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Abstract

We present a new micro-architecture for evaluating fumgibased on piecewise quadratic in-
terpolation. The micro-architecture consists mainly od@ki-up table and two multiply-accumulate
units. Previous micro-architectures based on piecewis@mtic interpolation have been shown to
be efficient for small precision (e.g., single precision)nputations. Moreover, they are as fast as
piecewise linear interpolation while requiring smallebles. Our main contribution is in circum-
venting the need for the additional squaring unit that appEgprevious micro-architectures.

Based on the proposed micro-architecture, we present degtbtiesign of single precision re-
ciprocal approximation (Ax) . Our design is based on two multiply-accumulate units tuattain
truncated Booth radix 4 multipliers. The number of partiedgucts in this design is reduced by
over 20% compared to previous designs using quadratiquiakation. The latency of this design is
roughly the delay of 19 full-adder gates, and it can be egsépglined into two stages each with a
delay of 10 full-adder gates.

1 Introduction

Many applications, such as computer graphics and DSP eeginigle-precision approximation of basic
functions such as/k, /%, 1/v/X, 2, log, x, and trigonometric functions. According to several recent
papers [LCLV08, Mul03, NSB07, OS05, POMBO05, WIS05], apjimetion by quadratic interpolation
can be computed within a single clock cytleSuch designs require small look-up tables and a small
amount of logic.

A block diagram of a typical piecewise quadratic interpotas depicted in Fig. 1. The inpX is
partitioned into two parts; the upper bits are denotedkbynd the lower bits are denoted My. The
coefficientsag, a1, ay of the polynomialp(Xz) = ag+ a1 Xo + a2X22 are read from a look-up table indexed
by the upper bits<;. The circuit evaluates an approximationmfXz) . Note that the range of inputs is
partitioned into 2' subintervals wheren denotes the length of;. Within each subinterval, the function
is approximated by a quadratic polynomial, hence the teengwise quadratic interpolation.

The evaluation of the quadratic polynomial takes place by sguaringZ — X22), and two multi-
plications @,Z anda; X»). The latency of the squaring unit is smaller than that ofitlekup and hence,
roughly speaking, the latency is the sum of the delay of thk-igp table and the delay of a multiplier. In
addition, symmetry and truncation are employed to redueatba of the squaring unit. In Walters and
Schulte [WIS05], the issue of truncating the multipliergxplored with the aim of reducing the amount

*An preliminary version of this paper appears in ICCD 2008 EHETERNATIONAL CONFERENCE ON COMPUTER
DESIGN.
1This single cycle does not include range reductions andakipg/packing of floating-point representation.



of logic required for squaring and multiplications. In Bifo et al. [POMBO05] a systematic method
is presented for computing the coefficients of the quadgdiynomial. In addition, in [POMBO05] a
unified micro-architecture is presented for evaluatingtipld single-precision functions.

In this paper we suggest to evaluate the quadratic polydamiag Horner’'s method that requires
only two multiplications. Namelyp(X;) = ap+ X2+ (a1 + a2+ X2). A block diagram of the suggested
micro-architecture is depicted in Fig. 2. The aim of the m®gd micro-architecture is to reduce the
amount of logic so as to reduce area and power consumptior. dékign has a higher latency and
is suited for situations where the clock period allows foe #xtra latency. Alternatively, the micro-
architecture is well suited for pipelining. We suggest howpipeline the micro-architecture into two
stages, each stage with a delay of roughly 10 full-adders.

In our detailed implementation, we use Booth radix 4 mukigl with truncation. In [POMBO05]
Booth radix 4 multipliers are used but without truncatione @énjecture that truncation was not used
because in addition to truncating partial products, it &lsncates the increment introduced by negative
Booth digits. The error caused by truncating these incrésnsrhard to bound analytically. We show
by exhaustive testing that this error has a minor effect enotrerall error.

