e). A multicutin a network is a
subset of edges; C E, such that, for every source-sink pds;,, tj), every path inN
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from s tot; contains at least one edge of the BetWe consider special networks, which
we callcircular networks In circular networks there is an infinite capacity edige> s

for every source—sink pais, tj), and this edge is the only edge that emanates from
and the only one that entegs We note that the last condition, namely, tigt t;) is the
only edge that emanates frarand the only one that entess is only used to show the
equivalence of this problem to treBSEFFES problem. However, our approximation
algorithm is valid even if this condition is not satisfied.

2.2. Reductions Among the Problemdn this subsection we show reductions between

the problems presented in Section 2.1. These reductions preserve feasible solutions and
their cost, and, therefore, these problems are equally hard to approximate in polynomial
time.

CHARACTERIZING INTERESTINGCYCLES. The subsetX c V U E, defining the inter-

esting cycles can be assumed to contain only vertices without loss of generality by the
following reduction. Every edge — v € X is split by adding a new vertes,, and

by replacingu — v with u - a,, anda,, — v. Add a,, to X instead of the edge

u — v. If a feedback vertex set is sought, thens¢d,,) = oo. If a feedback edge set

is sought, then set(u — a,,) = w(ay,, — v) = w(u — v). There is a 1-1 correspon-
dence between the interesting cycles before and after the reduction. Moreover, there is
a weight-preserving correspondence between the finite weighted feedback vertex sets
before and after the reduction. (The same holds for feedback edge sets.) Conversely, we
note that the subseX < V U E, defining the interesting cycles can be reduced to a
subset of edges by splitting the verticesXn

FES=< FVS. Construct the “directed line-grapt¢’ = (V’, E’), of G = (V, E) as
follows: V' = E and an edge ift’ connect; — v, € V/ with v3 - v4 € V' if and
only if v, = vs. In the weighted version the weight of the “vertex’— v, € V' equals
the weight of an edge; — v, € E. A subset of edge<, is a feedback edge set Gf

if and only if it is a feedback vertex set @&’. Note that this reduction can be used to
reducesuUBSEFFESproblems tosUBSEFFVS problems as well.

FVS < FES. Split every vertexy € V, into two parts,y; andvy; all the edges that
enterv are connected to;, and all the edges that emanate froemanate fronv,. Add

an edgev; — v, for every vertexv € V. All edges are given infinite weight, except

for the edgegvi — v, : v € V} whose weight i€(v). There is a 1-1 correspondence
between the finite weighted feedback edge sets of the new graph and the feedback vertex
sets of the original graph. Note that this reduction can be used to relBsSEFFVS
problems tasUBSEFFESproblems as well.

BLACKOUT-FVS < FVS. Blackoutvertices can be handled by assigning them infinite
weight. However, in certain cases, we may need the following reduction. Bypass the
vertices of the blackout verticeB, one by one as follows: For each blackout veriek,

B, connect edges between every two vertices that have a path of length two connecting
them in whichv is the middle vertex. Remove the blackout vertex from the graph, and
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continue with the next vertex iB. A subset of verticed), is a feedback vertex set that
does not contain any vertex froBy if and only if it is a feedback vertex set of the graph
obtained by the reduction. Note that this is the only reduction that requires more than
linear time.

This reduction can also be extended to the case in which there is a $ubsé& that
defines the interesting cycles. Namely, a cycle is interesting if and only if it intergects
A problem with the reduction arises when an edg&a$ incident to a blackout vertex,
since bypassing the blackout vertex removes this edge. We overcome this problem by
adding a new bypassing edge Xoif the path of length two from which it originates
contains an edge of.

SUBSET-FES< directed multicuts. We reduce an instancso8SEFFESWhereX C

V to an instance of the minimum multicut problem in circular networks, as follows.
Construct the networl by breaking each vertaxe X into a source—sink pais,, ty).
Modify all edges enteringi so that they entet,, and modify all edges leaving so

that they leaves,. The capacity of an edge is equal to its weight in the subset feedback
set problem. Also, connett to s, by an infinite capacity edge. Notice that we defined
circular networks in a way that makes this reduction invertiblSUSSEFFESinstance

is obtained from a circular network by coalescing all source—sink pairs.

2.3. The Relation Between Directed Multicut Problem&lein et al. [KPRT] consider
the following directed decomposition problem. Given a directed gi@pk (V, E)
with edge capacities, andterminal pairgs, t;), find a multicut that separates the pairs
of terminals. Namely, after the removal of the edges of the multicut eghir not
reachable front, or vice versa. Kleiret al. present an algorithm that finds &log? k)
approximation of the minimum capacity of such a multicut.

The problem of finding minimum capacity multicuts in circular networks is easily
reducible to the problem considered by [KPRT], since there are infinite capacity edges
from each sink to its corresponding source. Hence, the result presented in Section 3 can
be obtained from the work of [KPRT]. Similarly, our algorithm presented in Section 3
can be applied to the multicut problem considered by [KPRT] to yield an alternative
O(log? k) approximation algorithm. In fact, both algorithms can be viewed as extensions
of the work of [GVY] to directed graphs. In Section 4 we show how to extend the
algorithm presented therein to the multicut problem considered by [KPRT]. This yields
an O(min{logz*loglogt*, lognloglogn}) approximation algorithm for this problem.

In case mitlog t* loglogt*, lognloglogn} = o(log? k), this improves theéD (log? k)
approximation of [KPRT].

