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Controllability and observability of a well-posed
system coupled with a finite-dimensional system

Xiaowei Zhao and George Weiss, Member, IEEE

Abstract—We consider coupled systems consisting of a well-
posed and strictly proper (hence regular) subsystem and a
finite-dimensional subsystem connected in feedback. The external
world interacts with the coupled system via the finite-dimensional
part, which receives the external input and sends out the output.
Under several assumptions, we derive well-posedness, regularity,
exact (or approximate) controllability and exact (or approximate)
observability results for such coupled systems.

Index Terms—coupled system, well-posed system, exact con-
trollability, approximate controllability, exact observability, ap-
proximate observability, simultaneous observability.

I. INTRODUCTION

HIS paper is about coupled systems in which a well-

posed and strictly proper linear system 3; is connected
to a finite-dimensional linear system X, with an invertible
first component in its feedthrough matrix. We consider two
kinds of structures: the special structure shown in Figure 1 and
the general structure shown in Figure 3. We show that these
coupled systems are well-posed and actually regular (this is
easy). Then we address the question of exact (or approximate)
controllability of the coupled system. For this we need that
the two subsystems should be exactly (or approximately)
controllable and we need also additional assumptions of an
algebraic nature. We derive analogous results for exact (or
approximate) observability.

Coupled infinite-dimensional systems have attracted much
interest in recent years. For example, the book of Dager
and Zuazua [2] is devoted mainly to the study of flexible
strings connected to form a planar graph. The theses of
Villegas [14] and Pasumarthy [8] study the power-preserving
interconnection of several port-Hamiltonian systems, possibly
infinite-dimensional, using the formalism of Dirac structures
developed by Arjan van der Schaft. The book of Lasiecka [5]
is devoted mainly to the structural acoustic model, where a
plate and a wave equation are coupled to create a model of an
aircraft cockpit. These works contain a lot of further references
on the topic of coupled systems.

Recently we have developed in [19] a theory for the
regularity and controllability of coupled systems consisting of
an infinite-dimensional subsystem Y ; and a finite-dimensional
subsystem ¥ ; connected in feedback. In [19] we assume that
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the feedthrough matrix of Xy is zero and that X  is such that
it becomes well-posed and strictly proper when connected in
cascade with an integrator (we call such systems SPI systems).
We have shown that such coupled systems are well-posed and
regular, when we use as state space a certain subspace of the
product of the state spaces of the subsystems. Moreover, under
certain assumptions, we have derived exact and approximate
controllability results for this class of coupled systems. There
is a certain analogy between the main controllability results in
this paper and those in our paper [19]. In this paper the well-
posedness and controllability results are simpler and neater
since the assumptions allow us to work with the natural
product state space. The well-posedness and controllability
results here cannot be derived from those in [19] (or the other
way round). In this paper we give also observability results
(unlike in [19], where the asymmetric assumptions on X4
made this difficult).

We have applied the results in this paper to prove the
well-posedness, exact (or approximate) controllability and the
exponential (or strong) stabilization of wind turbine tower
models consisting of a SCOLE beam system coupled to a two-
mass drive-train model. We have considered various kinds of
inputs and various state spaces. These results will be published
in separate papers, see for example [20].

First we consider a coupled system with the special structure
in Figure 1, denoted by X.;. We assume that the external world
interacts with X, via the finite-dimensional subsystem X,
which receives the input v = u. — y, where u, is the input of
Y, and the signal y comes from ;. The system Y.y sends out
the output u, which is also the output of the coupled system
Y¢s. The equations of Xy are

{ q(t) = aq(t) + bue(t) — by(t),
u(t) = cq(t) + due(t) — dy(t),

where ¢ € C"*", b € C"*"™, c € C™*"™, d € C™*™ and
q(t) € C" is the state of Xj.

Let p be a function defined on some domain in C that
contains a right half-plane, with values in a normed space.
We say that p is strictly proper if

(1.1)
(1.2)

lim ||p(s)|| = 0, uniformly with respect to Ims.
Res— o0
A linear system is called strictly proper if its transfer function
is strictly proper.
The well-posed linear system .4, with input function u,
input space C™, state trajectory z, output function y and output

space C™ is assumed to be strictly proper (hence regular). It
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Fig. 1. A coupled system X.s consisting of a well-posed and strictly proper
system X4 and a finite-dimensional system Xy = (a,b, ¢, d), connected in
feedback.

is determined by its generating triple (A, B, C') via
2(t) = Az(t) + Bu, y(t) = Chz.

Here A is the semigroup generator of X4, which generates
a strongly continuous semigroup T on the state space X (a
Hilbert space), B € L(C™, X_;) is the control operator of
Y4 and C € L(X;,C™) is its observation operator and C) is
the A-extension of C'. As X is strictly proper, its feedthrough
operator is zero. The transfer function G of ¥, is given by

G(s) = Or(sI — A)7'B, Vsep(Ad).

(1.3)

For the terminology on regular systems that has been used
here we refer to the background in Section II.

Our approach to proving controllability properties of X
is to consider it as a cascaded system X.,s. (the open loop
system in Figure 2) with a feedback. The input of ¥ .. is
v (see Figure 1), and its outputs are u and y. We obtain
Y.s via the feedback v = wu, — y. The cascaded system is
easier to analyze than the coupled system and its controllability
properties are invariant under feedback. Our approach to
proving observability properties of X is similar, but we use a
different cascaded system (with the order reversed), as shown
in Figure 5. The main idea for proving the controllability
properties of X.,s. (from Figure 2) is to perform a flow-
inversion on Xy, so that u becomes the common input of
the two subsystems. Now we can use the simultaneous con-
trollability results presented in Tucsnak and Weiss [13]. The
generator of the flow-inverted X7 is a* = a— bd— e, and this
matrix plays a role in all our main results.

v U Yy
X hIF

Fig. 2. A cascaded system X qsc consisting of a well-posed and strictly
proper system X4 and a finite-dimensional system X = (a,b, c, d).

For the well-posedness, controllability and observability
properties of the coupled system 3., we have the following:

Theorem 1.1. Let X, be a well-posed and strictly proper
(hence regular) system with input space C™, state space X (a
Hilbert space), output space C™, semigroup T and generating
triple (A, B,C). Let a,b,c,d be matrices as in (1.1)—(1.2).

Then the coupled system X5 from Figure 1 described by (1.1),
(1.2) and (1.3), with input u., state | ;]| and output [ ], is well-
posed and regular with the state space X x C".

Now assume additionally the following:

(i) (A, B) is exactly controllable in time Ty;

(ii) (a,b) is controllable;

(iii) d € C™*™ is invertible;

(iv) Denote a* = a — bd~'c. Then A* and a** have no
common eigenvalue.

Then X5 is exactly controllable in any time T > Ty.

Theorem 1.2. We use the assumptions and the notation from
the first part of Theorem 1.1. We also assume the following:

(1) (A, C) is exactly observable in time Ty;

(ii) (a,c) is observable;

(iii) d € C™*™ is invertible;

(iv) A and o™ have no common eigenvalue.

Then Y..s, with output u only, is exactly observable in any
time T > Ty.