For the purpose of simplicity we demonstrate the proposeztararchitecture with a detailed de-
scription for single precision reciprocal approximatidi’X). The argumenX is in the rangd1l, 2), and
is represented by 23 bits to the right of the binary point. ®tgout is also represented in the same way.
This implies that unlesX = 1, we actually compute/X, i.e., the reciprocal is normalized to the range
[1,2). Hence, the maximum allowed error isZ.

2 Micro-Architecture

A detailed diagram of the proposed micro-architecture fogle precision reciprocal approximation is
depicted in Fig. 3. The lengths of the coefficients are 10,al®] 26 bits. Note that the truncation
boxes are trivial (i.e., zero cost and zero delay); they apaded to emphasize the fact that bits in lower
positions are discarded. The outmjtl 724 satisfies|1/x— p[1 : 24| < 224 The extra precision of
one bit is required due to the normalization shift that gontees that 2x € (1,2).

3 Design

In this section we deal with three issues. First, we bouncether introduced by the truncated multi-
pliers. The truncation positions of both multipliers arg¢etmined by this error analysis. Second, we
present the method used for computing the coefficients thaitared in the look-up tables. This method
is based on [POMBO05]. Finally, the bias correction is coreduty exhaustive search. The bias correc-
tion consists of two parts: the most significant part is addetie coefficienty, and the least significant
part (4 bits) is a constant that is hardwired to the additree bf the multiply-accumulate (MAC) unit
MAC-1.

We use the following notation for truncation and round-upt [z|, and[z]|, denote the round-down
and round-up of a numberto the closest multiple of .

3.1 Truncation: analytic bounds

In this section we describe simple bounds on the errorsdntted by truncations in multipliers without
Booth recoding. These bounds are subtracted from the etjuiaximum error 22 to determine the
allowed error caused by the quadratic polynomial approtiona The bounds presented here are pretty
tight; this means that at best one could hope to further &tenthe multipliers by at most one position.
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Figure 1: Quadratic interpolator block diagram [WISO05].

Consider a truncated multiplier whose multiplicands Afig : j1] andBi2 : jo]. The exact product
equalsP = 3}, 572; ALK -B[¢]- 20, If the multiplier is truncated in positions to the right af-p

sitiont, then it computes the truncated prodict= 1, Mt 17K Al - B[] - 2- (<), The error

l=iy
introduced by truncation is bounded in the following claim.

Claim1 0<P—R <3/ 2% (ji+ o+1-K =2 (ji+ p—t—1)+2 k.

To save hardware we evenly divide the error between the tw@kaAnd the quadratic polynomial
approximation with bounded length coefficients. Namelg thin-max error of each MAC and the
quadratic polynomial is bounded by roughly?/3.

The lengths of the coefficients for single precision reagjat@pproximation reported in [POMBO05]
are 1016,26. If we wish to use the same lengths, this implies that inM#€C-2 unit we multiply
X2[8: 23 by Az[1: 10. The outcome of MAC-2 is multiplied b},[8 : 23. Hence we require that

log,2 8. (271 (32— 1) +2733) < 2724/3 ~ 225584,

Numerical evaluation implies that the multiplier in MAC-2rt be safely truncated in positions to the
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Figure 2: Proposed micro-architecture for quadratic jdation.

right of t = 21. We preferred to reduce the length of the input to MAC-1Qdos, and hence had to
move the truncation position in MAC-2 to the right by one piosi, i.e.,t = 22.
Similarly, in MAC-1 we multiply X2[8 : 23 by Lo[1 : 20. Hence, we require that

log,27t- (42—1t) +27%3) < 2724/3,

Numerical evaluation implies that the multiplier in MAC-art be safely truncated in positions to the
right of t = 30.