2.4. Finding an Optimal Fractional Solutian Feedback set problems belong to the
class ofcoveringproblems, where the elements correspond to vertices or edges, and the
subsets correspond to interesting cycles. A feedback set problem can be cast as a linear
integer program, whose fractional relaxation can be solved efficiently. We describe the
integer programming formulation for the case of a subset feedback edge problem. (The
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vertex case is similar.) There is a variable for each edignoted byd(e). (The variable
isd(v) for v € V in the vertex case.)

Minimize ) " c(e) - d(e)
ecE
subject to Zd(e) > 1 forevery interesting cycl€.
ecC

d(e) € {0,1} foreveryedgec E

As can be seen from the formulation, in case we relax the integrality condition we
get a fractional feedback edge set: a functlorE — [0, 1] with the property that every
interesting cycle is of length at least one.

The (linear programming) dual of this covering problem is callpdekingproblem,
and in the case of the feedback edge set problem, this means assigning a dual variable
to all interesting cycles in the graph, such that, for each edge, the sum of the variables
corresponding to all the interesting cycles passing through that edge is at most the weight
of the edge.

The linear program has an exponential number of constraints, but can be solved
in polynomial time through either the ellipsoid method or interior point methods [NN].
These methods can be applied here, since a violated constraint can be found in polynomial
time.

As already mentioned, we can actually settle for an approximate solution of the above
linear program. This can be achieved by either the algorithm described in Section 5, or
through the methods of [PST]. We note that Gatrgl. [GVY] provide an equivalent LP
formulation with polynomially many constraints, however, their LP is not positive, and,
therefore, the techniques described in Section 5 are not applicable to this formulation.

3. The First SUBSET-FVS Approximation Algorithm.  In this section we show how

to find a subset feedback edge set of a weighted directed @aphV, E), where the

interesting cycles are defined by a set of special vertites V, such that X| = k.

The suBseFrrFES problem is considered for ease of presentation, but the reduction from

the SUBSETFFVS problem to thesuBseFFES problem described in Section 2.2 implies

that the results presented in this section hold forshBseFrFvs problem as well. The

weight of the feedback edge set found by the algorith@(s* - log?|X|), wherer* is

the weight of an optimal fractional feedback set. Therefore, we obtain an approximation

factor which is independent of the weight of the optimum (fractional) feedback edge set.
We apply the reduction to the directed multicut problem in circular networks given

in Section 2.2. LeN = (V, E, c(-), {(S, t)}i=1,._k) be the directed network obtained

by reducing thesuBsSEFFESinstance to a multicut problem instance. kétdenote the

cost of an optimal fractional multicut ilN. We show how to find a multicut of cost

O(t* - log? k).

3.1. Overview Our algorithm uses the undirected sphere-growing technique of Garg
etal [GVY]. They used it to approximate the multicut problem in undirected networks.
As we explain below, application of this technique to the directed case does not seem to
be trivial.
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To gain some intuition, we first describe the algorithm for the undirected case given
in [GVY]. The algorithm consists of two stages. In the first stage the fractional multicut
problem is solved (exactly) in polynomial time by any polynomial-time linear program-
ming algorithm. We regard the output valudsge), as a distance function, whedge)
denotes the distance between the tail and head of@ddmte that the distance between
s andyt; is at least one. In the second stage we grow radial spheres around the sources.
We start froms; and grow a radial sphere around it. (A radial sphere of radinsludes
the subgraph induced by all the vertices at distance at miostn s;.) We look for the
sphere with the smallest radius such that the cut separating it from the rest of the graph
can be “charged” to the cut edges and the edges inside the sphere. (The exact notion of the
charging scheme is omitted.) Gagal. [GVY] show that under an appropriate choice
of parameters, the radius of the sphere is bounde%j. bye add the cut corresponding
to this sphere to the multicut. Note that this cut separgté®m t;. Moreover, since no
source—sink pai(s, tj) can appear inside a sphere (because its radius is at%masbl
the graph is undirected), in case there exist some indgxjl< k, such that eithes;
ortj is in the sphere, the respective source—sink pair is also separated. Thus, after taking
this cut we can “throw away” all vertices in the sphere, and all edges that touch them.
This ensures that we will not “charge” these edges in subsequent iterations, in which we
grow spheres around other sources that are not yet separated.

Suppose that we wish to apply the same paradigm to the directed case. Consider a
sphere of radius arounds . This sphere includes all vertices of distamcgom 5. In
the application we face the following two problems: (1) The sphere may include a sink
t; whose source pair is outside the sphere. In order to sesfaben t;, andt; from s;,
we have to take both incoming and outgoing cuts; i.e., the edges going out from and the
edges coming into the sphere. However, we cannot “charge” the edges in the sphere for
both cuts. (2) The sphere may include a source—sink(gait;), for j # i. This may
happen although the distance frgno t; is at least one; since, in a directed graph, both
s, andt; may be at a distance at masfrom s.. In this case, even after separatisg
from t;, we cannot “throw away” the vertices in the sphere. Thus we have to resort to
“charging” the same edges more than once.

We overcome these problems as follows. For the first problem we note that, in circular
networks, all edges =t — s, fori = 1,..., Kk, have an infinite capacity edge. This
implies that all these edges haerolength. Thus, while growing a radial sphere around
a source we never encounter the situation where a sink is in the sphere while its source
mate is outside. To overcome the second problem we limit the number of times each
edge is charged. This is done by growing disjoint spheres, one aspusnatd the other
aroundt;. (The latter is a “reversed” sphere.) We may choose either sphere for the cut,
and we choose the one that contains fewer source—sink pairs. This guarantees that an
edge is charged only a logarithmic number of times.