For approximate controllability and approximate observabil-
ity we have weaker results, in which we cannot tell the ap-
proximate controllability (or observability) time of the coupled
system. We denote by p..(A) the connected component of
p(A) containing some right half-plane.

Proposition 1.3. We use the assumptions and the notation from
the first part of Theorem 1.1. We also assume the following:
(1) (A, B) is approximately controllable in some time;
(ii) (a,b) is controllable;
(iii) d € C™*™ is invertible;
(iv) Denote a* = a — bd~tc. We have o(a*) C poo(A).
Then X.s is approximately controllable in some time.

Proposition 1.4. We use the assumptions and the notation from
the first part of Theorem 1.1. We also assume the following:
(i) (A, C) is approximately observable in some time;
(ii) (a,c) is observable;
(iii) d € C"™*™ is invertible;
(iv) Denote a* = a — bd~1c. We have o(a*) C pso(A).
Then X..s, with output u only, is approximately observable
in some time.

q
Ue U

Ef >
Y 5,

Fig. 3. A more general coupled system . consisting of a well-posed
and strictly proper system X, and a finite-dimensional system ¥; =
(a,b,bf,c,d,dy).

Now we consider coupled systems with the general structure
as shown in Figure 3, denoted by ¥, and described by the
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equations
Q(t) = aq(t) + buc(t) - byy(t), (1.4)
u(t) = eq(t) + due(t) — dypy(d), (1.5)
z(t) = Az(t) + Bu(t), (1.6)
y(t) = Caz(?). (1.7)

This general structure allows the external input w. and the
feedback signal y to be two separate inputs of X, described
by (1.4)-(1.5). Here a € C™*", b € C™"*™, c € C™*", d €
C™*™, by € C"*? and dy € C™*P. The system X, from
Figure 1 is a particular case of this system, corresponding to
by = b and dy = d. The well-posed subsystem >, described
by (1.6)—(1.7) is again assumed to be strictly proper, but now
its input and output dimensions may be different (m and p).

For the well-posedness and exact controllability of the
coupled system 3., we have the following theorem, which
guarantees the exact controllability of 2. for a very large (open
and dense) set of the pair (by € C"*P,dy € C"™*"), but not
for all. Thus, exact controllability is a generic property with
respect to by and dy.

Theorem L.5. Let X; be a well-posed and strictly proper
(hence regular) system with input space C™, state space X (a
Hilbert space), output space CP, semigroup T and generating
triple (A, B,C). Let a,b,by, c,d,ds be matrices as in (1.4)-
(1.5). Then the coupled system .. from Figure 3 described by
(1.4)~(1.7), with input u., state [5] and output [y ], is well-
posed and regular with the state space X x C™.

Now assume additionally that conditions (1)—(iv) from Theo-
rem 1.1 hold. Then for every T' > T} there is an open dense set
Op C (C™*P x C™*P) (that may depend on A, B, C, a,b,c,d
and T) such that for every pair (by,ds) € Or, the coupled
system Y. is exactly controllable in time T'. If we set dy = 0,
then the exact controllability holds for by in an open and
dense subset of C"*P. For every by € C"*? and d € C™*P
there exists a set Fr € C with at most n elements such that
the coupled system Y. with by = by and dy = A\dy, with
X € C\ Fr, is exactly controllable in time T.

We mention the obvious facts that Op is non-decreasing
as a function of T, while (for every fixed pair (by,dys)) Fr
is non-increasing. We give below a simple finite-dimensional
example that shows that the set Op in Theorem 1.5 is not
necessarily equal to C"*P x C™*P,

Example 1.6. Let U =X =Y =C and take A=0, B=1,

C=b o o, o
S (V0 U R ) R A PY B

c=1[1 0], d=1, d;=0.

We show that all the assumptions in Theorem 1.5 are satisfied.
It is easy to see that both (A, B) and (a,b) are controllable
and that d is invertible, so that assumptions (i) (ii) and (iii)
are true. By computation we have

¥ _ a1, _ |10
a” =a bdc-[_117

which has eigenvalues 1 and -1, so that assumption (iv) is
satisfied. By Proposition IV.2, we get the following matrices

A€ and B¢ for the coupled system X.:

0 1 0 1
A= |0 0 0|, B°=|1
-2 0 1 1
By computation we have
1 1 0
[BC A°¢B¢ ACQBC} = |1 0 0
1 =A+1 -2x+1

The corresponding determinant is
det [BC AcB¢ AC2BC} =2\ —1.

Thus, Y. is not controllable for A = % This means that for
this A, the pair (by,dy) is not in the set Or from Theorem
L5, for every T > 0.

Remark L.7. There is no need to construct an observability
counterpart to Theorem I.5. Indeed, for the system in Figure
3, when we discuss observability we take u. = 0, so that it
reduces to the system in Figure 1 (with u. = 0).

The structure of the paper is as follows: Section II is
dedicated to the background. Here we give the necessary pre-
liminaries about admissible control and observation operators,
well-posed linear systems, and regular linear systems. We
recall the concept of the closed-loop system associated to a
well-posed linear system with an admissible feedback operator.
We also discuss controllability and observability, in particular
simultaneous controllability (or observability).

In Section III we analyze the cascaded system X qsc
from Figure 2. We prove its well-posedness, regularity and
its exact (or approximate) controllability (depending on the
assumptions), with the state space X x C". We derive its
generating operators and transfer function. We also consider
a slightly different cascaded system, needed for the study of
the observability properties of X..

In Section IV we consider coupled systems as in Figures
1 and 3 and we prove our main results. The idea of the
proof for Theorem 1.1 and Proposition 1.3 is to consider the
coupled system from Figure 1 as being obtained from X,
via an admissible output feedback. Then, the controllability
properties of the closed-loop system are inherited from the
open-loop system. Theorem 1.2 and Proposition 1.4 can be
obtained by similar arguments, using a different cascaded
system. The idea of the proof for Theorem 1.5 is to consider
the input maps of X, as finite-rank perturbations of the input
maps of X5, while regarding u as the input signal.

In Section V we present an example to illustrate Theorem
I.1 and Proposition 1.4. The physical system being modeled is
a flexible shaft with one end connected to a rigid body that
is attached to a beam. The other end of the beam is clamped.
The control signal is the angular velocity at which the free end
of the flexible shaft is being turned. We choose the angular
velocity of the rigid body as well as the torque acting on this
rigid body from the shaft as output signals. It is not easy to
analyze the well-posedness, controllability and observability
of this system directly, but we derive them using Theorem I.1
and Proposition 1.4.
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II. SOME BACKGROUND ON INFINITE-DIMENSIONAL
SYSTEMS

In this section we introduce some concepts and results
on infinite-dimensional linear time invariant systems, without
proof. For the details we refer to the literature.

A. Admissible control and observation operators

The material of this section can be found (in much greater
detail and with many references) in Tucsnak and Weiss [13].

Let A be the generator of a strongly continuous semi-
group T on a Hilbert space X. Then T and X determine
two additional Hilbert spaces: X; is D(A) with the norm
|zl = (BT — A)z||, and X_; is the completion of X with
respect to the norm ||z||_1 = ||(B] —A)~z||, where 3 € p(A)
is fixed. These spaces are independent of the choice of 3, since
different values of [ lead to equivalent norms on X; and X.
The norm ||z||; is equivalent to the graph norm of A. We have
X; € X C X_; densely and with continuous embeddings.
We can extend A to a bounded operator from X to X _1, still
denoted by A. The semigroup generated by this extended A
is the extension of T to X_;, which is still denoted by T.