3.2 Initial computation

The three step process for computing the truncated coefticie listed as Algorithm 1. The parameters
of the algorithm are the coefficient lengthg ny, n, andX; (which determines the subinterval). In each
phase, the Remez algorithm for min-max approximation idieggFra65]. In the first phase (Line 1),
a quadratic polynomiad(x) = go + g1x+ 022 that approximates /AX; + x) is computed. To speed the
execution of the min-max Remez algorithm, we begin with adgaiic least squares approximation. In
Line 2 the coefficienty; is truncated in positiom; to obtaina;(X;). The second phase proceeds as
follows. Having fixeday (X;), we substitute = X2 to obtain the target functioggi—\/2 —ay(X1)-/Zthat

1
is approximated by a linear function & This linear functior¢(z) = ¢1z+ ¢y is computed in Line 3. In

Line 4 the coefficient is truncated in positiom; to obtainay(X;). In the third phase we approximate
the error by a constant function simply by taking the averaigghe maximum error and the minimum
error. In Line 5 we compute this average and denote gy The value ofivg is truncated in positiong

to obtainag(X;). This algorithm is repeated for each of the 128 valueX;aind determines the contents
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of the table (except for the bias correction described bglowhe error introduced by the quadratic
polynomialag(Xy) + a1 (X1) - Xo + a2(X1) -X22 is computed by exhaustive simulation. This error should
be bounded by roughly24/3.

Algorithm 1 Compute coefficientag, a;, ax with lengthsng, ny, n, with respect toX;.
: (o + OiX+ GpX°) — remez ().

[EEY

2 a1 (Xq) « o)y,
3 (bo+412) remea(ﬁﬁ —a(X1) - v2).
4: az(Xl) — MJ_J o
5:
avg <—% . <n;(?x<xl _::-_ X2 — (az(Xl) . X22—|— al(Xl) . X2)>
+ n)1(|2n <X1 _::: X — (ag(Xl) . X22 + al(Xl) . X2)> > .
6: ap(X1) « [avg]p,-

~

: Returnag(X1),a1(X1),a2(X2).

Figure 4 depicts one iteration of the Remez algorithm. Thereassociated with the initial least
squares approximation is depicted as a solid line. The mengoints of the error are chosen for the first
iteration. The error associated with the quadratic fumctéter the first iteration is depicted as a dashed
line. Note that the extreme points of the errors are now meyeimetric’. The algorithm terminates
when the absolute value of the error is the same in all themdrpoints.

3.3 BiasCorrection - Computation

The use of truncated multipliers and truncation of the otgmi the MAC units introduces errors that
can be partly corrected by fine tuning the coefficiafnt This fine tuning reduces the error by more than
2-25,

Let p(x) denote the quadratic polynomip(Xz) = ap+ a1 Xz + a2X22 based on the truncated coeffi-
cients(ap, a1, ay) that were computed for the prefig of X. Let f(X) denote the number computed by
the circuit. Letpzo(X) denote the number computed by the 2 : 1-adder before theatiioncto 24 bits
(see Fig. 3). Note thgh(X) does not equap(X) due to the truncated multipliers and the truncation of
a;+ap- Xo.

The error of the final 24-bit result is bounded by?2 if

1 < Pao(X) < 1l oy ()
\‘XJ24 IVX—L“

(Recall that the precision of the MAC-1 unit is 30 bits to tight of the binary point).
For every value oK, definemin-bias(X) andmax-bias(X) as follows:

max-bias(X) = [ﬂ +2724 2730 Bag(X)
24

[I>

min-bias(X)

Hence, ifbias(X) € [min-bias(X), max-bias(X)], then settingay(X) < ag(X) + bias(X) guarantees that
P3o(X) satisfies Eqg. 1. Since we wish to add the same bias to all nsnibéine same subinterval, we
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need to check, for eacky, that the intersectiofiy, [min-bias(X; + X2), max-bias(X; +Xz)] is not empty.
If this is the case, then we add a bias to each subintervaigilgtermined by;.