Below, we describe the algorithm in detail. First we describe how to grow the spheres.
Then we describe how to break the problem into small subproblems, such that each edge
is “charged” at most a logarithmic number of times.

3.2. The Sphere-Growing Procedureln this subsection we present an adaptation of
the region-growing procedure of Gaggal. [GVY]. The procedure in [GVY] deals with
undirected networks, whereas our procedure deals with directed circular networks (as
defined in Section 2.1).
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Let {d(e)}ece denote a fractional multicut of the netwol, and lett* denote the
cost of this fractional multicut. We show how to grow a sphere from a soggce,

Regard the valuesi(e), as a distance function, whetfe) denotes the distance
between the tail and head of edgeDefinedist(u, v) as the length of the shortest path
from u to v. Order the vertices in ascending distance frgmNamely, vy = s, and
dist(vg, vi11) > dist(vg, vj), for1 <i <n.

We use the following notation:

¢
A

dist(vo, vi),

S
= {vo, V1, .-, Vi)

Similar to Garget al. [GVY] we define the weightwt(A;), for a setA;,i > 0, as
follows:

W wtA)Z <+ Y c@-do+ Y. @ (ta—b).

ecA x A e=(l)j~>uk)EAi><(V7Ai)

In words, the weight o is given by the sum of three components: (1) a “seed” value
set tor* /K, (2) the contribution of the edges inside the sphere, and (3) the contribution
of the edges in the cut of the sphere.

The “charge” for the cut of the spherg is given bys - wt(A;), for some parameter
¢ > 0to be fixed in the analysis. Define a stopping inaelxy

o =min{i : c(cut(Ai, A)) < ¢ - wt(A)}.

A, is the sphere found by the sphere-growing procedure, since its cut can be charged to

e - wt(Ay).
The following claim follows from Lemma 4.1 of [GVY].

CLAM 1. The radius of the sphere,Adenoted,,, satisfies, < In(k + 1)/«.

3.3. Computing the Multicut We show how to use the sphere-growing procedure to
compute the multicut. This is done by breaking up the problems into subproblems, each
of size at mosik — 1)/2. We set the sphere-growing parameteete- 2In(k + 1).

Using this parameter, we grow a sphere arosindRecall that if this sphere includes a
sinkt;, it also includes its matg. We also grow another “reversed” sphere aroyn@A
“reversed” sphere is a sphere computed in the network given by flipping the directions
of the edges.) Note that if this sphere includes a sosgrdé also includes its matg.

Since the radius of each such sphere is less ghmey are disjoint. Hence, one of them
includes less thark — 1)/2 source—sink pairs. Suppose that this is the sphere around
s1. The other possibility is analogous. We add the edges going out from this sphere to
the multicut. This separates all sources in the sphere whose mate is not in this sphere.
To separate the pairs included in the sphere we have to solve the subproblem given by
the network induced by the vertices inside the sphere. This subproblem has no more
than(k — 1)/2 source—sink pairs. Now, if there are more thfan- 1) /2 source—sink

pairs outside the sphere, we choose one such pair and repeat the process. When we end



Approximating Minimum Feedback Sets and Multicuts in Directed Graphs 161

breaking-iteration(N, k, {d(€)}een)

N =N

k' =k

i=0

whilek’ > (k — 1)/2 do
begin
i=i+1
Let (s, tj) denote a source—sink pair .
Compute a sphere arousdand a “reversed” sphere aroutyd
Let R be the sphere with the least number of source—sink pairs.
N’ = the network induced by the vertices Nfthat do not belong td .
k' = the number of source—sink pairsii.
end

i=i+1

R = the vertices in\’.

ReturnRy, Ry, ..., R

Fig. 1. Breaking into subproblems.

the process we are left with subproblems, each of which consists of at(knest)/2
pairs and whose total size is bounded by the size of the original problem. For a detailed
description of the process see Figure 1.

As explained above we associate a gyR;) with each selected spheR. Recall
that if R; is a sphere around a source, theiR)) = cut(R, R), and if R; is a “reversed”
sphere around a sink, thenR;) = cut(R, R). Let {R;}; denote all selected spheres
computed recursively, until no sphere contains a source—sink pair. The set of edges
Uj y(R}) is a multicut.

We analyze the cost of the multic@j v (Ry). Fixa network,N, with n vertices and
k source—sink pairs. Letut(n, k) denote the maximum cost of the multicut found by
our procedure. LeRy, ..., R denote the spheres selected in the top level of the process
(i.e., in breaking into subproblems with no more ttir- 1) /2 pairs). Let; denote the
number of vertices if;, and letk; denote the number of source—sink pairsjn Then
cut(n, k) satisfies the following recurrence inequality:

0 if k=0,
r r
cut(n, k) < ZC(V(RJ-)) + ) cut(nj,kj)  otherwise.
=1

j=1 j
Where)[_;nj =n,>"_, kj <k—r,and 0< k; < k/2, for everyj.
CLAM 2. If e = 2In(k + 1), then cuin, k) < 4-In(2) - t* - log?(k + 1).

ProOOF We first show that the cost of the cuts chosen in each level of the recursion is
bounded by 2t*. The sphere®, ..., R are disjoint, and, hence, the subproblems in
each level are disjoint. To bound the sum of the weights of the subproblems, consider,
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for example, the top IeveEJf:l wt(R) < " +r - t*/k < 2- r*. The additionak
factor is the ratio between the capacity of the guR;) andwt (R;).

The recursion depth is bounded by lagbecausd; < (k — 1)/2. Hencegut(n, k)
is bounded by 2r* - logk, which is bounded by 4In(2) - t* - log?(k + 1). O

A more careful analysis afut(n, k) shows that the 4In(2) factor can be improved
to2-In(2) - 1+ 1/(2logk + 1) — 1)). This value is at most 4In(2), and tends to
2-In(2) ask grows.