In this section, U, X and Y are Hilbert spaces, T is a
strongly continuous semigroup on X, with generator A, B €
LU, X_1) and C € L(X;,Y).

We define the operators @, (for 7 > 0) by

. u = / T,_¢Bu(t)dt,
0

where u € L? ([0,00);U). Clearly ®, is bounded from

L?([0,00);U) to X_1. These operators are called the input
maps of (A, B).

Definition II.1. B is said to be an admissible control operator
for the semigroup T if Ran ®, C X for some 7 > 0.

The admissibility of B implies that the solutions z(-) of
2(t) = Az(t) + Bu(t),

2.1)
with initial state z(0) = 29 € X and with u € L?, ([0, 00);U)
remain in X. Moreover it follows that z(-) is a continuous X -

valued function of ¢ and

z(t) = Tizo + Dru. 2.2)

The Laplace transform of z(-) is
3(s) = (sI — A) 7'z + (sI — A" Bas).

The operator B is said to be bounded if B € L(U, X) and
unbounded otherwise.

In the sequel, we denote by wq the growth bound of T. We
also use the notation C,, for the right half-plane determined
by the real number «:

Co ={s€C|Res>a}.
Proposition I1.2. If B is admissible then for every o > wy
there exists a constant K, > 0 such that

_ K,
l|(s] — A) 1B||£(U,X) <

_— VselC,.
vVRes —a y

We define the operators ¥, (for 7 > 0) by

[ CTyzo for t€]0,7],
(rz0)(t) = { 0 for t> 7.

Clearly ¥, is bounded from X; to L?([0,00);Y). These
operators are called the output maps of (A,C). C is said to
be bounded if it can be extended such that C' € £L(X,Y) and
unbounded otherwise.

Definition IL.3. C is said to be an admissible observation
operator for the semigroup T if ¥, has a continuous extension
to X for some 7 > 0.

The admissibility of C' is equivalent to the fact that for some
(hence, for every) 7 > 0 there is a K > 0 such that

/ ICT,2|2dt < K2|z2 ¥ 20 € D(A).
0

We regard L?, ([0, 00);Y) as a Fréchet space with the semi-
norms being the L? norms on the intervals [0,n], n € N. Then
the admissibility of C' means that there exists a continuous
operator ¥ : X — L? ([0,00);Y") such that

loc
(WZQ)(t) = CT; 2 YV 2o € D(A) 2.3)

The operator ¥ is completely determined by (2.3), because
D(A) is dense in X.
We introduce the A-extension of C, denoted Cy, by

Crzo = lim OAA — A) "'z, (2.4)
A — +oo

whose domain D(Cy) consists of all zp € X for which the

limit exists. If we replace C' by Cj, formula (2.3) becomes

true for all zp € X and for almost every ¢t > 0. If y = WUz,

then its Laplace transform is §(s) = C(sI — A)1z.

B. Well-posed linear systems

A well-posed linear system with input space U, state space
X and output space Y is a family of bounded linear operators
(parametrized by 7 > 0) that associates to every initial state
2o € X and every input signal u € L?([0,7];U) a final state
z(7) and an output signal y € L?([0,7];Y"). These operators
have to satisfy certain natural functional equations, for the
formal definition we refer to Weiss [15].

By continuous extension, for any well-posed linear system,
we can define state trajectories and output signals for any
initial state in the state space X and for any input signal in
L .([0,00); U); the output signal is then in L} ([0,00);Y).
For more detailed background about well-posed systems we
refer to Salamon [9], Staffans [10], Staffans and Weiss [11],
Weiss, Staffans and Tucsnak [18].

We recall some facts about well-posed linear systems from
[15], [16]. Let X be a well-posed system with input space
U, state space X and output space Y. Then X is completely
determined by its generating triple (A, B,C) and its transfer
function G. Here, A is the semigroup generator of ¥, which
generates a strongly continuous semigroup T on X, B €
L(U, X_4) is the control operator of ¥ and C € L(X;,Y)
is its observation operator. The transfer function G satisfies

G(s) - G(8) = Cl(sI — A) — (BT - A)'|B  (2.5)
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for all s, € p(A). The state trajectories of ¥ satisfy (2.1),
hence also (2.2). If u € L} ([0,00);U) is the input function

of ¥, zo € X is its initial state and y € L? ([0,00);Y) is
the corresponding output function, then

y = Uz + Fu. (2.6)

Here, W is the operator from (2.3). The operator F appearing
above is continuous from L2 ([0,00);U) to L} .([0,00);Y)
(which we regard as Fréchet spaces, see the comments around
(2.3)). It is easiest to represent [F using Laplace transforms,
as follows: if u € L?([0,00);U) and y = Fu, then y has a

Laplace transform gy and

9(s) = G(s)u(s)
for all s € C with Re s sufficiently large. This determines F,
since L?([0,00); U) is dense in L2 ([0,00);U). G is proper
which means that its domain contains a right half-plane C,
such that G is uniformly bounded on C,.

Conversely, if G is an analytic and proper £(U,Y)-valued
function, then G determines a continuous operator F from
L} ([0,00);U) to L2 ([0,00); Y) via (2.7) (see for example
[15, Theorem 3.6]). (In (2.7) we only take u € L?([0,c0); U),
but this determines [, as explained earlier.) We define the
input-output maps of G, denoted by F. (7 > 0), by truncating
the output to [0, 7]:

2.7)

FT’LL = (Fu)|[0,7] .

The operator F (defined above via G) is causal, which means
that F-u depends only on the truncation u/(y .. It follows that
we may regard F, as a bounded operator from L?([0,7];U)
to L2([0,7];Y).

Definition I1.4. Let U, X and Y be complex Hilbert spaces. A
triple of operators (A, B, C) is called well-posed on (U, X,Y)
if there exists a well-posed linear system 3 on (U, X,Y") such
that (A, B, C) is the generating triple of X.

This definition and the Proposition below are taken from
Curtain and Weiss [1].

Proposition IL5. A triple of operators (A, B,C) is well-

posed on (U, X,Y) if and only if:

(1) A is the generator of a strongly continuous semigroup T
on X, Be L(U,X_1) and C € L(X1,Y),

(2) B is an admissible control operator for T,

(3) C' is an admissible observation operator for T,

(4) some (hence every) transfer function G associated with

(A, B,C) (i.e., satisfying (2.5)) is proper.

Let X be a well-posed linear system on (U, X,Y") with gen-
erating triple (A, B, C) and transfer function G. An operator
K € L(Y,U) is called an admissible feedback operator for
Y (or for G) if I — GK has a proper inverse (equivalently,
if I — KG has a proper inverse). If this is the case, then
the system with output feedback shown in Figure 4 is well-
posed on (U, X,Y) (its input is v, its state and output are the
same as for X). This new system is called the closed-loop
system corresponding to ¥ and K, and it is denoted by LX.
Its transfer function is

GF =GUI-KG)'=(I-GK)'G. (2.8)

We have that —K is an admissible feedback operator for ©%
and the corresponding closed-loop system is >. Let us denote
by (AX, BX OK) the generating triple of X% . Then for every
zo € D(AK) and for every zy € D(A),

ARzg = (A+ BKC®)zo, Az = (A¥ —BFKC) 2.