Another problem that we need to address is that one might meed than 26 bits to represent the
bias; otherwise, we would need to increase the number oftaited in the table foag + bias. To avoid
the need to increase the table, we partition the bias intopartsbias[1 : 26 andbias[27 : 30. Our
goal is to find a common 4-bit suffisias[27 : 30 for all values ofX. We find such a fixed suffix by
exhaustive search, if one exists, and include it in the rowyah the adder tree of MAC-1. A similar
technique is briefly outlined in [POMBO05].

3.4 Pipdined Implementation

In this section we present a pipelined implementation with pipeline stages. In each stage, the
multiply-accumulate unit uses Booth radix 4 multipliergiwiruncation. Moreover, in the second stage,
the multiplier is input in carry-save representation andfaecoded without 2:1-addition.

A pipelined implementation is depicted in Figure 5. Truimais applied both to the partial products
and the increments caused by negative Booth digits. Note¢hitbdookup table is now split between two
tables. In the first stage, the lookup table outputs the @iefisa; anda,. In the second stage, the
lookup table outputs the coefficieag. A row of 20x 2 flip-flops is used between the two stages for
storing the carry-save representation_gg.

The recoding ofl,g to Booth radix 4 digits follows Daumas and Matula [DMO03]. Nely the
recodingQNP is applied toLy (where each recodin@, N, andP is a row of half-adders with some
negations). The output of tHeNP recoding is fed to a regular Booth radix 4 recoder.

4 Evaluation and Comparison

41 Tablesize

The length of the coefficients that we able to obtain ard&@&nd 26 bits. This is two bits more than the
lengths reported in [POMBO05]. There are tradeoffs betwegdificient lengths and truncation positions.
In light of the huge gap between the area of a full-adder aaditba of a bit stored in the table (i.e, 35
full-adders per kilo-bit), we preferred less logic over dieatables.

4.2 Number of partial products

In Table 1 we compare the number of partial products compirteaur design with the number of
partial products generated in previous micro-architegWwIS05, POMBO05]. The previous designs
compute the squarg — X22 and then perform two multiplications; - X, anda, - Z. The products are
then added wittag to produce the reciprocal approximation. The cost of theagqg unit is relatively
small thanks to the symmetry and truncation [WIS05]. We dowdt reconstruct exactly the number of
partial products reported in [WIS05]; our numbers are semgdfobably due to additions that take place
in their design which we did not include.

4.3 Delay analysis

In this section we overview a delay optimized implementaid the proposed micro-architecture and
analyze it delay. The MACs are based on truncated Booth radixiltipliers [KS04] to save both cost,
power, and delay.

We apply the delay model used in [POMBO05] to a delay optimizexdion of the proposed micro-
architecture. According to this model, the basic unit ofagek denoted by and it corresponds to the
delay of a full-adder. The micro-architecture is optimizedfollows:



WSO05 [WIS05]| POMBO5[POMBO05]| here
Squaring(X3)
multiplier dimensions 15x 15 16x 16 none
truncation 12 bits 18 bits 0
#PP’s 42 49 0
Mult. (a]_ . Xg)
multiplier dimensions 19x 16 16x 16 none
truncation 11 bits 0 bits 0
#PP’s 238 256 0
Mult. (a-X3)
multiplier dimensions 14x 12 14x 10 none
truncation 9 bits 0 bits 0
#PP’s 123 140 0
Mult. (ag . Xg)
multiplier dimensions none none 16x 10
truncation 0 bits 0 bits 11 bits
#PP’s 0 0 95
Mult. ((a1+az-X2) - X2)
multiplier dimensions none none 20x 16
truncation 0 bits 0 bits 13
#PP’s 0 0 229

\ Total #PPs \ 403 \ 445 \ 324 \

Table 1: Comparison of the number of partial products.

1. The MAC-2 unit that compute®; + a2 - X7) is designed as follows. In parallel to the table look-
up, the multiplierX, is Booth radix 4 recoded. This reduces the number of rowsamtidition tree
to 1+ [&211 = 10 (the additional row is needed to adg. The 10 rows are reduced to a carry-
save number by a sequence of 4 : 2-adder, 3 : 2-adder, and dde2-al hus the delay associated
with this computation is matapie, trecode } (3.5T) + tpp—_gen(1T) + 2-14:2(37) +t3.2(17) = 8.57.