4. The Second SUBSET-FVS Approximation Algorithm. In this section we de-
scribe an algorithm for approximating the minimum weighBSe¥fFvs of a weighted
directed graptG = (V, E). The reductions fronsUBSEFFESt0 SUBSEFFVS shown in
Section 2.2 imply that the results of this section hold for si8SEFFES problem as
well. The algorithm presented in this section is an algorithmic adaptation of Seymour’s
paper [Se], which we extend to the weighted subset feedback set problem. The presented
algorithm s less efficient than the more complicated algorithm presented in [ENRS]. The
running time of this algorithm (not including the complexity of computing a fractional
solution) isO(m- n?), compared wittO(m- n) of [ENRS]. The additional factor af is
caused by “equalizing” the graph which increases the number of edges by a faator of
Let d(v) denote the fractional value of vertexe V in the solution produced by
the linear programming formulation of tlsBSEFFVS problem, and let* denote the
value of the optimal fractionaduBseFrvs. Without loss of generality we can assume
thatd(v) = O, for all special vertices € X. (This can be obtained by splitting special
vertices into two vertices.)

4.1. Modifying the Graph We first show how to modify the fractional solution so
that all values attached to vertices are integral multiples/¢2ri). This modification
increases the cost of the fractional solution by at most a factor of four. We define the
following fractionalsuBsefrvsd’:

.o if  d(v) <1/@2n),
d'w) = {2 -d() otherwise.

The following proposition is immediate.

PropPOSITION3. The function dis a feasiblesusseFrFvsand its weight is at mo&r*.

We now round up each value df to the nearest integral multiple of @n). This
clearly preserves feasibility, and increases the cost by at most a factor of two. We denote
the new fractionasuUBSEFFVSby d”. Its cost is at most#. Since these modifications in
the fractional solution changed the value of the fractional feedback set by only a constant
multiplicative factor, we can henceforth renadieand call itd, and also let* be the
changed value of the fractional feedback set.

We now modify the graph as follows. All nonspecial vertiodsr whichd(v) = O are
marked as blackout vertices, and we delete them from the graph by using the reduction
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BLACKOUT-FVS < Fvsdescribed in Section 2.2. This reduction is needed for the strongly
polynomial bounds achieved in Section 4.4.

Next, we “equalize” the grap@ into graphH as follows. For each nonspecial vertex
v, we replace it by a directed chain of vertiogs— - -- — v, where? = d(v) - 2n. By
the above discussiof,is a positive integer. Set the weight of each verteX <i < ¢,
to c(v). For each edga — v € E(G), we add a directed edge from the last vertex of
u’'s chain to the first vertex af’s chain. Thegirth of a graph is defined to be the length
of a shortest cycle in the graph. Here, we modify the definition of the girth with respect
to the graphH as follows: the girth oH, denoted by girttH ), equals the minimum,
over all interesting cycles, of the number of nonspecial vertices in the cycle. The next
lemma summarizes the properties of the graph

LEMMA 4 [Se]. Graph H has the following properties

(i) There is al-1 correspondence between the interesting cycles of G arithire is
also a weight-preserving correspondence betweerffthetional) feedback vertex
sets of G and H

(i) The girth of H satisfies

c(V(H))
T*

girth(H) > , where ¢V (H)) is the total weight of the vertices in.H

ProOOF  Property (i) follows from the “equalizing” transformation. ABYBSEFFVS of

G can be transformed into a8uBseFrFvs of H by assigning the value of each vertex

v € V(G) to the first vertex inv’s chain. All other vertices are assigned value zero.

Conversely, given auBse¥rvs of H, construct asUBSEFFVS of G by assigning each

vertexv € V (G) the sum of the values of the vertices in its corresponding chalh.in
Property (ii) follows by observing that

c(V(H)) = Z cv)-d@)-2n=2n-t*

veV(G)

and that each interesting cydlze H contains at least

Zd(”) -2n > 2n

veC
nonspecial vertices, wheis the cycle inG corresponding t€. SinceC is an arbitrary
interesting cycle irH

girth(H) > O

c(V(H))
AN
The above lemma implies that the problem of findinguBSEFFVS in an arbitrary

graphG is equivalentto finding auBsSeFFvsin a graphH with the property that its girth

is at least the total weight of the vertices divided by the weight of the optimal (fractional)

SUBSETFVS. Notice that by assigning each nonspecial verteid ithe value ¥girth(H),

we obtain a near-optimal fractionalBsefrvs of H. Therefore, we considdt to be

“equalized.”
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separator(H = (V, E), c(), 9)
Choose a verteyg € X.
Construct “layers” starting fromg as follows:
Fori =1,...,(g— 1) define
Li = {ueV — X :dist(vg, u) = i}.
Lg=V(H) - Uj<q Li-

i=0

repeat
i=i+1
A = {u eV :dist(vo, u) <i}.
B=V-—-A —L;.

until c(Li) < w(c(V(H))/9) — n(c(A)/9) — n(c(Bi)/g).
return@;, Li, B;)

Fig. 2. The directed separator algorithm.

4.2. The Algorithm We present the algorithm for approximating fuBsSEFFvSs prob-
lem in the graptH. Seymour [Se] defines the functignas follows:

x) = 0 if x<1
P =ax . In(4x) - Inlog(4x) otherwise.