For more details on closed-loop systems we refer to [16].

vy U Yy

K

Fig. 4. A well-posed linear system X with output feedback via K. If K
is admissible, then this is a new well-posed linear system K called the
closed-loop system.

Definition I1.6. The well-posed linear system X is called
regular if the limit
lim G(s)v = Dv

s — +oo

exists for every v € U, where s is real. Then the operator
D € L(U,Y) is called the feedthrough operator of X.

We mention a few facts about regular systems, following
[15]. Regularity is equivalent to the fact that the product
Ca(sI — A)~'B makes sense, for some (hence for every)
s € p(A). Here C} is the A-extension of C defined in (2.4).
If ¥ is regular then for every initial state zp € X and every
u € L% ([0,00);U), the solution of 2 = Az + Bu with
z(0) = zo satisfies z(t) € D(Cy) for almost every t > 0
and the corresponding output from (2.6) is given by

y(t) = Caz(t) + Du(t)
The transfer function of the regular system X is given by

G(s) = OA(sI —A)"'B+D Vs ep(A). (2.10)

for almost every t > 0. (2.9)

The operators A, B, C, D are called the generating operators

of 3. This is because they determine 3 via (2.1) and (2.9).
The following proposition follows from the results in [16,

Sections 4,7]. We need the space Z introduced as follows:

Z =X+ (BI - A)"'BU.

Proposition I1.7. Suppose that ¥ is a regular linear system
on (U, X,Y) with generating operators A, B,C and D. We
assume that U is finite-dimensional. Let K be an admissible
feedback operator for ¥ and let ©5 be the corresponding
closed-loop system. Then the following holds:

(1) I — DK (and hence also I — K D) is invertible.

(2) XK is regular.

(3) Let A% BX CK and DX be the generating operators
of LK. Then

AK = A4+ BK(I - DK)™'Cy,
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D(A®) = {2€Z| Az+ BK(I - DK) 'Cpz € X},
CK = (I -DK)™ !0y,
DK = D(I-KD)™' = (I-DK)™'D.

BX = B(I—-KD)™!,

C. Controllability and observability

Let U, X,Y, T, A,B,C, ®. and ¥, be as in Subsection
II-A. We assume that B and C are admissible for T.

Definition IL.8. The pair (A, B) is said to be exactly control-
lable in time T > 0 if Ran &, = X; (A, B) is said to be
approximately controllable in time T > 0 if Ran &, is dense
in X.

Definition I1.9. The pair (A, C) is said to be exactly observ-
able in time T > 0 if U7 is bounded from below, i.e., there
exists kp > 0 such that
T
/0 |CTz0]|3-dt > k2|20 (2.11)

(A, C) is said to be approximately observable in time T > 0
if Ker Up = {0}.

We often need the controllability concepts without specify-
ing a time 7. Therefore the following definition is introduced.

Definition IL.10. The pair (A, B) is said to be exactly
controllable if it is exactly controllable in some finite time
7> 0. (4, B) is said to be approximately controllable if it is
approximately controllable in some finite time.

Observability concepts without a specified time are intro-
duced in a similar way.

Proposition IL.11. The pair (A, C) is exactly observable in
time T > 0 if and only if (A*,C*) is exactly controllable in
time 1. (A, C) is approximately observable in time T > 0 if
and only if (A*, C*) is approximately controllable in time .

For much more details on the above concepts we refer to
[13]. The following invariance result is taken from Section 6
of Weiss [16].

Proposition I1.12. Let ¥ be a well-posed linear system,
let K be an admissible feedback operator for % and let
SE be the corresponding closed-loop system. Let (A, B,C)
and (A%, BE CK) be the generating triples of ¥ and ¥,
respectively.

Then (A, B) is exactly (approximately) controllable in time
T, if and only if (AKX, BX) has the same property.

Moreover, (A, C) is exactly (approximately) observable in
time T, if and only if (AX,CX) has the same property.

We quote the following definition and results on simulta-
neous controllability and simultaneous observability from [13,
Chapters 6, 11].

Definition I1.13. For i € {1,2} let A® be the generators of
strongly continuous semigroups T* on the Hilbert spaces X".
Let U, Y be Hilbert spaces. Assume that B* € L(U, X" )
are admissible control operators for T® and that C? &
L(D(A?),Y) are admissible observation operators for T*.

The pairs (A*, BY) are said to be simultaneously exactly
controllable in time T > 0, if for every x{ € X there exists
a function u € L2([0,T]; U) such that

T
/ T Blu(o)do = x%, i€ {1,2}.
0
The pairs (A%, B?) are said to be simultaneously approximately
controllable in time T° > 0, if the equality above holds for
(1, 22) in a dense subspace of X! x X2,
The pairs (A%, C?) are said to be simultaneously exactly

observable in time T > 0, if there exists k7 > 0 such that for
all (2§, 23) € D(A1) x D(As) the following inequality holds:

T
/ ICAT 2 + CoT222)|2 dt
0

> k7 (2605 + 25 11%=) - (2.12)

The pairs (A%, C?) are said to be simultaneously approxi-
mately observable in time T' > 0, if the fact that (z{,28) €
X1 x X? satisfies

CiaT} 24 + CopT722 = 0, for almost every t € [0, 7],
implies that (23,23) = (0,0).

Proposition I1.14. With the notation of Definition 11.13, the
pairs (AY,CY) and (A?,C?) are simultaneously exactly ob-
servable in time T if and only if (AY,C*) and (A%*,C?*)
are simultaneously exactly controllable in time T. A similar
statement holds for simultaneous approximate observability.

Theorem I1.15. Denote by A the generator of the strongly
continuous semigroup T on the Hilbert space X. We assume
that C € L(X41,Y) is an admissible observation operator
SJor T and that (A,C) is exactly observable in time Ty.
Let a € C"" and ¢ € C™™ be matrices such that
(a,c) is observable. Further, assume that A and a have no
common eigenvalues. Then the pairs (A,C) and (a,c) are
simultaneously exactly observable in any time T > Tj,.

Using the duality from Propositions II.11 and 1I.14, we can
easily find the dual version of the above theorem, which we
leave to the reader to formulate.

Proposition I1.16. Let A be the generator of a strongly
continuous semigroup on X. Let ps,(A) be the connected
component of p(A) containing some right half-plane. We
assume that C € L(X1,Y) is an admissible observation
operator for T and that (A,C) is approximately observable.
Leta € C"*" and ¢ € C™*" be such that (a, c) is observable.
Assume that o(a) C poo(A). Then (A,C) and (a,c) are
simultaneously approximately observable in some time.

Again, using the duality from Propositions II.11 and II.14,
the reader can easily formulate the dual version of the above
proposition.