2. The term(a; +ay- Xy) is output in borrow-save representation. We recode it toatiBd represen-
tation using the equivalent of 3 half-adders [DM03]. Aftecoding, truncate the Booth-4 number
and consider only the 11 most significant Booth-4 digits. \&e computeag + Xz - (a1 + a2 - X2).
Together withag, the addition tree in the multiply-accumulate unit has :M®s0These rows are
reduced to two rows by one 3: 2-adder and two 4 : 2-adders. ffleudelay associated with this
computation idrecode(1.57) + tpp—gen(17) + 2 14:2(37) +t3:2(17) = 6.5T.

We need to take into account the final 2 : 1-addition (whosaydisl 3r) and the register setup timet(L
We conclude that the total delay of the design i$.18 a very short clock cycle is required, then our
design can be easily pipelined into two stages, each withHay d# 10r. The delay of 19 is longer
than the delay of 181 reported in [POMBO05]. However, the design in [POMBO05] is aatenable to
pipelining since all the partial products are generateditemeously and added in a combined addition
tree. No delay analysis is provided in [WIS05]; in fact, itrist clear how the intermediate products
in [WIS05] are rounded.



5 Further Research

Computations based on lookup tables lead to the questiothethene should precompute the table
contents (as proposed in this paper) or compute the taldegnon the fly” (i.e., compress the tables).
In Figure 10 the graph of the 128 values of the coeffici@gisy, a; is depicted .This graph leads to the
guestion whether one could compute the coefficients rakizar $tore them.

The answer to this question depends mainly on the relatige aforead-only memory (ROM) vs.
computational circuitry (i.e., multipliers and adders)helcost model used in [POMBO05] estimated
the area of 1Kbit to be equal to the area of 35 full-adders. ddels where ROM requires more area
compared to a full-adder, one may want to reduce the tabde siz

Consider the coefficierdy for which we store 26 bits per entry. We anticipate the corimguthe
most significant bits ofg is rather easy using even linear interpolation. This mehas instead of
storing 26 bits for each entry @b, we could store (say) the 13 least significant bits and coenthé
13 most significant bits using linear interpolation. In fatke same circuitry (e.g. MAC-2) could be
used to compute these bits. Hence, the tradeoff is actuatlyden power and latency. We believe that
these questions are of interest especially if the micrivtecture is used for approximating multiple
functions.

6 Conclusions

We presented a micro-architecture for single precisiorr@pmations of functions. An implementation
for approximating ¥x was studied in detail. We showed that the micro-architecsaves in the number
of partial products. A reduction of at least 20% in the numttial products is achieved compared to
previous designs. According to [POMBO5], the logic costsgtly 60% of such a designThe increase
in the table size is less than 5%. On the other hand, the hatefihe our design is 1©®compared to
14.5t in [POMBO05]. However, the design is well suited to pipeligimto two stages with a clock period
of 10t.

We anticipate that this design can be useful in situationsravthe clock period is either at leastrl9
(without pipelining) or 1@ (with pipelining). In such cases, the reduced amount ofyard will lead
to smaller area and smaller power consumption.
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Figure 3: Detailed diagram of micro-architecture for sangkecision reciprocal.
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Figure 4: The error of the initial least squares approxioraand the error after one iteration of Remez
algorithm. Note the reduction in the min-max error after @eeation.
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Figure 5: A two-stage pipelined micro-architecture forgd@precision reciprocal.
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Figure 6: Error before bias correction (lpgbs(error)).
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Figure 7: Error after bias correction (logbs(error)).
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Figure 8: Error before bias correction (zoom on one intgrval
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Figure 10: Values of the coefficients stored in the lookupetab
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