The algorithm for approximating the optimal weightedBSEFFVS proceeds recur-
sively as follows. A clean-up stage partitions the graph into strongly connected com-
ponents, and the algorithm need only deal with strongly connected components that
contain at least one special vertex. We henceforth assumeitisastrongly connected.

A directed separator partitions the verticed-binto three disjoint subset#, L, andB,
such that there are no directed edges frano B. The directed separator is computed
by the procedureeparator(H = (V, E), c(-), g) depicted in Figure 2. (The parameters
to this procedure are the graph, the weight functiorc(-), and a lower bound on the
girth of H.) We add the vertices df to the SUBSEFFVS, and recursively compute a
SUBSETFVS of the subgraphs induced yandB. In procedureseparator we perform

a Breadth-First-Search (BFS) starting from a special vageXhe distancelist(vg, u)
used in the BFS ignores special vertices. Nantibt(vo, u) equals the minimum, over

all paths fromwg to u, of the number of nonspecial vertices along a path. It is important
that in procedureseparator the BFS starts from a special vertex. This ensures that the
BFS contains at leagtlayers.

THEOREM5. Suppose that the girth of graph H is at leastThe algorithm finds a
suBseEFFVS of H whose weight is at mogt(c(V (H))/9g).

Combining Theorem 5 with Lemma 4 and settong- c(V (H))/t* yields the following
corollary.

COROLLARY 6. Let H denote the directed graph obtained by modifying the graph G
as described in Sectiohl.Let U € V(H) denote thesuBsefrvs of H found by the
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algorithm LetU C V(G) denote thesuBseFrvs of G that corresponds to UThen
cU) < u(r*) < 47* - In(4r*) - Inlog(4r™).

Hence an O(log t* log logt*)-approximation algorithm is obtained

(Note that if a better bound on the girth is available, then the approximation factor can
be improved.)

4.3. Proof of Theorend. We begin with the following lemma of Seymour [Se, Lemma
2.3].

LEMMA 7. Let¢ > 0 be a real numberFor 0 < x < 1, let y(-) be a real-valued
continuous function of ysuch that y0) > 0,y(1) < 1,and forallh € [0, 1] — |, where
I € [0, 1] is some finite subset @, 1], y(-) is differentiableand (dy/dx)|x=n > 1/¢.

Then there exists h with < h < 2, h ¢ I, such that

d
zd—i’ < pu(®) — p(ey(h) — (@@ - y(hy).

x=h

The following claim establishes that procedgeparator(H = (V, E), c(:), g) is
successful in finding a directed separator. We use the same notation as in the procedure.

CLAIM 8. There exists a layet.;, that satisfies

=) () ()

ProoFr Define the functiory(x) in the interval [Q 1] as follows:

y(x) = S(C(A) + (gx —i +1) - c(Li)

c(V(H))
wherei = [gX].
The functiony(x) satisfies the requirements of Lemma 7, for= c(V(H))/g.
(Recall that all weights are greater than one. This guarantee&ithatx)|x—n > 1/¢.)
Therefore, there exists dne (3, 3), h ¢ {1/9, 2/9. ..., 1} for which

dy

< u() —py) — pnld-y).
x=h

Definei = [gh]. We claim that the following three equations hold:

Lo gy
(2) c(Li) = de X:h,
3) C(TA“') < £.y(h),
Bi
@) B _ -y,

g
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Proof of (2) follows from the fact thatdy/dx)|x—n = (g - c(Li))/c(V (H)), and from
the definition of¢. Proofs of (3) and (4) follow from the observation that

c(A) = y(h)-c(V(H)) = c(V(H)) —c(B).

Since the function(-) is monotone nondecreasing, the claim follows. O

We have established that procedaeparator(H = (V, E), c(-), g) is successful in
finding a directed separator.

The proof of the theorem follows by induction ¢ (H)|. The induction basis is
immediate. Assume that it holds for graphs with less tha(H)| vertices. Since the
separatot. decomposes the graph into two subgraplendB, we obtain the following
recurrence:

C(SUBSEFFVS(H)) < C(SUBSETFFVS(A)) + C(SUBSEFFVS(B)) + c(L),

wheresuBseFFVS(G) denotes the subset feedback vertex set found by the algorithm on
graphG. Since girtitA) > girth(H), and|V (A)| < |V (H)|, it follows by the induc-

tion hypothesis that(SUBSEFFVS(A)) < u(c(A)/g). Similarly, c(SUBSEFFVS(B)) <
u(c(B)/g). Therefore,

c(A) c(B)
C(SUBSETFFVS(A)) + C(SUBSEFFVS(B)) + ¢c(L) < u (T) + (T) + c(L).

SincelL satisfies the stopping condition of the repeat loop, it follows that the right-hand
side of the previous equation is boundedag(V (H))/g). Consequently,

C(V(H))>
g

and the theorem follows. O

C(SUBSEFFVS(H)) < M(

The role of the functiory(x) is very similar to the region-growing procedures in the
works of [LR], [KRAR], and [GVY]. Seymour’s refined analysis improves the stopping
condition, and the recurrence equation obtained by the decomposition scheme has a
smaller upper bound.

4.4. Strongly Polynomial Approximation Bounds and Running Tim&$e approxima-
tion bounds obtained in Corollary 6 may be very weak, in cases where the cost of an
optimal fractional subset feedback vertex g€t is superpolynomial im = |V (G)|.
To overcome this problem we “truncate” the vertex weights to obt@nesseFFvs of
weightO(z* - Inn - loglogn).