The following result is taken from Weiss and Zhao [19]:

Proposition I1.17. Let A be the generator of the strongly
continuous semigroup T on X. Let B € L(C™,X_4) be
an admissible control operator for T. Let a € C™*" and
b € C"™™. Suppose that there exists T > 0 such that



IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 56, NO. 1, JANUARY 2011 7

the pairs (A, B) and (a,b) are simultaneously approximately
controllable in time T.

Then for every z € X, ¢ € C" and € > 0 there exists
u € L%([0,T);C™) such that

In this section we analyze the well-posedness and control-
lability of X.,s. introduced in Section I (see Figure 2). Recall
that ... is described by:

T
<e, / T Dpu(t)dt = q.

T
/ Tr_;Bu(t)dt — z
0 0

III. THE CASCADED SYSTEM

i(t) = aglt) + bo(e), 1)
u(t) = cq(t) + dv(t), 3.2)
2(t) = Az(t) + Bul(t), (3.3)
u(t) = Crz(1). G.4)

Here (3.1)—(3.2) describe the finite-dimensional subsystem
Y ¢ with input space C™, state space C", output space C™
and matrices a € C"*™, b € C"™, ¢ € C™*", d €
C™*™ . The equations (3.3)—(3.4) describe the well-posed and
strictly proper system Y.; with input space C™, state space
X, output space C™, semigroup T, semigroup generator A,
control operator B € £L(C™,X_1) and observation operator
C € L(X;,C™). C, is the A-extension of C, defined in (2.4).
q(t) € C" is the state of Xy, while z(t) € X is the state
z(t)

of Xg. [q(t)} € X x C" is the state of X 4. at the time
t.v € L? ([0,00); C™) is the input signal of both ¥; and

Sease- Y € L2 ([0,00); C™) is the output signal of 3, while

loc
[y] is the output signal of Y.qs.. The transfer functions of

Yt and X4 are
g(s) = c(sl —a)"'b+d, G(s) = Ca(sI — A)'B.

We denote the state of Y., by ¥ = [7]. The state space for
Yease is X x C" with the usual product norm [|9(2)]|5, cn =

Iz®N1% + lla(®)1En-

Proposition IIL.1. Y.,.. described by (3.1)—(3.4) is well-
posed and strictly proper (hence regular) on the state space
X x C" with the input signal v, the state ¥ = [g] and output
signal [y ]. Its generating operators are

A Bec
0 al’

{ ﬂ e X xC"
q
Bd 0 c d
s= 3] e-lo i 2= fif
The transfer function of X.qsc is defined for s € p(A) =

p(A) N p(a) by
Gease _ [ Ggrg} .

The proof is easy and it can also be derived as a particular
case of Lemma 5.1 in Weiss and Curtain [17], so that we omit

|

D(A) =

AerchEX},

(3.5)

the details. It can be proved either directly or as a consequence
of Lemma 5.2 in [17] that

0 ¢
ey = [ o 0} |
We will need the following fact from finite-dimensional lin-
ear systems theory. It concerns flow-inversion, i.e., interchang-
ing the role of input and output (when this is possible). Flow-
inversion of infinite-dimensional systems has been investigated
in Staffans and Weiss [12].

Lemma IIL.2. If Xy is a finite-dimensional system described
by
{ T = ar + bu, 3.6)

y = cx + du,

where a, b, ¢, d are matrices of appropriate dimensions and d
is invertible, then Yy is flow-invertible. Its flow-inverse system
¥F is described by

{ & = (a—bd te)r + bd 1y,

u= —dtex+dly. @37

If u, x, y are functions satisfying (3.6), then the same func-
tions satisfy also (3.7) and vice versa. The system (3.6) is
controllable (observable) iff the system (3.7) is controllable
(observable).

We omit the simple proof.

Proposition IIL.3. With the assumptions (1)—(iv) of Theorem
1.1, the cascaded system Y..s. described by (3.1)—(3.4) (with
the state space X x C") is exactly controllable in any time
T > T.

Proof. Set the initial state z(0) = 0 and ¢(0) = 0. The exact
controllability of X.,s. on the state space X x C" means that
for any time 7' > T; and for any [ ] € X x C", there exists
an input signal v € L%*([0,7];C™) such that the solution of
(3.1)—(3.3) satisfies z(T) = z; and ¢(T) = ¢1.

By assumption (iii) and Lemma IIL.2, we know that X
described by (3.1)—(3.2) is flow-invertible and that its flow-
inverse system, denoted by X%, is described by

{ q = (a—bd 'c)q + bd tu, (3.8)
v= —dleg+d tu. (3.9)
Recall that a* = a — bd~'c. From assumption (ii) and

Lemma III.2 it follows that X7 is controllable. Combining
this fact with the assumptions (i) and (iv), and the dual
version of Theorem II.15, it follows that >; and E? (more
precisely, the pairs (A4, B) and (a*,bd~!)) are simultaneously
exactly controllable in any time 7' > Tj. Therefore for any
[¢1] € X x C", and for the systems (3.3) and (3.8), we can
find w € L2([0,T];C™) such that 2(T") = z; and ¢(T) = q1.

Let ¢ and v be the state trajectory and the output signal (on
the time interval [0, T]) of the system (3.8)—(3.9) correspond-
ing to the input signal « found above and ¢(0) = 0. Obviously
v € L%*([0,T]);C™). By Lemma III.2 these functions also
satisfy (3.1) and (3.2) (and ¢(T') = ¢1). Let z be the solution
of (3.3) with the signal u found above and with z(0) = 0, so
that 2(T") = ¢1.
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Thus we have found v € L2([0,T];C™) such that the
solution of the equations (3.1)—(3.3) satisfies z(T') = z; and
o(T) = qu. L

Proposition I11.4. With the assumptions (1)—(iv) of Proposition
1.3, Xcuse described by (3.1)~(3.4) (with state space X x C")
is approximately controllable.

Proof. It has to prove the following fact: for any 5] €
X x C" and § > 0, there exists an input function v €
L?([0,T];C™) such that if ¢, v and z are as in (3.1)=(3.3)
with z(0) = 0, ¢(0) = 0, then

5] <2

If we can achieve ¢(T') = q1, then (using the definition of the
norm on X x C™) the above estimate reduces to

12(T) = z1fx < 6.

(3.10)

Thus, it will be enough to show that we can find v €
L2([0,T];C™) such that ¢(T') = ¢; and (3.10) holds.

The remaining part of the proof is similar to that of Proposi-
tion IIL.3. First, by Lemma III.2 and assumptions (ii) and (iii),
we get that the flow-inverse system of 3¢, denoted by E; (see
(3.8)—(3.9)) is controllable. From this fact, assumptions (i) and
(iv) and the dual version of Proposition I1.16, we get the simul-
taneous approximate controllability of ¥, and Z;. Now by
Proposition I1.17, we can find a suitable u € L?([0, T]; C™) to
achieve ¢(T') = ¢1 and (3.10). Following the same procedure
as at the end of the proof of Proposition III.3, we can show
that there exists v € L?([0, T]; C™) such that if q and z are the
solutions of (3.1)—(3.3) corresponding to z(0) = 0, ¢(0) =0,
then ¢(T) = ¢; and (3.10) holds. |

Now we consider a new cascaded system X, s, as shown in
Figure 5, to study the observability of the coupled system X
described by (1.1), (1.2) and (1.3) with output u. Since we are
only interested in observability, we assume that the external
input u, of X4 is zero, so that v = —y. The output of ¥ 4sc0
is u. We can obtain Y. from X .,., via the feedback ug = u.
The system X 40 1 described by:

2(t) = Az(t) + Buo(t), (3.11)

v(t) = — Chz, (3.12)

G(t) = aq(t) + bv(t), (3.13)

u(t) = cq(t) + do(t) (3.14)
Uo v Uu

2P )y

Fig. 5. The cascaded system Y.qsco consisting of the well-posed and strictly
proper system X, and the finite-dimensional system X ¢ = (a, b, ¢, d).

Proposition IILS. The cascaded system X..qsco described by
(3.11)—(3.14) with input ug and output u is well-posed and
regular on the state space X x C". With the assumptions (i)—
@iv) of Theorem 1.2, Y 4500 is exactly observable in any time
T > Tp.

Proof. The well-posedness and regularity of X .,s., can
be proved similarly as for ¥.,5., see the comments after
Proposition III.1. Now we show its exact observability.

By assumption (iii) and Lemma IIL.2, we know that X
is flow-invertible and that its flow-inverse system, denoted
by X%, is described by (3.8)=(3.9). From assumption (ii)
and Lemma III.2 it follows that E;f is observable. This fact
and assumptions (i) and (iv) imply, according to Theorem
IL.15, that (A, C) and (a*, —d~!c) are simultaneously exactly
observable in any time 7' > Tj.

We denote by g the transfer function of X, so that g(s) =
c(sI —a)~'b+ d. Since d is invertible by assumption (iii), g
has a proper rational inverse g~ which is the transfer function
of ¥7. For any T > 0, we denote by ;. and F4 the output
map and the input-map of X7 on the time interval [0, 7] (see
Section II for the terminology). The output function v of fo
(see (3.9)) can be written as

v = X0+ Fu. (3.15)

We denote by ¥r the output maps of (A,C). Assuming
uo = 0, the output function v of X4 (see (3.12)) can be written
as v = —Vrzy. Combining this with (3.15) we obtain

\IJTZ() + w;qO = —]F‘(#U

The simultaneously exact observability result derived earlier
implies that for every 7' > T} there exists kr > 0 such that

W7z +Ppgoll = krll [g]l

(see (2.12)). We also have |[F9ul| < [[F%|| - ||lul|. From the
last two estimates we clearly obtain the exact observability
inequality (2.11) for 3 .qsco- [ |

Proposition II1.6. With the assumptions (1)—(iv) of Proposition
L4, Y qusco is approximately observable.

The proof is obtained by adjusting the previous proof.
Indeed, if we use Proposition II.16 instead of Theorem II.15,
we obtain that (4,C) and (a*,—d 'c) are simultaneously
approximately observable in some time 7" > 0. Now we
proceed as in the previous proof, but we have to modify its
last four lines, to show that v = 0 implies zp = 0 and g¢ = 0.
We omit the details.

IV. WELL-POSEDNESS, CONTROLLABILITY AND
OBSERVABILITY OF COUPLED SYSTEMS

In this section we prove the main well-posedness and
controllability results for the coupled systems 3., from Figure
1 and ¥, from Figure 3. We consider the output of > ., and of
Y. to be [,] (where u is the output of the finite-dimensional
subsystem Xy and y is the output of the infinite-dimensional
subsystem ;). We also prove the exact and approximate
observability results for ¥, with output v only. We continue
to use the notation from Section III.

Proposition IV.1. The coupled system Y., is well-posed and
regular on (C™, X x C",C*™) with generating operators
(A, B,C%, D) and transfer function G, where
A — A—BdCA Bc
—bC a |’
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D(A®) = Hz] €XxC"

A ﬂ eXx(C”},
q

cs __ _dCA c cs __ g —1
C [CA O}’ G {Gg](IJrGg) .
If B is bounded (i.e, B € L(C™ X)), then D(A®) =
D(A) x C".

Proof. The coupled system X.; can be considered as being
obtained from X.,s. via output feedback with the feedback
operator K = [0 —I] (as in Figure 4). From Proposition
III.1 we know that X, s is regular with the state space X xC".
From (3.5) we know that the transfer function of Y., is

Gy
G is the transfer function of X,.

Since g is proper and G is strictly proper, it follows that
(I — KGe)~l = (I + Gg)~! is proper, which means
that K = [0 —I] is an admissible feedback operator for
Ycase- The feedback leading from X.,s. to Y. fits into the
framework discussed in Proposition II.7. Using the formulas
for the closed-loop generating operators from Proposition I1.7,
we obtain after a short computation that the generating oper-
ators of ¥ are indeed (A%, B,C®, D), with A°® and C® as
described in the proposition. Using (3.5) and (2.8), we obtain
the formula for G°. It is easy to verify from the formula for
D(A*) that if B is bounded, then D(A**) = D(A) x C". A

Gease = g ](, where g is the transfer function of X, while

Proof of Theorem 1.1 and Proposition 1.3. The first part
(the well-posedness and regularity part) of Theorem I.1 is
contained in Proposition IV.1.

Now we prove the exact controllability part of Theorem I.1.
From Proposition IV.1 and its proof we know that the coupled
system Y., can be considered as being obtained from X .
(which is well-posed and regular) via output feedback with
the admissible feedback operator K = [O -1 }

According to Proposition II1.3, the assumptions (i)—(iv) in
Theorem 1.1 imply that the cascaded system X.,,. (with state
space X x C™) is exactly controllable in any time T > Tj.
According to Proposition II.12, it follows that X.s is also
exactly controllable (with state space X x C") in any time
T >1Tp.

The proof of Proposition 1.3 is similar. According to Propo-
sition II1.4, the assumptions (i)—(iv) in Proposition 1.3 imply
that the cascaded system X.,s. (with state space X x C")
is approximately controllable. According to Proposition II.12,
it follows that Y., is also approximately controllable (in the
same state space). |

Proof of Theorem 1.2 and Proposition 1.4. The coupled
system X.; described by (1.1), (1.2) and (1.3) with external
input u. = 0 and output u, can be considered as being obtained
from the cascaded system X.,s., described by (3.11)-(3.14)
via output feedback with the feedback operator I (as in
Figure 4 with K = I). The transfer function of X 4sc0 1S
G5 = g, where g and G are the transfer functions of
Y and X4 respectively. From Proposition III.5 we know that
Y casco 18 well-posed and regular with the state space X x C™.
Since G°*° is strictly proper, I is an admissible feedback
operator for Y .4sco. From Proposition III.5 we also know

that under the assumptions (i)—(iv) of Theorem 1.2, ¥ .;sc0
is exactly observable in any time 7' > Tp. This observability
is preserved under admissible feedback, see Proposition II.12.
For approximate observability (Proposition 1.4) the proof is
similar, but now we use Proposition III.6 to show that 3 ;¢
is approximately observable. |

Now we analyze the well-posedness and controllability of
the more general coupled system .. from Figure 3. We denote
by ¥, the corresponding cascaded system shown in Figure 6.
This system is very similar to ..., but now we have (1.4)
and (1.5) instead of (1.1) and (1.2), so that the input signal
is [uc] (with values in C™"P). The semigroup generator A
and the observation operator C are the same as for Y ..
(see Proposition III.1) while the control operator and the
feedthrough operator of .., are given by

ca _ |Bd —DBds ca _ |d —dy
AR T P
The transfer function of ¥, is
ca __ g —9y
G = , 4.1
{Gg —Ggf] @D

where
g(s) = c(sI—a)_1b+d, g5(s) = c(sI—a)_lbf +dy,

and G is the transfer function of 34, which is strictly proper.