We truncate the vertex weights as follows. Let#N{v € V : c(v) < t*/n} and let
OUT = {v € V : c(v) > t* - n}. We add all vertices of IN to theUBSEFFVsS, and remove
them from the graph. This increases the total weight of the approxisueEFFvS
by at mosttr*. All nonspecial vertices of OUT are assigned weight n, marked as
blackout vertices and are bypassed as described in Section 2.2. This can be done since
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it is guaranteed that none of the vertices in OUT participates in an integral optimal
SUBSETFVS. The latter follows by observing that the ratio between the values of an
optimal integrasueseFrFvsand an optimal fractionauBSEFFvsis at mosh. (Given a
fractionalsuBseTFvs, if all values that are bigger than or equal ttnlare rounded up to
one, and all other values are rounded down to zero, then a feasible irgege#FFvs

is obtained.)

In the remaining graph the ratio between the maximum and minimum weights of
vertices is bounded by?. Hence, after normalizing the vertex weights, the cost of an
optimal fractionalUBSEFFVsis a polynomial im, and the modified (equalized) graph,

H, is also of polynomial size. Therefore, the algorithm findsiaserrvs of weight at
mostO(z* Innloglogn).

4.5. Finding Multicuts that Separate Pairs of TerminalsWe now turn to the decom-
position problem considered in [KPRT] defined as follows. Given a directed graph
G = (V, E) with edge capacities, arkl terminal pairs(s, tj), find a multicut that
separates the pairs of terminals. Namely, after the removal of the edges of the multicut
eithers is not reachable fromy or vice versa. Kleiret al. present an algorithm that finds
anO(log? k) approximation of the minimum capacity of such a multicut. The algorithm
given in this section can be extended to geGamin{log t* loglogz*, lognloglogn})-
approximation algorithm for this decomposition problem as follows.

First, reduce the multicut problem to a version of uBSEFFVS problem in which
the interesting cycles are cycles that pass through a pair of terminals. (Note that our
algorithm does not consider this version of fuBSEFFVS problem.) Lett* denote the
optimal fractional solution of thisuBsETFFVs problem. Equalize the graph as described
in Section 4.1 to obtain a gragh in which the (modified) girth (i.e., the length of the
shortest interesting cycle) is at least the total weight of the vertices divided by the weight
of the optimal (fractionalsUBSEFFVS. Let g denote this lower bound on the girth.

The graptH is decomposed by removing vertices until there are no terminal pairs with
both ends in the same strongly connected componétit 8uppose that the terminal pair
(s, t;) is in the same strongly connected componertiofAssume without loss of gen-
erality thatg is even and the shortest path frgntot; containgg/2 nonterminal vertices.
(Either this holds or the shortest path frorito s containgg/2 nonterminal vertices.) The
cutthat separates the pair is computed by the procedutel = (V, E), (s, ), c(-), 9)
depicted in Figure 3. (The parameters to this procedure are the gtafe terminal
pair (s, tj), the weight functiore(-), and a lower bound on the girth &f.)

It is not difficult to see that the same analysis holds for this version of the algorithm
also, and, hence, @a(min{logt* log logt*, lognloglogn})-approximation algorithm
for this problem is obtained.

5. Approximating the Fractional Optimal Solution. In this section we show that

an approximation by &1 + ¢) factor to the fractionaFvs and SUBSEFFVS problems

can be computed efficiently by a combinatorial algorithm. Our algorithm is based on a
(1 + ¢)-approximation algorithm for the more general (fractional) Set Cover problem
which is derived from a parallel algorithm for approximating positive linear programming
by Luby and Nisan [LN]. An important feature of the Set Cover algorithm is that the
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CUt(H == (Va E)a (Sa ti)a C()a g)
Construct “layers” starting frorg as follows:
Forj=1,...,(g9/2— 1) define
Lj = {veV:disks,v) = j}.
Lg2 =V - Uj<g/2 Lj.
j=0
repeat
i=i+1
A = {veV:dists,v) < j}.
Bj=V—-A —Lj.
until c(Lj) < n(2c(V(H))/9) — n(2c(A)/9) — 1n(2c(Bj)/9).
return(Aj s Lj s Bj)

Fig. 3. The algorithm for computing the cut.

dependence of its complexity on the number of sets in the set system is only logarithmic.

The (fractional) Set Cover problem is defined as follows. (\&t.F, c(-)) be a set
system, wher#/ is a universal setF is a collection of subsets of elements frémnand
¢(-) is a nonnegative cost function associated with each eleméntbét |V| = n and
|F| = m. A coverof all the subsets itF is a collection of fractions of the elements in
V such that the sum of the fractions chosen from the elements in each SubsEtis
at least one. The goal is to find a minimum cost fractional cover. (The cost of a fraction
elementis the respective fraction of its cost.) In the literature, this problem is also referred
to as theHitting Setproblem. We note that in thiategerversion of this problem a cover
must include whole elements rather than fractions.

We represent Feedback Set problems as Set Cover problems by viewing the cycles as
the subsets in the set system, and the vertices as elements.

In Section 5.2 we present an implementation of the Set Cover algorithm for Feedback
Set problems that uses a succinct representation of the set of cycles in the graph, which
might be exponentially large. The algorithm is presented for the fractrusgiroblem.
However, it can be easily modified to handle the covering problem associated with a
SUBSETFVS problem.

5.1. A (1 + &)-Approximation Set Cover Algorithm The algorithm associates at
traction function f-) with each subset, where, initiallp(S) = 1 for eachS € F. The
attraction of the set system is denotedfiy) and is equal t®_¢_» p(S). Define the
attractionp(v) of an elemenv € V to be) ¢, .5 P(S).