Ue

> DI

Uy

Fig. 6. The cascaded system Y., corresponding to 3., consisting of a
well-posed and strictly proper system >, and a finite-dimensional system
Y = (a,b,by,c,d,dy). To obtain from here 3., we have to close the
feedback uy = y.

Proposition IV.2. X, is well-posed and regular on (C™, X X
C™,C™*P) with generating operators (A°,B,C°, D) and
transfer function G°¢, where
A— BdfCA Bc

_beA a ’

A H EXxC”}7
q
Cc: |:dfCA C

c _ 1 —1
40 1] e [Luraort

If B is bounded (i.e., B € L(C™, X)), then D(A®) = D(A) x
C". The operators B and D mentioned above are as defined
in Proposition 111.1.

|

D(A°) = {[Z] €XxC"

Proof. The coupled system Y. can be considered as being
obtained from X, via output feedback with the feedback
operator K = 0 I

OJ and then ignoring the second input of
the resulting closed-loop system (i.e., setting it to be zero).
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We have already seen that Y., is a regular system with
state space X x C", generating operators (A, B, C, D)
and transfer function G°® from (4.1). From the properness
of g and gy and the strict properness of G it is easy to see

I o 17",

that (1 — KG*)~1 = _Gg I+Gg, is proper, which

means that K = LO

0

0 1

for ¥.,. The feedback leading from Y., to X, fits into the
framework discussed in Proposition II.7. The remaining part

of the proof is practically the same as for Proposition IV.1. l

is an admissible feedback operator

Proof of Theorem 1.5. In the first step we point out that the
well-posedness part of Theorem 1.5 is contained in Proposition
IV.2. Let [4] be a state trajectory of ¥. corresponding to
the input signal u. € L?([0,00); C™), with initial conditions
z(0) = 0, ¢(0) = 0. Due to the well-posedness of 3., z and
q are continuous functions of ¢ (with values in X and in C™).
Another consequence of the well-posedness is that the signals
u and y appearing in Figure 3 are in L? . and have Laplace
transforms.

The second step is to show that on any finite time interval,
u. (and hence all the above signals) can be expressed in a
continuous way from w. From ¢(t) = aq(t) + bue(t) — byy(t)
we get, applying the Laplace transformation,

Q(s) = (sI — a)~"[bite(s) — bsi(s)],
for all s in some right half-plane. Since u(t) = cq(t)+du.(t)—
dsy(t), we obtain

i(s) = c(sI — a) [biie(s) — byg(s)] + diie(s)
= 9(s)tic(s) — g5(8)9(s),

where the rational transfer function g and gy are defined as
after (4.1).

Using §(s) =

4.2)

—dysy(s)
(4.3)

G(s)i(s), we get
[+ 95(5)G(s)] i(s) = g(s)ie(s).

Note that limg _, », g(s) = d. Since d is invertible by assump-
tion (iii), it follows that g has a proper rational inverse. Now
(4.4) can be rewritten in the form

ie(s) = g7 (5) (L + g5 (5)G(s)] a(s).
As G is strictly proper, gyG is strictly proper too, so that i,
is obtained from # via a proper transfer function. It is known
(see Subsection II-B) that this implies that on any finite time
interval [0, T, the mapping from the restriction u/|(o 7 to the
restriction Ue|[o,T] is continuous (in the L? norm).
The third step is to express ¢(7) from u (where 7 > 0
is fixed). If we substitute (4.5) into (4.2) and use again that

7(s) = G(s)u(s), we get
q(s) = (sI —a)"tbg™ (s) [I + g7 (s)G(s)] u(s)
—(sI —a)"'byG(s)a(s)
= (sI —a)"bg~ " (s)u(s)
+ (sl —a)7" [bg™ (s)gs(s) — bs] G(s)u(s). (4.6)
We remark that if p = m, by = b, df = d, then

bg~1(s)gs(s) — by = 0, so that (4.6) becomes much simpler.
This is the situation discussed in Theorem I.1.

4.4)

4.5)

Denote by ]Fﬂi (7 > 0) the (bounded) input-output maps cor-
responding to the proper transfer function g~!, see Subsection
II-B for the meaning of this concept. Similarly, let Fif and
]Ff (7 > 0) be the (bounded) input-output maps corresponding
to the proper transfer functions gy and G, respectively. We
denote by ¢, and ¢/ (7 > 0) the input maps of (a,b) and
(a,by), respectively (see Subsection II-A for this concept).
Then (4.6) shows that we have

A7) = 6. F%u+ [o, FUFY — of | B
If we combine the above formula with (2.2), we obtain that

z(T) o, 0
] I e e P

where @, (7 > 0) are the input maps of (A, B).
In the fourth step we show that if 7 > T, then the operators

o,
[M?‘
we assume that p = m, by = b and dy = d. Since ®,, ¢,
and ]Fﬂi depend on A, B, a,b,c,d but not on by or on ds or
on C, this assumption does not entail any loss of generality.
According to the remark after (4.6), if p = m, by = b and
dy = d, then the second term on the right-hand side of (4.7)

is zero, so that
z(t)| P
[q(ﬂ] - {@Fii}u

Denoting v = u, — y, from (4.3) we have 4(s) = g(s)0(s).
Since g is proper, we can associate to it bounded input-output
maps FY (note that F = [F¢']~1). Thus, ul,) = =
F2v for every 7 > 0. Combining this with (4.8), we obtain

0] = om0
q(7) ¢ FY
Let 21 € X, g1 € C" and 7 > Ty. According to Proposition

I3 there exists v € L?([0,7];C™) such that z(7) = 2; and
q(T) = q1, in other words, the operator on the right-hand side

4.7

appearing above are onto X x C". During this step

4.8)

4.9)

of (4.9) is surjective. This implies that [ is surjective.

le}
In the fifth step we show that if T > Ty, by € C"*P, d; €
C™*P then there exists a finite set Fr C C (which depends
on T and the pair (b1, dy)) such that the operator

- Op 0 G

O = i + i F )

' [M%] Lh FyFY — ¢%‘J !
corresponding to by = Ab; and dy = Ad; is onto X x C" for

each A € C\ Fr. Since is surjective (see the fourth

T .
. o7y
step), it has a bounded right inverse R7. Then
(4.10)

drRy =1+ { }]F?RT.

0
orFFFY — o7
Let F¥: 1 be the input-output map IF corresponding to A =
1, and 51m11arly, let (b; be the input map ¢T corresponding
to A = 1. Then from the definitions

1 1
B = XF, of = Aof
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while the other operators on the right-hand side of (4.10) are
independent of A. Thus, (4.10) becomes

0
orFEFY " — 07!
The second term on the right-hand side above is a finite-rank
operator of rank < n. It follows that there exists a set Frr C C
with at most n elements such that for A\ & Fp, ®pRp is
invertible. Hence, for all such ), i)T is onto X x C".

The sixth step is to notice that whenever P is onto, the
system .. is exactly controllable in time 7'. Indeed, dr maps
ZET) (see (4.7)), and from the second step we know
that on any finite time interval, u, can be expressed in a
continuous way from u, meaning that the operator F' from

U, to u is invertible. Thus, the operator &1 F' that maps u. to
z(T) | -
q(T)} is onto.

The last sentence of Theorem 1.5 clearly follows from what
we have shown in the fifth and sixth steps. From the last
sentence of Theorem 1.5 it follows that for each T > Tj,
the set O C ((C"Xp X mep) of all those pairs (by,dy)
for which X, is exactly controllable in time 7', is dense. The
operator dr depends in an affine and hence continuous way
on the pair (bs,dy) (using the operator norm). Since the set of
surjective operators in £(L?([0,T];C™), X x C") is open, it
follows that the set O is also open. The case dy = 0 follows
by taking d;=0. |

u Into

V. ILLUSTRATIVE EXAMPLE

Consider the system X.s which consists of a flexible shaft
Yy with one end connected to the rigid body of a non-uniform
SCOLE beam system Y4, and the other end receiving the
control signal: the angular velocity u.. The flexible shaft can
be modelled as a torsional spring in parallel with a torsional
damper while the SCOLE system is a well-known model for
a system consisting of a flexible beam with one end clamped
and the other end linked to a rigid body. The SCOLE model
has two possible inputs: the torque and the force acting on the
rigid body, see Guo [3], Littman and Markus [6], [7]. Here
we use only its torque input.

We take the angular velocity of the rigid body, denoted by vy,
and the torque acting on the rigid body from the shaft, denoted
by u, as the outputs of .. From physical considerations, we
get the dynamic equations of X.s as follows:

p()wi (2, 1) + (B1(x)Wer (7, 8))ze = 0,  (5.1)
(x,t) € (0,1) x [0,00),

w(0,t) =0, w;(0,t) =0, (5.2)
mw(l,t) — (Blwge ). (1,t) = (5.3)
Jwae(1,t) + BEI()wee (1, 1) = ( ), (5.4)
y(t) = wee (1, 1), (5.5)
q(t) = ue(t) — y(t), (5.6)
u(t) = Ksq(t) + Csqi(t), (5.7)

where (5.1)—(5.5) describe the SCOLE model ;. The sub-
scripts ¢t and = denote derivatives with respect to the time ¢ and
the position x. [ is the length of the beam, w is its transverse
displacement, while FI and p are its flexural rigidity and

mass density. m and J are the mass and the moment of
inertia of the rigid body (these are positive constants). We
assume that p, EI € C*[0,1], 0 < po < p(x) < p; and
0 < Ely < ElI(z) < EI; where pg, p1, Ely, EI; are positive
constants. (5.6)—(5.7) describe the flexible shaft 3. g is the
angular difference between the two ends of the flexible shaft.
The parameter K; > 0 is the torsional stiffness of the shaft
while C'; > 0 is its torsional damping.

From this description, it is easy to see that ¥, ¥4 and X
fit the framework of coupled systems with the special structure
shown in Figure 1. It is clear that X is a one-dimensional
linear system with state ¢(t) € C and its matrices are

d = Cs.
= K|q(t)|?, which is

a=0 b=1 c=K,,

We define the norm on C by |[|q(t)]|?
twice the physical energy in Xy.

Now we analyze the SCOLE model ;. We introduce the
following auxiliary functions: z1(z,t) = w(x,t), z2(x,t) =
wi(x,t), z3(t) = w(l,t), 24(t) = wae (1, t). We define z(t) =
[21(-,t), 22(-, 1), 23(t), z4(t)]T (the superscript 7' means trans-
pose) to be the state of ¥, at the time ¢. The natural energy
state space of X is

X = H2(0,1) x L?[0,1] x C?,
where
H7(0,1) = {h € H*(0,1) | h(0) 0)=0}

and H"™ (n € N) denote the usual Sobolev spaces. We define
the norm on X as follows: For any £ = [¢1 & &3 54]T eX

l l
2 = 2)|€122(2)2d2 )& (2))2de
Mn—Amum<nd+Amm<nd

+ml&s]? + J|€4*.

It is clear that ||2(#)||? represents twice the physical energy in

3, at the time ¢. Of course, the formulas z5(t) = w(l,t) and

z4(t) = wge(1,t) do not make sense for z(¢) € X, only for

smoother z(t) (for example, for z(t) € D(A), defined below).
We define the generating operators of >, as follows:

3
—p’l(x)( I(2)E100(2))
—J—lEI(l)flm(l)

Af = Y ¢ € D(A),

D(A) = {5 € [H'NHF] x H} x C* ’ giizg()l) }

117
B:{OOOJ], C:{OOOI}.

Note that we have suppressed the interval (0,1) for H* and
H? in the the definition of D(A). We get the following state
space formulation of ¥; from (5.1)—(5.5):
{ 2(t) = Az(t) + Bu(t),
y(t) = Cz(1).
From Guo and Ivanov [4, Proposition 1.1] we know that A is
skew-adjoint on X, so that it is the generator of a unitary group

(5.8)
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T. Clearly B and C are bounded on X (i.e., B € L(C, X),
C € L(X,QC)), and the feedthrough operator is zero, so that
34 is strictly proper (hence, regular). By Theorem 1.1, ¥
(with input w., state [7] and output [y]) is well-posed and
regular with the state space X x C. The restriction of A
to D(A?) is skew-adjoint on X; = D(A). From Guo [3,
Proposition 4.2] we know that B is admissible for T restricted
to X;. Clearly C € L(X1,C), so that ¥, is well-posed and
strictly proper on X; as well, according to Propositions 1.2
and IL.5. By Theorem L1, X, (with input u., state [7] and
output [y]) is well-posed and regular with the state space
X7 x C as well.

Now we prove the exact controllability of ., on X; x C
using Theorem 1.1, and we also prove its approximate observ-
ability on X x C using Proposition 1.4.

From [3, Theorem 4.3] we know that >; described by (5.8)
is exactly controllable on X;. From [4, Corollary 2.2] we
know that X, is approximately observable on X. Therefore
assumptions (i) of Theorem 1.1 and of Proposition 1.4 hold.

Clearly (a,b) is controllable, (a,c) is observable and d = C
is invertible. Hence assumptions (ii) and (iii) of Theorem I.1
and of Proposition 1.4 are satisfied. By computation, we get

From [4, Propositions 1.1 and 1.2] we know that o(A) consists
of simple eigenvalues that isolated, purely imaginary and non-
zero. Therefore p(A) = poo(A). Since A and @ have no
common eigenvalues, we have o(a*) C poo(A). Thus, all the
four assumptions of Theorem 1.1 and of Proposition 1.4 are
satisfied. Therefore 3. is exactly controllable on X; x C, and
it is approximately observable on X x C using only the output
u. Obviously, X, is approximately controllable on X x C.
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