The approximateSC algorithm depicted in Figure 4 computes a multicovetFgf
i.e., a cover that may contain an element several time< (wg¢tdenote the multiplicity
of elementv € V in the multicover computed by the algorithm. The fractional cover is
derived by normalizing the values éfv) as follows:

In A
A2lnm

p(v) = L(v) -

Note that the stopping condition of the repeat loop can be replaced®y< m=2,
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approximateSC(V, F, c(-), €)
If ¢ > 1thene = 1.
Define:r; = 1+ ¢/4 andiy = 4/¢
Yv e V: £(v) =0.
VSe F:. p(S =1.
repeat
Choose an element i € V : p(v) > m~*2} that minimizes the ratio(v)/ p(v).
L(v) <L) +1
VSsuchthaw € S p(S) < p(S)/Ar1.
until p(v) < m=*2 for everyv € V.
return{e(v) : v € V})

Fig. 4. The integral multicover approximation algorithm.

for everyS € F. Due to efficient implementation considerations, as described in Section
5.2, we choose the stricter stopping condition.

THEOREM9. The functiory is a feasible cover aof.

PrROOF Consider a subs@&and an element € S. When algorithmapproximateSC
terminates,p(S) < p(v) < m~2, Since the attraction of decreases by a factor of
A1 each time an element belonging $is chosen, we get tha is covered at least
(A2Inm)/(In2q) times, i.e.y . .s€(v) = (A2Inm)/(In11). Consequentlyy defines a
feasible cover forF. O

THEOREM10. The number of iterations of the algorithm iS(€2 - nlnm).

ProOOR Each elementis chosen at m@stInm)/(In A1) + 1 times. Since In; > £/8,
if ¢ < 1, the total number of iterations @(¢ =2 - nlnm), as required. O

Letz* denote the cost of an optimal fractional cover, andtét) denote the fractional
value assigned to vertaxin some fixed optimal solution.

THEOREM11. The cost of the functiop is at most(1 + ¢) times the cost of an optimal
fractional coveynamely )" ., ¢(v) - c(v) < (1+¢) - 7"

ProOE We first show that

A
! 1[Gzt Dinmtinig] 7

®) Do) L) = =

veV

Let p; (S) and p; (v) denote the attraction of subsetnd element in the beginning
of thei th iteration of the algorithm. Supposgis the element chosen in thin iteration.
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We claim that

c(vp) - T* .
pi(vi) T pi(F)
First, consider the suh_, 7*(v) pi (v),

Yo Twp) =) (r*(v) > pi(5)>

(6)

SweS
=y (pmS)Zr*(v))
S veS
> pi(F).

Now, (6) is proved as follows:

T* - >, THw)e(v)
pi(F) — X, Trpi(v)
in T*(v)c(v)
v T*()pi (v)
c(vi)
pi(vi)

v

We now bound the ratio betwegn(F) andp; .1 (F) at each iteration. The decrease in
pi (F) is precisely(1 — 1/11) - p; (vi), and, hence,

pi(F)  pi(F)—A—-1/0) pi(vi)
P pi (F)
Ca=D - pw)
A1 pi(F)
<1_ (A1 =1 - c(vi)
- )\1-1’*

()

where the last inequality follows from (6).
Let | denote the number of iterations of the algorithm, andé letzi':l c(vi)/1. We
claim that, for every > 0,

®) H(l_ﬁ(,vi,),f)S(l_Pi*)l'

To prove (8) we consider the logarithms of both sides, and divide both sidesThe
left-hand side then equals

{1 2)-+ (-2
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and, by Jensen’s inequality,

1 c(vi)
I_.Zlog<1— _r*)

i—1 1%

[ A ~
|0g<l—M>=|Og<1— ¢ ),
p-T*-| p-T*
which finishes the proof of (8).

By the initial assignment t@(S), it follows that p;(F) = m. Consider a vertex
for which p; (v) > m™2. Thenp,11(v) > m™2/x4, and, thusp, 11 (F) > m™*2/Aq.
Hence,

0g (2!:1(1 —cui)/(p - r*)))

1 _ b
amietl =gy (F)
We upper bound the same ratio using (7) and (8), whetei;/(A; — 1):

Pa(F) _ 1'—[ Pa(F) _ 1'—[ (1_ (1 — 1)c(vi)> - (1_ (1 — 1)6)'
p(F) i PP T AyT* - AyT* .

1 (01— DE\!
—— < (1-—=") .
Aan2+1 - < AqTH

Take the natural logarithm of both hands. Because o€(6))/z* < 1,foralll<i < I.
Hence, O< (A1 — 1)¢/A17* < 1, and we can apply the inequality< — In(1 — x), for
0<x < 1,togetthat

We get

A1 —1)C
QAo+ DInm-+Iniy > | g
klf*
Rearranging the terms we get
! s
Y ew)=1-c< —=[G2+DInm+Inagdcr,

i=1 -1

which proves (5). The fractional cover, is obtained by dividing the multiplicity,(v),

by (A2 Inm)/(In A1), for every element. The resulting bound on the cost of the fractional
cover is

|
|nk1 InAl A
= c(vj) - < . A Dinm+Inixq]z*.
¢ ; i) Aalnm =~ Azlnm Al—l[( 2+ 1) +inAq]

Since(In A1) < (A1 — 1), it follows that

® < 14 1 I "1k1
TF ! A2 Aalnm

Substitutingr; = 1+ ¢/4 andi, = 4/¢, we get the stated bound fer < 1, i.e.,
< (1+eo)T" O
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5.2. Implementing the Fractionalvs Algorithm  TheFvs problem naturally reduces

to a Set Cover problem by defining the vertices of the graph as elements and the simple
directed cycles as the subsets of the set system. However, a naive implementation of
algorithmapproximateSCwould take exponential time, since the size of the set sys-
tem might be exponential, and the algorithm requires attaching an “attragi@®)"to

every subseS, updating these attractions, and calculatm@) = > {p(S)|v € S},

for every vertexv. In this section we present a more involved implementation that
runs in polynomial time.

First, we modify the input grap® = (V, E) by splitting each vertex € V into a
“left” vertex v" and a “right” vertexv”, where the incoming edges intonow enterv’,
and the outgoing edges froomow leavev”. In addition there is a directed edge fram
tov”, and a self-loop on”. The new graph is denoted 6/ = (V’, E').

We redefine the Set Cover problem that corresponds to/hgroblem orG. Consider
the set of all simple and nonsimple directed cycle§irof length|V’| that contain at
least one “left” vertex. Every such cycle @& corresponds to a simple directed cycle in
G by eliminating the self-loops and merging all adjacent “left” and “right” vertices. (In
case the resulting cycle is nonsimple, pick any simple subcycle in it.) Conversely, every
simple directed cycle i has at least one corresponding cycle of lerjgth in G’ that
contains a “left” vertex. Clearly, this correspondence is not 1-1, and cyclésnray
have several corresponding closed path&inNevertheless, the problem of covering
with “left” vertices all cycles of lengthV’| in G’ that contain a “left” vertex is equivalent
to the originalFvs problem. The “redundancy” i@’ facilitates efficient implementation
as described below.

Let A denote the adjacency matrix of gra@h and letB = AV'l. The entryB(v', v')
equals the number of cycles of lengi| that containv’. Thus,B(v/, v') equalsp(v’)
after initialization in theapproximateSCalgorithm. Intermediate values pfv) can be
computed as follows. Suppose that vertéx V' is chosen at some iteration. Update
the value of the entrA(v’, v”), which corresponds to edgé — v”, by dividing it by
A1. Consequently, the attraction of every cycle that contaiissdivided byrX, where
k denotes the number of timeds contained in the cycle. Note that this deviation from
the algorithm, namely, dividing the attraction of a cycIeAH{y(for k > 1) instead of4,
is immaterial, since it suffices to cover cycles of lengfj in G’ in which each “left”
vertex appears at most once. Hence, the updated Biiryv’) equals the new value of
p(v’). Note that the valum denoting the total number of subsets in the set system can be
replaced by any upper bound on it, em.< (2n)?". This completes the description of
an efficientimplementation of the approximate Set Cover algorithm fanteproblem.

The number of cycles considered by the above algorithm is at (@ost". Hence,
the number of iterations of the algorithm is at m@ts 2 - n?logn). The complexity
of each iteration is dominated by the complexity of computing the m&nixhich is
O(M(n) logn), whereM (n) denotes the complexity of matrix multiplication. Hence,
the complexity of the algorithm i® (s ~2n?M (n) log? n).

6. Remark: the NP-Hardness of the Problems. In [YKCP] Yannakakiset al. show
that the following DCUT problem is NP-hard.
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Input A directed graphH = (N, F), a directed graptG = (V, E) with positive
weightsw(e) associated with each edgec E, a 1-1 mappingf: N — V, and an
integerk.

Question Is there a subse® € E such that) ,_sw(e) < k, and if (u, v) € F, then
there is no directed path froh(u) to f (v) in (V, E — 97

It is easy to see that the problem of finding minimum capacity multicuts in circular
networks is a special case of the DCUT problem. In this special case the vertices of the
“pattern graph”H = (N, F) correspond to the terminals in the multicut problem, and
the set of edge§ consists of a directed edge from each source to its corresponding
sink.

Since the multicut problem in circular networks is easily reducible to the symmetric
multicut problem considered by [KPRT], the symmetric multicut problem is also NP-
hard.

In the NP-hardness proof of [YKCP], the problem is first reduced to the case where
the “pattern graph’H has no vertex with both incoming and outgoing edges. This is
done by splitting each vertaxin H with both incoming and outgoing edges into two
verticesui, andug such that all the edges coming ini@re now coming intai;,, and
all the edges going out fromnare now going out frona,,:. Accordingly, the vertex in
G that corresponds to is split into vi, andvgy, all edges originally coming into are
set to entewy,, and all edges originally going out fromare set leavegy:. AlS0, vyt IS
connected taj, by an infinite capacity edge.

Then it is proved that for such modified “pattern graphs,Hifis not a complete
bipartite graph, then the DCUT problem is NP-hard evehl itonsists of only four
vertices and all the weights are one. This implies that the multicut problem in circular
networks is NP-hard even if there are only two pairs of terminals and all the weights
are one. Consequently, tis&BSEFFES problem is NP-hard even if there are only two
special vertices and all the weights are one.

We note that in order for the NP-hardness proof in [YKCP] to apply for the case
where the original “pattern graphi consists of vertices with both incoming and out-
going edges (and in particular to the multicut problem in circular networks and to the
SUBSETFFESproblem), we have to consider the special case in which the gdaygimtains
infinite capacity edges between pairs of vertices. (These are the pairs of vertices that are
constructed by splitting vertices in the original gra@h) Although the construction
in [YKCP] does not consider this special case, it is easy to see that by a minor change
in their construction, this case is covered as well.

Acknowledgment. We would like to thank Noam Nisan for useful discussions, and
the anonymous referees for improving the clarity of the paper.

Note Added in Proof Subsequent to our work, Eveet al [ENRS] presented an
algorithm for the SUBSEFFvS problem that achieves an approximation factor of
O(logkloglogk).
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